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AN ABSTRACT OF THE THESIS OF

Farah Kanbar for Master of Science
Major: Mathematics

Title: Central Scheme for Systems of Shallow Water Equations with wet and Dry States

In this thesis we present a new well-balanced, non-oscillatory, second-order accurate central
scheme for the numerical solution of the two-dimensional shallow water equations (SWE) with
wet and dry states. The numerical scheme is a central scheme that follows a classical Riemann-
free finite volume method and that evolves the numerical solution on a single Cartesian grid.
Most numerical schemes generate numerical instabilities, such as negative water heights, when
considered with wet and dry regions. The developed well-balanced numerical scheme is capable
of maintaing, when necessary, the steady state requirement of SWE systems, along with a
proper and clean interaction between wet and dry states whenever water run-ups are present.
The developed scheme is then validated and the numerical solution of recent two-dimensional
SWE problems is reported.
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Chapter 1

Introduction

Central schemes are considered simple and efficient tools for the numerical solution of systems
of hyperbolic conservation laws. Lax-Friedrichs scheme is a numerical method for the solution
of hyperbolic partial differential equations. Based on this scheme, Nessyahu and Tadmor
introduced a central scheme that evolves a piecewise linear numerical solution on two staggered
grids in 1990 [1]. Later on, extensions of the NT scheme were developed [29-31]. These schemes
were used to solve problems arising in aerodynamics and magnetohydrodynamics. In 1998,
Jiang et al presented an unstaggered adaptation of the NT scheme [27]. A two-dimensional
extension of this scheme is then presented in [28]. In this thesis we develop a new well-balanced
unstaggered central scheme for the numerical solution of systems of two-dimensional shallow
water equations with wet and dry states. The shallow water equations (SWE) system is a set
of hyperbolic partial differential equations that describes the flow of a free surface fluid under
gravity over variable bottom topography. The equations are derived by depth-integrating the
Navier—Stokes equations in the case where the horizontal length scale is much greater than
the vertical length scale. The system can be used to model waves in the atmosphere, rivers,

lakes and oceans. It is also used to simulate tsunamis, dam breaches and others. The SWE



system, written in its conservative from, is given by:

h hu hv 0
0 9 2, 1,32 9 = o)
2| hu [t oz | hu’+igh + B huw = —-9rn&
hv huv hv? + %gh2 fghg—;

Where ¢ is the time variable, z and y are the two spatial variables, (u,v) are the velocities
in the z-direction and y-direction respectively, h is the water height function h(z,y), z is the
water bed function z(z,y) and g is the gravitational constant.

Many Papers were recently published for the numerical solution of the shallow water equations
using Riemann solvers [5,7-18]. Accurate numerical schemes were developed by balancing
between the source term and the flux divergence [12,13]. A one-dimensional well-balanced
scheme is derived in [4], where the discretization of the source term and the flux divergence
were taken properly. The one-dimensional well-balanced scheme, derived in [4], was extended
to a two-dimensional one in [6]. The scheme features the well-balancing of the source term
with the flux divergence and the proper discretization of the water height function according
to the surface gradient method discussed in [5].

Solving steady state problems is one of the main challenges in the simulation of the SWE
problems. For this reason, new well-balanced central schemes for the shallow water equations
were developed [4,6,13,19] to solve steady state problems. Another challenge is the develop-
ment of well-balanced schemes that treat problems with wet and dry states. The appearance
of such states usually result from the way the initial water height is defined or from the flow
of water across the computational domain. So, we may have wet areas where h > 0 and dry
areas where h = 0. Most numerical schemes break down when they are considered with wet
and dry regions and generate negative water heights in the forward and the backward projec-
tion steps due to the steep gradient of the interpolant which performs a negative interpolated
water height (i.e below the water bed). Therefore, our aim is to propose a treatment that
yields clean forward and backward steps, and also maintain the conservation of water across

the computational domain as well as the well-balanced property of the developed scheme. A



list of numerical schemes were developed in [20-26] to satisfy both the lake at rest and the wet
and dry constrain.

A new unstaggered, well-balanced, non-oscillatory, and second-order accurate central scheme
for the one-dimensional system of shallow water equations with wet and dry treatment was
proposed in [4]. The scheme is capable of handling lake at rest problems at the discrete level
by the aid of the surface gradient method. Simultaneously, the scheme treats the numerical
instabilities resulting from the wet and dry interactions by correcting the slope of the water
height interpolant in the forward and backward projection steps.

In this thesis we develop a new well-balanced, non-oscillatory, and second order accurate cen-
tral scheme for the two-dimensional system of shallow water equations on variable bottom
topography with wet and dry states. It is an extension of the one-dimensional scheme pre-
sented in [4]. The extended scheme ensures the water conservation across the computational
domain and maintain the positivity requirement of the water height function. Our numeri-
cal experiments confirm that the well-balanced property at the discrete level together with
the surface gradient method is able to handle lake at rest problems. Besides, it is able to
handle problems with wet and dry interactions. The good agreement between our numerical
results and the ones proposed in the recent literature as well as the comparison with the one-
dimensional experiments prove the efficiency of the developed scheme. The paper is organized
as follows: In chapter 2, we present the one-dimensional well-balanced scheme that solves lake
at rest problems by the aid of the surface gradient method as well as problems with wet and
dry regions with a specific treatment. In chapter 3, we present the two-dimensional extension
of the scheme in section 1-2. Furthermore, we develop a treatment of wet and dry states
for the two-dimensional scheme in section 3 followed by numerical experiments to test the
efficiency of the developed scheme. In chapter 4, we conclude with important remarks and

future work.



Chapter 2

One-dimensional

Well-balanced Central Scheme

In this section we present an overview of the previously developed one-dimensional central

scheme and a list of experiments on which the well-balanced scheme is applied.

2.1 Well-balanced Central Scheme for the One-dimensional

Shallow Water Equations

In the one-dimensional case, the SWE system is given by

ou+ 0y f(u) = S(u,x), uwu=u(rt), zeQCR, t>0

u(z,0) = uo(z)

We will apply the central NT scheme [1] to the shallow water equations:

hv hv? + %gh2 —ghg—;



Where h(z,t) denotes the water height, v(z,t) is the velocity in the z-direction, g is the grav-
itational constant, and z(z) denotes the bottom topography function.

The computational domain €2 is an interval of the real line divided into control cells defined
by C; = [Ii_1/27wi+1/2] of equal width Az = z;11/2 — ;_1/2 and centered at z;. We also
define the dual cells DH% = [®i, ®iq1] with centers x;1/2 =z + %. The time step will be

denoted by At, and for a positive integer n we set t"*! = nAt.

i Cit1
i s Bis Dy, s

We assume that the solution uj at time ¢t™ is known at the nodes z; where ui = u(z;,t"),

n+1

i

and is defined as a piecewise linear function over C;. Our aim is to compute the solution u

at time t" T = " + At.

We start by integrating us + f(u). = S(u, z) over the domain R;‘_,_% = DH_% x [t £
// [ut + fo(u)]dR = // S(u,z)dR (2.1)
R;l+1/2 R;l+1/2

then we apply Green’s formula to the double integral on the left-hand side of equation (2.1),

which allows us to change the double integral into a line integral by the following formula:

//R(% - %D)dmdy = fi(de + Qdy) (2.2)

After applying this formula with % = f(u) and %—}; = —u¢, Eq.(1.1) becomes:
g
7{ (f (u)dt — ude) = / / S(u, 2)dedt (2.3)
ORT,, tn @

where the boundary of the squared region R}, is as follows:

OR}\ 1 jo = [wi, x| U [t 4" T U [agr, ] U [ 47



Dividing the line integral over the four segments, we get:

g+l

/%M [f (u, t7))dt — u(z, ")da] + /t [f (u(@isr, 0)dt — u(wiga, t)da]

g

T n+1 — ulz n+1 " wles ~ ol .
-l-/zﬁl[f(u(m,t ))dt (z,t"")d }-1—/1%“[]?( (zi,t))dt (21, )dz]

Tiql
= / / S(u, z)dxdt
tn T;

Splitting the integrals and rearranging them simplifies the equation to:

tn+1

— [ (e, e+ [l Fu(mi, £)dE+ [T u(, ) de — [ Fulz,t))dt

¢+l

Tit1
= / S(u, z)dxdt (2.4)

n
Next, we apply the Mean-Value theorem for integrals of the function u(z,t), note that the
theorem is applicable because the function is piecewise linear at the cell centers.

The integrals become:

f;:“ w(z, t" ) dz = Amu?jél

f;;“ u(z, t")dr = Amuﬁ_%

For flux integrals we apply the midpoint quadrature rule.

The integrals become:

g+l n+%

[ flu(i,t))dt ~ fu] " ?).A
tn+1 n+%

o (@i, 1)dt = f(ug,?).At

We Substitute these 4 integrals in Eq.(1.4) and we divide by Az to obtain:

At n+i n+l 1 ¢t Titl
n+l _ n
ui+%—uwé—ﬂ[f(ui_,_lz)—f(ui 2)]+E/tn /Il S(u, z)dzdt. (2.5)

where u?Jr% are the predicted values at the intermediate time "2 and they are approximated
using a first-order Taylor expansion in time:

u(z,t) =u(z,a) + u(z,a)(t —a) for any a and t.

u(xs, t) = u(xs, a) + ue(zi,a)(t — a)

Let a = t",



u(xs, t) = u(zs, t") + we(wi, t) (¢ — ™)
Let t = t"+2

w(@i, "7 3) = u(ws, ") + we (i, ") (4L

1
up " =+ 4 (we)?
1
ul T =l A o (ul) + S(ul, )]

But the partial derivatives of the flux are calculated using the chain rule, Then:

n+%

u; 2 =ul + Sl [—f + SP.Ax]

The integral of the source term is being discretized using the midpoint quadrature rule with

respect to time and space:

tn+1

J.

_ AzAt
2
AzAt
2

AtAx

AtAx

= AtAx

So,

tntl
\/t” i
with

n4 L n+ 1
S(u; 2, ui+12)

Tit1 ntl
/ S(u(zx,t), z)dzdt =~ AtAzS(u, 2

Tip Tip1 1
/ S(u(z,t), z)dzdt = / AtS(u(z, t"12), z)dx

[S(u($¢+1,tn+%), Tit1) + S(U(xi,thr%)»xi)]

1 1
S(upyy? wisa) + S(up 2, mz‘)]

n+%
y Wip1

2.6
::rl% +h:+% zit1t+2i ( )
-9 ( Ax )




Discritization of the source term:

we define the sensor function s; as follows:

. / hﬂfhn71
—1, i by =gt
’ R —hT
H — i41 i
].7 if h,L = GT
S; =
. ’
0, if h; =0
’ AT, . —hT
2, if h; = AT

where 1 < 0 < 2 is the MC-0 parameter used in the gradients limiting. This parameter will
force the discretization of dz/dz in the source term to follow the discretization of dh/dzx.
Then, the source term is discretized as follows:

Si =8 +Si'r+Sc

where

s 0
Sir=s; L 6 % (2 —s:)
—ghio= 5=
0
14 s
Sir=s; J;s (2—s5)
—gh ==
0

(Si + 1)(51' — 1)

6 (2 —si)

Si,c = si

nZi4+l—%i—1
_ghl 2Ax



The source term is then given by:

0
, if s =-—1
npzi—%i—
—gh} ng
0
, if s =1
Si = npritl %
0, if s =0
0
, if s =2
nZi4l1—Zi—
_ghl Jr;A:tc :

To sum up, the steps of the numerical scheme can be summarized as follows:

1
e Calculate the predicted values u?+2 using the following equation:

" _ur DL 1 P Ag)

v 2Ax

e Calculate the forward projected values uZL 1 using Taylor expansion of u(z,t") in space
2

n A:L' ny/ /

Wy = g+ ul) + S - @) (27)

where (u?), is the derivative of u(z;,t™) calculated using the MC-6 limiter defined in

[5]-

tn+l

e Calculate the solution at time on the staggered dual cells using this formula:

n+1 n At n+% n+% n+%)

T (O B (O D RIS i (28)

e Project the solution u?jll

2

back into the original grid using Taylor expansions in space:

wy BT () ), (2.9)

11 1
uft = (M +u 3 h
2

2\VVimg T ity

The Steady State:
Where the surface of the liquid is initially at rest corresponding to initial velocity zero.(i.e.

h+ z = cst)



In this case the variable, the flux, and the source term vector reduce to

0 39h° —ghgz

The solution for the steady state problems of the shallow water equations at time t"* should
be equal to that at time t" and the equality h; + z; = cst should be satisfied at each time step
and at every node in the computational domain.

We will prove now that in the steady state case the following equalities hold:

1
n+s
2 _,n
® U, = U;
n+1 n
o U =U.
i+l i+1

Proof of the first equality:
"+% _.n At nn n
u; 2 =i+ 5an ()i + S .Ax)

Consider the case where h; = Q%Similar proof for the remaining cases)

by the definition of the sensors s;, the source will be defined as:

0
Gl
—ghpoIEet
and
0
F =
ghih;
The equation becomes:
0
n+2 _,n At
i Ui+ 2Azx ]
—ghi (K)i — ghi'0(zi — zi-1)
=y’ + ﬁ i 0
Y 2Ax

. At 0 }
=ul +
)]

S\ —ghi O + 2:) — O(hisy + zia



but we're given that hj' + z; = cst over all the computational domain.

hence,

nal
u, tz _ Us;
proof of the second equality:
At n+i ntl ntl 4l
n+l _ n
ui+% =Uipl— E[f(uzurf) = flu; )]+ ALS(u; "2 u; )

where,
0
n+i n+i
S(u; 27u¢+12) = ntl gl
h; 2+hi+12 Zit1—%i
-9 2 Az
Then we get,
W =u g — At !
ity itz Ag 1 1 1 1
n+z n+3 n+3 n+3
%g[hi 2+ hi+12}[(hi+12 + Zi+1) - (hi Z+ Zz)}

1
Again, h 4+ z = cst and from 1. we have u?+2 =uy

this leads to
n+l n41 n n
(h; tz gy zi) — (hi_;rlz +zit1) = (b’ + zi) — (hiy1 + 2i41) =0
Therefore,

n+l _ n
i+l = Wirl

U
In this section we presented the derivations of the well-balanced scheme. In general, the well-
balanced scheme fails to solve lake at problems as we will show in the numerical experiments

section. Therefore, a new reformulation of the scheme is needed to remedy this situation as

we will present in the next section.



2.2 The Surface Gradient Method for the One-dimensional

Shallow Water Equations System

In order for the developed scheme to satisfy the steady state requirement i.e (h+2z = ¢,v = 0),
some reformulations on the well-balanced central scheme is to be applied.

As proved in the previous section, the following equalities:

1
n—+z
2 _ ,n
u,; = U;
n+1 n
u =Uu.
i+l i+1

hold at every node of the computational domain. Therefore a proper reformulation of the

n+1

scheme is to be done for this equality u; ™" = ;' to hold at every node z; in the original cells.
We will follow the surface gradient method discussed in [4] and calculate the numerical deriva-
tive of the water height component in terms of the water level function H(z,t) = h(z,t)+z(z).
The surface gradient method can be summarized by the following steps:

First, we define the bottom topography function z(z) at the centers of the dual cells, i.e, Zipd

then we find its values on the centers of the control cells using linear interpolations:

1
z2(x) = zi + E(z”l - Zz,%)(a: —x)

2

At x;, we define

o 1
Zi = i(zwé + Z«ﬁ%)

We linearize the water level function H(x) and then use the relation h(x) = H(z) — z(z) to
linearize the water height function. So,

’

’ ’
hi =H; —z

where H; is calculated using MC-6 limiter and z; is calculated using central difference.

Then,

hi =H; — ——(z;,1 —zi_%) (2.10)



Substituting h, by its value in Eq. (2.7), we get:

n 1 n n Ax ! ZH’% - Zi—% ’ ZH—% - Zi+%
i+l = 5(}% + hita) + ?[(HL - T) = (His1 — T)] (2.11)
It is essential to mention that in the steady state H(x) is constant and H =o. Moreover,
Zigl —%_1 = 2(zi+% — z;) and Zigs — g1 = 2(2zit+1 — zi_%)
This reduces Eq.(2.11) to:
1 1 Zi + Zit1
fy =SB R + 5 Giy — ) (2.12)

Similar reformulations is to be applied on the backward projection step Eq.(2.9)
We have the relation H; = h; + z; over the control cells C; = [.Ti_l/g, $i+1/2:|. Similarly, we

have:

rrn—+1 n+1 ~
g (2.13)

it2 = iyl
where Z;, 1 is defined by the following formula due to the fact that the bottom topography

function is linear inside the control cells C;, but not on the dual cells Di+% = [®s, Tit1]:

il T Al %(ZH% - %) (2.14)
Then,
(W) = (H]) - A%:(zm — z). (2.15)
Substituting Eq.(2.15) in Eq.(2.9), we obtain:
prtt = e Ly ATy BT Ee g B T Ey (2.16)
2V img i+3 8 ViT3 Az it3 Az

By applying the surface gradient method we end our reformulations of the well-balanced
scheme.

Now, let’s prove that steady state is conserved after applying the described reformulations,

n+l _ n
. 4

ie, u =u;.

n+1 n

We have proved that it is conserved on the staggered values (uH_ 1= U ). That means, it
2 2

is enough to prove that projecting the staggered values to the nonstaggered ones returns the



same values we started with. In the case of steady state the velocity is zero so we will only
consider the first component h. Because H; is constant, then Hi, =0 and Eq. (2.11) becomes:

Zip3 ~ Zigl

Az

1 z 3
:'L+% = §(h? + hi'y1) + ?[(H{ - Ar ) — (Hiys — T)]
1 +1 41 1 Zi + Zit1
=gty PR m 5y - T )
using the relations Zigl —Z1 = 2(Z¢+% — 2;) and Zigs — Zigl = 2(zi41 — zi_‘_%) and

substituting hZ:L; by its value in Eq. (2.13), we get that I:I?:j'll is constant and so (ﬁ[?fll)/ =0.
2 it3 it3

Now,

+ 1 + Ax, Zi — Zi—1 ’ Zit1 — Zi
R = (R e+ 22(H, -2 2L H L+
! 2( i3 v %) 8 ( i-3 Az it3 Az )

By taking into account the values hﬂ; and the fact that H;Jrl =0, we get 7t = A In
2 2

this way we end our proof and the steady state is preserved at the centers of the original cells.



2.3 Treatment of Wet and Dry States

The proposed well-balanced scheme leads to numerical instabilities such as negative water
heights when SWE problems with wet and dry rejoins are considered. The appearance of
such instabilities is due to the gradient limiters that give an interpolated numerical solution
falling below the water bed on the dual cells in the forward projection step Eq.(2.7), or an
interpolated water height lying below the water bed function on the original cells in the
backward projection step Eq.(2.9). Therefore, additional treatment is required to remedy this
situation.

The water height interpolant at time ¢ on the cell C; is defined by

07 (@) = B+ (o — ) (h)

In situations where the water height is positive or zero, the slope (h?)/ of this interpolant may
lead to negative water height hZ_ 1

Let us consider a case where h;11 = 0 and h; and h;—1 are strictly positive.

On a wet cell n'(x) = h(z,t") for x€ C; and 7} (z;) = hy > 0.

On a dry cell we set ni*(z) =0 Vz € C;.

If for example 77,”(:5“%) <0, then h; 1 = %(m’"(azwi) + n?(:rH%)) < 0 because 771‘”(%+%) <
[0 (xi+% [

Hence, the idea is to correct this slope in order to make sure that the forward projection step
is not executing a negative water height.

If the forward projection step hg 1 leads to negative water heights, we set it to be zero and
correct the slopes of the water height interpolants in the cells C; and C;y1 to ensure water
conservation across the computational domain. In addition, we extend the definition of the
sensor function as well as the discretization of the source term in order to maintain the well-

balanced property of the developed scheme.

The treatment can be summarized by the following steps:

. Ifh@_,_l < 0, we set it 0.
T3



e Correct the slope of the water height interpolants in the cells C; and Cit1, two cases

arise:

1. If A} > e we re-linearize the water height function and update the definition of
the sensor functions,

() = —Zﬁ and s; =—4

4

Otherwise h} = 0 and (h?) =0 and s; = 0.

2. If hi}y; > € we re-linearize the water height function and update the definition

of the sensor functions,

’ h™
(h;rl+1) = (1174;1 and S; = 4
4

Otherwise A’ ; = 0 and (h;ﬁrl)' =0and s; =0.

e Update the discretization of the source term:

0
, if s;=-1
7gh?0 iid;.il
0
, if s, =1
—ghroza=zt
0, if s =0
, it s =2
nn=?i —Zi—
_gh’i 0 Jr12(iac .
0
, if s, =-4
fgh?%
2
0
, if s, =4
7gh? zi+1;;i+1/2




Similar treatment is to be applied on the backward projection step:

If R < 0 we set it 0.

The proposed treatment ensures non-negative water height values in the forward and the
backward projection steps, and maintain the well-balanced property of the scheme as well as

the conservation of water across the computational domain.

Remarks:

Ax
max(max(|L1[, |L2|))

At = CFL %

e L1 and L2 are two vectors containing the eigenvalues of % at each node.

e CFL is considered 0.485 in all computations.

2. All simulations have been done using MATLAB.



2.4 Numerical Experiments

Numerical experiments are carried out to test the efficiency of the developed scheme. The
gravitational constant for all experiments is g = 9.8m/ 52,
Note that the surface gradient method (sec 2.2) cannot be applied in the experiments with

Wet/Dry interactions(sec.2.1). In these cases we stick to the well-balanced scheme.

2.4.1 Lake at rest over variable bottom topography

In the first experiment we consider lake at rest over variable bottom topography defined as:

0 r < 0.25
1+z 025<2<0.5
11—z 05<x<0.75

0 x> 0.75

we discretize the computational domain [0,1] using 100 grid points. The initial conditions
are h(z,0) + z(z) = 5 and v(z,0) = 0 Vz € [0,1]. Figure 2.1 illustrates the water level at
time t=0.07 where we compare the water level obtained with (solid line) and without (dashed
line) applying the surface gradient method to the numerical base scheme. When applying the
surface gradient method, the oscillations disappear and the lake remains at rest. This confirm
the well-balanced property of the developed scheme. Table 2.1 report the L error together

with its order using 100, 200 and 400 grids.
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Figure 2.1: One-dimensional lake at rest problem: water level obtained using
the well-balanced scheme at time t=0.07 with (solid line) and without (dashed

line) SG.

2.4.2 Dam break over rectangular bump

For our second experiment we consider a dam break problem over a rectangular bump. The

waterbed function is given by

5 |z — 189 < 1500/4
z(x) =

0 otherwise

The water level function is initially

20 x<%
H(z) =

15 otherwise
h(z,0) = H(z) — z(z) and v(z,0) = 0. The computational domain [0,1500] is discretized
using 600 grid points. Figure 2.2 describes the profile of the water level at time t=10 after

applying the well-balanced scheme with (solid line) and without (dashed line) applying the



Table 2.1: Ly error of convergence for the lake at rest problem using different

grids N with respect to N=600.

N L error order
100 0.42 x1072
200 1.7 x10~%  1.31

400 4.16 x10~% 2.03

surface gradient method (SG).

2.4.3 Two symmetric dam break problems

Symmetric dam break problem over triangular bottom topography is considered in this ex-
periment. The computational domain is [-2,2] which is discretized using 100 grid points. The

water bed function is defined as:
1 < —1

24z —-1<x<0

the water height is initially defined as:

2 r<—1
hMz) =40 —1<z<1

2 x>1

and the initial velocity is zero. The results are presented in figure 2.3 where we apply the

proposed scheme. Reflecting boundary conditions are applied on both sides of the domain.



25 T T

0 500 1000 1500

Figure 2.2: Dam break problem: water level obtained at time t=10 using the

well-balanced scheme with (dashed line) and without (solid line) SG.

2.4.4 Parabolic bowl

In this test case we consider a parabolic bottom topography and initial water height functions

defined as: z(z) = ho(%)? and h(z,0) = ho — B2 _ Bz [sho _ z(x). ho = 10,a = 3000, B =5

2g 2a g

are constants. The computational domain is the interval [-5000,5000] and is discretized using

200 grid points. The water is located between the two points 1 = —a — ’3;’;?; cos(wt) and
T2 =a— g;",f; cos(wt) where w = 7v2agh°. Results are reported in figure 2.4 where the computed

water height (green circles) is in perfect match with the analytic water height function (red
line) of equation:

h(z,t) = ho — %2 cos(2wt) — f—: — Lz % cos(wt) — z(x).

2.4.5 V-shape

we consider the V-shape problem mentioned in [24] where the water is released from the left

part of the V-shape bottom topography.



The water bed is given by the following formula:

1
z(z) = ﬁ\m -1

The water has initially a parabolic profile together with a zero velocity:

h(z,0) = max(0, —1.5(z — 0.3)(z — 0.7))

v(z,0) =0

the computational domain is the interval [0,2] which is partitioned using 400 grid points. The

results are reported in the figure 2.5 where we see the water propagates across the domain

and reaches the right side of the bottom at the final time t=0.7.
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Figure 2.3: Two symmetric dam break problems over triangular bump
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(d) water height at t=4000

Figure 2.4: Water height over parabolic bottom topography
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Figure 2.5: Water profile at t=0(up) and t=0.7(down)



Chapter 3

Two-dimensional

Well-balanced Central Scheme

3.1 Well-balanced Central Scheme for the Two-dimensional

Shallow Water Equations System

The one-dimensional scheme we developed in chapter 2 will be extended to the two-dimensional
case. The SWE system is given by:

U+ 0, F(U)+ 0,G(U) = S(U,x,y), (z,y) EQCRXR, t>0

U(z,0) = Uo(x)

we will apply the central scheme mentioned in [7] to this system

h hu hv 0
0 9 21,12 o = o)
ot | hu + oz | hu” 4+ 39h + dy huv =\ —gh5m
hv huv hv? + %gh2 fghg—z

28
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Figure 3.1: C; j(blue cell) and D, 1 ; 1(green cell)
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Where ¢ is the time variable, x and y are the two spatial variables, (u,v) are the velocities in
the z-direction and y-direction respectively, h is the water height function h(x,y,t), z is the
water bed function z(z,y) and g is the gravitational constant.

We divide the computational domain  into cells C;; = [ac,-_l/g,xi_,_l/g] X [yi_l/%yi_,_l/g}
centered at (x;,y;) We also define the staggered cells

DH%J#% =[x, Tiv1] X [Yi, yer1] centered at (x;41/2,Yit1/2) where z,411/0 = xi + AT and

Yit1/2 = Yi + %.

We assume that the solution U;’; at time t™ is known at the nodes (z:,%;). We want to
compute the solution Uﬁfl at time t"*! = ¢t™ 4 At. The solution will be obtained first at the
staggered cells and projected back to the original cell to avoid Riemann problems arising at
the cell interfaces.

We integrate 0:U + 0, F'(U) + 0,G(U) = S(U,z,y) over the domain R Ll = Di+%’j+% X

[tn,tn+1]

I, ovsarwocwin=[[[  swepr

itg,

///R+ " 8tU*/// (U) +9,G(U)]dR = /// S(U, z,y)dR.

The integral fffR‘+ o 0:U can be reduced to:
it3.0t3



fyj+1 L+1 Un+1 Un)dxdy
Next we apply the Mean-Value Theorem for integrals, taking into account that U(z,y,t) is
assumed to be a piecewise linear function defined at the cell centers:

Yj+1 [Titl prn+1 ~ n+1
fy,- le U dady ~ Aar:AyUH_2 FIve

ny“ Ut dedy ~ AzAyU! il
i 213

Then we have:

AgztAyU"+1 1= AxAyUﬁr%’ﬁ%
_ / / /R 0. F(U) + 9,G(U))dR (3.1)
i+ 5.ty
+/// S(U,x,y)dR
Rivdird

For the flux integrals we apply the divergence theorem that changes the volume integral into

surface integral.Equation (3.1) becomes then:

gt

AxAyU"+1]+ 1 = AzAyU;! /

).

/ ).nydAdt
ORyy

/ U).nydAdt + /// S(U,z,y)dR
ARy

+1 +1

(3.2)

tn+1

where Ryy = [%4, Tit1] X [Ys, Yit+1] and ng, ny are the unit normal vectors to Rz (the boundary
of Ray).

Dividing both sides of equation (3.2) by AxzAy we get:

tn+1
n—+1
Ul+2’J+2 U7'+2’J+2 ACEAZ/ / ~/8Rzy F(U)nzdxdydt
1 (33)
G(U).nydzxdydt + /// SWU,z,y)dR
b i+5.0+ 5
. . t ntl tntl
Next, we approximate the integrals I = J5 Ray )-ngdrdydtand J = [, [, Ray U).nydzdydt



n2

(i, yj+1) (Tit1, Yj+1)

ng «—— f——————— N1

(4, 5) (Tit1,95)

I :/ / F(U).nedzxdydt
tn ORyy

:/tn /y’v+1 F(U(zi11,,))-(1,0,0)dy

Yi

n /tn /z F(U(x,yj41,1))-(0,1,0)dz

Tit+1

Yj
w7 FOG)-10.0
tn Yit1

T4l
+ / / F(U(z,y;,1).(0, - 1,0)dx
tm T

An approximation of each integral using the midpoint rule leads to:

FU@i31,058" 2D+ FU@ip1,0541,"2)) FU @yt 2N+ U s,95401,6" 7))
I = AtAy[ i+1,Yj> 2 i+1,Yj+1> ]—AtAy[ Y5> . iYj1s }

1
ntd

2
FUi1l it1.j+1 i,j+1)}

ntid nt+i nt+i
I = AtAy| 2)+F(U,;, 2 ;F(UM 2)—F(U

Similar approximation for J implies:

n+41
J=[" [on GU).nydudydt
Ty
ntl ntl nt+l ntl
GWU,;  A)+GU, 1% )G, , 2)—G(U,; %)
J = AtAx[ 21 +11J+12 2J +1,5 ]

Hence equation (3.2) becomes:



Un+1 Un

i+1.5+3 itg.dtg
At 71+ n+ n+i n+i
- AL P - PO - POl
(3.4)
At nt 1 n+ n+1 n+i
- E[G(Ui,j-ﬁ—zl) +G( z+12]+1) G(Ui,j 2) - G(Ui+1,2j)]

)l
+ S(U,z,y)dR
AzxAy Riilirl

1
where UZ ;2 are the predicted values at the time "2 and they are approximated using

Taylor’s expansion:

ntl n At n
Ui,j+2 =Ui; + T(Ut)i,j (3.5)

now substitute 9:U = —0, F(U) — 0,G(U) + S(U, z,y) in Eq.(3.5):

"+2 _
Um

= Ul + $1-0:F(Usy) = yG(Usy) + S(Usjy i, )]

then we calculate the flux partial derivatives using the chain rule as follows:

asn
o 0.F(UY) = (95, =5 Wlth < approximates the partial derivative of U with respect

to x.

n
i

Ho™ . n
e 0,G(U) = (25)7;. ‘;;J with Z;j

approximates the partial derivative of U with re-

spect to y.

Eq.(3.5) becomes:

Urts

0]

G . A L
Aigj + S7;] with F ; = 9F % and G, = G i

— n at or
_Uivj + T oU" Az

The integral of the source term is being discretized using the midpoint quadrature rule with

respect to time and space:

+2 ntg pntd oontg
ffpr i+ SU,z,y)dR ~ AtAzAyS(U; ; 2, Ui 0%, U 350 Ui 541)
1+l
n+2 n+2 n+2 n+2
with S( Uz+1 Nl U7, ]+17Uz+l ]+l)
0
n+3 n+% "+% +1
L gl thig (Ftlg=Fig) hi+1,j+1+hz it (ZtLitl = Figt)
g 2 Ax g Az
ntd n+i n+7
btk ® (Zhdti=2idy _ P thied (ZLit1=Zilg)
g ) Ay g 2 Ay



Eq.(3.4) becomes:

n+1 _ n
Ui+%,j+% - Uz‘+%,j+%
At n+i n+1 n+l ntl
T 2Ax [FUia5) + FUin %) — FU 5 2) = F(U; 33))]
(3.6)
At nti nt+l nt+i nt+l
o QAy [G(Ui,jfl) + G(Ui+1,2j+1) - G(Ui,j 2) - G(Ui+1,2j)]
n+2 nti ntl ntl
+AtSWU,; 2,005, Us 523, Ui 540)

Discritization of the source term:

As in the one-dimensional case we define the two sensor functions s; and ¢; as follows:

AT R BT
_ — 2J i—1,5 _ _ i,J i,j—1
1 h,=206 e 1 hy=26 Ay
hiv1,=hiy hij+1—=h;
1 he =070 L hy =05
Si = tj =
0 hy =0 0 hy =0
hify1—hi 1 hijri—hi 1
2 he = 2Ax 2 h’y - 2Ay

These parameters will force the discretization of % and g—; in the source term to follow

the discretization of 2% and %Z respectively.(1 < 0 < 2).

Then the source term is given by:

0 S1
Sig=| —ghr o2 | = S
—ghi; 5 S3

S1=0
S2 :S’QH,L‘FS;R"_S;C
where

2l —s;
SQ’L = S;

(2 s0) (—ahpy 0222000

2l +s; ( n Z¢+1j*Zij)
= 5; 2—3;) (—gh; 0 ———=—=
SQ,R S ( S) agn; ; A

(si +1)(si — 1)

n Zitl,j — Zi—1,5



Hence,

Zi . 4—Zi— 4
_ghlﬂ’jng;m si=—1
2 P,
*gh?ﬂW s; =1
Sy =
0 si=0
n pRit+l,j"Zi—1,j _
—gh 02l == 5, =2

and S = S5, + S3r+ S3c

11—t n o%i,j — Zij—
Ssp=1—>(2- 1) (79hi,j9’JTy’]1)

1+t e — 2
Son=BLER - ) (—gnn0 5 )

S3,c =t 9t [ —gpp, Bhdtl — Fig—t
3,C J 6 ( J)( ghi ; QAy

Hence,
n 24, —Zi,j—1 L

—ghﬁjﬁ%;zm ty=1
S3

n pFigHl—FiG—1 4 _
_ghi,jeﬁ ;=2

Now, the forward projection step U;:_%’j_‘_% is being calculated using linear interpolations in
2D:

Notice that the linear approximation in 2D is given by the following equation:

fy) = f@b)+ 3 =)+ 3 )

So, for every (z,y) € Ci,;

0i,j Oij
St (Y - vi) R

Uoi,j (z,y) = Uz‘y,Lj + (x — wl)A.’I] Ay




Using Linear interpolations the forward projection step is defined as follows:

1 1 N
10w+ Ayt )

n 1
U. 7Uci,j(xi+ 1

i+5its 4
1

1 1. .
+ ZUCHLJ- (Tit1 — ZA%:UJ' + ZAy,t )

1 1 1 n
+ ZUCZ,HI(%' + ZAx7yj+1 - ZAy,t )

1 1 1 n
+ ZUci+1,j+l (xi+1 - ZAx7yj - ZAyvt )

Using Eq.(3.7), we get:

1 T 1 1
Uc, ;(zi + ZA%%‘ + ZA%t ) =Uc, ;(zi + ZA%%‘ + ZAy)

o, J

Ay—yj)Ty

=U;+ (zi + ZAm IZ)AZE + (y; + 1

o 1
= Uiy + 405 + 101

(3.9)

In the same way we calculate,

Ucipy ; (it1 — iAm,yj + iAy,t”) =Ul1,; — iéi,j + iUiJrl,j-

Uc, i (@i + A2, y541 — 38y, ") = Ulj 1 + 06541 — 300511
U1 1 (@iv1 — 3Az, 501 — BAY, ") = Ul'ty j41 — $6i11.541 — 50i41,541-
Replacing and rearranging the previous equations in Eq.(3.8) we get,

(Ui + Uikrj + Uijer + Uik i)

N

U’

i+l+3 =

(3.10)

+ = (0ij + 0ij+1 — Git1,j — Git1,541)

[y
= S~

+1g(00d = Tigrr 0+ 15— 0it1541)

Similarly, we derive the backward projection step.

Therefore, the numerical scheme can be summarized by the following steps:

e Start with U;';.

e Find the predicted values as time i+ using the derived formula:

nt3d At Fj; y
Urts —pr 4 St iy gn 3.11
3V ¥ + 2 [ AZE Ay + Z’J] ( )



e Find the forward projection step:

1
Uit j+i Z(Uﬁj + Uit + Ui + Ui 1)
1 (3.12)
*6(5 G041 = Oit1j — dig1,5+1) :
1
+ 16 (0id = Tigt1 + Oir1y — ik i)
e Find the solution at time n+1:
n+1 _ n
Ui+%,]’+% - Ui+%,y+%
At n+3 n+i n+i nt+l
- E[F(Uzﬂzg) +FU 0 %50) —FU,; %) — F(U,; ;35)]
(3.13)
At n-‘,—l n+ 'n-‘,—l n+l
- E[G(Ui,jﬁl) + G( z+12J+1) G(Ui,j 2) - G(Ui+1,2j)]
n+ n+ n+ n+
+ At S( 2 Uz+12J7 Uz J+217 Uz+12J+1)
e Find the backward projection step using the following equation:
1
n+1 n+1 n+1 n+1 n+1
Ui Z(U 13 Pl H UL +1+Uz+2,J+2)
1
3.14
+ﬁ(5zfé,j—é +5i,%,j+% _5i+%,j7% _5i+%,j+%) ( )
1
+ 1604 T i3t T Ot~ %irdrd)

Notice that the way we’re discretizing the source gives the following two relations:

« U =
Un+1 _ Un
i+d+3 5ty

see proof in [6]. But it is not the case on the original cells i.e U;‘fl #U.
As in 1D, the numerical scheme fails to satisfy the lake at rest constrain unless we apply the

surface gradient method which will be described in the following section.



3.2 The Surface Gradient Method for the Two-dimensional

Shallow Water Equations

As mentioned above, the well-balanced 2D scheme does not satisfy the steady state require-
ment i.e(h + z = ¢,u = 0,v = 0) that was initially imposed. So, as we did in 1D, the surface
gradient method described in [6] will be applied for the two-dimensional well-balanced scheme.
The first step in the surface gradient method is to define the bottom topography function on
the staggered cells and not on the original ones. Then, we find its values on the centers of the

original cells using linear interpolations:

I i Bt A Sl Tt Slias TAS
Zig = 4

Using the 2D unstaggered central scheme, the water height h and the bottom topography
function are considered to be linear on each original cell C; ;. So, we first linearize the water
level function H(z,y) and the water height function using the relation h(z,y) = H(z,y) —
z(z,y).

Then, the partial derivatives of the water height h in the forward and the backward projection

steps will be calculated from the partial derivatives of the water level function H(z,y). Now,
hi; =H]'; — zi; for all  4,j
Then,
holi; = Hali'j — zalis hyli; = Hyli'j — 2ylis

where H, and H, being calculated using MC-© limiter and z, , z, are obtained using central
differences.

Hence,

n n 1 zij+ ziv1,;  Zi—1,j+ Zij

heli; = Ha i,j_E( : 5 7 1J2 ) (3.15)
n n 1 zij+zij+1  Zij—1+ 2

hyliy = Hyli'y — o (50— = = ) (3.16)

Ay 2 2



Substituting these two equations in the first component of the forward projection step (Eq.(3.10))

i.e hH%’jJr%, we get:

1
n n n n n
hivije1 = i(hz‘,j + hit1j + hi g+ hita )
Azl T R P Ie Nt W i RS
n 2 2
+ 28, -
16 7 Az
Azl Fird it s T dard Ficdardtrio4543
+ i H |" 1 2 2
alij+1 —
16 Az
r 3 1+z 1 1 1tz 1 1
i+5.0—5 i+5.0+35 it g.d—3 i+5.+
Ax H|? 3 3
— — | Hazliy1,; —
16 ’ Az
r Fitdard T 8548 Fadari Al
Az o 5 5
~ 16 2lit1,j41 — Az (3.17)
- zZ, 1 1+2,.,1 ..1 zZ, 1 1+2,, 1 1
A i—5.+5 it3.t3 it 3d- 3 i+5,0—5
Y n 2 2
r e R FI S Pt Ris i
LAY g 2 2
ylit1,j
16 : Ay
- Z 1 ,,3+F2,1 5.3 ol a1tz
A 5:JT 3 5:JT 73 5:JT 3 5:JT 3
_ Y H |n _ 2 2
16 | VBTt Ay
- zZ.,1 .,3+2,,3 .,3 zZ.,1 .,1+2.,3 1
A i+5,0+5 it5.0+5  Titg.dtg i+5.0+35
_2Yg [ 2 2
yli+1,
16 i+1,5+ Ay

A similar reformulation is to be applied to the first component of the backward projection

n+1
2V

step h

For each (x;,y;), we have H; ; = h; j + z;,; we will redefine the bottom topography function

on the staggered nodes because z(x,y) is linear V(z,y) € C;,; but not in D;1 ;1. Hence,
- 1 Zij + Zit1,j T Zij+1 + Zit1,541
Fittg+y T Fitii+s T 5 (zi+%,j+% - 4 (3.18)

The water height function on the staggered cells is then defined as:

n+1 _ }"In+1 _z
hiiyses = HL ey — Bivdaed

The partial derivatives of the water height function will be calculated from that of the water

level function.

holivy gt = Holirg je1 — 2 2 (3.19)



. . z. . . . z. .
i—35.0t35 t+%,]+% e R ) t+%117%

2 2
Hylip g 01 — Ay (3.20)

hy|

i+3.0+3 T

Finally, we substitute these two formulas in h?jl’s formula to get:

1 1 n+1 n+1 n+1 n+1
AT = Z(p ] h'T R Ry
S U R O R G RE R U Y
Azl o R M P a B I e s
n 2 2
+— |H:|!"1 1 —
16 =903 Az
Azl Ficdgrd Tl el o8 aed TRl
T\ gt 2 2
MY e Az
Azl ) A TR s P N P h e Ta
n—+ 2 2
T L Az
Azl o Firdard T gl Fidavd T datrd
n 2 2
= | Hal1 01— (3.21)
16 T30t Az
r e P e N P A T hs
Ay .|t 2 — 2
MR U Ay
Aul Fipl -1 1Figl el _ Fipl -3V %4l -1
+ 2Ylg |n+1 _ 2 2
s 01 ;1
16 | Ylitz0-3 Ay
- zZ. 1 .,1%2, 1 .,3 z. 142, 1 1
A i—5,0+3 imgadty  Timgd—3 i—5.d+35
Y H |n+1 2 2
- 1A 1 1 .,1
16 | Vi-30t3 Ay
- z, 1tz 3 z..01 . 1+ 1 1
Ay o 1+§,J+§2 itg.dty 1+§,J—§2 i+5,0+3
n
=16 |l T Ay

These reformulations on the forward and the backward projection steps complete the
well-balanced numerical scheme and solve the steady state problem. As one can look for the
proof in [6] where the equality Uﬁ;‘l = U;; is obtained for all (x;,y;) in the computational

domain.



3.3 Treatment of Wet and Dry States

As in the one-dimensional case, when the developed well-balanced unstaggered central scheme
is considered with wet and dry regions, numerical instabilities may arise. These instabilities
appear as negative water heights in the forward and the backward projection steps.

Going back to the way we are calculating the forward and the backward projection steps:

Forward projection step:

1
Uihs ey = 7005 + Uy + Ui + Uik i)
1
+ E(éi,j + 5i,j+1 - 5i+1,j — (Si+1’j+1) (322)
1
+ R(Ui,j — O j+1 + Tit1,j — Tit1,5+1)
Backward projection step:
1
n+l _ * n+1 n+1 n+1 b1
U = Uy T Uy F Uy H U )
1
3.23
+E(6"*%’j*% +5i*%d’+% _6i+%,j7% _5i+%,j+%) (3.23)

+ 1604 ~%i-dtd T Ot~ %irdrt)

The water height interpolant on the cell C; ; at time t" is defined as:
iy = hij + (@ —xi)(hali’) + (y — y;) ((hy[7), (z, ) € Ci

any negative water height in the forward or the backward projection step is due to the steep
gradient of the interpolant which performs a negative interpolated water height (i.e below
the water bed). Therefore, our aim is to propose a treatment that yields clean forward and
backward steps, and also maintain the conservation of water across the computational domain
as well as the well-balanced property of the developed scheme. Consider the case where A7,
is such that hy; > 0 for ke {i,7 — 1} and le {j,j — 1}.

The interpolant 7;'; approximates the water height h(z,y) at time t™ for every couple
(xi,y5) € Ci,j (the wet cell in our case). For the dry cells we will simply set 7;’; = 0.

In this case the forward projection step may execute a negative water height value h?_,_ ; if the

2

interpolant has steep gradient.

for example, when 7;’;(z) is too steep so that 1, 1 ;i1 <0and
4> 4



(Ti+1{Yj+1)

Figure 3.2: The four cells C; j, Cit1,5,Ci j+1, Cit1,j+1 in the case C; ; is a wet

cell and the rest are dry.

Figure 3.3: The forward projection step leading to negative h?+ ; (red plane)
2

and the corrected one leading to h?+ ;=0 (green plane).
2
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The treatment we impose on the well-balanced scheme can be summarized by the follow-

ing steps:

. IfhiJr%’jJr% < 0, we set it to 0.

e Correct the gradient of the water height interpolants in the cells C; ;, Cit1,5, Ci j+1, Cit1,j+1,

four cases arise:

1. If hi'; > € we re-linearize the water height function and update the definition of
the sensor functions,

oy

no_ i,j o
haliy = = a5 i =3

and

n o _ i,J -
hyli; = — ;=3

Otherwise, we set hi; =0 and he|f; = hy|; =0,s5.=1; =0
2. If hi, ; > € we re-linearize the water height function and extend the definition

of the sensor functions,

n
n _ T+l —
halivi; = —az" si =4

4




and

n
n o _ i+1,5 L
hy|i7j__ Ay t1—4
4

Otherwise, we set hi'; ; = 0 and he|iq ; = hylip1; =0, 8. =1t; =0

3. If hi; 1 > € we re-linearize the water height function and update the definition

of the sensor functions,

n
n _ i,j+1 _
holije1 = ——25 $i =5
4
and
n
n o _ hijn _
hy ,74+1 — Ay tj - 5

4

Otherwise, we set hi; 1 =0 and he|j11 = hy|f01 =0, 8 =t; =0

4. If hi%q j41 > € we re-linearize the water height function and update the definition

of the sensor functions,

K
n _ 41,541 L —
hz‘i+1,j+1 = Xe s;i =06
4
and
R ,g41
n — K 5J .=
hy|i+1,j+1 - Ay ’ t] =6
4

Otherwise, we set hi' 1 ;11 = 0 and helifg j41 = Rylit1541 =0, 85 =16, =0

e Update the discretization of the source term accordingly:
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A similar treatment is to be applied for the backward projection step:
If h'; < 0 we set to 0.
The proposed treatment will lead to clean forward and backward projection steps with pos-
itive water heights. In addition, it maintains the well-balanced property of the unstaggered
numerical scheme by updating the source term as we mentioned above. The scheme will also
ensure the conservation of water across the computational domain as we prove in the numer-

ical experiment’s section.

Remarks:

At = min(Atl, Atz)

e At; = CFL x where LF is the matrix containing the eigenvalues of

Az
max(max(LF)



OF
ou

e Aty = CFL % m where LG is the matrix containing the eigenvalues of

Jele}
ouU

e CFL is considered 0.485 in all computations.

2. All simulations have been done using MATLAB.



3.4 Numerical Experiments

In this section we test the designed well-balanced scheme on several problems. The gravita-

tional constant is g = 9.8m/s>.

3.4.1 Dam break over a rectangular bump

In this experiment, we consider a dam break over a rectangular water bed [6] over the com-
putational domain [0,1500]x [0,1500] which is discretized using 600 grid points on the x-axis
and 11 on the y-axis. The initial velocity components are zero. The water bed is given by

this equation:

: 1500 _ 1500
8 if, |z — 7| < 27

2(w,y) =

0 otherwise.

The water level function at ¢t = 0,

20, if x< 1800
H(z,y,0) =

15, otherwise.
After applying the well-balanced scheme together with the surface gradient method,the water
is propagating across the domain without any oscillations. Figure 3.4 shows the water profile

at the final time.

3.4.2 Circular dam-break problem

In this section, we test our scheme on a circular dam break over flat bottom topography. Our
computational domain is [-100,100]x [-100,100]and it is partitioned into 100x100 cells.The

dam has a cylindrical profile defined as:

10, if 24+ y? <602
h(z,y,0) =

0, otherwise.
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Figure 3.4: Dam break problem: water level obtained at time ¢ = 10, using

600x11 grid points.

The velocity components are initially zero.
Figure 3.5 presents the water level surface and the contours at the final time ¢ = 1.75 where
we see a symmetric solution with no oscillations that agrees with the solution presented in

[25].

3.4.3 Oscillating lake

We consider the two dimensional oscillating lake tested in [26]. The computational domain is

[-2,2] x[-2,2] and the exact water height is given by this formula:

h(z,y,t) = max(0, Ua—};o(%c cos(wt) + 2y sin(wt) — o) + ho — b)
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Figure 3.5: Circular Dam-Break: water level surface (left) and contours of the

surface (right) at time ¢ = 1.75.

and the parabolic topography by this formula,

2 2
x4
Z(:va) =ho agy

where w is the frequency w = @, a=1, 0 = 0.5 and hg =0.1.

The initial velocities are zero and the initial water height is obtained for t=0. We impose

reflecting boundary conditions throughout the boundaries. The solution is computed and

compared to the exact solution until the final time T:%.Figure 3.6 illustrates a comparison

between contours of the numerical and the analytic solution at two different times where we

see a good agreement between them. In figure 3.7, we draw the contours of the water height
T

error between the exact and the numerical solution at time ¢ = 3.

3.4.4 Two symmetric dam break problems

An extension of the one-dimensional experiment tested in [4] is to be tested here. The bottom

topography and the initial water height are defined as:
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Figure 3.6: Oscillating lake: numerical solution (up) vs exact solution (down)
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Figure 3.7: Oscillating Lake: contours of the water height error at time ¢t = %
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the water will flow along the x-axis. The initial velocity is zero. The domain is the rectangle
[—2,2] x [-2,2] and is discritized over 100 points. Reflecting boundary conditions are im-
plemented on the two sides of the z-axis. The results are reported in figure 3.8, where the
water profile match the one-dimensional experiment. A cross section of the 2D profile is to
be compared with a 1D profile in figure 3.9 at time t=1.0179 where we see the perfect match.
Moreover, the water is conserved across the computational domain as shown in figure 3.10,
where we compute the water volume c(t) and divide it by the initial water volume co.The ratio

c(t)/co is plotted at each time step until the final time ¢ = 6 using 50,100,200 grid points.



3.4.5 Dam break over a plane

Again an extension of the one-dimensional experiment mentioned in [4] will be used to test
the validity of the numerical scheme. We will consider the dam break over 3 inclined planes.

The bottom topography is
z(z,y) = ztana

with a = 0, X, and

' 86 representing the three planes. The computational domain is [-15,15]x[-

-
60

15,15] discretized using 200 grid points. The initial velocity components are zero and the initial

water height is defined as:
1—2z(z,y), f x<0

0, otherwise.
The water level is represented at the final time ¢ = 2 in figure 3.11. In figure 3.12 we
plot on the same graph the water level and the velocity in the x-direction obtained from a
two-dimensional cross section where they are compared to the ones obtained from the one-
dimensionl experiment at the final time ¢ty = 2 (left column). On the right column of the
figure we compare the front position obtained from a two dimensional cross section to the one
obtained form the one-dimensional experiment and also to the exact front position given by

the following formula:

x(t) = 2t\/g cos(a) — 0.5gt° tan(a)

while the numerical front position is the first cell-center where the water level exceeds the
value e = 107°.

Moreover, we consider a dam break on the y-axis. The result is reported in figure 3.13 that
illustrates the perfect agreement between the cross section along the z-axis and the cross

section along the y-axis for & = 0 at the final time t;=2.



(a) water height at t=0. (b) water height at t=0.15.

(e) water height at t=0.82. (f) water height at t=1.5.

Figure 3.8: Two symmetric dam break problems over triangular bump.
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Figure 3.9: Two Symmetric Dam Break Problems: comparison between gen-
erated water level in the one-dimensional experiment and a cross section from

the two dimensional experiment at time t=1.0179.
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Figure 3.10: Two Symmetric Dam Break Problems: graph of the curve ¢(t)/co

on the time interval [0,6], obtained using 50, 100, and 200 grid points.
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Figure 3.11: Dam Break over a plane: water level h + z at ¢ = 0 (left) and

tp=2 (right).
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Figure 3.12: Dam Break over a plane:
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ison between the one-dimensional front positions with a two-dimensional cross
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Chapter 4

Conclusion

In this thesis, we present a well-balanced central scheme for systems of two-dimensional shal-
low water equations that treats wet and dry states and maintains the steady state requirement
of the SWE systems when needed. In chapter 2 we present the one-dimensional well-balanced
central scheme discussed in [4]. The one-dimensional system is first solved using the well-
balanced scheme with the aid of the surface gradient method that introduce a new discretiza-
tion of the water height function by first linearizing the water level function. In this case the
steady state is successfully preserved. We then apply this scheme on several numerical exper-
iments. An extension of the one-dimensional well-balanced scheme is presented in chapter 3
which was developed in [6]. As in the one-dimensional case, the scheme has the well-balanced
property. This property results from discretizing the source term according to the flux di-
vergence using sensor functions that force the discretization of the partial derivatives of the
water bed function in the source term to follow that of the water height function. The two-
dimensional well-balanced scheme is capable of maintaining a proper and clean interaction
between wet and dry states whenever water run-ups are present. The negative water heights
executed by the forward and the backward projection steps in this case are corrected by re-

defining the gradient components of the water height interpolant. Classical shallow water

59



equations problems are solved with wet and dry states using the developed scheme. The pro-
posed scheme is then validated in the numerical experiments’ section. A very good agreement
between our results and and the corresponding ones appearing in the literature. For future
work, one may develop a new scheme for the two-dimensional SWEs that solves steady state
problems with wet and dry interactions while preserving the well-balanced property of the

numerical scheme.
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