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AN ABSTRACT OF THE THESIS OF

Ola Ghassan El Khatib  for Master of Science
Major: Mathematics

Title: On the magnitude of metric spaces

In this thesis, we consider the magnitude of finite metric spaces and that of compact subsets of
Fuclidean spaces. We will consider an extension of the definition of finite spaces to compact metric
spaces using three different approaches. Our contribution to this work consists in giving new proofs
for the magnitude of segments and general compact sets of R. In addition, we give a presentation
of the proof that the magnitude dimension of compact subsets of Euclidean space is equal to the
Minkowski dimension.
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Chapter 1

Introduction

The concept of magnitude of a metric space was introduced by Tom Leinster in 2008. The idea
comes from analogies with category theory and the general notion of size such as cardinality of sets,
dimension of vector spaces, Fuler characteristic of topological spaces, and entropy of probability
spaces.

There is a an analogy that can be drawn between metric spaces and categories; as cate-
gories have objects (a, b, c...), metric spaces have points (a, b, c...); as any two objects in
categories are related by set of maps between them (Hom(a,b)), any two points in a metric
metric space A are related by a real non-negative number representing the distance between

them (d(a,b) such that d : A x A — [0, oo]), as there is the notion of composition in category:

Hom(a,b) x Hom(b,c) — Hom(b, c), there is the triangle inequality in metric spaces that relates
distances: d(a,b) + d(b,c) > d(a,c). This analogy lends some justification to the introduction of
the concept of magnitude, but it will not be perused in the present thesis. Our emphasis will be
on the problem of computation of the magnitude of certain metric spaces. Despite its apparent
simplicity this problem continues to be open for a large number of metric spaces.

Consider a metric space with n-points which are a distance d apart. When d is very small,
the magnitude is just greater than one i.e there’s effectively only one point. The magni-
tude will increase with the distance d such that when d is large enough, the magnitude will
be just less than n and therefore there are effectively n points in the space. The magnitude of
a finite metric space was introduced as the ’effective number of species’ in the biodiversity literature.

One of the main motivations that are proposed to justify the study of magnitude are the
conjectures made by Leinster and Meckes to the effect that magnitude captures various aspects of
the geometry of the metric space. As in most conjectures, one needs to study specific examples
and compute if possible the magnitude in some non-trivial cases. It should be noted that the
number of examples in the literature is rather limited and it remains an important problem to
calculate the magnitude of many natural examples as mentioned in [3].

Our contribution in this thesis lies in finding the magnitude of compact subsets of R, where we



show that for all K non-empty compact subsets of R, the magnitude is given by

I(K) I(I)
=1 _ _
K| t= EI tanh 5

where the sum extends over the bounded open intervals of K¢ and [(F) is the Lebegue measure of
the set E.

The second chapter of this thesis will introduce the magnitude of finite metric spaces with
some methods of calculation. It will be noticed that not all spaces admit a well-defined magnitude
and this leads to the introduction of homogeneous spaces and positive definite spaces. In chapter
three, the magnitude definition will be extended to compact metric spaces using three different
approaches. Finally in chapter four, the proof by Meckes of the relationship between diversity,
Minkowski and magnitude dimensions will be presented. There, it is shown that the diversity and
Minkowski dimensions are the same for compact metric spaces and that Minkowski and magnitude
dimensions are equal for Euclidean subspaces.



Chapter 2

Finite Metric Spaces

2.1 Definition of Magnitude

Given a finite metric space A, we define the following based on [3]
e Similarity matrix of exponentiated distances (4 € R4*4 is defined by
Ca(a,b) = eV (g, b e A).
In case Cl 4 is invertible, we say that A has a Mobius inversion and the Mobius matrix
pa=Cy -

e Weighting on A is a function w : A — R such that ZCA(CL, b)w(b) =1 for all a € A.
b

e The space A has magnitude if there exists at least one weighting. The magnitude is defined

by
Al = wa)

a

for any weighting w.
There are several things to note from this definition:

e The magnitude is not defined for all spaces since the weighting may not exist. For L, spaces
where p> 2 there exists finite subsets where the magnitude is not defined as mentioned in [3].

e The weighting is not necessarily positive.
e The weighting may not be unique.

e The magnitude is unique and is independent of the choice of the weighting.

Suppose w and w’ are two weightings then,
S = Y ety = 35 e e, = Yy
a a b b a b

this is true since d(a,b) = d(b, a).



e If (4 is invertible, then the weighting is unique. The weighting w(a) = Z,u(a,b) and
Al =" pala,b)
a,b

Example 2.1. i. The magnitude of an empty set is 0.
1. The magnitude of a space with only one point is 1.

1ii. Let A be a space of two points a and b distance d apart. Then, similarity matriz

—d
CA:|: }d 61 :|

e

Then det ((a) =1 —e2% £ 0 and therefore (4 is invertible. So that

- 1 1 —e
PAZ T Te2d | —ed 1 '

4] = w(a)

2—24 2

l—e2d  14¢d

ed/2 4 o=d/2 /2 _ —d/2
ed/2 4 e—d/2 + ed/2 4 g—d/2

=1+ tanh(d/2).

Notice that when d is very small |A| approaches 1 which is the magnitude of the space with
one point. Furthermore, as d gets larger the points get more separated and limg oo |[A] = 2
which is the cardinality of the space A.

iv. A is a space of three points x1, xo and x3 such that d(z1,z2) = di , d(z2,x3) = d2 and

d($1,l‘3) = d3.
1 e e
The similarity matriz (4 = | e™h 1 —d2
—ds gd2 1

det(CA) =1 €—2d1 _ e—2d2 _ 6_2d3 + 26_(d1+d2+d3)
=(1-eMl-e®) Q- )+ (1-eM)(e® e B 4 (1-eT®) (e — e
+(1- 6_d3)(e_d3 — e_dl_d2)

(1 —e% >0 and dy + d3 > dy by the triangle inequality therefore (e~ — e~%279) > 0 and
det(Ca) > 0 and so Ca 1is invertible.



1 — e~ 7(e—d1 _ 6_(d2+d3)) f(e—(dl-i-dz) _ e—dg)

pa = (' (a,b) = det(Ca)x | —(e7 — e~ (darda)) L— e —(e7 () — =)
_(e—(dH—dz) _ e—ds) _(e—(d1+d3) _ e—dz) 1 — e

3—e 2 _ 72 _ =23 _ 9(pmd1 4 gmda 4 omds _ e~ (ditdz) _ o—(ditds) _ e*(d2+d3))

Al = Eaw(a) = 1 _e-2di _ o242 _ o—2d5 | 9 (ditdatds)

3 —6e 4+ 3e2d
14 2e3d — 3e—2d°

v. Let A be a metric space such that d(a,b) = oo for all a # b in A. Then the matriz (4 is the
identity matriz, each point has a weighting of 1 and |A| = #A [3].

If di = dy = d3 = d, then |A] =

Since not all spaces admit a magnitude, we need to study and categorize the types of spaces
with a well-defined magnitude. In example 2.1 (iv) it was shown that all spaces with 3 points have
magnitude, and Meckes [26, Theorem 3.6] proved that spaces with four points have magnitude.
But spaces with cardinality 5 or more may not admit a defined magnitude.

2.2 Magnitude of a Union of Metric Spaces

When considering the magnitude of a union of metric spaces, we cannot handle it as the cardinality
of sets is handled where we have the inclusion-exclusion principle. So |A U B| is not generally
deduced from |A|,|B| and |A N B|. However, for unions of special types, we have the inclusion-
exclusion formula for magnitude. We will consider the magnitudes of such unions as discussed by
Leinster in [3].

Definition 2.2. Let X be a metric space and A, B C X. Then A projects to B if for alla € A
there exists w(a) € AN B such that for all b € B,

d(a,b) = d(a,n(a)) + d(m(a),b).
Clearly then in such a case d(a,m(a)) = infrcpd(a,b).

Proposition 2.3. Let X be a metric space and A, B C X. Suppose that A projects to B and B
projects to A. If A and B have magnitude then so does AU B with

|AUB| = |A| + |B| - |AN B|

If wa, wp and wanp are weightings for A, B and AN B respectively, then the weighting waup
for AU B is defined by

wa(zx) if v € A\B
waup(z) = { wp(w) ifv € B\A
wa(z) + wp(z) + wanp(z) ifx € ANB.



Proof. First check if the suggested weighting satisfies the weighting condition. Consider a in A\B,
since A projects to B, then for all a € A theres exists w(a) € AN B such that for all b € B
d(a,b) = d(a,m(a)) + d(m(a),b).

Z ¢(a,z)w ZCaa wal(a —i—ZCawa (b) — Z C(a,c)wanp(c)

r€AUB a’€eA beB ceEANB
= Z e~ 14 (a +Z€ (@b) 5 (b) Z e~y 45 (c)
a’'€eA beB ceANB
=14+ Z e~ am(@)g=d(m(a):b) o (b) — Z e~ am(@)g=d(m(@).0) ) \ ()
beB c€ANB
=14 e dam@)(q 1)
=1

Similarly if a € B\A and AN B.
Now since we have the weighting, we can get the magnitude.

|AUB| = Z waup(z)

ac AUB
= wala) + Y wp®d)+ > wans(c)
acA beB ceANB

= [A[ +[B| - |AN B
O

Corollary 2.4. Let X be a metric space and A, B C X. Suppose that A intersects B in only one
point ¢ such that for all a€ A and b € B,

d(a,b) = d(a,c) + d(c,b)
and A and B both have magnitudes. Then |AU B| = |A| + |B| — 1.

Proof. From proposition 2.3, |[AUB| = |A|+|B|—|ANB| and since ANB = {c} and the magnitude
of a single point is 1. Then |[AU B| = |A| + |B| — 1. O

Corollary 2.5. Every finite subspace of R has a Mobius inversion. Let A={aq, ..., an} wheren > 0,
and
O0<ay<a <...<ap

be a finite subset of R. Then the magnitude of A is given by
|A| =1+ Z;tanh(zl), dz‘ = a; — A;—1,
1=

where the sum is taken to be empty if n=0.



Proof. For n=1, the magnitude of A = {ag, a;} was calculated in example 2.1 (iii) to be
1 n
Al =1+tanh(d/2) =1 tanh(=").
| Al =1 + tanh(d/2) +;Cm(2)

For n=2, suppose A; = {ag,a1}, A2 = {a1,a2}, di = a1 —ap and dy = ag —a; with ag < a1 < ay
and A = Ay U As.
Now, A; N Ay = aq, then by Collorary 2.4,

|A] = |A1| + [A2] = 1
= 1+tanh(di/2) + 1+ tanh(dy/2) — 1

2
=1+ Ztcmh(%).
i=1

Suppose the formula for the magnitude is true for #A4 = n.
Let A= A, U A4+ where A, = {ag,a1,....,an}, Ant1 = {an,ans1} and d; = a; — a;—1.
Then

Al = [An] + [Ana] =1

n d;
=1+ Ztanh(;) + 1+ tanh(di41/2) — 1
i=1

Hence |[A| =1+ Ztanh(i) where d; = a; — a;_1. O

i=1

2.3 Homogeneous Metric Spaces

Definition 2.6. A metric space is said to be homogeneous if its isometry group acts transitively
on points.

Proposition 2.7. The Speyer Formula
Every homogeneous finite metric space A possesses a weighting where all the points have the
same weight given by

1
Wa = S, e—dab)
for any b € A. Thus the magnitude is well defined and given by:
__ #4
|A’ - Zb e—d(a,b)

for any b € A.



(a,b)

Proof. Since the space possesses a transitive group action, then ), e @ is the same for every

a € A. Therefore, w, = = a8 the same for all a € A.
be_ ((l, )

Now we have to check if this w, satisfies the weighting condition;

Z ( 1 )e_d(a,b) _ M =1,

- EC e—d(c,a) ZC e—d(c,a)
_ __#4

Example 2.8. Leinster in [3] provided an example of homogeneous spaces. Given an undirected
graph G and t € (0,00], there exists a metric space tG where the distances are the minimal edge
lengths (a single edge has length t) and the points of the space are the vertices of the graph. Then

n

tKy| = ————.
[t 14+ (n—1)e?

The magnitude of a homogeneous space is the reciprocal of the mean similarity since e~4ab)

reflects the similarity and closeness of the points a and b[3].

2.4 Magnitude Function

Definition 2.9. Let A be a metric space and t € (0,00). Then tA denotes the metric space with
the same points as A and dia(a,b) = tda(a,b) where a,b € A [3].

Definition 2.10. Let A be a metric space. The magnitude function of A is the partially defined
function t — |tA|, defined for all t € (0,00) for which tA has magnitude [3].

Metric spaces possess many interesting and crucial features that allow us to uncover additional
properties of the studied space. The most important feature of metric spaces is that they can be
re-scaled, and examining the magnitude of the re-scaled space |t A| will give more information about
the space than studying the magnitude |A| of the space itself. In addition, an interesting fact about
re-scaling a metric space is that it does not behave in a predictable manner as the other invariants
of the metric space.

It will be shown in the next section that a finite metric with sufficiently separated points has a
well-defined magnitude.

Example 2.11. Consider the finite metric A consisting of two points. It was shown in FExample
2.1 (iii) that |A| = 1 + tanh(d/2). The magnitude function of A is t — 1+ tanh(td/2).

Proposition 2.12. Let A be a finite metric space. Then [tA| — #A ast — .

Proof. First note that (;4 — Identity matrix as ¢ — oo. Then (;4 is invertible for very large t and
thus admits a magnitude.

lim [tA| = | lim (a| = [IdentityMatriz| = #A.
t—o00 t—o0



So for any finite metric space, when the distances between its points are taken to infinity,
the magnitude approaches the cardinality of the space. However, the behavior when ¢ — 0 is
unpredictable and the magnitude for small values of t may not be defined or even negative.

a1 -

a9 e=—

as '/

Figure 2.1: tK3»

|tf{3_2|

Figure 2.2: The magnitude function of K32

Example 2.13. In [3] an example was given of a space where the magnitude behaves strangely for
small values of t. The space of the graphs K3 o (see figure 2.1), has magnitude given by

5—Te !
(I+e (1 —2e2)

[tK32| =

Notice that for t = logv/2 the magnitude is not defined as shown in figure 2.2 and lim;_oo = 5
which is the cardinality of K3 2.

For some values of t the magnitude is negative, others it is greater than the cardinality. Notice
also that (logv/2) K32 is a subspace of (log\/2) K3 3 whose magnitude is defined since it is homoge-
neous. Hence a space with magnitude can have a subspace whose magnitude is not defined.

2.5 Positive Definite Metric Spaces

In this section, we will show that all positive definite metric spaces (PDMS) have a well-defined
magnitude. This fact is very helpful when trying to show that a certain space has magnitude, it is



enough to show that it is positive definite.
Definition 2.14. A finite metric space positive definite if the matriz (4 is positive definite.
In [3], the following facts were proved:

Proposition 2.15. i. A PDMS has a Mobius inversion, therefore it has a unique weighting.
ii. A subspace of a PDMS is positive definite.

115. The magnitude of a PDMS is increasing with respect to inclusion. i.e. if A is positive definite
and BCA then |B| < |A].
. If A is a non-empty positive definite space then |A| > 1.
We describe a type of spaces which are positive definite and therefore their magnitude is defined.

Definition 2.16. A finite metric space A is scattered if its points are sufficiently separated such
that d(a,b) > log(n — 1) where n = #A.
Proposition 2.17. Every scattered finite metric space has a well-defined magnitude.
Proof. We will show that each scattered finite metric space is positive definite. Let A be such a
space, it is enough to show that the similarity matrix (4 is positive definite.

So we need to show that a real n x n matrix ¢ with ((4,7) = 1Vi and 0 < {(i,7) < =15 for all
i # j is positive definite i.e. 27¢x > 0forallr € R™ and equality holds if and only if x=0.

2w =) ai+)  Gjmi

i 1#]
But d(i,j) > In(n — 1) so ¢ = e~409) > =L

1
So aT¢x > a7 - mz |23
7

i#]j
Note that
1 2 1 2 2
> (il = |2)° = 5—= > (lmil® = 2l || + |5])
2(n 1) i#£j 2(n 1) i#j

= gD L)+ =D D ) - - Bl
= Z |:L‘Z‘2 - ﬁ Z |ZL‘ZHIL‘J|

i#]

1
So ¢z > mz |zil|z] = 0
i#]

If #7¢x = 0 then all the inequalities above are equalities and |z;| = k Vi. Since (4 < ﬁ then
k = 0 and hence x = 0. So (4 is positive definite and A is positive definite therefore it admits a
well-defined magnitude. O

The above proof also shows that every finite metric space can be scaled up by a certain factor
so that it becomes positive definite and its magnitude becomes well defined.

It was shown in [3] that every finite subspace of Euclidean space is positive definite and have a
well defined magnitude.

10



Chapter 3

Compact Metric Spaces

In this chapter, we consider the question of extending the notion of magnitude from finite to
infinite metric spaces. There are three different approaches to this and so three different ways to
calculate the magnitude of an infinite metric space A.

The first approach is to define |A| as the sup of the magnitude of the finite subspaces in A. This
definition is not satisfactory for all types of metric spaces because the magnitude is not monotone
with respect to inclusion for all spaces. As shown in example 2.13 a subspace can have greater
magnitude than the whole space. However, this definition works for all compact PDMS.

The second approach is to consider a sequence of finite subspaces A; which approximates A
in the Hausdorff distance and then define |A| = limy_,o |Ag|. This definition is not satisfactory
as well since it is not clear ahead of time whether this limit is independent of the approximation
chosen. It was proved by Meckes in [5] that for PDMS which includes all subspaces of Euclidean
spaces, this method gives a correct definition of the magnitude irrespective of the approximation
chosen. The advantage of this method is that it can be computerized to calculate magnitudes of

spaces.
Definition 3.1. For A and B C R", the Hausdorff distance d(A,B)is defined by

d(A, B) = max ( Stelg d(a, B), ZEIB) d(b, A)) .

Convergence in the Hausdorff metric sense: A sequence of compact subsets A of R™ converges
to a set A if d(Ag, A) — 0 as k — oc.

The third approach is to try to adapt the definite of magnitude to apply to infinite spaces
directly by using weight measures and replacing sums with integrals. However, this method is
applicable only when weight measures exist.

It is to be remarked that the three approaches yield the same results for PDMS and all compact
subsets of the Euclidean spaces.

3.1 First Approach

Definition 3.2. An infinite metric space is positive definite if every finite subspace is positive
definite. The magitude of a compact positive definite space A is

11



|A| = sup{|B| : B is a finite subspace of A} € [0, 0]

It is a direct consequence of monotonicity of magnitude of compact PDMS. Since, consider
K C X two compact PDMS and B is any finite subset of K then |B| < |X| (Proposition 2.14) and
hence |K| < |X|.

In order to calculate the magnitude of segments in R using the first approach, we need to explain
how a sequence of points converges to the segment. In many references, this convergence is defined
in terms of the Hausdorff convergence, however we are able to use another method and give simpler
proof [1].

Since the magnitude of a singleton is 1, the magnitude of any non-empty compact subset of
R is at least 1. Also, if Ay is a decreasing sequence of non-empty compact subsets of R, then
limy_, o0 |Ag| exists as a non-negative real number and, since the intersection is a compact set we
have | N2, Ag| < |Ag| for every k and so

| NpZy Akl < lim Ay
k—o00

This raises the question as to whether equality holds in the above inequality. In order to answer
this, we start with a particular case of a nested sequence of intervals [ap41,bn+1] C [an,by]. Then

a, increases to a limit a, and b,, decreases to a limit b, and N[a,,b,] = [a,b]. Since, as we show
h—
next, the magnitude of [a,,b,] is 1+225% it will follow immediately that |[a,b]| = 1 + 5 g -

b, —
lim (1 + nian) = lim |[an, by]| The formula for the magnitude of a compact segment just used
n—00 2 n—00

is obtained using the following result on the magnitude of a finite subset of R.

3.1.1 The magnitude of a segment in R

Collorary 2.5 makes it possible to calculate the magnitude of any compact subset of R. Indeed, if K
is a non-empty compact subset of R, then its complement K€ is the union of an at most countable
number of open intervals I, two of which are unbounded. We shall show that the magnitude of
K is given explicitly by a formula involving its Lebegue measure and the measure of the bounded
open intervals in its complement. We start by determining the magnitude of a compact segment
L;=10,]] in R.

Theorem 3.3. Let L; be the segment [0,1] C R, then the magnitude of L; is given by

l

Proof. Since L; is a compact sunset of R, its magnitude |L;| is given by

|L;| = sup{|X|: X is a finite subset L;}.
Let X be a finite subset of L;. Then X={ao, a1, ..., a,} where

0<agy<a; <..<ay<I.

Then

12



i)
— 2
The function tanh is concave and increasing on L; so that

ydi = a; —a;_1.

n
|X|:1+Ztanh
1=1

. i TL_ dl 2 n —
Ztanhd— < ntanh(zz_li/> = ntanh(u> < nt(mhi < £
et 2 n 2n 2n — 2

This gives 1 + % as an upper bound for | X|, and it follows that
l
L] <14 7

On the other hand, for an integer n > 1, put
il

a;=—,1=0,1,....n
n

and take the particular finite subset X = {ag, a1, ..., a,} of L;. Then
l
|Li| > |X| =1+ ntanh—,
2n

and so ; ;
|L;| > 1+ lim ntanh— =1+ -.

Hence, the magnitude of the segment is

l
| L] :1‘1'5-

3.1.2 The magnitude of a a union of two disjoint closed segments

Let K =[0,{]U[a,b] with 0 <! < a < b. To find the magnitude of K, take first a finite subset X of
K. Since the addition of points to a finite set increases its magnitude, we may assume X has been
augmented so that

X = {ag,al, ...,an} U {bg,bl, ,bn}
with a; € [0,1],b; € [a,b], and a, =, and by = a. Then we have

n ' _ m '
X =1+ ;tcmhcil -l—tanhaTl + ;tanh%,di =a; —a;_1,d; = b; — b;_1
a—1l b-—a

2+2’

l
§1+§+tcmh

and hence - l
Kl<14+-+—o
K| < +5+ + tanh 5

13



To get an inequality in the opposite direction, take points a; € [0,!], and b; € [a, b] equally spaced
b—a

—1
5 +tanha7, and hence

!
in their respective intervals as before thereby obtaining |K| > 14 3 +

equally holds.
This method obviously extends to a finite number of disjoint compact intervals of R and we
obtain with the notation I(E) equals the Lebegue measure of E.

Theorem 3.4. Suppose K is a non-empty compact subset of R, and K¢ has a finite number of
bounded open component intervals, then

I(K) 1(I)
K|:1+2+§;tanh2

where the sum extends over the bounded intervals of K€.

In fact, the restriction that K¢ has a finite number of bounded components is not necessary
and we have the more general results

Theorem 3.5. Suppose K is a non-empty compact subset of R, then
I(K) I(I)
where the sum extends over the bounded open intervals of K°€.

3.1.3 The magnitude of the cantor ternary set

Theorem 3.6. The magnitude of a cantor ternary set K is given by
K| 1+1§ﬁ% B!
= = anh—-.
2 = 2.3

Proof. This is the set K obtained by removing the open middle thirds starting with the interval

l
[0,7]. So in the first step we remove one interval of length 3 and end up with a compact set Ay

whose magnitude is

l l
) + tanh——-.

1
Al =1+4=(1—-=
A1 +2“ 3 2% 3

l
In the second step we remove two intervals each of length 32 and end up with a compact set

Ao C A1 whose magnitude is

l

1 l l l

2 x 32

Continuing we arrive at the set A with

k k
1 - , l
i=0 =0

14



In particular, since K is the intersection NAg, we obtain

o [e.e]
; l 1 ; l
: — J — z J
|K| < klggo | Akl =1+ E 2 tanh2.3j+1 =1+ 5 E 2 tcmhzgj'
Jj=0 j=1
But in fact using theorem 3.5, equality holds. O

3.2 Second Approach

3.2.1 The magnitude of compact subspaces of R
Proposition 3.7. Let A be a compact subspace R then

|A| = 1/sech2d(x,A)d:1;
2 Jr

where d(x, A) = infecad(z,a).

Proof. We first use induction to prove the formula for finite metric spaces then extend it to compact
spaces. Let A be a finite subspace of R with #A = n.
1 [ 1
If A is a singleton, then 2/ sech®(z)dx = 5(2) =1=|A|.
—0Q

Suppose A = {a, b}, then

a—z fzr<a
r—a ifa<z< b
d($514)<_ . a%; 2
b—=x 1f7§x§b

z—b if x>0

atb b

Lr [ 2 2 2
|A] = 5 { sech®(a — z)dx + sech®(x — a)dx +

1 b—a b—a

=3 [tanh(%) + tanh(T) + 2}

b—
=1+ tanh(Ta).

) sech®(b — x)dz + / sech®(x — b)dx
atb b

2

Note that this agrees with the results of example 2.1 (iii).
In general, let B = {ag, a1, a2...ap—1} and C = {a,—1,a,}, and A=BUC.
o0

2

1 1 an—1
5 / sech?d(x, A)dz = 7[ / sech?d(z, B) +
R

—00

/ sech?d(x, C)
An—1

Qn—1 o0
/secth(:U,B) :/ secth(x,B)+/ sech?d(z, B)dx
R an—1

—0o0

/ sech®d(z, B)dz = tanh(z — a,_1) = 1
an—1

15



an—1
/ sech®d(z, B)dz — 1 = / sech?d(z, B)dx
R

—00

1 1
= / sech?®d(z, A)dx = = [/ sech?®d(z, B)dz — 1 + / sech?d(z, C)dx — 1}
2 Jr 2LJr

R

1 1

= / sech®d(x, B)dx + / sech®d(x,C)dx — 1
2 Ja 2 Ja

=|B|+|C]-1.

Next, we need to consider compact subsets of R, let A be such a subset.
1
We know that |A| = sup{|B| = 2/ sech®d(x, B)dz: B is a finite subset of A}.
R
Since sech? is a decreasing function on [0, 00) and d(x, B) > d(z, A)
sech?®d(z, B) < sech?®d(z, A)
1 2
|A| < = [ sech®d(z, A)dx.
2 Jr
For the opposite inequality, choose a sequence (Ay) of finite subsets of A converging to A in the
Hausdorfl metric (refer to definition 3.1).

Since Ay — A then d(z, A) — d(z, A) and since sech? is a decreasing function on [0, 00) then
0 < sech?d(x, Ay) < sech®d(x, A) for all x and k, then

limkﬁoo/sech2d(x,Ak)dx:/Sech2d(:c,A)daz
R R

by dominated convergence theorem. And thus

1
|A| = / sech?d(x, A)dzx.
2 Jr

Example 3.8. The magnitude of A =|0,1].

1 3
We know from section 3.3.1 that |A| = 1 + 5= 5 Now we need to verify this result using
proposition 3.7:

16



1
|A| = 2/sech2d(x,A)dm
R

1 0 1 00

= 2[/ sechz(—x)dac—i-/ sechQ(O)d:L'—i—/ sech®(z — 1)dx
—00 0 1

1 0 1 0o
=3 [ — tcmh(—a:)‘ioo + 38‘0 + tanh(z — 1)‘1 }

1
=—-(1+4+2

S(1+2)
_3
=5

Example 3.9. The effect of adding a singleton to a set.

Let A =

0,1 U {2}.

1
A is a compact subset of R and therefore |A| = B / sech?d(z, A)dz.
R

Al =

—x ifx <0
0 fo<z<l
dlz,A) =<z -1 if1§$<%
2—x if%§x§2
x—2 ifx>2.

lwo

DN

(e o]

+ sech®(x — 2)dm}

o

1 1
25{1+1+2tanh§+1}

3 1
= =+ tanh=
an 9

2

3.2.2 The magnitude of the cantor ternary set

In this section, we illustrate the work done in [4] to get the magnitude of the cantor ternary set. We
need to construct the cantor set L; for every [ by considering a sequence converging to it. We start
the construction by letting L? be the first approximation consisting of the two endpoints which are

at a distance [.

Let ¥1 and 9 be two scalings of the real line such that each has a fixed point which is an

endpoint of L? and it divides the segment into 3 segments of equal length.
Define Lf = b1 (L) Uabe(LFY) for k > 1.
The cantor set is L; = U, LF, this is proved in work of Hutchinson (see[2]).

17
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Now we can start by finding the magnitude of the finite approximations to the Cantor set and
later deduce the magnitude of the Cantor set itself as done in [4].

Theorem 3.10. The magnitude of the kth approximation to the Cantor set of length [ is

ILF|=1+2 tanh(2l3k) +;zk:2itanh(2l3i>.
i=1 ’

n
d.
Proof. From section 3.1.1, if A C R, then [A] = 1+ Ztanh(é). The |LF™| approximation

l
consists of two copies of |L} /3| with distance 3 apart. The pair of points in |LF™| are either both

l
on the same copy of \Lf/3\ or on two different copies and are — apart[4].

We perform the proof by mathematical induction. We know that, [LY| = 1 + tanh(é).
Suppose the equation is true for k and then

LA = gy (L) Una(L5)
Lk 3]_1+1+2ktcmh(23k) ZQt (231>

k
l 1 . l
|L§€+1| =1 + 2k+1tanh<m) + 5 E 21+1tanh( - )

2.3i+1
=1

I 1 k+1 I
_ k+1 j
=1+2 tanh(2‘3k+1> + 3 ;1 thanh(2.3i>.

Theorem 3.11. The magnitude of L;, the Cantor set of length [ is

g l
Lyl =1+ 2;2 tanh(zgi).

Proof.

|Li| = hm 1+ thanh(2 3k> ZQ’tcmh( )

But |tanh(z)| < z for all x > 0.

l l
Therefore, limy,_, oo tanh(2 Sk) 0
and
> l 2020 LGN 2y
Ztanh(55) <355 =52 (3)
; tanh| 55 —;2.31 2; 3

which is a converging geometric series.

18



g 2itanh<%3i>

exists.

1o I
Ll=1+=%5 2% h(—)
Ll +2; ani\53i

3.2.3 The magnitude of a circle

In this section, we calculate the magnitude of the circle as a subspace of Euclidean space.

Proposition 3.12. Let C) be a circle with circumference I, then the magnitude of Cj is given by

|Cy| = (/01 e:rp(_?lsin(ﬂs))ds>_1.

Proof. Consider, a circle of circumference [ as a subset of R?. So the distance between the points

l 0
x1 and xg is given by d(z1,z2) = —sin(i).
7r
Now, we approximate the circumference with a finite set of equidistant points. Define Clk to be

the set of k points equally spaced around the circumference of the circle. This approximation is
valid since given € > 0 and we choose k large enough so that the k£ points are distributed regularly
over the unit circle have the property that the set {e -neighborhoods of the points} covers the circle.

This approximation yields a homogeneous finite metric space, therefore we can apply Speyer’s
formula (Proposition 2.7) to get the magnitude. So, for any point z in C’lk' :

n 1

—d(z,z") - 1 -l . 7y
e — — -
> > eap(—sin(=")

/ k
a'eCy a'CF

G| =

1 —l mj
Now taking the limit as & — oo, we notice that Z —ea;p(—sin(—‘])) is just a Riemann sum
n T n

a’'eCF
that has as limit an integral.

So as k — oo, |CF| — 1

1 —1 :
/ exp(?sin(ﬂ's))ds
0

|C’l’“ | — |Cy] since C; is a compact positive definite space and Clk is a sequence of compact
subspaces converging to Cj.

|Cy| = </01 egvp(_?lsin(ws))ds)_1 O
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3.3 Third Approach

In this section we present the generalization of the definition of magnitude using measures as done
in [7].

Definition 3.13. If X is a metric space, then a weight measure on X is a finite signed Borel
measure v on X such that for all y € X

/ e~ @V dy(z) = 1.
zeX

If a weight measure v exists, then
| X| = / dv
X

Now, we will consider the spaces whose magnitude has already been calculated and re-calculated
using the weight measure.

| X| is independent of v.

3.3.1 The magnitude of a segment in R

In this section, we will consider the magnitude of a line segment of length [.

Proposition 3.14. A weight measure on a line segment L; of length | has weight measure v =
1
5(5(1 + 0p + pu) where p is the Lebesque measure on the line segment and d, and & are the Dirac

delta measures at the endpoints. And hence the magnitude of Ly is given by: |L;| =141/2 [7].

Proof. First, we check that the suggested measure is a weight measure.
1
/ =) gy — / =19 L a5, 1 s, + dp)
l’GLl CEGLZ 2
b
_ 1<e—d<a7y> 4 ey 4 / e—d(:c,mdx)

2 a
b
_ 1<e—<y—a>+6—(d—y>+ / ) g 4 / 6—(m—y>d$>
2 Yy
~1.

a

Since we have a weight measure, we can proceed with calculating the magnitude.

l
\Ll|:/ dv =1+ .
L 2

3.3.2 The magnitude of the cantor ternary set

In order to study the magnitude of the cantor set, we will consider the magnitude of X\ ) first.
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Proposition 3.15. Consider X C R and [a,b] C X with v a weight measure on X and v ] =
a’
%,u . The weight measure on X\ (4 is given by

la,b

X\ + %tcmh(b ; a> (5a + (51,).

And the magnitude is given by:

b—a b—a
X\l = 1X] = 25 o tanh( ).

Proof. First, we’ll check that the suggested measure is a weight measure.

/zeX\m,b) e_d(f”’y)d(y + %tcmh(b_Ta) (5a + 5b))

= e @V dy + 1 / e_d(x’y)d(tcmh<b_Ta) <5a + 5b)>

2€X\(a,p) T€X\(a,b) b
1 _
= / e~ @Y gy — / e~ @Y gy + = / e_d(x’y)tanh<7a> (dda + ddb)
reX z€[a,b] [@0] 2 Jaex\(u) 2

—1— /ab e—(m—y)%du + %tcmh(b ; a> (ey—a + ey—b)

1 1 1 1
i i + iey_b — 563’_“ + §ey_a - iey_b

Now we can calculate the expression for the magnitude:

X\ (| = / . (du((x\( b))+;tanh(b;a)(d5a+d5b>>
2€X\(a,b) a,

1 _
_ / dv — / dv + Ltann(P=2) / (ds, -+ )
zeX z€[a,b] 2 2 z€X\(q,p)

1 1 b—a
:X—/ du+ —tanh(——)(1 +1
XI5 [t gtanC S0+

—a
2

b b
—|X| - Ta + tanh(—2).
O

Using the previous result to find the magnitude of a cantor set which will be approximated with
subsets of [0, ] of non-zero measure[7].

Proposition 3.16. The cantor ternary set L; of length | has magnitude given by:

(o @]
|Li| =1+ ) 2" 'tanh(
=1

)

2 x 3t

Proof. Define Lg to be the line segment of length [. As in section 3.3.1, L? has weight measure

v = %(u + do + ;). Now, inductively we define L{ and its weight measureylj by removing from
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L{ ! the open middle third of each maximal subinterval. The length of each removed open interval
is (1/3)71.

We construct the weight measure for this sequence, using proposition 3.9. Let S; be the set of
the newly exposed endpoints at the j% level. Then the weight measure is given by:

Vj:<,u

J
z
. +60+51+;tanh(2 —) Z(ss)

sSES;

Consider the sequence {Vlj 521 on the interval [0,{]. In the Banach space of finite signed Borel

measures on [0, ], this sequence converges in the total variation norm l/l] — v; where

vy = (50+5l + > tanh(; i 5> 55).
=1

s€5;

Note that, a sequence Vlj of measures defined on the same measure space is said to converge to
a measure v in total variation distance if for every € > 0 there exists an N such that for all n > V:

=0.
. . .. Cantorset . . .
Since convergence in total variation norm implies pointwise convergence as well on any contin-

Hyl] —y|lrv < € and this is true since p

uous function on [0,1] such as e~%¥) for y € T} hence e*d("”’y)dylj — e~ @Y gy [7]
z€[0,1] z€[0,]]

But asy € L; C L{ for all j and ylj is a weight measure, then each of the integrals on the left
hand side is 1 and therefore / e~ @Y dy = 1 and hence v is a weight measure on 7.

z€[0,]]
Now we can calculate the magnitude of L;:

L] = / v,
L,

_ ;/Ll (d50+d5l+§tanh<2 i 32.) S;Sidés)

—1+4= tanh(5——) 2"
—1-2/];1; an 7% 3

— i—1
_1+;tanh(2 5)

3.3.3 The magnitude of a circle
Proposition 3.17. The magnitude of a circle Cy of circumference l is given by

[

2 .0 .
/ e~ 153 4P
0
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Proof. Theoreml in [7] states that if X is a homogeneous metric space and  is an invariant measure

on X then e_d(x’y)d,u is independent of y. If this quantity is non-zero and finite then a weight

TEX
measure on X is given by
7

/ @) gy,
reX

[
zeX

[

12
/:EECZ l

zeC) 0

Thus the magnitude is given by

X =

|G| =
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Chapter 4

Dimensions

In this chapter we present the proof that for compact metric spaces, the diversity dimension and
the Minkowski dimension are equal. Then we use a relation between diversity function and magni-
tude function for subsets of Kuclidean subspaces to show that diversity dimension and magnitude
dimension are equal for Euclidean subspaces and hence in this case the magnitude and Mikowski
dimension are equal. This part is based on the work done by Mark Meckes in [6].

4.1 Magnitude Dimension

The magnitude dimension of a compact space as described in [3] is the growth of the magnitude
function. We will start by defining the upper magnitude dimension of a compact metric space
A to be:

_ log|tA
dimpragA = limsup og|tA|
tsoo  logt

and the lower magnitude dimension of A is:

. . log|tA]
dim praqA = hggjlf logt

The magnitude dimension is defined when the above two limits are equal and thus

. .. log|tA]
dlmMagA—tlgglo log

if it exists.

4.2 Minkowski Dimension
In order to define the Minkowski dimension, we will need to define two numbers as suggested in [6]:
e the packing number M(A,¢) is the minimum number of disjoint closed e-balls is A.

e the covering number N(A,¢) is the minimum number of of closed e-balls needed to cover
A.
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Now we can define the upper and lower Minkowski dimension of A to be:

— N(A M(A N(A M(A
dimasineA := lim sup M = lim sup M, dim A = liminf M = liminf M.
o+ log(1/e) o+ log(1/€) =0t log(1/e) =0+ log(1/e)

logM (A, €)

If dimgingA = dimyg;, A, then dimpygine A = lim, o+ log(1/e)

4.3 Diversity Dimension

As defined in [6], for a compact metric space A, the maximum diversity of A is given by

|AlL = sup <//e_d(a’b)du(a)d,u(b)>_l

HEP(A)

where P(A) is the space of Borel probability measure on A.
Now, we define the upper and lower diversity dimension of A to be:

—— . log|tA|y . log|tAl4
d A =1 T d A =1 el el
Mbiv e logt ~’ MRDiw gt logt
and loalt A
dimpiA = lim 29HAl
t—oo  logt
when it exists.
We have from (4.4) in [6]
Al < 14]

for any compact PDMS A.
Then
dimp, A < dimpyqq4; dimpiyA < dimpjagA

4.4 Relationship Between Diversity, Minkowski and Magnitude
Dimensions

Theorem 4.1. For any compact metric space A,

dimp;, A = dim ;A and dimpg, A = dimppinkA.
Thus, dimp;, A is defined if and only if dimprink A is defined, and in that case
dimDivA:dimMmkA.

Proof. First, we show that dimp,;,A < dim;,iA-
Let € >0,¢t >0 and u € P(A) be given, then for each a € A
[t Dauey = [ e @ Dau(e) = e p(Blae)

B(a,e)

[ [ D an@antv) > [ e nBia.e)duta)
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([ [ evan@invy)” < ( [ uBlaaua)

Here we can use Jensen’s inequality to get:

w(B(a,e d,ua) S/d,ua.
([ (B 0pdn(a ey

Let N be the covering number N(A,¢/2), and let ay,...,any € A be the centers of the closed
5-balls needed to cover A.

If a € B(a;,€/2) then B(ai,e/2) C B(a,e)

| sy Si | e

B(aie/2)

N
< du(a
<2 //Q)M Bla, )

u(Blai ¢/2))
< j(Blai./2)

t

I
Mz

[
=)

Note that the above summation is taken over all the i's where pu(B(a;,€/2)) >0
So .
Al = swp ([ [ tePdu@um) < N e2),

neP(A)

and letting e = 2/t
1AL, < @N(A,1/1) = logltAl < log(eN(A, 1/1)

Then taking logs and dividing by logt, and passing to the limit as t tends to infinity, we get
mDivA < mM@nkA and %Dwfl < dlmMmkA

We still need to show the other inequality dim ;A < dimp;, A and dimpg, A < dimpgineA.

To get the opposite inequality, we can use the packing number. So let M be the packing number
M(A,¢) and aq,...aps be the centers of disjoint closed e-balls in A.

Define the following measure:

1 M
= —> 44, € P(A).
M 1=1

Since the balls are disjoint, then for each a € A, there is at most one a; in the ball B(a,€), so

1
_td(a b)d,u Ze—td(a ,ai) < (60 + (M o 1) —te) < M + et

// —td(a,b) d,LL d,U/ / +€_t€d/.L
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M
| 1 1 1
S —te) - 5. = —te‘
]tA|+_(M+e X 3f 2 e = gy e

2|tA
As done in [6], let €(t) = log(t|t|+ for t > 1.
log(2|tA|+) 1
t =

Th —te _ ,—1(
€en e (& 2’tA’+

1 < 1 + 1
LAl = M(Ae)  2[tA[+
1 1

M4, (D) = 2JtA];

M(A,e(t)) <2JtA|+

Now, €(t) is continuous and strictly decreasing. If €(t) is bounded below by a positive constant
then dimp,;, A = oo and we get the desired result [6].

Suppose €(t) — 0 as t — oo,

M(A,(t) _ log(ltAls) _ logt log(2ltAL)
log(1/e(t)) — log(1/e(t))  logt log(1/e(t))
_ log(2|tA|+) logt

logt  log(1/e(t))
_ log(|tAly)  logt

= logt Togtjey oW

So,
log(2|tAly) _ log([tAly)  logt
log(1/e(t)) logt ~ "log(1/e(t))
logt 109 isgiary) loglog(2]tAl+)
= = 1 [ — T U
log(1/e(t)) logt logt
tA logt
Ift - oo and | ’+is bounded above so o9t —1
logt log(1/e(t))
M(A, et log(|tA
( 76( )) < Og(| ‘+) (1+0(1))
log(1/e(t)) logt
So
M(A A
dimyrinpA < liminf (7’6(0) < liminf M = dimp,;,A.
t—oo log(1l/e(t)) = t—oo logt
Similarly, MMznkA < MDZ’UA- ]
Corollary 4.2. If A is a compact subset of R™, then %MWA = dimympA and

dimMagA = dimppinpA. S0, dimpragA is defined if and only if dimpyniA is defined and thus
dZmMagA:dZlinkA
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Proof. From [6], we have the following results for each compact A C R™ and for each positive
integer n there exits k, > 0 such that:

1AL < [HA] < kaltAls
where A is a compact subset of R".
Combining this result with theorem 4.1, we get that for A being a compact subset of R™

%M@A = dimpi, A and @MGQA = dimp,;, A
dimpragA = dimpgink A and dimppagA = dimyg,, A O]

The relationship between the magnitude dimension and Minkowski dimension for subset of
Euclidean spaces also holds true for compact homogeneous spaces as shown by Mark Meckes in [6].
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