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Abstract

In the open vehicle routing problem (OVRP), the objective is to
minimise the number of vehicles and then minimise the total distance
(or time) travelled. Each route starts at the depot and ends at a cus-
tomer, visiting a number of customers, each once, en route, without
returning to the depot. The demand of each customer must be com-
pletely fulfilled by a single vehicle. The total demand serviced by each
vehicle must not exceed vehicle capacity. Additionally, in one variant
of the problem, the travel time of each vehicle should not exceed an
upper limit.

An effective variable neighbourhood search (VNS) heuristic for
this problem is proposed. The neighbourhoods are based on revers-
ing segments of routes (sub-routes) and exchanging segments between
routes. Computational results on sixteen standard benchmark prob-
lem instances show that the proposed VNS is comparable in terms of
solution quality to the best performing published heuristics.
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1 Introduction

Distribution of goods is an important operational task faced continually by
many enterprises. One problem that arises in this context is the open vehicle
routing problem (OVRP), which is one of defining the best routes for a fleet
of vehicles that must service a set of customers; the demand and geographical
location of each of whom are known. Each route starts at the depot and ends
at a customer, visiting a number of customers, each once, en route, without
returning to the depot. All vehicles have the same capacity. Each customer
must be visited by one, and only one, of the vehicles and its demand must
be completely fulfilled. The total demand of all the customers on a route
must not exceed vehicle capacity. In one variant of the problem, there is the
additional constraint that the travel time of each vehicle should not exceed
a given limit, which is defined by driver legal travel time. The objective is to
minimise the number of vehicles and for that number of vehicles, to minimise
the total distance (or time) travelled by the vehicles. This implies that the
cost of an additional vehicle is larger than any savings that may be achieved
by reduction of total travel time.

In practice, the problem arises when, as is increasingly the case, the
vehicle fleet is hired, or when distribution is entrusted to a third party; in
which case the vehicles are not required to return to the depot and the service
is charged for by both the number of vehicles and the total distance covered.
Clearly, the practical importance of the problem stems from the fact that
the associated operational costs are likely to constitute a significant share of
overall operational expenses.

From the point of view of graph theory, the difference between the OVRP
and the classical vehicle routing problem (VRP) is that a solution of the
former consists of a set of Hamiltonian paths, rather than Hamiltonian cycles.
The problem of finding the best Hamiltonian path for each set of customers
once they are assigned to a vehicle is NP-hard [21]. Hence OVRP is also
NP-hard [1].

The VRP has been studied extensively, but few works address the OVRP.
Brandão [1] observes that Schrage was the first to raise the problem in an
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article dedicated to the description of realistic routing problems [20]. How-
ever, the earliest work that addressed solving the OVRP seems to be that of
Sariklis and Powell [19], who do not impose a maximum route length. Their
proposed algorithm has two phases. In the first, customers are assigned to
clusters, taking into account the capacity constraint, while attempting to
create the minimum number of clusters, i.e., use the minimum number of
vehicles. Total travel cost is then reduced by applying some given rules for
moving customers among clusters. In the second phase, a minimum spanning
tree is created for each cluster, which is then transformed, through a set of
operations, into a, hopefully, short open route.

Employing several features from previous tabu search implementations for
the classical VRP [11, 12], Brandão [1] proposes a tabu search, in which the
neighbourhood structure is defined by insertions and swaps between different
routes. Infeasibilities in intermediate solutions are managed through penal-
ising the objective function by two penalty terms, one for capacity violation
and the other for route length violation.

Fu, Eglese and Li [9, 10] also offer a tabu search algorithm, in which
the initial solution is provided by a ‘farthest first heuristic’ and moves are
based on the 2-interchange generation mechanism, but with a combination
of vertex reassignment, vertex swap, 2-opt and tails swap, within the same
route or between two routes.

Tarantilis et. al. [22] address a variant of the problem in which the ob-
jective is to minimise the total distance covered, without attempting directly
to minimise the number of vehicles and without imposing an upper limit on
route length. Their solution algorithm is a single-parameter metaheuristic
method that exploits a list of threshold values to guide intelligently a local
search, which is based on a variety of edge and node exchanges.

In a more recent work, Li et al. [15] develop a variant of record-to-record
travel algorithm for the standard vehicle routing problem to handle open
routes. Also, Pisinger and Ropke [17] offer an adaptive large neighbourhood
search algorithm, in which solutions are generated by a destruct-and-repair
procedure. For example, customers can be removed at random from the solu-
tion and then reinserted in the cheapest possible route. Various removal and
insertion heuristics can be used to diversify and intensify the search. Moving
from one solution to the next is carried out within a simulated annealing
framework.

In this work, we present an effective variable neighbourhood scheme
(VNS) for solving both variants of OVRP; with and without an upper limit
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on route length. It is worth noting that VNS has been applied to various
other vehicle routing problems [2, 4, 14, 18].

2 Problem definition and notation

Let n be the number of customers, N = {1, 2, . . . , n} the set of customers, and
N0 = {0, 1, . . . , n} the set of all customers and the depot, which is identified
by 0. Let m be the minimum necessary number of vehicles, each travelling
exactly one route and M = {1, 2, . . . ,m} be a set of vehicles (routes). Let
Li denote the demand of customer i ∈ N , L(j) denote the load of vehicle j,
and Lmax denote the capacity of each vehicle j ∈ M . Furthermore, let tih
be the travel time between locations i, h ∈ N0, ui be the unloading time for
customer i, and Tmax be the maximum vehicle travel time.

The OVRP is to find the minimum number of vehicles, m, and then
find the route of each vehicle, such that the total travel time of all vehicles
is minimised and all customer demands are satisfied, while each customer
is visited by exactly one vehicle, and for each vehicle neither the capacity,
Lmax, nor the maximum travel time, Tmax, is exceeded.

3 VNS Solution Scheme

The overall solution scheme is presented in Figure 1. At various stages of
the algorithm, we denote by a, a0, and a′ complete solutions. We also denote
by T (j) the travel time of vehicle j and by T the total travel time of all
vehicles. Throughout, intermediate solutions are generated such that the
vehicle capacity constraint is satisfied, but not necessarily the maximum
travel time constraint. Let O(j) = max{0, T (j) − Tmax} be the overtime of
vehicle j, and, therefore, the total overtime of a solution is O =

∑
j∈M O(j).

For a given number of vehicles, m, we denote by (O, T ) the criterion that in
comparing two solutions prefers the one with a smaller total overtime, O, or
if both solutions have the same total overtime, including zero, prefers the one
with the smaller total travel time, T . Clearly, (O, T ) aims first at eliminating
infeasibility, and then at minimising the total travel time.

The initial number of vehicles is calculated as the maximum of two lower
bounds, described later. The first solution, a0, is calculated using a Best-
Fit-Decreasing-Demand (BFDD) heuristic. This is followed by a Variable
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procedure VNSSolutionScheme();
mmin = max{LB1, LB2};
for m = mmin to n do

a0 = BFDD(m);
a = VNS(a0);
if a is travel-time-feasible return a;

end;
end;

procedure VNS(a0)
a = LocalOptimisation(a0);
for k = 1 to kmax do

if a is not travel-time-feasible and k > kfeasible then return a;
repeat r times

a′ = Shake(k, a);
a′ = LocalOptimisation(a′);
if a′ better than a with respect to (O, T ) then

a = a′;
Restart for loop;

end;
end;

end;
return a;

end;

Figure 1: VNS Solution Scheme

Neighbourhood Search (VNS). If VNS returns a travel-time-feasible solution,
the procedure is terminated; otherwise, the number of vehicles is incremented
and the whole procedure is repeated.

The VNS follows closely that used in a previous work of the authors [8],
which, in turn, is a variant of the basic VNS scheme suggested by Mladenović
and Hansen [16]. The first incumbent solution, a, is generated by calling the
local optimisation algorithm for the initial solution, a0. Then, the procedure
repeatedly generates a random solution from a neighbourhood of a of size k
by shaking, finds a new local minimum starting from that random solution,
and adopts it if it is better than the current incumbent with respect to (O, T ).
In an attempt to intensify the search at each neighbourhood of size k, it is
repeated r times. This is a departure from the usual VNS scheme, but one
that has proved beneficial. If the incumbent is not improved in any of the
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r attempts, the neighbourhood size k is increased. When the incumbent is
improved, the size of neighbourhood is reset to 1. The algorithm is stopped
when k exceeds the maximum neighbourhood size, kmax.

For a particular number of vehicles, m, VNS may fail to find a travel-
time-feasible solution. To avert unnecessary search, if a feasible solution is
not found within a neighbourhood of size kfeasible, that is smaller than kmax,
the VNS is terminated.

3.1 Estimating minimum number of vehicles

A simple lower bound on the number of vehicles, referred to here as the
vehicle capacity lower bound, is LB1 = d

∑n
i Li/L

maxe. In addition, in travel-
time constrained problems, another lower bound can be calculated as LB2 =
d(MST +

∑n
i ui)/T

maxe, where MST is the length of the minimum spanning
tree on the nodes representing customers and the depot, with arc lengths
equal to travel times. Naturally, the initial estimate of the necessary number
of vehicles, mmin = max{LB1,LB2}. It is worth noting, however, that in
problem instances where some demands are large relative to vehicle capacity,
a better estimate can be determined by bin-packing bounding arguments
other than LB1, or, indeed, by a bin-packing heuristic [7].

3.2 Best-Fit-Decreasing-Demand (BFDD) heuristic

BFDD, which is presented in Figure 2, constructs a solution for a given
number of vehicles, m. First, an empty route is created for each vehicle j ∈
M . Then, customers are considered in the non-increasing order of demand.
For each customer i, all vehicles j ∈ M that can accommodate the demand
di are considered, and the position in which customer i should be inserted
into route j in order to minimise the increase of travel time is determined.
Once all vehicles have been considered, the best insertion with respect to
(O, T ) is performed.

When insertion of a customer in a position, p, in a route is tested, the
better of two ways of reconnecting the route, shown in Figure 3, is selected.
The newly inserted customer is always connected upstream to the customer
at position p− 1, but downstream either to customer at position p or to the
last customer in the route. In fact, the second case corresponds to reversing
the order in which downstream customers (tail) are visited. This scheme
bears some similarity to the insertion schemes in [1, 11].
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procedure BFDD(m)
Create empty route for each vehicle j ∈M ;
foreach customer i ∈ N by non-increasing load di do

foreach route j ∈M : L(j) + di ≤ Lmax do
Determine insertion point of i into j that minimises travel time;

end;
Insert i into the best route j with respect to (O, T ) criterion;

end;
end;

Figure 2: Best-Fit-Decreasing-Demand heuristic

p-1 p

p-1 p

p-1 p

Route before

insertion

Insertion without

tail reversal

Insertion with

tail reversal

New customer

Figure 3: Customer insertion in BFDD

It is possible that at some stage of the heuristic, no vehicle is capable
of accommodating the demand of a customer; in which case the heuristic
returns no solution. Should this happen, then it would indicate that an
attempt should be made to arrive at an assignment of customers to vehicles
by bin packing [7].

3.3 BFDD sampling heuristic

In order to generate different initial solutions for multiple runs, a BFDD
sampling heuristic has been introduced. Solutions are generated as in BFDD.
For each customer, the best insertion in each route is determined. Then,
instead of selecting the best route with respect to (O, T ), a random route is
selected with preference for better routes.

The selection of route in which the customer is inserted is based on the
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sampling approach used within Parameterised Regret-Based Biased Random
Sampling heuristic for resource-constrained project scheduling [13]. First the
set of routes is limited to only those that minimise the overtime increase,
denoted by D. Then, the regret of not selecting route i ∈ D is calculated:

ρi = max
j∈D

Tinc(j)− Tinc(i), (1)

where Tinc(i) denotes the increase of travel time if the customer is inserted
in route i. Then the route is selected at random with probability of selecting
route i equal:

ψi =
(ρi + ε)α∑
j∈D(ρj + ε)α

, (2)

where ε = 1 and α = 5 have been selected on the basis of some experimen-
tation.

3.4 Local optimisation

A segment of route j ∈M is a set of consecutive customers assigned to route
j. The local optimisation is based on moves involving reversing segments of
a route and exchanging segments between two routes.

First, each route is optimised separately using the single-route local op-
timisation algorithm, described in subsection 3.4.1. Then, all possible ex-
changes of segments between pairs of routes are tested. The pairs are consid-
ered in a random order and the first exchange improving the solution with
respect to (O, T ) is adopted. This process is described in detail in subsection
3.4.2. Every time an improving exchange is performed, both of the routes in-
volved are immediately re-optimised using the single-route local optimisation
algorithm. The local optimisation is completed when no improving exchange
exists.

3.4.1 Single-route local optimisation

A move consists of reversing a segment. The procedure tests reversing all
segments consisting of at least two customers and performs the reversal that
decreases total travel time most (steepest descent). The procedure is com-
pleted when no improving move exists. An example of segment reversal is
shown in Figure 4.
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Route before

segment reverse

Segment to reverse

Route after

segment reverse

Figure 4: Single-route segment reversal

Note that here minimising vehicle travel time is equivalent to optimising
with respect to (O, T ). Note also that segment reversal is equivalent to node
exchange only for segments of a cardinality (number of customers) less than 4.

3.4.2 Two route segment exchange

For a given pair of routes i, j ∈M, i 6= j, the procedure considers exchanging
pairs of segments, with the cardinality of both segments varying from 0 to all
customers on the route; other than, naturally, exchanging two segments of 0
cardinality or two complete routes. This type of exchange obviously includes
also moving segments from one route to the other.

It is worth recalling that exchanges are considered only if they do not
lead to violation of the vehicle capacity constraint, which limits the number
of exchanges considered considerably. To see this, assume that the demand
of a segment is the total demand of customers belonging to the segment.
Once a segment in the first route is selected, the demand of the segment in
the second route must be large enough to create enough space for the first
segment in the second vehicle and small enough to fit in the space left after
removing the first segment from the first vehicle.

The segment removed from one route is always inserted in the position
within the other route from where the other segment was removed. Inserting
segments anywhere on the route has been experimented with, but proved
much more time consuming without being significantly beneficial.

When a segment is inserted into a route, four possible ways of reconnec-
tion are considered and the one minimising the travel time is selected. These
cases result from the fact that the segment may be inserted in the original
order or in the reversed order and that the part of the route from the break-
point to the end (the tail) may also be reversed or kept in the original order.
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Figure 5 presents the four cases.

Route before

exchange

Segment to remove

Segment to insert

No reversing

Inserted segment

reversed

Tail reversed

Both inserted

segment and tail

reversed

Four ways

of segment

insertion

Figure 5: Segment insertion alternatives

3.5 Shaking

The ‘Shake’ procedure generates a random solution from a neighbourhood
of a of size k. This is done by performing k random segment exchanges;
each generated as follows. First, two routes are chosen at random and a
segment of random cardinality in the first route is randomly selected. Then,
the procedure enumerates in a random order segments in the second route
until one is found that can be successfully exchanged without violating the
vehicle capacity constraint. If no successful exchange is found, the process is
repeated as many times as is necessary to succeed.

10



4 Computational results

The algorithm has been implemented in Visual C# and run on a Dell Lati-
tude D610 with a Pentium M, 2 GHz processor. In the sequel, all comparisons
of computing time on various computers are made taking into consideration
a relative speed, as established by [5]. However, it must be noted that such
comparisons are only indicative rather then definitive.

The test problem instances used in our computational experiments are
the benchmark ones used in the literature. They are taken from Christofides
et al. [3] and from Fisher [6]. Following Brandão [1], the problem instances
are identified as C1–C14 and F11–F12. The number of customers ranges from
50 to 199. C1–C5, C11, C12, F11 and F12 have no travel time constraint.
C6–C10, C13 and C14 are the same instances as C1–C5, C11 and C12, but
with a travel time constraint.

Tables 1 and 2 present a comparison of the solutions of the various heuris-
tics available in literature with a single-start version of our VNS solution
scheme, with kmax = 4 and kmax = 10, in addition to a multi-start version,
where the algorithm is repeated 20 times and the best solution is kept. In
all variants, r = 10 and kfeasible = 2. For the single-start version, the initial
solution is generated by the BFDD heuristic (section 3.2), while in the multi-
start, the first initial solution is generated by BFDD and the subsequent ones
are generated by BFDD sampling (section 3.3).

For each instance, the number of customers, n, the travel time limit, Tmax,
the lower bound on the number of vehicles, mmin, and the best number of
vehicles achieved by any known algorithm, mbest, is presented. Recall that
mmin is calculated as the higher value of the capacity and the MST lower
bounds. In fact, the MST procedure improved the value of the lower bound
in two instances; in C13 from 7 to 10 and in C14 from 10 to 11.

For each algorithm, the columns are the number of vehicles, m, the travel
time (without unloading time), and the CPU time. The number of vehicles
is reported only if it is higher than mbest. For each instance, if an algorithm
achieves the best solution out of all algorithms, the corresponding value is
boldfaced. At the bottom of the tables the number of times each algorithm
achieved the best known solution, #best, is reported.

Sariklis and Powell [19] solve only instances without the travel time con-
straint. Their results are inferior to those of other heuristics, but their algo-
rithm was given very little CPU time on a relatively much slower computer.

Taking into account the relative performance of different processors, the
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Table 1: Comparison of VNS with other heuristics
Sariklis & Powell Fu et al. (R) Fu et al. (F)inst. n Tmax mmin mbest

(m)/time CPU (m)/time CPU (m)/time CPU
C1 50 5 5 488.2 0.22 416.1 0.8 416.1 4.1
C2 75 10 10 795.3 0.16 567.1 7.8 569.8 8.2
C3 100 8 8 815.0 0.94 643.1 3.0 641.9 23.2
C4 150 12 12 1034.1 0.88 738.9 6.8 742.4 47.3
C5 199 16 16 1349.7 2.20 (17)/879.0 61.9 (17)/879.9 78.0
C6 50 180 5 6 413.0 0.6 413.0 5.9
C7 75 144 10 10 (11)/568.5 6.3 (11)/568.5 6.0
C8 100 207 8 9 647.3 10.7 648.0 36.3
C9 150 180 12 13 (14)/761.3 46.6 (14)/767.1 79.3
C10 199 180 16 17 903.1 51.9 904.1 133.6
C11 120 7 7 828.3 1.54 724.5 27.5 717.2 23.1
C12 100 10 10 882.3 0.76 534.7 4.2 537.8 10.9
C13 120 648 10 11 (12)/922.3 9.6 (12)/917.9 82.1
C14 100 936 11 11 600.7 2.5 660.2 13.0
F11 71 4 4 177.0 0.4 178.2 6.3
F12 134 7 7 778.6 2.8 777.1 28.4

avg. 0.96 15.2 36.6
#best 0 4 2

Pentium 133 MHz Pentium IV 3 GHz

Brandão (C) Brandão (D) VNS kmax = 4 VNS kmax = 10inst.
(m)/time CPU (m)/time CPU (m)/time CPU (m)/time CPU

C1 438.2 1.7 416.1 88.8 416.06 0.5 416.06 1.0
C2 584.7 4.9 574.5 167.5 570.62 0.8 567.14 2.3
C3 643.4 12.3 641.6 325.3 641.40 4.4 641.40 9.5
C4 767.4 33.2 740.8 870.2 745.41 12.1 737.82 45.4
C5 1010.9 116.9 953.4 1415.0 905.96 13.2 905.96 17.1
C6 416.0 1.4 413.0 55.8 412.96 1.2 412.96 2.8
C7 (11)/581.0 3.4 634.5 123.7 596.47 1.0 596.47 1.8
C8 652.1 10.4 644.6 351.7 646.78 13.4 646.78 25.6
C9 (14)/827.6 25.2 785.2 622.2 778.12 25.4 776.12 61.3
C10 946.8 100.1 884.6 2060.3 887.00 26.4 887.00 50.7
C11 713.3 15.7 683.4 696.0 682.12 5.7 682.12 10.7
C12 543.2 7.8 535.1 233.6 534.40 2.7 534.40 6.7
C13 994.3 25.8 943.7 401.9 920.44 69.7 920.44 108.5
C14 (12)/651.9 8.1 597.3 419.8 592.15 10.6 592.15 19.6
F11 179.5 5.7 177.4 398.1 178.16 3.0 178.16 6.2
F12 825.9 32.7 781.2 1000.2 774.18 24.3 769.66 75.4
avg. 25.3 576.9 13.4 27.8
#best 0 3 3 5

HP Vectra VEi8, Pentium III 500 MHz Dell D610, Pentium M 2 GHz
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Table 2: Comparison of VNS with other heuristics
Pisinger & Pisinger & 20 repetitions ofinst.
Ropke 25K Ropke 50K

Li et al.
VNS kmax = 10

(m)/time CPU (m)/time CPU (m)/time CPU (m)/time CPU
C1 416.06 120 416.06 230 416.06 6.2 416.06 17.6
C2 567.14 360 567.14 530 567.14 31.3 567.14 29.0
C3 641.76 850 641.76 1280 639.74 39.5 639.74 239.6
C4 733.13 1790 733.13 2790 733.13 128.6 733.13 585.0
C5 897.93 1240 896.08 2370 924.96 380.6 905.96 292.1
C6 412.96 200 412.96 310 412.96 10.3 412.96 75.8
C7 584.15 180 583.19 330 (11)/568.49 32.2 596.47 22.3
C8 645.31 730 645.16 1140 644.63 53.2 644.63 587.6
C9 759.35 1080 757.84 1850 (14)/756.38 195.1 760.06 1094.1
C10 875.67 1200 875.67 2240 876.02 363.5 875.67 1252.4
C11 682.12 730 682.12 1410 682.54 121.6 682.12 231.6
C12 534.24 800 534.24 1180 534.24 32.9 534.24 163.7
C13 909.80 610 909.80 1160 (12)/896.50 120.3 904.04 1820.1
C14 591.87 400 591.87 750 591.87 62.9 591.87 389.0
F11 177.00 690 177.00 1040 177.00 19.5 178.09 140.2
F12 770.17 2370 770.17 3590 769.66 158.2 769.66 1237.5
avg. 834.4 1387.5 109.7 511.1
#best 9 12 10 12

Pentium IV 3 GHz Athlon 1 GHz Pentium M 2 GHz
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algorithms of Fu et al. [10] have a CPU time similar to our single-start VNS
algorithms, but perform well only on the small instances (C1, C2, C6, F11).
Moreover, for 4 instances (C5, C7, C9, C13), they do not find solutions with
the smallest known number of vehicles, mbest.

Brandão’s (C) algorithm [1] achieves solutions inferior to those found
by our single-start VNS algorithms, but, taking into account the relative
performance of different processors, its computation times are much shorter.
Moreover, the solutions found for instances C7, C9, C14 are not with the
smallest known number of vehicles.

For all instances, Brandão’s (D) algorithm [1] and both variants of our
single-start VNS always return solutions with the smallest known number of
vehicles. The computation effort of Brandão’s (D) algorithm is similar to
our single-start VNS with kmax = 4; again taking the relative performance
of different processors into account. In comparison, our VNS with kmax = 4
finds better solutions for 10 instances, the same for 2, and worse for only 4.
When kmax is increased from 4 to 10, our VNS improves the solutions of 4
instances, but the CPU time is roughly doubled.

Table 2 compares our multi-start VNS with two high-performance algo-
rithms that were published recently. Pisinger & Ropke run their randomised
algorithm ten times and report the best result achieved overall [17]. The
results of their second algorithm (50K) are comparable to the results of out
multi-start VNS, with each achieving 12 best known solutions (not the same
12). However, taking into consideration that the processors used in both
works are comparable in speed, it is clear that our algorithm is about twice
faster.

The algorithm of Li et al. [15] has the clear advantage of being effective
while requiring relatively short computing times. However, it achieves only
10 of the best-known solutions in terms of travel time with mbest number of
vehicles. Moreover, for three instances they report results with the number of
vehicles being larger than mbest. In fact, it is not clear from their presentation
of their results what composite objective Li et al. solve to.

5 Conclusions

An effective variable neighbourhood search heuristic for the open vehicle rout-
ing problem has been proposed. Computational results on sixteen benchmark
problem instances attest to its effectiveness.
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Much of the power of the proposed VNS is due to the definition of the
neighbourhood structure, which is based on reversing segments of routes
(sub-routes) and exchanging segments between routes. The size of neigh-
bourhoods is limited by allowing only exchanges that are feasible in terms of
vehicle capacity. However, it would be interesting to find out whether allow-
ing this constraint to be violated in intermediate solution, at the expense of
increasing computation time considerably, can lead to the discovery of better
solutions, for then the search would be allowed greater freedom.

The work presented demonstrates the power of VNS, being, as shown,
capable of finding excellent solutions to an eminently difficult combinatorial
optimisation problem. This power should make it a useful metaheuristic for
solving many problems in transportation and logistics.
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