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Papkoviteh funetions approach is a new method of solution of
the three~dimensional problems ¢f a concentrated forece at an interior
point of a homogeneous isotropic body. In this thesis the body
under consideration is the quarter-space.

The boundary conditions ef mixed conditions of zero normal
displacement and zero shearing stresses on one plane and either
zerc displacements or zerc stresses on the other, interpreted in
terms of displacements ang stresses, can be expressed in terms of
Papkoviteh functions.

The use of Green's Analysis makes possible evaluating the
Papkovitch functions of the problem_if a sufficient number of
‘expressions, in Papkoviteh functions, derived from the boundary
conditions, ean be found such that they are characterized by
having vanishing values on the boundaries and known Laplacians
throughout the region,

The determination of Papkoviteh functions leads, after
direct computations, to the determination of stresses and

displacements and hence to the complete solution of the problem,
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NOTATION

Papkovitch vector functione

Components of Papkovitch vector funcfion,
Limiting position of source point, Qy, and point
of applicatien of Concentrated force.

Limiting positlons of image points, Q», Qgy Q5
respectively,

Body force wector,

Compenents of body force vector,

Green's function,

Green's function for the quarter space,
Arbitrary peint of whole region,

Concentrated foree vector,

Components of Concentrated forece vector,
Arbitrary point of region T,

Source point in region T,

Tmage points,

Distance between P and Q.

Distances between P and Q1s Qo Qj, QA respectively,
Distances between P and C, Cz; CB’ C4 respectively,
Pogition vector,

Region outside of which body forces vanish,
Displacement wector.

Components of displacement vector,

qlﬁ
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Xy Vs 2t €srtesian Coordinates of P,
F Fourth Papkovitch functione
Y Modulus of rigidity.
v Poisson's ratioe
‘ l}J(P,Q): | Harmonie funetion in Coordinates of P,
T Oy Tz Normal Components of stress.
T xys Cyzs Tgx? Shearing Components of gtress.
? : ?, % Cartesian Coordinates of Q.
v yder B g
X )y R
A 2 + = -?2- .



Fig. 1t The Quarter-space



CHAPTER I

INTRODUCTION

1, Historical Sketch:

P,E, Papkoviteh (A)a has developed a new solution of the
three~dimensional elasticity equations for a homogeneous, isotropic
solid in terms of harmoniec functions., In 1953, R.D, Mindlin (9) showed
how the solution of three-~dimensional concentrated force problems
may be obtained by an analysis applying Potential theory, The
method of atlack of concentrated force problems using Papkovitech
functions approach has proved to be quite effective since
Lord Kelvin's solution of the fundamental problem of a concen=
trated force acting at a point in a solid of indefinite extent
in 211 directions,

The advantage of the Papkovitch functions approach is that
it is a rigourous method that uses Greents analysis, where guessing
as an essential procedure in solving problems, such as in the nuclei
of strain appreach, may be avoided,

In 1955, i.'Rongved (5) derived the solution for a concentrated
force in the interier of 3 semi-infinite solid with a fixed plane boune
dary, and in 1956, W. Hijab (2) solved the mixed boundary=value

problem of the half-gpace using again Papkovitch function approach,

(2) Numbers in paranthesis refer to References at the end of the
Thesgis,

GIZH



2. Problem of the Thesis:

This thesis aims to apply the method of Papkovitch functions
approach to the solution of two problems of quarter-space:

1) Determination of displacements and stresses caused by a
concentrated force acting at a point in the interior of a homogeneous
isotropic quarter-space bounded by the planes x = Cy, z 2 0; where
on z = C we have mixed boundary conditions of zero normsl displacement
and zero shearing stresses, and x = 0 is a fixed plane boundary,

2) The same problem except that the plane x = O is free from

EtTﬂSSﬁ

3. The Helmholtz Transformation:

—
Tt was shown by Helmholtz (6) that if F is a vector point-
function which, along with its derivatives, is uniform, finite and
continuous, and vanishes at infinity or outside a finite region,

then it can be expressed as the sum of two other functions in the

form:

e E ATy -
Fwgrad § + curl H

—=

—
7, H are point functions, sueh that giv Ha 03
| | B
potential function; H is a vector potential functione.

@ is a scalar

]

In particular the displacement vector U ean be expressed in

the form

‘-., .
zgr&dg-"' mrlH ﬁiiiit!t-l-t--qu;-. (1)

%
?, H have the presecribed properties,



Lo Equilibrium Equatien:

The vector form of the equilibrium equation 1s:

—_—

F

-
gl‘aa diVUE“ — P EE R R

1-2V /

Bt )

—
Aot
.

where & is lLaplace's operator; YV is poigson's ratioj F is the

veector body force per unit of volume; /‘ is the modulus of rigidity.

If in (1), and (2) we write

-V
igl 2_‘%—— , we get:

: -

A [«. gl‘&d g + curl H 2 - E" tn¢¢|-¢¢-..-----n--ﬂ-c(3}

/

5, The Galerkin Vector:

-#
Sinee H 1s solenoidal, then it can be represented in the form:

—> -
H:-curl L e 008e0ssers0e8080es0s0R000 (4)

~> \
The functions ¢, H are independent, therefore we can write

F .
g."—'-’ :(' dlvw.-tou----t:qnqiot--.t----l--(5)

Substituting equations (4) and (5) in (3), we get:

—= — —
VA I'grad div W = cur curl W4 = =E

A

Using the identity:
earl-curkegrad div = £\ , we obtain

AAE e a . e

/k

Substituting eguations (4) and (5) in (1) and emploYing the given

identity, we get
—= = —
T = A?!T = 1— gl‘ad div W --n-n.---.n-a--ﬂqnan(?‘)
2(1 =7 )
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e —
The vector W 1is identical with the Galeskin veector F in

—> —3

the form given by Papkovitch, where the relation between W, F is

given bys
—> 1 B
W = F

/M

6, The Papkoviteh Functions:

The quantity in Parentheses in equation (3) represents a
—
vector funetion, say B , Hence
— * —
B = 6< grad g + curl H lﬂ'lll#lt"ii.ﬁ.ll!..ﬂ.!i!i.itnﬁ.(g)

and therefore we haves

B
ding KA gtilid.t.iiitlii-iiﬂiﬁii'.ﬁ(c/:l)

The complete solution of equation (9) may be written as:

4T L B S G

e,
where r 1is the position vector of a field point referred to the

origin and
—

= _af
A B - 7 gul-u---u----ar.---fayp---.g.........(11)

Hence /5 which is a scalar function should satisfy the equation:

- —

A/a :ﬂr.A B ....---n--.----uu.;---nuﬁﬁ--(12)

by taking the Laplacian of both sides of equation (10), and observing

equation (9),

Making use of equation (11), equation (12) is reduced to:

_;-—-‘

A/B = !‘./.t‘_E ®s0s0c00rcscsrtsnsscccrcansnseal(l]l)
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Equations (1), (8), and (10) yield the expression for the displacement

-—
vector U:

- > - =
U: B = ¢ 1— grad (I" o B ‘f‘ﬁ ) a---n--..a.(14)
4(1 =)
N
The funetion B andi/g that satisfy equations (ll)p (13)

and producérthe displacements according to equation (14), are

the Papkovitch functions.

7s Displacements in tefms of Papkoviteh functiens:

-

The vector equation (14) can be written in the non-vectorial

forme

e *[(3-40)5 e o 9/8]
S o Ake e o

= b4 _ﬁ_DBHDB-DBHDﬂJ .
y 4(1 ,..'17)_[(3 el X"fj'x Vel =2 L2 L

J
et oy, - Py P 0nl DA Ty
4(1-V )

8. Stresses in Terms of Displacement Components:
In case of an isotropic body, the stress components are given

in terms of the components of strain by means of the following

eqﬁatians:
20 /! = Ju
G—" - div 15} "r 2 X ©9 080000800000 s000s08000 18)
% 1 « 2V ‘/ﬂ D x _ (
- di
G__-F 1‘ 2? v U + 2/‘ 3—-? ﬁ.llilil-it!t.!i'.li.iﬂ.(lgj
2%/ i Ju
: diVU + 2 S ﬁ'.i.ii.iilﬂ!l-iiil...‘.
- Vo 5 - (20)
txy: /A foy‘ .,....---..-a.-.u..-.-.-..-............g.g.(zl)
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ﬁ/' Xyz A I R D s e D

E"zx :/ sz ---u--n-l-n--c-.---n..---a--- (23}

where

%935 . _QDEE: :)DUZ > fxy’ J’YZ, rzx are the components
X y Z *
of strain, with

R NN RN N NN RNy (22}}

? 7
Brxy Uﬁ U

< P sz
du, I, | -
- 20 090 H O8O0 08008 o000 B8e e 5)
Vo * 5%t

Xﬂﬂ% gU S5 0 eibuia/sieh v vg ke s e v X 20)

'Dy

Therefore, the stress components can be expressed in terms of

the displacement components:

DU ~ ’;U ?U gU
G—x - /q[ X 1 . zv ( + _7_2.1......::_ 2000 (27}

Bl ~) o8 Pv- om 1
?4-7_§+ = 25 D_X TZ ‘f'—j— siioe LRD)

B | ) ) JU ;)U
T, = 2/“1, %Ui*“l =" Ux e T-:—)J i

.
i

'C._Xy =f( 121) T RIS S shecevsessns (20)
?
C. Uy ccesscercsscstccencssasacsans (31)
'3
E /‘( L 3 ~=2) eoecoretntaioniienniiieiianaes (32)

9, Definition of Cr reents Function:

Let (' be a harmonic point function within a certain region

bounded by S, and having at a point of the boundéry the value <&
r

b ]
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where r 1s the distance measured from a point Q(? s Z ,@ within

the region, Then the funetions

- @

o)
i
4 [t

vanishes at all points of the boundary, and satisfies Laplace!s
equation throughout the enclosed space, except at the point
of ? ,fz ,?%), where it becomes infinite, This funetion G is

called Green's function for the given region, with pale at

ol ,72.,9.

10, Green's function for the Quarter=-space:

For the Quarter-space x 20, z ) 0, Green's function is

- 5 s L .
a ry Ty r3 r4
where

1
ry = PQy = _!:(X "?)24’ (y “2)24- (2 ‘5)2:} £
[(x - e fy =237, (z+g)2]%

H
D
] ]
e,
&L
o
i

il

pqﬂ_[&»,ph(y-z)2+(z~g>2r

il

r, PQ4=X_(X+?)2+ {3“2)2.1-(3 +S)2J%

where

(3, 75 2) 1s the source point, Q,( f ,’2 » =& ),
*’353(-? . 2 ,% QA(- ; ,Z . ng) are the image points, P(x,y,z)

is a variable point in the region, Since

L}/) !_'_'!'--"'.l_. = ..].:.-..
Ta r3 =1



o 1] e

We can easily verify that (f is harmonic throughout the region
in the coordinates of P and that Gq is mero when P os on the
boundary since ry = Tpy T3 2T, On Ecw O, and vy = r3y, o = Ty

onx O,

11, Green's Formula:

If V is a funetion which iswecontinuous along with its deriva-
tive in any direction, then its value at a point P in a region W,
denoted by V,, is given in terms of its values at the boundary of the
region W, and the value of A V throughout the region, on condition
we know the Green's function for the region., Hence V. is determined

P

by means of the formula

- Aijp = lv-‘g—g de -+ {G‘ AV ac e 2400000084800 00 (33)

whera %;% 1s the derivative of (¢ in the direetion ;f the unit
normal vector to the boundary.
| This formula is known as Green's formula,
In particular if the boundary values of V are zero, then

the first integral in (33} is zero, and we have:

l_ =
Vem 47_’_ (W G AV dc CODHS 000 0B L0 s e B (34—)

12, ¥ethod of Solution:

e
The concentrated force P 1is considered to met at the point

Cy(a, 0, ¢). This force, by Kelvin's definition, is the limit of
~
the integral m FAdCT as T->0, where T is a closed region
ithin i EY
" n the solid bedy surrounding the point Cl(a,O,c), and F(Fx’Fy!Fz)

is the vector of body forces digtributed in T such that—§.g 0
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outgide T and within the body. Hence we have:

) S
111'!1 Fdrﬂ P PO0O9 3 PIDDIE0CIRBBDIDSEDBDO (35)
T™>0 /7T

Tt was shown in seetion (7) that the displacement vector can
be expressed in terms of the Papkoviteh funections, and in section (8)
stresses were determined in terms of the displacements, hence any
boundary conditions whether of the stress or displacement type can
- be expressed in terms of Papkoviteh funetions.

Suppose we could find in general differential expressions in
terms of Papkoviteh functions that vanish on the boundaries and
have known Laplacian throughout the region, then these expressions
can be known at every point of the region by applying Green's formula,

Thus if g sufficienﬁ number of such expression is determined and
from which we can derive the Papkoviteh functions that satisfy the
preseribed boundary conditions, then the problem is considered to be
salﬁed.

At the point Cl(a,o,c}, point of application of the concentrstad
forece, Green's funection Gq becomes infinite, and Green's formula ean't
be applied at this point whiech is considered to be a singular point,
Therefore, we exclude this point from the body under consideration.
Hence at 211 pointSthe Laplacians of the Papkoviteh functions vanish,
and the stresses can, therefore, have a simple form in terms of
Papkoviteh functions. From equation (14}, and equations (27 = 32)

we get by substitutiong

4 3 ) o 2% PE:
G-— - 2(1 “'g Bx - Bl = . - o Z
x ) —7}—{ X -—-l—-ﬂ = i/ —ﬁ,; —&2’) =

B
- QZ)J TR T R

.
B

. 2(1 "7"1 L
- %225-%"0(:>

ok
S



v y
g )) @ess0sedB0B e Doosososoeens (37}
Sy D L
_.._,.%5 ORGSR
O 7 Q 22””- Q 32
IB,
5 e R e b e (38)
Day) e Th
P, il o™ /Yy : ym}’
....................... o (39)



Part T

One Plane Fixed And Zero Normal Displacement

And Zero Shearing Stresse on The Other

CHAPTER IT

FORCE NORMAL TO FIXED PLANE

1, Boundary Conditions in Terms of Papkovitch Functions:

The solid body under consideration is the guarter=space,
x 2 0, 22 0 with the excluslon of the point (a,0,c), point of
application of the concentrated force, (Fig., 1),

The boundary conditions of the problem are:

Mixed Conditions on z = 0, i,e.
U, =0
E?;x =0 on z = O
?:zy':O
The plane x = 0 is a fixed plape boundary, i.e,
Ui = 0
Uy -0 on X = O
U, =20

el A
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These boundary conditions can be stated in terms of

Papkoviteh functions:

(3-” Z,,’V) BZ - (;32 ( XBx-f"‘yBy‘f'ﬂ) 80 i aasiiiishsbss et (1}

7
(1 - 2V) (%%4'%%5) - x*,;oziﬁg— - y;gi;"x -22/;}{ 20 ..0. (3)
(3-4V) B_ - %(y By + 2 BZ+/~7 1 80 ciiiiiaininsinies 14)

B, - 4(12.9) .g_; (y By + 2 B,4/2) 20 corerannannnnnnns (5) .

- 1 — 9
X ) s

(7 By +2B;+ ) 20 cevvnccnocecances (6)

it

2s Determination of Papkoviteh Functions:
Since the concentrated force is taken to be parallel to the
x-axis, then the distribution of body foreces in the region is given

by the follewing formulas:

%—jfoﬁf P .42 o P, Inx20, 520
F,. 20 in x 2 0, z 20
¥, g 0 Inx20, =320
Let
Bng IR x 20, 520 iciaeel?
B, = 0 In k20, & 20 .. ceien 18

and see if 1t is possible to determine the other Papkoviteh funections.
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By substitution in eguations (1 = 6), we get

e
AR

%8, Q2ﬂ L aptia)

I ™ — T T EE YRR E R N NN A )
Dsz o

(‘.3 i AQ) BX“ Oﬂg 0 UI'!O!.iﬁl'ﬂl.#lill.#'lli'l'!i(12)
P x |
2—6—:0 s e e e e BPeoe s e PRPOeeasr e 0 j.“.(lB)
2
_‘D___E_ﬂo 28 B ®e o0 e 80 .lninn;ll.-ttlui---.(lA)
P

Equations (9 = 14) are satisfied if we let

o’ =0

Z

on X = O, Z = 0 ..;-.-mncntitat(l5)

2
(3 - Aﬂ?\ G>BX - :D /gb " 0 Oon X = O 2 = 0 --.-----t--t-ot(lé)
e DEx.

Applying Green's formula to 'Tff?’ we get:
Z

2
C T A W 5o (1m0 ac

G
f'rG _?i_(iFy?dfﬁf% {F‘idbu[iF
S meoray o fqr 2Lk - L

2_[1_-.1___1_+L]= et e Lal_]

fTE Tl rn r3 r4

® 86 200 D000 Be o RHIRR (ll)

on x = 0O

on 2z =2 0
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Thﬁs

J qi(ﬁ')dc f}’FX:_[.__.-:-__rw%Z dc

Sinece both Gq

into consideration that lim -I’ Fx ac g_PX, we find that:
M0 JT

D )
1imf G —(?Fx) & = a P, .2. _}_-___4..3:._ e
>0 /7T ¢ 9% Y | Rl Ro Ha BR)

» F, vanish on the boundaries., Hence; by taking

Since as T —> 0 , then

% s — e e e
g; ATf'/IA ﬁi_ Rl R2 RB RA
Thus,
ﬁ : ﬂaPX L!}' -]:—""l—"'-];-u O® 9 e b5 080 de ® s 8B HEBRSD (17)
ZI-F/"LR]_ Ro Rj R4

The arbitrary fiinctions introduced by the above integration,

which are functions of x and y, must vanish, since the Papkeviteh

functions vanish as 2z—» 0.

2
Also, applying Green's formula to (3 = 4V ) 5253 - EE_ZEL .
Pz 2Dzdx

we get

2
(3 - 40).?;53 /3 - 1im 2= L7V j G QF_ d T+ lim : B

v oRox 9N 47"/“ 1 0% Ta0 4T

Dz(fﬁ'x) s
J s
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‘ F) . 2 T '_;’_E_;___,l T 23 ]df;"
“ﬁ}q 9 %TTL dZ d%.'- it % ? s | I‘2+I‘3 rs

i ‘ e T r T
q 9? D,S L9 g dxal Ty 2 3 4
Since both F, and Gq vanish on the boundaries, and
2 l—. - l'._ - .]_‘.. - 1 — R 9—. = ...... o -]:..-.. °
9 ? ry o '1"3 I‘A T‘l 7‘2 1‘3 I“A

Also by. integrating by parts, we get:

22037 .o f ? l' o, . ﬁ e
jTGq prgd v Fxgx(ilu;_.;.l_..}_) e

9% B - Fa Ea Wy
:jfiF 9~ (1 -t-]-'- —--—--- d d?f F .}-14.1 i i
X9x 5 | r2 + ; X 'ngx I‘l r's I‘3 I‘A &

Hence,

DT 7)) )2
1 ' =2 - . 1 l‘-— .1'...
%—rg fTGq Df DZ AT= a Py 9293(91 +R2+ R3+ 3
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j %
Similarly for T Gq-a;z; , We have
£ g c
C = (G Fld & ¥
v, 96 27?5

— o e

Integrating with respqct to 2z, we get

el 3 4 P, e e oy L 3
(3 = 49) By = }?-I' — — - ----—-)+'& D —— g e
?x ATT b’\ Rl Rz R3 4'”'/‘9- Rl R2 R3 RZ,,
From equation €17) we get by substitution:
. e
(3 » 4V) B, :’;)_ -'an (___+__ 1 )} (3 A"D) ( +1 il )

apx:) | 1)

+ AT"/‘ Sx (= + 5= + =

The arbitrary functions introduced by the above integration,

which are functions of x and Y, must be equal to zero, sinece the



Papkovitch funetion for this problem must vanish as z— 0, hence

the appropriate Papkoviteh functions for this problem are:

e | _
B, = __lg::uhﬁizx .jgi glu + .l .ly+ 2_:£§7Pk(l_+ul_ ol ol )
T34 4Tp Px Ry Ry Ry Ry ATM YRy Ry Ry Ry

or

B,}T':O DODOOOR A D s O00DORDRseB0senDe s Rgep e (19)

Bz : 0 8 Pe000OBRPORoedee D00 Pe s RosBOeOORe B (20}
P rnl 1 1 1

o :E-‘-‘E —'ﬂ'}'*—'”“ﬂ“—— POBISEODLOODODO0DSS O DESODR (21)
AT | Ry Rz Ry Ry

3. Verifiecations

We can easily verify that the Papkoviteh functions (18 - 21)
satisfy the boundaty conditions;

First we note that
on X = 0O

(3 = 4V)B; = —,—2—-?: 0 since

Vs £ 9 ¥ ¥ 9 3wl V) 2 S
(o)) - b o2 = 24 = )4 Py=—+

-aly (x-a X#g X7 & X3a
= 2 (— ¥ ¥ +
AT R}  RJ R33 R, it



w 2] -
- the second side vanishes on x g2 O, since on x & 0, we have

Also, for the same reason /4) « 0 on x = 0, which implies

that -o-éuoﬂ 0 en x=20

on z = O

D)
cd
bd

0 since

:’Li’ J

o 1 =38P, ((‘x~a)(zwc}+_(x~a) (z+e) “_(xm) (z-c) “(x+a.}(z+c))
3*4- 477“ ng 325 335 RAS

!.£3ﬂ433) (z~c ZYC  Z*C T30

SR e u__....j+

A-Tym e R,

_gx-aﬁ (z-c) 4 (x=a) (z+c) + (x+a} (z-c) (x+a'1 (z-l-c) ))]

417M Ry” Ry7
The right hand side vanishes on z = 0 becsuse on z = 0 Rq = Ro,
R3 = RA. This implies that -D?.;%E.Z. = ?..5.2:_352-3- = O on g e 0.
Finally,

E =
l>!f _ ak Z=C Z4C Z=C Z4C
s LB | ——F — = o= S « 0 on z =0,

AT :D%/S
This implies that &!”/g = = 0 o
Yo% DxJz e

Now as the plane x = 0 recedes to infinity, then.ln,
R3

P s
I~

tend to zero, and eguations (18 = 21) are reduced after

replacing a by zero to:



“ 22 -

By 2 il ...... + L)
BZ:G

These functions coincide with Papkgvifch functions for halfe
space given by W, Hijab (2} (foree parallel to the plane}, As the
plane z = 0 recedes to infinity, then %5 5 ”
we get from equations (18~°11 after replacing C by zero:

tend to zero, and

WIH

P 1 1 aPy :) T
By = (3= - 32) + 5 3% ~— (=)
: AT"/‘ R 27 (3-*417;/‘ Px R,
B}r: 0
B, 20

s s B3
Anfl Ry RB

These finetions coincide with the Papkovitch funections given

by L. Rongved (5) for half space (force normal to the plane boundary)



CHAPTER IIT

FORCE PﬁR& LLEL TO BOTH PLANES

1, Determination of Papkoviteh Functions:

The boundary conditions for this case are identical with

those given in chapter IT,

to pass through the point (a,0,¢) but is parsllel to the yeaxis,

henee the distribution of body forces in the region is given by

the formulas:

Let B, «0C

inx20, 220

inx 20, z20.

From equations (1 = 6) we get by substitution:

7,
Dz

1)2

: - 2% _ﬁ,-
( 2?9),:>z y :r§:§;
2 2
(lﬂzﬂ’DBX_x?B yQB
Dz ?3Dx Dzox

- 23 w

(XB +yBy ﬁ) -O l'iiﬂii-lbniﬁt-o-ﬁ---iiituta’lt- (22‘}

/@

et
e

Oz Dx

@ il

O v nmnie im0

The concentrated force is taken again

on

on

&

i1

11



(3 - 4 )Bx i g}(y Byﬁ'}/’? } = 0 eeescssaconcscsnce (25)

§

i 9
y© TETY 550 By4F) 20 eeiiiiciiiiianinl (26) onx 20

2-.- (YBy-fﬁ ) :0 06 RCss8G0scs0r00csnBssc0nD (27)

——9—-15 = O on X = O’ Z = O Ceeaoboe (28)
f
;j.; l: 0 n n S, &0 e @ % (29}
(3 = 4V)B, = -?-» (y B Y » O 0
/ Py /D}f y y-a’../? s on X = Pecegscecoe e (30)

[ e £ =
72 WP mo s 97z 0

by integrating by parts and observing that Gq, Fy vanish on the

boundaries, hence

")B 1 b e i s
Dz A‘TF/ >0 JT T Oz (1‘1 g T3 T2
. TR T
Dz )

7 TRl i vl

B, = _Ifz_ (l..}}_--l_- 1._]
: ATJu By R R; R,

tlﬁﬂﬂ!-ttilﬂniil.|¢..o.- (31)
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Q/: , Wwe get:

Also, applying Green's formula to e

OF <1 f O(Z’F)_dz_
ﬁ“fﬁ}%ig TG g

_ YR
g__/“_m,__ﬂ_.. . 1imfZFy.?_Eﬂd?:0
2 7 1»7'5/' T»0 47T Q% '

since ?-—-# O as T—=> 0, hence

Thus
X~ 3ehv. 9x|AWF By By By B,

The last equation can be written in the form:

P y y =aPy P 1
By = - ) - 9 -+ =) enx e @
*F Thp DT (R33 = R 2R3 .;/_4»») “y B, I,

f-ﬁ

if we let

~aP P e %
= 27,7/423.-:@) oy (33 +R4) s b0

then B, is harmonic and satisfies equations (25) and 11 (ch.I).

Hence the appropriate Papkoviteh functions are:

-aﬁy P, 3
B - s — T PO -,ﬂ-.'..-‘.-'..'..
o ZTA(3 = 4V) Dy (RB Rz,,) S (32)

B?Q—-_L (L-—!—J‘—_.-"l—._#-l—._

q.......q-;uiinta-l:n--lnl (33}

)
]|
Q

Boeeessevrss00enscescgeecana (34)

ﬁ i_-}o ® 2805080000000 800sts0s8as (35)
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. 2s Verification:

To verify that equations {32 = 35) satisfy the boundary
conditions, we notice that:
on xa 0

v/ B ) B
By = 0, hence ——Y = - 0

g

on 2z =0

f1>B aP '1) Z » C Z <€
il o it e 0 h
s IRG - ) By (333 v R, L

. A

» -0

DIE Dass

@R
.D-_E_-;_I Ty Z+9_E_"_Ex,x__2__t__5 = 0 , hence
Z 15-7{71' R13 323 R 3 R 43
2 2
Pk ..2_.8_.3_:0-
Y,)2: & ¥ s

Now as the plane x = O recedes to infinity (i.e.

1 1 50,08 0), we get:

’
Ry ~ 24
BX = 0
P
BZ « 0

il

when 2z = O recedes to infinity (i.e. %‘

-
‘:-dll-#
‘O
Q

it
(&)
e
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we gets
Boa =g P . 49 ( A )
SO ANPIEel V) Dy By
P
B = o g (..].I.._ - 1_}
BZ - 0

These coincide with the results for half-space,



CHAPTER TV

FORCE NORMAL, TO PLANE_WITH MIXED BOUNDARY CONDITIONS

le Determination of Papkovitch functions:

This case is also identical with Chapters II, ITI, but the
concentrated force is parasllel this time to the z~axis, The

distribution of body forces is:

Fe 20 in x 20, 23>0
= T 1" "
Fo =0
limf Py dc g P " " "
>0 4T
Let By 2 O inx 20, =30,

From equations (1 - 6), we get by substitution:

(3 - A\)}Bz - (x By -I-'/:') B0 i cinicssasinss (36)

’Dy O:?-Dz = —Tf;y z = O iliiﬁlliiiifﬁ‘i.'ﬁﬁ (37} On = 2 O
7B, 'JB oL: 2

2 igr? s =

J) Y +oz )uﬁ—az xx Hsz; “O LR B I N (38)

P

/'5_5; (Z BZ+F ) - 0 ®ececetensesccesnnaas (40) on x » QO

1 D
BZ - m—'ﬂ) o = (Z BZ+ﬂ ) = 0 PO P 0000000000000 0e8 (4—1

= 28 =
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Equations (36 « A1) are satisfied if we set:

BZ:G on X = O} Z :O SgsPeecsesnsen S8 (42)
-?—-F-:O GnX‘:O, R §) e 0000000 eERsE e (43}
7z |

(3#4‘0)5}[ ﬁ% (z Bz+;3 ) « 0 GHX$O.::¢¢---1:¢--¢- (M)

By applying Greents formula to B,, we get

P
Wty 3. g By

=cP
;‘/3 :_f__:z (l_-]—_]:._-_];_...l_’ Thus
{ 4!:/?"\ Ry Ro R3 RZ;-

(3 = A'Q}Bx P, 2a(z=¢}) 2a(z+¢)

i

(3 = 4V)B, =

- ——) on X »

13
Q

If we let

(3 « 4V)B,

1

P ( —-—) inx,;{), 320

Then Bx is harmoniec and satisfies equations (44) and (11, Ghs T),
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Therefore, the Papkoviteh functions corresponding to this problem

ares

B dal . 2oL L
2?}”(3”4\)5_ ﬂ (R3 R""Z) ® 4000008 a08 (1}5}

B0 ° a0 0B 80 8 (4—6}

o
s
Q

BZ"' _ (-““_“““*“ N (47)

dasnosvnsswiins \AD)

(R |
| s
o
,“G‘
(N}
_—
Ii—-'
-‘-
IH
i
e
1
e
o

2. Verification:

It 1is essy to see that

on x = 0

V
t




(3,44'3)—,:)—;:—“-"2? —‘;2 R3 R,
+ P S | - )" 3(z+ e)?
A RB g
herice

PR AR F
7?3? )yl z

As the plane x = O recedes to infinity (l.e. a = O,

L 1 50, we get:
R3 ' R,

o
i3
O

1 3

L T

'Tja' Ry R

.........& (R+__)

o)
o4
i3

T

These equations eoincide with the equations found by
W, Hijab (for a force normal to the plane, ) |

As now the plane 3z = O recedes to infinity, then ¢ = O,

1 s 2 —» 0, and we get:

NN
-~ aP 1
’x & ?F/?B{Aﬂ g_z (ﬁ;)
B, = 0
B s 1,

B
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These also coincide with the solution found by L. Rongved

(for a force parallel to the plane boundary) .



PART IT

One Plane Free And Zero Normal Displacement

And_7Zero Shearing Stresges On The Other

CHAPTER V

FORCE_NORMAL TO FREE PLANE

1, Boundary Conditions in Terms of Papkeviteh Functions:

The boundary conditions of this problem are:

Mixed Conditions on 2z = O, i,e.

(ams
LE
Q

|
5
Q

.

d
il
O

The plane x = 0 is free of stress, i,e.
Ux:: 0

E:%Y =0 on X g O

These boundary conditions can be expressed in terms of

Papkoviteh functions:

« 33 =



ujz'.ﬂ

(3 = 4\3)33;’%(1 BX+yB ,1-/5) 20 ciicepersscibieiesne UL
oe) 7 4B 925 92/3 "

- e X
7:?) =T yo yﬂyﬂﬁ PEPY:

B ob. DB ;)23 7 2
_ 7
(1"2"?)(9"3;* s XTE_J-; "yazax”ﬁ_zz;"

8. 2%, gy B,
2(1 ‘J)-—-——-—-y -—9—-—-2 *z/() = - Téj*zﬂ'?““ = %ﬁ*) 2 0 co0o (4)

Qesen (2) Cn 2z

(1 - 2"9)(

B ciene \3)

i3

DE: o OZB J-g = L5
(l 2 )(D y"" —5-—2) 3" Zﬁ ﬁayﬁciltu (5) on x

DB, QB Ch: C T

e 0 se00 (6
O D—z?x e ;sz.?x 77 0x -

2e Determination of Papkovitch Functionss

The distribution of body forces in the region is given by:

%ig SFXdE":Px inx>0,520
FF =0 " "
Fz - O " "
Let
Bnyz:O inx 20, 5 20 .s.. 1)

~ By substituting in equations (1 = 6), we get

/‘)Bx_oﬂ-e
75
) 2p Qzﬂ

-rx_..___x_- e
93’93 D}"Dﬁ 0 tip-----i---otnn;n(g) on Z30

B, 7 JEa
1) = -X':TE:TE = 1TE:TE'- 0 .-..o-:a----a-----(lﬂ)

P U Ges s b sanien kD)

(1 « 29)

13

i1



- e D L eediiniomaee s vors 11
e V=2 o 2
@)
(1”217)?;%-9}:/:;}:0 es 0B Gecens0adosnos e (12) ﬁnx:{]
2
(1"" 20)%“%{- 0 CORBe QDO om0 B OOBe (13)

Equations (€ = 13) are satisfied if we get:

Pe B[
1 - \)) 2. 2o : 0 = 0 -t O a0 ese 1
( 2V 'o'—z —a-zax on X g Uy, 2 (4)
:)25 )3
2(1 “"a) = - on X = O’ Z - 0 ®*oale (15)

gx") Z . '"_Qx' Dz ER
- T

- Applying Gréen‘s formula to (1 -« 2V) aE 929-; s, We get:
B 2/
(1-20)’%-15-(3#-:-1—23-9 sl e 0 1imfG92 Fx)d g
Z ? 29% AP om0 Jr QQ% ATM  mandr q/)? e
but
g Gy QFXdW_-f Fx?-fﬂdz:: f r 28 bk by
T 9% i D% i 432 T} P> .
and - _
; D277 - Q@ dtiw) df-fg(fo) Oeqd___
R el " D= bl o
- o(fo) ) 1 . 1
- | ( - S o S g7
T D % QDX Ty T 5 T
-
L2 . Lolalothe
T Q%h T Py I‘3 I‘A
FLUCEE S A
fmm[ﬁg‘?i e ie v
= 1 1
"L?FXDWE(r1+;5+-;§+;Z) il i s



Also, applying Green's formula to

2 oF
2(1 =V) g—x%(—z"-a—?g; , we get

_ P DO sy
ORI LN A

)3
£ ke 1imfe 7%13_'&.?_ dz
AP msp Jp @ fggr

<
But
AL
Gq/}kdz* Q_Elf_?_l“é_+1 1)d"""
L L e ‘“
T 9?92; T‘;J% 9x 'r1 1o ¥ T
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since <§T ) vanishes on the boundaries (?x 1s identically zero
92

on and close to z = 0, x = 0},

PERTR 9, Do
oo ol = - . TR .
g'r ,Gq P ‘! 2 [E s 2% (% %5 r3+ Tl”)]d

- Hence:

. DB 93ﬁ W ) s oy
2(1 D) -—3{; 5T LR 3o T te

Integrating with respect to X, we get:

2%, S i D, Yo %
i "Q}T YEPI ATT/AX j—z(31+ Rz+ﬁ“+m)+

=

aP H:)z

—--'--lm----E (—*-,"l““'l—“l-} l-l(l‘?)

ATp DxJi By T Ry TR, Ry

2
Solving Eguations (16), {17) for i : 2 /g_ , We get
Z 2 %z

P = o > 5"
—X2__x (G + 5o+ 24D 4 3oy, 2aBp (= +--)
s bf* sl B A, TR, i TR &
V2p 5( ](
=y l-l 1#2-?2_ = ZI-‘J"".B 4"3""3
DXDZ !!f j R3 )[;.AV‘ 5}{33 (Rl R2 RB "RA*)
Integrating these two equations with respeet to Z, we got:
. (_ 1, 349 | 349, i 2 &
= =+ =) .... (18)
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(ng - EIJQ)(]“Zilgx l_i+,lm)“ _22; C} (1 % l_***é:é:idk Fe 17)
ok By, L -hn» Uxty Ry B, _é_%

i srranselE9)

Integrating Eguation (19) with respect to x, we get

V) (1-290 P Py (X L .
jﬂ = ( \2-(-1_2'}7) A (_ﬁl__ #%—)dx - Z;-K (ﬁ"* +‘*%—"—-"|‘" 1*%-}:1- 7 """3"1{4 Yooo (20)
o) s Ny baes o 3 4

Therefore, the required Papkoviteh funetions ares

g | Thea Sl e
B - __x li'+ l“ +'2ﬂéii'f 324“* - Efgﬁ e (““#"*' B Pe e B OO6DaD 21
T Aip Ry By W . U 2x B RA) =
By ﬁ O @9 299200000 0088 2 2% 225 000 PR Ba B eBeDIS T OB (22)
BZ o~ 0 b £ 95000 000PsPADES IO PEDeDS e s DS GLBs e (23)
(17) (1-29) P
Pe=T""I g, Lyax - 55 (g L4 2249 4 3.9, ()
J " 3 R, 4Rk s By R3 R
3. Verification:
We note that on z = O
I
X =0 since
:5 Z
DB}{ - |
= x | z=¢ , z3c , (3=4V) (z=0) ,_ (3=40) (z+e)
= + A ==
) Z Ai}?A @ -Rz*- 333 = R43
T 3w 2, (334_:4-::)
27 Dx R, 343
also,
ﬁ.
Ofs _(1-9) (120}, [z me

+—)dx + By = +.£3“4\))(E'°}

9 T Ry R, iEr m Ry R

13“4‘\3 ) ((z+c)
+ RAB ) 2 O




Tt follows that

il

and
Dip 02k
o i
_ DXz PEPE
on x = 0
(1 ~ 2V)B __D/SH_(_]-Z¢1EX(_1__+L"_1__”1_)+£E 9(14.1* 1,1
B em 4T Ry Ry Ry R, AWP OxR) Ry Ry R,
n.(.1“2"J)_P 1 +1 .1 1)y aP (X228 4 X=a
A By Rp Ry R, 4yt By BJ
%X 4+ 8 X aan
+ s ¥ ) = 0
3 il
R R;{L
Henece
p- 8
(1.2\})93 .,_D_f__::o
¥ X Oy
(1_24}03::“_;2&:0
Pz X Z
Also
2
2(1 ,..W)\/)B 0 = 2(1“9}%: P 1 1 1
£ 7""' o —== (-H"‘P'-— - )
X 7}{' AT/’A jx Rl Rz R3 RA_
2
EEF_. Qm (1_ 1'_”1_..}_): “Z(IHO)PX (X -a+xa 4+ X+a ﬁg_)
LTp o BT By TRy TRy LT W n ST
D & 2 2
ai 1 1 1 1 3 (X“‘a ) éix_aL
— |- - + + t ey 22T
= —
Lmp | ByY TRy R T Ry° R,5
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1
As the plane x = 0 recedes to infinity ( %_ e —» 0, g = 0},

i 3 4

we get:

oo
ik
-

o
il
O

/
These results coincide with the results given by Hijab for

halfespace,



CHAPTER VI

FORCE PARATLEL TO BOTH PLANES

1, Determination of Papkoviteh Funections:

This problem is identical with the preceding problem, but
the concentrated force this time is parallel to the y=axis,

The distribution of body forées is:

Fxgﬂ in 320, z2 0
Limf F.d¢ aP J "
20 /1 7 g
Fz =0 n it
let E. st in x 20, z 20, then we get

from equations (1 = 8) by substitution:

)

5—5 (}{' Bx+ 'y'By-}-//z ) - 0 ﬂﬂﬂlﬂilllbllﬂll!ilﬂiiﬂl(gﬁ)
QB /;)2}3 QzB 24
(1'-' 2'0) TE-XQ ygz yv——p—z esesssnse ﬁitl(26) on z =2 O

B_ /)23 nzB Qz
; O .lil!ttlt!l#(z'?)

il
ZdxX Lz Jx ?

r’ﬁ O2B OZ(Z DB .
2(1 "'\J) T—;“Yﬁ“ox + 2 g—;z 0 esrissionsisovalnt)

- ) B QDB 2 ﬁ32 ’ijg/ﬂ
(1 2 )(T ) yg-ﬁ ngy an?....__...-(zg) on x = 0

D25, 2
( 4)’9_35 _y_?,_é}.a;’)z_é = 0 )

. A3 »
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Equations (25 = 30) are satisfied if we set:

a - 0 EETERE R (31)

93{5230 on x = O,

2
i uO)%_Biuy%%wgz-}Z"]%:O onxa0... (32

ik

(1...2¢) Bx-n ﬂ: ﬁnx;;O, 28 0 soevene (33)
f’:;, 2B
Applying Greents formula +to sl

(|
=
S

g
Q

QQB 1 f Q 2
. lim Yy A
z__jc..x - : ” qufo% dz

-

= 1 Tim f i (G DFK)d f OFY @Gq =

zl—l O¢ z s il
1L ™0 |41 Vs q?g ? Ve Z){
-3_._];_...11!!! QFY O 1 L-j-g_ﬁ.]:...)df'

13
,H
e
=
-
| IO
>4
™
IS
o
I.....
-’-
I-..
i
&
Ca
>

1 2
:-—-—-——-—llm F Yo -:-I'u-- l—- 1
BTR mo Jr YD) r1+r2+~r3+;z)dz*
P
- i 02 l‘-.+!:_+»1 +1
“,”U” :';IDZ 7 R2 ﬁ'; E"‘ ), hence

P



(IFQQ)BXH 26:: }:.;i 1j_m[ G F dﬂ'i'-—l*—limf G (ZF)
T

? X ATM meo o AT pap
- O
= 1 T4m Q({g_ Fv) . .__..._......,.._ lim fZF 3
i AT 0 —77 >0
-s---—-- 11311( 2 F m—hﬁﬂ-..!.. _Lu.{-.)dz-f_lo
A_ﬁ}‘ T Y 2.z 19 I"3 TA-
Hence:
(1 = Eq)BX - O/-( 3 thereloTe sucicsvamassvassscosensn (35
B C)2
(1"'24) -——----g—/;i-_ ®* 0000208008 RPOBeoe0obeose (36)

From equations (32}, (34), (36), we get:

QB Y. O QB
21 -9) X . 21X 2L, -r-]-'- Sk L) w11 e v +
DX AT P ( Ry Ry A) ( )T
2V P
ey 0_ (..._.. .._...+1 L):O on x = 0
Hence
) 3B P 2 P
o e DA X SN W T SLA GRS S S I

OB i . Y

—ZX e Ty (2. 2 60 .62 "'y 1 41 5
= 7 t{33 EZB 5'3—5 R—A'g) = o (Rj R‘{F) on x g 0
or

B a2t & )2 J ds o

S35 5 v L)ya (1+1_,.. Al SR R

ac
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Therefore, we can let

29 e TR e T -L_“’?_..,.L.l.__
70 w0y &Rt ey &) A S 6 R

Gabess LI

Sinece ;3r“3 is harmonic (hence By, is harmonic) and satisfies eguations
x

(32) and (Ch, @, 11),
Integrating Equation (38), we get:

B 2 ...z_‘.l:..%") ’9 S bre+ 2 2 A Ly, 59)

from eguation (35), we gets

e

(1-21‘1 B, d.X or
(

Po(l-2 Y ) aP. (1=27) | 7)
e T :tf\ ‘J{f)i/r R, hm)df] el oz 2 5 G

2T) )oY By R,
Therefors the required Papkovitch functiens are:

e

é_l"j‘ Y R_‘; R/+ 27 3 RA
Bz o bk 1 1.}
F Ly (R]_ = +33 +R4)
B,z O
Pr(1-29)% | [(7 aP (1-2V) [ N
i i i g i
557 J[” & * 3 )af] et = lse Gt %Z)dx

Le Verification:

on X = 0, we have



e A5 =

e

?_..IB Z._;L_“P o KLE +X +8ls 0 hence
e

_._3 "_—j . e
s [ Ry Ry

Dip . O

s - 0 also

Nx)s 0 xjy

(1 - 29}5,{ - 7)?——{-62 0 and this implies that

X
2
(1 « 29)0__535 ._..Q_f__g 0
DY Q%0¥
(1n29)%&m%;)£;z0
z

on 2z «0
OB Px g e B0 aP - C

Oxz = (1-27) 2 ( f({ZBC)H %% . '5--? 90 (ZR 3*3* 3)2 0

f 3 e 'V y 3 RA,
OQBX PL:
1t follews that 3 - ---.5’5.- « O
Ve 2 X)) z
Also

&5 T
J - y(E‘C+Z +C Z = @ zZ 4
Z L Ra’ 3 3/ 2
Therefore,
) 2q 2
L
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As the plane =x = 0 recedes té infinity, we get:

il

B «0

X
Byz oL (4 1)
B =0

%

e

These are identiecal with the solution of the problem for

half-space,



CHAPTER VIT

FORCE NORMAL. TO PLANE WITH MIXED BOUNDARY CONDITIONS

1. Determination of Papkoviteh Functionss

In this problem the concentrated force is taken to be parallel
to the z~axis, having the same boundary conditions as in chapters V, VI,

~ The distribution of body forees is given bys

Fy = O inx2 0, 220
Fy = 0 " s
Lim JF dz « P " n
B0 =
Tet . By-.-O inx)O, z 2 0, we get

from equations (1 « 6) thats

(3=49)8, === (xB_4+/2) - Gumminmsive by e LAD)

- 3 CDI%E ‘32#3 (:)2/2
RN @ =inl - ol

OB = P 925 O?ﬂ
4 il v

900002080 R000chono o (41) on z = O

30¢n1-------- (42) on z =

i
O

X %
7; —# sz +2 - ot O *eep0r 0o (43)

O__-_y ﬁ26 : “5—-""—— l- O l#ﬁﬂblﬁ.ign.&...n.. (M) on x i O

0%
"'Tj'-'x‘ +TK,""Z —_'2;:52; Q—T o O CCtossecsreny g (45)

H47u
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These equations are satisfied if we set:

()&

?;:Q oR X'H’Ol Z 20 seses (4.6)
e, )2/

(Ll o= e 3 0 " 5 easis D

(B

Applying Greents formula to _:)_..Z_, we get
X

OBZ:.EZ_O el 20 o 3
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Z ZI-T.;’_JN Rl Rg"f‘ R3 Rz") & XEREEE (49)
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/:>B (:)%/Q cP f:>2
» e e g TR (N T [
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Integrating egquation (50) with respect to z, we get:

1...2\)}3-0/3:333_____ e i -
( ) b 4 -5; 4:’7 ,D x Rl +R2 "-RB +R4) POD2 eswv0ee ane (51)

from which we get by differentiation with respeet to x:

023 e
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1';)}; A ,)x Ry By R3 34 P x

substituting in eguation (48), we get:
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This may be written in the form:
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From equation (51), we get:
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Therefore, we get by integration with respect to x
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Finally the Papkoviteh funetions for this problem are:
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2. Verification:

on z = O
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it follows that
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T et

also we have:

B, = 0, hence /»--2?3 OB

P
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from equation (51), we have:
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on x = 0, it follows that
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Now as the plane x = O recedes to infinity, we get that limit-ing

values of Papkoviteh functions are:

"hich sre the Papkoviteh functions as given by Hijab for

half-snace,
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