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AN ABSTRACT OF THE THESIS OF

Nour Ahmed Khoudari for Master of Science
Major: Mathematics

Title: Approximation of non-holomorphic maps

We will study the approximation of nonholomorphic maps from the unit disc to a complex manifold. This
starts by generalizations of some theorems from one complex variable to several complex variables like
the generalizations of Mittag-leffer and Weirstrass factorization theorem to the famous Cousin problems.
Through these generalizations we will face local to global problems, like the @ problem which can be
solved by some cohomology conditions. The work is based on a paper by Jean-Pierre Rosay which deals
with approximation of nonholomorphic maps and applications to the Poletsky theory of discs. The main
question to be answered is whether we can approximate a map with a small 0 from the unit disc to
a complex manifold by a holomorphic map. Lempert gives an example that negatively answers this
question by taking any smooth map from the unit disc to any compact Riemann surface of genus greater
than or equal to two. However, by taking a condition on the map to be restricted we will prove that the
answer is positive.
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Chapter 1

Preliminaries on Banach Spaces

Throughout this paper A will denote the open unit disc in the complex plane.
Banach spaces are used in the main theorem, so we start by introducing Banach spaces based on the

refernce [7] and we give some examples that will be mentioned in later sections in this paper.

Definition. A Banach space is a complete normed vector space, i.e a vector space with a metric that
allows the computation of vector length and distance between vectors and is complete in the sense that a

Cauchy sequence of vectors always converges to a well defined limit in that space.

Remark. One of the examples of Banach spaces is LP spaces. Amnother Banach space that we will

encounter in this paper in the main theorem is
H>*(A) =0(A)NL>®(A)

the norm defined on this space is

If[l = supxlf| = supoaalf|

note that to show this is a Banach space it is enough to show it is closed since H*®(A) C L*°(A) and
L>°(A) is a Banach space.

Take a sequence of holomorphic bounded functions f, that is Cauchy (Cauchy sequence converges in the
complete space L>°(A)) , so fn, — [ but since f, holomorphic then f € O(A)

Definition. Let X,Y be two Banach spaces and F: X — Y and x € X:
We say F is differentiable at x in the direction h if there exist a linear map D F : X — Y such that

F(x +th) — F(x)

Do F(h) = limy_o ;

or

F(xz+h) = F(x) 4+ D F(h) + O(|h?)

Definition. Let X,Y be two Banach spaces and T : X — Y linear operator

the operator norm is defined as
1T = supjox =1 1T (0)]ly

and

1T )lly < ITllvllx



Theorem 1. (Mean Value Theorem on Banach Spaces) Let X, Y be Banach spaces and F: X —'Y
Let [x1,25] denote the line segment joining two points x1,x2 in an open set U C X.
If F is differentiable in U then there exist x € [r1,x2] such that

[1F(z1) = Fzo) |y < [DaF(R)lly 21 — 22l x
Proof. Define ¢(t) = F[(1 — t)z1 + tx2] and apply ordinary Mean Value Theorem on ¢(0) and ¢(1) O

Definition. Let (X,d) be a metric space, then a self-map T : X — X is called a contraction mapping
on X if there exist q € [0,1) such that d(T(x),T(y)) < qd(z,y) for all z,y € X

Lemma 1. Let (X,d) be a metric space and f: X — X a contraction map
i.e:d(f(x), fy)) < cd(z,y) for all z,y € X,0<c< 1
then f is continuous.

Proof. Given € > 0, choose § = £ and a € X

so f is continuous at a arbitrary

therefore f is continuous on X O
Now the following theorem will be used in the proof of the main theorem.

Theorem 2. (Banach Fized point theorem) Let X be a Banach space and F : X — X a contraction

mapping on X, then there exist a unique ©* € X such that F(x*) = z*.

Proof. Let x,y € X

(z, f(@)) +d(f(z), f(y)) + d(f (), y)

(@, f(x) + qd(x,y) + d(f(y),y)

so d(z,y) < d(f(fv),wl)-i-d(f(y),y)

1) = —q

Suppose both x and y are fixed points, then d(x,y) = 0, then x = y proving uniqueness of fixed point.

d(f(f"(x)), f" () + d(f (S (2)), f™ (x))
l—q

d(f"(f(x)), f"(x)) + d(f™ (f (@), ™ (x))
1-¢q

q"d(f(x),z) + q"d(f(z),x)

1—gq
q" +q"

= ().

d(f" (), f™ (x))

IN

IN

S0 d(fn(‘r)7 fm(x)) —>’m,n—>oo 0
therefore f™(z) is cauchy so it converges to a point z* € X

f™(x) generates a sequence z,, — x* such that:

o=

z1 = f(z0) = f(z)

Tn = f"(x) = f(2n-1)



note that since f is a contraction then f is continuous.

therefore x* = f(x*)



Chapter 2

One Complex Variable

2.1 Basic Definitions and Results

In this section we start by a review on some basic definitions and results in complex analysis in one
complex variable.

We begin with defining holomorphic functions in C.

Definition. Let  C C be an open set, and let f : C — C be a complez-valued function, if the limit

f(2) = f(z0)

! — l
f (ZO) MMz 2, Z— 2

exists for all zy € Q), then we say f is holomorphic on Q.

Remark.

1. Throughout this paper we will denote by a domain an open connected subset of C.
2. We denote by O(Q) the set of all functions that are holomorphic on Q.

3. On an open subset 2 of the complex plane, a function that is holomorphic on all of Q) except for a
set of isolated points, which are poles of that function, is called a meromorphic function and the

field of meromorphic functions is denoted by M().

4. We denote by O(Q) N C(9Q) the set of all functions that are holomorphic in Q and continuous in
Q

Now we state a theorem named after Cauchy which gives an important result about line integrals for

holomorphic functions in the complex plane.

Theorem 3. (Cauchy theorem in one variable) Let @ C C be a domain, K C Q compact, and f € O(2).
Then

f(z)dz = 0.
oK

A consequence of the above theorem is the Cauchy integral formula which shows that a holomorphic

function defined on a disk is completely determined by its values on the boundary of the disk.

4



Theorem 4. (Cauchy integral formula in one variable) Let ) be a disc in C. Suppose f: Q — C and
Fe0Q)NC(Q). Then for zg € Q

1 z
f(20) = By 00 Zf_( iod
Remark. For a holomorphic function we have the following operators:
0 1,0 .0 0 1,0 .0
o: 2 ey o= 2lar oy

We will now introduce the Pompeiu’s formula also known as the generalized Cauchy formula that will
be used later in 4.1. This formula is used in case f is not holomorphic. We refer to [3] as a citation for

the below:

Lemma 2. Let Q C C be a bounded domain, 02 piece-wise smooth, g(z) smooth function on QU 09

then: 5
. g
g(2)dz = 21// —dxdy
/89 (=) 00z

dz = dzx + idy

s0 / g(2)dz = / g(z)dx —|—/ 1g(2)dy
a0 a0 a0
By Green’s theorem

/m dz—// ddy—2z// gdxdy

Theorem 5. (Generalized Cauchy Formula) Let Q C C be a bounded domain, 0§ piece-wise smooth,
g(z) smooth function on QU OQ then:

1
dz — — dxd Q
g(w) = 27rz/Qz— // 0z z —w ey w €

Proof. There exist € > 0 such that {|z —w| <€} CQ
Let Q. =Q —{]z —w| < €}

By the above lemma
9, g
— dxd
/BQ zZ—w // %(z—w)xy
. dg 1 0 1
=2 —=. —(———
Z//Q 0z z—w +982(2—w)dxdy

dg 1
=92 —=. dxd
Z//Qs%z—w ray

Proof.

O

but

2
/ 9(2) dz = / 9(2) dz — / 9(2) dz = / 9(2) dz — z/ g(w + ee™)dt
o0, F W R w {|z—w|<e} # W MR- W 0

27
50 // / Mdz - z/ g(w + ee™)dt
0z z — 50 2 — W 0

Letting € — 0 we have g(w + ee®) — g( )

" //azz_ y:/mzi)dz—%zg( )




Now we define the notion of normal families and state without proof the theorem of Arzela-Ascoli [9]

which will be used in the proof of Lempert’s example in the main section.

Definition.

1. Let Q C C be a domain. A family F of complex valued functions on Q is called a normal family
if every sequence {fn} € F contains a subsequence that converges uniformly on compact subsets
of Q.

2. A family F of complex valued functions on Q is said to be point-wise bounded if for each z € §,
supser|f(z)] < oo.

3. A family F of complex valued functions on € is equicontinuous if for every ¢ > 0 and z € €, there
exist 6 > 0 such that for all w € Q

|z —w|<d=|f(2) — f(w)| <e VfeF

Theorem 6. (Arzela-Ascoli) Let Q C C be a domain, and let F be a point-wise bounded, equicontinuous
family of complex valued functions on Q. Then every sequence {f,} € F has a subsequence that converges

uniformly on compact subsets of §2.
The next Lemma will be used later in the proof of a proposition related to the second Cousin problem.

Lemma 3. Let Q C RY be simply connected
f:Q — C continuous and non-vanishing, then there is a continuous function g on  such that f = e9.
If f is C*, then g is C* also.

Proof. Let pg € © and let v : [0,1] — Q be a loop i.e, 7(0) = v(1) = po then f o~(¢) has continuous
logarithm if f has a continuous logarithm.

Suppose f does not have a continuous logarithm (at 1 in particular), i.e Suppose lim;_1-logf o v #

log f o ~(0)
Let u(s,t) be the homotopy between v and the point py:

e 1w continuous on [0, 1]x[0, 1]

o u(0,t) =~(t) for all ¢ € [0, 1]

o u(s,0) =u(s,1) =pg for all s € [0,1]
o u(l,t) =pg for all t € [0,1]

Consider p(s) = 51 [lim;_,1-log f(u(s, t)) — logf(u(s,0))] continuous
but p(0) # 0 and p(1) = 0 = contradiction
the C* result is by implicit differentiation of f = e9 O

2.2 Meromorphic functions with prescribed zeros/poles

In this section we give two important results for finding functions with prescribe zeros or poles and
principle parts. The first theorem is in the multiplicative form and is called after Weierstrass. The

second is in the additive form and is called after Mittag-Leffler.



Definition. An infinite product is an expression of the form H]Oil p; where p; are complex numbers.
The infinite product converges if p; — 1 and ) log|p;| converges where the sum is over all p; # 0.
If the infinite product converges, then its value is zero if one of the p; is zero, otherwise H;il p; =

exp(3_72 1 log|psl).-
Remark. Ift; > 0 then [[(1 £t;) converges if and only if > t; converges.

Lemma 4. Let z be a complex number and k a positive integer. Define the canonical factors by Eo(z) =

z Zk
1—2z and Ex(z) = (1 — z)ez+72+"'+T for k> 1. If |2| < 5§ then |1 — Ex(2)] < c|z[** for some ¢ > 0.

Proof. since |z] < % we can use the logarithm to write 1 — z = et°9(1-2)
22 Pl . .
50 Ej(z) = elog(I=2)+=4+5 4+ 4+5% — ¢¥ now using Taylor expansion:

2 k

z z
=log(1l — T
w = log( z)+z+2+ +

Now |w| < |z[k+1 Zzo:kﬂ ‘Z‘n;kil < |zt Z;io 277 < 2|z|F*! s0

(oo}

w ’U_}n
=Bl = 1] = 1= 3 2

n=0

oo wn oo 1
<fwl Y|l < Jwl D 1]
n=2 ’ n=2 :

= c,|w| < cfz|F Tt

O

Theorem 7. (Weierstrass Factorization Theorem) Given any sequence a, of complex numbers with

|an| — 00 as n — oo there exist an entire function f that vanishes at all z = a,, and nowhere else.

Proof. Suppose that we are given a zero of order m at the origin, and that a,, # 0 for all n.

Define the Weierstrass product by
m - <
7)== [T Ba()
n=1 n

We claim that this function has the required properties: f is entire with a zero of order m at the origin,
zeros at each point of the given sequence, and f vanishes nowhere else.

Fix R > 0 and let z belong to the disc |z] < R

We prove that f has all the desired properties in the disc, and since R is arbitrary, this will prove the
theorem.

casel:a, < 2R

There are finitely many a,,’s that satisfy a,, < 2R since |a,| — 0o and the finite product vanishes at all
z = an with |a,| < R.

case2:a,, > 2R



| =] < l so we can apply the above lemma:
|]' - ( )| < C‘ z |n+1 < 2n+1

z

> garr < 00 S0 Z |1 — E,(Z)| converges uniformly on [2| < R then J[E,(Z) is holomorphic on
|z| < R. O

A direct result of this factorization theorem is proving that a meromorphic function is the quotient of

two holomorphic functions, i.e: M is a field of fractions of functions in the ring O.

Corollary 1. Let f be a meromorphic function on € then f = f—; where f1, fo are holomorphic on €.

Proof. f is meromorphic on € then f is holomorphic on Q-{a1, as, ...} where {a,} are the poles of f.
casel: f has finite number of poles a1, as,...,a,

fo=(GE—a)™(z—a2)™...(z —a,)™

hi=Ffh=Ffz—a)™(z—a)™...(z—an)™"

f has a pole at a1, as,...,a, iff % has zeros at ay,as,...,a, iff % =(z—a1)™ ...(2 —an)™g(z) where
g(z) is holomorphic and g(ay) # .. # g(ay) 75 0

so f(z—a1)™ ...(z—a,)™ = g(z) but (Z is holomorphic at a1, as,...,a, then f; is holomorphic on
Q and f5 has zeros at a1,as,...,a,

case2: f has an infininte number of poles a,,

By Weierstrass we can find an entire function f; that vanishes at z = a,, only, so

i z
= H E, (=
n=1

fi=1.re
f has poles at a,, iff % has zeros at a,,, then % =112, En(Z)9(2)
g(z) holomorphic on © and g(a,) #0, f1 = g(lz) = f.fo but ﬁ is holomorphic on a,, O

Now we state without proof Runge’s theorem which is used in the proof of Mittag-Leffler.

Theorem 8. (Runge’s theorem) Let K C C be a compact set and P C C— K contains at least one point
from each connected component of C— K. If f(2) is holomorphic on an open set containing K, then for

any € > 0, f can be approzimated uniformly on K by rational function R with poles in P such that

maz.ex|f(z) — R(z)| < e

Theorem 9. (Mittag-Leffler Theorem) Suppose 2 is a domain, and A C Q, A has no accumulation

point in §, and to each o € A there are associated a positive integer m(«) and a rational function

m(a)
E Z—Oé

Then there exists a meromorphic function f in 2, whose poles are o and whose principle parts at each

a is P,

Proof. Let K,, = {z € Q: |z| < m} and the distance from z to 92 is at least =. K,, is a sequence of
compact sets such that Q € UK,,, and K, C K,,+1 and each component C — K,,, contains a component
of C— Q.

Let Ay =ANK,...A,, = AN K,,. Since A,, C K,, and A has no accumulation point in 2 and hence



in K, also, each A,, is a finite set.
Put

aEA,
Since each A,, is finite, each ., is rational. The poles of Q,, lie in K,,, — K,,,_1 for m > 2. In particular,
@, is holomorphic in an open set containing K,,—1. Now by Runge’s theorem there exist rational

functions R,, whose poles are all in C — ) such that
|Rm(z) - Qm(z)l <2

Let f(2) = 320 _1[Qm(2) — Rm(2)].

f converges uniformly on each compact subset of €2 by the Weierstrass M-test.

Fix N >0, >\ 1[Qm(2) — Rin(2)] is holomorphic on Ky, and Zzzl[Qm(z) — R,,(2)] has poles at
the points « that are in K, with prescribed principle parts, f(z) has the prescribed poles and principle
parts in . ]



Chapter 3

Several Complex Variables

3.1 Basic Definitions and Theorems

In this section we will list some important definitions and results to be compared with the one variable
case.

Now we define holomorphic functions in several variables.

Definition. Let Q C C™ be a domain, and let f : @ — C™ be a map. We say f € O(Q) < f1,...fm €

O(Q2) where f; : Q@ — C < f is smooth and for all j=1,...,m andforallkzl,...,n%zO

In one complex variable, we deal with a model domain called the unit disc
A={zeC;|z| <1}
The importance of the unit disc becomes clear in the Riemann mapping theorem. However, in several

complex variables, let w € C" and r = (r1,...,7,) an n-tuple of positive real numbers and R > 0, there

are two different analogues of the unit disc:
e the ball: B"(w, R) = {z € C";|z — w| < R}
e the polydisc: D™ (w,r) ={z = (21,...,2n) € C";|z; —w;| < r;}

and it is well known, since Poincare that B™ and D™ are not biholomorphic to each other.

As we will see, the Cauchy formula can be generalized in several complex variables on polydiscs.
Theorem 10. (Cauchy Formula for Polydiscs) Let w € C™ and r1,...,r, > 0. Suppose f continuous

on D" (w,r) = D(wy,r1) X ... X D(wy, ) and holomorphic on D(wy,71) X ... (wn, ) then

= 1 f(Clv--an) " .
6= it /ann—rn o /|C1w1—7“1 (G—2z1). - (G — Zn)d<1 - vz € D"(w,r)

Proof. By repeated application of the one variable Cauchy integral formula, we obtain

7(2) L/ f(21,227~-~72n—1,Cn)d<n
[Cn—wn |=Tn

- 271 Cn — 2n

1 f(<1avcn)
= ... d¢y ...d¢,
2min ~/|Cn—wn =rn /(1—11)1_1’1 (Cl - Zl) cee (Cﬂ - Z”) Cl C

10



3.2 Manifolds

We know introduce a special type of topological spaces.

Definition. A differentiable manifold M of real dimension m and of class C* is a topological space,
which we shall always assume Hausdorff and second countable, equipped with an atlas of class C* with
values in R™.

An atlas of class C* is a collection of homeomorphisms 7o : Uy — Vi, a € I, where the pair (U, 7o)
is called a coordinate chart, such that {Us}acr is an open covering of M and Vi, an open subset of R™,

and such that for all o, B € I the transition map
Taf = Ta 07—3_1 :Tg(Ua n Uﬁ) — Ta(Ua N Uﬁ)

is a C* diffeomorphism from an open subset of Vi onto an open subset of V,

Figure 3.1: Charts and transition maps

Remark. A smooth manifold is a space that looks locally like an open set in R™, and a complexr manifold
is a manifold whose coordinate charts are open subsets of C" and the transition functions between charts

are holomorphic functions.
We define now a special type of open sets in C™ called pseudoconvex sets.

Definition.

1. Let G be a domain, we say G has a defining function if there exist a function p : C* — R of
class C? so that G = {p < 0} and G = {p =0} and Vp # 0.

2. The tangent space Ty, pr at p on the n — dimensional manifold M is a vector space of all the

tangent vectors at p, i.e if w € T s then Y i, £|pwi =0

3. Let G C C" be a domain with C? boundary, G has a defining function p of class C?,
Let p € 0G and w € Tp pr we say G is pseudoconvex if for all such p and w we have

n 2
Z 0 p(p).wlw >0



Now we introduce partitions of unity that will be used in the proofs of the Cousin problems and conse-

quently contributes towards the proof of the main theorem.

Definition. A partition of unity on a smooth manifold M is a collection {p;} of smooth real valued

functions on M such that:
o v, >0 for allt

e for all x € M there exist a neighborhood U such that U N supp(p;) = ¢ for all but finitely many
Pi
o forallze M > pi(z)=1

Remark. We say that a partition of unity {p;} on M is subordinate to an open cover {U;} if for all ¢;
there exist U; € {U;} such that supp(p;) C U;

Theorem 11. Let M be a manifold, then given any open cover {U,} there exists a partition of unity
{#:} subordinate to {Uy}

Proof.

Since M is a manifold, it has a countable basis {B,}.

Consider a local refinement {B; } such that for each i there exists a coordinate ball B; where B; C B; C U,
for some «, and ¢; : B; — R” smooth and let o;(B;) = B,,(0) and ¢;(B;) = B,/(0) for r; < Ty

Note that a coordinate ball is a compact subset of M such that there exists U ;)pen in M with B; C
U € M and a homeomorphism ¢; : U — R™ such that ;(B;) = {z : |z| <1} C R”

Let H; : R — R smooth function that is positive in B, (0) and zero elsewhere.

Define f; : M — R by
Hiopi B
-1

0 M - B;
On BZ/- — B; where the two definitions overlap, both lead to zero so f; is well defined and smooth and
supp fi = Bi.
Define f: M — R by f(z) =), fi(z)
Since each f; is nonnegative everywhere and positive on B;, and for all z € M, x € B; for some i, then
f(z) >0on M.
Define ¢; : M — R such that ¢;(z) = J;?'((;)) smooth, so ), ¢; = 1.
We can reindex to match the index of the function with the index of the open set in the cover. O

3.3 Differential Calculus on Complex Manifolds

We begin by introducing some complex differentials [2] that are important in the understanding of

Dolbeault Cohomology and Cousin problem.

Definition. Let Q be n-dimensional compler manifold. Locally in a coordinate chart we can write

zj=x;+1y; forall1 < j <n and
de = dl’j + Zdy] déj = dl‘j — Zdyj
We define a (p,q) — form to be a map defined on Q with the following local form:

o = E argdzr Ndz g
[I|=p,|J|=q

12



where dzy = dz;, N ... Ndz, and dzy; = dz; N... NdZ;,
We denote by AP1(Q) the space of all (p,q) — form on Q. We also define the following operators on

these spaces:

9 AP9 — APFLA da= Y Z 8{;‘:’ dzi Ndzp A dz
[|=p,|J|=q i=1
_ — " da
D ATy AT da= Y Z a; dz; Ndzp AN dzy
lI|=p,|J|=q i=1
The differential of a C' function is defined as:
of of of
df = Z By jdyj 7, 92,0+ ;0%
where
o 10 o, o 10 .0
aZj 2 an 6yj (’ﬁj 2 8xj 8yj

Remark. Note that d = 0 + 0. Moreover, we have d> =0 (1.B.8 in [2]).
Since for a (p,q) — form
= 0 + 92 +00+00=0
(p+2,9)  (p,a+2) (p+1,q+1)

Thus, each of the above must be zero, so 52 =0

In this paper we focus only on (0,q) — form and more specifically on the first Dolbeault cohomology
related to the space A% = {a =", a;dz;}

The above allows us to consider the Dolbeault complex chain as we will see in the next section.

3.4 Cohomology

To every complex manifold we can associate a system of cohomology groups called the Dolbeault Coho-
mology.

Consider €2 a complex manifold and define the following spaces on it:
C*(Q)={f:Q— C smooth}

A%H(Q) = {(0,1) — forms on Q}

A*"™(Q) = {(0,n) — forms on Q}

and for a (0,q) — form a =Y ardz; define the d operator to be:

da = Z %d@ ANdzr

3

so we can form the following long sequence:
c>=(Q) 20 A% () 25 A02(0) &y

since d; 0 ;-1 = 0 then Im(d;_1) C Ker(d;)

13



Definition. Define the Dolbeault Cohomology on A%I(Q) to be:

Kergj

> (@) = Imd
i1

Take wy,ws € Kergj, to see if those two (0,7) — form are in the same equivalence class, we define a

relation ~ on A%J(Q):

wy ~ wy & wy =ws + 0j_1(a) a€ A%I7HQ)

S wp — we € Imgj,l

Our main purpose is to find conditions to solve the following:

Given w € A>1(Q), find u € C®(Q) such that w = du (3.1)

Now we notice the following:

H™'(Q) = 1;67”551 =0« Imdy = Kerd,
mdy

<Y e Kerdy,w € Imdy
& Vw € Kerdy,Ju € C®(Q) st. w=0u

So the condition we are searching for to solve (3.1) is H%(Q) = 0

14



Chapter 4

The Cousin Problems

In this section we deal with the two famous Cousin problems. We recall that we found in the Cohomology
section conditions on the Dolbeault cohomology of the domain on which the function is defined. This

condition will help us to determine on which domains the Cousin problems can be solved on.

4.1 Cauchy-Green Operator and the 0 Problem

Given g, a big question is to solve the following linear non-homogeneous partial differential equation:

of

oz 7
The solution will be useful towards proving the main theorem, so in this section we introduce an operator

that helps solve this equation.

Definition. Let f: Q — C" and f € C! define the following operators:

cre) =5 [ T

27 Jaq C— 2
If f is holomorphic then f(z) = Cf(2) VzeQ

_ 1 f©) =
Tf(z)—%//ﬂ cdond

then the General Cauchy formula (see page 5) translates as

of
0z

e Cauchy transform operator:

o Cauchy-Green operator:

f=Cf+T

Remark. Consider the following Banach spaces:

@ =0 — e [ [ 150 <och where Il = ([ [ 17’

W) = {f:0—Csf el f e Iy uhere |, = ([ [ 157 +157)

By Vekua theorem [10], which we will not prove, the Cauchy-green operator above is a well defined

operator which maps continuous functions in LP(Q) to WP (Q),namely there exists ¢ > 0 such that

ITflvp < el fllp (4.1)

15



Property. Notice that < oT(u)=u foru= g—é
Proof.
Apply a% on f=Cf —&—T% we get:

O _ 0y Dyt _ 0001
0z Cf Ta* 62T82

Remark. In general we have doT = Id on LP(L2).

Now we will see the use of the Cauchy-green operator in approximation. The following proposition is

concerned with the approximation of non-holomorphic functions by holomorphic ones.

Proposition 1. Given ¢ > 0, there ezist § > 0 such that if h : A —s C™ smooth, such that || 92|, < &
then there exist f : A — C" holomorphic such that ||f — k|l < €

Proof.
Let € > 0, ¢ be the constant in equation 4.1 in case 2 = A
Take § = < and f =h —T9L

of oh 9,0h Oh 0Oh

9z 0z 0z 0z 0z 07

= f is holomorphic

€
15 = Moo = IT 52 oo < IS0y Sl Sl < e85 = .5 =

af‘loo
O

We state now an important result that helps in proving the Cousin problems. We refer to Corollary
(4.6.10) in [4].

Theorem 12. (Cauchy-green) If Q C C™ is pseudoconver and f is (p,q + 1)form on Q with C*
coefficients and satisfying Of = 0, then there is a (p,q) — form u on Q with C> coefficients satisfying
ou=f.

We end this section by stating a special case of the above theorem called Dolbeault-Grothendieck lemma
in [2].

If we define a closed form to be a differential form « such that dao = 0, and an exact form to be to
be a differential form « such that a = df for some differential form 3. Since d? = 0 we automatically
have that any exact form is closed. The Poincare lemma determines on which topological domains we

have that every closed form is exact.

We notice that this lemma is the analogue for 0 of the Poincare lemma.

Lemma 5. (Dolbeault-Grothendieck lemma) Let v = EIJIZq vydzy with ¢ > 1, be a (0,q9) — form on a
polydisc Q C C". Then there exist a smooth (0,q — 1) — form u on Q such that Ou = v.

16



4.2 The First Cousin Problem

Problem. (First Cousin Problem) Let 2 C C be a domain. Let U; be a an covering of Q). Suppose that
for each Uj, Uy, with non-empty intersection there is a holomorphic g;i : U; N Uy — C satisfying:

9k = —Jkj

9jk + 9kt + 915 =0 U;nU, N0
Find holomorphic functions g; on U; such that
9ik = 9k — Gj
on U; N Uy, whenever this intersection is not empty.

An important tool in dealing with the Cousin problems is the Dolbeault-Grothendieck in 5
We show in the following proposition that the First Cousin problem can be solved on a pseudoconvex

domain.

Theorem 13. Let 2 C C" be a pseudoconver domain. Let U; be an open covering of Q. Suppose for

each U;, Uy, with non-empty intersection there is a holomorphic g; : U; N U — C satisfying:

9k = —0Gkj

9ik + gkt + g1; =0 U;nU, N0
then there exist holomorphic functions g; on U; such that
9jk = 9k — gj
on U; N Uy whenever this intersection is not empty.

Proof. € is a pseudoconvex domain, then it is manifold and all manifolds have a partition of unity
subordinate to any open covering.

Let ¢; be a partition of unity subordinate to Uj.

Define h; = Zk Yrgr; on U;. Note that h; may not be holomorphic.

On U; NUj: hy —hi =324 0k(9kj — Gri) = Dok PkGis = 9ij

but g¢;; is holomorphic, then dg;; = 0 = 0h; = 0h; on U; N U;

Let f = Oh;: f is well defined (agrees on intersection), d closed, and C* on 2 (since h; is C*°).

By Cauchy-green theorem, there is a u € C*°(Q) such that du = f

let gj = h; —uon Uj;

then on U; N Uj;:

9; — 9i = (hj —u) — (hi —u)

=hj —h; = gij
and g; is holomorphic since on U;:
ggj = ghj - 5u
=0h; — f
— Dhy —Dh; = 0

17



We now give an alternative equivalent statement for the first Cousin problem.

Proposition 2. A solution of the above theorem implies a solution of the following formulation of the
first cousin problem:

Let U; be an open covering of a pseudoconvexr domain @ C C". On each define f; meromorphic on
U; such that f; — f; holomorphic on U; NUj, then there exist f meromorphic on Q such that f — f;
holomorphic on U; for all j.

Proof.

Let gjr. = fj — fr so gjr holomorphic on U; N Uj

and gji = —gkj and gij + gk + i = fi— fi+fi—fo + fk —fi =0

then g, satisfy the first cousin data.

Let g; be the holomorphic solution of the above theorem then g;, = gr — g; but also g;x = f; — fr on
U; N U

then f; +g; = fi + gk

let f=f;+g; € MUj)

and f — f; = g; € O(Uj;) O

Remark. A generalization of the Mittag-Leffler theorem into higher dimensions is the First Cousin
problem.

To elaborate this we show that the first Cousin problem in C" is the equivalent of Mittag-Leffler in C, by
proving Mittag-Leffler using Cousin.

Proof. using the first cousin problem:

Denote by {w;} the set of given points in QC and p; the given polynomials.
Let U; = Q-{wy, such that k # j}

then U; is an open cover of

Let fj =Y (2 —w;) ™" € M(Uj)

n=1
fi — fr € O(U; NUy) where U; N U, = Q — (w;) for all 1.
then by the above proposition there exist f € M(Q) such that f — f; € O(Uj). O

4.3 The First Cousin Problem with Bounds

In this section we will prove the first cousin problem with bounds on the unit disc, and this result will

be used in the proof of our main theorem:

Theorem 14. (The First Cousin Problem with Bounds) Let A C UE U, with no triple intersection.
Given € > 0, there exist § > 0 such that if gji : U NU,NA — C™ and gjr, € O(U; NUxNA) such that:

9ik = —9kj
ik + gk + g1, =0 UinUynNUNA
lgrjlloo < 6

then there exist g; € O(U; N A) such that gjx = gr — g9; on U; NUL N A and ||gjlleo < €

18



Proof.

Denote by V; =U; N A

Let 0 = z7677

Let {®;} be a partition of unity subordinate to {V;}.
Define hj =3, pigij on V;.

On V; NV, we have:

A(hi, — hy) = 0(3; %ilgik — 9ij)) = 0(32; ¥igin) = 0gji =0

hslloe = 1) pigisllos < D lilloollgislloo
7 %
<> lgillcd let Y |leilloo = L
% %

=L.¢

Let f = Oh;: f is well defined (0,1) — form, 9 closed, and Oh; = >"(9pi)gij + > ©i(0gi;) = >_(0p;)gi
s0

R
1Floe <D 110h;]los

J=1

< 3 1Bl llgis 1
<N Bpilled 1t Y [Fpilloc = M
=M.

By Cauchy-green theorem, there is a u € C°°(A) such that du = f and ||ullec < |lull1,, < cllfllp < Cllfllso

then g; = h; — u solves the cousin problem and

lg5lloo = I17j — ulloo < lAjlloc + llulloc
< Lo+ C.MS
= (L+C.M)§

= €

4.4 The Second Cousin Problem

In this section we deal with the multiplicative analogue of the First Cousin problem.

Problem. (Second Cousin Problem) Let Q C C be a domain. Let {U;} be a an covering of Q. Suppose
that for each U;, Uy, with non-empty intersection there is a non-vanishing holomorphic g;, : UjNU, — C

satisfying:

9ik-gkj = 1
9ik-gr1-giy = 1 U;nU,NU
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Find a non-vanishing holomorphic functions g; on U; such that

9ik = 9k/9;
on U; N Uy, whenever this intersection is not empty.

We show in the following proposition that the Second Cousin problem can be solved on a pseudo-

convex domain.

Theorem 15. Let Q C C be a domain. Let {U;} be a an covering of Q. Suppose that for each U;, Uy

with non-empty intersection there is a non-vanishing holomorphic g, : U; N U — C satisfying:

Jjk-grj = 1
9ik-grl-gi; = 1 U;NnU,NU

If there exist a non-vanishing continuous function g; : Uy — C such that g;; = g;-g;’l on U; NU; then

there exist a non-vanishing holomorphic g; such that g;; = gjg;1 onU; NU;

Proof.
case 1: U; is a polydisc = simply connected:

h
’

’

. ’ . .
then by the above lemma we can write g; = e"¢ on U; where h; is continuous.

Let hy; = h;- — h; then g;; = g;-g;_l = ei.e~" = i Note that gi; is non-vanishing holomorphic, then

h;j is also holomorphic.

then {h;;} satisfy the first cousin data for the cover {U;}

then there exist holomorphic functions h; : U; — C such that h;; = h; — h; on U; N U;.
then g; = e € O(U;) and non-vanishing

’ ’

hi—h P i I
J J —gij—e j /_gjgi

h 1

-1 _ i
gng =€ =e

case 2: U; are not all polydiscs:

Let {U,} be a refinement of the open covering {U;} such that U; is a polydisc.
This refinement is done by a function p : N — N such that U; C Uiy for all 4.
Define g;; : U, ﬂﬁj — C by

9ij = 9p()9p(5)

then g;; is holomorphic satisfying the second cousin data for the covering {U i}, by case 1, we can find

i non-vanishing holomorphic on polydisc U; such that
PP |
9i; = 959,
Now on U; N l~]j N U} we have
O | a1 [ PV BV PP
995 9p(k)i9ip(5) = 9kYG; Ip(k)p() = 9kY; Gkj = k9, 959, =1

then on U; N ﬁj N Ok gkgp(k)i = gjgp(j)i
Let gi = grgp(ryi on Ui N Uy,
then g; is well defined non-vanishing holomorphic on U;

and g;g; ' = gkgp(k)jﬁilg;(}c)i = gij O

Another equivalent formulation for the Second Cousin problem is the following:
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Proposition 3. A solution of the above theorem implies a solution of the following formulation of the
second cousin problem:

Let {U;} be an open covering of a pseudoconvex domain Q C C™. On each define f; meromorphic on U;
such that fi.fj_1 holomorphic on U; NU; and non-vanishing, then there exist f meromorphic on Q such

that f.fj_1 holomorphic and non-vanishing on U; for all j.

Proof.

Let g1 = fj.fk_1 so g;x holomorphic on U; N U;

and g;x-grj = 1 and g;;.gjk-grs = 1

then g;i satisfy the second cousin data.

Let g; be the non-vanishing holomorphic solution of the above theorem then g;, = gk.gj_1 but also
Gijk = fj.fk_1 on U; NUy

then f;.g; = fx.gr on U; NUy

let f = f;.g9; € M(U;)

and f.f; ' = g; € O(U;) O

Remark. A generalization of the Weierstrass theorem in higher dimensions is the second Cousin prob-
lem.
To elaborate this we show that the Second Cousin problem in C" is the equivalent of Weierstrass in C,

by proving Weierstrass using Cousin.

Proof. using the second cousin problem:

Denote by {w;} the given set of points in the open set Q C C

Let U; = Q — {wy, such that k # j}

then {U,} is an open cover of

Let f; = (2 —w;) ™™ € M(U;)

fi-f;1 € O(U; NU;) where Uy N Uy = Q — (w;) for all i.

then by the above proposition there exist f € M() such that f.fj_1 € O(U;) and non-vanishing. O
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Chapter 5

Approximation of Non-holomorphic

Maps

In this section we will tackle the main theorem from the work of Rosay [6]. The main idea that Rosay
focused on in his paper ” Approximation of non-holomorphic maps and poletsky theory of discs” is ap-

proximation of non-holomorphic functions by holomorphic ones.

In his paper, Rosay tries to find specific conditions for a non-holomorphic function so that the following

works:

Let M be a complex manifold equipped with some metric, and let 0 be a relatively compact region
in M. For every e > 0, does there exist 6 > 0 such that if u is a map - with some conditions- from the

unit disc A in C into Q , with |0| <& , then there exist a holomorphic map h:A —s Q such that |h—u| <e.

We start by the notations that will be used in the main theorem. As before, A denotes the open unit disc
in C and A the closed unit disc. M will denote a complex manifold with dimension n, Q1, ..., Qz some
open sets in M with K, ..., Kgr compact subsets of {}1,...,Qg respectively. Each ); is biholomorphic
to some open set in C"™. Denote, as before, by Uy, ..., Ugr open sets in C such that A C Ule U;.

We assume that all triple intersections are empty, i.e. U; NU, NU; = ¢ if j,k,1 are all distinct.

Definition. 4 map ¢ : A — M is called restricted if for every j € {1,...,R},o(U; NA) C K;.

We equip M with some metric to make sense of [Jp| < §. We also define the distance between two maps
from A into M by

d(f,9) = supceadist(f(C),9(¢))

Theorem 16. (Main Theorem)
For every € > 0, there exits § > 0 such that if u is a restricted map from A into M satisfying |0u| < 6,
there exists a holomorphic map h from A into M such that d(u,h) < e.
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Figure 5.1: An example of a covering with no triple intersections
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Figure 5.2: Maps between the disc the manifold and C"

5.1 Lempert’s Example

A general question that Rosay raised at the beginning of his paper is the following: Is every map from the
unit disc into a complex manifold, with a small 0, close to a holomorphic map? The answer to Rosay’s
question is negative as it was shown by Lempert: it will not work for any non-holomorphic function in

general.

Proposition 4. Let M be a compact Riemann surface of genus> 2, equipped with some metric. There
exist € > 0 such that for every § > 0 there exists a smooth map p : A — M such that |0p| <6, but such
that for every holomorphic map X : A — M sup .eadist(p(z), A(z)) > €.

Proof. Let P be a covering of M, by the unit disk. Let d denote the distance function on M, and let
do denote the Poincare distance on A.
We mention the following lifting fact: there exist € > 0 such that if f and g are continuous maps from

A into M, and sup.cad(f(2),9(z)) < ¢, then f and g can be lifted to continuous maps f and § where
f=Pofand g=Pojand sup.cado(f(2),3(2)) < L.
Let B be a function defined on a neighborhood of A in C with the following properties:

1. |B(e")| =1,
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Figure 5.3: Maps and lifts

2. |B| <1on A,
3. B is holomorphic on a neighborhood of the unit circle,
4. for every k € N, 2¥ B restricted to the unit circle does not extend holomorphically to the unit disk.

By conditions (1),(2), and (4), for every holomorphic map h : A — A, sup.eado(h(2),2*B(z)) =
+00.
By a normal family argument, there exists ag, 0 < ar < 1, such that for every holomorphic map
h:A— A, sup,eado(h(z), (1 — ag)zFB(2)) > 1.
Take pi : A — M defined by
ok = Po((1— )" B(2))

Then |dpy| — 0 uniformly (by Arzela-Ascoli) on A as k — +oo due to condition (3).

Suppose for every holomorphic map A : A — M, sup.ead(pr(z),\(2)) < e. Lift p; to the map
(1 — ay)2*B(z) and lift A to a map A. Now by the lifting fact stated at the beginning, sup.eado((1 —
or)2"B(z),A) < 1 contradicting the choice of ay.

Thus,for every holomorphic map A : A — M, sup,ead(pr(2), A(2)) > €. O

5.2 The Cartan Lemma with Bounds

We start by recalling the usual Cartan Lemma without proof:

Lemma 6. Let a; < as < az < aq and by < by and define rectangles in the complex plane by
Ki={z1=z14+1iy1: a2 <z1 <as,b <y <ba}
Ki ={z1 =z +iy1: a1 <21 < as, b <y <bs}

KI :{21:x1+iy1:a2<x1<a4,b1<y1<b2}
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so that K1 = K; NK;. Let Ko, ..., K, be simply connected domains in C and let
K=K xKyx...xK,

K =K/ xKy;x...x K,
K =K, xKyx...xK,

so that again K = K nK'. Suppose that F(z) is a complex holomorphic matriz-valued function on a
rectangle K € C" such that F(z) is an invertible matriz. Then there exist holomorphic functions F eK
and F" € K~ such that

An important result that is needed in the proof of the main theorem is the following Cartan Lemma

with bounds [1] which we state without proof:

Lemma 7. Let (Vj)j\f:1 be a covering of the closed unit disc A by open subsets of C. For each (j,k) €
{1,...,NY? let gjk be a holomorphic (n x n) matriz bounded and with bounded inverse defined on (V; N
Vi) N A, with the conditions: g;; =1, gjr = g];jl, 95k9rk191; = 1. Then there exist bounded holomorphic
matrices g; with bounded inverses defined on V; N A with j = 1,...,N such that g;; = gk_lgj on
(V; nVi) N A, with bounds for the g;’s and their inverses depending only on the covering and the sup

norm of the g;i’s and of their inverses.

5.3 A non-linear Cousin problem

In this section we will prove a proposition that will be used to reduce the main theorem into a non-linear

cousin problem.

Let Uy, ...,Ur be open sets in C that cover A and with empty triple intersections. For 1 < j < k< R
we shall introduce subsets of C™, w; . and wjy such that w;;, C w;- .- Let Fj; be a holomorphic immersion

from w;-k into C". Note that we define F}j;, and wjj only for j < k.

Proposition 5. With the above notations: For every e > 0 there exist 6 > 0 such that if for every
j€el,...,R, u; is a holomorphic map from U; N A into C™ such that for 1 < j <k < R, w;[(U; NUx) N
Al C wjr and llur — Fji oujllec <6, then there exist holomorphic maps vi,...,vr respectively from U;
into C™ such that:

[vjlloc < €
and
uk + v = Fjg(uj +v;) on (U; NUR) NA
Proof.
case 1: Fj; being the identity map
We have {Ui,...,Ugr} open cover of A C C where A is pseudoconvex and u; : Uy N A — C" is

holomorphic with ||ug — u;]|cc < 6. Let € > 0, then by the standard additive cousin problem there exist

a meromorphic function v on A such that v — u; is holomorphic on U; N A.
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Let v; = v — u;|y; and by the bounded first cousin problem 14 ||v;][cc < .
Now vj — v = (v —u;) — (v — up) = up — Uy

0 Uk + v = u;j +vj on (U; NU,) NA.
case 2: Fyy, is different than the identity map

To prove uy + v = Fji(u; + v;) we can prove an equivalent equality.

We linearize using Taylor:

Fyi(uj(2) + ) = Fy(uz(2)) + (Fyp (w5 (2)t + O(|t)

for t € C™. Letting t = v;(2) we get:

’

Fii(uj(2) +v(2)) = Fjre(u;(2)) + [Fj (w5 (2)]v; (2)

but if uy + vy = Fji(u; + v;) is true, then
[ (ug(2)]vj(2) = vi(2) = —Fin(ui(2)) + ug(2)
now using Cartan lemma with bounds we can write
Fjy.(u;(2)) = g (2)95(2)

for j < k where g; is holomorphic matrix on U;. Now multiply by g (2):

gk ({9, (2)95(2)vj(2) = v (2) = —Fj(u(2)) + up(2)}
so we should prove that
95 (2)vj(2) — ge(2)vi(2) = gr(2)[—Fin(u;(2)) + uk(2)]
inorder to prove uy + vy = ij(uj + vj).
Let aji, = —Fjr(u;(2)) + ug(2)
so we have a family a = (a;i)1<j<k<r of n-tuples of bounded holomorphic functions o € [H*((U; N

U}c) n A)]n
by the first cousin problem there exist o; € [H*>*(U; NA)]™ for all j such that for j < k on (U;NUL)NA

Qi = Qj — Ok

Define a new family 8 = (B;x) <k where Bji = groyji

Similarly by the first cousin problem there exist §; such that on (U; NU;) N A
Bik = B; — Bk

Now let v; = gj_lﬂj
SO gV — grVk = gjgj_lﬂj — gk95, B = Bj — Br. = Bik = grji
S0 g;v; — grVk = gr|—Fjr(u;) + ug) therefore

uk + vk = Fjr(u; +v5)
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We still need to show that ||vj]|. < €
Set the linear operator S;(a) = v; = g;lﬂj S0

[P (u)]S; () = Sk(a) = i
Define the Banach space H = @[H>((U; N Ux) N A)]™ and the map ¢ : H — H by
(@(a))jk = ajp — [Fj(uj + Sj(a)) — up — Sk(a)]

Claim: Given € > 0, if all ||up — Fji o ujloc < d, ® has a fixed point o with [|S(a)|| < e
On [H*((U; NUx) N A)™] consider the norm:

/1% = mazmsup| fm]

fOff:(fl,...,fn)

On H consider the norm:

] = maz|eg | j

for oo = (o)

Note that & (0) = 0:

(@())jr = i — Fjk(uj + Sj(a)) + up + S(a)

(®(a +th))jx = i, + thyr, — Fir(u; + Sj(a) +tS;(h))
+ug + Sk(a) + Sk (h)

(v +th))jk — ®(@))jk = t(hjk + Sk(h))
— Fjr(u; + Sj(a) +tS;(h)) + Fjk(u; + Sj(a))

Now since
hjk = Fip,(u;)S;(h) — Sp(h) and F(z +th) = F(z) + tF (z)h + O(t?||h||?)

we get

(®(a + th));k — @Dk _ s (h) - Fiy(uj + S;())S; (h)

2(0) — timy_.y 20T tht) — ®(0)

= hji, + S(h) — Fiy(uj + S;(0))8;(h)
= Fj(u;)Sj(h) — Sk(h) + Si(h) — Ejy.(u;)S;(h)
=0

Denote by 3, the ball of radius p such that 8, C H
Let a € 8, choose p small enough such that ||®(a)| < p and thus ®(8,) C S,.

By mean value theorem on Banach spaces and for o, 8 € 3,

1B() = @(B)I| < [ (NI (= B)I
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for some v € 3, By continuity of ® at 0:

Given 0 < ¢ < 1, there exist » > 0 (in this case r = p) such that if ||y — 0|| < r then
[ () — @' (0)] < ¢

but & (0) = 0 so if ||y]| < r then ||® ()] < ¢

50 [®(a) — B(B)] < clla— ]

so ® is a contraction map.

By Banach fixed point theorem there exist a* € 3, such that ®(a*) = o*
Let 6 = (1 + ¢)q§y and p < 157
J@(a*) — BO)]| < clla”|| but B(0) = (— Fye(uy) + wy)se
so [|o 4+ (=Fjr(u;) + ur)jell < clla]]

[ Ek (ug) = un)jiell = [lo™ [} < cfle]]

1k (uj) — ug)jkll = (1 + o)l

<(1+c¢)p
€
<(1+4¢)—= =96
151
Now using operator norm
[S(a)] < [IS]Hlell
<|ISllp
€
< HS”W =
so |lvj|| < e for all j O

5.4 Proof of The Main Theorem

In this section we prove the Main theorem

Proof.

Denote by F}; a biholomorphism from §; into an open set F;(Q;) C C™ for all j =1,...,R.

Define u; = Fjoul|y;na from U;NA into F;(K;) C C™ such that on (U;NU)NA we have uy, = FkOFj*louj
where the map Fj, o Fj_1 is defined on a neighborhood of F; (K o K).

We want to find a holomorphic map h : A — M. So we seek R holomorphic maps h1, ..., hg respectively
from U; N A into C" for all j =1,..., R satisfying hy = Fj, o Ffl ohj on (U; NUx) N A and such that
d(hj,u;) is small as desired.

By the proposition 1 proved in 4.1, if u; : U;NA — C™ is such that [Qu;| < §, there exist w; : UjNA —
C" where w; = —Tdu; and such that h; = u; + w; is holomorphic, and |w;| < ¢d for some appropriate
c.

Due to non-linearity, we do not have
up + wg = F, on_l o (u; + wj)

So we must perturb the holomorphic maps u; 4w, in order to get holomorphic maps u; +w; +v; defined
on U; N A such that uy, + wy, + vy :FkoFJflo(uj—i—wj +wi) on (U; NUR)NA
Now we use the proposition in the previous section to complete the proof. We now match the corre-

sponding notations from the proposition to the ones in the main theorem.
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Uj = ’ll,j -+ ’U.)j
w;k = Fj(Qj n Qk)
wjy, is the image under F}; of the intersection of given neighborhoods of K; and Kj,

Fj = Fro F;!
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