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PREFACE

This is a study of the tables of geocentric planetary
longitudes found in the so=called "Almanac of Ammonius," in the
redaction of Azarquiel., The work here is based on the tables as
published in the Estudios sobre Azarguiel of Jose Millis Vallicrosa.

A general discussion of the problem of planetary
longitude prediction in Chapter I introduces concepts referred
to later and the standard notations adopted here. Some familiarity
with the modern conception of the solar system and with Ptolemaic
astronomy is however assumed of the reader. Information on the
historical background of the "Almanac" and a description of
the tables is presented in Chapter II.

Chapters III to V contain the exposition of the work
done in attempting to discover the abstract mathematical model
underlying the tables, In Chapter II] some general considera=
tions applying to any model are presented, Chapter IV displays
the methods used to determine from the tables the essential
constants that would permit their reconstitutien assuming the

tables were calculated using some form of an epicyclic or
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Ptolemaic model, The results obtained by comparing the subse-
quent recomputed longitudes with those given in the text tables
are discussed in Chapter V.

The essential role played by the electronic computer
(IBM 1620) should be stressed. The complicated calculations
required here on such a large quantity of data would be unthin-
kable without it.

No footnotes are used in the following; instead, for
example, the indication [ﬁ;!g, Pe 461, in the body of the text,
will refer to page 40 of the book or article listed alphabetically
as Name in the bibliography, The figures referred to in the various
chapters are found after Chapter V. Appendix I contains photoco=
ples from the Estudios of some pages of the tables of planetary
longitudes of the "Almanae.," In Appendix II, the most important
IBM 1620 programs used are given; and Appendix III contains a

sample of output results,



ABSTRACT

It has been shown by this study, and to 2 reasonable
degree of certitude, that the model used to construet the
tables of planetary longitudes of the four planets, Saturn,
Jupiter, Mars and Venus, found in the "Almanac of Ammonius"
is essentially Ptolemaic. The model contains an equant and
incorporates the Almagest values for the epicycle radius and
eccentri¢ity parameters, The longitude of the apogee in the
tables is about ten degrees larger for the three outer planet

than Ptolemy's.
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CHAPTER I

PLANETARY LONGITUDE PREDI CTION

The stars appear to circle westward daily due to the
earth's rotation. GSeen from the earth it is as though the
celestlal sphere with the stars attached on the inside rotates
about the earth, Within the sphere of stars, certain objects,
known as the "planets," i.e. wanderers, by the anclents, share
its daily motion westward, but lag and move slowly in a general
eastward direction among the constellations, while the skars retain
their relative positions day after day, year after year. The
"planets" included the sun, moon and the five nearest of the
bodies called planets today, those then known, for they appear
bright in the night sky, It is the eastward paths of these planets,
Saturn, Jupiter, Mars, Venus and Mercury, among the fixed stars
that are of concern here.

The sun's apparent annual path around the heavens is
called the ecliptic (Fige 1), It is a great circle inclined
about 234° to the celestial equator; the equinoxes are the two
points where the ecliptic crosses the celestial equator. The

zodiac 1s a band on the celestial sphere extending about 8° on



each side of the ecliptic. As well as the sun thies band contains
the moon and the five bright planets at all times (with the occa=
sional exception of Venus). Thus the geocentric longitude, >\,
measured eastward along the ecliptic from the vernal equinox is

a good indication of their positions on the celestial sphere without
reference to a second coordinate. Twelve constellations are fixed
at fairly regular intervals along the zodiac. The ancients

marked off twelve equal divisiocns, the signs of the zodlac, east=
ward from the vernal equinox, Each 30° bleck took the name of

the constellation it dontained. (However in the intervening several
thousand years the vernal equinox has moved slightly westward among
the stars due to the earth's precessional motion, so that each

sign has shifted past its constellation--the zodical sign of Aries
now contains the constellation Pisces.) The longitudes of the

sun, moon and planets were reported by the signs in which they
could be seen and fractions of 30°, a method still used in some
almanacs today,

The apparent paths of the planets in the zodiac are
looped (Fige 2a), the loops being somewhat similar but not
jdentical, As already mentioned they move generally eastward
among the constellations (direct motion), but at intervals they
turn and move backward (retrograde motion) for a while before
resuning eastward motion, At the beginning and at the end of

retrogradation, there is a so-called stationary point. Fig., 2b



is thus the typiecal graph of a planet's longitude plotted against
time.

A general analysis of heliocentric and geocentric
motions will clarify the phenomema described above, The
planets, the earth being one of them, revolve around the sun
on elliptical orbits. Suppose for a moment that the orbits are
circles and that they lie in the plane of the ecliptice. To
obtain the planetary motions as seen from the earth, the earth
may be regarded as fixed. When the earth is stopped, it looks
as though the sun moves around the earth once per year (Fig. 3);
the plane of its orbit intersects the celestial sphere in the
ecliptics An "inner" planet, Mercury or Venus, moves around
the sun on an orbit nearer the sun than the earth's, Subtracting
the motion of the earth, Fig. 3 gives the motion of the sun and
the orbit of the planet remains a circle with the sun as center,
The geocentric description of the motion of an inner planet is
thus given by a planet which moves on a little circle, the
"epicycle," whose center is carried on a larger circle, the
"deferent," whose center is the earth (Figs4)e. Similarily, ah
"outer" planet, Mars, Jupiter, or Saturn, whose heliocentric orbit
encloses the orbit of the earth, appears from the earth to be
moving on a large epicycle, the center of which moves around the
earth (Fig. 5b). An epicycle smaller than the deferent may be

preferreds Then a point C is introduced such that, by the



commutativity of vector sums, ES -+ SP is always equal to EC + EP.
Note in particular that CP is parallel to the line from the earth
to the sun. The geocentric motion of the outer planets can then
be described by the planet P moving on an epicycle whose center
C travels on a larger deferent of center E (Fig. 5c). [Exact
Sclences, ps 122-124].

Thus under the assumption of eirecular coplanar orbits,
Fige 6 represents the geocentrié motion of any one of the planets,
the earth at E, the planet at P, with varying ratio of the
epicycle radius to the deferent radius according to the planet,
of course, C, for the inner planets, has the same longitude as
the sun, and it circles the earth E once per year; for the outer
planets, C moves around E in the same period in which the planet
travels around the sun, its sidereal periods The period of an
inner planet's epicyclic motion is its sidereal period, the period
of an outer planet's, a year, when angles are measured from a
radius moving so as to remain parallel to its original direction,
When angles are measured from the radius CH, the epicyclic period
for any planet is called its synodic period.

For greater precision some refinements may be introe
duced;, in particular a slightly eccentrie position of the
earth with respect to the center of the deferent tends to
provide for second-order deviations. The geocentric longitudes

of the planets, which are measured in the plane of the ecliptie,



could thus be calculated from these epicyclic models.

The epieyclic motion of the planets with respect to
the earth accounts for the looped paths observed. The synodie
period is the mean time from loop to loop; there is one loop for
each trip around the epicycle from H to H. When the planet is
farthest removed from the earth the motion on the epicycle is
added to the motion of C. But between A and B (Fig. 6), the
planet P moves backward faster than the epicycle is carried
forward and the planet retrogrades,

Before the fourth century B.C. the Babylonians
realized that the apparent looped paths of the planets were
not haphazard and had determined their periods accurately.
They were able to predict planetary positions referring them
to the zodiac. Theirs were arithmetic methods without any
known use of a geometric model, [}ggct Sciences, ps 97, p. 156;
Dreyer, Pp. i].

Babylonian period relations were adopted by Greek
astronomers, but to be used in geometric models, preferably

~using combinations of uniform circular motions, The first of
these, Eudoxus'! system of concentric sphere, accounted for the
looped motion of the planets, but had many shortcomings as a
model designed to prediet their longitudes accurately.

An epicyclic model was introduced by Apollonius in

the third century B.Cs, and was later also used, perhaps



elaborated by Hipparchus. Ptolemy at Alexandria explained and
perfected these models in the Almagest (about 150 A.D.). In
his system, the deferent is no longer concentric to the earth
but excentric to it and for further precision the "equant" is
introduced. Ptolemy found that the center of the epicycle
appears to move with constant angular velocity with respect to
a point later called the equant, located symmetrically to the
earth with respect to the center of the deferent, G (Fig. 7).
The equant E is the center of equal motion; G is the center of
squal distances. In the case of Mercury an even more complica=
ted model was necessary. The line through OEG intersects the
deferent in A, the apogees )\a is the longitude of the apogee
A, characteristic of each planet. A revolution of the epicycle
i1s reckoned from the point H back to H, so that the epicyclic
period for all planets is their synodic period, Motion in the
epicycle is measured by the "anomaly," £'. The true longitude

is given by
A= N X =ty +5

‘where o , 8'3, and { are shown in Fig, 7. The following

rules are formulated: for Saturn, Jupiter and Mars, the radius
from the center of the epicycle to the planet is parallel to

the line from the earth to the sun, while for Venus and Mercury,

the center of the epicycle lies on this line,



In accordance with the geocentric description of
heliocentric motion presented earlier, it is clear that this
theory would be a valid theory of planetary motions if the
proper scale were used, However, Ptolemy was not in a position
to obtain reliable information about planetary distances. In
any case he was essentially interested only in the angular
motions as observed from the earth, i.e. in predicting the
planets® geocentric longitudess The deferent radius for all
planets was taken as 60 units or 1,0 units (sexagesimal system),
while the ratio between the radii of the deferent and of the epi-
cycle, resulting from the observed length of the retrograde arc,
gave the epicycle radius characteristic of each planet. In this
form the epicyclic model is a correct representation of appearances
so far as angular motion is concerned. Ptolemy, though, did not
pretend to explain but only to describe appearances; he probably
did hot claim that his models corresponded to a physical truth
but considered them useful devices, It is seen that he could
have been more pretentious.

Ptolemy's deviation from purely uniform circular
motions was considered heretical by philosophers of the time,
However, the Ptolemaic system far outlived their objections,
Moreover it had the preponderant influence on all astronomy up
to Kepler and Newton,

The so=called "goal=year period" of a planet is a



number of years after which any point of the loop, say the
stationary point at the beginning of retrogradation, occurs
again at approximately the same point of the ecliptic, i,e.
a number of years in which a nearly integer number of loops
or epieyclic revolutions and a nearly integer number of
revolutions of the planet occur, Ideally if geocentric
longitudes were tabulated at regular intervals for the length
of each planet's period, they would be tabulated for all time,
It would be sufficient to know how many years separate the
present year from the first year for which entries are made
in such tables and to subtract multiples of the planets period
until the number, n, is less than the planet's period (present
year = base year = n (modulo the planet's period)); geocentric
longitudes for the present year would be the same as those for
the nth year of the tables, However, no planetary periods of
this type are exact, and corrections of varying importance
must be introduced.

Whatever periods are chosen, for the inner planets,

Mercury and Venus, the number of revolutions of the planet in
the ecliptic during the period is equal to the number of years
of the period., For the outer planets, the number of revolutions

plus the number of complete loops during the period is equal to



the number of years of the period. [AQE_LL, Pe 281-28?]. These
relations are mentioned in a few known texts from Babylonian to
medieval times as being used in the computation of planetary
longitudes. The tables under study here are based on period

relations of thls type,



CHAPTER II

THE TEXT

The "Almanac of Ammonius" in its present form is the
work of the Arab astronomer known in the Latin West as Azarqulel,
Two manuscripts of the work, one in Arabie (Munich MS 853), the
second, a Spanish translation (Arsenal, Segovia MS 8,322), have
been edited by José Millas Vallierosa in the Estudios sobre
Azarquiel. The data for this study come from the tables for
planetary longltudes of the "Almanac" as they appear in this
publication, the result of a parallel study of the two manus-
criptse.

Azarquiel (Abu Is?;q al=Nagqdsh al=Zargalla, also
known as Al-Zarqall, Zarkall, Al-Zargellu, Azarcall, etc,)
lived in eleventh century Spain. It seems that he was born
in Toledo, where he began his observations and studies.
Sometime before Toledo fell into Christian hands in 1085,
he moved south to Cordoba, where during a number of years he
continued his studies and edited his last works, [Fstudiou,

Ps 3-1?1. In addition to the "Almanac, Azarguiel is known

for the invention of an astronomical instrument, the gafiha,
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and the edition of the so-called Toledan planetary tables, which

in the Latin translation influenced the development of trigono-
metry in Renaissance Europe. [§§;gl§, Pe 9{]. Two extensive
surveys of his works, the Etudes sur Zarkali of M. Steinschneider
and the more recent Bstudiog, already mentioned, can be consulted.

Other than the Arabic copy (ce 1257) and the Spanish
translation of the "Almenac" edited in the Estudios, Millas
Vallicrosa [Egggg;gg, Pe 151] and Steinschneider |Etudes, p. 2]
both cite Latin translations of Azarquiel's work,

The original author of the "Almanac" is unknown, but he
is variously referred to as Aumatius, Armeniut or Humeniz, In
particular the colophon of the Arabie copy is quite clear in attri=
buting the original material to a certain L;~‘9:5L°3'. No reference
to an Aumatius has been found in the literature, but such almanacs
were known in the Alexandrian world, and the disposition of the
tables for planetary longitudes is similar to that of the tables
under study here. {EltudLOB, P. 235-237]. A certain Ammonius
is known to have made astronomical observations at Alexandria in
the fifth century. Alim#tIlis may be a corruption of the Greek
name, Ammonius, since deletion of a single dot converts the Arabic
ta into s pup when these letters are medial as here, hence the
name given the text, the "Almanac of Ammonius." Another tradition
associates the "Almanac" with a pupil of Ptolemy.

Azarquiel would have had an Arabic translation,

-1] =



now lost, of the original Greek at his disposal. . He
updated the use of the tables to his epoch and may have
introduced the Julian month names in the tables alongside
the Egyptian ones. [Fatudios, Pe 237]. Just what other
changes and additions he made is not clear, The work of
hAzarquiel is a bridge between the work of Ammonius and the
large number of medieval almanacs, of which it is one of the
first examples.

The "Almanac" consists of an introductory section
[}studioa, Ps 75-148], presented in the Arabic and in the
Spanish, explaining the use of each group of tables, followed
by the tables themselves [Estudios, p. 153=234; Tables 1-83].

The tables of planetary longitudes |Estudios, p. 177-214;
Tables 26=63] are the most lengthy. They are set up planet by
planet to give geocentric longitudes at ten day intervals for
the slower planets, Saturn and Jupiter, and five day intervals
for Mars, Venus and Mercury and run for the following periods:
Saturn, 59 years; Jupiter, 83 years; Mars, 79 years; Venus,

8 years; Mercury, 46 years. The longitudes are expressed in
zodiacal signs and integer degrees and arranged in columns:
for the ten day planets, the 37 entries for each year occupy
one column of a table; for the five day planets, the first 36
entries for each year occupy one column of a table and the

other 37 entries for that year occupy the corresponding column

-12-



of the following table, Each table contains all or half of the

entrles for ten years of the period of the particular planet

(eleven or twelve years in some cases and eight years for Venus).

There are six tables for Saturn, eight for Jupiter, fourteen for

Mars, two for Venus, and eight for Mercury, The complete tables

for Venus and two from those of Jupiter are found in Appendix I,
The Egyptian year is composed of twelve thirty day

monthe and five epagomenal days at the end of each year. In

the tables of planetary longitudes, entries for the five day

planets correspond to the lst, 6th, 11th, 16th, 2lst, and 26th

of each Egyptian month, with the last entry of each year corres-

ponding to the first epagomenal day or the 31lst of the last month,

For the ten day planets, there are entries for the lst, 1lth, and

2lst of each month and also at the end of each year for the first

epagomenal day; thus between the thirty-seventh and last entry of

one year and the first entry of a following year there is a five

day interval only. Julian month names are entered to the left

of the Egyptian ones on the same level, but in the introductory

section [M}g_s_, p. 80, p. 12@ Azarquiel explains that one

must subtract one day from the Egyptian day for each Julian

month of thirty-one days that has passed and add two if

February has already passed to find the corresponding day

of the Julian month, Thus the longitude entry for the

first of the Egyptian month of Hatur is not correct

13 -



for the 1lst of November but for the 3lst of October, since
October has thirty-one days, etc.

Also in the introductory paragraphs [Estudioa,
pe 79-85, p. 120-125} referring to the use of these tables,
it is explained what corrections must be made for errors, accu=-
rulated due to the naturally somewhat inexact pericd relations.
Azarquiel takes his epoch as 1400 of the Seleucid era (1 October
1088 = 1 October 1089 A.D.), and he indicates in what column
one should enter the tables for each planet for that year and
what correction should be made in the text entry. However,
since each year column begins on the first of September, it is
not clear whether the first entry in the column he refers to
is for the first of September 1088 (first of last month of
the Seleucid year 1399)=-while the entries for all other
months - in the column are in 1400==, or whether the first
entry of the said column is for the first of September 1089
(first day of last month of Seleucid year 1400)=- in which
case the entries from October on are for the year 1401,
After comparing the true longitudes of the planets on September
first of 1088 and September first of 1089 with those obtained
from the text, it may be concluded that the first hypothesis is

the correct one. These longitudes are shown below.
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Planet Mercury Venus Mars Jupiter Saturn
column to
enter 21 7 78 59 6
text | Virgo 17 | Cancer 25| Virgo 1= |Gemini 24- | Taurus 24 =
| 167° 115° 151° 84° 54°
correc= i .
tin | _0 30°¢ _30°¢ 7°30" 300" |
1 Sept. | 167° 115°30¢ 151°30°t|  91°30t |- 57°30" |
| | |
Planet Mercury Venus Mars Jupiter !Saturn
|
1 Sept. 1088 |
(1399) 179° 123° 159° 100° 65°
1 Sept. 1089 o 4
(1400) 151° 210 19 127° 78° |

tLongituda!, Pe L39-4ﬁﬂ

Although it is quite clear that the initial entries in
the columns indicated give the planetary positions on September 1,
1088 (rather than on September 1, 1089), there is a nearly constant
difference of 8° between Azarquiel's longitudes end the actual
longitudes on that date. This must mean that Azarquiel's loca=-
tion of the fernal equinox was too far east by about 8°,

It would have seemed reasonable to assume that year one
of the tables for each planet was, at the original author's epoch,
the same year. However, it proved impossible to find a horoscope

with the planets! positions as indicated by the initial entries
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of each set of tables: Saturn, Pisces 12; Jupiter, Cancer, 28;
Mars, Virgo 12; Venus, Leo 29; Mercury, Virgo 22, Also if such
a year, x, existed it would be possible to find it using the in-
formation displayed above. Thus at Azarquiél's epoch, September
first of year one is September 1, 1083 for Saturn, September 1,
1030 for Jupiter, September 1, 1011 for Mars, September 1, 1082
for Venus, and September 1, 1068 for Merdury; the hypothetical

original year one is given by

x = 1083 - a 59 x =1082 =4 8
x = 1030 = b 83 x = 1068 = e 46
x =101l =« ¢

where x, a, b, ¢, d, and e are integers. But this set of equations
has no plausible solution, Thus apparently the tables did not
have a common beginning at the epoch of the original author.

Text variants between the Arabic and the Spanish manus=
cripts as well as restorations are noted at the bottom of each
table (P for the Arsenal manuscript; M for the Munich one). There
is agreement between the two texts to a large extent., Slight varia-
tions though are frequent fﬁr the slower moving planets, Saturn
and Jupiter, probably due in most cases to a copyist's or trans=

lator's confusion in deciphering similar Arabic letters [Eatudios.

p. 151].
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CHAPTER III

MEAN MOTIONS

Whatever method was used in calculating the tables
of planetary longitudes in the "Almanac of Ammonius", one is
led to the consideration of certain underlying relations.

The periods of each planet, for which their longi=
tudes are tabulated, were already mentioned. Inspection of the
tables to see how many times during the years of its period a
planet returns to its initial position in the zodiac and how many
times it retrogrades in this period gives the number of revolu-
tions of the planet in the ecliptic and the number of complete
loops or complete synodic periods in the period. These satisfy

the relations of Chapter I as can be seen below,

Planet | Period | Revolutions Number of
| (years) of the planet synodic periods
;Saturn 59 2 57
EJupitcr T 83 7 76
‘lara ; 79 | 42 37 E
f?onua ? 8 8 j 5 ]
Mercury ? 46 L 46 l 145 i

217 @



These are the original Babyleonian periods, still extant in the
"Goal-Year=Texts" [§g§2§, Pe 28j]. They are also quoted with
required corrections for Saturn, Mars, Venus and Mercury in the
Almagest [Almsgest, p. 121-122] (the Jupiter period given differs-e
it is 71 years during which there are 6 revolutions of the planet
and 65 synodic periods)., Similar period relations were also used
to construct longitude tables in India by Mah&deva in the early
thirteenth century.

For further work it was found convenient to convert
the longitudes expressed in signs of the zodiae and degrees to
degrees, and also to let the longitudes build up multiples of
360°, each revolution in the ecliptic adding 360°, This, for
lack of a better method at the time, was done by hand for each
planet and later punched on 999 IBM cards in all to be used as
the base data for the study. The punched card layout is as
follows: each data card has 80 numbered punch positions; five
positions are reserved for each longitude value, the last digit
occupying a position divisible by five, at the rate of fifteen
longitudes in order of occurence in the tables per card; the
last five punch positions are for card identification, position
76 for the 'planet (1 for Saturn, 2 for Jupiter, 3 for Mars, 4 for
Venus, and 5 for Mercury), positions 77, 78, 79 and 80 contain
the serial number of the card, the data cards for each planet

being numbered from 1, Thus, for instance the first fifteen

-18-



longitude values for year one of Mars are punched in order on the
card bearing the identification 30001, A simple program eliminating
miltiples of 30 brought the data back into the original form, less
the signs of the zodiac of course, making it possible to check

for certain calculation or punching errors.

As explained in Chapter II, Egyptian month names figure
in the "Almanac" tables. But the period relations upon which the
tables are based are correct for actual solar years, not for the
Egyptian 365 day years. There is no evidence of a leap year of
366 days every fourth year; the fastest moving planet, Meréury,
during its direct motion can reach the speed of two degrees per
day, and yet no jump is visible in a graph of the longitudes.

It is thus unlikely that the tables include an intercalary
scheme., However, whatever the case, the average year must be a
solar year, For purposes of recalculation and comparison with
the text, the year has been divided into 365 equal "days", each
slightly longer than the twentyefour hour mean solar day. The
difference: between the 1st or 300th "day" or any other "day"
of a solar year composed of these hypothetical "days" and
respectively the lst or 300th or other mean solai' day of a
Julian year, can never be more than twelve hours, assuming the
extra day of a leap year to be inserted when the Julian year
is lagging the solar year by half a day. This asynchronism

induces a difference of less than one degree in longitude for
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Mercury, which is not significant here since the longi tudes
are given only to the nearest integer degree, What holds

for Mercury is true a fortiori for the slower moving planets,
Henceforth, the term day will refer to the artificial day here
defined.

The mean motion of a planet, )\, i.e. its average

speed as it moves around the zodiac, is

);\ _ _number_of revolutions of planet in peried X 360°
- number of years of period X 365 days

— degrees traveled/day

The mean motion of each planet per five or ten day interval

can be obtained using the equation above and the period relations.

Mean Motions

Saturn ¢33433947° / 10 days
Jupiter | .831820432° / 10 days
;rs - 2,621813768° / 5 days
Venus  4.931506849° / 5 days
E,Iorcury [ 4.931506849° / 5 days

| ]

Suppose one plots true longitudes, as obtained from the
tables, against time, joining sucessive points by the best possible

curve. Then the graph of the "mean longitude", A » will be the

dtraight line that best approximates this curve, The slope of



the line has been found; it is the planet's mean motion, Thus

the only unknown is the initial mean longitude, :io,. The area
between the curve showing the true longitudes and the line consists
of a part below the graph of the mean longitude and a part above;
the area of these two parts should be equal to one another., The

—

difference at any given moment, A A, is called the "equation,"

—

To find the initial mean longitude, A, the area,
between the graph of the true longitude and that of the mean
longitude, was approximsted by a sum of rectangles of unit base
(the unit being five or ten days depending on the intervals at
which the longitudes for the planet are tabulated) and of height
equal to the equation, A= 3:, (at the left-hand end of the
interval), which may be positive or negative, Thus the area of
each rectangle will be signed: those situated above the graph of
the mean longitude, positive, those below, negative. The sum of
the signed areas should be zero when the initial mean longitude
has been correctly located, which is equivalent to the condition
that the area above be equal in absolute value to the area below.

With a dummy value for the initial mean longitude,
suppose the value of the first longitude entry in the tables
for the planet, and the known mean motion, the IBM 1620 Computer
was programmed to read the true longitude and compare it with

the corresponding dummy mean longitude it calculated to give

the equation, and repeat for each true longitude value of the
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data for that planet, Each equation is multiplied by the
length of the base, which is always one unit, except at the

end of each year for the planets Saturn and Jupiter, when it is
of length one-half, since although in general sucessive entries
in the tables for these planets are separated by ten day
intervals, the last entry of each year is followed by a five
day interval. These products are summed as the operation
proceeds to give a final value for the sum of signed rectangle
areas, presumedly different from zero. Finally this sum is
divided by the number of five or ten day intervals, and the
signed quotient is added to the dummy value to give the correct

—_—

initial mean longitude, A i.,e.

o?

2 (N - A [dummy)) X length of base
number of five or ten day intervals

Ao = dummy value +

A parameter card, which causes all calculations in the
machine to be carried to any desirable number of significant
places up to twenty-eight, beyohd the usual eight, is required
for Mars, Mercury, and Jupiter to aveid errors accumulated due
to repeated additions in obtaining the mean longitude. For all
practical purposes carrying cglculations to eight significant
places is enough for Saturn and Venus.

Thus by raising or lowering the graph of the mean

longitude with respect to the curve of the true longitudes
as obtained from the tables, the areas above and below the
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graph of the mean longitude were equalized to give a determination
of the initial mean longitudes for each planet,

After substituting the new -Xo for the dummy value,
the same program with a slight modification will provide a
complete listing of true longitude data, mean longitudes and
equations. Careful plots of these equations against time, made
by hand for each planet, proved instructive. The curve of the
equation is a periodie function with, like the true longitude
curve (Fig, 2b), one relative maximum and one relative minimum
in each synodic period, but its median line is the horizontal
axis, not the graph of the mean longitude.

First, large deviations of isolated entries from the
general trend of the longitude curve became evident, A few of

the worst displayed in the table below, were restored to give

points lying along the curve of the egquation.

Planet Year | Date | Text i Restored
| | _Entry | Value
Saturn 45 " Toth 11 | 10 | 20
| ‘; T
Jupiter 18 ' Quiach 11 | 16 1 26
I
30 ] Mocre 1 12 19
5 7% | Moere 31 0 5
|
Mars 10 | Anxir 26 9 29

It is a question open to discussion whether it would be wise
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of

to attempt restoration the numerous other entries that appear to
be obvious errors or inconsistencies in the text, i.,e., whether
the comparison later between recomputations of the tables and
the tables themselves will be more meaningful if the latter are
left nearly unchanged or if they are corrected in light of the
equation curve as a whole. The attitude is taken here that
since it is difficult to decide at this point what changes are
legitimate, no more corrections should be made.

Secondly, it is seen from visual inspection of the plots
that successive maximum and minimum equations are not equal, but
oscillate in a repeating pattern similar to that shown in Fig. 8,
There are two motions, one superposed on the other. This pheno=
menon is clearest in the case of Saturn, but it can be discovered
in each plot., The underlying model is therefore fairly sophisti=-
cated, approximating quite accurately the true characteristics of
geocentric longitudes. |

Since some corrections have been made in the data,
the initial mean longitude may be redetermined., The final

—_—

results for )‘o for each planet are given below.

—

Planet Ao
| Saturn 3474415615°
|L.Inpi\t;or 108, 380878°
Mars 174.187619°
Venus ; 157.640410°
Nercury : 158. 345144°



From the discussion of planetary longitudes in Chapter II, it

is to be expected that the initial mean longitudes of Venus and
Mercury should be the same, since the first entry of year one of
each planet!s period is for the first of September of some year,
they should be equal to the longitude of the mean sun. In fact
the values obtained are equal when rounded off to the nearest
integer degrese.

The Greeks adopted Babylonian period relations., They
are slso known to have revised some of the Babylonian ephemerides
and Iorkoaigheir linear methods based on zigzag functions. It
would thus be possible that the tables are Babylonlan, either
in origin or in method.

There is an Indian model (which may be of Greek origin)
with two epleycles used to prediet planetary longitudes, and it
has already been mentioned that period relations such as those
found in the text figure in some Indian work. Therefore the
tables under study could also be Indian,

Otherwise it is highly probable that the "Almanac"
tables of planetary longitudes were calculated using some form
of the epicyclic theory described in Chapter I. Such models
may have been of three types: a simple eplcyclic model; the
same with the earth occupying an excentric position with
respect to the center of the deferent; and the Ptolemaic type

with an eccentricity and an equant.
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The possibility of a simple epicyclic model can be
immediately eliminated for such a model always produces identical
loops, all maximum and minimum equations are equal in absolute
value., This is not the case here, as seen above,

In the following, the possibility that one of the other
two types of epicyclic models mentioned is at the base of the

tables, will be tested.
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CHAPTER IV

PRELIMINARY DETERMINATION OF PARAMETERS

The basic problem of discovering what system was used
to calculate the tables of planetary longitudes in the "Almanae
of Ammonius" has been limited to the examination of two prineipal
alternatives, an excentric epicyclic model or a model of the
Ptolemaie¢ type with equant, Both incorporate certain parame-
ters that must now be extracted from the data.

The number of epicyclic revolutions measured from
H (Fige 7) is equal to the number of synodic perieds in the
number of years of the planet's period, for once in each
epicyclic revolution the planet retrogrades. The anomalistic

motion of the epicycle is

X~ _ number of revolutions of the epieycle X 360°
- number of years of period X 365 days

—~ degrees traveled / day.

The motion in the anomaly per five or ten day interval for
each planet, found using this equation and the period rela=

tions, are given below,
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Anomalistic Motion
Saturn [ 9.52867425° / 10 daysT
Jupiter ? 9.03119327° / 10 day;T
Mars { 2430969308° / 5 days
Venus | 3.08219178° / 5 days
| Mercury fﬁ 15.54496724° / 5 days
|

In the simple epicyclic model any maximum equation
is equal to any other maximum or any minimum in absolute value,
The entire equation is due to the movement of the epieycle, and
a maximum or minimum occurs when the line joining the earth to
the planet is tangent to the epicycle (Fige 9)e If a = max (A=X\),
then
‘r=R sin a
where r is the radius of the epicycle and R is the radius of the
deferent. One has chosen here to assume R equals 60 units which
is used by Ptolemy. Thus
r = 60 sin a
When the model has an eccentricity with or without
equant embedded in it, then the equation is not due to the
anomalistic motion alone. However, one can attempt to eliminate

the effect of the eccentricity or equant by replacing a by the
quantity
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bt 2 relative maximum equations = Z relative minimum equations
= number of maximum and minimum

where the number of relative maxima and minima is equal to twice
the number of epieyclie revolutions. Then

r = 60 sin b
is a fair estimate of the epicycle radius. This has been done
heres For each planet the relative maxima and minima were found
from the complete listings of equations previously obtained and
summed on a desk calculator to give the numerator of the expression
for b; this is divided by the number of maxima and minima to yield
b. The values then obtained for the epicycle radius, r = 60 sin b,
are shown below alongside the corresponding Almagest parameters

for each planet,

Epicycle Radius r

|
| Planet I Value obtained T magest
| 1 from data | value {
' Saturn ! 64740 j 64500 T
Jupiter T 11.622 | 11. 500 T
Mars L 41.074 39.500 T
;Vcnus f 43.240 43,167
Mercury 22,969 22,500

The calculated estimates of r for Saturn, Jupiter, and Venus



are nearly Ptolemaic, though for Mars there is a significant
difference. However, it should be pointed out that the method
used in arriving at these estimates of the epicycle radius is

not equally good for all planets. In the case of Venus the
maxima and minima do not vary much in size, i.e. the eccentricity
or equant is small, and one would expect the estimate to be good.
It should also be good for Jupiter and Saturn because there are
many revolutions of the epicycle, occuring at very random dis-
tances from the apsidal line OEG (Fig. 7). On the other hand,
the value for Mars is dubious since a smaller number of epiecyclic
revolutions occur in a large number of planetary revolutions,and
the randomness of distances of maximum and minimum equations

from the apsidal line is not assured; moreover the variations

in size of the maxima and minima is largest for Mars, and it

may be expected that eliminating the effect of the eccentricity
or equant will be difficult.

Studying the motions of Mercury has always presented
particular difficulties. In this study, certain problems met in
working with the tables for this planet have led to the decision
not to deal further with parameters and recomputations for Mercury
here,

Considering again the epicyclic model of Fig, 9, it

can be seen that when the planet is at H or H' the equation
is zero degrees. At H the anomaly is 0° + n 360°, and



the equation passes from negative to positive; at H' the anomaly
is 180°+ n 360°, and the equation passes from positive to negative.
If the anomalistic motion is known, the anomaly of any point H or
H!' can be used to find the anomaly X of any other point desired.
If some point H is used, then for the corresponding n

X = n 360° - K per interval X number of intervals between

H and the point

If a point H' is used

X = 180° + 360° - 5 per interval X number of intervals between
H! and the point

In a model with eccentricity or with eccentricity
and equant, a zero degree equation no longer corresponds to
zero or 180° anomalies since the eccentricity and equant also
contribute to the equation. But somewhere between each minimum
equetion and the following maximum, the anomaly is 0°+ n 360°,
and somewhere between a iaxilnm and a minisum equation, the
anomaly is 180° + n 3600. Approximations to such places are the
longitude values midway between the beginnings of the phenomena
of retrogradation and their ends (anomaly near 180°+ n 3600),
and midway between their ends and beginnings (anomaly near
0° + n 360°). Each revolution of the epicycle in the period

could thus give a tentative determination of 8 the initial

o?
anomaly or for each planet the anomaly of the first entry in

its longitude tables.
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[3;] = n 360° = ¥ X number of intervals between midpoint
longitude and initial longitude

or [?90‘1 = 180°+ n 360° = X X number of intervals

The correct value of n must of course be used for each deter=
mination. Averaging all these first estimates, the parameter
5‘0 can be approximated.

5. - > [4,]

number of estimates

where the number of estimates equals twice the number of epieyclic
revolutions, The values for the initial anomaely obtained in this
manner, but for Jupiter and Saturn using only part of theé entire
period, are: Saturn, 167°; Jupiter, 49%; Mars, 326°; and Venus, 3430.

Another method was also used. Figures were drawn showing
the position of the planet on day one of the tables. 1n which
various apogees and the Ptolemaic eccentricity and equant and
the parameters already detormined here. wére used. The initial anomaly
could then be read from the figure, In this way the following
estimates were obtained: Saturn, 160° - 170°%; Jupiter, 45° = 50°;
Mars, 340° = 345°; Venus, 340° - 345°,

But there remains an important fact to be used in the
determination of the initial anomaly of Mars, Jupiter, and Saturn,
the outer planets, In Chapter I, it has been seen that on the
same day or on the same date of different years (this being a
yearly phenomenon depending on the sun) the radius from the center

of the epicycle to an outer planet is in the same direction as
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the line from the earth to the sun, while for an inner planet the
center of the epicycle lies on this line. Thie is equivalent to
stating that for an outer planet the mean longitude ;: plus the
anomaly g\at any given moment of the year is always equal to
the meah longitude of Venus or Mercury or of the sun (Fig. 5,
Fige 7). Since the determination of ji; is based on every
entry in the tables, it is a reliable parameter; also it is
for the first of September of some year for each planet. There=
fore the various values above of :K; for the outer planets will
be corrected to that g{:gn by

- >\o Venus = )\o outer planet = g; outer planet (modulo 360°)
where )§Venus = 157.6°. The new values, Saturn 170°, Jupiter 49°
and Mars 343°, do not differ greatly from those obtained earlier.

Two other attempts were made to obtain a trustworthy

value of 5\0 for Venus as well, one arithmetic, the other
graphical, The arithmetic method is a variation of one described
earlier. Since the departure from a purely epicyclic model is
small in the case of Venus, the so=called points H and H! having
zero equation were used as they would be to obtain éfo in an
epicyclic model. All points did not give the same value for
zgo, as is to be expected, but the average namely 342.40, of
the ten values thus obtained was considered another fair estimate

of the initial anomaly. Lastly a graphical method, using the

plot of the Venus equation, was tried. A transparent strip
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of paper with ten equal divisions of the eight year period, to
the same scale as the plot, was fitted over the graph of equations
such that in general all the end points of the divisions were
as close to the points H and H' as possible. Then the point
at which the beginning of the first equal division fell, was marked
on the graph; the anomaly of this point, which differs slightly
from the point H, was considered to be 360°, The initial anomaly
was then found using the number of days that separate this point
from beginning of the tables; this gave &; equals 342.8°,

The final values arrived at for the initial anomaly of

the various planets are displayed below,

Planet ' 8 0
Saturn g 170°
Jupiter - i 49°
Mars f 343°
Venus 342°-343°

The difference between the longitude of the center of
the epicycle C and the mean longitude is a functien having for
period one rewolution of C and due to the eccentricity or to
the eccentricity and the equant. This difference is zero when
the longitude of C is equal to the longitude of the deferent
apogee )\Q~p1uu or minus a multiple of 180°, When the difference

passes from small positive to small negative values, C passes
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through the apogee; when the difference passes from small negative
to small positive, C passes through the perigee, and its longitude
is equal to ,Xh-+ 180°+ n 360°, where n is an integer,

To arrive at the longitude of the apogee >\., an attempt
to obtain the curve of these differences between the longitude
of the center of the epicycle C and the mean longitude, by mini=
mizing the effect of the anomalistic motion on the equation,
has been made.s The equations of the longitude values midway
between the beginnings of the phenomena of retrogradation and
their end§ and midway between their ends and beginnings were
recorded. In the discussion concerning 3; it has been seen
that the anomaly at such places, is near zero or 180°, i.e,
the equation is due to the eccentricity and equant alone, for
the effect of the epicycle is minimum in the equation of
longitude values located as specified. Thus all recorded
equations which occur in one revelution of C lie on one
period length of a curve which approximates the curve of the
differences between the longitudes of C and the corresponding
mean longitudess Each revolution of the planet should give
another copy of the desired curve, For greater accuracy in
drawing this curve equations from every revolution of the planet
are superposed on the same plot of one period length (of 360°
or of the number of years C requires to make one revolution for

the particular planet,) Also in drawing the curve, one can
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meke use of the fact that the part of the curve which lies above
the horizontal axis is the mirror image of the part below, i.e.
the maximum of curve equals the minimum, ete, The longitude of
the point where this curve crosses the horizontal axis going
from positive to negative provides a value for the longitude

of the apogee /\..

The usefulness of this method is limited to Saturn
and Jupiter and, to a lesser degree, Mars, It is quite good
for Saturn and Jupiter; their epicycle radii are small, and for
each trip of the planet around the zodiac a good curve can be
obtained using the equations of longitude values located
midway with respect to the phenomena of retrogradation as
described above; if the curves are superposed as in the plot
made here, a perhaps even better idea can be gained of the
position of the apogee and of the maximum and minimum differences
between the longitude of the center of the epicycle and the
mean longitude caused by the eccentricity and the equant.

For Mars and Venus it cannot be expected that one could draw
the curve in question from midway equations occuring in a
single revolution of the planet; the points obtalned are too
few, for the epicycles of these planets are large, and their
anomalistic motion is slower than that of Saturn or Jupiter,
their mean motion, faster., However, if the points from all

revolutions of the planet are superposed on the same plot
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as done here, a fair curve can be obtained for Mars. Not wvery
surprisingly this proved impossible for Venus, the eccentric
effect belng very small and the number of revolutions of the
epicycle, few; a cluster of points resulted through which no
reasonable curve could be sketched.

The values found for the longitude of the apogee
of the three outer planets are shown below with the Ptolemaic

parameters for the four planets.

Longitude of apogee )\a
Planet Value obtained Almagest
from data value
Saturn 232° 224°
Jupiter 167° 152°
Mars 130° 107°
Venus 46°

In a model without equant, the curve of the differences
of the longitude of the center of the epicycle C and the mean
longitude is due solely to the eccentricity., Consideration of
Fige 10 will show that if this is the case, the eccentricity is
given by

e = 60 sin g
where g is the maximum difference between the longitude of C and

the mean longitude or the maximum of the curve discussed above,



In a model of the Piolemaic type, the eccentricity is

e = 60 tan ¥ g
as can be seen in Fig, 11, where again g is the maximim of the
curve of longitude differences between C and the mean,

An approximation to this curve has already been
plotted for the study of the longitude of the apogee. In
order to have an idea of the importance of the effect of the
eccentricity or the combined effect of the eccentricity and the
equant, it will be assumed first that the model incorporates
an eccentricity ohly., Then by taking e = 60 sin g', where
g' is the maximum of the curve plotted, the eccentricity e can
be found approximately to be Saturn, 6,8 parts, Jupiter, 5.8,
Mars, 11.5. Secondly, assuming that the model contains an
equant, e = 60 tan % g', where g' is the same as above,
Values of e thus obtained are given below with the Ptolemaic
eccentricity, from a model in which, it should be remembered,

an equant figures,.

Eccentricity e

i Planet : Value obtained E Almagest

| from data value
Saturn 3. A 30 417
Jupiter 2,9 2,750

L

| Mars 508 6,000
Venus 1,250
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The same comments apply to the usefulness of this
method for the various planets as those already made concerning
the determination of the longitude of the apogee, in particular

no estimate of e can be reached for Venus.



CHAPTER V

RECOMPUTATION OF THE TABLES

Having obtained values for the parameters that
figure in the médels under consideration, one is now in
a position to attempt a reconstitution of the tables.

The mean lotion,'x per five or ten day intervals,
and the anomalistic motion, X.por five or ten day interval,
can be considered fixed at the values given in the preceding
chapters. The initial mean longitude 7{0 has also been deter=
mined accurately for each planet, and as seen above, this
determination dictates the initial anomaly <X° for the three
outer planetsy The other parameters found in Chapter IV
are at best approximations to the true values of these same
parameters embedded in any such model at the base of the
tables, but they certainly give plausible material with
which to begin recomputations.

For this purpose an epicyclic model with eccentricity
only, and also a iodol of the Ptolemaic type with equant

were programmed for the IBM 1620; the programs can be found

in Appendix II, A measure of the correctness of a set of



parameters was gained by squaring the differences between
corresponding entries in the resulting tables of true lon=
gitudes and those of the text, and summing, This operation
was built into the program. Dividing the sum of squared
differences by the number of the values and taking the
square root gives the average deviation of the computed values
from the text values. If this falls below one degree, the
agreement between the text and the recomputation can be
considered very good, for longitudes in the text are given
in integer degrees. The program calls for each "Almanac"
true longitude to be printed as it occurs in the text (i.e.
residue modulo 30°) minus the signs of the zodiae, and
also as it is on the data card, on a single horizontal
line together with the calculated longitude, the mean lon=
gltude, the corresponding equations (both from the data
longitude and from the calculated value), their difference,
the sum of the squared differences up to that point, the anomaly,
and other variable angles in the model. The next line:
begins with the next entry in the tables followed by the same
longitude value as it appears in the data and the corresponding
calculated longitude, the mean, etc, (Appendix III),.

Since the period of Venus is short, reconstitution
of the tables for this planet was begun first, supposing a

model with equant, and using the Ptolemaic eccentricity



and apsidal position, along with the values for the epicycle
radius and the initial anomaly determined from the data in
Chapter IV, As explained, the deviation from a simple
epicyclic theory is small for Venus; the equant and eccen=
tricity are relatively unimportant. However, after several
runs with some variations in the apogee, it became clear
that the longitude of the apogee in the tables was larger
than the Ptolemaic one.s By methodically increasing it by
five degrees, a better value for )\a was found to be near
85°. Increasing and decreasing the epicycle radius r
slightly in the model revealed that the Ptolemaic value

of 43.1667° (43°10') gives the best results, Likewise

the Ptolemaic eccentricity proved best, any variation

in it increasing the sum of squared differences, A

small change in the initial anomaly does not affect the
computed values radically, but taking K; equals 342, 75°
was a little better than 342° or 343°. Returning to the
longitude of the apogee again now that other parameters
have been corrected, and varying it degree by degree, it

was found that the optimum value for )\. is 87.4%, a

rather large value compared to the one in the Almagest,

namely 46°, Any further changes in any of the parameters



worsened instead of improving the results.

The triil and error factor was allowed full play
in the case of Venus, for with thirtyenine data cards the
time required for one computation of the tables on the 1620
was only about twenty minutes. One was obliged to rely on
it completely for the determination of }\a and to a lesser
extent of e, Moreover, in the case of the other planets
as well, since computations were begun during the determi-
nation of the parameters, en occasion by consistent varying
of a parameter, its value was found without reference to the
independent study made of it in Chapter IV.

Again for Saturn and Jupiter, programming the equant
model with different sets of parameters disclosed that the
Ptolemaic values for the epicycle radius and the eccentricity
are the best., The initial anomaly is already fixed, The
longitudes of the apogees of Saturn and Jupiter obtained
in the preceeding chapter (only approximations) must be
modified by a few degrees to induce greatest agreement as
variations of this parameter showed; )\! is then 234.9°

for Saturn and 162° for Jupiter.

In the case of Jupiter, and in spite of the tremen=
dous speed of the computer compared to manual calculation,

the 205 cards of data (83 years) and the use of a parameter

“-il=



card, made attempted reconstitutions very time consuming., Printing
on the console typewriter further increased the time required,
and until a high speed printer became available, the suin
of squared differences alone printed at the end of all calcula=
tions had to serve as the indication of how well the computed
longitudes agreed with the data. In spite of this disadvantage,
enough information was gleaned to permit rapid changes to give
optimum results as soon as it was possible to make complete
listings. What has just been stated applies a fortiori to
Mars; a complete run through the 385 data cards with parameter
card, to recalculate the tables, requires over six hours of
1620 computer time using the high speed printer. The time
element precluded the variations of parameters found useful for
the other planets, However, at this point the results obtained
for Saturn, Jupiter, and Vanus‘furniah significant indices as
to what parameter values could be meaningfully tested.

Thus, again for Mars in an equant model the Almagest
values for the epicycle radius r ané the eccentricity e
prove the best. Neither the Ptolemaic value for the longitude
apogee nor the value obtained experimentally provide good
results, But since the values of >\a for Jupiter and Saturn

are approximately ten degrees larger than the Ptolemaic ones,



it was reasonable to suppose that the same would hold for
the third outer planet. And in fact a longitude of 117° for
the apogee permits the calculation of longitudes very close
to the text longitudes., The largest deviations oceur during
retrogradations of the planet near perigee (Fig. 12),

If a simple eccentric model is run taking the
eccentricity equal to approximately double that used in
an equant model, but with the other parameters unchanged,
sensibly the same results can be obtained for Venus and
Saturn, In fact in the recomputations made the best results
for each planet are obtained using a model with equant.
However, conceivably . © with further variation of the eccen=
tricity a model without equant could theoretically be made
nearly as satisfactory with respect to the sum of squared
differences as the equant model, But historically the

eppesitions and

eccentricity was obtained from a study of thqﬂstationary
points, and as far as is known was thus very nearly the same
in tables before and after the introduction of Ptolemy's equant.
The unnaturally large eccentricity values that would have been
used in these tables, had they been calculated using a model
without an equant, argue strongly for the rejection of such a
hypothesis.

Programs were written for the 1620 that would have

the printer plot the equation of the text longitudes and the
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equation of the calculated longitudes on the same axis (Appendix II).
This permitted a further evaluation of the final results by making
irregularities in the text evident. It can be seen that a con-
siderable number of the larger deviations occur in such situations.
For example, in Appendix III, the sample output from the Jupiter
plot shows an instance where a sum of squared differences of

300 is run up for twelve entries, or while less than one card

of the 205 data cards is passing, caused by a jump in the text
curve, This type of discrepency 'may be: . due to an error

on the part of the original calculator of the tables, since

it is nof a question of an isolated variation from the general
trend:T:%;oduced by some copyiste Thus visual inspection demons-
trates that correspondance between the text and the reconstitution
is, over most of the curve, better than the tabulated deviation
indicates. In all cases the results displayed below are good

enough to permit the rejection of the Babylonian and Indian

hypotheses formulated in Chapter III,

: Optimum Sets of Parameters
|

Planet ‘ s & 8 A a Sum of Average
‘ 0 ‘ squared devia=-
‘ , | Yext Almagest differen- tion
| i I ' ____ces
Saturn | 6.5 3.4167 | 170° | 234,9° 224.17°§ 740 .6
_ ! 1 n
Jupiter| 1L5 275 | 49° [162° | 152.15° 4100 L2 |
Mars | 39.5 6.0 343° | 117° 106.67°| 16000 1.6

|
Vemus | 43.1667 | 1.25 | 342.75° 87.4° | 46.17° 980 1.2
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For each planet the mean motion )\, anomalistiec motion
8\, and initial mean longitude found in the tables of Chapter III
and IV are used.

The relatively better agreement of the recomputed
values with the text for Saturn is to be expected, since the
variation of the longitude curve about the graph of the mean
is small; the equation is never larger than 13°. Therefore
with the correct mean and anomalistic motions and initial
mean longitude the results should be good.

The fact that the apsidal longitudes of Saturn, Jupiter,
and Mars are all about ten degrees larger than Ptolemy's values
suggests the possibility of dating the original composition of
the "Almanac." However, since the rate of precession used by
the author is not known it is difficult to draw any conclusions;

a date anywhere between the seventh and eleventh century could
be indicated.

The leading conclusion of the study, that the tables
seem to have been based on the Ptolemaic model and contain Almagest
parameters need occasion little surprise. The Almagest, as remarked

earlier, was the handbook of astronomers in the Greek and Arab

worlds.for many centuries.
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Fig. 6 Epicyclic model Fig. 7 Ptolemaic model
[Exact Sciences, p. Lﬁﬂ
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Fig. 7'  Model without equant Fig. 8 Curve of equations
similar to Saturn plot
or
A-A P
%
N ¢
WD P!
a b

Fig. 9 Fpicyclic model
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APPENDIX I

The "Almanac™ tables of planetary longitudes for
Venus, whose position is given at five day intervals, follow.
Two tables from the set of those for Jupiter, a ten day planet,
are also included. The exceptional five day intervals between
the last entry of each year and the first of the next year
may be noted, as well as the colum fifty-nine Azarquiel indi-
cates for his epoch. The tables shown are reproduced from

the FEstudios.
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Mon., o 36 «. Tabla 654 i - .
Ars, (° 120 v. daginl d,p5) adlya
TABLA DE LOS LOGARES ENDERECADOS DE VEXNUS
! =2 = —
1 e 2 3 4 _ 8 68 7 8]
| Los meses | Los meses B = =
i . . '
| TOMADOS | PRIPOIANNS | 1o giay | Len | Laneer | Libes Len Liben | Virgo lem' Libea |
|
Setirmh. | Tnth 1 2 28 6 " 5 19 25 2
Virga Len Len
¥ L 6 ] | 12 17 3 l%ﬁ 1 *25‘
ibra "
1 1 5 IR Px] 1 7 T"
Virge
16 17 9 24 -3 24 1 13 6
Seorpin | Virde
21 “ 13 1 = (K] 19 12
Libra
% 0 L] 7 1" ) x0 - 17
R \"T
tchubie | Brba 1 6 || 3 17 2 % z
Seorpio
v . G 12 | 19 24 A ; 1 21
Viigo Litira Sagftar.
. 1 19 2 2 0 19 8 13 |
Sagitar. ¥
. . 16 2 7 1 3 19 14 19 (]
.\l'llf"ll
* 2 12 T 12 21 A Y-} 10
ki Lihra
> - il i 17 12 8 p A Zi 2 4
i Sapilar.
Noviewah . | Halor | 4 RAd 18 r-] K 3 8 17
[ Srorpio
. . 6 Pl ) 24 1 2 9 14 2
Libra  |Caprcar. Lilra
. . 3] 2 4 0 1 3 15 F-1] 2
Radilat,
i . 16 3 W ] 13 7 21 % 24
| | Srnrsll
. . 2 g o 1" 2 1 n %
i
I ew  [Vapnror.
i . 'as 1 21 1w = EH 1 v | »
| Sagitar. -
| Degiemb. | Dk 1 2 a n 2 20 10 15 4
; Senrpin
- . i 28 o L] P, ] 16 - £l 21
Lapricor. Aquarius Searpn
. B 1 4 9 3 15 [} n .| 19
Sagitar,
» 16 ] 15 8 /] 5 -] 4 17
Aquarius
. . 21 17 = 13 2 10 5 10 13
| Uapricer.
. . . 1 2 -] 18 4 15 1 16 1
Aquerius| Sagitar.
| Fuwro Tobh | 0 4 ¥I] i 21 16 B L9
|- . 6 [ 0] 4] 6 26 3 2 9
[ Piscis Sagilar Capric
| . 1 12 1t i &4 2 p-] 1]
L Placis
ho. . 16 8 . R i . L3 5 1" 12
| Ayugsrius
i . 2l o) 3 7 v 13 1" 17 15
Piscis [ Lapritor,
= . % 1 3 10 ] 19 16 o] 18
Agquar.
| Febiers | Auvir 1 | n T I T I o
U aprenr.
» . 6 13 17 112 26 1 21 6 26
YA 4 Pues Aries Capiic.
. . 1 19 ps 12 I 7 2 12 »
’ Aquatiu g
. 16 x 0 9 6 13 7 19 5
Arirg
. . 21 2 8 9 12 19 13 2 10
Fiacis L
¥ I _» 26 8 12 ] 18 f-) 18 1 14 v
P o
O ’
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Mon., ¢ 37 Tabla 65 o .. :
o da a3 M ez
Am, [° 121 ol 5,850 adlge
TAPLA DE LOS LOGARES ENDBERECADON DE VENLUS
e ——— e e e —— o - ——— =i ——— s SR
Loy snnes 1 2 3 4 5 (-] 7 8
Los meses | Los meges
romanos | egipeiancs | Lo digs | Aries | Aquarwa| Piseis | Piscis |Aquarius Aries | Piseis | Caprie
Margo Raramhat 1 14 19 4 2 2 23 B 20
Aries .
. . 6 2 2 ; | I ] m " -]
2 PFise |Aquanus Taurus Aguar
0 . 11 ] 1 = 7 14 3 20 1
Toures
» ' 16 2 1 -} 13 2 8 -] 6
21 1 13 4 2 b 12 A";' 12
» . .
tL—-‘l Piscis
. P ] 13 2 n 2 2 14 ] 17
- Taurus
Al Barmod: I 18 -} R 2 8 19 15 za
Artes Viscis
. » [T ot 2 0 ] 14 21 21 2
Piscin
it N i\ 2 8 K} 14 a .S 21 LI
fl Liemuni Taurus
;o » 16 4 14 ] 2 -0 2 Kl 1
Avips
. » 21 9 a) 1 n 2 21 10 16
| - Lemin
q o » X 15 % " 1 B 1w 16 /4
i! Tawrus
| Mayo Havanz I A 3 1] 9 15 17 42 ]
N Aries
s » 6 Ly g 24 15 21 14 -] 4
Uiy Aring Lemint
N ’ 11 U] 15 U] 2l o 11 4 10
- Taurus
; . 16 ol 21 5 n i 9 10 16
B ancer
. » 2l 9 ¥4 1 3 4y 8 18 2
Gemim
. . -] 13 3 16 ] |- T T 2 -]
- Tauras
Jumo Barani 1 11 1] z 15 2 7 28 4
" Lapcer
. N fi 2 16 n 21 ] B 4 10
] ' Taorus Lemink
» » 11 .} 2 2 E 4 10 10 16
0
‘ . » 16 z -l 8 I 10 12 16 2
Cancor
» » ay 2 4 13 6 16 15 z | 23
Gemini
. » % U 10 19 12 2 I8 ] 4
| LWLy Lee
Julio Abik 1 0 17 ] 18 2 2l 4 10
Gemini Canger
. ; 6 » | = ™ P 5 » | w| w®
» N 1 zl ED l ) V:B 11 2 o z
. | Grpmig!
. ) 16 “ 5 : 12 'r 17 m z F- ]
- Cagcer
s ’ 2 21 1" 18 9 23 8 - i
\‘niﬂ
. ! @ 19 17 2] " 2 3 ! 1"
lea
Agoswo Mogre | 16 n 2 18 6 18 Ww 17 {
\"ug« Cancer 12 a3 16 el
. » 6 kst 18- 5 =
(- » " 16* 6 1" % 18 = 2| ®
| Cancer Lo
. . 16 17 12 17 e 24 +3 V4 5
Libra Virgo Libra
» » zl 19 18 4] 2 0 ] 4 11
» . = 21 24 b1 7 14 9 17
Libra Leo
- 0 5 5 13 2 15 <}




188 JOSE MA MILLAS VALLICROSA

Tabla 37
Mon., fo 27 y 28. . B '

TABLA LE LOS LOGARES ENDERECADOS DF JUPITER

5

o 51 52 53 54 55 86 57 58 59 60 6
Los wenes | Fonmesen | o L o L T 3 g B s
L L 1] “
romases [ruiprisnes | Los Libra | Libra |Scarpin|sageta [Lapre | P | Ao [Tawen s Gemas|Cancer |Leo
.
Setiomb. | Toth davlalzl®@]| zl s [ vl o L o2e o2t |16
. . |1 3 27 24 3 o 6 IR | 2N F Z |14
| 21 ] '] ol | 2 21 5 | 17 | o) % %4 |
| e orpre | ' |
Uehabre [Behe | 1| 7 | w2 Q | 40 | A a| % n
. . uwl oo p| ® | o Wl L] el @ | 2| T |23
Sefita i '
. . 20| 5 [} 2 2 41 3 n P IR
Aquar i [ } i
Nowiemb | Hatue i 13 7T 2| m I T Y PO A A U N -
| aprue. ‘ L | |
' . ml s || 4] 0l 2! 3 | noloa | x| o sl
. . 21|17 12 6 3 i [E I VI I VI ¥
Desiemb | Uwinc fl | i 9 A 60 @ w8 | NS (M
. . i 2 s 7 R s g | @ |
. > 2l 4 W E | w v T 6 | 2z | B |0
Eueie Tobihk 1 A 2 16 12 13 ¥ | 10 { 15 21 Fy uf
. . ! I & z 18 15 15 ([T 1% 1] ECR. ]
. . il 23 L] 17 17 200 (] 9 V.3 zy'
bebrern | Anur R ] Bz e | @ s o ! w23 |28
. . 11 &a A 24 0| 2 16 | 15 1B 2 |
. . 20 2| 2 x Wa| 24 19 17 1 I8 21 |
Mar Barewhat | | | 2 3 n|®w| a2 0 | 8 | @ (4
. . 1| 2 - -] 2 4 el A | w W0 |8
| Lapric. | Aquar.
. 20 8 | 29 1] 0 '29‘ F ] <3 ’ 2 v a =
e
Al | Barmsei | 1| 28 ] @ | | oz i ‘-n. % ' alw| a2
Aries .
. . 1l « a 1 3 2 1] 29 2% 21 a |
. ’ Tawrus
. , | 2 21 1 4 4 2a O | AW | 2 (&
Mayw Harani 1 21 2 | A L fin 3 - 24 2 |w
| Gemimi
. . "l a ' Y-, ] | 3 ] 1 5 | 24 21 A
. A 19 | 24 1| h Y ] 7 2 | 2
- Lancer
Janee Rarem 1] I8 22 04 | 7 1 I 1] Te | )
. . "Wl oms | 2 s.g‘ T | 12| w0 4 Lzr- n
. . a0 18 | @ | 0 6 12 | 14 | 14 I 5 [ -
Julto Abib 1 ﬂ 19 | 2 5 13| 15 18 13 7 2 |2
. . 1 19 - 4 13 18 18 15 11 4 V'h-
» . 2 1 19 2 3n| 12 w 20 17 12 6 0
Aguits | Macre 1| 2 73 2 12 21 3] " 8|3
. . nla 2| 0 | 3 [z |17l ow |4
. . w2z ol|la || slw|2|n|w|rls
. X n|ln J 2|z |® | 8l | 2 %|>] 58
a P, 26. — ¢ flta en los dos manusccitos. —d P,29. — P, 1. — P, 21. —
gP 22.—bM, 2. —-iP 26.—iM29- kP26~ 1IP 28 —mP 29 —acel

copista de P, se equivocd de columna al copiar ¢l manuscrito de M. Sdlo damos los
vatorcs de M. — o P, 14— p M, 20 gP 3. —rMB6
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Tabla 38
Mun., ] ':R ¥ 28 v. b . ” " A \ . \
Ars, P 112 ¢ Saghed ,51“‘"‘3' Sey

TABLA DF LOS LOGARES FNDERELADOS DE JUPITER

o~ 62 63 64 65 66 67 68 69 70 717
s meses | 1ma meses | ‘_-;___ o am = O e R —
FAmABIC (PR(PFIAUR Im Vugn l Tibea | Libin |Senr rn' “an |\mm Precin | Vrows [Taoroefl emim | Ca
dins r |
! | ;
Senemb | Tulh Log, » - ] I TP W ;% 28 25!
l . by nat ol @ 0| oo ol 2 |28
: | |~wumﬂ | Cane. ¢
. H i 1 - J ‘ R " 4| o] 1 |28
g o i Sept- | . ,, I.lgl
ichuhte | Heba i 1] { 3 e ![ 2| 21w i P 2 |
Aprie |
11 |8 1 5 n TR 1 28 ] 1
inl HIEIRIE] Y G E R E g
emb | Hatue 1 |0 f k| H
e ) HEAR AR | & [ 3 s ] w2 1 %
niloA ! O ‘ i 616 L L I 1| 7
i | | ! seming
I cemb | s b 1+ 2 o1 \ w1 J 14 24 2|4
¢ : i 1 IR 15 niyow 1 14 | 2 z |3
. . zn|§‘z~ 2 |17 ln niwn {; ‘.'3 g ::
Loerw nwhih 1 i n Ju It l 1 13 2
. . ul Sl 2| e oz g B 1|13 9 | o« [
. . 21 I ] ] 2 % 24 2 I8 0 16 19 <IN
i ‘1|'|‘?ln | . : . | r
Frbirern Y 1 ] | | B 2% | oA 'IH 7 'l.l 3 |a
, . | '] | " s.zp' r‘a; ol l a8 2 n | a n |\
Apre
loe taooA ﬂ ’n A‘n | B |l 2| a o |»
| b qui
Maren Rarmhal | [ 1o 1 1 o N 25 F-] /) z |5
Lt ' | 2| 3 2 "l g laloa|=a|a
. . T E i y
’ | | Valiva | i l Aries l‘hllnll o, |
- B (P S A (=Y (T 2 BT O I B+
| Ml Harmod 1} 2 '.g?; | 2 : ; : ‘ ; g ;; ﬁ]
L] . i 24 1 & 2 ' » l P
| | Lemin.
| , ._-l‘z.'la-! PSR TH A A A B (S
| Mava i (NI A g 10| 0 o 4 | B au]
i 1 FELTT | aneer
K . |n\ n oz T T I AN TR T I O zl
- 2| @ n | m i 1 14 h 2
| { i . i L.
Tain Harny ] el 21 B il 15 15 17 1" 5 OT
: oo |11| YNNI Ml 3] 1|1
| SEEI AR R R R SR AN w | B |2
1l bt 1| 2 1 ] i 11 w2 2 }8 1] 5
e ol m e m a g LT N L
l l samit )
oo oo (i2elB12 % 3|8 8 55|81
| Aguste e .1} & ‘ E ] . .'
' . | Hn".?.,‘ 1 I@i ¥ 6 | tom p2 b | B 4 14
il » » 4 u 4 i} 2 Ky hm| 25 Ho| B 2 16
. 3 E Y 2 24 X 1 15m| 23 ry n 18
1

aM, 10.—h P, 25 —csoloen M. —dP M- P25 -fP 29.
P,7 - bcn ninguno de los dos mlnuscntm M, 25 —iM 3 -k M, 8 -
IM, 10 —m P, 17.—n M, 8. - el 7.-—-4!’,29.~—r“l’.-6 -
sen loo los manuscritos Taurus, ¢ ’Vi 1 w M, no consts; en P, Gemini. —
¢ en P, Cancer.



APPFNDIX 1I

In all the programs presented here the following notation

is used. Reference should be made to Fig. 7 and Fig. 7'.

| Parameters Variables
1 1 |
'_, - —'--q
A | Ao XLM A
| c R o |
AN | 3. ALP LN
ke
E ! e Cl Cl |
w |
— f
| P i r B Y Y
M Ne c2 c2
{ ‘ . |
XAM ) | c Cy
; ; == 1
oM A | 2 z |
R r=!Re Paictor | G 8 |
—HFzrees o radiany| - !
| D conversion factor . TL A J‘
degrees to radians
| gr AN 5 |

The core of the program for a model with equant and fhat
of the program for a model without equant are shown below. Any

of the other programs, which are for the Ptolemaic model, can be

=53



modified to cdlculate longitudes from a model without equant by

changing the core of the program only,

. Ptolemaic Model -
ALP=XLM=XLA

IF(ALP=360e)3,8,8
ALP=ALP-360.
GO TO 9
Cl=ATANF(E#SINF(ALP#D)/R/SQRTF(1le=(E=#SINF(ALP#D)/R)%%2))/D
_B=ALP-C1 L B
Y=SOQRTF(R#R+E#E+2, #R#E=COSF(Bx*D))
__ C2=ATANF(E*SINF(B#D)/Y/SQRTF(1a=(E*SINF(B*D) /Y )*%2)) /D
C=C1l+C2
— L=SORTF(Y#*#Y+P2P+2 »#Y#P=COSF ( AN=D+C%D) ) - -
G=ATANF(P*SINF(AN#D+C#D)/Z/SORTF(le=(P#SINF (AN®D+C#D)/2)#%2)) /D
_C +G -

Model without Equant
QP-—-XLM-XLA _
F

(ALP-360.)3,8,8

!
60 TO 9 T
'3 Y=SQRTF(R#R+E%E+2, #R#E#COSF(ALP#D) )
C =ATANF (E=«STINF(ALP*D) /Y/SQRTF(le=(E=*SINF(ALP#D)/Y)#%2)) /D
Z=SORTF (Y#Y+P#P+2,#Y#P2COSF (AN#D+C%D ) ) |

G=‘ATENFIP*SINFMN*Dﬁ( 1e=(P#SINF (AN®#D+C D) /zw*z*
~i1-c+s ;

Two programs are given for the ten day planets, Saturn

8 ALP=ALP-360.

and Jupiter, one to obtain complete numerical listings, the other
to plot the emuations based on the text and on the recomputed longi-
tudes. The parameters contained in the numerical output progran,

as given, are those for Saturn., The same program is used to get

the numerical output for Jupiter by changing the parameters. The
program to plot displays the Jupiter parameters, but the same pro-
gram is good for Saturn with the proper change in parameters,

Likewise two prorrams are shown for Mars and Venus. The

Gl



numerical output program contains the parameter values for Mars,
the program to plot, those for Venus. The comments made above also
apply here, i.e. the program for Mars also serves for Venus, with

a change of parameters, and vice versa.
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1 DIMENSION IX(15) =)

2 J=0

3 =0 _— . won gl e ol g
4 XLA=234,9

) AN=170. S o - .

6 E=3.41667

1T P=6.50 —n SR ) L = =

8 XLM=347, 415615 .
9 XAM=9,5286742% = S - DS S
10 XMM=4e33433945
¥y - .. . Reh0 _ __._ S - - N e
12 D=3,14159265359/180.
e A PRENE Y R EE———— R —
14 1 FDRMAT(IHl 70X,16H PTDLEMAIC MODEL/)
15  PRINT 2 = — P — N et e
16 2 FORMATI(T74X,TH SATURN)
17 ) PRINT 30 R S B S P
18 30 FORMAT(/5X,137H TEXT TLIDATA) TL(CALC) MLONG EQ(DATA} EQ(CALC
e 1) DIEF  SSOF . AN ALP. Cl B Y 4
202 C z G)
19 o K=0 L= 8 e W Ae  _w.__ o o .
20 10 READ 11,1IX, N
21 11 FORMAT (1615) _
22 PRINT 124N
23 12 FORMAT(/8B0X.,15) o —
24 DO & I=1,415
25 J=J+1 —— e -
26 IF{IX(1))21,2146
20 6 AlLP=XI M=X]A _ = -
28 9 IF(ALP=360.)3,848
29 B8 AlP=AlP—-360a. B ~ . .
30 GO TO 9
21 3 CI=ATANF(F#SINF(ALP2#D)/R/SORTF(1la=(F2STNF (AL P®*D)/R)#%2))/D
32 B=ALP-C]
a3 Y=SOQRTE(R2R+FExE+2 #R2ExCOSF(B2D)])
34 C2=ATANF(E=SINF(B=D)/Y/SQRTF(1le—=(E#SINF(B#D) /Y )=%2))/D
A8 CeClsC2
36 = SURTF(Y*Y+P*P+2.*Y*P*CDSF!AN*D+C*D}}
37 G=ATANFE(P2#SINF{AN*D+C2#D) /7 /SORTF(1.=(P#SINF(AN=#D+C2D) /7 )#22)) /D
38 TL=XLM=C+G
39 Wl=TlL=XLM _—
40 I1Z=1X(1)
4] 20 I1F(1Z=30)17,18,18
42 18 1Z2=1Z-30
43  _GOTO 20 B (e
Lody 17 X=1X(1)
45 W2=X=X11M . .
Lb U=W2-W1
47 T=T+Usx?
48 PRINT T4IZyIX(T)sTLeXLMyW24W1laUsTsANJALPsCLaB3Y3C23C 22,46
49 7 FORMAT(5X 4164183 2F10e293F8e23F1242415X39F6,1)
50 IF(37-J)40,440,450
Y B 40 J=0
52 XLM=XLM+XMM/ 2.
53 AN=AN+XAM/ 2.
54 GOTO 60
55 50 XLM=XLM+XMM
56 AN=AN+XAM
%537 60 TF(AN~360,)1425,:5 .

58 5 AN=AN-360.



L . o CONT’D

59 4 CONTIMNUE

60 K=K+1

61 IF(K=3)10,31,10

62 21 CONTINUE

63 END s
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DIMENSION BLANK(142), PT(2)
_101 FORMAT(4Al)

READ101,BLK, DOT, AST, PLUS
DO 102 iP = Relb2

102 BLANK(IP) = BLK
_PT(1)=00T

PT(2) = AST

J=0
T=0

XLA=162,
___AN=49, ~ JUPITER
P=11,50
JEe2. TS — S
XLM=108,.380878
 XAM=9,031193266 _
XMM=,8318204324
R=60 N
D=3, 14159265359/180.
10 READ 11,.IX - ) -
11 FORMAT (1515)
DO 4 I=1,15 S
=J+1
o IF(IX(I))21,21,6
6 ALP=XLM=XLA

9 IF(ALP=360.)3,8,8 E e

B ALP=ALP-360,
GO _TO 9 . L m—

3 Cl= ATANF(E*SINP(ALP*D)/R/SHRTF(l.—(E*SINF(ALP*D)/R)**Z))/D

B=AlLP=C1

Y=SORTF (R#R+E#E+2. #R#E#COSF(B=D))

C2=ATANF(E#SINF(B#D) /Y/SQRTF(1a=(E#SINF(B#D)/Y)%#2))/D

C=C1l+C2

Z=SORTF(Y#Y+P#P+2,. #Y#P+«COSF{AN#D+Cs0D]) )

G= ATANF(P*SINF(ANﬂD+C*D)/7/SQRTF(1.—(P*SINF[AN*D+C*D)/Z)**2)J/D

TL=XLM=C+G

W1l=TL=-XLM
X=IX(1)

W2=X-XLM
UsW2-4W1

T=T+Unx2
LT=3#W2+55.+.5

LC=3#HW1+55.+45
IF (LC-1.T)103,104,105

103 NP = 1
KK = LC=-1 R e N T N T W Py
MPp = 2
GO _TO 106 At n W u o w un
105 NP = 2
KK = LT=1 o ’
Mp = 1
_LQQMALQ_E_LL____
ALT =
____KE__ABSELALQ_ALILﬁ Bl

IF(KP-1) 104,107,108
104 KK = 1.C=1

KJ=111-KK

PRINT109,IX(I)gW2yWlyUy (BLANK(IP),IP=1sKK) PLUS, (BLANK(IP),IP=1,

1K J)
109 FORMAT(I8,3F8.2,56A1,56A1)

GO TO 110
107 KJ=110-KK



PRINTL09, 1X(T) gW2yHW1gUy (BLANK(IP),IP=14KK) yPT(NP) 4PT(MP ), (BLANKI(I _
1P)yIP=14KJ) . i - _CONT'D
GO TO 110
108 KJ=110=(KK+KP) .
PRINT10G, IX(1)sW2yHL1y Uy (BLANK(IP),IP=14KK) 4PT(NP), (BLANK(IP),1P=1,
1KP) 3 PT(MP) 5 (BLANK(IP)sIP=1,KJ) o
110 CONT INUE
_ IF(37-J)40 440,50 '
40 J=0
XLM=XLM+XMM/2, | -
AN=AN+XAM 7 2.4
GOTO 60 el s, i b e, -
50 XLM=XLM+XMHM
AN=AN-+XAM . . B -1 SR
60 IF(AN=360.)495,5
5 AN=AN=360. N T L _om PTBE X" ol BT e ™ "% Y
4 CONTINUE
G0 TO 10 . PRI S Rl IR S Lt Sl el e PR
21 PRINT 13,T
13 FORMAT (Fl2.2) Sy S SN N B, Wy [ =1
END




L0 1 -1.0 | - PR —
DIMENSION IX(15)

ey FEfE tomw o — i, -
XLA=11T7.

. AN=343. N S S - -E- G R SR T
P=39.5

_ E=6. . I e
XLM=174.187619

_ XAM=2,30969308 s sy S S e I Ty g =
XMM=2,621813768
__R=60 e S D ) S - e

D=3,14159265359/180.
31 PRINT 1 S — e _ AT
1 FORMAT (1H1,30X,16H PTOLEMAIC MODEL/)
_PRINT 2 — e o = PSS TR
2 FORMAT(35X,5H MARS)
___PRINT 30 s S - = B : S
30 FORMAT(/137H  TEXT TL(DATA) TL(CALC) MLONG EQ(DATA) EQ(CALC)
1DIFF _S5D = AN AP C] g __ ¥  _ C@&

2 C z G)
K=o OO0 e - L
10 READ 1151IX4N
11 FORMAT (1615) . S - o o
PRINT 124N
12 FORMAT(/75X,15) _ , S D, SO I
DO & I=1415
IE(IX(I))2142146
6 ALP=XLM=XLA
9 IF(ALP=360.)3,8,8
8 ALP=ALP=-360,
GO 10O 9 I . B o L
3 C1=ATANF (E#SINF(ALP#D) /R/SQRTF( lo—(E*SINF(ALP#*D)/R)#%#2)) /D
B=AlLP=C1 - e
Y=SQRTF (R¥R+E#E+2, *R#*E*COSF (B2D) )
C2=ATANF (E#SINF(B*D)/Y/SQRTF(1.=(F»SINF(B*D)/Y)#%2))/D o - .
C=C1l+C2
7=SQRIF(Y#Y+P#P+2, #Y2P*COSF (AN#D+C#D) ) i o e
G=ATANF (P*SINF ( AN#D+C#D) /Z/SQRTF(1e=( P*SINF (AN#D+C#D) /Z)#%2)) /D
_ Ti=XLM=-C+G OO o — [
W1=TL=XLM
1Z=1X(1)
20 IF(1Z=30)17918,18
18 17Z=172-30
GOTO 20
17 X=IX(I) . o S L
W2=X=XLM
— o M=y
T=T+U#%2
 PRINT T41Z e X A1) saTl o XLMaW2 oW1y UpTyANQALP 4CY B oY oC24CoZsG A
7 FORMAT(I6,I8,F1062yF10¢2yFB8a29FBs2,FBe29F1242915X99F6.1)
XL M=X1 M+XMM o — .
AN=AN+X AM
 IF(AN=360.)45545
5 AN=AN=360,
4 CONTINUE e m ao o
K=K+1
IF(K=3)10s31,10 . ks
21 CONTINUE
END




DIMENSION BLANK(142), PT(2)
_10) FORMAT(4Al) oy e
READ101,BLK, DOT, AST, PLUS
DO 102 P = 1,142 N S - e ]
102 BLANK(IP) = BLK
__PT(1)=D0T Miees - T —_ oo LN :
PT(2) = AST
. DIMENSION IX(15) ——c! ey e B S S St PR TR N~

T=0
_ X\asaf?.& 0000 S S ST Sy Ty
AN=342,75
__E=1.25 VENUS e . - o amel-
P=43| 1667
XLM=157.640410 o B o . . e
XAM=3,08219178
_ XMM=4.93150685 - I
R=60
_ D=3.14159265359/180. S R o - -

10 READ 11,1X
11 FORMAT (1515) — g RS B e il
DO 4 I=1,15
_— TELIXET))2])42146 - R
6 ALP=XLM=-XLA
hg__lF(ALP—_B_bOl,JBLBQ.B . . — M -— - ——— == =i = = e
8 ALP=ALP=-360.
GO TO 9 — k4 T
3 Cl= ATANF[E#SINF(ALP*D)/R/QORTF(l.—(E*SIhF{ALP*D)/Rl**Z})/D
B=ALP-C1 e e o o L e,
Y= SnRTF(R*R+E*E+2 *R*E*CDSF(B*P)]
_ C2=ATAMNF(E#SINF(B#D) /Y/SORTF(1.—(E#SINF(R=D)/Y)#22))/D =
C=C1l+C2
 7=SORTF(Y#Y+P#P+2 , #Y#P+COSF(AN*D+C%D))
(7-ATAN|‘(P*SINF(AN*D"‘C*D)fZ/SQRTF(1.-!P*SINF‘AN*D*‘C*D)/Z)*“’?))/D
TL=XI| M=C+(G
Wl=TL-XLM
X iX 1)
W2=X-XLM
Usk2=W]1 _ B
LT=W2+55.+.5
= +
LC-LT)103,104, 105

IF
103 NP
KK
MP
GO
_105 NP
KK
_MP
106 ALC LC
ALT .1
KP= ABSF(ALC-ALT)
— IF(KP=-1) 104,107,108
104 KK = LC~1
KJd=111=KK I S S,
PRINTlO‘?.IX(I),NZ,NI,U;(BLANK(IP),IP I,KK),PLUS,(BLANK(IP),IP 1,
1K) = e e e S
109 FORMAT(I8,3FB842y56A1956A1)
GO TO 110
107 KJ=110-KK
— PRINT109, IX(1) W2 WlsUy (BLANK(TIP)yIP=]4+KK) PT(NP), ,PT(MP), (BLANK(I
1P) 3 IP=14KJ)
GO TO 110

1
LC=]
2

|
|
|
|
|
|
|

nmoujm = ngme—~
o
—
(=]
o

=N
-
1
e




108 KJ=110=(KK+KP)
PRINT109s 1X(1)sH2sWlsUs (BLANK(IP) s IP=1sKK) PT(NP)s (BLANK(IP)sIP=1, CONT'D
1IKP) s PT(MP) ¢ (BLANK(IP),1P=1,KJ)
110 CONTINUE
XLM=XLM+XMM
AN= AN +X AM - = S
IF(AN=3604 144545
5 AN=AN-360. R ST I R
4 CONTINUE
~ 60TO 10 o , -
21 CONTINUE
END gt -, - L B ] by . L

——— e e R 3,




APPFNDIX IITI

The output displayed in the following few sheets is obtained
using the four programs in Appendix II. Only a short stretch of
the output from each, not necessarily from the beginning, is given
of course. The complete numerical output format is shown for Saturn
and Mars, where the parameters used in the recomputed longitudes
are the same as those in the corresponding programs. A section
of the plots for Jupiter and Venus are included, where again the
programs and parameters are those shown for these planets in Appendix
1I. In the Venus plot a change of one print position indicates a
change of one degree in the equation plotted; the scale is tripled
in the Jupiter plot, and a difference of fwee print positions means
a difference of one &egree in the dquation. The jump in the curve
of the equation derived from the text longitudes will be remarked
for Jupiter. An # plots a point obtained from the text longitudes,
a * , a point from the recomputed longitudes, while a 4 indicates
that the two points coincide., In the complete numerical output
TL is the true longitude, MIONG, the mean longitude, EQ, the equation,

and 88D, the sum of souared differences up to that point.

5B=



PTOLEMAIC MODEL

SATURN
TEXT TL(DATA) TL(CALC) MLONG EQ(DATA) EQ(CALC) DIFF SSD AN ALP C1 B Y g2 C 7 G
o o 10001
12 342 341,74  347.41  =5,41  =5.67. W25 406 17 .0 112.5 3.0 109.5 589 341 6.l S52.4 . &
- 11 341 340,91 347,74 =b.T4  =6.83 .08 .07 17 o5 112.8 3.0 109.8 58.9 3.1 6.1 524  =o7
e ll B _3_{?1 . ,3,&'9‘!-1-_1_ — 3_‘1'890,8 . -TI 08 = ,—7).97 i .88 . |86 : ,_lB _Q.Q,ﬁlull 3.0 llU.l 58.9 3.1 6_..1_ 52_.-6- =148
10 340 339,37 248,41 -8,41 -9,04 b2 1s 25 19 «5 113.5 2.9 1105 5848 3,1 el 53,0 =2.9
= 9 339 338.75 348,75 =9.75 _=10,00 YL 1,31 20 a1 .113.8 7.9 110.8 5848 3.l B0 - 53.6 =349
9 339 338,26 349,08 =10,08 =10.82 .73 1.85 21 o6 114,1 2.9 111.7 5848 3.1 a0 54,3 =4.7
B 338 337,94 349,62 =11.42 =1l.48 . .03 1.85 N PP [ 1 W 249 111e5 58.8 3,0 6.0 55,1 =54
8 338 337,79 349,75 =11.75 =11.96 « 20 1.89 23 +7 114.8 2.9 11148 BRLH 3.0 HaD Bbel =5H5,0
8 338 337,83 250,09 =12.09 =12.25 .16 1.92 e 24 .2 115.1 249 112.2 SB.T 3.0 - bell 57l —mbo2
8 338 338,05 350,42 =12.472 =12.36 -.05 1e92 25 «7 115.5 2.9 11245 58T 3.0 fral B5B42 =643
= 9 339 338,45 350.75 =11.75 =12.30 L _2e22 2Kk .2 115.8 249-11249  58.7 3.0 Lol 59,2 =i R
9 339 339,02 351,09 =12,09 =12.07 - 07 222 27 «B 116.1 7.9 113.2 5847 340 549 6042 =640
. lo 340 339,74 351,42 =11l.42 —11.68 «25 . 2.29 , 28 o3 11645 . 2.9 113.6 587 U B Y00 < S 6 SO, MR . B
10 340) 340459 351,76 =11.76 =11.16 -+59 2.65 29 .8 116.8 2.9 113.9 Bli.6 360 5,9 62e) =542
o l2 342 341,57  352.09 =10,09 =10.52 42 2483 : 30 0d 117al . 2.9 11l4.2 5Bea B0 5.9 62,9 mbgh.
[ - B — R S o2 R - o S r -
13 343 342,65 352,43 -9,43 -9.77 o34 295 31 +9 117.5 2eB 1146 SHeb 340 5.9 63,6 =3.8
14 344 343,81 352,76 -B.T6 __=Be95 1B 2.98 32 a4 11TaB 2.8 11649 HBeb6. 3.0 5.9 64,2 =30
16 346 345,03 353,09 -7.09 -8.06 .96 3,92 33 .9 118.1 2.8 115.3 5846 3,0 He8 6446 =241
o 17 347 346430 353443  -6443  =Ta13 .69  4.40 = 34 45 11845 248 11546  SHaf - 3.0 S48 64,9 _=1.2
18 348 347,59 353. 76 -5, 76 -6417 o 40 4457 35 o0 118.8 2.8 116.0 5845 3,0 5.8 6540 -3
19 349 348,89 354,10  =5,10 =5.20 .10 . 4.58 . .5 119.2 28 116,33 58,5 - 2.%. S.8 _68.0 &
21 351 350,18 364,43 -3.43 ~4 425 .81 5¢24 1 «1 119.5 2.8 116.6 5845 2e9 5.8  6heB 1+5
22 352 _351.44 354,77 =277  =3432 W55  B.B5 1 e6.119.B  2.B 117.0 58.5 2.9 5.8 Lheh 2ol
23 353 352.65 355,10 -2410 -2 .45 e384 5467 2 o1 120.2 2.8 117.3 5845 2e9 5¢7 6349 3.3
24 354 353,78 355,43 -1.43 —1.64 a2l 5412 3 ab 12045 2.8 117.7 8B.4b 2.9 SodbBel— Loyl
25 355 354,84 355,77 - 17 -.93 +15 5eT4 4 o2 120.8 2.8 118.0 5HB.4 249 5T 6725 448
26 356 355,78 356410 =.10 -.32 221 5419 5 W7 12142  ZaT 1lBa&  58.4 249 et bleb——Seli
27 357 356,460 3564 44 e55 .16 «39 5495 6 +2 12145 27T 1187 5B.4 749 547 606 5.8
28 358  357.28 356471 122 .50 .11 6.0 bb 7 a8 121.8 247 11941 SBel 2.9 5.7 59,6 —beid—
28 358 357 .80 357.11 .88 69 .19 6450 B +3 1222 2.7 119.4 58.3 2e9 566 5845 bo3
10003
29 359 358414 385 T o fads l .55 . <10 + 85 _ .22 o Q B 122.5 2ol 119 .7 583 2o oW 1 57 it
29 359 358431 357,77 1+22 «53 .68 769 10 3 122.8 2.7 120«1 58.3 749 Seb 5643 bel
29 359 358,29 358411 «88 . .18 - 70 - 8.18 1149 12342 2e7 1204 58,3 2.8 5.6 —55+3—5v8—
29 359 358,09 3584 44 «55 -435 «90 9.00 12 o4 123.5 2.7 120.8 58.3 2.8 S5e6 5443 5e?
28 3858 _ 357.71 358,78 ~a 18 —1.06 W28 Q.08 .13 a9 123.8 247 121lal 3843 2.8 5,5 83,8 beob
28 358 357,18 359.11 -l.11 - -1.93 o81 975 14 5 12442 2.6 121.5 65B8B.7 28 5¢5 5248 3.6
PR - [ 357 356451 359,45 =2445 —2..93 J48 - 9.99 — . 1B L0 268 Pe6.121.8 BB.,2 2.8 5.5 52,2 2.6
26 356 356413 359,61 -3,.61 ~3.47 - 13 10.01 15 o7 12447 2e6 122.0 5B.2 2.8 505 5240 2.0
26 356 355433 359.95 -3.95 =4 .61 Wb 10.45 N 16 2312540 246 12243 58.2 2.8 5.5 5led 8
25 355 354450 360,28 -5.28 -5,.78 49 10,69 17 «8 125.3 Zeb 12247 5842 2.8 el 51a7 - ?
24 354 353,67 360462 —be62 -649% 32 10.80 . 18 o3 12547  Za6 123.0 58472 2.8 5.4  S51af o =l.&
23 353 352490 360495 ~7495 -8.04 .09 1081 19 «9 12640 2.6 123.4 58,1 248 S5¢4 5241 =245
22 352 352,23 361429  =9,29 -9,05 —e23 10,86 o 20 o4 12603 246 1237 58.1 2al Bal 95246 =3ab
22 352 35169 361,62 -9.62 -9,92 «30 10.95 21 «9 12647 2.6 124,1 58,1 2.7 S5¢4 5343 =4,5
21 351 351,31 36195 =-10,95 =10.64 -e31 11.05 22 of 12740 246 12444 58a1  2a7 S5a3 54,1 =5.2




129 -{ ¢33 -3.76 - 57 i+ .
131 =3416  =2459 -.57 ® . .
133 -1.99 -1034 -.65 *#® .
135 ot ¥ 5152, -« 0% —e 78 ¥ e B T - T
137 -33 1.28 "’.9“" 3 .
139 1450 2463  =1.12 . = S, PP
141 2e06T 3.96 -=1.29 * .
142 3e 5 beb2 =le37 * o - N S
144 4,42 5.91 -1a.48 #* .
14‘6 5.59 7.13 -1054 — # -~ e Smiial S
148 6276 8e27 -1.51 ® .
150  T7e93 9431 =1,.38 e L= W - el = = A
152 9.09 10.21 "1-11 & .
154 10426 10496 =269 JUPITER o DS S S A
155 10443 11052 -1408 * .
156 1060 11487  =1le26 B L. Y S . L a . .
157 10,77 11,98 =120 2
158 10493  1l.82 —«88 B = = . -y~ R 0l ™
158 10410 11.38 =1.27 # -
159 10627 10663 = —e36 e — e P SRR — e g Tl
158 ”1.44 9.58 —1.13 W .
158 Teb1 BeZ22 o=e6l . o o . N - o .
157 5.78 be59 —eB81 # .
_ 156 3494 @ 4e(3 —e (8 - o B . k. .
155 2ell Zell ~«59 ¥ .
___l_égﬁf _ e 7]. ._(}_1_ _"lo 32 o o . B _ . —— __-ﬁ - - - - y S = Eu
152 -2.5‘4 "‘1048 -lon{" W .
151 ~4e37  —3448  =.8¢ e : E - e B e N —— s e ——— —
150 -6021 "5.31. ".9 * .
149  =8,04  =6,90 —=1l¢l14, N — e o - S .
1‘]‘9 -'8.87 _8021 —¢66 * .
150 =B.T0 =942 5} 0 O s # N i 8, )
151 "8053 "’9.91 1-37 . +*
L5352 ~8436 =10e31 1494 . RS - - e e e i —— .
154 ~Te20 =10.43 3622 . #
155 -T.03 =10.,28 3425 . *
157 -5,86 =-9,90 4e03 . *
159 =4,69 =9.31 hel e g = — # . R o B e
161 ~FeD 2 =8.e 5% 5.01 . *
= 1513. — -2..36. . ."',?.n 62 = -__5_1_16" ST e e i I —— . . I . ——S1= i e = s
165 -1a19 -6458 5438 . i
16T 202 =5.43 _ D.40 = SO S — . . # - S o .
169 1.14 -‘fo 20 5. 3"- . s
A7) 2e3) _ =2.9). 522 __ N — . B T R
167 ‘ -20 ].O -2.25 015 -t
169 @ =s93 2@ =497 0,00 e + o o - .
171 «23 o4l - 17 + L
_ll}__#ﬁO_A 1 .‘7 37, T e 32 _— = —— * e o
175 2.56 3.01 - bty o -
179 4490 5637 &7 #, -
180 5407  be4l  =1434 - # :
182 6e24 7432 =1.08 ® e ‘ . o
184 Te40 8:07k -+ 66 - = &
185 7.57 Babt  =1.06 = . o
186 TeT4 9400 ~1.26 #* .
187 7.91 9,13 =1,21 T i -
188 8.08 8499 -291 ¥, Y .
188 725 Be56  =1a31 * . :
188 Hall 7 o84 =142 R #* . Tl ¥ PRy
188 5.58 6.80 -1021 ¥* .
188 _9.75 75,"!'6 "-71 * - e 05, ke W W
187 292 3.85 —.93 w .
186 1409 2400 =491 # . B
185 - 74 0400 ENE 5. . -
183 =357  =2.11 =1le.46 #* _= el " L 1 -




TEXT TL(DA

6298
6301
6305
6308
6312
6315
6319
6322
6326
6329
6333
6336
6340

6351
6355
6359

6366
6370
6374
6377
6381
6385

(408
6412
6416
6420
6424
6427
6431

6439
6443
bbtb
6450
6454
6458
6462

6348

T 6362

6401
6404

6435

TA)

6298415
6301456
6304497
6308441
6311486
6315433
6318482

6322433

6325485
6329,40
6332.96

6340613

6343475

634738

~ 6351.04

6354471
6358439

6362410
6365482

6369456

6373.31
637708
638087
6384.67

6392431
6396414
6399 .99
6403485

TLICALC)

638B8e48

640771
6411.58

6415445
6419433
6423421
6427409
6430497
6434484
6438471
6442457
6446 o 43

6450627

6454410
6457491
6461470

— __MARS S - " e 2 .

MLONG EQ(DATA) EQ(CALC) DIFF 55D AN ALP Cl B
v - 30158 . o I
6309420 =11.20 =1ll. 04 —e 15 7455423 348.1 1242 54 bboT
6311.82 =10.82 =10.26  =.56  T455.54 35044 T4eB 5.5 6942
6314444 —9.44 —9446 .02 7455454 352.7 TTe4 S5¢6 TlaB

6317406 =9,06  =B.65  =e4l = T455.72 ___ 355.,0 80.0 56 T4e 4
6319.68 -T7.68 ~7+82 «13 7455473 3573 B82.6 5.6 b6
6322431 =T.31  =6.97  =.33  T7455.85 359.6  85.3 5.7 7945
6324.93 -5493 -6410 17 T455.88 1.9 87.9 5.7 82a.1
6327455  =5.55 =522  =e33 = T455.99 . 4e2 9045 S5e7 8448
6330.17 —44 17 —4a31 o 14 7456401 6.5 93.1 57T 8Te4
633279 =379 =339 =40 745617 8e9 9547 57 90,0
6335442 —2¢42 245 «03 T456417 11.2 9B.4 5¢6 927
6338404  =2.04  =1.50 =54 7456447 7 1345 101.0 546 95.4
6340466 - 66 -e52 -e13 T456 448 15.8 103.6 5«5 98.0
6343428 W71 kb el2% 7456455 o 1841 106.72 55 10047
6345,90 2.09 le48 o611 T456.92 204 108B.9 54 10344
30159
6348452 2447 2.51 - <04 7456492 22.7 11145 543 10641
6351.15 3484 3455 «28 7457400 2540 114.1 Hhe2 LOBW9
6353, 77 5422 4 462 .60 7457437 2703 11647  5el 11146
6356439 5.60 570 -.10 745738 29.6 11943 4 a9 j.lfr- A
6359.01 6.98 6.+80 o 17 7457441 _ 32.0 122.0 48 117.1
6361.63 Be36 Te92 «43 745760 3443 124.6 4.7 119.9
6364426 9.73 9.05 68 T458.06 3646 12742 45 12246
6366488 10.11 10.20 -.08 7458407 38,9 129.8  hok 12544
6369.50 11449 11437 .12 7458409 41,2 132.5 _ he2 12842
6372.12 1287 12454 32 T458419 43,5 135.1 44,0 131.0
63T4eT4 14425 13473 51 1458 ¢ 45 N 45,8 137.7 3.8 133,8
637736 15.63 14 45% 68 7456.93 48.1 14043 346 13667
6379.99 16,00  16.15 ~olb 7458495 50,4 1429 344 13945
6382.61 18,38 17328 1.00 7459496 52.7 14546 302 14243
6385423 18.76 _ 18.61 W14 7456.,98 55,0 14842 3,0 145.2
SRS 30160 o S ———
6387485 20414 19.85 «28 746006 57+4 15048 2e7 14840
6390447  21.52  21.10 o411 7460623 59,7 15344 245 150,9
6393.10 2289 22435 «54 7460453 62«0 15641 23 153.7
| 6395.72 24427 23.61 W66 T460.97 A, 6443 15847 2.0 15646
6398.34 25465 24487 « 78 7461458 666 16143 1.8 15945
6400.96 26403 26413 -.09 7461.59 6849 163.9 1.5 16243
6403,58 27e41 27«38 02 7461459 Tle2 16645 1e3 16542
6406420 28,79 2B8.63 «15 T461.61 7345 1692 1.0 168.1
6408483 30.16 29.68 28 7461469 75.8 171.8 o8 17140
6411445 31454 31412 W42 1461487 o 781 1T4e4 5 17348
6414407 3192 32.35 -e43 T462.06 B0.5 177.0 2 1767
6416469 33,30 3357 —a27 7462413 8248 1796 0.0 179.6
T 6419.31 34,68 34478 -+ 10 7462414 85,1 18243 —e2 1B245
6421 Q4 36.0_5 35.97 ﬁ.08 7_‘_.7_‘*_'62 15 I —— 8777.4_'_ lb‘!‘.?_ ".lf lf‘."75o£l' B
64244.56 37443 37.14 «29 7462423 89«7 18745 —e7 18843

PTOLEMAIC MODEL

Y ~C2
6223 5.l
62.1 5.2
6leB 543
blab 5 et
6le3  5e5
()l.l 5.5
60e8 546
60 « 5 5.6
60e2 5e1
E)U.(.‘ '307
59 o 7 S5l
59 o4 Sal
59 el  5el
58 &8 Hhebl
58 o0 ey
8 o 5658
58 &« 0 b5
'-'J?c? Hael
57 o5 5«3
57 ol Yer
56 o9 H el
56 o7 4 o
56 o4 el
L;FJ-? 4 ol
— 'jﬁ - Q.L“
33./ Ge
.)r')o 440
55 ._% i T
55,1 345
54 49  3e3
_ 54 .8 240
54y o6 2o
B4 4,5 24
54 o &4 2e?2
54 4,3 1.9
54 4,2 l.6
B4 41  1la3
54,0 .
54.0 o b
54.0 «3
54,0 0.0
5‘!‘.0 —02
5400 -l6
54.0 -9

C L 6
10-5 IUle —15
10.7 1018 o4 =
10.8 101.5 1.3
11,0 1012 2Z2e3
11«1 100.8 3e3
11.2 100a4 __4e2
1le3 99.9 562
11.3 99+4  6sl
1le4 968 7.0
1lek 9832 - Be0
lle4 9746 B9
1103 9649 948
113 96e3 1067
1162 955 11e6
11a1 G448 125

109 U o) 1344
1048 93.2 1443

10e6h G264 1542
104 Y915 16l

10e1 Y0e7 1649

Gel B9 e 8 17.8

Geb BB «9 18«71

Je3 bBe0 1945

Gel) HTel 203 |
Heb B86e2 21e2

Be2 B5e3 220

Tall Béheld 228

Telh B35 2346

Tl H2e6 Phets

heh Bleb 251

640 B0ef 759

'-30;‘- 79.8 26!7

5.1 TBe«9 2744

L] T80 78s1

4o TT70 ?Rog

A,4 Thel 2966

2¢9 T5e2 30.3

743 T4e¢3 31a0

lefl  T3e4 3la6

1le2 T2e5 32.3

o6 Tleb 3340

Oor’ TUQT 33!61

—05 69-8 3‘1-2
-1n0 68 a_Q ::E"?ci
~1.6 6GHL0 35.4




2416
2423
2429
2435
2441
2447
2456
2461
2466
2472
2479
2485
2491
2498
2504
2510
2516
2522
2529
2535
2541
2547
2553
2560
2566
2572
2578
2584
2590
2596
2602
2608

2614

2620
2626
2632
72638
2644
2650
2656
2662
2668
2674
2680
2686
2692
2697
2704
2709
2715
2720
2725
2731
2736
2742
2747
2752
2757
2761
2766
2770
2774
FakE
2780
2782
2784

-15,06
-12.99
-11.92
-10.85
-9,78
~8.71
~4 465
-4 4,58
-4451
-3.44
"'lo 37
_030
16
2'82
3,89
4,96
6.03
7.10
9.17
10.23
11,30
12,37
13,44
15,51
16.58
17.65
18.71
19,78
20.85
21.92
22.99
24,06
25.13
26419

2726

28433

29.40 .

30,47
31.54
32,60
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