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Chapter 1

Introduction

The main subject of the present thesis is the extension behavior of holomorphic functions in several variables, and
correspondingly the extension behavior of CR functions defined on a real hypersurface of a complex manifold.
This is a very important questions in the field of Several Complex Variables, and is still at the center of current,
active research.

Some of the fundamental differences between Complex Analysis in several variables and in one variable were
discovered in the beginning of the 20th century. Poincaré was the first to observe that an analogue of the
Riemann mapping theorem does not hold in C™, by showing that the ball and bi-disc are not biholomorphically
equivalent. Another striking difference is Hartogs’ phenomenon: holomorphic functions defined outside of a
compact set K of C" extend holomorphically through K. Together, these properties show that the study of
domains of existence of holomorphic functions in C" is much more complicated than in C. It was this study
which ultimately led to the notions of domain of holomorphy and of pseudoconvexity.

The research on holomorphic functions has since uncovered various other extension phenomena, such as Bochner’s
tube theorem and Bogolyubov’s edge-of-the-wedge theorem, some of which have relevant applications in Physics.
As a general thread, the extension behavior of a holomorphic function f defined on a domain U turns out to
depend on the complex geometry of the boundary QU of U: the problem can be thus often formulated in terms
of the trace on QU rather than f itself.

This fact motivated the introduction of CR functions: complex-valued functions defined on real submanifolds
of C™, solving a system of PDE’s which generalizes the usual Cauchy-Riemann equation. These functions have
become an important topic in their own right, lying at the intersection between Complex Analysis and PDE. In
the thesis we will review some of the most significant extension results for CR functions: mostly, we will focus
on H.Lewy’s classical result about the extension from strictly pseudoconvex hypersurfaces.

The organization of the thesis is as follows. In the first section we review some of the main notions of complex
analysis in several variables: the definition of holomorphy, Cauchy theorem, and the Cauchy integral formula.
In the second section we discuss some of the main differences between one complex variable and several complex
variables: in particular we introduce the notion of the domain of holomorphy and discuss Hartogs theorem. In the
third section we give a very brief overview of CR geometry by introducing real hypersurfaces in C", the Levi form,
and defining CR functions means of suitable vector fields. Then in the fourth section we go over the holomorphic
extension of CR functions. Specifically we discuss the fundamental result proved by Hans Lewy[4] and we provide
a more or less detailed proof of this result in the case of the Lewy hypersurface M = {Sw = |z|*} € C2. first
we considered a compact domain where the CR function f will First we extend the CR function f on suitable
compact one dimensional slices of M to a function F' which is holomorphic w.r.t z and then we show that F is
a holomorphic function in {Sw > |z|?} and F [am= f. In the fifth section we expose subsequent developments
on the extension theorem 5.1 both for the local version and for the global one. Then we ended our discussion
by referring to the most far reaching generalizations of the one-sided local extension results of CR functions

,obtained by Treprean [8] and Tumanov [9].



Chapter 2

Complex analysis in several variables

Let C™ denote the complex Euclidean space. We denote by z = (21,22, ...,2n) the coordinates of C". Let
x = (x1,Z2,...,xn) and y = (y1, ¥z, ..., Yyn) denote the coordinates in R™. We identify C™ with R™ x R™ = R*" by
letting z = = + iy. Just as in one complex variable we write Z = x — ¢y. We call z the holomorphic coordinates
and Z the antiholomorphic coordinates.
We will use the Euclidean inner product on C"

(z,w) = z1W1 + - - + 20 Wn

and the corresponding Euclidean norm on C"

Izl = V{2, 2) = V(2P + -+ [2a]?) -

In the following we will outline the basic notions of the function theory of several complex variables.

2.1 Basic Definitions

In this section we will give some alternative definitions of holomorphic function in several complex variables which
extend the ones that are given in one complex variable. As in the case of one complex variable these definitions

turn out to be equivalent.

Definition 2.1 Let U C C" be an open set, and let f : U — C be a function of class C*. Suppose that

f =u+iv satisfies the Cauchy-Riemann equations

Ju __ 0Ov
oz 9y
ou

— _ Ov L
By; = ~oa, forj=1,2,...n.

We then say that f is holomorphic.
The following is another way to define a holomorphic function.

Definition 2.2 Let U C C" be a domain. A function f : U — C is called C-differentiable at z° € U if there
exist l1,- -+ , 1, € C such that

1f(2) = F(2°) = 0y Lz — 27 )| = Oa(]2 = 2°)).

If a function f is C-differentiable on 2°, then, for every j = 1,--- ,n, we have
_90f o
l.? - aZ] (Z ),
where 0 0 0 0
82]- - 2 8$j 8;1/:, - h—0 h ’

0f/8zj(2°) is called the partial derivative of f at z°.



Definition 2.3 For r = (r1,...,7s) where r; > 0 and a € C", define a polydisc
Pla,m1,...,mn) ={2€C" : |z; —a;| <7j}.

We call a the center and r the polyradius or simply the radius of the polydisc P. If ry =12 = --- =1 > 0 then
we write

P(a,r) ={z€C" : |z —aj| <r}.

If D denotes the unit polydisc in one complex variable, then the polydisc can be seen as a product of D :

D"=DxDx-xD=P(0,1)={zeC": 2] <1}

As in one variable we define the Wirtinger operators

0 10 0,
82’]' - 2 812]' Oyj

910 0,
0z T2 ox; Ay, ’
The expression of the chain rule in terms of these operators will be useful later; the proof can be achieved by a

straightforward computation.

Lemma 2.1 (Chain rule for complex functions) Let f = f(z) and let g = g(z) be two complex valued functions

which are differentiable in the real sense, h(z) = g(f(z)).Then we have:
Oh _dg Of g Of

8z 020z ' 9z 0z
oh 09 Of _ 89 OF

0z 0z 0z 0z 0z

Using these operators the Cauchy Riemann condition in Definition 2.1 can be written in a more compact way as

g—zfj—Oforjzl,--- ,n.
Indeed,

Of (08 oY _1(du ov o o\ _1fou_ou (o ou\)_,
0Z; T2 ox; Jy; T2 ox; ox; dy;  0Oyj T2 Ox;  Oyj Ox;  Oyj o

Ddu _ 9v _ Ou _ v

PN oz ; 9y, = oz ; 9y
v Ou  __ du  __ v
ve; T, =0 ;= " 0e;

Remark 2.1 A function f is C-differentiable at 2° if and only if it is R-differentiable at z° and the Cauchy-

Riemann conditions are fulfilled.

The proofs of this fact is identical to the case n = 1.

2.2 Cauchy Formula

In this subsection we will highlight how some basic theorems in one complex variable generalize to several
complex variables. We will start by the Cauchy theorem which is an important statement about line integrals
for holomorphic functions in the complex plane. Essentially, it says that if two different paths connect the same
two points, and a function is holomorphic everywhere in between the two paths, then the two path integrals of
the function will be the same. Beside its importance in practical applications this theorem is a cornerstone in
the development of complex analysis in one variable. Similarly, its generalization to several variables provides

the foundation for the proof of many of the essential features of holomorphic functions.



Theorem 2.1 (Cauchy theorem in one variable)

Let D C C domain, K C D compact, and f € O(D). Then

f(2)dz =

OK

Theorem 2.2 (Cauchy theorem in several variables)
Let D C C"™ domain, K = K1 X --- X K, C D compact, and f € O(D). Then

/ / f(z1,22, ..y 2n)dzn - - dzadz1 = 0.
0K, JOKo 0Ky

Proof. Consider z = (21, -+ ,2n) where z; = z; +4y;, j = 1,--- ,n and f(2) to be f(z) = u(z) + tv(z) ,then ,

/ / cee f(z1,22,-+ yzn)dzn -+ - dzedz1 = / / / 2)+iv(2))(den+idyn)dzn—1 - - - dzadz1 =
oK, JOK, 0K, oK, JoKs 8K,

/ / / 2)dzyn + 1w (2)de, + iu(z)dy, — v(2)dy)dzn—_1 - - dzodz1 =
oK, JoK, 8K,

/ / .- / (w(z)dzn —v(2)dyn) - - - dzadz1 + z/ / / 2)dxn + u(2)dyn)dzn—1 - dzadz1 =
oK, JoKs K, Ky J K, 9Ky,

Ou(z) _Ou(z) / / / u(z)  dv(z)
— — d(Tn,yn) - - - dzadz1+i — d(Zn, yn)dzn_1 - - - dzadz =
/(’)Kl /8K2 /I;,,< 8 ay ) ( Y ) 2 ! 0K, JOKo n( 8CE ay ) ( Yy ) 1 2 1
0+i0=0

where in the forth line we have applied Green’s theorem to K, and d(z,,y») is the area element in the z,yn

plane.
This is true since f is holomorphic, then it satisfies the Cauchy-Riemann equations.[]

As a consequence of Cauchy theorem one can derive the Cauchy integral formula which expresses the fact that
a holomorphic function defined on a disk is completely determined by its values on the boundary of the disk.
Using the cauchy formula one can show that holomorphic function has derivatives of all orders and is analytic

(i.e. it can be represented by a power series).

We start by stating the Cauchy integral formula in one variable:

Theorem 2.3 (Cauchy integral formula in one variable)
Let D be a disc in C. Suppose f: D — C is a continous function holomorphic in D. Then for zo € D

1 e,

21t Jop 2 — 20

f(z0) =
The generalization to several variables can be given as follows:

Theorem 2.4 (Cauchy integral formula in several variables)
Let P be a polydisc centered at a € C™. Suppose f : P — C is a continuous function holomorphic in P. Write
I'=0PL xOPy X -+ x OP,,. Then for z € P

= 1 f(<17(27 7€n)
f( ) (27rz) / Cl — Zl)(Cz _ Zz) (Cn — Zn)an dC2d(y
f<17€27 . 7<n)
Py JOPy P, Cl - 21) Ca — Zg) . (Cn — Zn)an dCQdCl



Proof. This can be obtained by an iterated application of the Cauchy formula in one variable

(<17 : 7<n) e
/91”1 /BPz /BP,L (CG1—21)(C2—22) -+ (Cn — 2n) dCn - - - dC2dC1
G ) g
/6P1 /BPQ ~/6Pn 1 Cl - Zl) (Cn 1 — Zn— 1) op, (C’n _ Zn) an dCQdCl
2mif(Cuy e Gty Zn) e e
/<9P1 /apz /313 (Ci—21) (Gt — Zn_1) Cn—1 C2d(1

27I"L Cl, . 7<n—27zn—1azn)
Al o -+ dCad
/BPl /BPQ /aP” , (G —21)(Cam2 — 2n—2) n-2 2

= (2mi)" f(z1, 22, -+ , 2n).0

A similar formula holds for the derivatives of f(z), and can be proved by differentiating the Cauchy formula

inside the integral.
Theorem 2.5 Let P be a polydisc centered at a € C™. Suppose f : P — C is a continuous function holomorphic
in P. WriteI' = 0P1 X 0Py X -++ X OP,. Then for z € P and a = (a1, -+ ,an) € N* we have

(o) f(C17C27“' 7{774)
f ( ) 271'2 / (Cl -2 0‘1+1(<2 — 22)a2+1 . (Cn — Zn )a,LJrl C

7L' f(<17C27,Cn)
(2mi)n /ap1 /apz /BPn (C1 — 21)1+1(Co — 22)@2HL -+ (G — 2 )onT1 dCp - - - dC2dCy

alely

STOT Ao -
Ozy = 0zp™

- dCad(r

where a! = a1las! - an! and f(o‘) =

The following result shows that a holomorphic function is analytic.

Theorem 2.6 Let f be holomorphic in a domain Q@ C C" and let a € Q. Then, f can be expanded in an
absolutely convergent power series:
f2)=) calz—a)",
agNn
in a neighborhood of a. The coefficients co are given by

[

al

Co =

The representation of f as the sum of its Taylor series is valid in any polydisc centered at a and contained in 2.

The proof is similar to the case n = 1.

As a consequence of analyticity we have the following unique continuation result.

Theorem 2.7 (Identity theorem,)
Given functions f and g holomorphic on a connected open set D, if f = g on some non-empty open subset of D,
then f =g on D.

Proof.The connectedness assumption on the domain D is necessary. Under this assumption, since we are given
that the set is not empty, we can topologically prove that the set S € D where f and g coincide is both open
and closed.

The closedness is immediate from the continuity of f and g: Let S = {z € C: f(2) = g(2)} and h(z) = f(z) —g(z)
a continuous function. Since S is the zero set of h(z) a continuous function, S is closed.

Now we want to prove that S is open. Both f and g are holomorphic, then h is holomorphic. So it is analytic,

i.e. Vp € D 3U a neighborhood of p such that h [y= sum of the power series centered at p. Let g € d(interior of



S), then h(q) =0 = all the derivatives of h will be zero = the Taylor series of h at ¢ will be zero. Then,
q € ( interior of S). Therefore, S is open.

Then f(z) = g(z) on the set S € D which is both open and closed.
But, as D is connected, the only closed and open subset at once is D itself.

Thus f(z) = g(z) for z € D.O



Chapter 3

Domain of holomorphy and Hartogs

theorem

One might be tempted to think of the analysis of several complex variables as being essentially one variable
theory with the additional complications of multi-indices. However, this view turns out to be incorrect. So
in this section we will discuss several aspects in which one complex variable and several complex variables are
different.

One example is the Riemann mapping theorem, that is any two simply connected regions in C can be mapped
conformally onto each other. The corresponding result is not true in C": indeed, domains in C™ can behave
differently to each other in several ways. One of the ways to distinguish domains in C" is given by the extension

properties of holomorphic functions. In order to discuss this topic in a precise way we first need a few definitions.

Definition 3.1 (Analytic completion) Let D C C"™ be a domain and let A be a subdomain of D. A domain
A C C" is called an O(D)-analytic completion of A,or ,simply ,an analytic completion of A, if:

(i)A C A

(ii) for every f € O(D), f|a extends holomorphically on A

Definition 3.2 (Domain of holomorphy)
A domain D C C™ is said to be a domain of holomorphy if, for every A C D, all analytic completions A of A

are contained in D.

Definition 3.3 (Domain of existence)
A domain D C C" is said to be a domain of existance of f € O(D) if D is an f-domain of holomorphy.

The Hartogs extension theorem is one of the crucial results of the theory. It highlights that, differently from what
happens in C, for n > 2, C™, contains domains D with the property that every f € O(D) extends holomorphically
on a larger domain D > D. This phenomenon, traditionally called Hartogs phenomenon, is at the core of the

fundamental notion of domain of holomorphy.
Theorem 3.1 (Hartogs theorem) Let D C C",n > 1, be a domain, K C D a compact subset such that D\ K is
connected. Then the restriction homomorphism

O(D) = 0(D\ K)

is an isomorphism.



Remark 3.1 In the theorem the assumption n > 1 is essential: the restriction map 0 need not to be surjective

as the following example shows.
Consider the function f : D\ K — C given by f(z) = X where D ={z € C: |2| <1} and K = {z € C : |2| < §},

then clearly f can mot extent holomorphicaly to all of D. In fact in a similar way one can show that the restriction

map 0 is never surjective.

Denote the restriction map by 6 : O(D) — O(D \ K).It is easy to show that 6 is injective:

Ker(0) ={f € O(D):6(f) =0i.e. f[p\x=0}={0}

Indeed, using the identity theorem 2.7, since f = 0 on a connected open subset D\ K C D we have f =0 on D,
hence Ker(f) = {0} and therefore 6 is an injective map.

The proof that 6 is surjective is much more involved and requires tools which go beyond the scope of our
discussion. However, some particular cases can be treated as a direct application of Cauchy’s integral formula

2.4. An especially notable instance is the following:

Theorem 3.2 (Hartogs figures for n =2)
Let a,b,c € (0,1),b < ¢,
D1 ={(21,22) €C*:a < |21] < 1,0 < |22] < 1},

Dy = {(z1,22) € C* : |z1] < 1,b < |22| < ¢}

and D = D1 U Ds. Then every holomorphic function f: D — C extends holomorphically(and in a unique way)
on the bidisc P = P(0;1).

Proof. Let r € (a, 1),

P, ={(z1,22) € Cc?: |z1] < 7, 22| < 1}

and let ﬁ : P, — C be defined by

= 1 J (¢, 22)
fr 1,22) — — 7d€1
(21, 22) /|

o 27 ¢il=r (:1 — 21

ﬁ is continuous on p, and holomorphic with respect to each variable z; and z2 (since gf{ (z1,22) = g—g(zh 22)),

therefore holomorphic. For every fixed z2 with 22 € (b, ¢), f(21, 22) is holomorphic with respect to z1 in the disc

{z1 € C:|z1| <1},
And

F (2. 29) = 1 f(¢) e,
Frlzr2) /| ¢

271 Cil=r Cl — z21
Therefore,ﬁ» is the Cauchy representation of f. From the identity theorem f and fr coincide on D, = DN {z €

C: |z1] < r}. The function fdeﬁned as f: j?r on P, and f: f on D is the required holomorphic extension of
7.0

Remark 3.2 By using Theorem 3.2 (and its straightforward generalization to n variables) it is relatively easy to
gwe a proof of theorem 3.1 in the case where D = C". Indeed, one can always “fit” a compact set K C C"™ inside

a Hartog figure of the kind studied in theorem 8.2. However, the proof for a general domain D is considered more
difficult.



Chapter 4

Hypersurfaces and CR functions

4.1 Hypersurfaces

A deeper study of the extension problem considered in the previous section shows that the behavior of holomorphic
functions defined on a domain D C C" is linked to the geometry of 0D which is typically a real hypersurface of
C". That is why the study of holomorphic functions in several Complex Variables leads naturally to the study
of the Geometry of real hypersurfaces. We are going to review some of the main concepts involved in this study:

to this aim we will need to give some definitions.

Definition 4.1 Let M be a subset of R™ such that for every point p € M there exists a neighbourhood U, of p
i R™ and a continuously differentiable function p: U — R with Vp # 0 on U, such that

MNU = {z € Ulp(z) = 0}.

Then M is called a real hypersurface of class C*.

Example 4.1 The unit sphere in C* defined as S = {|z|> + |w|* = 1}, where z = x + iy, w = u + v is a real
hypersurface of C? = R*. We can write the equation of S in terms of the real coordinates as p = x> +y?+u’4+v3—1,
since p=0 = 2> +y? +u> +0v2 =1 = |2|> + |w|®> = 1. Note that the gradient of p is Vp = (2z, 2y, 2u, 2v)

hence it does not vanish on S.

As it is well known if the hypersurface M C R™ is defined as {p = 0}, its convexity properties are encoded into
the Hessian matrix of p whose entries are the derivatives of p of order two. However, the (usual) convexity is
not an invariant property under holomorphic transformations and therefore it is not a natural notion in complex
analysis. An alternative concept of convexity was introduced by E.E. Levi in [3]. As it turns out in order to
define an invariant notion of convexity one needs to consider only the (1,1) part of the second order expansion of

p. This is what motivates the following definition.

Definition 4.2 Let p: C* — R be of class C? and fix z2° € C". The Hermitian form

n 62 _
L)) =3 5 a”Zb(ZO)cagm ¢ = (Ctyens ) €CT,
a,B=1 «

is called the Levi form of p at 2°.
For convenience we will now recall some facts about Hermitian forms on a complex vector space.

Definition 4.3 A Hermitian form on a vector space V' over C , is a function (.,.) : V. x V. — C satisfying the
following properties:

1- (v, w) = (w,v)



2- (a1 + Puz, w) = a{vy,w) + B{ve,w) Va,B €C

3- (v, aw1 + Pwa) = @(v,w1) + B{v,w2) Va,B € C (note that 3 is a consequence of 1 and 2).
It is positive definite if it satisfies the following properties:

(i) {v,v) 20

(#i) (v,v) =0 <= v=0

Example 4.2 In C? the standard Hermitian product
(v, w) = z1W1 + 22Wa,
21 w1 L. . .,
where v = ( > and w = ( >, defines a positive definite Hermitian form.
Z2 w2

Remark 4.1 The Levi form of p is by definition a Hermition form but needs not satisfy the positive definite
property. If L(p; z) is positive definite for any z € C™ then p is called strictly plurisubharmonic.

In much the same way scalar products on R™ are represented by real symmetric matrices, Hermitian forms on

C"™ can be represented by matrices of the following kind:
Definition 4.4 A Hermitian matrix A is a matrix of complex entries such that:
A=At

It is well known that a Hermitian matriz satisfies the following properties:

1-Its diagonal entries are real (by definition).

2-Its eigenvalues are all real.

3- It is diagonalizable.

Remark 4.2 The link between Hermitian forms and the corresponding matrices is given as follows:

For any Hermitian form L(v,w) on C" write

L(v,w) = Z Qij2;W;.

i,j=1
Then the matrix A = (asj) is Hermitian and we say that A represents the form L. Vice versa, given any

Hermitian matriz A the expression above defines a Hermitian form on C™.

The standard Hermitian product on C™ is positive definite and is defined by:

L(u,v) = (Av,u) = Zaijzi@j
¥
Indeed for any complex matriz A:

(Av,u) = (v, Atu)

But if A is a Hermitian matriz then:

(Av,u) = (v, Atu) = (v, Au)

Then,

L(v,u) = (Av,u) = (v, Atu) = (v, Au) = (Au,v) = L(u,v).

10



Let now p : C" — R be a function and fix 2 € C™ such that p(z°) = 0. The order two Taylor expansion of p

about z° can be written in terms of the complex coordinates as

p(2) =D peal)za + Y pra(2°)zat (4.1)

1 n 1 n o n B
2D s (zazs b b D prany (BFaZs D pras()zas + Os(2).
a,B=1 a,B=1 a,B=1

If p is a regular defining function for a real hypersurface M = {p = 0}, 2° € M, then the linear part of the
expansion £ = Y""_ p.. (2%)2a + >0 _, pz. (2°)Za is not vanishing.

This fact allows to give the following definitions:

Definition 4.5 Let M be a real hypersurface defined as M = {p =0}, 2° € M.
The zero set of the linear part £ of the expansion of p about z° is a real hyperplane of C™, called the tangent
hyperplane of M at 2° and denoted as T,o(M).

Definition 4.6 Let M, p be as in definition 4.5 and let | : C" — C be the complez linear function such that
R(l) = L. (Note that L = 13" _ p..(2°)za)

Then the zero set of | is a complex hyperplane of C™, called the complex tangent space of M at z° and denoted
by H,o(M).

If D C C" is defined as D = {p < 0} with p : C* — R a function of class C* such that Vp # 0 on 8D = {p = 0}
then we say that D is a domain of class C* of C™. In this case the boundary 0D is a real hypersurface of class
c*.

The notion of convexity introduced by E.E. Levi can now be defined as follows:

Definition 4.7 Let D C C",n > 1 be a domain as before and let z° € D. We say that D is Levi-convez at 2°
if the restriction of the Levi form of p to H,o(9D)

n 2
Lp0 = Y Gl €= (Chunnt) € Ha(0D).
a,B=1 «

has non-negative eigenvalues. If the eigenvalues are strictly positive then we say that D is strictly Levi convex at

2°.

In other words, the notion of Levi convexity depends on the (1,1) part Y 7 5 pz,z, (2°)202s of the Taylor
expansion (4.1). As it turns out this part is the (1,1) enjoining some invariant properties with respect to
holomorphic changes of coordinates. In order to work with such coordinate changes it would be useful to recall

the holomorphic version of the inverse mapping theorem.

Theorem 4.1 (Inverse mapping theorem for holomorphic functions)

Let f : C* — C™ be a holomorphic function and let z € C™ be such that Jf(z) is invertible, where J¢(z) =
(%f;)m:l,_,_,n is the complex Jacobin of f at z. Then there exists a local inverse of f at z, that is, there are
neighborhoods U of z and V = f(U) of f(z) such that f : U — V is bijective and the map f~* : V — U giving

the local inverse to f is holomorphic.
We also need the well known:

Theorem 4.2 (Implicit function theorem)

If fi,..., fa are differentiable functions on a neighborhood of the point (zo,yo0) = (21°, ...,2.% 1% ..., yn?) in

R™ x R™ |, if f1(z0,%0) = f2(T0,y0) = ... = fu(T0,y0) =0, and and if the n X n matriz
oz Ozo Oxp
Of2  Ofs ... Of2
o1 dxo Tn
Ofn  Ofn .. Ofn
oxq Oxo Oxp
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is invertible at (o, yo), then there is a neighborhood U of the point yo = (y1°, ..., yn") in R™, there is a neighbor-
hood V' of the point £o = (21°,...,2,°) in R™ , and there is a unique mapping @ : U — V such that ©(yo) = o
and fi(p(y),y) = ... = fi(e(y),y) for ally in U. Furthermore, ¢ is differentiable.

The special role played by the Levi form in the Taylor expansion of the defining function p can now be seen in

the following lemma.

Lemma 4.1 let D C C",n > 1, be a domain with differentiable boundary and z° € 0D. Then there exist a
neighbourhood U of 2° and a biholomorphism f : U — f(U),z +— w = f(z), such that

(i)f(z°) =0
(1) f(U NbD) is defined by a differentiable function p of the following form:

p(w) = wn +Wp + L(p; 0)(w) + O3(w),

with |Ox (w)| < |w|®.

Proof. Suppose that n > 1. The statement does not depend on translations, therefore we may assume that 2% = 0.
Let p be a differentiable function which defines bD at 2°. Using the derivatives p.,,, p=,, , PzazgsPzaZss Piazgs PiaZs)

we write the Taylor expansion of p as in (4.1) in the following form
n n
p(2) =D pea(0)za + D pz(0)zat
a=1 a=1

1 n 1 n o n
+3 > Prazs(0)2azs + 5 D> pzazs(002aZs + Y penzs(0)peaz, + Os(2).
a,f=1 a,B=1 a,B=1

Since dp(0) # 0, there exist a € {1,...,n} say a = n, such that p., # 0.
Consider the local biholomorphism f given by

Wn—1(2) = zn—1

wn(2) = 3201 Pza (0)2a + 5 320 51 Prazs (0)2a2s;

Let g = f~' be given by g = (g1,...,9») and p=pog.

Applying the Taylor formula to each component ga of g, we obtain ga (w) = za(w) = 3-7_, gi: (0)wg+02(w),1 <
a>n,
thus

L(p;0)(2) = D Prazs()zazs

a,B=1
n n a . n a .
= 3 [pm0( X 52 0w, + 0:w)) (3 2 O, + 0x0))|
— Jwy — Ows
a,B=1 y=1 o=1
Then by substitution we finally get
B ) S oy 99a .\ 995 . _ . ~
pg(w)) = wn + W+ D p2aZ(0) 5 (0) 5= (0)w- Dy + Os(w) = wy + Wn + L(7; 0)(w) + Oz(w). O

Oow, "~ Owes

a,B,7v,0=1
We want to illustrate lemma 4.1 by showing how the computations are carried out in the case of the unit sphere
S of C? at p = (0,1) (cf. 4.1).
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Recall that S = {p = 0}, where p = 2> +9* +u* +v> —1 and Vp = (22, 2y, 2u, 2v). Since Vp(p) = (0,0,2,0) # 0,
we can apply the implicit function theorem. Hence in a neighborhood of p € S we can express S as a graph of a

function: S = {u = +/1— 22 —y2 — 02} for (2® + 9y +0%) < 1.

Putting u(z,y,v) = /1 — 22 — y? — v2, we can find the Taylor expansion of u by recalling the binomial expansion:
a+0"=1+ac+ 20Dy o)

valid for a € R. Setting ¢ = z? 4 ¢* + v*

We get

u= (1= QF =14 2 (-0 + 3 S0P+ O(E) = 1= S (2 442 +0%) = 1@ +9° +0)* +0(¢Y)

Then 5
w14+ Y p? 0 _w w1 e (fw W
p=1u 1+2(:r +y +0)+04) = 5T 5 2(|z\ +<2i 22.) )+O(4)
w w2 1 w? W wo w 2w 2z ww
2+2 2 2< 4 4+2 +0() +2+ 8+8 2 2+O()

Then consider the local biholomorphism f given by:

2

=2z

_ 1 1,2
W= 3w+ gw

If g = f! is the inverse of the coordinate change we have g(Z,w) =

2=z
w = 2w — 0>+ 0(3)

Now compose p with g:

~ s 20— 20—w | (20—a*\?, (20— w? 7z (20— a?) (20 — @?)
p=plgEw) = —F5—+—5—+ ( 3 ) (T) -5 1 +0(3)
= 22 = _ . = . 22 =
=w+w—?—ww:wn+wn+L(p;0)(w)+O(3) where w, =W, W, =W, L(p;O)(w):—?—ww.

This is exactly the form obtained in lemma 4.1.
The notion of Levi convexity can be used to give an important necessarily condition for a domain D to be a

domain of holomorphy.

Theorem 4.3 Let D C C",n > 1 be a domain of holomorphy with smooth boundary. Then D is Levi-conver.

Proof. The proof is now standard in the literature and can be achieved by using lemma 4.1. Let z° € 8D . By
the previous lemma 4.1, up to a holomorphic change of coordinates we may assume that z° = 0 and we can say

that 0D is locally defined at zero by a function p of the form:

p(2) = zn + Zn + L(p;0)(2) + O3(2) for z € C"

Hy(0D) is the coordinate hyperplane z, = 0. Assume by contradiction that there exists z € Ho(9D) such that
L(p;0)(2) < 0. Performing a holomorphic linear change of coordinates in Ho(9D), we may assume z = (21,0, ..., 0).
By hypothesis, we have

0> L(p;0)(2) = p212y (0)|31|2

13



hence p.,z, (0) < 0.
Let

Dc={2€C":|z1| < €,20=0,2<a<n}.

And we have that D = {p < 0} then 9D = {p = 0}.
In particular, in a neighborhood of the origin, 0 is the only common point between 0D and D-..
It follows that there exist €o > 0 such that for every e < ep, the corona

{zeC": -2 <|z1| <624 =0,2<a<n}

€
2
is contained in D.

There exist no > 0 such that, for every n < no, the domain

€

Ac={z€eC :2

< |Z1| < 67|z'34| < 7772 S « S n}:
i.e the product of the corona

€

{21€(C:2

< ‘21‘ < 6}

by the disc

B={zcC" " |za] <n2<a<n}

is relatively compact in D.
Now we add to A, a domain A of type:

A={zn1€C:|a|<e xA

with A C B, in order to obtain a Hartogs domain A, U ﬁ, whose analytic completion contains the origin, and
from here we get a contradiction.
Thus A = A. U A is contained in D, but Ais not, because 0 € A \ D.

A contradiction, since D is a domain of holomorphy. [J

Now we will show how the computations of theorem 4.3 works in a specific example: In C® with coordinates

z = (z1, 22, z3) consider a domain D of the form D = {p < 0} with p of the following form:

p(z1,22,23) = 23 + 23 + |21|* — |2|* + O3(2)

By definition 4.6 we have that Ho(0D) = {z3 = 0}. Applying the complex linear holomorphic change of

coordinates (21, 22, 23) — (22,21, 23) then p = z3 + 23 — |21|> + |22|> + O3(2) then p.,z, = —1 < 0. So

0> L(p; 0)(2) = pzyz, (0)|Z )

For small € > 0 let D, be a one dimensional disc in the z; line in C3

D. ={z = (z1,22,23) : |z21| < €,220 = 23 =0}

Recall that D = {p < 0} then 0D = {p = 0}.

Claim 1: 0 is the only common point between 9D and D..
Indeed, First p(0) = 0 then 0 € 8D and clearly 0 € D, so 0 € bD N D..

14



For e small enough show that 0 is the only common point between 0D and D.:

Let p € D, and look at p(p):

p(p) =0 <= pedD < pedDND.

We now restrict p to D¢ and find the points for which p is equal to zero,

p € D = p = (21,0,0) for |z1] < ¢, s0 p(p) = —|z1)> + O(21®) = —|z1]* + R(21) where R(z1) where
|R(21)] < c|z1]® for some constant ¢ > 0. Let t = 5~ = if |z1] <t = |R(z1)| < |z1]*|21]c = @ So if 21 is
very small then p(p) < 7@ —>»0asz1 —0

Therefore, D, will meet bD at zero only.
Claim 2: It follows that there exist ¢p > 0 such that for every e < €o, the analus

<|z1| < €22 = 23 =0}

€
{z = (21, 22, 23) : 5

is contained in D.

Indeed, If p belong to the analus

Therefore, analus is contained in D.

Claim 3: There exist no > 0 such that, for every n < no, the domain

€

5 < |z1| < €, |22|, 28] <m,

Ac={z= (21, 22,23) :

i.e the product of the analus

{21€CZ%<‘21‘<6}

by the disc

B ={(z2,23) € Cc?: |22], |z3| < n},

is relatively compact in D.
Indeed, The annulus is contained in D which is open, it is well known that if K is a compact set contained in
an open set D then a small translation of the compact set will be also contained in D. Since A. is a union of

small translation of the analus it is contained on D.
Now we add to A, a domain A of type:

A={z€C:|a|<exA

with A C B, in order to obtain a Hartogs domain A, U A, whose analytic completion contains the origin, and
from here we get a contradiction.

Thus A = A. U A is contained in D, but Ais not, because 0 € A \ D.

A contradiction, since D is a domain of holomorphy.

The necessarily condition provided by theorem 4.3 led naturally to the following question known as the Levi

problem.
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Levi problem: Let D C C". Is it true that if D is Levi convex at all points then it is a domain of holomorphy?
The Levi problem for domains in C" was solved by K. Oka in [7] (we remark however that the problem is still
open for domains of a complex analytic variety). For the scope of our discussion it will be enough to recall a
local converse of theorem 4.3 which is valid when D is strongly Levi convex and can be proved in an elementary

way, similar to the computations used in the proof of theorem 4.3.

Theorem 4.4 Let D C C™ be a domain of class C? and 2° € D be a point of strong Levi-convexity. Then there
exist a neighborhood U of z° in C™ such that U N D is a domain of holomorphy. More specifically there exist a
local change of coordinates ¢ on U such that ¢(U N D) is strictly convez.

4.2 CR-functions

In this subsection we will discuss the notions of real and complex valued vector fields in C" and how that can
be used to give a characterizations of holomorphic functions. If M is a hypersurface of C", we will use suitable

vector fields tangent to M to introduce the notion of CR-~functions.

Recall:
A general vector field in R™ can be represented by:
19}

X*ai—i—a——i— +a 9
- 1(91'1 261‘2 n8$n7

where a1, asg, ..., an are functions from R" — R.

A vector field X as above represents a differential operator acting on differentiable functions f : R® — R as
follows:
of of of

Xf=a1-—— — 4 ... n .
f a18x1+a28x2+ ta OTn

The value of X at a point p is:

0 0 0
X(p) = al(p)@Tgl + a2(10)8702 +.+ “"(p)aT’

which can be identified to the vector V = ai(p)er + ... + an(p)en. Therefore X differentiates f in the direction
of V.

A general complex valued vector field in C™ can be represented by:

() 2+ an(5) 22 + ba(2)

1o}
Z=a@)g - oy O0xn OYn

8$1
where a; and b; are functions from C" — C.

We can rewrite Z in terms of % and ai by recalling that

zZ

o _1(0 o\, 9 _1(0 o
82j_2 ox; Jy; 853‘_2 ox; Ay,

Then
0 _9 . 90 49 _,(92_9
Ox; 0z; 0% 0y; 0z; 0%
So Z can be written as:
o} 0 o} 9]
Zfal(z)a—Zl+ +an(z)£+ﬁl(z)ale+ +5n(2)7n
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Where a; = a; +ib; and [; = a; —ib;. In the following it will be useful to distinguish the part of Z containing

9_ and the part containing %. More precisely we call the vector field
J

32,
0 0
the (1,0) part of Z, and the vector field
0 0

the (0,1) part of Z.

We denote by X(C") the set of complex valued vector fields in C". Then X(C") is a module over the ring
C*(C"). Defining the sub-modules X:?(C") = < 0 o > and XY (C") = < & 9 > of X(C™), the

0z17°"" Ozp 0z17"" OZp

composition defined above corresponds to the fact that
X(Cn) — X<1’O) (Cn) ® X(O,l) ((Cn)

Now definition 2.1 can be restated in terms (0, 1) vector fields as follows

Theorem 4.5 Let f: C" — C.
f is holomorphic <= Lf =0 for all L € X(O’l)((C").

We now recall the well known notion of vector field tangent to a hypersurface.

Definition 4.8 Let M = {p = 0} be a hypersurface in C", and let X be a vector field. We say that X is tangent
to M if Xp(p) =0 for allp € M.

This allows to define the notion of CR function in analogy to Theorem 4.5.

Definition 4.9 Let M = {p = 0} be a hypersurface in C" and let f : M — C be a differentiable function. We
say that f is a CR function if Lf =0 on M for all L € X(O’1>(C") which are tangent to M.

Remark 4.3 Let f : C* — C be a holomorphic function and let M be a real hypersurface. Then f [apr: M — C
is a CR function. This is a direct consequence of Theorem 4.5 and Definition 4.9, since Lf is actually zero for
all L € X(O'l)((C") and not only for those tangent to M.

Constructing tangent vector fields to a manifold:
In R™™* consider a hypersurface of the form M = {x,+1 = I(x1,...,x»)}; then a local defining function for M is
P(T1y ooy Tng1) = Trt1 — (T2, oy Tn).

We can construct n vector fields that are tangent to M as follows:

0 1o}
Xi1=—+ly, —
! 81'1 + ! 8xn+1
0 9]
X = +

= — o ————
81172 2 al’n+l

amn 83771-{»1
These X/s generate the module of the vector fields tangent to M. In other words, if X € XV (C") tangent to

M, then there exist functions g1, ..., gn : M — R such that X [p= g1 X1 [m +... + gnXn [

Analogously, in C"***, consider coordinates (21, ..., zn, w) € C"*! where w = u+iv and define a real hypersurface
as M = {v=1I(z1,...,2n)}
We can construct n vector fields of type (0, 1) that are tangent to M as follows:
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Xlzi—%l 0

071 Zl%

0 0

X = — —2.3 p~—
2 0Zs Zl?a@
0 .0
Xn*£72ll3n%

Just as in the real case the X|s generate the module of the (restrictions to M of the) vector fields of type (0, 1)
that are tangent to M. We conclude that

f: M — C is a CR-function

< Lf=0forall L € X®Y(C") tangent to M

Xif=0
Xof =0
<
Xnf=0on M

This fact allows to express the CR condition as a system of partial differential equations. Now we will derive this

system explicitly in a particularly important case.

Consider coordinates z = & 4 iy , w = u + v in C* and define the hypersurface M C C? as M = {v = |2|*}.
This is called the Lewy hypersurface and much of the work in the rest of the present thesis will revolve around

it. Arguing as above we find a vector field X tangent to M having the following form:

0 0
X =5 2kEgg
Butl=1[2"=22 = =2
0 .0
X=5 %5

We want to write this vector field X in terms of z and u which can be used as local coordinates for the manifold M.
The map giving the local coordinates is the restriction to M of the projection m on C™ defined as 7(z,w) = (z,u).

Then it is immediate to see that the push-forward map 7. induced on vector fields satisfies 7. % = 8%, T a% = a%,

T2 =2 and m. 2 = 0. To find the expression of X in the (z,u) coordinates we need to compute 7. (X):

0 ) 0 0 o1 o . 0 o . 0
7 (X) =M —22;:77*8—E = 5 —2225 (m—u—l—m*%) = — —iz—

Then a function f: M — C is a CR-function if and only if X f = 0, that is,

This is the CR-equation on M. This equation had been first studied by Hans Lewy and used in [5] to construct

the first example of a partial differential equation with smooth coefficients not admitting local solutions.

Remark 4.4 Let M C C" be any hypersurface, f : M — C a CR-function, and h : C — C a holomorphic
function. Then ho f: M — C is a CR-function.

Proof. Verify this using the CR~equation:

Consider

L—ai+ai+ Jrai
M9z "oz, T "oz,
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to be a (0, 1) vector field tangent to M.

then dhof)  o(hof) a(ho f)
o] [0} (e}
071 T az 0Z2 F ot an 0Zn ’

L(hof) = a1

In particular by Lemma 2.1
Ohof) _oh O 0h OF _oh of
0z - 82%3 85'853' - 62’%]

since h is a holomorphic function. We conclude that

(P or on af\ _on(, of ary _
L(hof)—a1<az.8§1) +"'+a"(8z'8§n> =5 (alfﬁ1 —l—,..—i—anazn) =0

since f is a CR-function. Thus h o f is a CR-function. O

We want to work out the computations of Remark 4.4 in the particular example of the hypersurface M = {v =
|22}, using the intrinsic point of view rather than the vector fields I, that is, using directly the CR equation
written in the coordinates of M. Let as before f : M — C be a CR-function, and let h : C — C be a

holomorphic function.

Proof. Using directly the CR equation,

ohof _0hof _ohdf _ohdf
0z  0z0z 0z0z Oz 0%

since h is holomorphic.

ohos _onos  onof _ onos
Ou  0z0u O0zOu Oz 0u’

since h is holomorphic.
Then

X(hof)

JOed oy el OhOT_0h0r _onfor_0f]
0z ou 0z 0z 0z 0u 0z |0z Ou ’
since f is CR-function.

Therefore h o f is a CR-function. O
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Chapter 5

Extensions of CR functions

As we have seen in the previous section the restriction of a holomorphic function is a CR-function, in this section
we will see that not all CR-functions are the restriction of holomorphic functions.

The square root of z:

e The square root of z can not be defined in C:

2 = 2. The polynomial w? — z = 0 has two roots (by the fundamental

Let w be the square root of z, then w
theorem of algebra). So we can not define the square root of z in C.

e The square root of z is defined and continuous on C \ {z € C: Iz = 0 and Rz < 0}.

The log z function:

e The log z function can not be defined in C:
Let w = log z, then e¥ = z. Suppose w = u+ iv, and z = pe’?. Then the equation e — z = 0 will have infinitely
many solutions:

) ) ) 0 p=e
eu+zv — pezﬂ euew _ pez

— u=1logp

eV =e? = v=0+2mn

Since the log function is not injective, we can not define log z on C.
e The log z function can be defined on C\ {z € C: ¥z = 0 and Rz < 0}.

Once we define the log function, we can define any real power of z:
For v € R,2” can be defined since 27 = €?'°5% on C\ {z € C: Sz = 0 and Rz < 0}.

Note: Let H = {z € C: Rz > 0} be the upper half-plane in C. Then on H the log, square-roots, and powers of

z are all defined.

5.1 CR functions that are not the restriction of holomorphic
functions
We want to study on H = {z € C: Rz > 0} a function h : H — C defined as:

h(,z):ez;”1 for yeR and ~v>0

Note that h(z) is a holomorphic function on H since it is the composition of two holomorphic functions the

: —1
exponential and —.
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We want to check if the function h extends continuously to the boundary of H.
e Check first for v =1, h(z) = ¢ = :

—1

()If z = z is real, then h(z) = e= .
h(z) — 0.

-1 )
(ii)If z = ¢y is pure imaginary, then h(z) = e =ev = cos % + isin %

This function extends continuously to the boundary of H since as x — 0,

1 1
But both the lin}) cos — and the lin%) sin — do not exist. Thus h(z) does not extend continuously to the boundary
y— y—
of H.

If instead of H we take the domain V. = {z =z + iy € C: z > c|y|} for ¢ a constant.
Claim: h(z) = e= is continuous restricted to the boundary of V.. In other words, |h(z)| — 0 as z — 0 where

z € Ve
Indeed, we know that for any exponential e, its modulus is equal to = |¢¥| = e,
—1

Then |h(z)| = e%( ). But

et e N §R(;1) —_ %
z 41y x4 y? z x2 4+ y?
Then
|h(2)] = e=*+v* .
But on V.

—x -z —
> — —oo for (z,y) = (0,0) = |h(z)| =e=>+v" =€ > — 0 for (z,y) — (0,0).
PP g2 (z,y) = (0,0) |h(2)] (z,y) — (0,0)

(End Claim)

e Then work with v = 1, h(z) = e\% for z € H :

()If z = x is real, then h(z) = e%. This function extends continuously to the boundary of H since as © — 0,
h(z) — 0.

(i)If z = x + 1y, h(z) = e% for z € H.

—1
Lemma 5.1 The function h(z) = eVZ is continuous up to the boundary of H. In other words, |h(z)| — 0 as

z — 0 where z € H.

1

Proof. We know that |h(z)| = em( 2)4 So try to find a bound for %(\%)

Let p = %, then p € V4. So p can be estimated by its real part. Indeed, for z € V. and any ¢ # 0,

cyl <z = |z| = Va?+y? < \/%2-‘1-:2; = zc. In particular for c = 1, |y| < 2 = |z| = /22 + 3% <

Va2 + 22 < V222 = 2v/2. Thenforp e Vi = |p| < V2Rp — |%| <V2Rp = Rp > ﬂ\l/ﬁ

_w(L —
So [h(z)| = e iR(\/;):e_aq"p<e‘/§\m —0asz—0forze H. O

We are going to use the function h of the lemma 5.1 in order to construct a function ¢ on the hypersurface
M = {v = |z|?} which can not be extended to a holomorphic function on C™.

Consider the coordinate function w = u + v on C?, then w [p= u +4|z|* is a CR function. let ¢ = —iw [ar,
then define the function ¢ = e%.

We want to prove the following things:

(i)That the function ¢ is well defined.

(if) That the function ¢ is C*°.

(iif) That the function ¢ is a CR function which is not the restriction of a holomorphic function.

In order to show that ¢ is C°° we should study the function h deeply. In particular we have to look at the
behavior of the derivatives of h at the boundary of H.
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-1
Lemma 5.2 The derivatives of h = ev= are continuous up to the boundary of H.

=1 Y (O =<
Proof. Consider the first derivative of h. We have proved before that |evZ| = e %( \/?) < eVv=z. Then the first
-1

1 1 e
c . Vz vz vz vz c
derivative of h is equal to 1/ (z) = Yo = |W(z)| = 251 = [e¥21 < Y2, 0as 2 — 0, so the first derivative
223 |2:2] 2022 " |222]

of h extends continuously to the boundary of H.

By induction on n we can show that all the derivatives of h have the following form:

—1
(a12" + a2z + ... + a2 )e vz

-1
Then h<")(z = (@12 + a22™ + ...+ axz"*)ev= for ai,...,ar € R and 71,...,v € Q that depend on n.
So |h™(2)| < (la1]|z]"* + |az||z]"? + ... + |ak||z|7k)e\/7‘j — 0 as z — 0 for any integer n. O

Proof of (i): Look at —iw [pr= |2|*> — iu, let 9 = —iw | s, then R = |2|> > 0 = the range of ) lives in H.
1
Since every thing is defined on H, we can work with o = ev¥.

Therefore, ¢ is well defined since the values of ¥ are in the domain of the function h which is H.

Remark 5.1 If we consider the function iw : C* — C instead of iw [a: M — C, then h o (iw) is not well
defined.

Indeed, w = u+ v = iw = —v +iu, but (—v + iu) might not be in C\ {z € C: Iz =0 and Rz > 0}.

So we should take the function v = —iw [ instead of —iw, since —iw [pm= |z|> — iu

— R =|2]> >0 = ¢ is always in the domain H.

Proof of (ii): ¢ = ho1, ¥ is C* and by Lemma 5.2 h is also C*°. Thus ¢ is C*° since the composition of C'*®

functions is C'*°.

Proof of (iii): Define L = {(u,2) e Rx C: z =0}
h is a holomorphic function on H and % is a CR function everywhere. Then ¢ = h o1 is a CR function in
(C x R)\ L by Remark 4.4. I still want to say that ¢ is a CR function everywhere on (C x R):
Consider the point p = (u,2) € (CxR)\ L. And Ry =0 on (CxR)\L = [2/* =0 = 2z = 0 then p = (u,0).
¢ is CR for ¢ € (C x R) \ L, implies

Op

) -igl@=0torge (CxB)\L,

so it remains to prove that ¢ is CR for ¢ € (C x R), i.e it remains to prove that

dy O,

5(9) - Z%(q) =0 for ¢ € (C x R).

Remark 5.2 Letl: C xR — C be a continuous function such thatl =0 on Cx R\ L. Then |l =0 everywhere
on C x R.

Indeed, (C x R) \ L is dense in C x R.
Now consider the continuous function ! to be equal to g—g(q) - ig—‘i(q). And ! = 0 on (C x R) \ L. Thus

l= g—g(q) — ig—ﬁ(q) = 0 everywhere on C x R.

Therefore, ¢ is a CR-function everywhere.

Lemma 5.3 Consider F': C2 — C to be a a holomorphic function, and ¢ = F [ar: M — C. Then if ¢ is flat,
F is flat.
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We will give the proof of Lemma 5.3 in the case of the hypersurface M = {Sw = |z|?} that we are studying.

Proof. Look at M = {Sw = |z|*} and p(z,u) =

derivatives of ¢:

According to the first derivative:

F(z,w) [m= F(z,u+i|z|?). Relate the derivatives of F' to the

o 52 (2 u) = 5500 4 OF Skl 4 OF 8o 4 OF 2= = T

o 32(,u) = B5.OBI | g8 So) | 98 ge g gz gy griz
o 22(su) = S Aot | gF St | 98 gy g 02 or
According to the second derivative: Call 2 2L = g(z,u+i|z|?),

o« S =fr=3nle o fegn  fu Ml g Jo SaleTiel a2
* % =5%"+3s 5 8(%@ "= 72 +to FLaz= azalzj + awz iz

. % = g—i.iz = gi}gzz

o 5 = G+ e+ B ()

° g’;)a = aagai 42+ 2271;’(_7‘2)

o 555 = dubeint S (—E  BE

So a common pattern for the derivatives is:

° ng = ‘g—fqtsomething that will be zero at z = 0.

. % = Bw” £t something that will be zero at z = 0.

o ¢ _9"F < ymething that will be zero at z = 0
9zn—19u o9zn—1ow g :

"
° Ozn—kouk

= Ban—

na”kgwk +something that will be zero at z = 0.

Therefore, if ¢ is flat, i.e. all its derivatives at (0,0) are zero, then all the derivatives of F' at (0,0) will be zero.

Thus F will be also flat. (J

Thus ¢ by lemma 5.3 is not the restriction of a holomorphic function F' since all the derivatives of ¢ at (0,0) are

zero, i.e. @ is flat , then F' is flat, which implies that F' is identically zero. Then ¢ is identically zero. This gives

a contradiction. [J

Remark 5.3 Consider the hypersurface M = {Sw = |z|?}, let F : C2 — C be a holomorphic function, and let

p=F [p: M — C. Since M is a real analytic hypersurface, ¢ is also be analytic.

Note that Remark 5.3 is another way to show that ¢ is not the restriction of a holomorphic function.
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oLet Q= {Sw > |2)?} ={v> |2} CC® and ¢ = 7. We proved previously that ¢ is a CR-function which is
not the restriction of a holomorphic function defined on C?. Instead, ¢ is the restriction of a holomorphic function
F defined on © and smooth up to 9. Indeed, we can choose F(z,w) = eﬁ: F is well defined because for
any (z,w) € Q we have that R(—iw) = Sw > |z|> > 0.

In the discussion above we found an example of a CR function on M which does not extend holomorphically
to C2 but extends holomorphically to €. This happens more in general; the following fundamental result was

proved by Hans Lewy in [4].

Theorem 5.1 Let M be a smooth hypersurface of C2. Let p € M. Suppose that M is strongly Levi-convez at p.
Then there exist one-sided neighborhood Q0 of p such that every CR function on QN M extends holomorphically
to €.

Remark: Note that €2 can be mapped by a biholomorphism to the sphere, and the sphere is a domain of
holomorphy. Then €2 is a domain of holomorphy since the notion of domain of holomorphy is invariant under
biholomorphisms. Thus there exist holomorphic functions in it that can not be extended to a bigger domain. So

it is clear that in © we can find more holomorphic functions than in C2.

Our goal is to prove Theorem 5.1 in the particular case where M = {Sw = |2|?}. All the main ideas of the proof
given in [4] already appear in this case and up to some geometrical complication it is not too hard to extend the
argument we give to the general case,

the proof will be achieved in three main steps:
(i) We show that the intersection of Q with complex lines of the form {w = ¢} is compact.

(ii) By solving a one variable problem we extend the function f holomorphically to each domain QN {w = ¢}.

The resulting extension F': 0 — C is holomorphic w.r.t. z.

(iii) Finally we show that F' is holomorphic in £ and smooth up to the boundary and F [p= f.

We first consider point (i), so we need to find the intersection of M = {Sw = |z|*} and Q = {Sw > |z|*} with a

complex line w = ¢ = ¢; + ic2 € C?. This results in the following systems:

w=cy +1ic2 w=cy +1ic2
Mn{w=c}= QNn{w=c} =
Sw = |z)? Sw > |z
We distinguish the following cases:
. If ¢ < 0 = no intersection since cz = |z|? > 0.
. Ifeco=0 = z=0and w=c; = the intersection M N{w = ¢} is a single point (0,¢1) and QN{w =c} =0
since z = 0 and |2|? < 0.

LI >0 = |2 =c2 = r? =cy where |2z| =r = 2+ 9®> =c2 = M nN{w = c} is a circle of radius

Vez and QN {w = ¢} is a disc A, of radius /cz of raduis ¢z and center zero.

Then we consider point(ii):
If a function is defined on M, then it will be defined on OA. for all ¢ for which c2 > 0. So we still need to extend
it inside A¢. If f [oa, admits a holomorphic extension to A. then we can find the values of the extension F' by

using the Cauchy formula.

f(z) = L / Mdp7 where p € A, and z € A..
o

= omi Jon, p 2

However not every continuous function defined on the unit circle extends holomorphically to the unit disc A.. For

instance for this to happen its Fourier Series its Fourier series must have only non-negative indexed coefficients.
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oo

Indeed, consider for example the holomorphic function f(z) = Z anz" whose radius of convergence is larger
n=0

than one and restrict f to the unit circle. Then f(e Z ane'™ this is the Fourier Series of f Toa. Thus

the negative indexed Fourier coefficients are zero for holomorphlc functions. Then the restriction of f to 0A. is

F(e') = 30y ene™.

Example: The function sin 6 : [0,27] — C does not extend holomorphically inside the unite circle.
—10

sinf = ele% = a_1 = ;—ZI # 0 = the function sin 6 can not extend holomorphically on the unit disc.

Example: The function cosd — isind : [0,27] — C does not extend holomorphically inside the unite circle.

cosf —isind =e ® — a1 =1%#0 = the function cos# — isin# can not extend holomorphically on the

unit disc.

We are now recalling few basic facts of Fourier Series. First of all you observe that:

2 0 n#0
/ ezn9d0 _ 7é
0 2r n=0

Suppose the function f admits a uniformly convergent Fourier Series

o0
ij6
E aje

j=—o00

Computing / F(0)e™ " do we get:
0

/ f(0)e™%dp = / Z a; eV g9 = Z / U040 = 21rq,,

j=—00 j=—00
because
2 ) 0 7#n
I e
0 2r j=n
Then we can recover the Fourier coefficients of f as follows

1 —in6
an = o f( e de.

In particular, the coefficient ao corresponds to the average of f on the unit circle:
1 2m

a0 = o— f(0)do

Thus if f extends holomorphically to the unit disc A we must have

1

_ in6 _ > 0.
o f() dd=0forn>0

a—p =

We can express the coefficient a,, in another way. Using the parametrization of the unit circle by e for 0 < 6 < 2,

we get
27 27
P 16 0 _in6 _i/ 10\ _i(n+1)6 _
27rz/ f(2)2"dz = — f(e)iee™dz = o /. fee df =

27rz 0

27 X
_ %/O FO)E 40 = a_ s,

Then the general form of the negative indexed Fourier coefficients is as follows:

1

i Jon f(2)2"dz for n > 0.

a—(nt+1) =
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The integrals / f(2)2"dz,n > 0, are called the moments of f. Thus, if f extends holomorphically to A then
oA
all its moments must vanish. As it turns out the converse is also true: if a, = 0 for n < 0, then f extends

holomorphically to the unit disc A. This is a particular case of the following result.

Theorem 5.2 Let U C C be a domain whose boundary OU = ~ is a closed simple curve of class C*. Let
f v — C be a continuous function. Then f admits a holomorphic extension to U, continuous up to vy, iff all the

moments of f vanish, that is / f(2)2"dz =0 for alln > 0.
Y

Thus f extends holomorphically to the disc A. with ¢ = ¢1 + ica where c2 > 0 if

1
— (2)2"dz =0 for n > 0.
271 A,

For ¢ = ¢1 +ica with ca > 0 and M = {v = |2|?}, {w = ¢} N M = {|z] = /e2} = 7. The restriction of
f: M — C to the curve v. C M is fc(z) : v — C. Fix n and consider

/% fe(2)z"dz = K(c).

Our plan is to show that K(c) = 0, Vn > 0 and Ve € H where H = {z € C : Sz > 0}. In view of the next

result it is enough to show that K is holomorphic on H° and continuous up to the boundary.

Lemma 5.4 If f is a holomorphic function on H° = {z € C: Sz > 0}, extends continuously up to the boundary,

and is zero on the boundary. Then f is identically zero everywhere in C.
Lemma 5.4 is a direct consequence of the Schwarz reflection principle:

Lemma 5.5 (Schwarz reflection principle) Suppose f : H—Ca holomorphic function on HO, extends contin-

wously up to the boundary, and is real valued on the real line. Then f extends holomorphically on C.

Lemma 5.5 is of course well known but we provide a proof for convenience. Define a function g : C — C in the
following way:

If z € H we put g(z) = f(2).

For z € C\ H we have z € H, hence we can define g as g(z) = f(z). To show that g is holomorphic on C\ H we

should check that % =
o9 _ (@ _ (UE)Y _,
0z 0z 0z

since f is holomorphic.

Next we show that g extends continuously to the boundary of C\ H. Let 2o € O(C \ f[) then

lim g(z) = lim f(z) for z € C\ H.
z—zQ

z—z0

Let w = Z, we know that f is continuous up to the boundary then

lim f(z) = f(z0) = lim f(w) = f(20) = f(20)

zZ—20 w—20Q

since zo € R and f is real on R.
Then

lim g(z) = f(z0) for z € C\ H.

zZ—z0
Thus g extends continuously to the boundary and its limit is f(z0) as z — zo.
Consider f: C — C defined as:
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i f(z) zeH
g(z) ZG(C\ET

Both f and g extend continuously to the boundary and lim ¢(z) = lm f(z) = f(z0) = fis
z€C\H—zg zEH—zg

continuous everywhere on C.

f is holomorphic on H® and g is holomorphic on C \ H = f is holomorphic on C\(real line). Then by the

Riemann extension theorem fis holomorphic on C. O

Proof of Lemma 5.4. f is a holomorphic function on H® = {z € C: &z > 0}, extends continuously up to the
boundary, and is zero on the boundary. So f is real valued on the real line. Then by Lemma 5.5 f extends
holomorphically to fon C.

f: C — C is holomorphic everywhere on C and f: f = 0 on the real line. Then fhas a non-isolated zero.
Thus fis identically zero.

Therefore, f is identically zero on all of C. O

To prove that K(c) = 0 we want to use Lemma 5.4 and check first that K(c) is a holomorphic function. To

achieve this, rather than trying to differentiate K it will be more convenient to use Morera’s Theorem:

Theorem 5.3 (Morera’s Theorem) If f(z) is continuous function in a region D and satisfies

/Ff(z)dz =0

for all closed curves T' in D, then f(z) is holomorphic in D.

Thus let us fix any simple closed curve T' of class C* on HO, and integrate K (c) over I':

/FK(C)dCZ/F 5 f(z,¢)z"dzdc

Consider V' to be the interior of the curve I', then define A = |J 7. and w = dA. Then A is a three dimensional
submanifold of M, that is, it is an open domain since M itsel;E}‘l/as dimension three. Moreover, w = A = |J 7.
is a two dimensional compact surface of M, homeomorphic to a torus. <

Since the fr K is equal to the integral of fz"™ on w, to prove that the former vanishes we will employ Stoke’s

theorem:

Theorem 5.4 (Stoke’s Theorem) Consider a k differential form p and an orientable manifold Q of dimension

k+ 1. Then:
[oef o
oQ Q

Apply Theorem 5.4 to Q@ = |J 7. and p = f(z,¢)z"dzdc. Then:

ceV
[o=fo
w A

I:/f(z,c)z"dzdc

But de = dey+ides and co = |z|2 =2Zin M = dec2 =Zdz+2dz = dc = de1+i(Zdz+2dz) = dei+izdz+izdz.
Then dzdec = dz(de1 + izdz + izdz) = dzdci + izdzdz. So:

Consider first the following integral:

I:/f(z,cl)z”dzdc:/f(z,cl)zn(dzdcl+izdzd2):/f(z,cl)z”dzdclJri/f(z,cl)znﬂdzd?.

w

But

d(f(Z,Cl)anZd01) — d(f(Z,Cl)Zn)dZd61 — <a(f(zézl)zn)dz 4 a(f(zégl)zn)dz—i— 8(f(gccl)zn)dcl>dzdcl
1
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_ Mcfdqu = " Mcﬁdqu
9z 0z

And
d(z" f(z,¢1)dzdz) = (2" f(2,¢1))dzdz

(% ) ) 0 me) o 0E (e, 0" f(z,c1))

861

deidzdz

9z 0z der 1) dzdz =

=t 8—fdcl dzdz.
ou

Then by Theorem 5.4
of

I:/d(f(z,cl)z"dzdcl)—i—i/d(f(z,c1)z"+1dzdé) :/z"idzdzdcl +i/z 91
A A A OZ A ou

= / z"a—fdédzdcl —i/ Z"Ha—fd?dzdcl = / 2" 8—{ —iza—f dzdzdc, = 0.
A OZ A Ou A 0z Ou

derdzdz

Since f is a CR-function.
Then
/ K(c) =0 on every I'.
r

Therefore, Theorem 5.3 K is holomorphic in C.

Then the function K is a holomorphic function on H® = {z € C: 3z > 0}, extends continuously up to the

boundary, and is zero on the boundary. So by Theorem 5.4 K is identically zero everywhere in C. This implies

that
/ f(z,0)2"dz = 0.
Ye

Thus f has no negative indexed Fourier coefficients. Then f can be extended holomorphically inside the disc A,

for every c.

Now consider point (iii):
Consider the open domain Q = {v > |z|?}, define the function F(b,c): @ — C for b = by +ibz,c = c1 +ica € Q
by

Flo,e) = L [ F29,,

2mi J,, 2—b
For a fixed ¢, F' is holomorphic with respect to b. However, we need to show that F' is holomorphic on {2
with respect to both variables. In view of the following well known result it is enough to show that F' is also

holomorphic with respect to ¢ for any fixed b:

Theorem 5.5 (Hartog’s Separate holomorphicity theorem)
Consider a continuous function f(z1,22) : C* — C such that f |.,—c and f [2,=c are holomorphic for every

¢ and ¢'. Then f is holomorphic on all of C2.

Now for fixed b, consider a closed curve I' in the complex plane of the ¢ variable, and integrate F' over I' as

/F(b7 ¢)de = i// Mdzdc.
r 27 Jp J,, 2—0b
/ 19 e = / d(M>dzdc
w 2—0 A z—b
Similar to the work we did before,

/f d dc —/ f(z.c) dz(dc1+zzdz+zzf) /J;(iz)dqu—l—i/ z(z ? zdzdz =

follows:

Then by Theorem 5.4

w

1 of _ z Of _/ 1 g_ ﬂ B
/AZ— 8dedchl Z/z—baz(rdchl_ L 2—b|oz zza dzdzdeci1 = 0.

Since f is a CR-function.
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Thus, by Theorem 5.3 F' is holomorphic with respect to c. Therefore, by Theorem 5.5 F' is holomorphic on all of
Q.
The fact that F' is continuous on Q can be proved by standard arguments since the integral defining F' depends

continuously on its parameters.
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Chapter 6

Further developments on the

extension theorem

In the previous section we studied a manifold M with the property that a CR function defined on M can be
extended to a holomorphic function defined on a domain of C2. More in general Lewy’s theorem provides a
one-sided extension result in a neighborhood of p € 9D C C? whenever the Levi form is positive definite at p.
On the other hand, if D is a relatively compact domain and f is a CR function defined on the boundary of D
then f extends to D:

Theorem 6.1 Let D C C" be a relatively compact domain with smooth, connected boundary 0D, and let f €
C*(dD) be a CR function. Then there exists F € C'(D) N O(D) such that F |sp= f. The following theorem

will in some way generalize the extension to an appropriate whole domain of C™.

The function F' of Theorem 6.1 can also be expressed in an explicit way by means of an appropriate kernel. The

following representation formula was discovered independently by Bochner [1] and Martinelli [6].

Definition 6.1 For z € C", the Bochner-Martinelli kernel is the following form defined on C"\ {z}: Kpm(z,()

= (”_1)!zn: (_1)Q(Za_E“)dgl/\.‘.Ad(n/\dZIA.../\dfa/\,..AdZn

@ri)r 2= |a—cP
where dC,, means that the differential ,, is missing.

Theorem 6.2 Let D be a bounded domain in C", with connected boundary of C*. Let f be holomorphic in D
and continuous up to D. Then, for every z € D,

f(z)= JKpm(z,.).

oD

Then the statement of Theorem 6.1 can be made precise by saying that F' can be obtained by means of integration
of the form fK g over OD. The fact that the result is a holomorphic function depends on the fact that f satisfies
the CR condition.

This theorem generalizes to higher dimensions. The similar extension results which we used in one variable: the
dz
z2—C

Bochner- Martinelli kernel replaces the Cauchy kernel and the CR condition on f replaces the moments
condition.

Going back to the local extension problem, it turns out that a sufficient condition for one-sided extension in a
neighborhood of p € M C C" is the presence of at least one non-vanishing eigenvalue in the Levi form at p: this
is proved in [2]. As a consequence, if the Levi form has eigenvalues of both signs, one obtains the extension to a

whole neighborhood of p in C™.

30



Subsequent work has provided local extension results under progressively weaker assumptions on the geometry
of M. The most far reaching generalizations have been obtained by Treprean ([8]) and Tumanov ([9]): the one-
sided local extension of CR functions holds iff M is minimal at p. In the setting we are interested in (i.e. real
hypersurfaces) the minimality condition just means that M does not contain any complex hypersurface passing

through p.

31



Bibliography

1]

2]

(6]

(7l

S. Bochner, Analytic and meromorphic continuation by means of Green’s formula, Ann. of Math. (2) 44
(1943), 652-673, DOI 10.2307/1969103. MR0009206

J. J. Kohn and Hugo Rossi, On the extension of holomorphic functions from the boundary of a complex
manifold, Ann. of Math. (2) 81 (1965), 451-472, DOI 10.2307/1970624. MR0177135

E. E. Levi, Studio sui punti singolari essenziali delle funzioni analitiche di due o piu variabili complesse, Ann.
Mat. Pura Appl. 17 (1910), 61-88 (Italian).

Hans Lewy, On the local character of the solutions of an atypical linear differential equation in three variables
and a related theorem for regular functions of two complex variables, Ann. of Math. (2) 64 (1956), 514-522,
DOI 10.2307/1969599. MR0081952

, An example of a smooth linear partial differential equation without solution, Ann. of Math. (2) 66
(1957), 155-158, DOI 10.2307/1970121. MR0088629

Enzo Martinelli, Sulla determinazione di una funzione analitica di pit variabili complesse in un campo, as-
segnatane la traccia sulla frontiera, Ann. Mat. Pura Appl. (4) 55 (1961), 191-202, DOI 10.1007/BF02412084
(Ttalian). MR0170032

Kiyoshi Oka, Sur les fonctions analytiques de plusieurs variables. 1X. Domaines finis sans point critique
intérieur, Jap. J. Math. 23 (1953), 97-155 (1954) (French). MR0071089

J.-M. Trépreau, Sur le prolongement holomorphe des fonctions C-R défines sur une hypersurface réelle de
classe C* dans C™, Invent. Math. 83 (1986), no. 3, 583-592, DOI 10.1007/BF01394424 (French). MR827369

A. E. Tumanov, Eztension of CR-functions into a wedge from a manifold of finite type, Mat. Sb. (N.S.)
136(178) (1988), no. 1, 128-139 (Russian); English transl., Math. USSR-Sb. 64 (1989), no. 1, 129-140.
MR945904

32



