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AN ABSTRACT OF THE THESIS OF

Sally Sabrawi  for Master of Science
Major: Mathematics

Title: WELSCHINGER INVARIANTS OF THE PROJECTIVE PLANE

In this thesis we study the paper Recursive Formulas for Welschinger Invariants of the
Projective Plane by Arroyo, Brugallé and Lépez de Medrano. In this paper the authors give
a recursive formula to compute Welschinger invariants of generic subsets of the complex
projective plane that are invariant under complex conjugation. They do this by reducing
the problem to a purely combinatorial one that involves enumerating certain graphs called
marked floor diagrams and giving a recursive algorithm for generating these diagrams.
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Chapter 1

Introduction

In this thesis we study the paper [?] in which the authors give a recursive formula for
computing Welschinger invariants of the projective plane. These invariants give a lower
bound for the number of real curves of degree d passing through a generic collection of

3d — 1 points in CP? that is invariant under complex conjugation. Welschinger invariants
can be considered as real analogues of Gromov-Witten invariants which enumerate complex
curves satisfying certain conditions. Before defining these invariants, we will begin by
setting some notations.

Convention 1.1. We will use the following notation:

e N ={n € Z| n> 0} denotes the set of natural numbers.

e N* = {n € Z| n > 0} denotes the set of natural numbers without zero.
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e N* denotes the set of sequences of elements in N having only finitely many non zero

terms.

h

e ¢; denotes the vector in N* whose ' coordinate is equal to 1 and the remaining

coordinates are equal to zero.

e (a); denotes the i*" coordinate of vector a € N*°.

e If a and b are two integer numbers, (Z) denotes the binomial coefficient

a!
fo<b<
a\ J bl(a—Db)! pU=r=a
y) =
0 otherwise.
\
e If a and by, b, ..., b, are integer numbers

a
bl;b27"'7bk‘
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denotes the multinomial coefficient

o If a,q,...,q; are vectors in N°°, then

(Ozh a ﬂl) N 10_1 ((al)z‘y(-o-z)-ia (az)z‘)

1=

In addition;

o0

¢ o] = ()

and for vectors o and 8 in N, we say a > f if (a); > (8); V i.

Our interest is to find the number of curves passing through a given set of points with
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certain conditions.

Let w={p1,p2, .- .,P3q¢_1} be a generic collection of 3d — 1 points in CP?. Let C'(w) be the
set of all irreducible complex rational curves of degree d in CP? passing through w. The
cardinality of C'(w) is independent of w as long as the points of w are in generic position.

The cardinality of C'(w) is called the genus 0 Gromov — Wittten invariant of degree d.

To define the relative Gromov — Witten invariants we fix a line L in CP?, an integer degree
d > 1, and two vectors v and 3 in N*° such that Ia + I8 = d. We let
w={p1,...,p2a-14+)5} be a collection of 2d — 1 + | 3| points in CP* and let

wr, = {pi, ... ,p%a)l,p%, . ,p?a)Q, Pk 7p’(“a)k, ...} be a collection of |«| points on L.
Let C'(w, a, B) be the set of all irreducible complex rational curves of degree d in CP?
passing through the points of w having no singular points on L and intersecting the line L
at the points pg € wy, with multiplicity j for all < and j, and intersecting L at (3); other

points with multiplicity j for all j. The cardinality of C(w, «, 3) is independent of the

choice of points in w and wy, provided that the number of points is fixed and the points are
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in general position. The Relative Gromov Witten invariant of degree d with respect to «, 8

is the cardinality of C'(w,a, ) and is denoted by N%(d).

We want to consider the real case of the same problem.

Fix a degree d > 1 let w = {p1,...,p34_1} be a subset of CP? that is invariant under
complex conjugation. Let RC(w) be the set of all irreducible real rational curves of degree
d in CP? passing through the points of w. The cardinality of RC(w) is not independent of
w and it could vary with the variation of the points in w. Welschinger [?] discovered that
we can get an invariant if we count the curves in RC'(w) with the appropriate sign. Let

W (C) be the number of all nodes on the real algebraic nodal curve C' in CP? such that if

we map the neighborhood of this point to the origin we will get the equation X? + Y? = 0.

The Welschinger invariant is the number

> (e

CeRC(w)

It only depends on the degree d and the number of pairs of complex conjugate points in w.
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It is denoted by Ws(d,r) where r is the number of pairs of complex conjugate points in w.

Through Mikhalkin’s correspondence theorem [?] and Brugallé and Mikhalkin’s floor

diagrams [?], the computation of Gromov-Witten and Welschinger invariants has been

reduced to a purely combinatorial problem involving certain graphs called marked floor

diagrams.



Chapter 2

Marked Floor Diagrams

In this chapter we will define floor diagrams and state their relation with Welschinger and
Gromov Witten invariants of CP?.

Definition 2.1. Some graph theoretic notions:

o An oriented graph T is a pair of finite sets Vert(I'), the set of vertices of I and
Edge(T), the set of edges of I'. An element e of Edge(I") is an oriented pair (vy,vs)
of vertices of I'. We say e is adjacent to vy and to ve and is outgoing from v, and

mecoming to vs.

o A source is a vertex of ' all of whose adjacent edges are outgoing. We denote by
Vert>®(I') the set of sources of T', and we put Vert(I') = Vert(I')\Vert>(I') and

denote by Edge™(I") the set of edges adjacent to a source.
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o An oriented graph T' is connected if for any two elements vy and vy of Vert(I'), there

exists a sequence S| = vy, Sa, . .., Sk_1, Sk, = Uy of elements of Vert(I') such that

(Si, Si+1) € Edge(F) or (5i+17 SZ‘) € Edge(F)Vz

e A cycle is a sequence $1, So, . .., Sg of elements of Vert(I') such that

(8i,8i41) € Edge(T') or (si11,8:) € Edge(I")Vi and sy, ..., s,_1 are distinct, s, = sy.

o An oriented tree is a connected oriented graph with no cycles. In an oriented tree T,

#Vert(l') — #Edge(T') = 1.

An oriented tree I' is naturally enhanced with a partial ordering. Let v,w € Vert(I'),

we say v < w if there is a sequence vy, ..., v of vertices of I' such that vy = v, v, = w

and (vi,vir1) € Edge(T') with 1 <1 < k.

o A weighted graph is a graph I' enhanced with a function w:Edge(I") — N*.

w(e) is called the weight of the edge e.

e The divergence at a vertex v of I', denoted by div(v), is the sum of the weights of all

mcoming edges to v minus the sum of the weights of all outgoing edges from v.
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Definition 2.2. A floor diagram D of genus 0 and degree d is a connected weighted

oriented tree with the following conditions satisfied:

o For anyv € Vert(D) one has div(v) = 1.

e Fach source has a unique adjacent edge.

e One has Z div(v)= -d.

veVert>

From this definition one can conclude that the set Vert(D) has exactly d elements. The

following lemma and corollary prove this.

Lemma 2.3. Let D be a directed graph with vertex set V= Vert(D) and edge set

E = Edge(D). Then,

Z div(v) = 0.

Proof:
For v € V| let I(v) be the set of all incoming edges to v and let O(v) be the set of all

outgoing edges from v. Note that every edge e € E belongs to I(v) for exactly one v € V

9



and belongs to O(v) for exactly one v € V.

veV veV \ e€l(v) e€O(v)
S w0 Y i
veV e€l(v) veV e€cO(v)
= D wle) =) wle)
eck eck
= 0. N

Corollary 2.4. If D is a floor diagram of genus zero and degree d then #(Vert(D)) = d.

Proof: If v € Vert(D) then div(v) = 1. By lemma 2.3, we have

0= > div(v)

vEVert(D)
= Z div(v) + Z div(v)
veVert(D) veVert> (D)

= |Vert(D)|—d. 1
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Sketching of floor diagrams:

e Elements of Vert>(D) are represented by small horizontal segments.
e Elements of Vert(D) are represented by ellipses.

e Elements of Edge(D) are represented by vertical lines.

The orientation is implicitly from down to up.

When the weight is not mentioned this means that the edge is of weight equals to one.
Example 2.5.

Some floor diagrams of degree 4 and genus 0 are:

i O O
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N

-

(2)
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D

(3)

D

-

(3)

(2)

D

(3)

D

(2)

D

(3)
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To find Gromov — Witten and Welschinger invariants using floor diagrams we first need a
marking of a floor diagram.
Let a, 8,7, 0 be four vectors in N, and define n = 2d — 1 + |+ f + 2y + 24| and

P={1,....,n}.

Definition 2.6. Let 9 : P — D be a function mapping P to Vert(D) U Edge(D).
The map M is called a marking of D of type (o, B,7,0) if the following conditions are

satisfied :

1. the floor diagram D is of genus 0 and of degree Iov + 15 + 21~ + 216 ,

2. the map M is injective, i.e. two distinct elements of P have distinct images in D,
3. if M(i) > M(j), theni > j,

k—1 k k—1 k
boif Y (@) +1<i< Yy (a)jorfal +2) (7);+1<i<|a] +2) (7)), then M(i) is
j=1 j=1 j=1

j=1

a source with divergence -k,

5. for any k > 1,there are exactly (B); + 2(0)x elements of Edge™ (D) with weight k in the

14



image of M,

6. If e is an edge of D adjacent to a source v, then exactly one of the two elements v or e

is in the image of IMN.

A marked floor diagram of type (o, 8,7,6) is a floor diagram coupled with a marking of

type (v, 8,7, 9).

Example 2.7.

Here is an example to clarify more about a marking 9 of a floor diagram D:

Given the following floor diagram We are going to define a marking of type (ej,2e1,0,0) on

it.

'

ﬂ
VY

|_

—
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n=2d—1+|a+p8+2y+2j|=8and P ={1,...,8}

The given diagram is of genus 0 and of degree 3 which is equal to la + 15 + 2y + 2I6.

Condition 4 tells us that, M(1) is a source with divergence -1, and this is the only source

that is marked. Condition 5 tells us that, since g is equal to 2e; and ¢ is equal to zero

there are two elements of Edge™ (D) with weight 1 in the image of 9. Condition 6 tells us

that these two edges are not adjacent to the marked source. Finally, we use condition 3 to

complete the marking.

Two marked floor diagrams (D, 90) and (D', 90) are equivalent if there is a

homeomorphism of oriented weighted graphs ¥ : (D,9) — (D', 9') such that

16



Proposition 2.8. If M is a marking of D, then any vertez in Vert(D) and any edge which

s not adjacent to a source is in the image of M.

Proof: Let 9 be a marking of D. We know that n = 2d — 1 + |a + 5 + 27y + 24| is the total
number of marked elements in D, |« + 27| is the number of sources marked, and |5 + 24| is
the number of marked edges adjacent to sources. We want to show that

#Vert(D) + #(Edge(D)\FEdge™ (D)) =2d — 1 .

Since D is a tree, #Vert(I') — #Edge(T) = 1.

Let M be the number of edges that are not adjacent to a source, F the number of edges
adjacent to a source, IN the number of vertices that are not sources, and S the number of
sources.

Then, #Vert(T') — #Edge(T') =(N + S)—(M+ F) = 1.

By lemma 2.3, we have

d diviw)= Y divie)+ > div(v) =0,

veV veVert(D) veVert> (D)

17



which gives N = d.

By definition of a floor diagram, each source has a unique edge in Fdge™ connected to it,
which means §= Fand M =d — 1.

So we can conclude that M+ N=2d—-1. A

Now, we are going to define the complex multiplicity and r-real multiplicity that are

assigned to any marked floor diagram.

Definition 2.9. The complex multiplicity of a marked floor diagram D of type (a, 8,7, 0)

is denoted by u©(D) and is defined as

/J,(C(D) — [20—B—4y=26 H w(e)2.

e€Edge(D)

Note that the complex multiplicity does not depend on the marking.
Using the above definition we can now state the Brugallé-Mikhalkin theorem that allows us

to find the Gromov-Witten invariants :
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Theorem 2.10. [?]

For any a and 8 in N>, and d = Iloe + I3, one has

N*P(d) =) 1 (D),

where the sum is taken over all marked floor diagrams of degree d, genus 0 and type

(o, 5,0,0).

Taking the sum over all marked floor diagrams of degree d, genus 0 and of type (a, 3,7, 9),
corresponds to evaluating N®+275+23(q). To prove this, let o = o+ 27, 8 = B+ 2§. Since
(B +2(8)r = (B4 20)x = (8" 4 20" )i, both floor diagrams have the same number of
marked edges of weight k in Edge™. Similarly, since o + 2y = o, both floor diagrams have
the same number of marked sources of divergence —k Vk > 0. So there is a bijection
between the set of all marked floor diagrams of type («, 3,7,0) and those of type

(v + 27, 6+ 26,0,0).

To define the r — real multiplicity of a floor diagram D we need to define what is an

19



r — real floor diagram.

Let D be a floor diagram of type (o, 5,7, d) marked by 9. Let r be a positive integer such

that 2d — 1+ |+ 26| —2r > 0. If i = |a| + 2k — 1 with 1 < k <|y| or i =n — 2k + 1 with

1 <k <r, then the set {i,i+ 1} is called an r — pair.

Let §(D, 9, r) be the union of all sets {9(:), M (i + 1)} where {i,i + 1} is an r — pair and

M(:) and M(i 4 1) are not adjacent.

Note that as r increases, so does the number of r — pairs.

Let ppon, : D — D be the bijection defined as:

pD,ﬂﬁ,r<9ﬁ(i)) =

M(4) if M() € D\F(D,M,7)

M) if {i,7} is an r—pair and {9M(i),M(j)} C F(D, M, r)

The map pp o, is an involution, that is, the inverse of p is itself.

20



Definition 2.11. We say a marked floor diagram D of type (o, B,7,9) is r — real if :

e (D,M) and (D, ppon, o M) are equivalent, and

o Fxactly 2(5)x edges of weight k are in Edge™ (D) (\F(D,M,r) for any k > 1.

Now we have all the tools to give the formula of » — real multiplicity which is denoted by

1 (D, ).

Definition 2.12. Let (D,9M) be an r — real marked floor diagram of type (c, 8,7,0). If all

edges of D having even weight are in F(D,9M,r), then

PR = () [I w(e).

e€Edge(D)NM({n—2r+1,...,n})

If there exists an edge of even weight that does not belong to F(D,9M,r), then

HE(D, M) = 0.

If (D,9M) is not r — real then puX(D, M) = 0.

21



Note that when r = 0 and v = 0 the 0-real multiplicity of a 0 — real marked floor diagram

does not depend on the marking. In this case, §(D,9,0) is empty and Edge(D)

C M({1,...,n}). So, if D has an edge of even weight, then yg (D, M) = 0. Otherwise,

PR (D, M) = 17

When r = 0 and 7 # 0, the union of all 0 — pairs is the set S = {|a| + 1,...,|a| + 2|7|}.

By definition of the marking, each element of S is mapped to a source so the multiplicity

depends on the marking.

Example 2.13.

Let D be the floor diagram of type (eq, 0, e1,0) given by:

Let M and M’ be two markings on D given by:

22



and

6 and 6

(D, M) and (D, ppano 0 M) are not equivalent so (D, M) is not 0 — real and its 0 — real
multiplicity is zero. On the other hand, (D, i)ﬁ/) and (D, Ppan’ 0 © zm’) are equivalent so

(D, M) is 0 — real and its 0 — real multiplicity is 1.

23



For r > 1, the r — real multiplicity of an r — real marked floor diagram depends not only

on the underlying floor diagram but also on the marking.

Example 2.14.

Let (D,9M) and (D, M) be given by:

The underlying floor diagram D is of degree 3, genus 0 and type (0, 3e;,0,0). So, for r =1,

there is only one 1 — pair,{7,8}. For the marking 9, §(D, 9, 1) = {IM(7),M(8)} and

p(D, M) is not equivalent to (D, M), so (D,IMN) is not 1-real. For M, M (7) and M (8) are

adjacent, so F(D,M',1) = ¢ and (D, M) is 1 — real with 1 — real multiplicity equal to 1.

Theorem 2.15. [?] For any d > 1 and any r > 0 such that 3d — 1 — 2r > 0, one has

24



Wald,r) = 3 (D,

where the sum is taken over all r — real marked floor diagrams of degree d, genus 0 and of

type (0, (d — 2i)eq,0,ie1) with 0 < i < g.

25



Chapter 3

Recursive Formulas

Definition 3.1. Given two integers | > 0 and d > 0 and two vectors «, 5 € N>, let
S(d,l,a,8) be the set of vectors (dy,. .. ,dyki,... ka1, .. 008, ..,0) € (N2 x (N*)2

satisfying:
o Vi, (di, ki, i) < (div1, kiv1, g1, Biv1) for the lexicographic order,
e > di=d—1,
e > a; <a,
o Vi, > e,

¢ > (Bi—en) =05

26



For s € S(d,l,a,3), let ~ be the equivalence relation on the set {1,...,1} defined by
1 s .7 = (du kia (078 62) = (dj7 kja aj?ﬁj)'

For each of the equivalence classes of ~, evaluate the factorial of its cardinality, and

denote by o(s) the product of these factorials.

Theorem 3.2. [?] Caporaso-Harris
The numbers NP (d) are given by the initial value N*°(1)=1 and the relation

Na,,8<d): Z kNOé+ek:B_ek(d)+
k/B>ex

l
! < 24— 2+ || >( o ) "
— (Bir kNP (i) | -
lzoﬁseszw,aﬁ) [a(s) sy~ 1415 2= 1+ 160 e var) 1
Now, we are going to state a recursive formula that allows us to compute the numbers

Ws(d,r). This recursive formula does not explicitly involve the numbers Ws(d, ), but some

related numbers defined as follows.

27



Given four vectors a, 3,7y and § in N, let d = Ia+ I3 + 21y + 216 and let r be a

non-negative integer such that 2d — 1 + |5 + 26| — 2r > 0. Let

CoP(d,r) = (D, M)

where the sum is taken over all marked floor diagrams of type («a, 3,7, 9).
Recall that if (D,90) is not r — real then pX(D, MM)=0.

Foranyd>1and 0 <r < %, Theorem 2.15 states that

vl

Wz(d, T‘) _ Z CO,(d—Qi)ehO,iel (d, T)

1=0

A vector av € N is said to be odd if («)2; = 0 for all i > 1.

Proposition 3.3. If a or 3 is not odd, then C*?79(d,r) = 0.

Proof:

Let (D,9) be a marked floor diagram of type (a, 8,7, ). If o is not odd then (a)y; # 0 for

28



some ¢ > 1. As a result we will obtain a marked source of divergence —2i. This means that
the edge adjacent to this source is of even weight, and is not in F(D, I, r) since it is
unmarked. Therefore (D, ) = 0 and consequently C4#79(d r) = 0. If (3)y # O for
some ¢ > 1, then D has ()2 + 2(0)s; edges in Edge™ (D) of weight 2¢, but only 2(§); of
them belong to §(D, M, r). Therefore (D, M) is not r — real and its multiplicity is zero.

We need some definitions to state the next theorem.

Definition 3.4. Given three integer numbers [ > 0, m > 0 and r > 0 and four vectors

a, 3,7 and § in N, let S,,(I, m,r, a0, 5,7,9) be the set of vectors

/ /

k...

’ ’ !/ ’ ’

Thseo oy Ty Oy ey Qs

d

) m?

k

) m?

(dy, .. diky, o ks 01, - O dy,

By Bos Vs ey Yo 015500 ) im (N¥)2 x (N*9) 2 i (NF)2™ x N™ x (N®)*™ satisfying :

/ / ’

o Vi, (d/' ki, Oé;aﬁz{a%{aé;) < (di+17 ki+lvri+17a;+176;+177;+175;+1> for the lexicographic

1) " T

order,

¢ m<a,

o Vi k; is odd,

29



Vi, Lo, + 16; + 21, + 216; = d;,

(i ydi bty kY, 01 8) € S(EEEL 1 Sy 6= 36,

Z<2di —146]) + ZT; =r,

Vi, 2d; — 1+ |B; + 26, — r; > 0.

By definition any element s of S, (I, m, 7, , 3,7,8) defines an element s  of

S(d_zzdﬁl,l, 7 —=37,8 = >.05;). We denote by o(s) the integer o(s') given in definition

3.1. For s € S,(I,m,r,a, 3,7,0), let £(s) be the set of all j in {1,...,m} such that
B; > e, and Qd; — 1+ |ﬁ; + 2(5;-| — 'r’;- = 1. Given an element j € {1,...,m}, we denote by

~J the restriction to {1,...,m}\{j} of the equivalence relation ~. For each of the

30



equivalent classes of ~7  evaluate the factorial of its cardinality, and denote by 0/(3, j) the

product of these factorials.

Definition 3.5. Given two integer numbers | > 0 and r > 0 and four vectors «, 3,7~ and
in N*°, [et S~w(l,r,a,ﬁ,’y,5) be the set of vectors
(dy, ... di ko kY, 01, s O dy Ky, Ty, 0) in

(N*)2 x (N>°)2l x (N*)2 x N x (N*)? satisfying:

OOSCSII—ek/lS(S,

Ta+ 1B+ 216, + 216, = d,

(dl,...,dl,kl,...7kl,”yl,...,"}/l,51,...,(5l) ES(%,Z,”Y-’Y;,&-(S;—FQHI),

> @di— 14 6) +r =1,

2d, — 1+ |B + 20, — r}; > 0.
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By definition, any element s of gw(l, r,a, B,7,0d) defines an element s of

S(dde/l, Ly — 7,0 — 6 + ek’1>' We denote by o(s) the integer o(s') given in definition 3.1.
Given an element s of S, (l,m,r, a, 3,7,0) or gw(l,r,a,ﬁ,%&), we put

O(s) =

(2d1—1+\61\,...,Zd:—l—I—\Sl|,r’1,...,r:n) (o/l,.io/m) (71,,,.,%,11,.,.,%’”) il;ll(_l)di (8)x, Koy 22 =210+l Nvardi ()

where if s is in gw(l, r,a, 3,7,8), then there are no o, elements and we set the value of the

corresponding multinomial coefficient equal to 1.

Theorem 3.6. The numbers C*P79(d,r), with o and B odd, are given by the initial values

Ce000(0,1) = C%109(1,1) = 1 and the relations:

o Case I: if 2d — 1 + |3 + 25| — 2r > 0, then

CoB1(d ) = Z CoterBexd(d 1) 4 Z

kodd|B>ey, I,m>0s€Sw (I,m,r,a,3,7,0)
o(s) ﬁ(ﬁf) OB (d, ) 2d—2+|5+25|-2r )|
o(s)o’(s) 14Nk, 00 \od) —1+|By +281 | —2r1 ..., 2d,,, —1+| By, +20,, | =217, ) |

o Case Il :if2d — 1+ |5+ 20| — 2r =0, then

CoBrd(d,r) = Y kCoPrrend=en(d r — 1) +

k|6>ep
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2 KL TL(80),, C 7 (d, ) +
o(s)o’(s) L4

1,m>0,Kodd|3>ex ,5€Sw (I,m,r—1,a,6—ex 7,5)

@(s)k:;C ki ki (d;n”;) & a8, 7.0
Z o ()5 (s.5) :p;é(ﬁ) © (d T)
l,mZO,SESw(lvmvT_17a157’776)7j65(8) ' e
! , "~ !’ / ’
ST g Sl (s kO ()

1>0,5€Sw (1,7 —1,0,8,7,0)

Proof of theorem 3.6:

Let r > 0 and d > 0 and let o, 5,7 and 0 be four vectors in N> with o and 8 odd. We will
consider two cases.

Case I: when 2d — 1 + |5 4 26| — 2r > 0.

Recall that

CoP(d, r) = Z,urDim
(Do)

where the sum is taken over all marked floor diagrams of type («, 3,7, d). Note that

M(|a + 2y] + 1) is not a source, because the maximum number assigned to a source is
equal to |a+ 27|. So |a+ 27|+ 1 is assigned either to an edge (adjacent to a source or not)
or to a vertex which is not a source. The option of having (|« 4+ 2y| + 1) as an edge

which is not adjacent to a source is discarded because if this was the case then condition 3
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in definition 2.6 would fail. Condition 3 in definition 2.6 also implies that if

M|+ 2v| + 1) = v € Vert(D), then v must be adjacent to at least one unmarked edge in

Edge™ (D) and cannot be adjacent to any marked edge in Fdge™ (D). So one can write:

where

A is the set of all r — real marked floor diagrams of degree d and type («, 3,7,9) such that

M(la+ 27|+ 1) € Edge>(D), and

B is the set of all  — real marked floor diagrams of degree d and type («, 3,7, d) such that

M(la+ 27|+ 1) € Vert(D).

Case I-A: Marked floor diagrams in A.

Let K = {k: 3> e} and let Ay be the set of all » — real marked floor diagrams of degree

d and type (a + ey, B —ex,7,6). Let @ : A — |J, . Ai be the bijection defined as follows:

If (D,9M) € A and k is the weight of the edge M (| + 2v| + 1), let
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(D, M) = (D, M)

where 9 is the marking of D of type (a + ex, B — ex, 7, 0) defined as follows.

k
o M (1)=DM(i) if i <Y (a); ori > |a+2y|+2
j=1
k
o (Z(a)j + 1) is the source adjacent to M (|av + 27| + 1);

e M (i) =M —1) Xk: )i F2<i<|a+2v]+1;

Note that n —2r +1 > |a + 2y| + 1 since 2d — 1 + | + 2| — 2r > 0. So

M (i) = M (i)¥i > n — 2r + 1. Moreover, the elements in F(D, 9, r) are exactly the
same elements of F(D, M, r). And clearly, the weight of the edges and the vector &

never change. So,

#(Vert(D) N F(D,M,r))
2

re I1 w(e) = 15/ (D, ).

e€Edge(D)NM({n—2r+1,...,n})

WE(D, M) = (~1)

Therefore,

Y om@a= 3 > (DM

(D, M)eA k|B>er (DM )e Ay,
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Note that since (8 is odd, k£ must be odd, hence one has

YoowEma) = Y Coteelend(d r),

(DMeA kodd|B8>ey.
Example 3.7.

Let (D,9) be the following 2 — real marked floor diagram of degree 3, genus 0 and type

7
6
3

==

(O, 61,61,0).

—_
[\)

First, 2d — 1 + |8 + 25| — 2r =2 > 0, so we are in case 1. Second, M(|a + 2v| + 1) = M(3)

is an edge adjacent to a source, so we are in set A.

The 2-pairs are {1,2}, {5,6} and {7,8}. Since 9(5) is adjacent to M(6), and M(7) is
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adjacent to M(8), but M(1) is not adjacent to M(2), F(D, M, 2) = {M(1),M(2)}. All
edges in M({5,6,7,8}) have weight 1. Applying the formula of r — real multiplicity, we get
WE(D, aM)=1.

Applying the new marking 9’ on D, we will obtain:

=5

O’ (1) is the source adjacent to M(3). M (2) = M(1), ' (3) = M(2) and M (3) = M(3) for

[\]
w
—

i > 3. To find 15 (D, M): Note that (D, M) is of type (e1,0,e1,0),

F(D, M, 2) = {M(2), M(3)}. All edges in IM({5,6,7,8}) have weight 1. So u(D, M )=1.

Case I-B: Marked floor diagrams in B.

Let [ and m be two non-negative integer numbers such that the set S, (I, m,r, a, 3,7, 9) is

not empty. For each s in S, (I, m,r, a, 5,7,0), let B(s) be the set of all 21 + m-tuples,
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(D1, M), ..., (Do, May), (D}, M), ..., (D), M) where (D1, Ma;_1) and (Do, M)
are two equivalent marked floor diagrams of degree d; and type (v;, d;,0,0), and (D;, ;) is
an 7; — real marked floor diagram of degree d; and type (a;, 5;,7;, ;). Let

D, : (Dyi_1, Mo 1) — (Doy, My;) be a homeomorphism establishing the equivalence of the
two diagrams.

To construct several elements of B, take an element of B(s) and proceed in the following

way:

1. For all 7 in {1,...,l} choose an element a; of Edge™(D,;_1) which is in the image of
My;—1 and of weight k;. Since J; > ey, it is always possible to choose such an a;.

The total number of ways of selecting (as, ..., a;) is [](0;),-

2. For all i in {1,...,m} choose an element a; of Edge™(D;) which is in the image of 9,

but not in F(D;, M;, r;), and of weight k;. Since B; > e, it is always possible to choose

1)1

such an a;.
’ ! m ’

The total number of ways of selecting (ay, ..., a,,) is [[(5;),-
L

1
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3. Construct a new oriented tree D out of
(D1, M), ..., (Dy, My), (D, M), ..., (D,,, M ) by identifying all the sources adjacent

to the edges a;, ¢(a;), and a;-. Denote this vertex by v.

4. By adding sources and edges adjacent to the vertex v, complete D into a unique floor
diagram D of degree d, genus 0, with (a); + (8); + 2(7); + 2(0); edges in Edge> (D) of

weight j for all 7 > 1. Denote by vy, ..., v; the sources added.

’ m ’ / l m /
5. Define o,y =a =3 0 o and v, =7 = 35 % — 2oily Vi

6. For all j > 1, choose a partition (I])1<;<m+1 of the set {1,...,(a);} such that
#I = (a)); for all i,

. . ; (e
The number of possible choices is ]1;[1 ((0/1 e (a:n)j) = (al ..... am)

7. For all j > 1, choose a partition (fij)lgig U (I )1<i<m+1 of the set {1,...,(7);} such that
#I] = (7:); and #fij = (v;); for all 4.

The number of possible choices is ( T, )
V1seees VY1000 Tm
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8.

10.

11.

Choose a partition (J;)i1<i<m of the set {1,...,2d — 2+ |5 + 20| — 2r} such that

#J; = 2d, — 1+ |B; + 25| — 2r; for all i.

2d—2+|8+26|—2r )

The number of possible choices is (2d§*1+|51+251|*2ﬁ ..... od 1418 126", | 20"

. Choose a partition (ji)lgigl U (j;)lgigm of the set {1,...,r} such that

#J; = 2d; — 1 + |6;| and #J; = r; for all i.

. L r
The number of possible choices is (241—1+|51| ..... =181 )

m

For all 4 in {1,...,(}, choose a vector & in {0, 1}2di—1+li+dil,

I !
The number of possible choices is [] 2% 1+t = 9! TT 22di—2+hi+dil,
i=1 i=1

Choose a marking 9t of D of type («, 5,7, 9) such that

a- M(laf +2py[ +1) = v,

j—1
b- for all j > 1 and all k in 7,0 <Z(a)t + k> is a source v, (see step (4)) of D of

=1

divergence —j. Note that different choices of v, produce equivalent marked floor

diagrams,
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j-1
c- forall j > 1 and all k in I,]nH, M (o] + 22(7)t +2k —1) and
=1

M(|a| 4 2 Z )t + 2k) are two sources v, and v, of D of divergence —j. Note that

different choices of v, and v, produce equivalent floor diagrams,

d- forall j > 1 and all 7 in {1,...,m}, if k is the h-th element (for the natural ordering

of I7) of I/, then

m (J_ (@) + k) =, (i(a;)t + h)

Since I! € {1,...,(a);} and the cardinality of I/ is (a});, 1 < h < (a}); and

—
IA

k < (a);. So we get the following inequalities:

-1

<.

(@) + k < |a, these correspond to sources in (D, IMN).

H
VAN
1M

<.
|
_

1< (oz;-)t + h < |ay], these correspond to sources in (D;, ;).
1

o+
Il

e- forall j > 1and all iin {1,...,}, if k is the h-th element of fij, then
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J—1 j—1
m <|a| +2 Z(’Y)t +2k -1+ (gi)zgll(%)tJrh) = My ( (7i)e + h)

t=1 t=1
and

-1

<.

j—1
m (‘O“ +2) (1) + 2k = <5i)Zif(vi)t+h> = ¢i 0 Mai g ( (i) + h) :

t=1 t

Il
—

Since I7 C {1,...,(7);} and the cardinality is #I7 = (v,);, 1 < h < (v;); and

1 <k < (v);, we get the following inequalities:
i1

la| +1 < |a| + 22(7% +2k = 1+ (&)s-1(,,,, < @ +2[7], these correspond to
=1

marked sources in (D, ).

-1

.

1< (i)t + h < |, these correspond to all the marked sources in (Dg;_1, Ma;_1).
t=1

j—1

L+lal < lal+2) (M) +2k = (E)yu-14,

t=1

< || 4 2], these correspond to marked

t+h

sources in (D, 9MN).

<.
|
—

1<) ()i + h < |y, these correspond to all the marked sources in (Dy;, My;).
=1

We can conclude that there are exactly (;); marked sources of divergence j in
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(D, 9M) corresponding to the marked sources in (Day;—1,My;—1). The edges adjacent to
these marked sources contribute to 1®(Dy;_1) but not to u®(Dy;_1, Ma;_1). The
product of the weights of these edges is [7i. The same is true for (Do, My;).
Moreover, if 9My;_1(c) is a marked source in (Dy;_1,Mo; 1) then My; 1(c) and

¢ 0 My;_1(c) correspond to images of an r — pair in (D, M) and belong to F(D, M, r).

f- for all j > 1 and all ¢ in {1,...,m}, if k is the h-th element of li-j, then

j—1 Jj—1
M <\a| +2) ()¢ + 2k — 1> ¢ (ya;y +2) (%) +2h— 1)

t=1 t=1

and

-1 j—1
m <|a| +2) (1) + 2k> — M, <|a;| +2) (1) + 2h> .
t=1

t=1

Since I7 € {1,...,(v);} and the cardinality of I? is #I7 = (v;);, 1 < h < (v;); and

1 <k < (v);.S0 we get the following inequalities:
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7j—1
la]+1 < \a\+22(7)t+2k—1 <lal+2]y] -1
t=1
j—1
o +2 < || +2) (9) + 2k < |a| + 2]
t=1

All these correspond to marked sources of (D, 9) that belong to §(D, M, r).

j—1
] + 1< [ +2 3" (70 + 20 — 1 < Jai| +2]7| - 1
t=1
j—1
o] + 2 < oy +2) (%) + 2k < Joy] + 2/
t=1

These correspond to all the marked sources of (D;, ;) that belong to F(D;, M, 7).

2771

for all i in {1,...,m}, if k is the h-th element of J;, then

M (o] + 27| + &+ 1) = M, (|az| + 27| + 1) -

Since J; C {1,...,2d — 2+ |8 + 26| — 2r} and the cardinality
HJ=2d, — 1+ |8+ 26| —2r; 1 < h < 2d; — 14 |5, + 25, — 2r; and

1 <k<2d—2+|8+ 20| —2r, we get the following inequalities:

la| 2|y +2<|a|+2|y|+Ek+1<|a|+2/y]+2d—2+|f+ 20| —2r+1=n—2r

i) + 2% + 1 < Jeg] + 2| |+ h < |ag| + 20| + 2d; — L+ |B; + 26;] — 2r; = n; — 2r}.
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h- for all ¢ in {1,...,1}, if k is the h-th element of j,-, then (recall that

n=2d—1+|a+ 4+ 2y+26|)

M(n — 2k + 14 (&) ) = Maim1(2d; + || + [05] = h)

and

M(n — 2k +2 — (&) p4n) = ¢i 0 Moi—1(2d; + |yl +[0:] — 1)

Since J; C {1,...,r} and has cardinality #J, =2d; — 1+ 10;,1 < h <2d; — 1+ 4],
we get the following inequality:

il +1 <2d; + |yl + |0 — h < 2d; + || + 6] — 1 = n,.

This shows that 9y _1(2d; + |vi| + |0;| — h) is not a source.
Also, since J; C {1,...,r} and k € J;, we get the following inequalities:
n—2r+1<n—-2k+14 (&) <n

n—2r+2<n—-2k+24 (&)ppn <n+1.
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This shows that all marked elements of (Dsg;, My;) and (Day;_1,My;—1) that are not
sources correspond to elements in D marked by a number greater than n — 2r.

Furthermore, for these elements, My; 1 (j) and ¢; o My;_1(j) is an r — pair in (D, M).

i- for all ¢ in {1,...,m}, if k is the h-the element of ji, then

M(n — 2k +1) = M;(n; — 2~ + 1)

and

M(n — 2k +2) = M (n; — 2h + 2)

Since J; C {1,...,r} and the cardinality, #ji =7, 1<h<r,and 1<k <r, we get
the following inequalities:

n;—2r;+1<n,—2h+1<n, -1,

ng; —2r; +2<n, —2h+2<n;,

n—2r+1<n-2k+1<n-—1, and
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n—2r+2<n-2k+2<n.

By (d), (f), (9) and (i) we can say that the edges in D, corresponding to edges in D

marked by a number in the set {1,...,n — 2r} are precisely the elements of

M(1,...,m; —2r;).

This gives us several elements of B.

Proposition 3.8. For each element (D,0M) constructed above:

l m

uy (D, 9) = [T (=) " kil (Dai, M) TT 15 (D, 00).
=1 =1
Proof: Recall that
pE(D, M) = (- [ wie).

e€Edge(D)NM({n—2r+1,...,n})

The factor I"® can be written as:
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[ — X6 (6-X8)
_ XS pEiii(er =)

m o
= 2= [T
=1

1=

/ l
= X250 [ kI
=1

l
On the other hand, #(Vert(D) N (D, M, 7)) = > #(Vert(Dy) N F(D, M, 7)) +

Z #(Vert(Dy_y) NF(D, M, 7)) + Z #(Vert(D)) NF(D, M, r)).

From step (h) of the algorithm, we have that Vert(Ds;) NF(D, M, r) = Vert(Dy;). By
Corollary 2.4 , #Vert(Do;) = d;. Similarly, #(Vert(Dy;—1) NF(D, M, r) = d;.

From step (f), #(Vert(D;) NF(D, M, r)) = #(Vert(D,) N F(D;, M, r;)). Therefore,

1701

/ ’ 7
m #(V&rt(Di)ﬁfﬁ'(Di,i‘mi T,L))

l
#(vert(D)Q&(D,m,r)) _ (_1)21,:1 3 ’ H<_1)di‘

(=1)

Now, we want to treat II w(e).
e€Edge(D)NM({n—2r+1,...,n})

I1 wle) =

e€Edge(D)NM({n—2r+1,...,n})
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I1 11 w(e)? ﬁ 11 w(e).

i=1 e€ Edge(Da;)M({n—2r+1,...,n}) i=1 eEEdge(D; )NM({n—2r+1,...,n})

!
From (h), the first part of the product is equal to [] I1 w(e)? which is
1=1 e€ Edge(D2;)NIM({1,...,n})

equal to ﬁ [ I w(e)? IT w(e)QI_%'] by (e).

=1 | eeEdge(D2; )NM({1,...,n}) e€Edge(D2;)\M({1,...,n})

From (d), (f), (g) and (i) the second factor is equal to [] II w(e).
=1 eGEdge('D;)ﬂEm;({n;—2r2+1,...,n;})
So 1E(D, M) =
l d; 2 o2 | 9 0
(=D I w(e) I1 w(e) I | [T kil ™
i=1 i=1 [ e€Edge(D2;)NM({1,...,n}) e€Edge(D2;)\M({1,...,n}) =1
(1 S Il w(e)
=1 cc Bdge(D))NM({n—2r+1,...,n})
l m
= Q(—l)diki/ﬁc(pzumtm) QME (D;, 7). W

The total number of, not necessarily distinct, marked floor diagrams generated by the

algorithm is equal to

ol l 8:) ;. 22di—2+|vi+6i T B’ a ¥ 2d—2+|B+26|-2r
[1(0:)x, H( i)k’. (a’l,...,a’m) («Yh...m,y;,...,y;n) (2d’1—1+|ﬂ1+26’1\—2r’1,...,zd;n—1+\61n+25;n\—2r;n)

=1 i=1 ¢
( ; )
2d1 — 14|81 [y o0, 2d =148, [, ooyt )

Each marked floor diagram is generated 2'o(s)o’ (s) times.

The factor 2/ comes from the equivalence between the floor diagrams Day;_; and Da;.
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o(s) comes from the equivalence relation (d;, k;, o, 5;) = (d;, kj, o, Bj) < i =~ j given in

definition 3.1. Similarly for ¢ (s).

Dividing by 2'o(s)o (s) then summing up over all s € S,,(I, m,r,a, 3,7,6) we get what is

required.

Example 3.9.

Let s =(1,1,0,€1,2,1,0,0,2¢e1,0,0) € S, (1,1,2,4eq,e1,0,0) and consider the element

A = (D1, M), (Do, My), (D}, M) of B(s) given by:

(Dl,fml); (D2,fm2)

(Dy, 0y)

The non-equivalent elements of B obtained from A are:
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Case II: when 2d — 1+ |5 + 20| — 2r = 0.

In this case, if (D,9M) is an r — real marked floor diagram of degree d and type (a, 3,7, ),

then {|a + 27| + 1, |a + 27| + 2}is an r — pair of (D, ). The four terms in the right hand

side of the formula in Theorem 3.6, equation (2), come from consideration of four sub

cases, Let A", B, €' and D' be the sets of all r — real marked floor diagrams of degree d

and type («, 3,7, 0) satisfying respectively

both M (| + 27| + 1) and M(Ja + 2| + 2) are in Edge>(T),

M(la+ 2y + 1) is in Edge™(T") and M(Ja + 27| + 2) is in Vert(T),

M(|a+ 27|+ 1) is in Vert(I') and M(a + 27| + 2) is in Edge(T),

both M(|a + 27| + 1) and M(|a + 27| + 2) are in Vert(T).

Case II-A’: Marked floor diagrams in A

There exists a bijection ® from the set A" to the union of all (r — 1) — real marked floor

diagrams of degree d and type (o, 5,7 + e, 0 — ex) for k such that § > e;. If (D, 9M) is a
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marked floor diagram in A" and k is the weight of the edge 9M(Ja + 2v| + 1), we define

(D, IM)=(D, M) where

k
o M (i) =M(i) if i < o] +2) 7 ori > [a+2y|+3,

J=1

k
M (|| + 2 Zvj + 1) is the source adjacent to M(|a + 2| + 1),
j=1

k
M (e + 227j + 2) is the source adjacent to 9M(|a + 27| + 2),

=1

k
o M ()=IM(i —2) if o +2) v +3<i<|a+2y]+2

j=1

Note that n —2r =2d — 1+ |a + B+ 2y + 20| — 2r = |a + |. So

{lao + 29| + 1, |a + 27| + 2} is an r — pair. Since (D, M) is r — real, M(|a + 2y + 1) and
IM(|o + 27| + 2) have the same weight. Also note that (D, 9, r — 1) = F(D, M, r) so
(D, M) is (r — 1)-real and v € Vert(D) NF(D,M,r) < v € Vert(D)NF (D, M, r —1).

I1 w(e) = k? I1 w(e) = k? I1 w(e)

eeM({n—2r+1,...,n}) eeM({n—2r+3,...,n}) eeM’' ({n—2(r—1),....,n})

175 g ]7(67619)7616 — %]*(576;6)
Therefore = (D, M) = kR (D, 9'). Note that since (D,IM) is r — real, the weight of the

edges M(|a + 29| + 1) and M(|a + 2| + 2) is the same. One has (D, M) = kuX (D, M),
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hence the first sum of the right-hand side of the formula in Theorem 3.6, equation (2), is

given by Z LE (D, M).

(D m)eA’
Case II-B’: Marked floor diagrams in B.
Choose K > 1 such that § > ex. Let [ and m be two non-negative integers such that the
set Sy (I,m,d, k,r— 1,0, B — ek, 7,9) is not empty, and let B(s) be as in Case I-B for any s
in S,(I,m,d, k,r— 1,0, 8 — ex,7,d). Starting from an element of B(s), construct several
elements of B’ as in the step (1)-(11) of Case I-B, except for the following modifications:
(8B') define J;= ¢ for all i in {1,...,m},
(9B') Choose a partition (J;)1<i<m U (J;)1<i<m of the set {1,...,r — 1} such that
#J; = 2d; — 1+ |6;| and #.J; = 7/ for all i.
(11B)(a) M(Ja + 27| +2) = v, and M(|a| + 2|y| + 1) is an edge in Edge™®(D) of weight K

adjacent to v.

By construction, one has



Now, the second sum in the right-hand side of the formula in 3.6, equation (2), follows
from all possible choices in our construction.

Case II-C’: Marked floor diagrams in C.

Let [ and m be two non-negative integers such that the set S, (I,m,d, k,r — 1,a, 3,7,0) is
not empty, and define the set B(s) as in Case I-B for any s in S, (I, m,d, k,r — 1, a, 5,7, 9).
Then, starting from an element of B(s) we construct several elements of C as in the step
(1)-(11) of Case I-B, except for the following modifications

(0C') Choose j in {1,...,m} such that 8; > k;, the weight of D, (|| + 2|;] + 1) is k},
and 2d; — 1+ |8 + 27, — 2r;=L.

(2C) For all 1 < i <m, i # j, choose an element a, of Edges®(D;) which is in the image
of 9T, but not in F(D;, M, r;), and of weight k;.

(8C') Define J; = ¢ for all 4 in {1,...,m}.

(9C') Choose a partition (J;)1<i<m U (J;)1<i<m of the set {1,...,7 — 1} such that

#J; = 2d; — 1 + |6;| and #J; = r, for all i.
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(11C) (a) M(Joe + 27| + 1) = v, and M(|a| + 27| +2) = M (0| + 2|7;] + 1)

By construction, one has

Now, the third sum in the the right-hand side of the formula in 3.6, equation (2), follows
from all possible choices in our construction.

Case II-D’: Marked floor diagrams in D

In this case, by "cutting” the vertices M(|av+ 2|y| + 1) and M (|a| + 2|y| + 2) from (D), one
obtains several marked floor diagrams of genus 0 and of lower degrees. Since (D) is a tree
and is r — real, exactly one of these marked floor diagrams is adjacent to both cut vertices,
and all the other are naturally coupled in pairs by the map pp . Moreover, any edge in
Edge™ (D) adjacent to the vertex (|| + 2|y| + 2) since the diagram is r — real. In
particular, both edges have the same weight.

Let [ be a non-negative integer such that the set gw(l, r—1,a,3,7,0) is not empty. For s
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in this set, define the set B(s) as in Case I-B with m = 1.

Starting from an element of B(s), we construct several elements of D’ in the following way

1. For all 0 <1 <[ choose an element a; of Edge™(Dy;_1) which is in the image of My;_,

and of weight k;.

2. Choose an edge a; of D; in Edge™(D;) NF(D;, M), r,) of weight k;.

3. Construct a new oriented tree D out of

(D1, M), ..., (Do, My), (D}, M), ..., (D,,, M) by identifying

all the sources adjacent to the edges a; and a/l, and all the sources adjacent to the edges

¢i(a;) and P! o ! (a}). Denote by v and v" the 2 vertices added.

4. Construct a degree d and genus 0 floor diagram D out of D by adding sources
V1, ..,V v and edges (v, ), ., (v, v), (V3,0 ..., (v, 0), such that D has
(); +(B); +2(7); +2(5); edges in Edge™(D) of weight j for all j > 1, and such that

there are as many edges (v;,v) of weight j as edges (v;,v") of weight j for all j > 1.
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5. Define v, = v — Zi:l Vi — Y-

6. For all j > 1, choose a partition (I?)1<;<; U (I7) U (J2) of the set {1,..., (7);} such that
#I] = (7); and #1] = (7,);-

7. Choose a partition (ji)lgigl U (jl) of the set {1,...,7 — 1} such that #ji =2d; — 1+ |4
and #(71 = rll.

8. Choose a vector £ in {0, 1}‘7;|.

9. For all 4 in {1,...,1}, choose a vector & in {0, 1}2di— 1+l

10. Choose a marking 9t of D of type (a, 3,7, d) such that

(a) M(la + 2|y +1) = v, and M(|a| + 27| +2) =/,

(b) For all j > 1 and if k is the h — th element of IJ, then

j—1
m <|a| +2) () + 2k + (5)2{:11(%%%) and
t=1

i1
m <|a| +2 Z(’Y)t + 2k — (S)Zgll(ﬂ/)ﬁh) are respectively a source v, and v, of

t=1
divergence —7,
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’

(¢) I 1 < i< o, M) =M, (5),

(d) for all j > 1 and all 4 in {1,...,1}, if k is the h — th element of I/, then

—_

j—1 j—
m (|04| + 22(7% +2k -1+ (51‘)21'11(%)#;1) =My <

t=1 t

(vi)e + h)

1

—_

t=1 t=1

Jj—1 j—
m <|Oé| +2 Z(V)t + 2k + <52')Z{_11(w)t+h> = gbz o m%—l (Z('Yz)t + h)

(e) for all 7 > 1, if k is the h — th element of Z.j, then

-1 -1
m (|a| +2) ()¢ + 2k — 1) =M, (|o/1| +2) (1) + 2k — 1)
t=1

t=1

j—1 j—1
m <|a| +2) (e + 2k> — 9, (Io/ﬂ +2) () + 2h>
t=1

t=1

(f) for all ¢ in {1,... 1}, if k is the h-th element of J;, then

M(n — 2k + 14 (&) yaj+n) = Mai—1(2d; — |vi| + [0s] — h)
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M(n — 2k + 2+ (&) j4n) = ¢i 0 Mo —1(2d; — |yl + [6i| — h)

(g) if k is the h-the element of .J;, then

M(n — 2k +1) = M, (n), — 2~ + 1)
M(n — 2k +2) = M| (n, — 2h + 2)

In this way, we construct all marked floor diagrams in D’. Moreover, any element of D’ is
obtained exactly o(s)o(s) times for some s in Sy (l,r — 1, 57, 0).

By construction, one has

l
HH(D, ) = —ky e (DY, ) | [ (1) kapd® (D, M)

i=1

Now, the fourth sum in the right-hand side of the formula in 3.6, equation (2), follows from

all possible choices in our construction.
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