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AN ABSTRACT OF THE THESIS OF 

 

 

 

Elie Nabhan Mouannes     for Master of Engineering 

    Major: Civil and Environmental Engineering 

 

 

 

Title: Modeling Strength, Stiffness and Ductility of Extended Endplate 

          Connections with Circular and Rectangular Bolt Configurations 

 

 

 

 

The results of a series of finite element (FE) simulations and experimental 

studies are used to develop strength and stiffness models that predict the failure strength 

and response characteristics of extended unstiffened endplate connections with circular 

and rectangular bolt configurations associated with deep girders.  

 

The proposed models are composed of multi-linear springs which model the 

overall extended endplate/column flange system deformation and strength of key 

components. Comparison of model predictions with FE and experimental results 

available in the literature show that the proposed models accurately predict the strength 

and the response of extended endplate/column system with circular and rectangular bolt 

configurations. The effect of the bolt configuration (circular and rectangular) on the 

prying phenomenon encountered in the extended unstiffened endplate/column system 

was investigated.  

 

Based on FE results, extended endplate with circular bolt configuration has a 

more ductile behavior and exhibits higher total prying forces. The proposed models can 

be used to design connections that cover all possible failure modes for extended 

endplate with circular bolt configuration. 
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CHAPTER I 

INTRODUCTION 

 

 Earthquake resistant structures are designed to withstand ductile failure, where 

the systems are able to achieve large inelastic deformations without significant strength 

degradation or development of failure mechanisms. Steel moment frames have been 

historically selected as the preferred lateral resisting structural system for multistory 

structures in high seismic regions. The steel moment frame connections designed prior 

to 1994 connected the beams to columns using complete joint penetration (CJP) field 

welds on the beam flanges to column flange. The research generated by the Northridge 

earthquake after 1994 sought to improve the inelastic deformation capability of the 

moment frame connections advising the use of moment bolted connections in high 

seismic areas. As a result, extended endplate connections (Figure 1 (a)) have become 

the choice of many structural engineers in designing connections for moment resisting 

frames in high seismicity areas.  

 The extended end-plate connections, as shown in Figure 1 (a) consist of beams 

that are directly welded to an extended end-plate, and the endplate/beam system is then 

bolted directly through the column flange (ANSI/AISC 358-10). Extended end-plates 

connections are considered as prequalified special moment frame connections since they 

are able to achieve high interstory drift rotations associated with ductile failure modes 

(ANSI/AISC 358-10).  

 Currently, three different extended endplate connection types are presented in 

the AISC 358-10: the Four Bolt Unstiffened, Four Bolt Stiffened and Eight Bolt 

Stiffened connections. In the stiffened connections, triangular stiffeners are required 
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between the extended endplate and the beam flanges. Each connection type is associated 

with different beams sizes and design limitations. The main adavantage of the endplate 

connections is the removal of critical field welding from the erection process. When 

welding critical components in a shop environment higher quality welds can be 

achieved as opposed to field conditions (Murray et al 2003). Additionally the shop 

welding of the complete joint penetrated (CJP) welds can accommodate more 

aggressive erection methods (Murray et al 2003). 

 Extensive experimental and analytical work on full-scale extended endplate 

connections was performed during the past three decades. Previous research work and 

experimental tests were developed to provide guidelines and recommendations for the 

design of extended endplate connections. Studies on the behavior of extended endplate 

connections for improving the ductility and strength of the connection were conducted 

by Krishnamurthy (1979), Tarpy and Cardinal (1981), Murray (1988), Sumner et al. 

(2002) and Kiamanesh et al. (2012). 

 Previous studies considered that the endplate thickness is a major parameter 

that affects the stiffness of the connection and its global response (Kukreti et al. (1987)). 

Also, continuity plates are often used in extended endplate/column systems to stiffen the 

column flange and web, in order to resist large forces transmitted by the beam flange. 

On the other hand, detailing columns without continuity plates reduces the cost and 

effort needed for fabrication. The deformation contributing from the column flange 

which causes an additional bolt force in the absence of continuity plates was not 

explicitly addressed in the design of extended endplate connection. Also, previous work 

was limited to extended endplate connections having rectangular bolts configuration. 

Until recently, studies performed by Kiamanesh et al. (2012) and Schweizer (2013) 
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showed that positioning the bolts in a circular pattern around the flange alters the 

distribution of the tensile force, and therefore increases the overall capacity and ductility 

of the connection. Note that no design guidelines and recommendations were proposed 

for extended endplate having circular bolt configuration. 

 One of the main behavioral characteristics of extended endplate connections in 

predicting the ultimate strength and response is the prying phenomenon. Total prying is 

defined as the amount of tensile force that is added to the bolts due to a significant 

deformation of extended endplate/column flange system. In particular, secondary prying 

is defined as the additional force induced in the tension bolts due to excessive column 

flange deformation (Hantouche et al. (2011)). Several models for predicting the ultimate 

strength and response are reported in the literature and the important ones include those 

suggested by Douty and McGuire (1965), Fisher and Struik (1974), Kulak et al. (1987), 

Jaspart (1991), Bursi and Jaspart (1997), Faella et al. (1997), Swanson (2002), Piluso et 

al. (2001), Coelho et al. (2004), Eurocode 3(2005), and recently Hantouche et al. 

(2014). Therefore, it is necessary to develop strength and stiffness models for eight 

bolted unstiffened extended endplate connections with circular and rectangular bolt 

patterns. 

 Strength and stiffness models based on multi-linear spring and beam modeling 

are developed to predict strength and deformation of isolated components with circular 

and rectangular bolt configurations. The proposed models are validated against 

experimental results available in the literature. With its simplicity in application when 

compared to other numerical methods (i.e. FE analysis), the proposed models are used 

to design extended endplate connections with circular and rectangular bolt 

configurations. Based on FE results, the prying phenomenon and bolts response in 
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extended endplate connections with circular and rectangular bolt patterns are examined. 

The behavioral characteristics of a typical extended endplate/column system with 

circular bolts configuration for use in seismic design are investigated. 
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CHAPTER II 

 PRELIMINARY DESIGN OF EXTENDED ENDPLATE 

CONNECTION WITH RECTANGULAR AND CIRCULAR 

BOLT CONFIGURATIONS 
 

A. Connection Design  

 Eight bolted extended endplate connections with circular and rectangular bolt 

configurations are designed and detailed using guidelines available in the AISC 358-10 

(AISC 2010). The extended endplate is welded to the beam and the beam/endplate 

system is field bolted to the column flange (Figure 1(a)). A rectangular matrix of 8 bolts 

(2 columns and 4 rows) is provided at the level of each beam flange as shown in Figure 

1(b). The connection is designed such that the plastic hinge occurs in the beam at a 

distance, d, from the face of the column. Note that the beam and column are made of 

A992 steel, the plate material is made of A572 with A490 bolts. The beam is designed 

as a seismically compact element. 
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W14x257

(A992)

W30x108

(A992)

End plate 1 in. 

(A572)

1.25 in. A490 

Bolts (16) 

 E-70
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Hinge

 

(b)
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h4

h2

h1
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tp
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Lower bolts
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Set 1

Set 2

Set 3

g1

g2

 
  Figure. 1. (a) Extended endplate Connection (b) Extended endplate with rectangular 

bolt configuration, (c) Extended endplate with circular bolt configuration 
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 The connections considered in the design consist of W24x76 and W30x108 

beams connected to columns with the flange thicknesses, tcf, varying from 1.9 cm (0.75 

in.) to 4.8 cm (1.89 in.). The preliminary connection configuration is based on the 

following steps: 

 1. First identify the independent geometric parameters of the extended 

endplate. Select values for the gauge distances (g, pfi, pfo, pb, de, bp) shown in Figure 

1(b) within the range of acceptable values given in table 6.1 of the AISC 358-10 (AISC 

2010). After the geometric parameters are defined, hi (mm) can be calculated (Figure 

1(b)). 

 2. Assume there is no prying. Determine the minimum bolt diameter db (cm), 

with capacity to resist the applied moment at the face of the support Mf .  

 3. Select the extended endplate thickness, tp (mm), based on endplate yielding 

mechanism. Select the minimum required thickness to the nearest 0.3 cm (1/8 in.). 

 4. The endplate should not extend from the top of the beam flange by more 

than 12.7 cm (5 in.), avoiding any local buckling behavior at both edges of the plate. 

 For the circular bolt configuration, the designer would start with a preliminary 

rectangular bolt design, and then proceed in accordance to the proposed assumptions 

and modifications: 

1. It is assumed to have equal gage distance (pfo = pfi) for the bolts to get a 

perfectly symmetrical circular configuration. 

2. The bolt gage distances shown in Figure 1(c) are calculated as 

2/)2(1 ebg p   and ebg p 22  , where bp (cm) is the plate width and e (cm) is the 

minimum edge distance defined in section J of the AISC 360-10 (AISC 2010). 
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3. The 4 far bolts (Sets 1 and 3) are moved vertically, rearranged on the circle 

centered at the beam flange and passing by the bolts in Set 2 giving a symmetric circular 

configuration as shown in Figure 1(c).  

4. The minimum bolt spacing requirements are in accordance to section J in the 

AISC 360-10 (AISC 2010).  

 

B. Cases Selected for Analysis  

 The independent geometric and force related parameters for extended endplate 

connections are identified. The endplate thickness tp, the column flange thickness tcf, 

and the bolts vertical gages hi reflected by the bolts arrangement are three geometric 

parameters that impact the amount of prying and deformation in extended endplate 

connections. The force-related parameter is the applied tension load T on the extended 

endplate resulting from the moment applied at the beam tip. The minimum required 

thickness of the extended endplate, tp, was calculated based on the applied moment 

encountered in the beam. Furthermore, two types of columns were investigated, ranging 

from rigid columns (column flange is thicker than the endplate), to flexible columns 

(column flange thinner than the endplate). The study covers columns with flange 

thicknesses, tcf, ranging from 1.9 cm (0.75 in.) to 4.7 cm (1.89 in.). Every case is 

associated with an extended endplate having circular and rectangular bolt patterns to 

study the effect of bolt distribution on the response. Note that, the endplate thickness, tp, 

is a dependent parameter, incorporated in the design according to the existing design 

restrictions defined in the AISC 358-10 (AISC 2010). 

 Therefore, in order to study the amount of total prying in endplate/column 

systems for a given load T, a total of twenty eight extended endplates (14 with 
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rectangular bolts pattern and 14 with circular bolts pattern) are studied and listed in 

Table 1. 

 

Table 1.  Test matrix 

Column flange thickness, (tcf) Endplate thickness (tp) Tension bolt diameter (db) 

Design details for W24x76 beam  

1.90 cm (
4
3  in.) 2.54 cm (1.00 in.) 2.85 cm (

8
11  in.) 

2.15 cm (0.85 in.) 2.54 cm (1.00 in.) 2.85 cm (
8
11  in.) 

2.54 cm (1.00 in.) 2.54 cm (1.00 in.) 2.85 cm (
8
11  in.) 

3.17 cm (
4
11  in.) 2.54 cm (1.00 in.) 2.85 cm (

8
11  in.) 

3.80 cm (
2
11  in.) 2.54 cm (1.00 in.) 2.85 cm (

8
11  in.) 

4.44 cm (
4
31  in.) 2.54 cm (1.00 in.) 2.85 cm (

8
11  in.) 

4.80 cm (1.89 in.) 2.54 cm (1.00 in.) 2.85 cm (
8
11  in.) 

 

Design details for W30x108 beam 

 

1.90 cm (
4
3  in.) 2.54 cm (1.00 in.) 3.17 cm (

4
11  in.) 

2.15 cm (0.85 in.) 2.54 cm (1.00 in.) 3.17 cm (
4
11  in.) 

2.54 cm (1.00 in.) 2.54 cm (1.00 in.) 3.17 cm (
4
11  in.) 

3.17 cm (
4
11  in.) 2.54 cm (1.00 in.) 3.17 cm (

4
11  in.) 

3.80 cm (
2
11  in.) 2.54 cm (1.00 in.) 3.17 cm (

4
11  in.) 

4.44 cm (
4
31  in.) 2.54 cm (1.00 in.) 3.17 cm (

4
11  in.) 

4.80 cm (1.89 in.) 2.54 cm (1.00 in.) 3.17 cm (
4
11  in.) 
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CHAPTER III 

THREE DIMENSIONAL SOLID EXTENDED ENDPLATE 

MODEL  
 

 Using ABAQUS, three-dimensional (3-D) FE models were developed for 

typical extended endplate connection test specimen which incorporate the following 

characteristics: (1) nonlinear material behavior for base and bolt material; (2) full 

pretensioning of fasteners; and (3) contact interaction between the extended endplate 

and column flange, bolt head and column flange, and bolt nut and endplate.  

 The FE modeling technique described in this section is to be used (1) for 

validation against experimental results available in Sumner and Murray (2002) and 

Schweizer (2013), and (2) for running FE simulations to develop strength and stiffness 

models that predict the response and strength of extended endplate connection having 

rectangular and circular bolts arrangement. 

 

A. Mesh Design  

 Eight-node linear brick elements with reduced integration (C3D8R) were used 

to mesh the endplate/column system. Figure 2 shows a full 3-D model representing the 

extended endplate/column system with rectangular bolts configuration. The length of 

the column was equal to 305 cm (120 in.). 

 The model consists of a column, a beam, an endplate and 16 tension bolts. The 

beam is attached to the endplate using tie constraint representing the CJP welds in order 

to allow full load transfer between the elements. The tie constraint fuses together two 

elements having different mesh constitution. The interaction between the plate, bolt 
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head, bolt shank and column flange are modeled as surface to surface contact with finite 

sliding and a coefficient of friction equal to 0.2. 

 

B. Material Properties 

 The von Mises yield criterion is used in the analysis. The bolts were modeled 

on ABAQUS using their gross area, rather than their effective area. A490 bolts are 

modeled with a yield stress of 811 MPa (117.5 kips) and an ultimate stress of 872 MPa 

(126.5 kips). The yield strain, was 0.00405 and the ultimate plastic strain, was 0.03084. 

The yield and ultimate stress used for the base material are 385 MPa (55 ksi) and 500 

MPa (71.5 ksi), respectively. The yield strain used for the base material is 0.00189, and 

its plastic strain is 0.09827. For all the steel members of the connection, Young’s 

modulus was assumed as E=203,000 MPa (29000 ksi), and Poisson’s ratio as υ = 0.30. 

In conclusion, a bilinear model with isotropic hardening for both base and bolt material 

was used in the analysis. 

 

C. Boundary Conditions and Loading 

 The analysis was divided into two steps: (1) pretension step, where the 16 bolts 

are pretensioned to the minimum required force defined in the AISC 360-10 (AISC 

2010), and (2) loading step, where the monotonic load is applied at the beam tip. In the 

pretension and loading steps, the degrees of freedom of the column edge are constrained 

against any translation and rotation. The lateral sides of the beam flange are assumed to 

be fixed against translation along the x-direction. The outer and inner faces of the beam 

flange are fixed against translation in the y-direction to avoid any bending action on the 

connection (Figure 2). To compute the net primary prying force, Qp, the column flange 
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is assumed to be fully rigid and is fully constrained against any translation and rotation. 

However the column flange is free to deform when computing the total prying force, 

QT. During the first step, the pretensioning force is generated by applying a bolt force 

on the shank equal to the minimum pretension force. Throughout the loading step, 

surface pressure is applied on the flange section at the beam tip. 

 

 

 

 

 

  Figure. 2. Three-dimensional model of endplate connection with rectangular bolt 

configuration 

Nodes at the edge of the 

column are fixed 

against translation and 

rotation during 

pretension and loading 

steps 

Nodes at the sides of the 
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and rotation about the z-axis 

during pretension and 

loading steps 

Nodes on the top 

and bottom faces 

of the flange are 

fixed against 

translation in the 

y-direction during 

pretension and 

loading steps 

305cm (120 in) 

Column 

Extended unstiffened endplate 

Tension bolts 

Beam 
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D. Validation with Experimental Results 

 Two FE models of extended endplate connections with rectangular and circular 

bolt configurations were developed to reproduce experimental results available in the 

literature. Figures 3(a) and 3(b) show a comparison of the FE moment-rotation curve 

with experimental results of Sumner et al. (2002) and Schweizer (2013), respectively. 

The FE model predicts with excellent agreement the experimental moment-rotation 

envelope curve as far as stiffness, strength and ductility. Hence, FE models can be used 

to develop extended endplate models with rectangular and circular bolt configurations 

for the parametric study. 
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  Figure. 3. (a) Extended endplate with rectangular bolt configuration moment-rotation 

curves (Sumner et al. (2013)) and (b) extended endplate with circular bolt configuration 

moment-rotation curves (Schweizer (2013)). 
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CHAPTER IV 

INVESTIGATION OF PRIMARY AND SECONDARY 

PRYING  
 

 This study investigates the prying phenomenon in extended endplate/column 

systems with circular and rectangular bolt configurations that should be addressed in 

designing full-strength connections. More importantly, this study highlights the effect of 

the circular bolt arrangement on prying forces in extended endplate connections. 

 

A. Data Analysis  

 The prying force is calculated at the step where the first bolt row fails causing 

the failure of the connection. The bolt force exhibited in every bolt B is calculated by 

multiplying the von Mises stresses by the gross section area of the bolt shank. The 

prying force, Q, is calculated by subtracting the total bolt force B from the total applied 

force, T, at failure: Q= B-T. Two models were generated on ABAQUS to calculate the 

secondary prying, QS. In the first model, the column flange is free to deform used to 

calculate the total prying, QT. The second model was developed to calculate the primary 

prying QP with rigid column flange. The percentage secondary prying  TQs /  is 

obtained by subtracting the primary prying  TQp / from the total prying  TQT / at the 

same load step T where failure occurs, as shown in Eqn 1. 



























T

Q

T

Q

T

Q pTs               (1) 
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B. Prying Phenomenon 

 FE models of extended endplate connection with various column flange 

thicknesses having circular and rectangular bolt configurations were analyzed under 

monotonic loading. The primary and secondary prying percentages were calculated for 

each column flange thickness associated with W24x76 and 30x108 beams as shown in 

Table 2. 

 

 

Table 2.  Percentage of primary and secondary prying W24x76 and W30x108 beams 

  

W24x76 W30x108 

tcf (cm) 
Percent prying 

(%) 
Circular Rectangular Circular Rectangular 

1.9 
Primary 85 60 100 66 

Secondary 34 39 43 54 

2.1 
Primary 72 50 90 66 

Secondary 28 30 36 47 

2.5 
Primary 60 43 69 55 

Secondary 25 26 32 39 

3.2 
Primary 58 48 71 56 

Secondary 7 9 13 18 

3.8 
Primary 59 57 65 53 

Secondary 0 0 10 14 

4.4 
Primary 58 57 65 52 

Secondary 0 0 7 11 

4.8 
Primary 57 57 66 57 

Secondary 0 0 0 0 

 

 

 The extended endplate/column system with circular bolt configuration 

exhibited higher total prying forces for all the studied cases. The total prying exhibited 

from the system is the added contribution of primary prying (generated from the plate 
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deformation) and secondary prying forces (induced by the excessive column flange 

deformation). Endplate connections with circular bolt pattern associated with W24x76 

and W30x108 beams exhibited lower secondary prying forces (Table 2). On the other 

hand, endplate with rectangular bolt configuration exhibited lower primary prying 

forces when compared to its circular counterpart. More generally, as the column flange 

thickness increases, the secondary prying force decreases in both endplates with circular 

and rectangular bolt configurations.  

 

C. Bolt Force Variation 

 To further investigate the effectiveness of the circular bolt pattern, the bolt 

force history was investigated for extended endplate connections having circular and 

rectangular bolt configurations with tcf equal to 2.1, 2.5, 3.8 and 4.8 cm as shown in 

Figure 4. It can be seen that for all column/endplate system with circular bolt 

configurations, the far bolts (Bolts 4) are involved in carrying the load earlier and more 

effectively than Bolts 4 in rectangular bolt configurations. In connections with circular 

bolt pattern, the far bolts (Bolt 4) carry more load than the near bolts (Bolts 2 and 3), 

which are subject to higher bending moments in rectangular bolt configuration and carry 

more load than the other bolts (Bolt 1, 4). In rectangular bolt configuration, Bolts 3 and 

4 follow the same loading history, since their curves overlap. The two bolts are stiffened 

by the beam web; they are subject to equal deformations and stress distribution. In 

contrast, in connections with circular bolt configuration the force is equally spread 

across the bolts.  

 Furthermore, in connections with rectangular bolt configurations where tcf = 

4.8 cm, the unstiffened far bolt (Bolt 1) carries no force when the beam is loaded, while 
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in its counterpart connection with circular bolt configuration, all bolts are engaged. 

Hence in circular connection, the load is efficiently spread across the bolts, developing a 

more ductile behavior. Based on FE results, the near bolts, Set 2 (Figure 1(c)) are fully 

effective in connections with rectangular bolt configuration, while the four far bolts, 

Sets 1 and 3, achieve up to 80% of their tensile strength. The bolt force of the sixteen 

tension bolts was calculated as a percentage of their ultimate tensile strength. In the 

circular bolt pattern, the bolts are more effective and reach higher capacity than the 

bolts in the connection with rectangular bolt configurations.  

 Finally, in connections with rectangular and circular patterns Bolt 1 exhibited 

similar bolt force history in thin columns. However, the near bolts (Bolts 2 and 3) 

become more effective and reach their ultimate capacity with thicker columns (tcf = 4.8 

cm). 
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 Figure. 4. Bolt force history for extended endplate with rectangular and circular bolt 

configurations 
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CHAPTER V 

STRENGTH MODELS 

 

 The FE and experimental results are used to develop strength models to predict 

the capacity of extended endplate and column flange with circular and rectangular bolt 

configurations. Four possible failure modes are addressed: (1) formation of a plastic 

hinge at the K-zone followed by fracture of the interior tension bolts, (2) formation of a 

plastic hinge at the first bolt line followed by fracture of the interior tension bolt, (3) full 

plastification, and (4) pure tension bolt fracture. 

 

A. Strength Models for Circular Bolts Configuration  

1. Extended Endplate with Circular Bolt Configuration  

 Strength models for extended endplate connections with circular bolt 

configuration were not addressed in previous studies. The FE results show that extended 

endplate connection with circular bolt configuration exhibit high primary prying force, 

hence it is deemed necessary to quantify the endplate’s capacity. The endplate was 

modeled as strip beam element for the plate, and springs to model the bolts. The von 

Mises stress contours obtained from the FE analysis of the selected cases show that no 

full plastification of the extended endplate at the K-zone is developed. Thus, the 

problem is considered statically indeterminate and an additional relationship that relates 

the prying force to the applied load is needed to solve the problem. A partial yielding 

model for extended endplate connections with circular bolt configuration is needed to 

predict the endplate capacity.  
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 A detailed parametric study was performed to limit the range of endplate 

partial yielding. Geometric parameters that impact the plate yielding are found to be the 

radius of the concentric bolt pattern, r, and the thickness of the plate, tp. From the FE 

results, partial yielding developed in extended endplate with tp, ranging from 3 cm (1.2 

in.) to 4.3 cm (1.7 in.). A dimensionless ratio which involves the radius of the 

concentric bolts to the plate thickness ptr  has a major impact on the amount of 

yielding encountered in the plate. Five endplate FE models were analyzed and a linear 

relationship can be fitted to the FE results to obtain an analytical model for prediction of 

the primary prying force when partial yielding occurs followed by bolt fracture. The 

best fit linear equation obtained for 00.580.2  ptr  is: 

5424 















p

p

t

r

T

Q
                        (2) 

 Considering the bolt force equal to γBn, and by substituting B=Q+T in Eqn 2 

the capacity per bolt can be written as follows: 

46.024.0 















p

n

t

r

B
T


                         (3) 

 where γ is assumed to be equal to 0.8 to account for bending of the tension 

bolts and Bn (kN) is the nominal bolt tensile strength. Note that the bolts are not only 

subject to tension forces but are also subject to bending. The proposed strength model is 

validated against previous work performed by Kiamanesh et al. (2013) and predicts a 

capacity of 3,552 kN (800 kips) for W30x99 beam with ptr = 4.87. This is around 

4.7% difference when comparing with the FE results. Hence the proposed model 
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predicts with excellent agreement the capacity of the extended endplate with circular 

bolt configuration. 

2. Column Flange with Circular Bolt Configuration 

 The 8 tension bolts were divided into three Sets according to their behavior as 

shown in Figure 1(c). The proposed strength model consists of a spring representing the 

bolts and a beam element for the column flange as shown in Figure 5(a). 

 The FE models cover the range of column flange thicknesses varying from 1.9 

cm (0.75 in.) to 4.8 cm (1.89 in.). For thin column flanges where tcf is less than 2.54 cm 

(1 in.), flange mechanism occurs in Sets 1 and 3, and mixed mode failure occurs in Set 

2. However for thick column flanges, where tcf is greater than 2.54 cm (1 in.), mixed 

mode failure occurs in Sets 1, 2 and 3. Mixed mode failure develops in stiffer columns 

and the capacity is calculated as follows: 

nm

M

nm

nB
TT

pn








'                                     (4) 

and for flange mechanism: 

m

M
TT

p)1(
'


                                                             (5) 

 

where: 

p

d h 1                                                             (6) 

y

cf

p F
pt

M
4

2

                (7) 

 where, T (kN) is the applied force, Mp (kN.m) is the plastic moment, dh (cm) is 

the bolt hole diameter, p (cm) is the tributary width of a pair of tension bolts, Fy (MPa) 



23 

is the yield stress, m (cm) is the length of the column flange measured from the inside 

edge of the bolt to the location of occurrence of the plastic hinge at the K-zone, n (cm) 

is the length measured from the inside edge of the bolt line to the outside edge of the 

column flange, where contact with the endplate occurs as shown in Figure 5(a), and δ is 

the ratio of the net area at the center of the bolt line to the area of the beam flange. The 

bolt force is assumed to be applied at a distance 2/bd  from the bolt hole centerline 

(Kulak et al. (1987)). The tributary width per bolt, p, used in computing the plastic 

moment, Mp, is reflected by the vertical length of the column, Wc, that deflects when the 

load is applied. The deformed length varies with the column flange thickness; the 

thicker the column flange the smaller the deformation. Therefore, there is no average 

length that can be considered to compute Wc, thus a linear relationship between Wc and 

tcf is derived as: 

cmtW cfc 14219540                    (8) 

 A linear relationship is obtained from the best fit of the FE results for the 

studied cases. The tributary width, p, can be calculated as follows: 

)/(
83517

boltcm
n

W
p

b

c                         (9) 

 The proposed strength model predicts a capacity of 5,843 kN for W30x99 

beam associated with W14x194 thick column having a tcf equal to 3.65 cm (1.43 in.) 

studied in Kiamanesh et.al (2013). This is around 1% less than the reported results. The 

proposed strength model predicts with excellent agreement the capacity of the column 

flange with circular bolt configuration. 
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  Figure. 5. (a) End plate with circular bolt or column flange with circular and 

rectangular bolt configurations geometry, (b) endplate with rectangular bolt 

configuration geometry 
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B. Strength Models for Rectangular Bolt Configuration  

1. Extended Endplate with Rectangular Bolt Configuration  

 A strength model is developed to predict the primary prying capacity exhibited 

in the extended endplate with rectangular bolt configuration. Two vertical strips were 

modeled at the level of each flange as shown in Figure 5(b), accounting for the beam 

web stiffening effect. At failure of the connection, mixed mode occurs at the upper bolts 

lines (Figure 1(b)). However, at the lower bolts level, (Figure 1(b)), the beam web acts 

as a stiffener, hence the bending of the plate is negligible, and the plate separates 

completely from the column flange as shown in Figure 6. Therefore, the force 

developed at the lower bolts, T’, is equal to: 

8/' nb BnT                                                   (10) 

 where the reduction factor ( 75.0 ) is used to account for the beam web 

stiffening effect and nb is the number of the tension bolts. The strength associated with 

the upper bolts is derived from previous models available in the literature. For mixed 

mode failure at the upper bolts level (plastic hinge develops at the K-zone followed by 

interior bolt fracture):  
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 where, T (kN) is the applied forces, a (cm) is the length of the plate measured 

from the inside edge of the interior bolt to the location of occurrence of the plastic hinge 

at the K-zone, b (cm) is the gage distance between the tension bolts, and c (cm) is the 
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length measured from the inside edge of the exterior bolt line to the outside edge of the 

endplate as shown in Figure 5(b). The proposed strength model results, revealed a 

capacity of 5,931 kN and 5,514 kN for extended endplate with rectangular bolt 

configuration associated with W30x108 and W24x76 beams, respectively. This is 

around 1% and 8% more than the strength predicted by the FE results. For validation 

purposes, the proposed model is validated against FE simulations reported in 

Kiamanesh et al. (2013). The proposed model predicts a capacity of 3,383 kN. The 

percentage difference is around 3.5% when compared with results available in 

Kiamanesh et al. (2013), for the extended endplate (tp = 2.54 cm) associated with 

W30x99 beam. 

 

 

 

  Figure. 6. Deformation of the extended endplate with rectangular bolt configuration 
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2. Column Flange with Rectangular Bolt Configuration  

 The column flange is subdivided into 4 horizontal strips consisting of 2 bolts 

each as modeled in Figure 5(a). From the FE results, the governing failure modes are: 

(1) full plastification of the flange followed by bolt fracture, and (2) tension bolt 

fracture. Full flange plastification occurs when tcf varies between 1.9 cm (0.75 in.) to 3.2 

cm (1.25 in.) and tension bolt fracture occurs when tcf varies between 3.2 cm (1.25 in.) 

to 4.8 cm (1.89 in.), where complete plate separation occurs. The capacity for tension 

bolts fracture, when full separation occurs, can be calculated as 
nBTT  ' , and when 

full plastification occurs (plastic hinge develops at the K-zone followed by plastification 

of interior and exterior bolt lines): 

m

M
TT

p)1(
'


                                                 (14) 

 where p is calculated as per Eqn 9, m (cm) is the length of the column flange 

measured form the inside of the bolt to the location of the plastic hinge at the K-zone as 

shown in Figure 5(a). 

 The proposed strength model predicts a capacity of 5,260 kN for a W30x108 

beam connected to a W14x194 column which is 7% more when comparing with the FE 

results. In addition the model predicts a capacity of 5,336 kN (1,202 kips) for a 

W14x257 column connected to a W24x76 beam, which is 4 % more when comparing 

with the FE results. Hence, the proposed strength model predicts with reasonable 

agreement the capacity of the column flange associated with deep beams when 

compared with the FE results. 
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CHAPTER VI 

COLUMN FLANGE STRENGTH PREDICTION USING 

YIELD-LINE ANALYSIS  
 

 The yield-line theory was first introduced in 1962 and used in reinforced 

concrete slabs. Later on, the principles behind the theory have been applied in the 

analysis of steel plate yielding. A yield line is defined as the continuous formation of 

plastic hinges along a line. The plastic moment, Mp, at which the plastic hinges form 

remains relatively constant along the line as the deformations increase, thus forming a 

visible yield line. Since the plastic deformations at the yield lines are significantly larger 

than the elastic deformations in the regions between yield lines, it is supposed that these 

elastic regions behave as rigid plates. In yield line theory, failure occurs when the 

formation of yield lines in a plate form a collapse mechanism. This formation of yield 

lines is referred to as a yield line pattern. The yield line pattern divides the total plate 

into various solid regions. 

There are several guidelines that should be followed in order to establish the location of 

a yield line; 

 1. Axes of rotation generally lie along stiff lines of support. 

 2. Yield lines pass through the intersection of the axes of rotation of adjacent 

plate segments. 

 3. Along every yield line, the bending moment is assumed to be constant and is 

taken as the plastic moment of the plate mp. 

 4. Yield lines between adjacent rigid regions pass through the point of 

intersection of the axis of rotations of the two regions.  
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 In this section, a yield-line analysis is developed to predict the column flange 

yield strength with circular and rectangular bolt patterns. A governing yield-line 

mechanism is identified for each bolt configuration. The virtual work method is used to 

compute the energy dissipation of a given yield-line pattern. The virtual work method is 

based on the principle of conservation of energy. The external work We done by the 

applied loads from a unit virtual displacement is set equal to the internal work, Wi, done 

to accommodate these displacements as the flange rotates about the yield lines. Each 

unique yield line pattern will result in a different required plastic capacity for a known 

applied load. The pattern that requires the largest capacity (flange thickness) is the 

controlling pattern.  

The internal work stored in a particular yield line mechanism is the sum of the internal 

energy stored in each yield line forming the mechanism. The internal energy stored in 

any given yield line is obtained by multiplying the normal moment on the yield line 

with the normal rotation of the yield line.  

 

A. Circular Bolt Configuration  

 Based on yield-line theory discussed earlier and FE results, the governing 

yield-line pattern for column flange having circular bolt configuration is presented in 

Figure 7 (a). The internal work Wi can be computed as follows: 
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 Where bcf, s, l, pb, g2, g1, are geometric parameters defined in Figure 7 (a). The 

external work done by the system is equal to 1.ue FW  .where Fu is equal to the ultimate 

load at failure. The connection strength based on yielding of the column flange is found 
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by equating the external energy with the internal energy. The minimum required column 

flange thickness, tcf is computed as follows: 
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 where Fyc (MPa) is the yield stress of the column. According to Eqn 16, the 

required minimum column flange thickness for extended endplate associated with 

W30x108 beam connected to a W14x257 column is computed as cft 3.48 cm (1.37 in.). 

The distance s, can be calculated by differentiating the internal work with respect to s 

and equating to zero:
1

2

1
gbs cf                                                                  

 According to the AISC 358-10 (AISC 2010), the required minimum column 

flange thickness for the same connection is computed as cft 2.90 cm (1.14 in.). 

B. Rectangular Bolt Configuration  

According to the AISC 358-10, the governing yield line pattern which requires the 

highest yield capacity for the unstiffened column flange having a rectangular bolt holes 

pattern is shown in Figure 7 (b).  

According to the principle of conservation of energy, the connection strength based on 

yielding of the column flange is found by equating the external energy with the internal 

energy (Wi = We) resulting in the minimum required column flange thickness:  
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 where Fyc (MPa) is the yield stress of the column. According to Eqn 17, the 

required minimum column flange thickness for extended endplate associated with 
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W30x108 beam connected to a W14x257 column is computed as cft 2.92 cm (1.14 in.). 

The distance, s, is found by differentiating the internal work equation Wi with respect to 

s and setting the resulting equation equal to zero, giving: gbs cf 
2

1
.  
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  Figure. 7. Yield line mechanism for column flange with (a) circular bolt configuration, 

(b) rectangular bolt configuration 
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CHAPTER VII 

STIFFNESS MODELING 

 

 The experimental and FE results of extended endplate connections with 

circular and rectangular bolt configurations are used to develop a stiffness model. The 

model is based on multi-linear springs which model deformations of key component 

elements from tension bolt elongation, bending of the plate, column flange deformation 

including primary and secondary prying forces. Modeling the endplate is complex 

because all of these mechanisms interact with one another and hence simple strength 

checks cannot provide the necessary stiffness, ductility information required for seismic 

design. 

 

A. Bolt Stiffness Model  

 The bolt stiffness model proposed by Hantouche et al. (2013) is used to model 

the tension bolts throughout the loading history of the extended endplate. The bolt 

stiffness model is composed of four linear segments. The first segment models the bolt 

in the pretension step, the second segment models the bolt in the elastic range, the third 

segment models the bolt after first yielding has been reached and the fourth segment 

models the bolt in the plastic range. The elastic bolt stiffness Kb (kN/cm) is calculated as 

follows (Swanson (1999)) 
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 where, f is the stiffness correlation factor, Ab (cm
2
) is the nominal area of the 

bolt shank, Abe (cm
2
) is the effective area of the threads and Ls (cm) is the free shank 

length of the bolt. 

 

B. Extended Endplate/Column System with Circular Bolt Configuration 

1. Extended Endplate with Circular Bolt Configuration 

 The proposed stiffness model consists of the extended endplate associated with 

deep beams having an endplate thickness, tp, less than 3.00 cm (1.2 in.). From the FE 

results, full plastification develops at the upper bolt line (Figure 1(b)), followed by 

endplate separation at the lower bolts level at failure of the bolts. A decision tree 

showing different endplate limit states (Upper bolts strip) is shown in Figure 8(a). 
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Plastic hinge formation at K-zone

Full plate separation

  

  Figure 8. (a) Decision tree for extended endplate with circular bolt configuration and 

(b) Decision tree for extended endplate with rectangular bolt configuration 

(a) 
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At the upper bolts level shown in Figure 1(b), the stiffness model was developed in 

accordance to the far bolts geometry (Figure 5(a)). The subscript used in the stiffness 

coefficients reflects the state of the endplate and upper bolt. For instance, Kee,k is the 

stiffness of the endplate that is totally elastic, with the bolt in its k
th

 state. Kpe,k is the 

stiffness of the endplate when the plastic hinge has formed at the K-zone and the bolt 

line is still in its elastic range, Kpp,k is the final stiffness of the endplate when the bolt 

line and the K-zone are in their plastic state and full plastification occurs in the endplate. 

The stiffness was derived using direct stiffness method and is presented in the following 

equations accounting for shear deformation. Strain hardening which occurs after plastic 

hinge formation was modeled by a rotational spring with constants Kh1 and Kh2 

according to Douty (1964). The hinge depth was set equal to the thickness of the 

endplate. The mechanistic equations are developed below: 
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 where I (cm
4
) is the moment of inertia, G (kN/cm

2
) is the shear modulus of 

elasticity, Kb,k (kN/cm) is the bolt stiffness at the k
th

 step, βa, βb, Ω1, Ω 2, Ω 3 and Ω 4 are 

constants used in the calculation of the extended endplate stiffness and γee,k, γep,k are 

constants used in the calculation of Kee,k, m (cm) is the length of the endplate measured 

from the inside edge of the bolt line to the K-zone and n (cm) is the length of the 
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endplate measured from the inside edge of the bolt line to the outside edge of the 

endplate as shown in Figure 5(a). The stiffness K and prying gradient, Q, were derived 

to be used in an incremental solution technique. An engineer would start by determining 

the stiffness, Kij,k and the prying gradient Qij,k. An incremental displacement δΔ was 

generated and the incremental load δT and prying force δQ are calculated as shown 

below: 

  kijKT ,                                                    (38) 

  kijKQQ ,                                                         (39) 

Considering force equilibrium of the system, the force in the bolts, B, after pretension 

has been overcome can be calculated as the sum of the applied load T and the prying 

force Q. Moment equilibrium of the system yield the following incremental values for 

each displacement increment:  
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 When the prying is negative, the possibility of the endplate separating 

completely from the column flange must also be checked and the respective 

deformation of the flange is calculated as follows: 

kijQ

Q

,


                           (46) 

 Once the incremental forces and moments were calculated, Mk-zone , MB and B 

were updated, compared to their corresponding limits, the stiffness and prying gradient 

were updated according to the new endplate state. At the lower bolts level, where full 

separation occurs the total bolt tensile force is calculated as BT ' , and added to the 

upper bolts force, T, at every incremental step. The moment limits are simply the plastic 

moment at the K-zone MpK-zone and the bolt line MpB: 
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 The incremental process is applied in an iterative process. Figures 9(a) and 

9(b) show a comparison of the proposed endplate stiffness model versus FE results for 

extended endplate connections having circular bolt configuration associated with 

W30x108 and W 24x76 beams (where tp= 2.5 cm). The proposed stiffness model 

predicts with excellent agreement the initial stiffness, onset of yielding, strength and 

deformation when compared with the FE results.  

 

 

       

  Figure. 9. Comparison of the FE results with the proposed extended endplate with 

circular bolt configuration stiffness model associated with (a) W30x108 and (b) 

W24x76 beams 
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2. Column Flange with Circular Bolt Configuration 

 A stiffness model was developed to predict the response of the column flange 

having circular bolt configuration. As discussed earlier, the bolts were divided into three 

Sets (Figure 1(c)). The proposed stiffness model, of each bolt strip, consists of two bolts 

characterized by a spring and a beam element for the column flange in the transversal 

direction as shown in Figure 5(a). The total response of the column flange is obtained 

by assembling the contribution from each Set at common incremental loads. The force 

and displacement were calculated according to the iterative procedure discussed in the 

section 10.2.1, where tcf (cm) is equal to the column flange thickness (tcf is considered 

instead of tp), m (cm) the length the column flange measured from the inside edge of the 

bolt line to the location of the K-zone and n (cm), the length of the column flange 

measured from the inside edge of the bolt line to the point where contact occurs 

between the column flange and the endplate. The tributary width per bolt, p, was 

calculated as per Eqn 9.  

 A linear interpolation is used to make sure that all the points from every Set’s 

stiffness model are included in the total column flange force-deformation curve. A 

comparison of the force-deformation curve obtained from the proposed model and FE 

results for column flange having tcf = 3.2 cm (1.25 in.) with circular bolt configuration is 

shown in Figure 10. The proposed stiffness model predicts the force deformation 

response of the column flange with excellent agreement when compared with FE 

results. 
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  Figure. 10. Column flange stiffness model having circular bolt configuration 

associated with W30x108 beam connected to a W14x159 column (tcf=3.2 cm) 

 

 

C. Extended Endplate/Column System with Rectangular Bolt Configuration 

1. Extended Endplate with Rectangular Bolt Configuration  

 The extended endplate full response is modeled analytically on the basis of a 

beam representation for the endplate, a multi-linear spring for the bolts, accounting for 

the contact phenomenon (primary prying) that occurs between the endplate and the 

column flange assumed rigid and the beam web stiffening effect as shown in Figure 

5(b). The primary prying force at the tip of the plate was simulated using pin supports. 

 According to the detailed FE modeling performed as part of this study, at 

failure, plastification of the extended endplate occurred at the K-zone followed by 

interior bolt fracture at the level of the upper bolts (Figure 1(b));. Whereas, at the lower 

bolts level, the beam web stiffens the endplate which separates from the column flange 

(Figure 6). Hence the lower bolts are subject to pure tensile force. Figure 8(b) shows the 
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loaded by applying a vertical force T at point A (K-zone) as shown in Figure 5(b). The 

change of the reaction load at point C at every load increment is the prying gradient ΔQ, 

and the reaction load at failure of the bolts is the primary prying force Q. The ratio of 

the applied force, T, at point A (K-zone) to the displacement, Δ, of point A (K-zone) is 

the stiffness K of the endplate. The subscript used in the stiffness term reflects the plate 

limit state at the K-zone and upper bolts line, and the limit state of the upper bolts. 

 For instance Keee,kk (Figure 8(b)), represents the stiffness of the endplate when 

it is in the elastic range, and the upper bolts are in their k
th

 stiffness range. Whereas the 

term Kpee,kk, represents the stiffness of the endplate when plastification occurred at the 

K-zone and the upper bolts are in their k
th

 stiffness step. The procedure was applied in 

an incremental computer automated iterative solution to simulate the mechanical 

response for mixed mode failure of the upper bolts. The change in the interior and the 

exterior upper bolts force ΔBint and ΔBext, the change in the moment at the K-zone, ΔMK-

zone and the prying gradient, ΔQ, were generated within the software for different 

endplate limit states:  
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 Where ΔT (kN) is the change in the applied load, a (cm) is the length of the 

plate measured from the inside edge of the interior bolt to the location of occurrence of 

the plastic hinge at the K-zone of the column flange, b (cm) is the gage distance 

between the tension bolts, c (cm) is the length of the plate measured from the inside 
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edge of the exterior bolt line to the outside edge of the extended endplate, γ1, γ2, γ3, γ4, 

γ5, γ6, γ7, γ8, γ9, γ10, γ11, γ12, γ13, γ14, γ15 and γ16 are constants used in the calculation of the 

endplate stiffness, A (cm
2
) is the cross sectional area, fs is the shape factor used in 

computing the shear deformations, Kb1,k (kN/cm) represents the stiffness of the interior 

bolt in the k
th

 step, and Kb2,k (kN/cm) represents the stiffness of the exterior bolt in the 

k
th

 step.  

 The stiffness terms were derived to be applied in an incremental computer 

automated iterative solution. At the beginning the elastic stiffness of the flange Keee,11 is 

calculated from structural analysis methods. Next, several checks need to be made to 

determine which limit state will be reached first. The possible limit states are: (1) full 

plastification of the K-zone, (2) yielding of the interior bolt. Then, the prying gradient, 

the moment at the K-zone and the forces in the interior and exterior bolts corresponding 

to the current load step are computed. Finally, incremental displacement corresponding 

to the current load step is calculated, and the new stiffness is determined and the process 

is repeated again until the interior bolt force reaches Bfracture. After obtaining the load 

response for mixed mode failure of the upper bolts strength model, the bolt tensile force 

T’ exhibited at the lower bolts level, was added to the total load at every step. At every 

incremental deformation Δ (cm), the bolt force is calculated as )(,  kbKB , where Kb,k 

is the corresponding bolt stiffness and 8/' BnT b . 

 Figures 11(a) and 11 (b) show a comparison of the proposed stiffness model 

versus the FE results for endplate connection associated with W30x108 and W24x76 

beams. The proposed stiffness model predicts with excellent agreement the initial 

stiffness, onset of yielding, strength and deformation when compared with the FE 

results. 
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  Figure. 11. Comparison of the FE results with the proposed extended endplate with 

rectangular bolt configuration stiffness model associated with (a) W 30x108 beam and 

(b) W24x76 beam 
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stiffness, onset of yielding, strength and deformation when compared with the FE 

results. 

 

 

       

 

  Figure. 12. Comparison of the FE results with the proposed column flange with 

rectangular bolt configuration stiffness model associated with W30x108 beam having: 

(a) tcf= 1.9 cm, (b) tcf=2.2 cm and (c) tcf=2.5 cm 
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CHAPTER VIII 

TOTAL ASSEMBLY  

 After each of the different deformation mechanisms for the extended endplate 

and the column flange has been computed, the total force force-deformation curve of the 

connection is obtained by assembling the contribution from individual components at 

common incremental loads. Linear interpolation is used to make sure that all the load 

points from all the component stiffness models are included in the total force-

deformation curve. Figure 13 shows a comparison of the total force-deformation curve 

obtained from the stiffness model and FE results for (a) extended endplate connection 

with circular bolt configuration associated to W24x76 beam connected to a W14x159 

column, and (b) extended endplate connection with rectangular bolt configuration 

associated to W30x108 beam connected to a W14x82. The proposed stiffness model 

predicts the force-deformation response of the extended endplate/column flange system 

with excellent agreement when compared to the FE results.  
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  Figure. 13. (a) Total extended endplate connection with circular bolt configuration 

deformation associated with W24x76 beam including column flange deformation,(b) 

Total endplate connection with rectangular bolt configuration deformation associated 

with W30x108 beam including column flange deformation 
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CHAPTER IX 

SUMMARY AND CONCLUSIONS 

 When designing extended endplate connections associated with deep girders, it 

is necessary to identify and analyze all the yielding mechanisms and failure modes. In 

this research, a detailed design procedure is proposed for extended endplate with 

circular bolt configuration associated with deep girders. A 3D nonlinear FE model was 

developed. A parametric study was conducted on 32 connections to investigate the 

effect of the circular bolt configuration on the prying phenomenon and bolt-force 

distribution. The prying force was quantified and analyzed based on FE results, 

validated with experimental results available in the literature. Extended endplate with 

circular bolt configuration exhibited larger prying forces when compared to its 

rectangular counterpart. Adopting a circular bolt configuration provides more overall 

ductile behavior. Strength and stiffness models that predict the deformation and capacity 

of the extended endplate/column flange system with circular and rectangular bolt 

configurations were developed. The proposed models show excellent agreement when 

comparing with FE and experimental results. Yield line theory was used to quantify the 

minimum column flange thickness requirement for the column with circular bolts 

pattern. One of the main advantages of the proposed models is that, in addition to its 

accuracy, it requires much less computational effort than that required using FE 

analysis, and can be used as well in more advanced modeling applications for seismic 

analysis and design. This study provides engineers guidelines to design extended 

endplate connections with circular bolt configuration. 
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