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PREFACE

The present thesis consists of three parts. The
first part ls designed to introduce the reader to the
subject of index numbers and to sketch briefly the mgin
contributions. Hence, no background in the subject is
necessary. GChapter I states the main problems encountered
in the making of index numbers; where, when, and why they
arise, and some of the suggested solutions. Chapter II
deals with one particular problem, the problem of finding
"the" index number formula. The main different approaches
to this problem, together with the formulas derived, are
outlined,

In Part 1I, two new approaches are proposed and
through them new formulas are derived. Chapter IIT is a
statlistical gpproach based on the minimization of a quadratic
form while Chapter IV deals with a special purpose index
number related to the coefficient of correlation.

In Pagrt IIT, criteriag for comparing the efficiency
- of The index number formulas are proposed. With the use of
prices gnd quantities of 36 commodities as given by
Fisher (Fisher 1922, ppe. 489 = 490), the price and the
guantity index numbers for the years 1913=-18 (with year
1913 as base year) are calculated by five of the well=-

known forrmlas and by our new formulas. Our reason for

v



choosing these particular data is the sgme as that of
Fisher: 'we may be sure that our tests are severe and
conclusive because the period covered, 1913-1918, is

a period of extraordinary dispersion in the movements
both of prices and quantities!" (Fisher 1922, p. 14).

In conﬁlusion, some remarks are made on the comparisons

among the index numbers that appear in the tabulation.

vi:
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INTRODUCTION

As silver poured into Burope for several centuries
after the discovery of America, prices went up and a demand
for finding a measure of the change in the purchasing power
of money was felt. In a book published in 1764 (see
Mitchell 1938, ppe 7, ne 2) an Italian, Ge.R. Carli attempted
to give such a measure. He.considered the prices of grain,
wine and oil for the year 1500 and the year 1750. He then
calculated the percentage of change in the price of each of
these commodities. By taking the arithmetic average of these
three percentages, he gave the world the first index number.,
This makes the subject of index numbers more than two centuries
olde.

Much literature developed later and especially during
the price movements which Europe and America went through
becguse of wars and new gold discoveries. The interest up
to as late as World War I centered on measuring the purchasing
powser of money,

Towards the end of the 19th century, the names of
A, Marshall and F.Y. Edgeworth stand out. C.M, Walsh,

W.C. Mitchell and I. Fisher are among the main contributors
in the beginning of this century. Their work, although more
than half a century old, stands as the main classical approach

and makes valuable reference reading.

-1-‘
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Several new agpproaches to the subject of index
numbers were proposed after that, the first in a Russian
article published in 1924 by A. Konus in which he proposed
that the comparisons from year to year be based on.groﬁps
of people who enjoyed the same standard of living. Another
approach was introduced by F, Divisia (1925) who used
calculus methods. Later, H. Staehle (1935), W. Leontief
(1939) and R. Frisch (1936) used Konus' approach as well

as the current economic concepts of utility and indifference

CUI'vVeES e

Begining wi th the fifties, statistical theory was
employed. BeD. Mudgett and I. Adelman are among the
ecénometricians who dealt with the problem of collecting
data and estimgting the error. On the other hand, H. Theil,
through an approach related to the principal component
technique, and K.S. Banarjee, through factorial analysis,
degalt with the problem of estimating index numbers with
optimal properties. Of the modern writers, S. Khamis
tackled the problems met in practice when indices are cglcu-

lgted. He has contributed to the theory as well.

Index numbers have found many applications in

economics and outside it. Perhapm their most familiar

use is tThat of measuring the price movements. Among their

other uses in economics is that of estimating the standard
FrEe s
of living and exports and importgjin a country. In industry,




-3-

index numbers are used for measuring the volume of industrial

production and level of wages. In agriculture, besidse
thelr use for measuring agricultural production, they are

used for comparing scoill fertility in different situgtions.




CHAPTER T

PROBLEMS ENCOUNTERED IN THE MAKING
OF INDEX NUMBERS

ntroduction

L e

Tndex numbers are concerned with finding a quantitative
comparigon between the magnitudes of a group of elements in
twg different clrcumstances. When the elements are prices
of economical commodities in two different years, then one
may wish to compare the price level of one year with that
of the other., From this comparison one can find the change
in the purchasing power of money over the period between the
two years.

Although individual prices are éasy to observe, in
comparing their levels one is confronted with several
obstacles which make simple satisfactory comparisons almost
impossible,

One obstacle is the effect of minor extraneous
factors. If, for example, by comparing the prices of a set
of commadities in two different years, ene finds the price
index to be 2, then one cannot say that the purchasing power
of money has halved if he believes that the quality of each
cormodity has been made four times better. 1In fact one might

argue that the purchasing power of money has doubled. Factors

-4-
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such as quality, taste, environment etc. are very difficult

to measure and hence their effects are difficult to remove.
Little has been done to deal with this obstacle

because minor extraneous factors are usually unobserbavle,

numerous, and highly correlated with each other or with

the maln factors. We shall therefore have to ignore them.
The main obstacle, however, arises from the fact

that different units are used to measure quantities.

Suga? is sold in kilos, milk in liters, cloth material

in meters and radios in units., If there were only one

unit of measurement for all commodities, say kilos, then

the quantity index would be found simply by taking the

ratio of the number of kilos of commodities sold in the

tﬁo years. The price index would then be easy to obtain.

For instance, if in a given country N, commodities were

sold in year O and Ni commoditlies in year t and if the

weight of the sold cémmodities were Ky and K kilos reépec-

tively, then the gquantity index for year t with respect to

year O is %E_ . If we gre further given that the over all
0
value of the sold commodities in year O and year t are Vj

and V. respectively, then the price index is ZE %.EE. 1t
is worth noting that commodities found in one year and

sbsent in the other present no problem, consequently Nj
and Nf need not be equal.
Because of the absence of wnniversal standard for

measuring quantities, a non-physical technique of comparison
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should be defined. This can be done in more than one way;
thus'a certain arbitrariness is introduced. Most of the

index number problems arise from this arbitrariness.

The Definition

A satisfactory definition of an index should
specify clearly the aim of the index and must lead to a
unique solution. However, many definitions of indexes
so far developed allow for different interpretations
aﬁd have no specific application. Fisher's definition
of price index as "average of price relatives”
(Fisher 1922, ppe. 3), for instance, gives rise to about
200 formulase.

Moreover, there is no criterian for choosing
among the different definitions which claim equal
excellence but from different angles. This is true as
long as there is place for arbitrariness in the means of
comparing them. For instance, to a statisticlan the best
definition may very well be one which leads to an index
with some optimal statistical property. To the econome-
trician, on the other hgnd, the best definition agrees best
with accepted economic theory.

The purpose for which the index is made should give
us some guidance in our choice., This of course becomes

difficult if we are looking for a general - purpose indexe.
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Special Purpose and General Purpose Index Numbers

The main uses of index numbers are two. The first
is their use as indicators of change in some factor, such
as price index numbers. In this case the index numbers
are used as ends in themselves. ©Secondly, index numbers
are used as means for further calculagtions. I1If, for
example, one is studying the change in the national income
of a country over a period of years independently of the
change in prices, then one can calculate the national
income year by year unzgﬁ fixed prices by using price
index numbers of the corresponding yearse.

Whether one index can be found to serve all purposes
or whether different indexes are to be made for different
purposes has been much discussed. On the one hand, Fisher
argues that "an index number formula is merely a statistical
mechagnism like g coefficient of correlation, It is as absurd
to vary the mechanism with the subject matter to which it
- 1s applied as it would be to vary the method of calculating
the coefficient of correlation" (Fisher, 1922, pp. 234).

On the other hand, Mitchell speaks of "general purpose' and

" indexes. He claims that if prices of

"special purpose
bread gnd margarine go up and prices of castles and cars
go down, then the price level has increased from the
worker's point of view while 1t has decreased from the

milliongire'’s point of view. Thus different weights have

to be used for cost of living index numbers made for




different classes. Different economic conditions may call
for different indexes too. For instance, while the
aritpmetic average is good in normal economic: . conditions,
1t overestimates the index in great price fluctuationse.

The geometric mean is better Then.

When index numbers are used as means for further
calculations, it is even more important to calculate the
index which fits the purpose. The gpplication, of such
special purpose indexes, however, 1ls very restricted.
Thus, in what follows we are going to be mginly concerned
with the genersl purpose indexes. This is in line with

most of the literature dn the subjecte.

The Different Approaches

Due to the multiplicity of definitions, the problem
of finding the index number formula have been approached
from different starting points and through different
assumptions. In some gpproaches, prices and quantities
. are assumed to be completely independent. In others,
typicael relations are assumed to exist between prices and
qunatities. The approaches which fall in the first class
gre usually of a mathematical nature while the ones
fglling in the second class are of an economic: . naturee.

The problem is one of a choice between the two
classes and of an approach within a class. A review of some
of the main approaches in the literature will be made in

Chapter S X *



The Base

When index numbers are comparisons over a time
interval, a period of reference 1s needed. Such a perilod
is called a base year if it consists of one year only and
e base period otherwise. The problem is how to choose
such a period and when to change it.

There are three possible solutions to this problem.
The first is to choose a fixed base period or base year
and to change it ewery ten years, say. Most of the
index numbers used nowadays are of this type. Index
numbers of tables I and II are calculated with respect

to a fixed base year, the year 1913. The second way is to

colaculate the index of each year with the previous year
as the base year. These indexes are then linked together
and one gets what is called the "chain" index. For example,
the price index of year 1918 with respect to year 1915 1is
the product of the price index of year 1918 with 1217 as

- base by the price index of 1917 with 1916 as base by the
price index of 1916 with 1915 as base.

The third way is to forget completely about the
base. Price index numbers in this case are proportional
to the price levels of the corresponding years. By taking
the ratio of any two such index numbers, one obtains the
i1ndex number of any of the years with any other year

a3 base.
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The Weights

Different commodities hawve different economic
significance. A change in the price of a commodity affects
the consumer according to his consumption of that
cormodity. Consequently, different welghibs have to be
civen to different commodities. The problem is what set
of weights one should use. Should he use weights derived
from the basévggta, from the current year data, or from
both? How often should the weights be changed and, above
gll, how can they be estimated? This problem becomes more
serious as the time between the compared periods increases
becguse the farther apart the two periodé are, the more
likely is the change in the economic Iimportance of each

commodity. Some commodities might even dlsappear from

the market while some new commﬂditiea are introduced.

The Data

The problems discussed so far have been of a theori-
tical nature. In actual computation, howevef, the mgin
problem is that of collecting data. Since the number of
commodities in the market is very large, a sample has to
be taken. Which commodities to include in the sample and
when snd how to revise this sample is a difficult decision
to meke. Having decided upon the commodities, one should
choose the price which represents each commodity. This
can be very difficult since most of the commodities are

sold in different quglities and varieties. Moreover,



prices are different in different places and times.
Quantities may also be difficult to find and
the fact that, unlike prices, different units are used

to megsure them presents dan additional difficulty.

The Error

From gll the previous discussion, it is obvious
that index numbers are subject to several types of error,
Most of the error comes usually from the original data.
Theoretically, this error can be estimated only if statistical
sampling is used. This is not the case in practice, for

most of the index numbers are calculated on the bgsis of a

" fixed set of commoditiese

Using estimated welghts introduces estimation error
whose value depends on the unknown weights. A third type of
error 1is formula error which arises from the assumptions and

approximations made in the derivation of the formula.




CHAPTER IT

THE DIFFERENT APPROACHES TO THE
FORMULA PROBLEM

Consider the prices and quantities ef a selected
set of n répresentative commodities in T consecutive yearse.
Let the alm of an index be to compare the price level of
each year with that of a fixed base year, say year k, or
with the price levels of some or gll the other years.

Iet P% and Q% =0, sewn, 551, 2, ooe.T) stand
for the price and quantity respectively of the 1th commodity
in year t. Let Vje ==§;P§ Qi denote the total value of a

set of commodities according to prices prevailing at year j

and to quantities consumed in year e. When the set is agll

n commodities, we write E P% Qi as 2 P. Q for short.
1=1 J S g e
Let Pkt and th, with appropriate superscripts, stand for

the price and quantity indexes for the year t with year
k as the base year,

This notation will be used throughout the chgpter in
introducing the different main approaches to the formula problem
of Index numberse.

For convenience in presentation, the approaches
with the exception of the most recent are divided into

four classes: classical, economic, analytic and statistical.
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As will be apparent in what follows, however, these approaches

are not mutually exclusive.

THE CLASSICAL APPROACH

This is the earliest approach, whereby formulas
were suggested rather than derived, and then were defended
on the basis of being logical and practical. These formulas
assumed prices and quantities to be independent.

T. Fisher, whose work is perhaps the most representative
of this approach, defines the price index number formula as

that which "shows the average percentage change of prices

from one point of time to another"., (Fisher 1922, pp. 3).
Such a vague definition gives rise to many formulas

since, among other things, 1t does not specify the type of

gverage, Six types of average suggest themselves:? arithmetic,

geometric, harmonic, mode, median and aggregatiwve. With

each type, different weighting systems can be used. Moreover,

with a fixed combination of weights and average two kinds

of base can be used: chain base and fixed base. The result

is scores of possible price index formulas. By crossing

(i,e. averaging) two or more such formulas, the number is

further increased (For a complete listing of these formulas

see Appendix V in Fisher, 1922). We shall call these

formilas the "elassicgl" formulas, and in what follows

only a few of the well known ones are discussed.

The formula used in the first index number, constructed




%. 14 =

in 1764 by Carli, was a simple arithmetic average of
the price relatives (the price relative of a commodity is

the ratio of its prices in two different situations)

with a fixed base year (year 1500):

n Pi

2 t
C o o1

Ppg = K

n
Later, in 1812, A. Young was the flirst to proﬁ%e the

fixed weight aggregative formula:

n

3 Pi 1
7 o i=1 ©t ‘&
kt e 4 A

2 P a

1=) £ &

where qi is a quantity which measures the lmportance of

the i®0® commodity,

The most well=known and widely used formulas,
however, are Laspeyres' and Paasche's formulas. The
first was advocated by E. Laspeyers in 1864, It is of

the aggregative type where base year quantities are used

as weightss

o i
2

& AN
S

On the other hand, H. Paasche in 1874 used current

vear quantities in his aggregative formula?

P E Pt__ Qt

P
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Tt is interesting to note that Laspeyres' formula
can be considered as a weighted arithmetic mean of the
price relatives where the welght given to the 0 commodity

is proportional to 1ts transaction value Pi Qi in the base

year, slince

2 Pr @ n Pi@.lj; P%
s -3 = o
k Qk i=1 ZPk Qk Py

Paasche's index can be considered similarly, but with the
weights proportional to Bﬁ Q% o

Most of the simple formulas are subject to one
or more kinds of error inherited from the type of avergging
or weighting. Laspeyres' formula, for example, tends to
overestimate the price change while Paasche's formula
tends to underestimate it (see Mudgett 1951, pp. 54-56).
M. W. Drobisch in 1871 attempted to correct for this bilas

by averaging the two in his formila?

TR A e o
2

P — B el e e

= Z P @ 3P QT

Tn 1901, C. M, Walsh proposed a geometric crossing
which led to the formula known as Fisher's Bideal" formula

because Fisher Belected it among all the classical formulas

as the best:i

To find the best index number formula, if 1t exists,
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or to set a scale of excellence, further requirements were

impogsed on the definition. Almost all the requirements imposed

were to insure that the price index formula possessed the

same properties as those possessed by a price relative of

a Single commodity. These requirements were put in the

form of tests and the excellence of a formuls was to be

measured by the tests it satisfied. The most importanﬁ

of these tests are:

1, Time reversal test: = B e
kt P
tk
2. Mactor reversal test: P B.. = .EEE
® a Sa 83V e kt et ka

Se

4o

Oe

G e

Circular test (defined for k = 1)3 P, P

12°Toze ceoPpo1,t

g Pltl
Proportionality test: If P% = ¢cpl for all commodities,

k
where C is a constant, the Pkt = G,

Commensurability test: Pkt does not change by

changing the unit of measurement of any of the

individual commodities.

Determinateness test:’Pkt 5 0,*% or <« ,

These test and others suggested failed to point

out the best forrmulg or to order the existing formulas

according to their closeness to the ideal formula. For

one thing,

economists

they are arbitrary. In fact, while some

insisted that the index number formulas must
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satisfy the circular test, others agreed with Fisher

that "a perfect fulfillement of this so=called ecircular
test should really be taken as proof that the formula
which fulfills it is erroneous'". (Fisher 1922, pp. 271).
Frisch (see Brisch 1936) has even proved that three of
the 1mportaht tests cannot be satisfied at the same time,
the test being the commensurability, The determinateness
and the circular testse.

Only the first three of the mentioned tests gained
importance, the others being satisfied by nearly all the
classical formulas. From the formulas we have mehtioned,
the time reversal test 1s satisfied by Young's and Fisher's
jdeal formulas, the factor reversal test 1is satlsfiled by
Fisher's ideal formula only and the circular test 1s
sgtisfied by Young's formula onlye.

Fisher's idegl formula has been generallzed to
more than two factors in two different manners. The first
seneralization was given by J, K, Wisniewski (1931) and

the second was given by I. H. Siegel (1945).

THE ECONOMIC APPROACH

This approach explicitly assumes certain characteristic
relations between prices and quantities. To determine these
relations more data than the sets of prices and quantities
in the two situgtions compared are needed. In practice,

however, such data are not avallable. Consequently,
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methods of approximgtions and limits had to be developed
as part of this approache This was done through theories
and techniques of economics,.

The price index number of the year t with respect
to year k according to this approach may be defined by

the ratio:

P =J

kt Py
where pt = 2 Pt Qt and pk = 2 Py Q are the money expendi-
tures 1n the year t and the year k which yield equivalent

sgtisfaction,.

Two different methods have been suggested to determine
such equivalent expenditures. The first is by considering
the cost of two different combingtions of commodities which
yield equivalent satisfaction in the two years compared.
The second method, suggested by Konus in 1924 (for
translation see Konus 1939), is by considering the money
expenditure of two groups ofrpeople enjoying the same
standard of living,

Hence the formula problem in the economic agpproach
reduces to that of finding a criterion by which 1t 1is
possible to test whether two money expenditures yield
equivalent satisfaction. By employlng such a criterion
one should be gble to find two different combinations of
equivalent goods in the first method, or two groups of

people with the same standard of living in the second method.
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To set up such a criterion economics L concepts
and theories such as utility function and indifference
curves were used. Among the simplest formulas derived
through this approach are those given by M, J, Ulmer (1950),
The first is:

PUI = ;E._E.t——ak_.
- ¥t Z P, @k |

where the @k are estimates of the quantities which would
have been consumed at year k under prices of year t.
The second formulg

i 2 P Q

kt b Pk'qt

is similar to the first but uses quantities estimated to

be consumed at year t under prices of year k.

THE ANALYTIC APPROACH

This approach starts with ka and V the total

1 i
values of the transactions in the base year and the current
year. It aims at aﬁlyzing the change in this value into
two different factors P and Q which measure the change
due to the change in prices and quantities respectively.

Two types of analysis have been worked out. The
first, which may be called multiplicative analysis, analyzed

the ratio of the two values,ZEE s the second, which may

Viete

be called additive analysis, analyzed the difference



between the two values V.. = ka.
The multiplication analysis was first suggested
and worked out by ¥, Divisia in 1924 with the help of
logarithmic differentiation and integration. It was
worked out later by K. S. Banarjee in 1961 with the

help of factorial analysis.

Integral Multiplicative Analysig
Divisia (see Frisch 1936 or Hofsten 1952, pp. 21-23)

considered the prices and quantities of a commodity i as

1 1
varigbles P, and ay depending on time, HHe mgintained that
the sum 3 pi qi could be factored into the product of a

factor Pt and a factor Qt

n
2 prql =P_ @ ,1<t<T
i::lp'bq'b tQt’ = =

where Pt and Qt megsure the price level and the tétgl
quantities respectively,
Dividing the differential of the above equation

by the equation itself gives

wherse

j ] i=1’ 2, L B n.

He then defined the price gnd the quantity index
numbers by the differential equations



n
dlog P, = 1§1 xX dlog p

> 1
2 KLt dlog g
i=1

dlog Qﬁ

L]

i s o

Integrating the first of the above equation numeri-

cally gives the chain price index formula

- P & e & P
T~ 1o Toa t-1,t

where the year 1 1s taken as base year. The elementsry
formulas Pj 3+1 may be almost any of the classical formulas
2

- depending on the approximation method used in the numerical

integration.

The Factorigl Multiplicative Analysis

This analysis was proposed and worked out by
Banarjee (1961)s It is factorial in the sense that it
looks at the price and the quantity index numbers as
estimates of the chénge in the main effects of the
factors P and @ of the value 2 Pt Q%' The pr ices and
the quantities of the base year and the current year are
thus considered as observations of the factors P and @ at
two levels.

This gpproach uses g generalized form of Divisia's

assumption

Q

y P =
ah A LR

t

to hold for wvglues derived from sets of prices and quantities



- 20 =

of any combination of two yearss:

& P

where Pj and Qé measure, as before, the price level of
yvear J and the total quantities of year R respectively.
Following the analytic procedure of a Eg-factorial

experiment, Banar jee arrived at the following identitiles

A (- N 1)(th + 1)

ekt g

o 2

e i e e e

2 2

Yalhe T U R 2

2 2

o e e AL Sl

2 2

diore P, = -5 and Q. =& th :

ere P . = B, an et Qk are e required price and

quantity index numbers, and J%, %,,% and % are the mean,

the main effects of P and Q and the interaction PQ respec=

tively.

From these four identities six pairs of equations in
Py s and Q . can be formed. While some of these pairs, such
as that made from the first and the fourth identities, are
useless for our purpose, other pairs give some well=-known

formulas. In particular the pair composed of the second

and the third identities gives Stuvel's additive analysis




.

jndexes (to be discussed below). The second and the

fourth identities glve Laspeyres' price index Pﬁt and

the following quantity index

.
TR
B v i
e
It

The third and the fourth identitles, on the other
hand, give Laspeyres' quantity index Qit and the following

price index

-
Vi
PB= ®

Kt Qi; -1

Hence this approach gives neﬁ interpretations to
Iespeyres'! and to some other well=-known formulas.

By starting with a 2j-factoria1 experiment and
genersglizing Divisis's assumption, this approach cah be
worked out for the case of j factors and thus generalizes
the formulas to more than two factors. DBanarjee (1965 a)

worked out such a generalization for the additive analysis

formilase

The Additive Analysis

The gdditive snalysis was proposed by GeStuvel
(1957). He first assumed multiplicative analysis to

hold for each commodity




i
o
Bt Pi 1
vi t 9%
kk
i 3wl i i
= v nd re the price d
where ij Pj.Qj and where pkt a qkt are P an
the gquantity components of the value ratio of the 1th
commodity. Then he considered the difference V%t - Vik

th

between the values of the 1 commodity in the two years.

This difference could be written as

i

1 e o b= . 1]
v oy =% e e + v Bl it e - 1)
it ik kk 2 (aje, . kk 2 (b kt

where he considered A; and Bj to be the value change
resulting from the quantity and the @ ice changes

respectively.

By assuming an analogous relation for the overall

set of commodities, he obtained

Tl B =
2 i=1
+
' Elﬁ:__];_(P Y= .
which he solved for Pyy and Q) obtaining his "mew" index
number formulas as |
T pL _ ol _
S - Pkt Gl.k‘t -+ --kt %2 ZH.
Prs > = b+ 3
kk
T L = L =
g g?t 5 Pﬁ% + E?Q__ Pkt)z +-IE§ .
th o o ka




Stuvel's formulas meet both the time and the
factor reversagl tests.
Banar jee (1963 a), through his factorial multi-

plicative analysis; generalized Stuvels formulas to more

than two factors.

THE STATISTICAL APPROACH

The Stochastic Approach

It 1s assumed in this approach that any change in
the price level should affect all the commodities equally,
1.2s all the prices should change in the same proportion.
The price index number 1s defined to be this factor of
propertionality. Any deviation of the price relstives
of individual commodities from this proportion is thus
consldered to be dus to random fluctuation. Hence ths
index number problem becomes a statistical problem of
studying the distribution, mean, variance, independence
etec., of the price relatives.

The weight given to a commodity depends only on
the precision of its price relative to show the change in
the price levle. This need not be proportional to the
economic importance of that commoditye.

This gpproach is criticized on the basis of its
gssumption which is not justified from the point of view
of economics, Moreover, it is meaningless to talk about

subindexes, such as the index of price of the agricultural



products, since all prices are assumed to change by the

same proportione.

Ihe Best Lineagr Index Number

This approach was suggested and worked out by
He Theil (1960). According to him, it is "1inéar" in
the sense that the vector of price indexes is g linear
function of individual prices and "best" in the sense
that a quadratic form in certagin discrepancies is
minimized,

Theil's approach is different from the other approaches
In that it is not concerned with g single pair of years,
base year and current year, but with any arbitrary number
of years. Hence, given the sets of prices and quantities
for the T years under consideration, they are aiiffogether
to calculate the price and the quantity index numbers for
all the T years.,

Thell considered the two T x N matrices of prices

and qugntities:

—

1
Pl a® " 20000

——

- n
Ql oo e o oeoen e Ql

1 1 n
P2 L O B BN S B B O Qz ® ® &0 &9 ° 9 09 Qz

o R

1 'n
PT s 8 9 8 80 O Q9 PT

r
— e ———

e

Then, he defined the matrix of cross value discre-

pancies E by



BE=€C=91q
where. . 3
¢ = pPg
and
- "
P == | s G = :
;}_
-TJ FQT‘

where p and q are the price and quantity index number vectors
whoée £ h components give the corresponding index numbers for
the year +T. .

The quadratic form that Theil chose to minimize was
that of the sum of squares of the elements of the matrix E,
Thus the "best linear index numbers" are defined to be such
that

tr EE' = minimum

where tr denotes the trace.
To solve for p and q, tr BE' igs differentiated
partially with respect to the vectors p and q¢ The result

when equated To zero becomes:
g = d'q » 5= 0
Cfg = 9p'p « § = 0

Premultiplying the second of the above equations

by C, then substituting Cq from the first equation and,



analogously, premultiplying the first equation by C' and

substituting for Cp give the necessary condition:

C

(G0r = p'p o afq T)p

C.

il

(¢'C - p'p » q'q I)g

Hence, the required price and quantity vectors p
and g are the characteristic vectdrs of CC!' and C'C
respectively. They both have the same characteristic
roots

2
p'P » a'a = )\ say,

In order to have

tr EE' = minimum

p and g should be taken agas the charactiristic vectors

corresponding to the largest root )?.
By requiring that the square length of the price

and quantity vectors p and q to be equal
p'p = q'q = A

the vectors p and g are uniquely determined.
When T = 2, the best linear price and quantity

indexes for the year 2 with year 1 as base turns out

to be
(QF )=
L b i
1 + (ng)
(Bl )2



where P
| P1o
ey =2
15
T. Kloek and G.M, DeWit (1961) in actual computations
found that Theils' best linear index numbers tend to give
larger current values than the individual dats do. As

this feature is related conceptually to the factor

reversal test, they imposed the constraint
tr E = tr C = p'q =0

to control the bias "on the average'.
The improved index, caglled the best linesr unbasised

index was found out to satisfy

l
o

{(¢ = I)(€ - 4I)* - p'p . q'a} p

i
o

{(c - 11)(€ = AT) = plp , q'q} q

where /% 1is a scalar Lagrangisn multiplier.
When T = 2, the index formula of year 2 with base

year 1 was obtained as
L L

P - Q
= 0 Rl
F1o = Py, +/41 % (Q% )2
2
L L
x5 La =0

+/"‘ ®
“12 1 ¥ (e )°

Another improvement on Theil's best linear index

numbers wWas proposed by T. Kloek gnd C.¥. Van Reeg (1963).



They suggested the minimization of the relative cross=value
discrepancies instead of the absolute ones.

Tetting
e(t, t') — E PtQtt om Pt Qt].’

Thell's criterion for finding the best linear index number

can be written as
L
2 2 e°(t,t') = minimum.
t=1 t'=1

In this criterion more weight is given to large
cross=values, hence the relative discrepancies are made
smaller for them. To do away with this implicit weighting,
Kloek and Van Rees proposed the minimization of g deflaﬁed
quadragtic form:

5 T ey 2
2 > GELEL-E-l) = minimam,
t=1 +t'=1 Py Qtt

The presence of the unknowns Py and Qt' in both
the numerator and the denominagtor introduces mathematicgl
complicgtions. Consequently, in the denominator their
values are gpproximgted bj using price and quantity index
numbers calculated by some other formulas, T, and ﬂt"

By defining:

F=gx E&'l; D=qx"tc A-l; p = g1 Py 8 =

Wwhere




Ttl 0 ® @09 80 90 '0 Al 0 2000 o009 0
O 11:2 ®@ oo 0000 e 0 o ﬁ ® %500 0500 0
T = 1 ' X ;EE 1 12 \
\ ‘ 1 \ \ 4:
0 P = Tn 0 Dos AT
= -t - =

the new criterion becomes

tr FF' = minimunm.

By steps analokous to those of the best linear

index numbers, the necessary condition turns out to be

(DD?' = r'y» , g's I)r

0

O

(D'D - r'yr , gtg I)s

where r and s are the characteristic vectors corresponding

to the largest characteristic roots.

The "deflated" best linear index numbers p and a

are found from

As .

e
I

nr and o]

A NEW APPROACH

This approach was suggested by R.C. Geary and

modified by 8.H, Khamis (see Khamis 1967). It defines

i

two new sets of indicators Ry and U™ by the equations
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n
2T
Rt e i t - 1’ [ I T
n :
i=1 t t
T
_ 1
gt = =g o0
=
2 Q
= v

where Ry may be called the "exchange rate" of year t and
U1 may be called the "standard price" of the 3B commodity.
The price index of year t with year k as base, is

then defined to be

3
The n + T unknowns Ry and U are determined up to

an arbitrary multiplier from the gbove n.+?ﬂfequations.
The homogeneous equations have one non~trivial solution
since only n + = 1 equations are linearly independent.
The arbitrary multiplier presents no problem since Py

is a ratio. This index is being further and its properties
investigated by Dr. Khamis.



CHAPTER TITT

MINIMUM CHI-SQUARE INDEX NUMBERS

The mefhod proposed in this chapter was suggested
by the work of Theil (1960) whose "best linear" index
numbers result from the minimization of a quadratic form.
We consider Theil's model for T = 2 so that our data consists

of the matrices

= = = n |
1
Pl T EE R R Pl Ql e voceee0e le
P = , Q=
1 n 1 n
P [ B B B BE B BN BN P - 2 2 " 5 2 8 8 9 0
2 2 ] | % 2
Let
e =¥ - =
1 9
 * g G-
3
|P
= Lo

be the vectors of price and quantity index numbers. If one
assumes proportional changes in commodity prices and quantities

from year to year, one would expect the equatiohs

: B
(1)
E -
Qt = bi qt ’ © 1, 2
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where aj and bi are commodity constants, to hold for each

Com{:ldity i = 1, ese Il
Theil considered the price and the quantity

discrepancy matrices:

= T

e o ..
U = = '
. vl Ugd hwg wg
where _
U; = PL - ag py

(2)

=
bds
i

i

lile now assume that these discrepancies are
independent, normally distributed, random variagbles with
zero expectagtions and homogeneous variagnces, so that our

model becomes

= .
e - a, 2.t 0,
- 3

with
G(U) = (W) =0

V(U%) = g° for all 1 and all &

v(ul)= 72 for all i and all % (3)
i ade ; |

Gov(Ut,'Ht) =0 for all 1 and ] and all t

Cov(U%,Ug)=Cov(Wﬂ,Wg)=O for all i ¥ j and all EJ




In terms of the random matrices U and W, Theil's

matrix of cross=value discrepancies

E = PQ' = pq' (4)
becomes
E = (pa' + U)(gb' + W) = pg'
(5)
= (a'blpq' + pa'W!' + Tbg' + UW!' - pq!
where
r‘al"‘“ ‘f_bl"
a = i and b= |
—a:n—‘ L_bn._

Hénce, according to the normality assumptions the elements

of B gre normaglly distributed random variables, and by (3)

6(E) = (a'blpq' - pq* (6)
subtracting (6) from (4) gives

E=- G(E) =PQ'" - (a'b)pq’

Vl Vg plql plqz
= -{(a'b)
s 20 o2
- "
V = e
5 & \g v2 ‘XA

wheres




n

n ° n 3
_ < 1 a1 1| T .1
V. = % n»n- @8 V.= V. = % P
E i e 1 B 1 R R
S | j q
g = Z P @ ¥= a'b and 1 = -2 A-"—'——-g-,
4 $=1 o 2: p]_ql pl.! Q1

are the price and quantity index numbers respectively of
year 2 with base year 1,

The elements of the matrix E = EE can be written

in the form of the multivarigte normal vector

v, - %
Vg =
= (7)
Vg = ¥ 1t
!_-V‘Q: = \éﬂi
where et Y
Vl .1
Vz A
V = and M =/
VS T
V4 | A

Let Z be the covariance matrix of X, since c(X)=0,

the quantity
R = xr 371 g

has a chi=square distribution with 4 d.f. « In analogy

with the least square method of estimation, we seek




index vectors p and q (or, equivalentely, constants m and A)
for which
22 X = nintenm (8)

This method seems to have more persuasive
statistical metivation than Theil's minimization procedure.,
While Theil's criterion for obtaining p and q is
3 o° = minimum (9)

e
i,J

our criterion (8) is

2 2 (eg5 = §logy))ey, = Bloy, )0t T2 = minsmum

eyl 1,3
where the summations run over all the elements eij of the
Tkl
matrix & and where o I is the element corresponding to

eij and ekﬂ in the inverse covariance matrix of the

random variables e Hence (9) may be considered as

: 5

a speclial case of (8) with the expectation of °; ; taken

as zero agnd the convarignce mgtrix gs the identity'matrix.
The minimization of X! z~% X presents mathematical

difficulties becsguse of the dependence of E-l on the

unknowns 1 and A, In fact even if the elements of 3~1

are assumed to hgve arbitrary constant values, the solution

of (8) for m and A analytically seems to be impossible.

However, an analytic solution can be obtained under certain

simplifying additional assumptions. Otherwise, (8) has to

be solved numerically,
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l. Minimum Chi-square with Identity Covariance Matrix
Assuming that

E-‘E
- T
Jren——y

O © © K&
©lialkE o
I I oy L ey
e - RN <= R

(8) becomes

X' X = minimum.

letting Mﬁ stand for the jth component of the vector M,

we can write

4
X'X = E(UJ-XM).

Partial differentistion of X'X gives

%—}5= -2 \é (Vg =~ ¥ m)-2 ¥Yav, - ¥na)

X,y (Vg = ¥a)-2 ¥ (v, = Y a)
4

aja{'x = - MJ(V - YM_)-
j=1 :

Vet 8l = Yol v i’f=0 (1o1)

!
o

Vo + a7, - Y A1 + x?) .2

S e (1.3)
(1 + 7°) (1 + A®)

Substituting for X from equation (1eS ),
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equations (l.1) and (1.2) give, after simplifications,

AT vl - A Vé =V . =0 (1.4)

- 0  .5)

2

Equations (1.4) and (1.5) are two quadratic

equations in two unknowns T and k. Setting
e v

2 4 1
A=—*VTV o (1.6 )
| 1°3 2 4

ey .y oy
B=-f—2 1 3 (1.7)
hY t V. T,

and solving for T and A, we obtain

A ++/A° + 4
= 2

B+ B2 + 4
A= =~ ) ®

Since ™ > 0 gnd A > O, the negative signs have to
be neglected gnd the price and quantity index numbers for

Yyear 2 with base year 1 become

pP-2iva 7 e (1.5)
12 2 :
12 2 - .

Equivalently,



p- = — e [(VEVR)+ (VE=TZ )+ \/(v2+v2+v§)2-4(v V =V Vz)]
4 I
12 g (vyvgv,Y,) L e = a2
T = 2 .2 2 .2 I ) - 2
8 =L - vy )= (VESTZ )+ A/ (VEHVCHVE ) 2ad (V V=V V) ],

To test if the time reversal test is satisfied, we

let year 2 be the base year. Then (1l.6) becomes

2 2 2 o
=7 v
= = =15

+
V4V2 stl

Aoq

=-A.

The price index becomes

= _ =A + /AR + 4
21 2
Consequently,
Lol
PP =
12 21

Hence, our index satisfies the time reversal test.

Similarly 1t can be shown that

e I
= 1.
Q12 QQl

The factor reversal test, however, is not satisfied.

2. Mininrmuum Deflated Chi=-square with Identity Covariance Mgtrix
4
The minimization of 2 (Vj -“ﬁﬁMj)z includes an
J=4
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implicit weighting in the s@nce that the differences
g . - V o * ] = e e @ i
B, EEJ 3 B MJ(,] 1y 4) are made relatively

smaller for the larger values Vj' Using deflation
analogous to that suffested by Kloek and Rees (1963) we

set the new criterion
4 Vi = M.:.2

P= 3 AL

j’:l Dj

where Dl = 1, D2 = ng, D5 = P12 and Dé = P12 ng and

= mininmmm

where Py, and ng are the price and quantity index numbers

calculated by using some preassigned formulas in which

Pll = Qll = le This criterion is equivalent to criterion
(8) with = =

1 0 0 0
0 = e 0
£ 5 -
0 0 Pj, O
0 0 0 PJB_QQ%%

Following steps analogous to those of the non=-

4 ¢ - .
deflated case, we differentiate CP = (Zl—-ﬁ--—-rfl)z
J=1 j

Partially with respect to m, A and Y
@ Vi = X @ V= Kn A
2L = Y (-2 =

= -+ A . —
3w D§ Sl Dg )
3 (P Vo -~ YA Vy = ¥ A
a3 = L g 2 )
D3 4
._B_EE.= = 4 Mj‘(Vj = XM,])
e g i o -

J

Equating each of the above equations to zero and noticing

that Dl = 1 and D4 = D2 DB’ we obtain



AV, + VD - § (DS + a°) = 0 (241)
2 2
wV,y + VoDg = 4 Y (Df + xn°) = 0 (2.2)

O o 2 2
V.-DSD2 + AV ¥ +
Yu =88 O e T My (2.3)

(Dg + Az)(Dg + 72)

substituting (2.3) in (2.1) and (2.2) give

mAV, + TVIDE - AV, = VzD5 = 0 (244)
RV, + AV,DE = xV, = V_D- = 0 (2.5)

Equations (2.4) and (2.5) could have been derived

. Vs
directly from equations (l.4) and (1.5) substituting-ﬁi
M J

for Vs and -]3-'1 for M.

Solving for m and A in (2.4) and (2.5) we get

T = «6
: (2.6)
B+ VB + 4DZ
A = ——— s — _
= (2.7)
where -
2 2 o2 2.2 2
« S n =t a7

: —se & (2+8)

>
!

E = o .. (2.9)




Ignoring the negative sign in (2.6) and (2.7), we

obtain the deflated price and quantity indexes

™ & +-JA + 4 P?z

= +10
P, > (2,10)
B + §2+4Q2
D Sl
P_ = 5 (2411)
12

If the index_used for the deflation sagtisfies the

V
factor reversal test i.e. P19 ng =uv% , then

e g

Hence A and B take the simpler forms

< 2 2
Y V-V

L= v B %
1V3Q12 Vz Vy
5 .38 2 2

5 Fi1o Vo = V3 @,

2 .
v1V2P12 e Va

In particular, if Fishers' ideal formulas Pﬁz and

Q?E are used for the deflation A and B become zero and

thus
D F
Plz ad Plg
D - B
Qo = @o-

Whether the deflated formuls satisfies the time

and the factor reversal tests depends on the formuls used



in the deflation.

44 =

satisfies the time reversal test, then

dr——

A = g

21

A

2
12

and the time reversal test 1s satisfied.,

In particular, if this later formuls

Se Minimum Chi-square by a Numerical Itergtive Method

Going back to our originael criterion (8), we aim

at approximating m and A by a numerical lterative method,

First,we find 2 in terms of o° and -[2.

(5) and (6),

We have, from

_.. -l_ = - [ =
[p. W} Wo Ujl_ Uiuli‘ R
1 2 P b
[alaZ' e an} Wy Wg % 1 2 [ql q21
P . : UE n :
2 . i U2 2- L lU
L2 2 * e 2_1
Wy wz b
= — = 2]
- 5
Wy W
= 3 2 2
W
Ul U1 P U? hl ~2
ﬂ_ 1 .2 n : :
U U e 8 @ U ’n
2 o 2 _11
[ 2w, W 2
— i i __'}
3 miwill om0 Ul + zUlw 2X W IHAZ BT +2U1
T ISs 1L o ; i
72 O, W+ B,U_ + zugwl s X iu A3 /3’ V- +2,U w ,




where Kym
all the cormgdities i = 1,
vextor X can, hence,

the quantity discrepancies:

[
J

ili, I'l:

! i k-
* % 5. T 20

- = i
2 cii W otz 2 U,

s

1

- 27

2§
2

The multivariaté

=]
o

W,

wi

2

TA
AA

TR A+ACB+C

x =
T2 iwi Z /31 Ué 4+ X Ué Wi
nZ2X W+ a2 3, vh o+ 5yl

J 12 12 2
Using assumptions (5), % = EMXX' becomes
A+RB+C AB TA
AB A+AB+C 0
pit
TA 0 T2 A+B+C
| 0 TA AB
where
g2 2 g 3 2

a3bq, /31 = byjqq and the summations run over

be written in terms of the price and

(Sel)



The elements of 2 depend on the unknowns T and A. They also

2

depend on the {Ki ‘s, thefei‘s, 02 and T % whose values agre

usually not known. The elements of 2~ will depend on the
same unknowns, Fhis will lead to mathematicgl difficulties
in solving (8). Consequently, we give m and A initial
constant values:

T = T

0

(3.2)

40

il

A
where Ty and Ay are found using some price and quantity
= index formulas and we use (1) for approximating %3 = Pyay;

X
i

34

Il
g
[y

9 i = l, L n (513)

i
e

Finally, we use (2), (3.3) and (3.2) to approximate

o2 = vm{;) and T° = vmp by

- e
o =7 3 (P - xp])"
1=1

(3.4)
i 1.2
1(Q2 AOQl)

n™Mp

1
Z I
S

Using (3.2), (3.3) and (3.4), Z takes a constant

value gnd so does . Hence, let




C c C
C11 12 13 14
¢ e ¢ ¢
21 09 25 24
2l =
¢ ¢ C
051 32 33 34
C41 042 043 044;

where the Gij'g are fonstants,.

Then the original criterion (8) becomes

minimim (56D)

1,Jd

where Xi is the ith-components of the vector X, Partial
differentiation of thé left hand side of (3.5) with

respect to A, M and N gives, after equating to zero.,

4
jil Xj (C2j + T G4j) = 0
Jél xj Sj + A c4j) = 0

% Xj (C 13 + ng + KGSJ - 15043) o

Substituting for each X; its value from (7), we have

4 4
> @ 2
_lev3033+a e V58, 5= ¥(Coa+(Cyq+Cys)at0p,0%) - ¥ (Cagtaals +a%C,, )
Tt =0 (3.6)
4 42 y 2,
3% V.C +ﬂ 2 V.6 = Y(C, +(C. +C )m+C
j=1 J72] =1 3 4] ( 12 ( 14 23)ﬁ z4
o
-‘X(022+2n024+n G, )0 =0 (3.77)




4

2 V.(€. +A8 .+ + -
J( Lo A 23 7C ﬂﬂc4j) (c 1+2AC

A 34 +2nC_ _+2nA(C. +C

12 13 14 25)

2 2 2
+A 022+ﬂ2055+25 ﬂ024+2ﬂ 3054+n252044)?§=0 (348)

The above equations are quadratic in m and A and linear inY
Hence, we express each of the unknowns ft, A and \X in terms
of the other two‘unknowns and then we approximate then
numerically. Solving for m, A and ¥ in (3.6), (3.7) and

(3.8) respectively, we have

S e ws z Tt
J 3] J 4
ﬂ(ﬂ’\g) = 2_2;_n___.j =1 ] e e
>
Y (Cypt205, 4 Caq)

(3.9)

J%; 302 B 1 & % \' C ¥(012+(014+025)ﬁ s Cséﬂz) :
J PR 5110)

2
\g(G22+2“024+ﬂ Chq)

i

Alw,Y )

[ b
l&ﬂb

V.C
1j +A Z Vj 2J+ﬂ ZlV'GS

I jTod j 4j

J J ) &J
C11%2AC, +2nC, . +2mA (C, ,+C, . ) +A2C 2C “g o
12 15 14™C9z 2o Uz +2RA"Cp

Y (x,a)

+ﬂ2ﬂ20

+2ﬂ25034 i

Starting with the inifial values (3.2) ang using

(568); (5,10) and (3.11), % and-A sve Feund by the iteration:

T, ﬂ(Ai_l, Xﬂihl)

Ay = Almy, ) )
1 i 2 | (3.12)

¥

i

I
=
——
=
A
a
>
e
b -

Whether iteration (3.12) converges and how Ffast seems



to depend on the initisl values (3.2), If Pi = P% and

i Qg(i = 15 8, «es n), for example and we let Ty = 1

and A, = 1, then

0

\Xi =V 2. =V, = Voo

and
'.T[j_:ﬁl:lo

Hence, in this special case (3.12) converges at the first

iteration and, moreover, the identity test is Sgtisfied,

In the iteration (3, J2) . - is kept constant.

However, one can change its value at each step of the
iteration by using the m3 and Ai obtained gt the previous

step in (3.4) and (3.1). Then the S99 dn (3.6), (5.7) mud
(3.8) will be changed at each iteration. If we let ng denote
the corresponding constant at the Lkth iteration, the we can
denote the left hand sides of (34€6), (3.7) and (3.8) by
K(CiJ,A‘Y) ﬁ(Cij,n Y ) and\X(Cij,ﬁ Ale Our new full itergtion

becomes ¢

P
R e )
= plpil
A, = A(C 7 Ty Xi-l)

Index numbers calculated by formules derived in this
chapter together with those calculated by some of the well=

known formulas are given in tables T and II in Chapter V,



CHAPTER IV

SPECTAL-PURPOSE MINIMUM COVARIANCE IINDEX NUMBERS

Along the historical path and under normsal
circumstances in a free market, the price and the
quantity of a commodity 1 are negatively correlated. In
an gttempt to use this fact in darivinglan index number
formuls, we consider the situation where the correlation
coefficient between the factors present (in this case
price and quantity) tend to have a maximum absolute value.
While such a formula may not be "realistie" in the case of
price index numbers, it may be so in particular situations,
for example in ggriculture and in industry. However, to
follow the same notation throughout this thesis, we shall
mgke our derivation in terms of prices and quantities.

Since the correlation coefficient is a ratio of
two quantities both of which involve the unknown index
numbers, 1ts extremization (meximization or minimization)
presents mathemgticgl difficulties. 'Consequently, we
extremize two related expressions, namely the "covariance"
and a deflated "covariance'.

We agzain consider the set of prices and quantities
of n commodities in T years. ILet the prices and the

quantities of the ith commodity over all the T years be the




vectors

| = | 4
S Y

g
Py Q%

pE= > s93 T °® . 1=1, eee, n

i

Pl
| ?_ L_QTJ

Let p and q stand for the price and the quantity index

vectors to be found where

P11 Q11

P12 ng
P == £ o 2

PlT - | QZT

Finglly, let
T
g A BN =t 8,

o |
(pi - Pl p)'(qi - Ql q)

be the "covariance" between the price and the quantity of

th

the i cormodity.

Our aim will now be to make the overall "covariasnce'

n n t .
izl Cy =1£1(pi == p)'(qi-Ql q)= minimum . (1)

Partial vector differentiation with respect to
p and g gives, after equating to zero,



- 59

1
153 19

q-"'—-'—l—--—______

3 pi ol

The tth Component of p gng q are

n

i ai
r 121 Pt 9
ol A L
1t = n

which gre Laspeyres price gnd quantity index formulag,

Hence our approach gives g new interpretation to this

well=known forrmils,

Needless to S8¥s ouP erlterion (1) 1y negt identical

with the original aim of reducing

the coefficient of correlation

to its smallest value. There is gn implicit

Weighting in
(1), for commodities with numericglly large "

covarianceg"
domingte,

This welghting would be elimingted in 4



correlation coefficient, but replacing (1) by a parallel one

In terms of correlstion does not lead to an éxplicit solution,

We therefore consider s "deflated covariance" by dividing

each individugl cj by the quantity
il ;
_ i

e h W P

Thus our criterion becomes

n C
El e = minimum (2)
v !

Pi a3

Partial differentistion of the left side of (2)

with regpect to g and p yield, after equating to zero gnd

solving for p and a

'
I

Q

I
[l
ot

n Py @Q
5 1 =

g t
i=1 Pi o]

i
The tth component of p and g give,

PIID“ U

ey

o

-

TI U 1%t
Q1 Byq
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where
n Pj.' Qf'c
. J
U'k = Z T >
e e

4 PyQ
t::

11D IID

Wi £ :
e note that Plt and Qlt ®bove are analogous

in form to Laspeyre's price and quantity index formulas with

n
1
Ujk replacing ij = ,Zl P? e 1in Laspeyre's formulas.
i=

A comparison between the indices arrived st in

this chapter and other indices will appear in Chapter V

b@lOW.



CHAPTER V

NUMERTICAL EXAMPLE

le Criteria for Meas

uring Numerically the Efficiency of

Index Number Formulas:
_-‘_—'—-‘_—-.-_.____.-

Ae. Criteris for the general=purpose formulgs

We shall set two criteria for leasuring numerically

the efficiency of an arbitrary general=purpose index number

formula I, The first criterion will depend on

n
values ng = 2 P% Q} while the second will depend on the
i=1

the cross

prices and the quantities Separately of the individual
commodities

For our first criterion we define the caleculated
value of VjP by

Cal Vj‘?-_-ij QK«F Vklf j,/E-"'*l,E, ®eoe 1

where k is the base year and T is the number of Years

considered, Obviously, the smaller the absolute vaglues

of the differences

9327 Yy = €al Ty PR TR

the more efficient is The formulsg. However, we are more

interested in the relastive differences,




d -
JX
D E m——
i T3
- cal Vi, .
i

Than the gbsolute ones djg o Hence, we consider the matrix

of the relative differences D,

b
—

Dll Dlg ecco0cee Dln

D D

D21 22 e e o000 0 2n

Dnl Dn2 ' EENE N N Dm

—

Then we define the error of the index number formula I by

Er(I) = tr D'D
1y i i T
=% F Q@e¥ g Tk
k=1 3=1 k3 kf Vi

Thus Er(I) is positive and usually less than 1. The

efficlency of an index number formulg is then inversely
proportiongl to its error.

Our second criterion is enalogous to the product
of the pr ice and the quantity variances. Considering an
index number formulag I we define

T G (pl . pI pi)®
D nl@=1) %=1 43 ° kt k
T n

B © e
BE(I) =—=-o 2 8 (6 -l &)
Q) S Ty ehn ;b T etk
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wnere again the base year 1s year k. Then we define

the 82 error of the formulg I by

| b
S2(1) = Sg(T) s%(:t).

Again the efficiency of the index number formulg I is

inversely proportional to its 8% error.,

Be A Criterion for special=purpose formulas

This creterion is set for the special case dealt

with in Chapter IV, i.e. when the correlstion coefficient

tends to have maximum gbsolute value. Considering a

formula I, the estimated "correlation coefficient" is

i)
2 (%, = i) (9] - afel)

S(I)

where year k is the base year and where

= = T
BlI) =1/0~() = VS§(I)S%(I).

Hence, the larger is |pI| the more efficient is formulag T

for this special purpose.

2« A Numerical Example

In tables I and II price and quantity index numbers

Tor the years 1913 - 1918 are cglculated by eleven different



formulas with the base year 1913 having the wvalue 100,
The first three formulas are classical, the fourth

is analytic and the fifth statisticgal. The next

five formulas are minimum jﬁlformulas derived in
Chapter III. The first of these formulas is the
minimum.:kﬁlwith identity cowariance matrix formula, the
next three are deflated ?{f formuilas where three

different formulas are used for the deflation. The
last of the minimum.)(z formulas is the numerical
iterative one where index numbers calculated by the
idegl formula are used as initial vaglues. Numerical

calculations by this formula are carried to ten
iterations. Finglly, the last, eleventh, formula is

the special=purpose minimum deflated covariance formula

derived in Chapter IV, The set of formulas used in
the calculagtion of the index numbers in tgbles I and
IT gre listed in the gppendix.

Tgble ITI uses the criteris proposed in the
previous section for compgring numerically the efficiency
of the eleven formulgs used in tables I and II, The first
two criteria are for the genersal purpose index numbers

and the third is for the general purpose index number

derived in Chagpter 1V,
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3. Concluding Remarks on the Tables

From tables I and II we observe that with the
exception of the special=purpose minimum deflated
6ovariance formula?

A - @lmost all thé formulas give identical results
to three significant figures.

B = Most of the index numbers calculated by the
Ideal, Stuvels, Thells and gll the minimum Afz formulas
agree to four significant figurese.

C - Deflating Y © with three-different formulas
give re arly always identical results to five significant
figurese. .

One reason that the special=-purpose minimum deflated
covariance formulg gives significantly different results
from the other formulas is the fact that a consumer selects
the quantities of commodities in such a way as to maximize
his satisfaction, and this need not maximize the agbsolute
value of the coefficient of correlgtion or the covariance,
Thus, the minimum correlation coefficient approach is not
suitable in this case. |

From table III1 we-observe that:

A - The deflated J ° formulas and the ideal formula
are the most efficient gccording to our two criteria for
the general=purpose formulas.

B = The Afz formula deflated by Thell's formulsg

is the most efficlient according to all the three criterisg.



Next to 1t come the ldeal and the X = deflated by the
speclal=-purpose formulas,

C - The specilal=purpose minimum deflgted covariance
formula is the most efficient special=-purpose formula, next

in efficlency comes Laspeyre's formuls. This is in agreement

with Chapter IV,
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APPENDIX

List of the Formulas Used in Tables I and I1,

Laspeyer's formula

v B 1
o where V, = 3 P, &
£ 3 S Je .05 7
g § =
5 n Vig
it © Vi4
Pagsche's formula
pP = Vit
%5 W
1t
& bk
1t Vti
Fisher's Ideal formulg
oy L e Pd_
s VP, X Py,
F o - P
- X
L TR
Stuvel's formulg
1 L L L b
g _ 4 = 1 % L
1

- b6 =



= 67 =

= = - - pL )2 + _TE
11
Theil's flormulg
Pl = P, ( 1+ (Qit)g
e ot 7 e
+
1+ (G
i L P
= + e 1t —
Q’lt Qlt = 77 1.2 )
+
= _Plt
where P1g
= —— = ]
PL
1t
Ninimum ;{? with 2 = T
;i & 1 2 2 2
B = e [V W V(Y™ Y]

Il %3 18 &b

o - ——

g

g V% e V2 Ve 2 17
VIV 1 tt) 4( 1% £d 11 b

¢ £l

I 1 2 .8 g 2
TR M T T )
11°1t £1'tt

2 +V2 )2

e
+-M1vll+vlt+vtl ee) =2V V=V

5
g5 pl]

Deflgted Z 2 with Laspeyre's'formula

i 5 SO In2 L 2
= + +
Plt At 1/(A‘l: ) (Plt )

IL % L.o .
Ui Bt % 'JTBt) * (Qlt)2
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where
L 2,9 L 2] | L .2 .
£ = = - = =
2((Qq )"V Vi #V, Vs )
T 5D 7 o T 2 2
ob . Eie ) (W {QaTag) It Veo iy, ) Ve
G £ .2
20(PTE) "V V1 +V Vs

2
Deflated X with Theil's formuls

P17 = i+ VP
I B ”
QG = B, + V(BEL)+(Q1, )"
where
S = e o =2 _ =
2((Q75 )2V VgV, Vi)
i , 2 = T 412 v
. (P1t>2<v1t-(qgtvll> 1= (Vg8 ) =V
= s " -

T 2
2((B]) V¥ 7, V. )

Deflgtéd 'ZB with the minimum deflgted covariance formulg

T I B e
P = +\/($ +(P13)

1t
i Il £ 1§ IT,\2 IT,\2
= + +
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where
T (ng}_Evil"(Pltvll)_}-(?;tplt) Vit
£ 1.0 2
200Qqg) VeV a* V1 Ve q)

Ii.2 o

it.o I o
BII ‘- _(':_Plt ), (jﬁi( Qltvll)J: (thQl‘b) +Vtt

o
IT\2 =
+
2B ) VN e Vi)

Bumericagl iterativaLLXQ with index numbers calculated by

Fisher's ideal formula as iﬁitigl_vaiugg
Iets

e T n 3 P D
= 3 2 (P - P P..)
n(T=1) %=1 4=1  © 1 71t

Il

o

i Soal . 2 1 1 B 2
s == 2 Z (R -Q & )
n(T 1) =1 4= t 2 )
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I
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ING:
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(ﬂ§)2A+(A§)2B+C
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the summations run from 1 to 4
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for SOmQ‘ k = 1,2, oo ® 00 (in tables i and Il k = 10)
o° and *Yfz are given fixed values becguse they change

negligibly at each itergtion.

Special=purpose minimum deflated covariance formulg

o
Lt
QII e Uit
1t
o
where
n Pi Qi
Upe = 3 et
i=1 1.1
2. P



