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AN ABSTRACT OF THE THESIS OF

Mohamad Ibrahim Cheikh for Master of Engineering
Major: Mechanical Engineering

Title: A Microfluidic Transistor for Analog Micro-Flows Control

In this work, a microfluidic device for analog flow control is presented. The device
consists of a microchannel with an elastic compliant wall where the fluid flow-rate is
controlled by the combined effect of the pressure differential across the channel and the
deflection of the elastic wall. A reduced-order model that captures the steady and low-
frequency unsteady behavior of the device is presented. The model is based on coupling
the equations governing the membrane deflection and fluid flow while employing some as-
sumptions to reduce their complexity. Numerical simulations ANSYS-Fluent are used for
characterizing the device behavior in terms of dependence of the flow rate on the operat-
ing pressure differences; in a manner analogous to analogous to standard characterization
of electronic transistors. In addition to the characteristic curves, the reduced order param-
eters (i.e. the fluidic transconductance, intrinsic output resistance, and gain) are generated
over wide ranges of operating pressures. Accuracy of the proposed reduced-order model
is assessed by comparing with ANSYS fluid-structure interaction (FSI) simulation. Fi-
nally an applications of how the transistor can be used is presented in for two examples:
(i) in a common source circuit configuration for small signal amplification, and (ii) as an
analog flow controller for mixing of two pulsating flows.
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Nomenclature
ṁ Mass flow rate

t time

f frequency

µ Viscosity of the fluid

E Modulus of elasticity

A Cross Sectional Area

L Length of fluidic transistor

Lc Length of channel before fluidic transistor

h0 Refence channel height of undeflected transistor channel

W Width of fluidic transistor

r Density

d Thickness of the gate

d Vertical deflection of the gate from equilibrium

dc Vertical deflection at the center of the gate

u Velocity of fluid in the x direction

Ux Average Velocity of fluid in the x direction

v Velocity of fluid in the y direction

Uy Average Velocity of fluid in the y direction

w Velocity of fluid in the z direction

Uz Average Velocity of fluid in the z direction

Q Volume flow rate

gm Transconductance

ro Intrinsic output resistance

Av Intrinsic pressure gain

p Pressure inside the channel

pd Inlet pressure of the fluid

ps Outlet pressure of the fluid
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pg External pressure above the gate

pds Pressure drop from input to output

pgs Actuation Pressure relative to output pressure

Upois Average speed of a Poiseuille flow in a channel with reference pressure pds,0.

U Reference speed = 12Upois.

n Kinematic viscosity

Re Reynolds number

St Strouhal number

a Transistor channel aspect ratio

(.)0 Refers to reference or DC state

(.)DC Refers to reference or DC state

(.) f Refers to fluid

(.)m Refers to membrane

(.)g Refers to the gate
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CHAPTER I

INTRODUCTION

An important aspect of microfluidics is the ability to control flow movement

inside microchannel networks [15, 25]. Many methods have been developed to control

flow in microfluidic channels. One method requires the use of complex active controllers

that are conducted off-chip either manually or electronically [25]. These devices grant an

organised control of the fluids spatial and temporal parameters. Examples of such

control systems are the syringe pump and the pressure regulated manifolds. Although

they are easy to use, but these systems are tiresome, expensive and have limited flow

control; there is no ability to dynamically reroute fluids. Other methods involve

electroosmosis [18] and passive surface tension pumping [5]. Electro-osmosis is

generated when a two layers of electric charges form at the channel walls , due to an

electric field, this duality causes movement of charges toward the opposite charge. This

movement of charges will cause a bulk movement in the fluid near the wall in due to

viscous forces. While this method causes a uniform velocity profile inside the channel

however due to the electro-chemical interactions with proteins and biomaterails in the

solutions makes it laborious to implement in biotechnology [15]. Surface tension

pumping, on the other hand, uses the intrinsic disparity in surface tension between

droplets of different diameters to induce a movement from the small to the large droplet.

The advantage of such a method is that it is completely passive Yet, its only limited to

small amounts of liquid making the flow profile limited and transient [15].
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A. Introduction to Elastomeric-Membrane Component

In order to reduce the quantity of external instrument needed to control flow in a

microfluidic devices, embedded elements have been designed to provide automatic

feedback for any pressure or flow changes for Lab on-chip devices [1, 26]. One

component in such circuits that is gaining increasing attention is the elastic membrane

micro channel which is made up of elastomers, particularly polydimethylsiloxane

(PDMS) [6]. Although hard materials like silicon and glass where the origin of

microfluidic devices, these materials are expensive, arduous to manufacture, and have

many disadvantages when working with biomaterials [25]. Therefore, elastomers which

are cheap, biocompatible, and provide an ease in manufacturing have become the base

materials for rapid prototyping in microfluidics. Specially, Polydimethylsiloxane

(PDMS) due to its translucent property, high porosity for gases, biocompatiblity, and

capability to affix to other different type of layers to form microfluidic structures [25].

The basic procedure in the fabrication of microfluidic devices with elastromeric

component is to start with a permanent mold [25]. These molds are developed by

photolithography, a process that uses ultraviolet light to convey a geometric pattern from

a photomask to a light-sensitive photoresist chemical on a silicon wafer. Once finished a

mixture of PDMS oligomers and curing agent are added to the silicon wafer and heated

afterwards. Finally the PDMS stiffness is modified through varying the ratio of oligomer

and curing agent, and its surface hydrophilicity is altered to bond better with various

materials through exposing it to plasma treatment.

B. Elastomeric-Membrane Based Microfluidic Systems

For the most part, elastomeric components have been used as valves or

switches, where a pressure difference across the flexible membrane causes a downward

deflection of the membrane that changes its state from open to closed, thus blocking any
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flow from passing[8]. These elastomeric components are commonly made of two thick

stiff layers sandwiching a thin flexible membrane usually made of elastomers,

particularly polydimethylsiloxane (PDMS) [7]. In kim [10] the authors used the elastic

membrane as a switch to create an oscillating flow inside the micro fluidic circuit. Kim

[10] related the behaviour of his valve to the electric transistor MOSFET where he

controlled the opening and closing of his valve through varying the pressure at the

membrane with respect to the pressure of the flow. However kim didn’t fully study the

full behavior of his device and how close is it to the transistor.

Another method reported in the literature, uses these elastic membranes, not as

a valve, but as a means to alter the geometries of the microchannel in response to a

pressure changes [9]. The significance of this method is that it gave the fluids in a

microfluidic devices the ability to self-regulate by distributing pressure fields acting on

the membrane. Mosadegh [12] used this approach to introduce to control the flow, and

related their behavior to the electric diode and and p-channel JFET transistor as shown in

Fig.1. Using theses two devices Mosadegh was able to create an oscillating flow

dependent on the pressure distribution of the fluid. However, like the valves described

before, these two method have no systematic switching mechanisms that can suffice as a

fully functioning control system.

Leslie [11], on the other hand described the use of elastomeric membrane as

capacitors not valves, since they held capability for deforming and storing mass inside

them similar to an electric capacitor thats able to stores energy as shown in Fig.2. Leslie

was able to build a fluidic circuit that was able to selectively transport the fluid in

response to the frequency of a single external time-modulated pressure source [11].

Using this method [11] was able to show that different flow patterns could be achieved

with different actuation frequencies. This strategy diminishes the need for a large

number of actuators and shifts the control to frequency actuation. Moreover [11]

provided a linearized model for the capacitive behavior of the device that relates the
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Figure 1: a, A three-layer composite of the check-valve and switch-valve. b,
Cross-section schematic of the check-valve and switch-valve. c-d, Corresponding

symbolic and electric analogies of the check-valve and switch-valve. Taken from [12]

mass flow rate to the time rate of change of pressure difference across the capacitor by a

proportionality constant that is known as the fluidic capacitance. This simple model does

not, however, cover the full functional regimes of the component performance.

As Mosadegh [13] states, there is a need to control the output flow of a certain

fluidic network using minimal input actuators to save space and energy. Hence the use of

logic based fluidic circuits enables the user to control a large number of output flows with

minimal input gates. In addition, there is the need for simple means to translate an input

electric signal to an input fluidic signal without the use of electromechanical interface

actuators[13]. The need for a large number of actuators is a problem especially when

designing large integrated micro-fluidic circuits. A solution, proposed by Leslie [11] is

to build fluidic networks with elastomeric components that selectively transport the fluid

in response to the frequency of a single external time-modulated pressure source.This

strategy diminishes the need for a large number of actuators and shifts the control to

frequency actuation. Similar device has also been used as a switch to model microfluidic
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Figure 2: Design of the fluidic capacitors used by [11]. This devices stores and releases
fluid (volumetric flow rate) in proportion to the time rate of change in pressure inside the

network

logic circuits [21, 16, 24, 22], where transistor-like elements operating as logic switches

are employed as the basic building blocks for their logic circuits. In [22] the authors have

used passive pumping techniques to construct a set of basic logic gates that serve as

building blocks for larger circuits. In [16] the transistors were pneumatically driven,

while in [24] they were fluid driven. As an alternative to pressure-based actuation,

electrostatic actuation was proposed in [? ] to deform the membrane for flow control.

C. Models in the Literture

Analogies between electric and fluidic components have been extensively used

in fluidic circuit analysis [14]. The motivation behind this analogy is that the analysis of

large networks of fluidic circuits is made simpler by using well established techniques in

electric circuit analysis. While successful component design requires accurate

characterization of the device behavior over the intended regime of operation, design and

integration of a large microfluidic circuit requires accurate reduced-order models of the
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components behavior that can be used in large circuit design environment tools. Leslie’s

[11] capacitive model relates the flow rate coming out of the capacitor to the pressure

difference acting on the film q = C(pext � pin) where the capacitance is a function of the

deflection and pressure. In his model Leslie used electric circuit analogies to relate the

frequency response of his capacitor to its dimensions. Wobschall [? ] goes further into

characterising the frequency response of the capacitive behavior of an elastic bilayer by

accounting some of the physical limitations such as breakage at the boundary between

the membrane and the solid wall, thinning and stretching of the elastic membrane.A

linearized model of the dynamic behavior of a piezoelectric actuated diaphragm micro

pump is presented in [2]. A linearized dynamic system model of actuated micropump is

developed in [2] using electric circuit analogies. A model that couples the pressure

waves in the fluid to the bending waves of a passive elastic membrane in a ling channel is

presented in [23].

Although these components can be found frequently in the

literature[11, 21, 16, 12, 24], a reduced order model that captures the dynamic behavior

over wide ranges of operating parameters is still lacking. Such a model predicts the

dynamic dependence of the flow rate on geometric parameters, physical properties,

pressure drop along the channel, in addition to the external actuation force. Furthermore,

focus has so far been on the capacitive behavior of the device for charging and

discharging mass.

The elastic membrane micro-channel has the potential to revolutionize the

micro-fluidics industry. To realize that potential, new regimes of operation of this

versatile device need to be uncovered, in addition to thorough characterization of the

dynamic and static behavior of the device, followed by development of reduced order

models to allow fast design and simulation of large microfluidic networks.
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Figure 3: Schematic of the microfluidic transistor.

D. Thesis Contribution

In this work, we present a novel regime of the elastic membrane microchannel;

as a microfluidic transistor for analog flow control. The transistor, depicted in Fig. 3,

consists of a microchannel with a compliant wall where the fluid flow-rate is controlled

by the combined effect of the pressure differential across the channel (pd � ps) and the

upper wall deflection (d ) controlled by the external pressure (pg). Delivering a flowrate

(current) to the load takes place through the dashed channel at the drain. A reduced-order

analytical model that captures both the steady, and the low-frequency behavior of the

device is presented in Sec. II. The model is based on coupling the equations governing

the membrane deflection and fluid flow while employing some assumptions to reduce

their complexity. Sec. III discusses the numerical method to implement the model.In

Sec. IV, numerical simulations ANSYS-Fluent are used for characterizing the device

behavior in terms of dependence of the flow rate Q on the operating pressure differences

(pds = pd � ps and pgs = ps � pg); in a manner analogous to analogous to standard

characterization of electronic transistors. In addition to the characteristic curves, the

capacitive and reduced order parameters (i.e. the fluidic transconductance, intrinsic

output resistance, and gain) are generated over wide ranges of operating pressures. In

Sec. V accuracy of the proposed reduced-order model is assessed by comparing with

ANSYS fluid-structure interaction (FSI) simulation. Applications of how the transistor

can be used are presented in Sec. VI for two examples: (i) exploring the transistor in a

common source circuit for small signal amplification, and (ii) using the transistor as an

analog flow controller for mixing of two pulsating flows.
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CHAPTER II

REDUCED-ORDER MODEL

In order to model the microfluidic transistor, the solid mechanics of the

membrane should be coupled with the fluid dynamics of the flow. Various models for a

fluidic microchannel with a deformable membrane can be found in the literature

[4, 19, 3]. In [4], Begley introduces a fourth order polynomial for the deflection of the

membrane d as a function of the average pressure differential across the channel.

Begley’s model assumes a symmetric membrane with no pressure difference between the

input and output of the channel. A model that accounts for the pressure drop along the

channel is presented in [3]. The model that uses a trial function for the deflection

proposed by Senturia in [19] that automatically satisfies the boundary conditions at both

fixed ends, and accounts for both small and large deflections (stretching and bending) at

the center. This model, however, only solves for the center deflection which is assumed

to be maximum at the middle L
2 , with the assumption that the pressure distribution under

the membrane is uniform. These assumptions contribute to significant departure of the

behavior prediced by the analytical model from numerical simulations. In what follows,

we present an improved model of the microfluidic transistor that allows for more

accurate membrane deflection and flow pressure profiles along the channel.
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A. Plate Deflection

Considering an isotropic homogeneous thin plate clamped at its boundary, the

deformation (measured upwards) is governed by[20]

D—2—2d + c
∂d
∂ t

+rmd
∂ 2d
∂ t2 = p(x, t)� pg +Nx

∂ 2d
∂x2 +Nz

∂ 2d
∂ z2 �2Nxz

∂ 2d
∂x∂ z

(1)

where

—2—2d =
∂ 4d
∂x4 +2

∂ 4d
∂x2∂ z2 +

∂ 4d
∂ z4 , (2)

p(x, t) is the pressure exerted on the plate by the fluid in the channel, pg is the pressure

applied externally on the other (gate) side of the plate, d the mid-plane deflection in the

direction normal to the flow, D is the flexural rigidity (D ⌘ Ed3/(12(1�n2))), c is the

damping coefficient, rm is the density, d is the plate thickness, and Nx, Nz and Nxz are the

in-plane stretching stresses, expressed in terms of the strains as

Nx =
Ed

1�n2 (ex +nez) (3)

Nz =
Ed

1�n2 (ez +nex) (4)

Nxz = Gdgxz (5)

Assuming the plate width (normal to flow) is much larger than its length (along the

flow), W/L >> 1, strains in the z� direction can then be neglected, so that ez = 0 and

gxz = 0 (plane strain). This implies that the displacement in the z direction is zero,

dz = 0, and the displacements in the x and y directions do not depend on z, i.e.

∂dx/∂ z = ∂dy/∂ z = 0. Noting that d ⌘ dy,

Nx =
Ed

1�n2 ex =
Ed

1�n2

 
∂dx

∂x
+

1
2

✓
∂d
∂x

◆2
!

(6)
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Upon employing the equations of equilibrium of an element in the x� z plane, we get

∂Nx

∂x
= 0 (7)

so that the stretching force is independent of x and is expressed as

Nx =
Ed

2(1�n2)L

Z L

0

✓
∂d
∂x

◆2
dx (8)

The equation governing the deflection of the plate is then

D
∂ 4d
∂x4 + c

∂d
∂ t

+rmd
∂ 2d
∂ t2 = p� pg +Nx

∂ 2d
∂x2 (9)

Scaling d by a reference channel height, h0, x by channel length, L, t by 1/ f , where f is

a reference frequency of the forcing (pressure at gate or pressure at drain), p by a

reference pressure, p0, Eq.(9) is expressed in dimensionless terms as

Dh0

L4
∂ 4d̂
∂ x̂4 +h0c f

∂ d̂
∂ t̂

+rmd f 2h0
∂ 2d̂
∂ t̂2

= p0(p̂� p̂g)+
Ed

2(1�n2)

h3
0

L4

0

@
Z 1

0

 
∂ d̂
∂ x̂

!2

dx̂

1

A ∂ 2d̂
∂ x̂2 (10)

where that hats denote dimensionless quantities. The deflection d̂ (x, t) is then governed

by

∂ 4d̂
∂ x̂4 +

c f L4

D
∂ d̂
∂ t̂

+
rmd f 2L4

D
∂ 2d̂
∂ t̂2

=
p0L4

Dh0
(p̂� p̂g)+6

h2
0

d2

0

@
Z 1

0

 
∂ d̂
∂ x̂

!2

dx̂

1

A ∂ 2d̂
∂ x̂2 (11)

Inertia and damping effects can be neglected when rmd f 2L4

D << 1 and c f L4

D << 1

respectively. So if the forcing frequency f is much less than
q

D
rmdL4 and D

cL4 , the effects

of inertia and damping can be neglected and the plate can be assumed to instantly
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respond to pressure loading with quasi-static deflection deflection profile governed by

∂ 4d̂
∂ x̂4 �6b 2

0

@
Z 1

0

 
∂ d̂
∂ x̂

!2

dx̂

1

A ∂ 2d̂
∂ x̂2 = P(p̂� p̂g) (12)

where b ⌘ h0/d and P ⌘ p0L4

Dh0
= 12(1�n2)b 3 p0

a4E , and a = h0/L. It can be seen from Eq.

(12) that for deflections much less than the plate thickness, pure bending dominates

stretching, whereas stretching dominates pure bending when the deflection is larger than

plate thickness. Note that although structural damping is neglected, the damping force

imparted by the fluid on the plate dynamics is present through the coupling of the

pressure distribution in the fluid with the viscous shear. The solution of Eq. (12) is

d̂ (x̂, t̂) = C1(t̂)sinh(ax̂)+C2(t̂)cosh(ax̂)+C3(t̂)x̂+C4(t̂)g(x̂)+C0(t̂) (13)

where

C1 =
g(1)asinh(a)+(1� cosh(a))g0(1)

a2B

C2 =
(1� cosh(a))ag(1)+(�a+ sinh(a))g0(1)

a2B

C3 =
�a2g(1)sinh(a)+(cosh(a)�1)ag0(1)

a2B

C4 =
a2 sinh(a)+2(1� cosh(a))a

a2B

C0 =
(cosh(a)�1)ag(1)+(a� sinh(a))g0(1)

a2B

B = 4+2asinh(a)�4cosh(a)

g(x̂, t̂) =
Z x̂

0

Z x3

0

✓
ea(t̂)x2

✓Z x2

0
e�a(t̂)x1 f (x1, t̂)dx1

◆

� e�a(t̂)x2

✓Z x2

0
ea(t̂)x1 f (x1, t̂)dx1

◆◆
dx2dx3 (14)
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where g0 = dg/dx̂, and f (x̂, t̂) = P(p̂(x̂, t̂)� p̂g), and the parameter

a(t̂) =

r
6b 2 R 1

0

⇣
∂ d̂ (x̂,t̂)

∂ x̂

⌘2
dx̂, is the solution of the nonlinear equation

Z 1

0
C4g0(x̂)

�
C4g0(x̂)+2(C1acosh(ax̂)+C2asinh(ax̂+C3))

�
dx̂

+C2
3 +C1C2asinh(a)2 +

1
2
(C2

1 +C2
2)acosh(a)sinh(a)

�2C2C3(1� cosh(a))+2C1C3 sinh(a)+
1
2
(C2

1 �C2
2)a2 =

a2

6b 2

Equation (13) constitutes the plate deflection model that yields the deflection for given

gate pressure and flow pressure distribution along the channel.
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B. Fluid Flow in the Channel

Coupling between the plate deformation and the fluid flow in the channel is

through the pressure distribution in the flow, p̂, and the plate deflection, d̂ . In the fluid

side, the conservation of mass and momentum for a Newtonian incompressible fluid are

governed by the following equations

—.u = 0 (15)

r f

✓
∂u
∂ t

+u.—u
◆

= �—p+ µ—2u (16)

where u is the velocity vector, r f and µ are respectively the density and dynamic

viscosity of the fluid. The gravity body force is neglected, as is typical in microflows.

For h0 << L and h0 << W , the flow may be modeled as two-dimensional in the x� y

domain. Scaling t by 1/ f , x by L, y by h0, p by a reference pressure drop along the

channel, pds,0 so that ∂ p
∂x scales as pds,0

L , and u by U =
h2

0
12µ

pds,0
L (Note that U = Upois, the

average speed of a Poiseuille flow in a channel of height h0 due to a reference pressure

drop of pds,0), the component of the momentum equation (16) along the flow direction is

expressed in dimensionless form as

Re0

✓
St0

∂ û
∂ t̂

+a û.—̂û
◆

= �Po

∂ p̂
∂ x̂

+
∂ 2û
∂ ŷ2 +a2 ∂ 2û

∂ x̂2 (17)

where Re0 =
Upoish0

n f
, St0 = f h0

Upois
, and Po = 12 are respectively the Reynolds, Strouhal,

and Poiseuille numbers. In what follows, we drop the hats and present flow model for the

cases when the flow is inertia-free and when the flow has some inertia.
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1. The Inertia-free Channel Flow Model

When inertia effects are negligible (Re0 << 1 and Re0.St0 << 1) or when the

flow is steady (∂u/∂ t = 0) and nearly parallel a << 1, the momentum equation in the

flow direction may be approximated as

0 ' �Po

∂ p
∂x

+
∂ 2u
∂y2 (18)

Since from continuity (15), v ⇠ au, it can be seen by comparing the x and y component

of the momentum equation that
���∂ p/∂y

∂ p/∂x

���⇠ a , so that for a << 1, p ' p(x, t). Integrating

Eq.(18), subject to no-slip boundary conditions u(0) = u(h) = 0, we get

u0 =
h(1�h)h2

Po

2

✓
�∂ p

∂x

◆
(19)

where h ⌘ y/h(x) and the subscript 0 denotes inertia-free solution. Expressing

h(x, t) = 1+d (x, t), the volume flow-rate (normalized by Uh0) is then

Q0 = (1+d )3
✓

�∂ p
∂x

◆
(20)

Noting that, from conservation of mass, Q does not vary in x, the flow rate and the

pressure distribution along the channel are given by

Q0 = pds

 Z 1

0

1
(1+d )3 dx

!�1

(21)

and

p0 = pd �Q0

Z x

0

1
(1+d (c, t))3 dc (22)

where pds is the pressure drop along the channel. Equations (21) and (22) constitute the

inertia-free model of the channel flow that yields the pressure distribution along the

channel and the volume flow-rate for a given plate deflection profile d (x).
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2. The Low Inertia Channel Flow Model

To account for inertia, the inertia term is estimated from the velocity solution of

the inertia-free model, and the pressure distribution and the flow rate are then updated.

The continuity equation is used to get an expression for v, with u0 and p0, so that

v1 =
Po

2A(1)

h0

h
h2(1�h)pds

where h0 = dh/dx, A(x) =
R x

0 dx0/h(x0)3 and the subscript 1 refers to solution with inertia

correction. Note that, from the continuity equation, v is scaled by aUpois. An improved

estimate of the pressure can then be obtained from the y�component of the momentum

equation, where we assume that the pressure term balances the diffusion term (negligible

inertia)

0 ' �Po

∂ p1

∂y
+a2 ∂ 2v1

∂y2

which yields

p1 ' a2 pds

A(1)

h0

h2

✓
h � 3

2
h2
◆

+ f (x) (23)

where f (x) = p1(x,y = 0) is the pressure distribution at the lower wall. Note also that

pd =
R 1

0 p1(0,y)dy and ps =
R 1

0 p1(1,y)dy. An improved solution of u that includes

correction for inertia is determined by solving the steady momentum equation in the flow

direction

aRe

✓
u0

∂u0

∂x
+ v1

∂u0

∂y

◆
= �Po

∂ p1

∂x
+

∂u2
1

∂y2 (24)

The solution of Eq. (24), upon satisfying the no-slip boundary conditions at solid walls,

is

u1 =
aRePo

2

240A(1)2
h0

h

⇣
h �5h4 +6h5 �2h6

⌘
p2

ds +
Po

2
h2 f 0h(h �1)

+
a2

Po

2A(1)

✓✓
h02

h
� h00

4

◆
h4 �

✓
h02

h
� h00

3

◆
h3 � h00

12
h
◆

pds (25)
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where f 0 ⌘ d f /dx. Noting that f (0) = pd and f (1) = ps, equation (25) is integrated to

get the flow rate as

Q1 = Q0


1� a2

10A(1)

Z 1

0

✓
3h02

h3 +
h00

2h2 � 9
7
ReQ0

a
h0

h3

◆
dx
�

(26)

The function f (x) can be determined by noting that Q1 =
R h(x)

0 u1dy is independent of x,

resulting in the pressure distribution

p1 ' p0 +a2Q0

⇢
h0

h2

✓
h � 3

2
h2
◆

� 1
10

Z x

0

✓
3h02

h3 +
h00

2h2 � 9
7
ReQ0

a
h0

h3

◆
dx0

+
1

10
A(x)
A(1)

Z 1

0

✓
3h02

h3 +
h00

2h2 � 9
7
ReQ0

a
h0

h3

◆
dx
�

(27)

Equations (26) and (27) constitute the low inertia model of the channel flow that yields

the pressure distribution along the channel and the volume flow-rate for a given plate

deflection profile d (x).
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C. DC Operating Point

The low-inertia model exhibits a nonlinear dependence of the flowrate (current)

on the drain-source and gate-source pressure differences p̂ds and p̂gs. The flowrate also

depends on Reynolds number of the flow, Re, the structural parameter, P, and the aspect

ratio, a .

Q̂ = Q̂(p̂ds, p̂sg,Re,a,P) (28)

where p̂sg = �p̂gs is the source-gate pressure difference. For a given device geometry,

material properties, and reference pressure p̂ds,0, the dimensionless parameters Re, P,

and a are constant and the flow rate is a function of both p̂sg and p̂ds

Q̂ = Q̂(p̂ds, p̂sg) (29)

It should be noted that in some cases there are two equilibrium values of Q̂ for a given

p̂ds and a given p̂sg. As will be shown in section IV, these two operating points are

characterized by different deflection profiles of the plate, different pressure distribution

along the channel, and different values of Reynolds number indicating that the channel

flow in one of these two operating points has higher inertia.

In static (steady) conditions, the device operates as a variable resistance

controlled by the gate pressure, with the resistance given as

R̂(p̂ds, p̂sg) =
p̂ds

Q̂
(30)

On the other hand the dynamic behavior of the device is divided into two

portions. The capacitve part where the deflection of the membrane is upwards and the

transistive part where its downward. These two parts are discussed next .
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D. Capacitance

The capacitive behavior of the device can be investigated through the

dependence of the mass stored in the device on gate-drain and source-gate pressure

difference. The stored mass is

m̂(t̂) =
Z 1

0
(1+ d̂ (x̂, t))dx̂ = m̂(p̂ds(t̂), p̂sg(t̂)) (31)

where m̂ = m/(rWLh0), then

dm̂(t̂)
∂ t̂

= Ĉds
dp̂ds

d t̂
+ Ĉsg

dp̂sg

d t̂
(32)

where respectively

Ĉds ⌘ ∂m̂
∂ p̂ds

(33)

Ĉsg ⌘ ∂m̂
∂ p̂sg

(34)

Ĉds is the drain-source capacitance; the increase in the mass stored per unit increase in

drain-source pressure difference while holding the source-gate pressure difference

constant. Similarly, Ĉsg is the source-gate capacitance measuring the increase in the

mass stored per unit increase in the source-gate pressure difference while holding the

drain-source pressure difference constant. As will be shown in section IV, there exist an

operation region where a negative Cds capacitance is observed, indicating a reduction in

the mass stored as the drain-source pressure difference is increased, for a given

source-gate pressure difference. The negative capacitance can be attributed to the

significant role of inertia in that region of operation.
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E. Small Signal Behavior (Model)

Small signal operation of the device is similar to that of an electronic transistor

where the flowrate (current) is controlled by the pressure difference between the drain

and the source (drain-source voltage) and the pressure difference between the gate and

the source (gate-source voltage). At small frequencies, inertia effects can be neglected,

and the device behaves as pressure (voltage) controlled volume flowrate (current) source.

The model presented in the previous section exhibits a nonlinear dependence of the

flowrate (current) on the normalized drain-source and source-gate pressure differences

p̂ds and p̂sg. Small signal models, that assume that the pressure signals experiences a

small time-varying (AC) component on top of a DC Operating Point (or Bias), are

commonly used to carry out fast small signal analysis of complex electronic circuits.

Expressing the source-gate pressure difference, drain-source pressure difference and the

volume flowrate as the sum of a steady operating point (DC) component and a small

time-varying component,

psg(t) = psg,DC + p0
sg(t)

pds(t) = pds,DC + p0
ds(t)

Q(t) = QDC +Q0(t) (35)

where |p0
sg/psg,DC| << 1, |p0

ds/pds,DC| << 1, and |A0/QDC| << 1. For a given device

geometry, material properties, and reference pressure pds,0, the dimensionless

parameters Re, P, and a are constant and the flow rate is a function of both psg and pds

dQ =
∂Q

∂ pds

����
psg

d pds +
∂Q

∂ psg

����
pds

d psg (36)
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It can then be shown that a linear relationship among the small signal components is

obtained as

Q0(t) ' gm p0
sg(t)+

1
ro

p0
ds(t) (37)

The small signal behavior is expressed in Eq. (37) in a manner that is analogous to that

of electronic MOSFET, where gm and ro are respectively the transconductance and

intrinsic output resistance

gm =
∂Q

∂ psg

����
pds,DC

(38)

ro =

✓
∂Q

∂ pds

◆�1

psg,DC

(39)

In dimensionless form,

gm =
Wh3

0
12µL

 
∂ Q̂
∂ p̂sg

!
=

Wh3
0

12µL
ĝm (40)

ro =
12µL
Wh3

0

 
∂ Q̂

∂ p̂ds

!�1

=
12µL
Wh3

0
r̂o (41)

The intrinsic small signal gain in the pressure, defined as Av = p0
ds/p0

sg, is given

by the product

Av = ĝmr̂o (42)

The intrinsic gain is the maximum gain that can be achieved using a single transistor.

The small signal model of the low-inertia behavior is described by the circuit shown in

Fig. 4. The models corresponds to a pressure (voltage) controlled flowrate (current)

source in parallel with intrinsic output resistance ro. The source-gate and drain-source

22



capacitances are also shown in the circuit.

DrainGate

Source

rogm psg

pd

ps

pg

G

D

S

Csg Cds

Figure 4: Low frequency small signal microfluidic transistor model.

Numerical implementation of the model, along with determination of the

capacitances and the small signal parameters, is discussed in the following section.

Discussion of the different operation regimes, based on the detailed computational

solution of the fluid-structure interaction problem is presented in section IV.
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CHAPTER III

MODEL IMPLEMENTATION

The model presented in the previous section enables fast computation of the

membrane deflection (Eq. (13)) and fluid flow rate (Eq. (20) or (26)) and pressure

distribution (Eq. (22) or (27)) using the following simple iterative method. The method

starts by assuming an initial linear pressure profile similar to that in a poiseuille flow,

p̂(x) = �p̂dsx̂+ p̂d. (43)

The pressure is then plugged in Eq.(13) to get a deflection profile d̂ (x) of the

membrane. The deflection profile is then inserted in the flow rate equations Eq.(20) and

Eq.(26) to determine the inertia free flow Q0 and inertia flow rate Q1 respectively. The

flow rate is then used in Eq.(22) and Eq.(27) to update the pressure profile of the flow

under the membrane. This process, illustrated in Fig. 5, is repeated until the solution is

converged.

The capacitances and the small signal parameters (transconductance and

intrinsic resistance) are determined by numerically discretizing the derivatives in Eqs.

(33), (34), (38) and (39) using the procedure of Fig. 5 to find the solution at the

discretization points.
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initial guess
p(x, t) = �pds(x) + pd(t)

compute the deflection profile
�(x, t)

compute the flowrate
Q0(t) or Q1(t)

update the pressure distribution
p0(x, t) or p1(x, t)

convergence 
check

end

Y

N

Figure 5: Flow chart of model implementation.
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CHAPTER IV

OPERATION REGIONS

In this section, we present the static behavior of the 2D pressure-actuated

microfluidic transistor depicted in Fig. 3, using FSI (Fluid Structure Interaction)

simulations on FLUENT/ANSYS over ranges of operating pressures (pds = pd � ps and

pgs = ps � pg). This behavior is presented as characteristic curves similar to those

relating the drain current to drain-source and gate-source voltage differences in a

MOSFET. These characteristic curves are then used as the basis for choosing the “DC"

operating point (bias) of the transistor and extraction of the capacitances and the small

signal parameters such as transconductance, intrinsic output resistance, and pressure

gain. The large signal steady (DC) behavior as well as the small signal unsteady (AC)

behavior will be compared and contrasted with those of a standard MOSFET.

As depicted in Fig. 3, the membrane is fixed from both sides (x = 0 and x = L).

In our simulations, the length of the membrane is L = 3118µm, the (undeformed)

channel height is h0 = 59µm, the depth is Lz = 500µm, and the membrane thickness is

d = 196µm. These dimensions are similar to those used for the fluidic capacitor

presented in [11]. The numerical results are obtained from ANSYS numerical

simulations of the coupled fluid-structure interaction. At each time step, the FLUENT

solution of the pressure distribution in the fluid is used by ANSYS to solve for the

deflection of the membrane, which in then used to update the mesh in FLUENT for the

following time step, and so on. Although the simulation is performed using a 3D setup,

the depth is discretized using a single computational element with symmetry imposed on

either side. So the problem considered is essentially two-dimensional with plane strain

conditions imposed for the plate. Comparison with the more realistic 3D cases is

presented in section V. The mesh is made of cubic elements having a maximum size of

26



10 µm. The mesh size is chosen so that the solution is nearly mesh-independent. In

addition, the mesh is dynamic and changes size as the solid and the fluid domains

deform To ensure a fully developed flow at the inlet of the transistor, an entry section is

added at the drain side of the transistor with a length of Le = 600µ and height

he = h0 = 59 µm. This entry length is chosen large enough for the flow to reach fully

developed conditions at the drain while at the same time much shorter than the transistor

length so that it introduces a resistance to the flow much smaller than that of the

transistor itself. The boundary conditions at the entry section is prescribed in terms of a

velocity inlet and assumed to be uniform. At the outlet of the transistor atmospheric

pressure is prescribed, i.e. ps = patm. A uniform gate pressure, pg, is imposed as

boundary conditions in the structure part of the numerical solver.
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A. Operating Point (DC) Characteristic Curves

At static (steady) operation, the device behaves as variable resistor controlled

by the gate-source pressure difference, with the resistance given by Eq. (30). As can be

observed from Fig. 6, the resistance increases with the gate-source pressure difference,

at a given drain-source pressure difference. This is because increasing the gate-drain

pressure difference causes a downward deflection of the plate thus reducing the channel

height, which significantly increases the resistance. For a poiseuille flow, the resistance

behaves as R ⇠ h�3. It can also be observed from Fig. 6 that increasing the

drain-resistance pressure difference, while keeping the gate-source pressure difference

constant, decreases the resistance. This is again attributed to the upward deflection

caused by increasing the pressure in the channel.

Following the procedure conventionally used in small signal characterization of

electronic transistors [17], we present in Fig. 7 a plot of the volume flow rate Q̂ versus

p̂ds for fixed values of p̂gs. The corresponding plate deflection, presented in terms of the

normalized maximum and/or minimum deflections, is plotted in Fig. 8. By inspecting

these figures, the following regions of operation are identified based on the deflection of

the plate: (i) positive capacitance regime (upward plate deflection), (ii) negative

capacitance regime (upward plate deflection with significant inertia role), and (iii) a

transistor region (downward plate deflection).
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Figure 6: Static Resistance R̂ for different operating pressures

B. Capacitive Region

The capacitance region is characterized by upward deflection of the membrane

which occurs when pds is sufficiently larger that pgs, or when pds > p⇤
ds. Increasing the

drain-source pressure difference, for a given gate drain pressure difference, causes the

plate to deflect further upwards, so that more mass is stored and the drain-source

capacitance is positive; Ĉds > 0. The dependence of drain-source and gate-source

capacitances versus gate-source pressure difference is presented in Fig. 9 for different

29



0.1

0.2

0.3

0.4

 
0 0.05 0.1 0.15 0.2 0.25

100

200

300

400
p

gs
 = 0

p
gs

 = 0.01

p
gs

 = 0.02

p
gs

 = 0.03

p
gs

 = 0.04

p
gs

 = 0.05

p
gs

 = 0.06

p
gs

 = 0.07

p
gs

= 0.1

p
gs

= 0.15

p
gs

= -0.1

Re

^

^

^

^

^

^

^

^

^

^

^

A

transistor

capacitor

p̂ds

Q̂

Cds < 0
C

B

Figure 7: Q̂� p̂ds Characteristics of the mirofluidic transistor.

0 0.05 0.1 0.15 0.2 0.25
-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

3

 

 
p

gs
 = 0

p
gs

 = 0.01

p
gs

 = 0.02

p
gs

 = 0.03

p
gs

 = 0.04

p
gs

 = 0.05

p
gs

 = 0.06

p
gs

 = 0.07

p
gs

= 0.1

p
gs

= 0.15

p
gs

= -0.1^

^

^

^

^

^

^

^

^

^

^

�̂ m
a
x
,�̂

m
in

transistor

capacitor

Cds < 0

p̂ds

C
A

B

Figure 8: Plate maximum and/or minimum deflection. Positive indicated upwards
deflection, negative indicates downward deflection.

30



values of pds.
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Ĉds

p̂ds = 0.01

p̂gs

p̂ds = 0.02

p̂ds = 0.03

p̂ds = 0.04

p̂ds = 0.05

p̂ds = 0.06

p̂ds = 0.07

p̂ds = 0.08

p̂ds = 0.09
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Figure 9: Drain-Source and Gate-Source Capacitance for fixed values of p̂ds

The characteristic drain-source pressure difference, p⇤
ds, above which the device

enters the negative capacitive region exhibits a linear dependence on the gate-source

presure difference, as depicted in Fig. 10.

In the capacitive region, it is observed in some cases, that for given drain-source

and gate-source pressure differences, there exist two separate operating points, such as

points A and B in Fig. 7. Point A is characterized by a larger flow rate (large Re) and
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Figure 10: Minimum drain-source pressure separating the negative capacitive behavior
from the capacitive and transistive behavior.

larger upward deflection than point B. As can be observed from Fig. 11. The large

deflection at point B is in part, sustained by a larger pressure in the channel caused by

expansion of the flow in the larger channel. In effect, the large upward deflection and the

corresponding pressure recovery in the channel enhance one another. Point A belongs to

a negative drain-source capacitance region. This can be illustrated by inspecting points A

and C in Fig. 8. While both points have the same gate-source pressure differece, point C

is characterized by a larger upwards deflection and a smaller drain-source pressure

difference when compared to point A, which implies that more mass is stored as the

operating point moved from A to C while the drain-source pressure difference has

decreased, indicating that the drain-source capacitance is negative.
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Figure 11: Deflection and pressure profile for points A and B

C. Transistive Region

When the plate deflection is downward or when it assumes an S shape, where it

is upwards on the drain side and downward on the source side, the device behaves as a

transistor that is capable of amplifying small signal gate-source pressure oscillations,

p0
gs, to yield a small signal drain-source pressure difference, p0

ds = Av p0
gs, where Av is the

pressure gain. There is, however, significant differences between this device and a

electronic transistor. The MOSFET transitions from the ohmic region (Vds < V gs�Vth),

where the small signal output resistance is finite and is equal to the DC resistance, to the

saturation region (Vds > V gs�Vth) characterized by ideally an infinite incremental

resistance ro. In contrast, the small signal output resistance of the presented microfluidic

transistor decreases as pds increases, which limits the gain, as will be illustrated shortly.

As such, there is no distinction between a linear and saturation region, as can be deduced

from Fig. ??, where the DC ressitance and the small signal output ressitance are plotted

against the drain-source pressure difference for a gate-source pressure difference of 0.05.

Both the DC resistance and the small signal output resistance decrease as the

drain-source pressure increases for positive values of the gate-drain pressure.
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Figure 12: Variation of DC Resistance and AC output resistance versus drain-source
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For a given positive gate-source pressure difference the minimum drain-source

pressure required to open the channel and have a finite flowrate depends to a large degree

on the dimensionless parameters P and b . For pds < pgs, the plate deflection could be all

the down so that the channel is closed if the plate is still in the bending regime and if its

stiffness is not sufficiently large. If the plate is thinner than the channel, then stretching

tends to prevent the channel from closing which results in a smaller minimum

drain-source pressure difference required to open the channel.

Small Signal Parameters

In order to further enhance the characterization of the microfluidic transistor,

further simulations are performed to compute the small signal parameters of the reduced

order model. The new simulations generate plots for the intrinsic resistance and the

transconductance for a set of p̂gs and p̂ds thus allowing us to produce other plots that

combine the two of them. From Eq. (39), the intrinsic output resistance r̂o, is obtained
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by perturbing the drain pressure pd (through perturbing the inlet velocity) and fixing all

other parameters. It can be seen from Fig. 13 that the intrinsic resistance (r̂o) decreases

linearly with the increase of p̂ds, until it reaches a minimum.
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Figure 13: Intrinsic Resistance of microfluidic transistor for fixed p̂gs.

The fluidic transconductance ĝm on the other hand can be obtained by fixing all

parameters and applying a small signal perturbation to the external pressure p̂g. Since

the drain pressure p̂d can’t be fixed due to the boundary conditions, then ĝm is obtained

by using the intrinsic resistance calculated before as shown in equation below Eq. (38)

gm =
∂ Q̂
∂ p̂gs

=
1
ro

∂ p̂ds

∂ p̂gs
(44)

It can be seen from Fig.14 and Fig.13 that ĝm and r̂o are inversely proportional

where the minimum attained by r̂o for a given p̂gs corresponds to a maximum by ĝm for

the same p̂ds.

After running the simulations for calculating the intrinsic resistance and the

transconductance, the gain can be calculated using Eq. (42) as shown in Fig. 15. One

can see that the the gain Av attains its peak values for small values of p̂ds, where the
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Figure 14: Fluidic Transconductance for fixed p̂gs

membrane is deflected downward, and as p̂ds increases the membrane starts to bulge

upward and the gain starts to decrease. It may be of interest to operate at the points of

maximum gain to maximize the small signal component of the flowrate for an applied

pressure difference.
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Figure 15: The Variation of the Gain with respect to p̂gs for h0 = 59µm

The trend for the gain Av differs completely when h0 is increased from 59µm to
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250µm as shown in Fig.16, where instead of the gain dropping as p̂ds increases as the

case with h0 = 59µm, it keeps on increasing. In this case the maximum membrane

deflection with respect to the channel height (dmax/h0) isn’t affected by the pressure

under the membrane p̂ds, the same as the transistor with h0 = 59µm. This implies that

the membrane deflection plays a small role in controlling the gain and the gain is mainly

regulated by the inertia of the flow, which is proportional to the pressure across the

channel of the transistor p̂ds.

From these results one can see that attaining high gains differs according to the

type of transistor used. For transistors with thickness to gap ratio (d/h0) greater than 1,

the best method is to bulge the membrane down until d/h0 becomes very close to 1 as

shown in Fig.15. As for transistors with channel height h0 greater than the membrane d,

the gain in these transistors is mainly controlled by the inertia of the flow high and thus

the best method to attain high gains is to increase the pressure across the channel as

shown in Fig. 16.

0 0.05 0.1 0.15 0.2 0.25
0

0.5

1

1.5

2

2.5

3

3.5

p
gs

 = 0.055

p
gs

 = 0.025

p
gs

 = 0.075^

^

^

p̂ds

Av

Figure 16: The Variation of the Gain with respect to p̂gs for h0 = 250µm
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CHAPTER V

MODEL VALIDATION

A. 3D Gain to 2D

The gain shown in the previous section was derived from a 2D simulation of the

microfluidic transistor by using several assumptions to neglect 3D effects on the fluid and

solid. These assumptions state that all the stress on the membrane in the z-component

can be neglected, and any effect of the walls on the flow can be disregarded, thus

allowing the device to be governed with 2D parameters only. In this section we

investigate for what values of W/L can the 2D assumption be considered true. In order to

simulate the 3D problem, we kept all boundary conditions of the 2D simulation the same

except for the symmetry condition on the membrane and flow, which where replaced by

fixed support for the membrane and no-slip walls for the flow. As for the mesh it became

discretised in the z-direction. The results of the 3D simulation are plotted on Fig.17 in

comparison to the 2D. From the figure one can see that for small values of W/L the 3D

gain is much lower than the gain attained from the 2D case, due to the effect of the no

slip conditions of the walls on the flow, and the additional fixed support on the deflection

of the membrane. As W increases the influence done by the additional walls on the flow

decreases, and the 3D gain starts to converge to become similar to the 2D gain.
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B. Comparing Analytical Model to Numerical Results

The reduced order model parameters computed from ANSYS simulations in the

previous section are compared with those predicted by the simplified models. The flow

rate predicted by the model is shown along those computed from ANSYS simulations in

Fig.18 , for fixed p̂gs. It can be observed from Fig. 18 that the model yields more

accurate results at small values of p̂ds for a given p̂ds, as inferred by the agreement with

the CFD solution. This is expected because the model is developed for low- inertia

flows.

Gain computed by the CFD simulation is compared to those computed by the

model in Fig. 19 for different values of p̂gs. It can be observed that the model and the

CFD simulation are close for small values of p̂ds and diverge as p̂ds increases. This is

expected since, the gain Av is computed form the small signal parameters ro and gm, and

each one of them is derived from Q̂, so since the flowrate obtained from the model

diverges from CFD simulation as p̂ds increases as shown in Fig. 18, this divergence is

multiplied when the gain Av is computed.

39



0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.20

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

 

 
Simulation
Model

p
gs

 = - 0.1

p
gs

 = 0^

p
gs

 = 0.04^

p
gs

 = 0.07^

p
gs

 = 0.1^

^

Re

50

100

150

200

250

300

350

400

p̂ds

Q̂

Figure 18: Comparison of the steady state flowrate Q̂ between the CFD simulation
(Markers) and model (Line)

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.20

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

 

 
Simulation
Model

pgs = - 0.1^

pgs = 0^

pgs = 0.04^

pgs = 0.07^

pgs = 0.1^

p̂ds

Av

Figure 19: Comparison of the gain Av of the CFD simulation and model

40



In the last set of cases we compare the inertia free model, and the inertia model

to the simulation. In this set of simulations the height of the channel is increased from

59µm to 250µm, while all other geometric parameters are kept fixed. This is done to

increase the effect of inertia on the flow, since Reynolds number is proportonal to h0.

The results are plotted in Fig. 20, it can be shown for small values of p̂ds the simulation

and the models match, however as p̂ds increases the effect of inertia on the flow starts to

grow and the free inertia model starts to diverge from the simulation results in contrary

to the inertia model.

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

 

 
Simulation
Low Inertia Model
Inertia Free Model

Re

414

828

1242

1656

2070

2484

2898

3312

p̂ds

Q̂

Figure 20: Comparison of the steady state flowrate Q̂ between the CFD simulation and
the models

41



CHAPTER VI

APPLICATIONS

A. Common Source Amplifier
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Figure 21: Common Source Electrical Amplifier Circuit vs. Common Source Fluidic
Circuit

In this section, we investigate the small signal transient behavior of the

common-source configuration shown in Fig. 21. In electrical circuits the

common-source amplifier is one of three basic single-stage field-effect transistor

amplifier circuits, commonly used as a voltage amplifier. In common source circuits the

input signal voltage enters the gate side of the MOSFET, changes the drain current and

thus amplifies the drain voltage. A similar circuit can be achieved with microfluidics

where a long channel is placed in stead of a resistor, and an alternating pressure is

applied at the membrane acting as the input to the system, as show in Fig.21 The total

gain of the microfluidic circuit is the product of the transconductance of the transistor gm

and the total output resistance; which is the intrinsic resistance ro of the transistor in

parallel to the resistance rD of the channel. Accordingly, for small transient deflection of
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the membrane, we get a total gain Av = gm(ro||rD) where gm and ro can be extracted

form the simulation graphs presented previously or alternatively it can be obtained from

the models. In our simulation to test the common source microfluidic circuit we used an

entry and output channel length of 16000 µm and height 59 µm each, and membrane

thickness of 195 µm. The pressure at the channel entry is pDD = 12000Pa, the pressure

at the exit of the channel is ps = 0, and the input pressure applied at the top of the

membrane is pg = 5500+500sin(2p5t), all in gauge pressure.
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Figure 22: Input pressure applied at the membrane vs output pressure measured on the
drain.

The pressure at input of the common source configuration pg is plotted versus

time along with the output channel i.e. pd (drain of transistor), the applied external

pressure in Fig. 22. It can be observed from Fig. 22 that pd assumes a harmonic

sinusoidal dependence on time, similar to pg, which indicates that the device is linear, as

expected from small signal behavior, and pg/pd which is the gain Av equals to 1.0.

The analysis can be extended for a range of frequencies to characterize the

effect of frequency on gain for low frequencies. It is therefore noticed in Fig. 23 that the

pressure gain has no dependence on the frequency for frequencies below a certain

threshold for given "Re". However as the frequency increases above the critical value the

gain will start to decrease. Note that this behavior can be also found in MOSFETs as
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explained by Sedra and Smith in [17]. Such dynamics of a microfluidic transistor also

puts limitations on its range of operation beyond which the gain Av is not as predicted by

the analytical equation.
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B. Mixing Circuit
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Figure 24: Mixing Problem using the Common Source Configuration

The common source configuration implemented before can be used as a mixing

application by connecting the output channel of two common source microfluidic

circuits to a mixer channel as shown in Fig.24. Where the same pressure pDD is applied

at the entry but phase different pressures pg & p0
g are applied at the input of the each

transistor. The phase difference between the gain pressures of each transistor would

create two, out of phase flows with the flow rates coming into the mixing channel equal

to Q = QDC +QAC, where QAC is out of phase between the two flows. However since the

magnitude of the alternating velocity ||QAC|| is small compared to ||QDC|| a micro-fluidic

capacitor parallel to a resistor is added at the outlet of each channel to decrease the

weight of the direct flow rate QDC entering the mixing channel. The capacitor in this

circuit will allow only the AC component to pass and kills the DC while the resistor will
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permit QDC to flow but lowers its magnitude. Thus using this circuit one can control the

magnitude of the DC component of the flow rate as shown below:

Q0
DC =

QDCRO

RO +R

where Q0
DC is the new DC component of the flow rate entering the mixing channel, QDC

is the old DC component of the flow rate entering the device, R is the resistance of the

device and RO is the resistance of the output channel. So to decrease QDC by a factor of

K , the resistor of the device would be equal to:

R = RO(K �1)

As for the capacitor, it should be designed with low impedance at the desired frequency

f , with:

C >
1

2p f

In our simulation we used the same configuration as the common source but

made phase difference equal to p/2 between the two input pressures. QDC was

decreased by a factor of 5, so since RO = 16000 µ m, then the resistor that should be

added in parallel to a capacitor would be equal to R = 64000 µ m. As for the capacitor,

its capacitance should be greater than 1/(2p f ) where f equals to 5Hz. The results of the

simulation in Fig. 25 are shown at different time steps with respect to the period ”T ”. As

shown in the figure, mixing between the two flows entering the mixing channel is well
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established throughout the channel

Figure 25: Results for the mixing simulation
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CHAPTER VII

CONCLUSION

A microfluidic analog flow controller is presented. A reduce order model for the

device based on the governing equations is shown. Characterization of the deivce based

on steady characteristic curves of the volume flowrate versus pressure drop and external

pressure minus output pressure is presented in a manner analogous to ID �VGS and

ID �VDS characteristic curves for a MOSFET. The reduced order model parameters

(transconductance and intrinsic output resistance) in addition to the capacitive

parameters can be derived numerically from the model or more accurately from

simulation of the coupled fluid-structure problem. Extraction of these small signal

parameters allows for fast small signal type analyses. Surprisingly, the transistive regime

of the microfluidic controller is similar in many respects to its electronic MOSFET. Both

have a square dependence of the current (volume flowrate) on the gate-source voltage

(external pressure minus output pressure) in the long channel operation and a linear

dependence in the short channel operation. Both also have a triode and saturation regime

depending on the value of the pressure difference across the channel (Vds). The benefits

of accurate modeling and characterization of microfluidic transistors allows them to

evolve from operating as binary on/off switches to analog component that can provide a

variable gain. It is expected that this analog DC and small signal characterization will

play an important role in future complex microfluidic devices as it offers accurate control

of both amplitude and frequency of the pressure and volume flow rate.
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