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An Abstract of the Thesis of

Laurence Wissam Shamseddine for Master of Science
Major: Physics

Title: General Relativity, Supergravity and Tangent Groups

The Lorentz group SO(1,3) is a local symmetry of space-time and
is used to define a local orthonormal frame. This symmetry could
be used to define General Relativity that allows spinors using the
Cartan formulation. Some years ago, it was shown by Chamsed-
dine and Mukhanov, contrary to statements made by Weinberg,
that the local symmetry could be enlarged to the groups SO(1,4)
or SO(2,3), and that the gravitational action is equivalent to the
Einstein-Hilbert action. A Lagrangian for Supergravity could be
constructed by considering the Poincare extension of the Lorentz
group, as was shown by Chamseddine and West in 1976. A recent
paper by Chamseddine and Mukhanov have shown that gravity and
gauge theories could be unified in one geometric construction, using
a large Lorentz tangent group SO(1,13), provided that a metricity
condition is imposed on vielbein. We will discuss this unification
in Topological field theories in 3-dimension. This implies that the
Chern-Simons Theory exists in 3-dimensions for both gauge theories
and gravity with the same quantized coupling constants.
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Introduction

General relativity has been so far the best theory to describe gravity and
spacetime for spacetime tells matter how to move, and matter tells spacetime
how to curve. General relativity treats the gravitational field as a classical dy-
namical field, represented by (pseudo-) Riemannian metric of spacetime. However
a quantum field theory of gravity would require a quantization of the gravitational
field. There have been several attempts to construct semi-classical modifications
of the Einstein field equations where gravity is treated classically and everything
else is treated quantum mechanically; as well as, quantum field theories in curved
spacetime. A quantum theory of gravity is needed to reconcile general relativity
with the principles of quantum mechanics, but applying the usual recipe of a
quantum field theory to gravity via the bosonic force carrier, the graviton, gives
a non renormalizable theory that cant be used to make useful physical predic-
tions. There have been several approaches towards a theory of quantum gravity
such as string theory, supergravity, non-commutative geometry and loop quan-
tum gravity. The aim of quantum gravity is only to describe the behavior of
the gravitational field quantum mechanically; it is not aiming to unify all the
fundamental interactions into a single mathematical framework. But a theory of
quantum gravity could lead the way to several branches in high energy physics
that aim for the unification of all of the fundamental forces of nature which is
also called The Theory of Everything.

Speaking about the standard model of particle physics, the matter fields which
are the fermions are classified according to how they interact and described by
representations of their corresponding symmetry group. There are six quarks

and six leptons coming in three flavors, having color and charge. The gauge



bosons are defined as force carriers that mediate the fundamental interactions.
We have three fundamental interactions in the standard model, the strong nu-
clear, weak nuclear and the electromagnetic interactions. For the electromag-
netic interactions we have U(1) symmetry, SU(2) for the weak interactions and
SU(3) for the strong interactions, thus the gauge group for the standard model
is U(1)xSU(2)xSU(3). Although the standard model agrees perfectly with ex-
periment, it leaves the physicist unsatisfied because it does not address some
fundamental questions. For example, the different coupling constants for the
electromagnetic, weak and strong interactions, the amount of parameters in the
model, the quantization of the charge, and the hierarchy problem. We know that
the values of the renormalized coupling constants depend on the renormaliza-
tion scale M, so a theory unifying those three fundamental interactions requires
finding a renormalization scale at which the three coupling constants satisfy the
group property which already embed the electroweak and QCD in a grand uni-
fied group. In other words, the three coupling constants unify at the unification
scale where the new gauge fields are associated with the larger gauge group. This
is called a Grand Unified Theory at high energy at which all forces are merged
into one single force. As an example, we have GUTs using the symmetry groups
SU(5), SO(8) ,SO(10) and ES8.

Moreover, we can have supersymmetric extensions to the Standard Model. Su-
persymmetry is a symmetry between the fermions and bosons, it predicts su-
persymmetric bosonic partners for the fermions and supersymmetric fermionic
partners for the bosons. Since supersymmetry involves new fields, there will be
new contributions to the evolution of the coupling constants where these changes
are due to the superpartners. As a result the three couplings meet exactly at the

same point (unification scale). If we take supersymmetry as a local symmetry



group, this will give us a theory that includes gravity as well and is called Su-
pergravity. This was one of the attempts to unify the four forces of nature by
combining the principles of supersymmetry and general relativity.

The quest for the theory of everything has been a motivation for mathemati-
cians and even lead the way for new mathematical fields for all of theoretical
physics is based on consistent mathematical frameworks. Group theory is a main
ingredient in the standard model, grand unified theories, and supersymmetry.
Non-Euclidean geometry is what general relativity is based on. Much more than
that, most theorists dream of an abstract mathematical description of the uni-
verse with elegance and beauty. Topological field theories turned out to be useful
in physics as well. The Chern-Simons theory has been used in mathematics to
calculate knot invariants and three manifold invariants such as the Jones poly-
nomials, while in physics to describe the topological order in fractional quantum
Hall effect states. Moreover, topology is applied to condensed matter and used
in topological insulators and topological phases of matter. Chern-Simons theory
turned out to me most useful in three dimensional manifolds, this can give in-
sights to the physics in four dimensions and is of special interest experimentally
and theoretically. We are interest here in investigating the unification of gauge

interaction and gravity in a Chern-Simons theory in three dimensions.

The Lorentz group SO(1,3) is a local symmetry of space-time and is used
to define a local orthonormal frame. General Relativity could be constructed
by taking the local symmetry of the Lorentz group, the Cartan formalism of
General Relativity. The local symmetry could be enlarged to the SO(1,4) or
SO(2,3) or to the Pioncare extension, as well as Graded Lie Algebras in order to

include Supergravity as well. In a recent paper by Chamseddine and Mukhanov
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have shown that gravity and gauge theories could be unified in one geometric
construction of a larger group SO(1,13) provided that a metricity condition is
imposed on vielbien. In 3-dimensions the Chern-Simons action using such group
with a specific gauge can be split into two parts, the gravitational Chern-Simons
part and the Yang-Mills Chern-Simons part, which will have several applications.

We will begin by the work of Chamseddine and Mukhanov [1] which intro-
duces the large group that unifies gravity and gauge theories and see how we
can split the gravitational and gauge indices by impposing a metricity condition,
then construct the action. In the second chapter we’ll introduce the Chern-Simons
Thoery for both Gravity and Yang-Mills then discuss their relation to topological
invariances [2|[3][4]. In the third chapter we’ll try to unify the gauge and gravi-
tational interactions in the Chern-Simons theory. Starting from the larger group
we reduce to 3-dimensions then split the action into two parts resulting with the
same quantized coupling constants for gravitational and gauge interactions in the
case of compact groups.

In the last chapter we will discuss Super Algebras, specifically the Super
Poincare algebra. This provides a symmetry between the bosonic and fermionic
sectors of the Standard Model of Particle Physics. Then the Supergravity La-
grangian will be constructed as a Gauge theory of Supersymmetry as proposed by
Chamseddine and West. At last, we’ll talk about how our Unified Chern-Simons

action can be extended to Supersymmetry.



Chapter 1

The Unification using Tangent
Groups in a Cartan Formalism

A recent paper by Chamseddine and Mukhanov [1] have managed to unify gravity
and gauge interactions by considering a higher dimensional Lorentz group as the
symmetry of the tangent space in a Cartan formalism. We will consider a general
case for any SO(N) symmetry group and elaborate how the spin connection of
the gauged Lorentz group is responsible for both gravity and gauge fields.

In General Relativity the Lorentz group is taken as a local symmetry of the tan-
gent manifold, the dimension of the tangent space is usually considered equal to
the dimension of the curved manifold. The Lorentz symmetry is just a manifes-
tation of the equivalence principle for spaces with zero torsion condition. The
Cartan formalism of General Relativity considers the local Lorentz transforma-
tions in tangent space so that General Relativity is formulated as a gauge theory
where the gauge fields are the spin-connections. If the dimensions of the tangent
space is taken to be equal to that of space time then the gauge fields, the spin
connections, include the same amount of information about the dynamics of the
gravitational field as the affine connection only! However, the dimension of the
tangent space must not necessarily be taken equal to that of space time.

Here we will consider the case of a higher dimensional tangent Lorentz group.



In which, the gauge transformations are realized as a subgroup of the tangent
Lorentz group and the spinors describing matter are unified in the fundamental
representation of this higher dimensional Lorentz group. Normally the group
SO(10) is considered to be the group that unifies all matter in the Standard
Model of particle physics and the SO(1,3) being the Lorentz group, thus the

group SO(1,13) would be a good model.

As in [1], we consider a 4-dimensional manifold, where at every point of this man-
ifold there is a real N-dimensional tangent space. This tangent space is spanned
by linearly independent vectors v , A runs from 1 to N (A =1,2,..N) , where
N > 4. We also define the coordinate basis vectors spanning the 4-dimensional
subspace by e, = 0/0x* , where a = 1, .., 4.

We define the scalar product in the tangent space as follows, where nap (—, +, .., +)

is the Minkowski matrix.

VA.UB = NAB (1.1)

and the scalar product of the coordinate basis vectors e, in the tangent space

induces the metric in the 4-dimensional manifold, which is defined by

ea-€5 = Gap(27) (1.2)

We define the vielbiens e/ as the coefficients of expansion of e, in v4-basis.

ea = €y (1.3)



by substituting (1.3) in (1.2) we can express the metric g,s in terms of the

velbiens.

A_B A
Gag = GQGBUAB = €,€48

where we raise and lower tangent space indices using nap.
In order to determine the rules of parallel transport for the coordinate basis
vectors and the vielbiens in the nearby tangent space, we use the affine and

spin-connections that are respectively defined by
Vesea = Vgeq =17 e, (1.4)

Vv = —whavp (1.5)

Vs is the directional derivative along the coordinate basis vector eg. Using the
important fact that n4p and g, are sets of scalar functions, we deduce the metric-
ity condition Vgnap =0 and V. gag = 090s/02" = 0ygap-

A consequence of the metricity condition would be that the spin-connection
should be antisymmetric in tangent indices woap = —wW,pa , this is easily seen
by

Vanag = (Vava).vg +v4.(Vaup)

C (&
_waAUC.UB - UA-waBUc = —WqAB — WaBA = 0

and if we apply Vg to ea, that is defined as eqq = (va.€,) ,we get
(956Aa = (VﬁUA.ea + UA.(Vgea),

dseaa = —Whiepa + Thgen (1.6)



where the space-time here is assumed to be torsion free, that is the affine con-
nection is symmetric with respect to the coordinate basis indices I't 3 =1';, .

We also note that in the absence of torsion, the well known Christoffel connections
are expressed by the following, and are determined from eq.(1.6) irrespective of

the dimension of the tangent space

1
Flﬁ = 5970(9@075 + JoBa — gaﬁ,o)a (17)

where ¢g77 is the inverse of g,5 , 9*° g, = 05.

We will also need to use the vielbien satisfying the metricity condition
eh = g% eay (1.8)

Opey = —wh el — TG4 (1.9)

where ejeg # 04. However, only if the dimension of the tangent space is equal

to that of the manifold then e is inverse to ef.

eieé = gwemeg1 = 99,5 = 03

It is important to mention that in the vielbien formalism, e} is a fundamental

quantity and is invariant under the group of local Lorentz transformations A (x).

In order to show how the larger dimension Lorentz group unifies gauge theo-
ries and gravity, we will split the tangent space basis v, into a basis of (eq,n ).
Let us introduce N — 4 orthonormal vectors n; orthogonal to the subspace
spanned by e,, that is,

nj.eq =70

9



nj.nf = 5jf

where j, [ = 5,6, ..., N. and the vectors nj, e, form a complete basis in tangent

space. Taking into account es, = (v4.e,) we have

€ay = (Va.€y) = Vigay (1.10)

and hence, v§ = ¢*ea, = €9, that is, the coefficients v4 in (1.10) coincide with

soldering form e9. From this one gets
— _ a8 Jo . _ J
NAB = VA.UB = VyUp0Gag + NyNjg = €1€aB + NyNjp, (1.11)

or after raising the tangent space index B

B _ (B J
n=20

ese B —ndn8 = P

(1.12)

where P is defined as a projection operator: PAPS = Pj.

It is convenient consider the expansion
nj; =Bvg (1.13)

Substituting this expression into n;, = n;.v4 we obtain n;, = l?nBA and hence
B _ . B.
l 7 =ny; therefore

n; = n?vB =nZ (e%ea + nénf> (1.14)

10



Therefore the components nf‘ satisfy the following relations

A o
njeA—O
A Y
njnA—(5j

Before we get to the curvature of the spin connection, we will introduce the
Dirac action. Consider a spinor ¥ which transforms in tangent space under the

transformation generated by the representation of the Lie algebra according to
L\ aB
W — eXp(ZA Cap)t (1.15)

where I'yp = %(FAFB — I'pI"4) are generators of the Lie algebra in the spinor

representation and ['4 are N Dirac matrices satisfying
{FA,FB} — opAB
I =T1rire.
The Lorentz and Gauge invariant gauge Dirac action is
/ d*z\/g il% e Dyt (1.16)

where

1
Dy =0, + ZW;‘BFAB (1.17)

and the hermiticity of the Dirac action is guaranteed by the metricity condition.

11



Taking the commutator of Dirac operators allows us to define the spin-connection

curvature R:%.

1
[Da, Dg] = ZRQBABFAB (1.18)
where
RaﬁAB (w) = 8awﬁ AB _ Opw, AB +w, AcwﬂcB — Wg AcwacB. (1.19)
B

and under lorentz transformation the spin curvature transforms as (R,,), = —
(ARA-Y), 7.
If we use the identity

65c’*)aeA7 — 6a856A7 = 0. (1.20)

Substituting here dgesn = —wBBAeBa + Fgﬁe A, and using this metricity condi-
tion one more time to express de which appears after taking the derivative, we
immediately arrive at the following relation

R,;"" (w)ep, = R’ s (D) ey (1.21)

where

RP

ap (D) = 0T, — 9%, + 17, % — T4 I (1.22)

Brt ary

is the Riemann curvature. Thus we have a relation between the spin-connection
curvature and the affine connection curvature.
Taking ejeg‘ = g% A76§ = g*7g,p = 03 into account and irrespective of the

dimensions of the tangent space, we can express the 4d Riemann curvature in

12



terms of R, ;3" (w) as

RU’yaﬁ (F) = GZRQBAB (CU) €By (123>

B I

By using the pervious derived property e%e? = 6% — n;lnB

i we can express

R,5*" (w) in terms of R, 4 (T)

« yaB

Ros™P (w) = Ry (w)nkn? + R°. ; (D) ele?. (1.24)

@ P

«

Calculations in this paper shows that the first term on the right hand side of
this equation RaﬁAC (w) nénf’ can be entirely expressed in terms of the spin-
connections defining the parallel transport of vectors n; . This tangent subspace
is orthogonal to that spanned by the 4 coordinate basis vectors e,.

It is convenient to define the following
Vanj=—A_; fnf—f—Baj Peg (1.25)

where indices J and I run over values 5,6, ..., N. These indices are also raised and
lowered with the Minkowski metric 7;; . In [1], Chamseddine and Mukhanov have
shown that B_; # = 0 and derived the metricity conditions for A ; I

Defining another covaraint derivative allows us to compute the curvature RS, (w)

as a function of the gauge fields A and a term proportional to the affine curvature.

D, (w) ni = 8an£ + w, 4 “nk, (1.26)

and consider the commutator that defines the curvature in terms of the spin

13



connection

[Da (@), Dg ()] 0}y = Roga € (w)nk (1.27)

and using the following derived equation from that paper

D, (w) ni = nflAaj T (1.28)

Fo™ (A) = 0, A — 9,4 + AIFA, T — AfFA 7. (1.30)

«

F.s 1 (A) here describes the curvature in terms of the gauge fields of the subspace

spanned by the n; coordinate vectors (not the affine curvature). to conclude that

< (w) né = n;{;F . f(A) (1.31)

Now, using this result in (1.23) we finally obtain

Ros™ (W) = Fop T (A) nn? + R?. (D) ele. (1.32)

Contracting the tangent space index in RaﬁAB with e always removes the F

term in (1.31).

We are interested in computing the curvature invariants out of R4 AB () and

e’y. In order to get the Lagrangian for the theory we construct

14



R,5"" (w)eSey = R(T) (1.33)

which is a scalar invariant linear order in curvature, where R (I") is the usual
scalar curvature of 4d manifold which gives the Einstein action.
However, the second order curvature invariants are obtained by contracting R, 5 AB R.s op

with esegecep in all possible combibations of indices a3vd, that are
R*(T), Rag (L) R* (), Ragss () R*°(T)

We still have to generate the kinetic terms for Agj that is achieved only by
contracting the tangent space indices with themselves. This shows that the Yang-

Mills kinetic terms are a part of the curvature square term
5 A
gmgﬁ Raﬁ b (w) R'yéAB (w)

Y

— 979 (Fu ™ (A) o515 (4)) + Rugos (T) R (T)

Then the most general action up to quadratic order can be be expressed as follows

as in the referred paper

1 a 1 a
I = /d4$\/ —q {WRQ/BAB (W) €A€g - Zg vgﬁéRaﬁAB (Cd) R'y5AB (Cd)
R O (st + bl +eiebieh)] (L

= / d*z/—g {ﬁ}z (T) 4+ aR*(T) — bRus (T') R* (I)

1 N L, Pj
+ (c - Z) Rogys (T) R PoT) — 19 VgﬁéFaﬁ 17(4) Elsi (A)} (1.35)

15



where a, b, and c are dimensionless constants. To avoid the ghost in the graviton

propagator, a possible gauge choice will do well.

We have done all of this detailed calculation as presented in the paper[1] to
emphasizes on how gauge interactions and gravity have been unified. The re-

sults showed that the SO(1, N — 1) invariants split into SO(1, 3) and SO(N — 4)

invariants, To work in a special gauge, we first split the constraint of

_ B « o v
Opey = —Wga€p — 15,64

into A=a=1,....4 andAzfzS,...N:

0= 0ue, +w,, bey + W fe? + 1€l (1.36)
— v a, v J v v o_p
0=0uef +w, ;g +w e+ 17 (1.37)

And under SO(1, N — 1) transformation, the vielbiens transform according
to ey — &4 = Aape!P. If we take the gauge subspace only we get ef = & =
Aj e+ A je”j . Thus, it is possible to use the gauge invariance and the freedom

in the choice of gauge parameters A;, to set e’If to zero
el = 0. (1.38)

The action is invariant under transformations of the group SO(1, N — 1). It is
also invariant under transformations deduced from equation (1.37) leading to the
transfromations under the subgroup SO(1,3) x SO(N — 4) paramatrized by [y
and I'; ;.

This gauge choice implies that Wi “=0.

16



In this special gauge Wi I = Aui 7 and

R, =0, (1.39)

and clearly the nonvanishing components of the curvature R, @ and R, 17 are
responsible for the gravity and gauge fields respectively. Thus achieving our goal
of unification of gravity and gauge interactions in a Cartan formalism!

More clearly stated, the gauge groups can be considered as subgroup of the
Lorentz group of a higher dimensional tangent space. This means that the con-
nections AL transform under SO (N — 4) rotations in a subspace orthogonal to
the space spanned by coordinate tangent vectors e, . Thus the gauge fields are

already unified with gravity within SO (1, N — 1) Lorentz group.
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Chapter 2

Chern-Simons Action and

Topology

After elaborating how Chamseddine and Mukhanov managed to unify gauge in-
teraction with gravity in one geometric construction by enlarging the group and
dimensions of the tangent space in a vielbien formalism in chapter 1, our next aim
is to use this large group in Chern-Simons theory in 3-dimensions. Chern-Simons
Theory is a topological field theory; thus in this chapter we will explain what we
mean by a topological field theory and present the gravitational Chern-Simons
action and the Yang-Mills Chern-Simons action independently before unifying

them in the next chapter.

Topological Field Theories are metric independent theories that define in-
variants of the manifold M which they are defined on. A topological invariant
or topological property is a property of the topological space which is invariant
under Homeomorphism. By Homeomprphism we mean a continuous function

between topological spaces that has a continuous inverse function.

18



For example, a compact (topological) gauge group is a topological group whose
topology is compact. Compactness generalizes the notion of a subset of Euclidean
space being closed and bounded. Compact groups are also a natural generaliza-
tion of finite groups with the discrete topology.

We note that a quantum field theory defined on a manifold M without any prior
choice of metric on M is said to be generally covariant, but a quantum field the-
ory in which all observables are topological invariants can naturally be seen as a
generally covariant quantum field theory.

In general, we call the topological field theory whose action is explicitly indepen-

dent of the metric a Schwarz type topological field theory

05
0Guw

0 (2.1)

examples of such are Chern-Simons theories and BF theories. We also have the
Witten type topological field theories, such as the Donaldson-Witten theory that
was formulated by Witten in 1988 and is used to compute Donaldson invariants.
We are interested in Chern-Simons theory for our problem. There have been
a lot of interest in this field of study recently, especially after the 2016 Nobel
Prize for Topological Phases of Matter. Chern-Simons theory has many physical
application like describing the topological order in fractional quantum Hall effect
states. While in mathematics, it has been used to calculate Knot invariants and
three-manifold invariants such as the Jones polunomials.

Since our theory is topological, indicating that we can’t define a metric to con-
struct the action. We will have to use differential forms !

If 2'...x™ are local coordinates then a differential k-form is

w = w;, 4, dz'" N...Ndx'*

19



the differential forms also have the antisymmetric property
de' A da? = —da? A da

More generally stated for vectors «, 8 of degrees p,q respectively , the wedge

product has the following property
aNp=(-1)PIBANa

Given a manifold M and a Lie Algebra valued 1-form A over it, we can define the
family Chern-Simons of p-forms as follows.

In 1-dim, the Chern-Simon 1-from is the trace Tr(A). In 3-dim, the Chern-Simons
3-form is

Tr[F/\A—%A/\A/\A]

where the curvature F is a 2-form is defined by F =dA+ AN A .

The Chern-Simon action with a compact and simple gauge group G = SU(N)

on a generic 3-manifold as defined by Witten [4] is

Szf/TT(A/\dA—F;A/\A/\A), (2.2)
™

k y 2
- / T (A0 Ay — D1 Ay) + S Ail A, Ay
Here k is the coupling constant and A is a G-gauge connection on the trivial

bundle on M.

20



He showed that the partition function
Z(M) = / DAe™, (2.3)

is a topological invariant of the manifold M [4]. For more complicated topological
spaces when L is a collection of oriented and non-intersecting knots C}, we have

the partition function

Z(M,L) = /DAemp(iS)HWRi(CZ') (2.4)
with
Wgr(C) = TTRPexp/ A (2.5)
c

representing a certain type of Knot invariant called Jones Polynomial.

Topological spaces with knots and links are not of our interest in this problem.

We will now talk about the Chern-Simons term in a Yang-Mills or a Non-
Abelian gauge theory. The action is still the same as in eq.(2.2) where A is the
group’s gauge connection on the trivial bundle on M. The group could be chosen
as SU(2) for weak interactions, SU(3) for strong interaction, U(1)x SU(2)xSU(3)
for the standard model, SO(10) for the unification case , or generally any SU(N)

gauge group.

In paper [2] , Deser , Jackiw and Templeton have added a topological mass

term to the lagrangian of a Non-Abelian gauge theory. Similarly, as explained
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above, the Lagrangian with an additional topological mass term is written as

Lo [ 2
LG = 2—g2t7’F'u F“l, — 2—926'“ tT’(FNVAa - gAqu/Aa) (26)

the notation used here was as in [2]
A, = gT" A},

Fu = gTF%, = 8,A, — 8,A, + [A,, A)]

[T, T% = foeT where T are the representation matrices of the group, and g is

a coupling constant.

As for the case of the gravitational Chern-Simons action, the same 3-from
action of eq.(2.2) applies but using the spin-connection w;‘B as defined in chapter
1 instead of the gauge field A. The gravitational Chern-Simons action is thus

given by

I= [Whedu(e) + Swhleg ewde) 27)

e? is the dreibein e = eﬁdm“.
This gravitational action can also be written in term of the Christoffel symbols

as defined in eq.(1.7), where the action is

2
I = /ewp(rgnayrga + §FZHF§>\F;\U) (2.8)

A

oeR — d,eltey, allows us to find a

the relation derived in chapter 1 w/z(e) =T e
relation between the action I in terms of the spin-connection and I’ in terms of

the Christofell symbols. This is straightforward and derived in the appendix of

22



l

1(6) = I'(90) + T3

/M (e de)i (e de)G (e de)d (2.9)

—|—4— € &eﬁf‘;)\e;‘d%
T Joms

this relation shows that the two actions are the same up to boundary terms.
In the next chapter we will derive how we can unify the Yang-Mills and grav-

itational Chern-Simons actions by starting with the larger tangent group of

Chamseddine and Mukhanov that is explained in details in the first chapter.
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Chapter 3

Unification of the Gravitational

and Gauge Chern-Simons Action

3.1 The Unification in two ways

We have discussed in the first chapter the unification of gauge interactions and
gravity by considering a larger tangent group as done by Chamseddine and
Mukhanov. In the second chapter, we introduced the Chern-Simons theory and
what we mean by Topological field theories. We are now interested in unifying
gravity and gauge interactions in a 3-dimensional Chern-Simons theory and ex-
amining it’s consequences.

So, we will use a higher dimensional Lorentz tangent group as in chapter 1,
which contains subgroups that allows it to split into a gravitational and a gauge
interaction parts, in a Chern-Simons theory. We can work directly on a 3-
dimensional manifold or start by a 4-dimensional manifold and take its limits
to 3-dimensions[13].

We will start by the method of directly working in 3-D. The topological Chern-

24



Simon term, as explained in the second chapter, corresponding to a large group

SO(N) is

k 2
[CS:Z/TT<A/\dA+§A/\A/\A) (31)
7

Where A is the 1-form connection of the group, A = dx“}lA;‘BF ap and A B,C
range from 1 to N.
The I'-matrices are a set of 2P matrices resulting from the repeated multiplica-

tion of the y-matrices of the D-dimensional Clifford algebra

Ya Vo + Vo Va = 25abI (32)

where a,b range from 1 to D.
Using properties of I' matrices in an arbitrary space-time dimension we find that

the Chern-Simon term in the action can be written in the form

Ios = 4ﬁ / (AACdA“N + gAABABCACA) (3.3)
™

Now, we choose the same gauge as in [1] as explained chapter 1 ,and split the
indices A, B, C into a, b, ¢ which go from 1 to 3 and I, J, K which ranges from
4 to N. We re-emphasize that this specific gauge is of vanishing mixed spin-
connections €% = 0 ;

the action can directly be split into the two parts; thus becomes

ICS — ﬁ/AACdACA + EAABABC’ACA —
4 3
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%/(AabdAba + ;AabAbcAca) + 4ﬁ/(‘AIAJAd‘AjIA + gAfjAjf(Af(f)

v v

(3.4)

The first term in equation (3.3) corresponds to the gravitational Chern-Simon
action and the second one to the gauge Chern-Simon action with both having
the same coupling coefficient.

It is so important to note that by using the first fundamental property of Chern-
Simons theories we get that the coupling coefficient is quantized for compact
groups. The quantization is because the group G of continuous maps M — G is
not connected. In fact, in the homotopy classification of groups, the action is not

invariant under gauge transformations of non-zero ”winding number”.

Now, we will get the same result by starting in 4-dimensions and taking the

limits to the Chern-Simons term in 3-dimensions.

Our starting point are objects called Chern-Pontryagin densities. We pre-
ferred to explain them here with the unification rather than in the second chapter

to avoid repetition. On a 2n dimensional manifold, these are of the form:

PQn x 6#1#2--#2717"70(}7‘ F ) (35)

K12 "= U2n—1H2n

where F' (field strength) is the curvature 2-form (dA+AAA) of some G-connection
(G is the gauge group). These are gauge-invariant, closed, and their integral over
the manifold M (compact, no boundary) is an integer which is a topological in-

variant. (*note that these sorts of invariants are examples of characteristic classes.)

26



The Pontryagin density of any gauge theory is

1
P4 = — ]_67'('2 T #V) (36)
Where
Fﬁy =0,A;, — 8,,AZ + f“bcA#bAl,c

* Y lep,ya,@FaB
2

and that for gravity is the ( Hirzebruch-Pontryagin) given by

1
"RR = 5" Ry R, (3.7)

After we have explained what we mean by the Pontryagin densities it is time to
make use of it in our case. We start from the results of chapter 1, where the
procedure is applicable for every N. We start by the compact group SO(N) in
4-D space-time and consider the field strength corresponding to it

RAB(w) = FlInn? + R ,(D)ele (3.8)

p

where A and B range from 1 to N, Greek indices go from 1 to 4 and indices
with hat go from 5 to N. e, and n; form a complete basis for SO(N), the former
correspond to SO(4) and the latter to SO(N-4). Then any vector vg can be
expanded as:

VA = V9eq + ninj
The spin connection curvature of the SO(N) group is the Rﬁg (w)

RAZ (w) = Oaws” — 8pwi® + wiwic — wiwie (3.9)
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The field strength of the SO(N-4) group is F};
FII(A) = 0,AY — 9,4 + Alb AT, — Alba), (3.10)

Showing on steps in details, the Pontryagin density for the large group SO(N)
in 4D is
1 praf pAB 1 praf JI, A _B P A B’y
56 R,ul/ RaﬁAB - 56 (F n]n] + R’Y,U,V p )(F B nJAnLB + RaaﬁeéAeB)
(3.11)

4eq = 0, and making a gauge choice means that the mixed

using the relation n%
terms vanish and we are left with two Pontryagin densities corresponding to gauge

theory and gravity.

1 1 1
§€uyaﬂRﬁyBRa5AB = Ee“mﬂFWKLF Qe“mﬁRﬁfRaﬁ AB (3.12)
We deduce that in 4-D space-time, the Pontryagin density can be split as well.

The first term in the right hand side of eq.(3.12) corresponds to gauge interac-

tions, while the other corresponds to gravity!

Now we move to determining the limits from 4 to 3-dimensions. We know
that the Chern-Pontryagin densities in 4-D are the exterior derivatives of the
Chern-Simons entities in 3-D. We have Iog = f w3z in 3-D. Then using Stokes

theorem

/ P4 = / dw3 = / w3 (313)
My My OMy
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where

Pi=Tr(FANF)=Tr((dA+ANA)(dA+ANA))
(3.14)

= Tr(d(AdA + A?)) = Tr(dws),

and Tr(A*) = 0.

Based on this, we can easily translate the 4-D unification of the corresponding

Chern-Simons terms [, Py = [, P{"+ [, Py to 3-D

we see that ws also splits into 2 parts, one corresponding to gravity and the

other to gauge interactions

[ e [ s [ g @15
Ms Ms Ms

where 1
W = IH(ATO A + S fATAGAT) 510
gravity ijk ab 2 c,a, b ‘
ws =€ (Rijabwk + gwibchwka)

We note that eq.(3.16) can also be expressed as a 3-from of a topological Chern-
simons theory, thus reaching the same results. After we have achieved the results
in 2 different ways, we will discuss the quantization and other important conse-

quences of this in the next section.
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3.2 Consequences of Unification in Chern-Simons
theory

The first consequence is that eq.(3.4) and eq.(3.12) represent topological invariant
quantities as shown by Witten. However, Witten added the gravitational part to
the gauge interaction part without showing how they can be related by enlarging
the tangent group as a starting point. In order to prove that the partition function
Z below represents a topological invariant quantity, Witten [4] worked the case
of weak coupling limit (large k) leading to

vk

7 = /DAexp(4 / Tr(AdA + §A NANA)) (3.17)
M

™

which turned out to be a toplogical invariant quantity of the 3-D space-time man-
ifold. We will continue with our case using Witten’s technique and calculations.
For the SO(6) group, we split the indices as in chapter 1 so that the partition

function Z splits into two parts

Z = /DAG:EP(UCS) = /DAexp(iIgauge + ugmvity) =
(3.18)

/Dwe:cp(ilgmmy)/DBexp(Ugauge) = 71.7,
the first term represents the SO(3) Gravity Chern-Simon term with w as the
gauge connection, and the second term represents the SO(3) gauge Chern-Simon
term with B as the gauge field.

Now we consider the weak coupling limit of the gauge part. So Zy as named

above is given by

Zy =Y (B (3.19)
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Here p(B®) is a function of flat connections for which the curvature vanishes
as defined in Witten’s paper. We expand the gauge field B; = BZ-(Q) + C;, the

Chern-Simon gauge action term becomes

e LB + 4ﬁ / Tr(C A DC) (3.20)
M

7

D is the covariant derivative with respect to B®.

In order to compute the Gaussian integral in eq(3.20), a gauge fixing is needed
which can not be done without picking a metric. We choose such a metric to
satisfy D;C" = 0 and from field theories we know that this will lead to ghosts in

the action, so it becomes

Sor = / Tr(¢D;C" + eD;D'c) (3.21)
M

where ¢ is a lagrangian multiplier enforcing the gauge condition D;C* = 0 and
¢,c are anticommuting ghosts.

Integrating out C, ¢, ¢, ¢, will lead to the following

imn(B*)

exp( )T (3.22)

as Witten computed where n(B®) is the ” eta inavraint” and is defined by the

following

a 1 : . —s
n(B*) = B gf(l)zswn&-l)\il (3.23)

A;’s are eigenvalues of operator L;, *Dpg + Dp- is restricted on odd forms, and T,

is the torsion invariant of flat connection B(«).
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Witten then used the Atiyah-Patodi-Singer index theorem so that the parti-

tion function can be written as

Zy = expli Z gk te2(@)/2I(BI) pa (3.24)

n(0) is the eta invariant of the trivial gauge field and c3(G) is the Casimir oper-
ator of G. The function 7(0) is the only term that depends on the metric, which
means that the partition function is not yet a topological invariant quantity.

Witten suggested that by adding a counter term, the partition function will be
regualrized and turned into a topological invariant quantity. This counterterm
must be a multiple of the gravitational Chern-Simons term. Luckily, this term is
already present in our case because we started from the large group and split the
actions. Substituting the weak coupling limit of Z; from our case in eq.(3.25) we
already get the gravitational term that Witten added. This leads to a topological

invariant partition function and results similar to his

= /Dwexp(ilgmv).Zg
ca( B(@) a
/Dwexp( il gran)exp(i Ze (kte2(G)/DIBYY) (3.25)

_ : n i(k+c2(@)/2)1(B®) ma
= /Dwexp(z(fgmv + 27](0))) Z e'\vre T

We conclude that the partition function of this unification of gauge interaction
and gravity is already a topological invariant quantity without the need of adding

any terms.

Another important consequence other than unifying gravity and gauge Chern-
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Simons theories in 3-D space-time is the quantization of the coupling constants
for compact groups cases. In fact, the coupling constant is quantized for compact
groups but not for non-compact groups as shown in [12]. Actually, this is a first
fundamental property of Chern-Simons theories which states that coupling coef-
ficient is quantized for compact groups. This quantization is because the group
G of continuous maps M — G is not connected, as mentioned before, and in the
homotopy classification of groups the action is not invariant under gauge trans-

formations of non-zero "winding number”.

It should be noted that such Chern-Simon theories also admit local super-

symmetric extensions to be discussed in the last chapter.

33



Chapter 4

Notes on Supergravity

Supergravity is a field theory that combines the principles of supersymmetry and
general relativity. Supergravity is generally written in terms of Cartan connec-
tions as a gauge theory of supersymmetry. Supersymmetry is a spacetime sym-
metry relating particles with integer and half-integer spins by associating super-
fermionic partners to each boson and super-bosonic partners to each fermion. Not
only is supersymmetry elegant but also is of remarkable significance in theoreti-
cal physics. The supersymmetry algebras are the only extension of the Poincare
algebra to graded lie algebras that are consistent with the symmetries of the
S-matrix by Coleman Mandulas theorem. By considering equal fermionc and
bosonic degrees of freedom, supersymmetry manages to cancel the contributions
to the Higgs mass? quantum corrections and thus solves the hierarchy problem
between the grand unified theories mass scale and the electroweak mass scale
without requiring any fine tuning. Much more than that, supersymmetry has
been used as a gauge theory to construct supergravity and serves as a corner
stone for string theories. Therefore, tremendous efforts have been devoted to find

supersymmetric particles throughout the decades. We’ll begin with Supergravity
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now as we introduce the concept of Graded algebras and the supersymmetric
algebra in the appendix.

As mentioned above, the theory of Supergravity can be obtained by taking
the local gauge symmetry of the Supersymmetric algebra in the Cartan formalism
of General Relativity. We will go through Supergravity briefly; then discuss how
we can relate Supergravity to Chern-Simons theory to serve our objectives and
see how these topics relate to each other.

In the first chapter, we have discussed how enlarging the tangent symmetry
group in the tangent space to higher dimensions than the manifold allows us
to unify gauge interactions with gravity. However, originally, the well-known
Einstein-Cartan formalism for gravity was formulated by considering the Poincare
gauge group alone as a local gauge symmetry.

Defining the covariant derivative to be
Dy =0, + €4 Py + wi’ My,

where M,;, are the generators of the Lorentz algebra SO(1,3). To define the

curvature we compute the commutator of the covariant derivatives
[Dy, D)) = R My, + T4, Py

and

1
[Maba Mcd] = _é(nachd - nadec - anMad + nbdMac)

we get

a a a a C a Cc
Ty, = Oue, — 0p€), + wi €, — wy.e,

ab ab ab ac, b ac, b
Ruv = 0w, — al,wu + wiwy, — wyw,,
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Rzl; is similar to the curvature tensor in General relativity. w? is called the spin
connection which in the absence of matter is similar to the affine connection in
gravity.

Now, as we take supersymmetry as a gauge theory we automatically take the
symmetry to be local. This will give us the advantage of including gravity in the

theory automatically!

We will begin by taking pure supergravity at which matter fields are still not

included ! The covariant derivative now includes an extra term for supersymmetry

Dy = 0y + €Py + wi Moy, + 15 Qq (4.1)

here ¢} is a spin % vector contracted to the supersymmetry generator and is

known as the gravitino field, while e}; is the graviton of helicity 2. This forms

the supergravity multiplet (%, 2) . The curvature RZ’Z’, remains the same while the

torsion gets an extra term

5, = o€y, — 0y€), + wi e, — wy.e + QQZM'y“gZJU (4.2)
and we have
« a « 1 ab a, B 1 ab a, B
w ku - 0V¢u + Zwu (Vab)ﬁwy - Zwy (fyab)ﬁwu (43)

The field wzb can be eliminated by solving some constraints and equations of
motion. Moreover, constraints on these fields can be added to construct the de-

sirable invariant actions.
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The action can then be constructed out of invariant quantities built out of

these fields! We will not elaborate in detailed calculations any further about this.

Our aims for introducing supersymmetry and supergravity were to elaborate
how to construct a field theory out of a symmetry group, to show how gauging
this symmetry group will lead to supergravity, and intentionally to show that

Chern-Simons theories admit supersymmetric extensions as well!

In the previous chapter we have shown how gravitational and gauge Chern-
Simons theories could be unified in 3-D space-time. We realized that the coupling
constant is quantized for compact groups but not for non-compact cases. And
that the partition function Z is directly a topological invariant quantity. Now,
our concern is to see how Chern-Simon theories are related to supersymmetry; in
fact, they admit local supersymmetric extensions. This is achieved by gauging
the supergroups, by extending the space-time manifold to a supermanifold, or by
both [12]. Therefore, we will consider the graded groups that are extensions of
our SO(1,5) group as done in [12], for example, we could choose the supersym-

metrization of the de-sitter group in six space-time dimensions

0(6,1) @ SU(2), (8,2) (4.4)

where O(6,1) @ SU(2) is the bosonic part, while the fermionic part live in the
(8,2) representation the 2 groups, and the group SU(N, q) is the group of unitary

quaternionic N x N matrices.
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As an example consider the SU(4/N) group of graded connections

8 i

A pa o

wB — )
i Aw

the Chern-Simons theory for this connection will yield a supersymmetric topo-

logical theory. This and the other group will be considered in future works.
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Conclusion

To sum it all up, we have used the large group SO(1,N-1) as a symmetry of the
tangent space to unify gauge interactions and gravity as proposed by Chamsed-
dine and Mukhanov. We have considered this group in Chern-Simons theory
at 3-dimensions to find out that the quantized coupling constants is the same
for gauge interactions and gravity. The quantization of the coupling constants
emerges from the first fundamental property of Chern-Simons theory for compact
groups. The resulting action is a topological invariant quantity as proved by Wit-
ten. However, in our case, we didn’t need to add a gravitational term as Witten
did because this term is already a consequence of our tangent symmetry group.
In the end we discussed how all of the above can be extended to supersymme-
try. By considering the SU(4/N) group of graded connections as an example, the

Chern-Simons theory will yield a supersymmetric topological field theory.

In general relativity, usually the dimensions of the tangent space is taken to
be equal to the dimensions of the manifold and the Lorentz group is taken to be
the symmetry of the tangent space. However, by arguing that the dimensions of
the tangent space could be taken different than that of the manifold or better
stated that the symmetry group of that tangent space could be enlarged, we re-
alize that a unification of gauge interaction and gravity emerges naturally. The
chosen symmetry group of the tangent space provides description of the physical
gauge interactions of the standard model as well as a description of gravity. A
symmetry breaking mechanism is then used to produce the fermions’ masses.
While, the advantage of the Chern-Simons theory in 3-dimensions is that the

coupling constants are quantized in the case of compact symmetry groups. This
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leads to the suspicious conclusion that the quantized coupling constants are the
same for gauge interactions and gravity before symmetry breaking. Could this
symmetry be truly a unifying symmetry of nature at a certain scale?” And when
it’s broken, it is broken at exactly what scale? Much more than that, we get
a topologically invariant quantity of 3-manifolds out of gravitational and gauge
interaction contributions. Then what does this physically mean, how could it
be useful, and how could be related to 4-dimensional physics? For example,
topological field theories and Chern-Simons theories turned out to have several
applications in condensed matter physics and even in quantum computing.

What we have presented is a mathematical realization aiming for a possible ele-
gant mathematical description of nature. It is consistent within the mathematical
framework and the principles of the addressed theories. But this does not imply

that our proposed results must be of physical significance.
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Appendices

Graded and Supersymmetric Algebras
We begin our discussion with the graded algebras [14]. A graded algebra is an
algebra in which a grading exists. The Lorentz group provides an example of
graded algebras because the rotation generators, denoted by Ly, and the boosts

, denoted by L1, together define a Z, grading
[Li, L] C Liyy

The super algebra is an algebra with a Z, grading of even and odd elements. The
bracket of two odd elements is symmetric; however, the bracket of any other two
generators is antisymmetric. The Jacobi identities (to be explained in a while)
should be also satisfied. Since super algebras contains both even and odd gener-
ators, we are interested in them in order to construct a theory that unifies the
even bosonic sector of particles with the odd fermionic sector.

We will consider only the super algebras whose structure constants are ordi-
nary numbers. There are two main families of the simple super algebras, the
orthosymplectic OSp(n/m) and the super-unitary SU(n/m). Super algebras con-
tain also several semisimple super algebras, non-semisimple super algebras, and

exceptional algebras such as Eg, Fr, Es.

Consider algebras with even generators (E) and odd generators (O), this im-

plies the following commutations relations with the respective structure constants

(B, E;] = [ B
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[Ei7 Oa] = giﬁchﬂ

{0, Oﬁ} = hiuﬁEi

these should satisfy the Jacobi identity as mentioned above. The extended

Jacobi identity which include anticommutators is
[A,{B,C) % {B,{C, Al + {C, {4, B] = 0 (5)

where A,B,C are the generators. The bracket structure {,| signifies signifies
either commutator or anticommutator according to the even or odd character
of the generators A,B,C. The odd elements determines the signs. The sign is
positive if the odd elements are in cyclic permutation of the first term, and the
sign is negative if the odd elements are not in in cyclic permutation of the first

term.

Applying the Jacobi identities for the above commuatations relations, we get
the usual Jacobi identities for ordinary Lie algebras for the even elements in ad-

dition to the following

[Ei, [Ej, Oall = [Ejs [Ei, Od]] = [[Ei; Ej], Ol (6)
[Ei,{Oa, Os}] = {[E:; Oa], Os} +{[E:; Og], Oa} (7)
[Oa, {03, 04} = [{Oa, Og}, 0] + [{Oa, 05}, Ogl (8)

the identity of eq.(4.2) indicates that the O, form a representation of the ordi-
nary Lie algebra F; if we consider the O, as vectors on which E; acts. Eq.(4.3) is

equivenlent to eq.(4.2) if giap = b5 Eq.(4.4) forms a restriction on the possible
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representations O, of the ordinary Lie algebra, thus not every ordinary Lie alge-
bra can be extended to a super algebra. We will see in the next section that of
all the graded algebras only the supersymmetry algebras generate symmetries of
the S-matrix that are consistent with relativistic quantum field theory according

to Coleman-Mandula theorem.

An important example of simple super algebras is the orthosymplectic super
algebra OSp(N/M). Its bosonic part contains the ordinary Lie algebras SO(N)
and Sp(M). It can be defined as the linear transformations that leave the bilinear
real form F invariant

F= Ziyj5ij + 0"‘550&5

where 6 and £ are anticommuating objects such as the Grassmann numbers, C
denotes an antisymmetry real metric, and i,j run from 1 to N while «, 8 run from
1 to M.

The term 6%¢°Cl,4 is invariant under Sp(M).

We can use the diagonal form F' = x? to define SO(N). And require that 6% being

anticommuting objects for Sp(M), then F can be considered as

= xixjéij + 90‘95(7&5 =2 +60

Thus the orthosymplectic algebra OSp(N/M) consists of all real transforma-
tions that leaves F invariant. The diagonal parts are for the even SO(N) and
Sp(M) generators while the odd generators of OSp(N/M) are represented by
(M 4+ N) x (M + N) matrices with anticommuting entries.

The set of generators of SO(N), Sp(M) and the M x N odd generators form a

closed algebraic system under commutators only, but defining the set of (M +
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N) x (M + N) matrices with ordinary numbers only allows us to form a closed
algebraic system under commutators and anticommutators.

We note that if we take N=1 and M=4 we get OSp(1/4) the super de-sitter alge-
bra. It is also called super de-sitter algebra because Sp(4) is locally isomorphic
to O(3,2) that is the de-sitter algebra. OSp(1/4) can be contracted down to the

super Poincare algebra using the so-called Wigner-Inonu contraction.

Another important example of super algebras are the super-unitary SU(N/M)
algebras. They contain as bosonic part the SU(N) x SU(M) x U(1) algebras.
In a representation of (N + M) x (N + M) matrices , the representation SU(N)
algebras lies in the first N x N submatrice and that of SU(M) algebras lie in the
last M x M submatrices, while that of U(1) lies along the diagonal of (N + M) x
(N + M).

The super-unitary algebras can be defined as the transformations that leave the

real F form invariant, where F is

F = (Zi)*zjéij + (90‘)*96%5

where go3 = £04p, 1 runs from 1 to N, and « runs from 1 to M.

In the case of super-unitary algebras we do not need an antisymmetric metric
Cup because one can always diagonalize the f-metric where M, N can be even or
odd. So we can use the two diagonal metrices 0;; and g,3. We note that 6 are
taken to be anticommuting objects. Because the transformations x — 6 contain
anticommuting entries, then all of these transformations form form a closed al-

gebra under commutation and anticommutation relations.
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After providing an idea of what the super algebras are, in the next section we

consider the super Poincare algebras.

Supersymmetry

Bosons correspond to even generators of Lie algebras. Fermions correspond
to odd generators. What are the supersymmetric bosons and fermions described

by the Super-Poincare algebra?

1. The Supersymmetry Algebra

The Super Poincare algebra or the so-called Supersymmetry algebra is
{Q2, Qpp) = 2075 Prnd;

{01 Q8) =}Qan, Qpn} = 0
Qs M) = (0n) 2@
[P Q2] = [Py Qaa] = 0
[P, P =0

where a,ﬁ,d,B,... = 1,2 denotes two-component Weyl spinors, and m,n =
1,2, 3,4 identify Lorentz four-vectors. A, B refer to an internal space, they run
from 1 to N > 1. For N=1 we call it a supersymmetry algebra, for N > 1 we call

it an extended supersymmetry.
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The supersymmetry algebras (along with their extensions to include central
charges) are the only graded Lie algebras of symmetries of the S-matrix consis-
tent with relativistic quantum field theory. The proof is based on the Coleman-
Mandula theorem which assumes that:
The S-matrix is based on a local, relativistic quantum field theory in 4-dim space-
time.

There are only a finite number of particles associated with one-particle states
of given mass.

There is an energy gap between the vacuum and the one particle states. As-

suming as well,
The operators Q acts in Hilbert space with positive definite metric
Both Q and its hermitian conjugate belong to the algebra.

Decomposing the generators QQ into a sum of irreducible representations under

the homogeneous Lorentz group L :

Q = ZQal...aa,dl...db

Since it is symmetric w.r.t. dotted and undotted indices it belongs to the irre-
1

ducible spin E(a + b) representation.

(a+b) is odd since the @)’s anticommute.

{Ql 11 i’Qi i1 1} thus closes into an even (commuting) element of the

algebara V&?ith Spi;—(a—T—b) . From Coleman-Mandula theorem, to be consistent
with Lorentz symmetry, this element is either zero or a component of P, (the
energy-momentum operator) for a + b = 1.

This anticommutator is a positive definite operator in Hilbert space with a

positive metric, so for {Qa,. aud1..ap) Qar.aw,ar..a } t0 vanish we should have
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. =01for (a+0b) > 1. o the anticommuting part of the superal-
Ql 13 3 0 f b 1.[6][7] So th i ' f th 1

a b

1 _
gebra is composed only of spin—§ operators Q4 and Q4. We can choose it to be

{Qa, Qppt = 207, Pudy.

2. Component Fields and Superfields

We are concerned now in representing the superalgebra in terms of fields that
are not restricted to mass shell conditions. To do so, we will take advantage of
the well-known mathematical tool of introducing Grassmann numbers (anticom-

muting parameters) £a,§d .

€€} ={€.Qs} = ... = [P, €] = 0.

From this we have

[£Q,£Q] = £QEQ — £QEQ = —£QQE — £QQE = —¢{Q, Q)¢
= 260" Py = 260™EP,,

Therefore we have the following commuators
[£Q. Q) = 260™EP,,

[£Q,£Q] = [€Q.£Q] =0

[P™,6Q] = [P™,£Q] =0
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We define a set of fields (A, ), ...) and an infinitesimal transformation ¢ = £Q) +

E Q acting on the fields such that:

SeA = (€Q +€Q) x A
Setb = (6Q +€Q) x v

using the commutators we just derived we can straight forwardly show that
(5,0 — 8eBy) A = —2i(no™€ — £ )0 A 9)

where both 1 and £ are grassmann parameters.

We deduce that that the supersymmetry transformation acts by transforming the
field of dimension L in a field of dimension L + 5 or L — 3 we can say that the
supersymmetry transformation maps tensor fields into spinor fields, and scalar
fields into spinor fields,..etc. Thus creating a symmetry between the fermionic

and bosonic fields as desired.
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