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AN ABSTRACT OF THE DISSERTATION OF

Hosein Karimi Khozani  for Doctor of Philosophy
Major: Physics

Title: Phenomenological aspects of noncommutative geometry approach to the
standard model.

The aim of this thesis is to explore the implications that spectral action
principle has on the scalar sector of the models derived from the noncommutative
geometry approach. After a brief introduction for noncommutative geometry and some
short discussions on why it is a promising tool to describe high energy physics in
chapter one, the first fruit of this approach is presented in chapter two. This is
effectively a singlet extended standard model with some specific features rooted in the
settings of the noncommutative geometry approach.

Among these features are the specific scalar potential and the relation between
scalar couplings, Yukawa couplings, and the unified gauge coupling. The latter is
usually looked at as the initial condition for running of the couplings down from
unification scale. Some of the implications of these features such as their consistency
with the particle masses and their influence on the running of gauge couplings are
discussed in chapter two.

It is shown that there is a range of initial values at the unification scale which is
able to produce Higgs and top quark masses at low energies. The stability of the
vacuum and the deviation of gauge couplings from experimental values are discussed
and compared at the two-loop level with a real scalar singlet and the pure standard
model.

In chapter three, the spectral Pati-Salam model is described concisely. We then
study the implications of the tight restrictions of the noncommutative geometry settings
along with constraints of the spectral action on the scalar potential. As a result, it will be
clear that the scalar potential in the spectral Pati-Salam model does not provide a
suitable vacuum to break to the standard model. However, this potential is proton decay
free up to tree level even though diquark and leptoquark vertices exist.

In the appendix, we introduce some computational tools including a package
under Mathematica to find two-loop order renormalization group equations.
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Chapter 1

Introduction

1.1 Standard Model of Elementary Particles

One of the pillars of modern physics is the Standard Model of elementary particles
which is based on the quantum field theory. In this model, there are three types of
quantum fields which are responsible to describe all the fundamental particles and
their interactions. These fields live in spacetime which is a Riemannian manifold
with spin structure. The first kind includes fields that describe what is usually
referred to as matter particles and are called fermionic fields. These are spacetime
spinors and essentially can interact with each other only through the other two
kinds of fields noted as vector bosons and scalar bosons. The only exception is the
mysterious particle called neutrino which might interact with itself with having a
what is called "Majorana bare mass".

This model is based on the beautiful idea that if two particles interact with
each other, there is kind of symmetry under which they transform to one another.
In other words, if two matter fields are not connected together by any kind of
symmetry, they are blind to each other and do not interact directly. There is,

therefore, an intimate relation between bosonic fields which cause interactions



between fermions and the symmetries. It means there are cases in laboratory
that we start with one of these particles and end up having the other one plus a
bosonic field. The symmetries which are responsible for forces between elementary
particles are called gauge symmetries and are described by three symmetry groups,
SU(3), SU(2), and U(1). In addition, some of the vector bosons have interactions
between themselves which originate from the same symmetries.

If the scalar bosons didn’t exist, this picture was very neat. However, it couldn’t
describe the complexity of our world. The vector bosons associated with the
symmetries were massless fields in that case. Fermions were massless as well, and
there would have been only three free parameters to tune the strength of the three
forces so that the model could predict all the physical phenomenon.

However, nearly all the matter particles are massive and one needs to complex-
ify the noted pure picture to be able to describe this fact. The standard model
approach is to assume a certain connection between left-handed and right-handed
fields which are two different versions of each fermion. Peculiarly, the standard
model does not picture this connection with a new symmetry. Instead, there comes
a new scalar field, which is the only one of its kind, to do the job. In other words,
interactions between fermions and scalars are not required by the gauge symme-
tries, but of course they respect them. This part of the standard model, extremely
important though it is, is less satisfactory since it looks artificial and has more
arbitrary elements compared to the other parts of the model.

This unique scalar boson is called the Higgs. This field is originally consisted of
four real components. The Higgs field plays a couple of essential roles in the final
picture of the theory. In its potential, it interacts with itself in form of quartic
and quadratic self-interactions. Its potential is in a way that it has a minimum at
about 246GeV at the classical level. The minimum is symmetric with respect to

three of the Higgs components.



As a consequence of its potential, when energy of the Higgs is at the order
of its vacuum expectation value, one of its components gains mass and the rest
remain massless. In addition, in its kinetic terms, the Higgs is coupled with gauge
fields associated with weak, SU(2), and isospin, U(1), symmetries. One big step
to complete this model happened when the Higgs mechanism was proposed. This
was due to the works of many physicists such as Goldstone, Higgs, and Englert.
They showed that three massless components of the Higgs cannot be detected as
independent fields. Instead, three of the originally massless gauge fields appear
as massive fields. The massive component of the Higgs field was finally found at
LHC in CERN in 2012.

Noncommutative geometry approach to the standard model is an attempt to
bring all the above pieces under a unified geometrical picture and reduce the arbi-
trariness of different parts. As we will see in the coming sections, the gauge sector
of the standard model comes in the form of Yang-Mills models which suggest an
intimate relation between gauge fields and the spacetime geometry. In addition to
making a mathematical ground to clarify this relation, noncommutative geometry
has shown that it can bring scalar sector of the standard model under the same
unified picture and expand it to include even more useful scalars.

We will discuss briefly in the rest of this chapter why there it is rational to
enter new ideas of geometry into physics. In the next chapter, we discuss the
phenomenological implications of the extra scalar fields emerging from noncom-
mutative geometry approach. Moreover, this approach is also used as a tool to
explore beyond the standard model. In chapter three, we will first discuss the
attempts done in this way and then consider the phenomenology of scalar content

of the spectral Pati-Salam model.



1.2 Yang-Mills Lagrangian

Description of the gauge symmetries and gauge fields in the standard model is
based on Yang-Mills theory. Yang and Mills taught us how to start with a model
that describes fields which possess a symmetry between them and then find new
fields by localizing that symmetry. Localizing means requiring the transformations
of that symmetry to depend on spacetime coordinates. This implies the laws of
physics to be the same if at any point of spacetime the original fields are trans-
formed to each other differently. It can happen if other fields, called gauge fields,
are present and transform in a way to compensate the difference. The concept of
gauge fields has, therefore, an intimate relation with the concept of connections of
spacetime which are built by the metric and make the partial derivative covariant.
This close relation between geometry and gauge theories is what noncommutative
geometry approach attempts to explore more.

Let us start with spinors on the four-dimensional spacetime as a spin manifold.
Let 1 be a set of such fields. Its kinetic term in an acceptable action will be in the
form of

wTVO(i7M8u>w-
This term is invariant under any symmetry between fields in v, if the symmetry
is not spacetime dependent, called global symmetry. To make these symmetries
local, the above derivative needs to be changed to make the whole kinetic term
invariant again.

Symmetries are represented by groups. Generators of a group show how small
changes happen around unity transformation. Therefore, naturally, the fields
which are aimed to modify the derivative are living in the generator space of
the symmetry groups. These are presented by adjoint representations. If there

are n fields in ¢ and we want to make the kinetic term invariant under a special



unitary transformation, SU(N), of the fields, the covariant derivative will be
D, =0, —igA;T*, a=1...n.

Here A}, shows n gauge fields which modify the derivative and live in the adjoint
representation of the group. T® are n? — 1 basis for these generators. Therefore,
not only the existence of these fields, but also their interactions with spinors is
dictated by localizing the global symmetry. The added term to the Lagrangian is
now
gAM@ZM%/J, A, = AT

Next step is to add kinetic term of gauge fields to the Lagrangian. Roughly

speaking, by modifying the derivative, A, is just like a spacetime connection. To

build higher order covariant tensors and then use them to build spacetime and

gauge invariants, therefore, commutator of the covariant derivatives helps:

FMV: [D/“DV] (1'1)

= 0,4, — 0,A, —ig’[A,, A).

This is the same way through which one can find the Ricci tensor for a manifold.

The Kinetic term of gauge sector is then proportional to
F ™ (1.2)

So, the reason a constant coefficient was singled out of the gauge fields in the
beginning is clear now. Kinetic terms are quadratic with respect to the gauge fields,
however they couple with the fermions in a linear way. Therefore, by normalizing
them to have canonical kinetic terms, constants can appear in the way these fields
are coupled with spinors.

Instantly, the commutator in reminds us of 2-forms. What we are really

doing in this language is to start with a field which has one tensorial index and



lives in the space of 1-forms and build a 2-form using the commutator. In noncom-
mutative geometry, p-forms are defined by their commutation with a generalized
Dirac operator which is not necessarily a differential operator. This will become
clearer in the coming sections. We will see that, astonishingly, gauge fields and
even scalar fields in a Yang-Mills theory can be built by commutators of the Dirac
operator of a generalized geometrical space with elements of a suitable algebra.
The relation of all these basics with noncommutative geometry is that this
mathematical field is a ground to comprehend the connection between gauge fields
and geometry in the most straightforward way. In other words, noncommutative
geometry aims to expand the notions of geometry so that the gauge fields appear
naturally as connections along the extra structure of space. This is very similar
to the project of Kaluza and Klein in the 1920s. Yet, the difference is that usual
projects of this kind probe the extra structure by usual geometrical and topological
tools of Riemannian geometry. There have also been attempts in the string theory
context, for example, to change spacetime structure with looking at the coordi-
nates as operators which do not commute. Attempts of these kinds are originated
from a quantum mechanical point of view. Noncommutative geometry, on the
other hand, tries to find a pure geometrical way at the classical level. Obviously,
this only happens if we expand our understanding from geometry. The ground for
this project was already ready at 1980s when the famous mathematician, Alain
Connes, created noncommutative geometry based on ideas in different branches
of mathematics such as differential geometry, operator algebra, algebraic geome-
try, and spectral geometry. In what follows, we briefly discuss some of the basic
motivations for this project and outline the reasons to believe noncommutative

geometry is likely to be a ground for unifying the forces of nature.



1.3 Gravity

The only fundamental force which is not described by quantum field theory ideas
is gravity. Gravitational interactions are clearly very important in forming the
universe. This phenomenon is describable by Einstein’s general relativity which is
a classical field theory. The main idea is to look to space and time as a manifold
and describe gravity as the geometry of this manifold which can interact with
energy density created by other fields and their interactions. This is formulated in

the following action which is based on scalar curvature of spacetime

Itoml - ]gram'ty + Imzzttem (13)
1
[gravity = R/ V—g R d4$7

which leads to the following equation of motion

1 5[ma er
R,uy - §R g,u,y = 47TG 5gﬂt’i = _SWGZTMV‘ (14)

The right hand side is mass-energy tensor and the left side only depends on the
geometry of spacetime.

The difficulty with the above formula is that the ultimate theory to describe
matter fields and their associated energies is the quantum field theory introduced
before. However, despite the continuous efforts of researchers during decades, still
there is no quantum version for gravity. This makes it harder to believe a theory
could contain both the standard model and general relativity without fundamental
changes in one or the two of them. Different approaches to solve these issues have
led to some beautiful models such as string theory and supergravity. These efforts
however suffer from the lack of experimental evidence to show the correct path.

Noncommutative geometry has been taking a conservative path in this context
by trying to predict the above action at the classical level. Then of course one

needs to quantize the theory and one will face with the same problems for gravity.
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What is doable for now is to quantize the noncommutative geometry version of
the standard model and study the consequences. We follow this path in chapter

Nonetheless, we will see below that noncommutative geometry approach pre-
dicts different pieces of the action as various terms in different orders of an expan-
sion. There are geometrical invariants other than curvature which enter in higher
orders of the expansion. Up until now, there is no quantum treatment prior to
this expansion.

There are however two points which show the strength of noncommutative
geometry approach in this regard. First, higher order terms such as the square of
curvature are proved to be useful for different purposes and usually are added to
the Einstein-Hilbert action to enhance renormalizability 1| or to modify gravity.
Second, to be able to apply the action for spaces with boundaries, such as
when there is a blackhole, the action should be modified as

1 1
I,=— | V=g Rd'c+— h K d&® 1.5
g 47TG/M g v 8rG 8M\/_ “ (1.5)

in order for the variation to be well defined. Induced metric on the boundary
is shown with h and K is the extrinsic curvature. This term naturally arises in
spectral action of the Dirac operator |2| which is one of the pillars of noncommu-
tative geometry approach to the standard model. The additional boundary term
is proved, by works of Bekenstein and Hawking in 1970s, to be very important in
the study of the thermodynamics of blackholes.

There are two more observations which can give us motivations to expand the
notions of geometry for including other forces. First, it is a known fact that some
useful geometrical information of a manifold, such as its total curvature, is em-
bedded in the spectrum of operators like Laplacian and Dirac operator. This is
interesting because after quantum mechanics arena we have learned how much

representing physical observables with operators is useful. Second, the study of



commutative algebra of functions on a manifold can give some very basic informa-

tion about its geometry.

1.4 Spectral Geometry

Spectral geometry tries to drag geometrical information about a manifold out of
the spectrum of some operators on it. As a very simple example, consider a three
dimensional flat Euclidean manifold with boundaries in all directions. Eigenfunc-
tions of the Laplacian in a suitable coordinate system are periodic harmonics and

the eigenvalues or wavelengths are in the form of

27
A= "=(n?+n3+n3), (1.6)

a
which n; is used for integer numbers and a indicates dimension of the space. One
important point is the way the number of these wavelengths grow. When A\ is very
big, the number of all wavelengths smaller than it is approximated by the volume

of the sphere with radius (n? + n2 + n3)'/2, more precisely
(1.7)

This is a special case of a general theorem called Weyl’s law. According to this
law, asymptotic behavior of the growth rate of Laplacian eigenvalues on a manifold

always reveals volume and dimension of the manifold
Ao oo:  N(A) o VAL (1.8)

This nice phenomenon of connection between geometry and operator algebra
is not restricted to Weyl’s law. It turns out that there is many more geometrical
information that can be derived from this spectrum. At this stage, the famous

question comes forward, are we able to hear the shape of a drum? Put another



way, how much of the geometrical information of a manifold is derivable from
such spectrums. In general, for example, one cannot determine the metric of a
manifold by only having this spectrum. So there are not geometrically equivalent
spaces with the same spectrum. We do not peruse this nice and advanced topic
in its general and abstract form any further here. Instead, we focus on what the
spectrum of Dirac operator can revile about a Riemannian manifold.

Let M be a Riemannian manifold with a Clifford algebra structure. Dirac
operator is defined to be D = 4*0,. This operator acts on the spinors living on
the manifold which form a Hilbert space denoted by L?*(M,S). These are square
integrable functions on manifold M which has the spin structure. Now there are
some methods to obtain the spectrum of this operator on the manifold. Heat

kernel is one of these method. The heat equation
at + D2 == O,

has a, symbolic, solution which is the kernel of e~tP?. This solution has an asymp-

totic expansion for very small ¢ |3]

1 2 2 2,2
) (ao(z, D?) + a1 (z, D*)t + as(z, D*)t* + ...) . (1.9)
Coefficients of this expansion are known due to the works of Gilkey and others such
as Seeley and De Witt (e.g. refer to [4, [5]). These coefficients, naturally, depend

on the manifold points. However, quite amazingly, they are spacetime invariants:

ao(z, D?*) =1, (1.10)
1
CLQ(QI, Dz) = ER,
1
ay(z, D?) = 360 (5R? + 2R,pe "7 — 2R, R") .

This is all nice, but we have not seen yet the spectrum of square of the Dirac

operator. Here, a trace formula helps to make the connection. The trace of e=*2”

10



can be computed in two different ways. First, by integral of the answer of the
above heat equation, and second, by summing over the spectrum of square of the
Dirac operator

D2 _ 1 "
TT(G tD ) — Ze tAn ~ WZant t—0 (111)

n

a, coefficients are for different ¢ orders and therefore are all spectral invariants. By
t= %, the following relations between spacetime invariants as spectral invariants

is achieved for large enough A
aoz/ V=g d&x =V, (1.12)
M

1
a2:—/ V=g R &z,
6/
1

“ 7 360

/ V=9 (5R® + 2R, R"*" — 2R, R") d’x .
M

As will be discussed more in the coming sections, the spectral action principle

proposes the following action for gravity

I,=Tr (%) , (1.13)

instead of Einstein-Hilbert action which was introduced in the previous section [6].

To write in terms of [I.3] this relation helps:

1 /OO —1 —tD
— t* =" Tr(e dt .
) J, ™)

We noted before that the boundary term in comes automatically from this

Tr(D™%) =

action [2| and higher order terms are in general useful. It is shown that the spectral

action for gravity is very accurate up to very high energies |7, 8|.

1.5 Algebraic Geometry

We introduce a few ideas in this vast branch of mathematics which are useful to

understand the rationale behind noncommutative geometry. The goal is to relate
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topological and geometrical properties of a manifold to the algebra of functions on
it and then hopefully reverse this process to be able to develop geometrical spaces
by algebraic tools.

Usually one starts to work with algebras which have some structure. A Banach
algebra is an associative algebra with a norm defined for its members. For any two

members of the algebra, their norms have to satisfy

[lzyl[< [l]] 1]yl (1.14)

Next is the notion of a star structure.
(x+y) =2"+y", (oy) =y, (") =w (1.15)

A Banach algebra with this property is called a *-algebra. Next useful tool is the

notion of a C*-algerba which has the extra property of
[z [< ][] {l]]. (1.16)

One example is the algebra of functions on a finite set with pointwise addition
and multiplication. Let X be a finite set and C'(X) the algebra of functions from

X to the ring of complex numbers,

C(X)=1{f:X = C}, (1.17)
(f+9)(@) = flz) + g(),
(f.9)(z) = fz)g(z).

The star structure is simply provided by the complex conjugate operation

[ (@) = f(a). (1.18)

Another important example of star algebras are matriz algebras. Let H be a

finite inner product space over C", and let B(H) be the space of all the linear

12



operators on H. Naturally B(H) is a matrix algebra and it forms a C*-algebra
by complex conjugate plus transpose as its star structure. Now, two remarks
show these concepts are much more useful than being only examples. First, any
finite dimensional space is isomorphic to C". Second, any algebra which possesses
a unitary member, called unital algebra, and is isomorphic to a *-subalgebra of
B(H) is a C*-algebra.

next, we are ready for a simplified version of Gelfand-Niamark theorem which
is the starting point of making a relationship between pure algebraic concepts and
algebraic tools on a manifold. According to this theorem, any commutative C*-
algebra is isomorphic to the algebra of functions over some finite set of points.

So
vV ACB(H) A3X, ¢ | ¥v: A— C(X). (1.19)

A is commutative and C' is the algebra of functions on X. If the algebra is unital,
X is compact.

Now, everything gets more serious when we learn that all closed involutive
subalgebras of the algebra of bounded operators on a Hilbert space are C*-algebras.
There is therefore a natural connection between, in more technical words, algebra of
bounded operators in any Hilbert space with the commutative algebra of complex
valued functions on a Hausdorff space which is basically a topological object.

This connection is deep from any aspect. For example, vector fields and dif-
ferential forms depend directly on the algebra of functions on a manifold. This is
how derivations of the algebra elements can be defined and the algebra admits a
grading structure.

At this point, the natural question arises that whether more general algebras,
which are not necessarily commutative, have anything to do with geometrical
spaces? Well, this can be the way one will expand the notions of geometry to

beyond ordinary manifolds by using these very powerful algebraic tools.

13



1.6 Noncommutative Geometry

So far, we have seen that many geometrical information about a manifold M can
be obtained from the algebra of functions on it and from the spectrum of the
Dirac operator. Also, one can always find an algebra of operators, A, on a Hilbert
space, H, which is isomorphic to this algebra of operators. These together form
the concept of spectral triple shown by (H, A, D).

One question is that whether the spectral triple has all the geometrical informa-
tion of a manifold, or in other words, is it possible to build a manifold based on its
associated spectral triple. There are manifolds with different metrics on which the
Dirac operator has the same spectrum. However, when the algebra is also given,
one can recover all the information including the concept of geodesic distance from
a spectral triple [9].

Representing a manifold in this form has the privilege that one can general-
ize this notion to spaces which correspond to algebras other than the algebra of
functions. Other algebras might be noncommutative such as algebra of matrices.
The only requirements are that the algebra should be associative, possess a unity
member, and it should be involutive which means to have a map to itself, *, such

that

Va,be A & XeC (@) =a (1.20)
(ab)* = b*a”
(Aa +b)* = Aa* + b*.
this is in harmony with what we saw in the last section for connection between
C*-algebras and Hausdorff topological spaces.
So, with this algebra, a Hilbert space which admits a faithful representation

of the algebra, and a self-adjoint operator D, the concept of a noncommutative

geometrical space can be defined which contains usual geometry as its special case.

14



As a simple but pedagogically very useful example, consider an algebra which
is a direct sum of two algebras of functions on two distinct points, that is C & C.
Components of this algebra act on a Hilbert space which is consisted of the direct
sum of vectors of arbitrary finite dimensions on the points. Let us assume two
one-dimensional vector spaces for simplicity. The Dirac operator is a Hermitian

matrix that we take it for now to be an offdiagonal matrix. The spectral triple is

then
A=Cao®C, (1.21)
0
a€eA = a= S , x,y€C,
0 ¢
H:H1+H2,
ver = v=|[").
o5
0 A
D=|_ ) AeC.
A0

The geometric space associated with this algebraic information can be thought of
to be two distinct points which have no neighborhood and are not connected with
any more points. However, as we pointed in the previous section, the notion of
distance is now generalized and it is applicable in this case as well. Without writing
the simple formula, we just express that the distance between the points is equal
to |A|7'. Very interestingly, the Dirac operator elements have direct geometrical
meanings in the generalized sense. However, A is yet a number and does not possess
transformational properties. What will be even more interesting is to build tensors
out of Dirac operator elements as one can do for gravity and for gauge theories
by making the partial derivative covariant under relevant transformations. The

spectral action principle gives dynamic to these fields by proposing that the action

15



is the sum over all the spectrum of the Dirac operator. Thus, the geometrical
degrees of freedom will show themselves as physical fields.
As was noted in section the concept of p-forms helps here and is a natural

choice to generalize. A 1-form is defined as
A=>"a[D,b] (1.22)

This 1-form is also called linear fluctuation of the Dirac operator. The sum is over
any suitable set of elements of the algebra. We need to add these fluctuations to
the Dirac operator to make it covariant under transformations of automorphisms
of the algebra. This will promote Dirac operator elements to tensors and therefore,

generate new fields.

DA:D—l—A

For the above example, fluctuations are

—g; (fi —gi) A 0

Because of the sum and because it should respect the self-adjointness of the Dirac

A=Y 0 fi (fi = gi) A (1.23)

operator, one gets

0 oA
A= (1.24)
oXN 0
This is a 1-form now. In this simple example transformations are trivial due to

the commutativity. The covariant Dirac operator is equal to

0 14+¢) A
Dy= o ( ?) (1.25)
(1+¢) A 0
Since ¢ is a generic complex number, effectively, Dirac operator is not changed. If

Dirac operator here has diagonal elements, they would not appear in the commu-

tator and, therefore, would not contribute in 1-forms.
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Next step is to think how to produce fields in this way. To make 1-forms
spacetime functions, one can think of direct product between this discrete space
with the Riemannian spacetime manifold. So the concepts of the product space
and its spectral triple are needed. First, let us introduce two more useful operators.

Reality operator, J, and grading operator, vy, are defined as operators on the

Hilbert space with the following properties

~ is a unitarry operator and (1.26)
V=1, acA [y,a =0,
J is an anti-unitary operator and
J? =1,
DJ=JD, Jy=-—vJ, Dy=—yD.
We will talk about the physics behind these creatures in the next chapter. Let

us assume for now two spaces with spectral triples which are decorated by these

additional operators
Fy = (A, Hy, Dy, Ji,m), Fy = (A, Hy, Do, Jo, 72). (1.27)

The characteristics of the product space, F; X Fj is

A=A ® Ay, (1.28)
H = H; ® Hy,

J=J1® Jy,

V=71 @ Y2,

D =D ®y +7 & Ds.

Now, there are enough tools in hand to see how new fields emerge in physics
from geometrical features of noncommutative spaces. As an example, the di-

rect product of the two spectral triples introduced so far is illustrative. Let
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(C>(M), L*(M, S),7"9,,7°) be the spectral triple of four dimensional spacetime
as a Riemannian manifold. L? is the Hilbert space of square integrable spinors on
the manifold. Let (A, H, D) be the triple in (1.21). The product space is then

characterized by

A=C>M)® (CaC), (1.29)
aeA = a= , x €M,

H=L*® (H, + H,),

beH = = 91(7)
¢2()
06, 5\
p=|" * K , \eC.
VA A0,

Using ([1.22)), two kinds of 1-forms are obtained. With spacetime indices and

with the algebraic indices

po [ A ) (1.30)
7 o(x) VB,

In the next chapter, we see how in a more realistic model these are the origin of
gauge fields and scalar fields. For now, since the discrete space algebra is commu-
tative, the scalars do not get tensorial indices and are in the trivial representation
of U(1) x U(1) group which is the unitary symmetry group of the algebra. For
more complicated models, the indices of scalars in the covariant Dirac operator
indicate their representations.

As it comes to physics, the original idea of Alain Connes and Ali Chamseddine
proposed in [6] is to not only produce scalar fields and gauge fields in this way,

but also to give them dynamic and bring them to life by assuming their action to

be the spectrum of the covariant Dirac operator. By now, we already know this

18



idea works for gravity. The triple is what was mentioned at the beginning of this
section and the action is written based on the spectrum of Dirac operator ((1.13)).
We will introduce the settings for that project in the next chapter and try to find
some of the phenomenological implications of the scalar sector obtained in this
approach.

In this point of view, the number of fermions and their representations are due
to the discrete structure of the hyperspace that they are living in, in the same exact
way that their spinorial structure is due to the transformational properties they
have by living on a Riemannian manifold. So it is the geometry which dictates all
without any physics yet. Physics comes forth when the spectral action principle
requires the least for the total spectrum of the Dirac operator. This way, all the
different bosonic fields are promoted from geometrical features to physical fields.
This is the very straightforward path to find roots for the intimate relationship
between geometry and the gauge fields. The validity of this picture depends a
great deal on the predictions it has from the scalar sector of the emerging effective
field theory. Another advantage of this approach is that it implies the unification
of couplings without bringing the gauge groups under one single group. This also
has phenomenological implications which will be discussed more in the coming
chapters. One extra benefit of this is to not face with tight proton decay restrictions
on the intermediate scale and breaking energies. We study this matter more closely
in the last chapter.

For more on the topics discussed here refer to |10} 11} |12} 13} [14} |5, 9, |15} [16]
17, 118 [19]
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Chapter 2

Spectral Singlet Extended Standard
Model

2.1 Introduction

The noncommutative geometry approach to the structure of spacetime has been
able to produce the standard model coupled with gravity, almost uniquely, by
using very weak constraints [6]. In this model, spacetime is taken to consist of a
continuous 4D Riemannian manifold tensored with a finite noncommutative space.
One of the defining ingredients of this hyperspace is an operator which coincides
with the Dirac operator in the commutative 4D part of the space and can be
considered as the generalized noncommutative version of it. This operator has all
the useful geometrical information of the space, and just like the Dirac operator
in the standard model, its structure reveals the fermionic content of the model.
Moreover, in the noncommutative geometry, other information like gauge field
interactions and the scalar sector are embedded in the spectrum of this operator.
In the work of Chamseddine and Connes in [6] and the papers that followed, it

was shown that the simplest possible noncommutative structure has the correct

20



fermionic content and also leads to the gauge symmetry of the standard model.

The Lagrangian of this model comes from the most general form of the Dirac
operator consistent with axioms of noncommutative geometry plus an additional
constraint called the first order condition. This Lagrangian possesses three im-
portant features distinguishing it from the minimal standard model. First, the
couplings of the model are not totally arbitrary and there are relations between
them at the unification scale. These relations are consistent with grand unified
theories such as SU(5) unified theory. Second, in addition to the Higgs, there is
a singlet scalar field present in the spectral action. It is shown that this field can
help the situation with the low Higgs mass which is not otherwise consistent with
the unification of spectral action in high energies [20]. We will see in this letter
that the results improve if the extra singlet scalar field is taken to be complex. It is
also seen that such an extra scalar field can be responsible for dark matter particle
|21} 22]. Finally, right-handed neutrino appears into the picture automatically as
well as its Yukawa interaction. These terms are needed to give a small mass to the
left-handed neutrino by seesaw mechanism and usually are added to the standard
model by hand.

In |20], the singlet scalar field was assumed to be real. Then using 1-loop
renormalization group equations, it was shown that the model with the singlet can
accommodate a Higgs field with the mass of order 125GeV. In fact, the reality
condition on the singlet field is not necessary and we assume the singlet to be a
complex field in this work. Our consideration shows the model in its most general
form is consistent with the current experimental values of the Higgs and top quark
masses. Furthermore, we use 2-loop renormalization group equations to compare
the following cases: when the added singlet is a complex field, when it is real, and
the pure standard model with neutrino mixing. We show that while running RG

equations from unification scale toward current experimental energies, the model
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with added complex singlet behaves slightly better than the other two cases. Yet,
like the standard model itself, one can only attain the experimentally observed
gauge couplings at low energies within some percent of accuracy. This agrees with
the separations of the standard model gauge couplings at the unification scale
when we start from experimental values and run them upward. Subsequently we
also discuss the effects of three-loop corrections.

Since the discovery of the Higgs particle in 2012, researchers started to study
the instability problem of the standard model effective potential more seriously
(For example [23]). Although this instability cannot make the standard model
unreliable, even at high energies, because of the long lifetime of the tunneling pro-
cess, it still could have dramatic consequences during the inflation period [24, 25].
It is interesting to check the effect of any modification of the model on this situa-
tion. Therefore the vacuum stability of the models coming from noncommutative
geometry will be addressed and compared with the pure standard model.

We will show in this chapter that even though a few extra terms are added to the
RG equations due to the complex singlet field, yet their effect on the negativity
of the Higgs self-coupling at high energies can be substantial. The reason we
cannot predict what exactly happens for the coupling is that the experimentally
unknown right-handed neutrino Yukawa coupling contributes in the RG equations
as well. This coupling also plays a role in determining the Higgs and top quark
masses at low energies. What we can do is to follow its effect by following RG
equations down and looking at the particle masses. The proper value of right-
handed neutrino Yukawa coupling - turns out to be between 0.411 and 0.455 at
unification scale as we will see in section [2.3 The resulting value for this coupling
at Z-boson mass region is also between 0.517 and 0.530, while Yukawa coupling
of the top quark is about 0.995. Besides, the values of scalar sector couplings

are derivable in this scale from RG equations. We argue that in this acceptable
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range of the couplings, although vacuum instability is not cured, the situation is
improved by the presence of the complex scalar field. We use two-loop equations
and near to the leading order three-loop equations to assess the loop correction
effects in presence of a complex or real singlet field.

We stress that the above results are not merely derivable from the standard
model plus a complex singlet. The reason is that in our considerations, we use
the initial conditions predicted by the spectral action approach [26]. Moreover
here a neutrino coupling is present in RG equations and contributes to the values
of particle masses. The form of potential is also restricted and is different from
extended standard model cases with complex singlet described in the literature.
In our case, the results for stability are slightly better (e.g. compare with |22, |27,
28, 29]).

2.2 The model

After years of investigations by mathematicians to expand the geometrical notions
to the spaces with fewer constraints than metric spaces, which led to many devel-
opments in various areas of mathematics, finally Alain Connes was able in 1980 to
find an applicable set of axioms and definitions to generalize geometrical concepts
to a much broader range of spaces [30]. He also used the new geometry to define
a noncommutative torus and studied its geometrical properties. Later in 1996,
Ali Chamseddine and Alain Connes found an application of this new geometry in
physics [6]. They assumed the spacetime is a direct product of 4D Riemannian
manifold with a noncommutative space. They also introduced the spectral action
which is based on the spectrum of the Dirac operator and were able to show that
the standard model arises naturally and almost uniquely from these assumptions.

Geometrical structures in noncommutative geometry are defined based on three
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concepts; a Hilbert space, an algebra of a given set of operators with its faithful
representation on the Hilbert space, and a special operator called Dirac Operator.
These are shown to be enough to define a rich geometry and can yield features
of Riemannian manifolds in expected limitsﬂ We have therefore what is called

spectral triple which is shown by
(A, H,D).

As an example, for a 4D spinorial spacetime one can consider Dirac operator to
be the familiar 4 by 4 matrix D = i7#0,. The Hilbert space is then the space of 1
by 4 spinors. In this case A is the algebra of 4 by 4 complex matrices which is a
noncommutative algebra. Now one way to see the geometrical invariants such as
curvature is to look at the spectrum of the Dirac operator. One can for example
use heat kernel method to asymptotically expand the trace of Dirac operator |14}
5. This expansion is controlled by a scale called A. Doing so, the first term of the
expansion turns out to be the cosmological constant and the second term gives the
total curvature of spacetime. Higher orders are higher powers of the geometrical
invariants such as curvature and Ricci tensor.

Unlike Kaluza-Klein type theories which enlarge geometry by assuming extra
dimensions, here the added structure is a finite noncommutative space which pos-
sesses no spacetime dimensions. In early models, finding noncommutative struc-
tures leading to the standard model was the matter of trial and error. Eventually,

in [6], the authors discovered that a noncommutative space with the algebra
Ar=CaeHae M;(C) (2.1)

is able to produce the standard model when it is tensored with the 4D spacetime.

M;(C) is the algebra of 3 by 3 matrices on complex numbers, H is the algebra

'For precise definitions refer to [9, 31].
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of quaternions which are represented using 2 by 2 matrices, and C is the algebra
of complex numbers. Later on, the same authors showed that the classification
of finite spaces consistent with the noncommutative geometry requirements leads
almost uniquely to the same algebra [32]. They also observed that by letting the

Dirac operator to have nonlinear fluctuations, the consistent algebra is
Ar=HoHo M, (C), (2.2)

which leads to the Pati-Salam unified model [33]. As an interesting breakthrough
in 2014 it was discovered in [34] that this algebra is dictated by a generalized
version of Heisenberg commutation relations. In this letter, we consider the model
based on the algebra (2.1), which is a special case of that happens when the
perturbations of Dirac operator is required to be linear. This is called first order
condition and we assume its validity in the current work.

Members of Ar are 2 X 2 x 4 = 16 by 16 matrices and members of the Hilbert
space consist of 16 spinors, which means they possess 64 elements. Algebra of the
whole space can be written as direct product of Az with the algebra of functions on
the 4D spin manifold. The latter is the commutative algebra of smooth functions

on the spin manifold
A=C*(M)® (CeH® M;(C)). (2.3)

We have then 16 spinors and it turns out later that they have exactly the same
interactions as fermions in one generation including four right and left-handed
leptons and 12 colored right and left-handed quarks. Next, one can introduce the
chirality operator called v to enrich the algebra by grading mechanism and add
antiparticles to the Hilbert space. Therefore members of the Hilbert space are now
1 by 128 matrices. Next, we can triple this space by hand to take into account the

three generations of fermions. Dirac operator of the whole space is then a 384 by
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384 matrix which acts on the Hilbert space and is defined as the tensorial sum of

the operators on different parts:
D = Dy ® lggxos + 75 @ D (2.4)

The particle content of the model is therefore coming from the above settings of the
noncommutative geometry. Then Dirac action provides dynamic to this fermionic
part of the mode]ﬂ The vector and scalar parts of the model are described by the
spectral action which is the trace of Dirac operator and depends only on the sum

of its eigenvalues. The action is:

S =Te(f(D/N) + (¢, D). (2.5)

Lambda is an energy cutoff needed to make dimensionless term out of D. Function f
is a source to generate physical constants such as Gy and is required to be positive
and even.

To start, first we need to make the fermionic part covariant under inner auto-
morphisms of the Hilbert space by adding inner fluctuations of the Dirac operator
under such automorphisms. The fluctuations associated with the noncommutative
space are responsible for the existence of gauge fields and the Higgs. Inner fluc-
tuations associated with the automorphisms of the continuous 4D manifold form
Riemannian aspects of the curved 4D spacetime. The Dirac action then contains
all the fermionic interactions, just like the standard model when all the vector
fields are added to the Dirac operator in form of connections. On top of that, here
we get the Yukawa terms and the Higgs as parts of the spectrum of Dirac operator.

Next, one can use heat kernel asymptotic expansion to compute the trace. The

existence of A in the action is crucial so one can rely on the expansionf] The trace

2To be able to introduce an inner product and define this part of action consistently, another

operator called reality operator is needed. For exact definitions refer to [32]
3For the special case of Robertson-Walker metric it is shown that the expansion is valid up

to energies close to the Planck order [35]

26



is then reduced to a series with coefficients known as Seeley de Witt coefficients |4]:

Tr (f (D/A)) = Tr (F (D/A)?) 2:/Y‘”anan (2.6)

The function f is supposed to be positive. The odd terms in the expansion vanish
for manifolds without boundaries. Tt is equivalent to saying the square of the Dirac
operator has important geometrical information in its spectrum and use a function
F such that F(a?) = f(a). The coefficients a,, depend only on the geometrical
invariants such as curvature and therefore reveal the geometrical information em-
bedded in the Dirac operator up to the order defined by powers of A. Taylor
coefficients Fy_,, are the spectral function derivatives at zero for 4 — n < 0 and

momenta of spectral function for 4 —n > 0,

Fo = F(0), &:/mﬂmm, &:/WHMMM (2.7)

These coefficients along with Yukawa couplings make the physical constants. For
example the first one, F}, is the source of Hubble constant and the third one, Fj,
appears in the Higgs kinetic term. Normalization of this term causes F{ to show up
in the mass term of fermions as well as all the coupling constants which is the root
of unification in this model [31]. Therefore we trust the model on high energies
where the approximation of expansion is expected to work well. The unification
of the couplings will be then what is expected from GUT theories. Writing the
renormalization group equations and running them down to experimental energies
is also feasible.

The sum in (2.6]) is over even numbers, therefore the fourth term is suppressed
by A2. We expect A to be right below plank energy which is much higher than any
mass in the model. Therefore it is logical to assume higher terms are irrelevant for
our purposes. In addition, F' is expected to be a cutoff function which can control

expansion of the trace.
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The Dirac operator for the noncommutative space defined by algebra in ([2.3])
is [[31]]:

Dap=+"® (2.8)
Dy,
D, +ig1B, 0

(Dy+ $91By) axa — 592 W0

. | ® 13
(Dy — %91By)13x3 — 593V Aa
0 (Dy + £91B) Isxs — 593V Aq
(Dy — £91Bu)Isxs — 593Viiralaxa — 592 Wioilsxs
+7°®
03 0 (ePHy,®E")gns 0 0 0
0 03 (H*®@k*)gxs 0 0 0
(caH® @ k)3x6  (Ha ® k%)3x6  Og 0 0 0
0 0 0 09 0 (eHyd! @ kY1859
0 0 0 0 0p  (H! @ k*¥) 159
0 0 0 (eanH"; @ k")ox1s  (Hadj @ k%)ox1s  O1s

The forms of these matrices come from very few axioms, listed in [32], and
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are not arbitrary. The zeros appear automatically and are necessary to exclude
interactions not experimentally observed. Nonzero components are named after
their coincidences with the fields and constants in the standard model. The first
matrix is block diagonal and contains all the vector bosons. The second matrix
contains Higgs terms. D is a 192 by 192 matrix and acts on all 48 known fermions.

The Fermionic part at [2.5] justifies chosen names of fields and their coefficients
as for nonzero components of D4p. The first part of D contains gauge fields as it
does in the standard model; B, V', and W stand for the U(1), SU(2), and SU(3)
gauge fields respectively [} The second part is responsible for all the other fermion-
fermion interactions which justifies the choice of names, Yukawa couplings &° and
Higgs scalar fields H%®. In the trace part of action on the other hand, there is
no fermionic field and the spectrum generates bosonic and scalar potentials which
have the exact same form of standard model potential terms. In equation and
what follows, we will study the scalar sector of the action.

To include antiparticles, we can double the algebra, and consequently the
Hilbert space, by assuming the existence of a reality operator J for the geome-
try as an axiom. This operatoi] causes all the other operators to be the direct
sum of two dependent parts which can be exchanged by the act of J.

The Dirac operator is however not simply the direct sum of fermionic and
anti-fermionic parts. It is shown in [31] that only one off-diagonal element can
be nonzero. This element therefore indicates a singlet that gives mass to a right-
handed fermion which is coinciding with a right-handed neutrino in the standard
model. Dirac operator of the whole space is therefore a 384 by 384 matrix as we

noted before

4what we see here is a special case of a general theme, starting with a matrix algebra in the

noncommutative geometry, the spectral action principle leads to a counterpart gauge theory.
5Tt is evident that J has the role here as the charge conjugate has in the standard model.
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Dap  Dap — —
D = ; Dap=Dap, Dap = Dap (2.9)
Dap Dap

0..
0..

Dap =

Having the above operator, both parts of the action are well defined.
The fermionic part of action is containing fermion-gauge and fermion-Higgs in-
teractions, plus terms coming from off-diagonal elements of D, which presents
scalar-fermionic interactions absent in the standard model. Since D,p has only
one nonzero element, only one of the fermions is involved with this new sigma-

interaction and it is natural to call it right-handed neutrino [20].
(¥, DY) = cvgvg + C.C. + fermionic and Yukawa interactions (2.10)

Physically important geometrical information is also derivable from this opera-
tor and we need only to find coefficients introduced in to identify the bosonic
part of the action . Calculations up to first three terms yield Einstein-Hilbert
action along with Gauss-Bonnet terms, plus Higgs potential, o self-interaction,

and o — H interaction. After proper redefinition of the fields, the scalar potential

sector of (2.5)) is [31]:

1 1 1 1 1
V= §miH2 + §m§\a|2+1/\0|0|4+1/\hﬂ4 + §>\hg|0]2H2. (2.11)

We take o to be a complex singlet with two degrees of freedom. Although H is
a complex doublet with four degrees of freedom, the gauge symmetry allows us to

gauge away three of them. The potential has local minimum which occurs when

Aolo P+ H? +m2 =0, M\H? + \polo|*+m3 =0 (2.12)
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and proposes the symmetry breaking, which we formulate with the following

choices of the vacuum expectation values:

0

H = v =(h), (2.13)

h+wv

o=w+o0y+ioy, w=(01),.

It is obvious from the above setting that the three scalars now mix and due to the
01 — 09 symmetry, one massless pseudo-Goldstone boson is expected to appear.
This massless field does not remain massless at higher loop orders and can be a
dark matter candidate [28]. After substituting into potential , and
diagonalizing the mass matrix of the square terms, the other two scalar masses

turn out to be

1

2 2,2 2,2 2\ 2
m2 = <U2)\h n “’_AU) 141 VA vy (M) L (2.14)
4 (V2An + g )2

It is believed that a highly massive right-handed neutrino can be fitted in the
standard model to explain neutrino oscillations. Such a neutral particle is only
able to gain mass from a singlet scalar field. In the model described above this
mechanism is appearing naturally. The price of this treatment is of course to
have a new scalar which is supposed to be highly massive. Here we have another
massless field added to the picture which appears since o is a complex field. We

therefore suppose w to be much greater than v and we get

2
M=w ﬁ, mp = v\ 2 /1 — Ah". (2.15)
2 YD

The smaller one is responsible for the Higgs mass and is modified by the factor

of 4/1 Mo

v due to the presence of the scalar field. It is remarkable that non-

commutative geometry not only predicts the singlet field and its potential terms,

but also relates, in the unification scale, the scalar couplings to other parameters
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such as Yukawa couplings and the unified gauge coupling [31]. Having those rela-
tions, we will start from unification and vary all the free parameters to probe the

implications of this formula for the Higgs mass.

2.2.1 Running of the renormalization group equations

Having the model described in section one can find the effective potential and
renormalization group equations in some loop order and run them to explore high
energy scales. There are however two free parameters here. The neutrino Yukawa
coupling and the Higgs self-coupling. Knowing the Higgs mass now, the value of

Higgs self-coupling is determined in the pure standard model as

(125.5)2

An(M,) = 2(246.2)°

= (.1299.

In models with extra scalars though, there is a seesaw mechanism which determines
the Higgs mass and the value of this coupling is not determined even when the
mass is measured.

We used SARAH which is a Mathematica package to derive two-loop RG equa-
tions ([36]) for this model and presented the results in appendix 2.7} It is clear
from RG equations that the extra field cannot correct the gauge couplings evolu-
tions and therefore is not going to help the couplings to meet in exactly one point
(Figure . That is because the scalar field potential terms are quadratic and
their couplings appear only in two-loop corrections of Yukawa couplings evolutions,
which themselves enter just in two-loop corrections of the gauge couplings. The
latter is due to the Yukawa interaction of the particles with square of the singlet.
Figure also shows that the added singlet field, no matter is it complex or real,
does not cause meaningful changes in evolution of Yukawa couplings. However,
two-loop corrections shift them for about ten percent if we follow their evolutions

to very different energy scales.
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Figure 2.1: The behavior of gauge couplings at the unification scale. Dashed lines
are indicating the evolution of standard model couplings up to one-loop corrections.
Yellow solid lines show the situation is slightly better when two-loop corrections
are also taken into account. The black dotted lines are for RG equations up to
three loops for the standard model. The black and yellow lines are so close that
their separation cannot be distinguished in this diagram. This difference is from
the same order of errors that experimental uncertainties create when we run the
equations upward. In all cases, the corrections coming from a real or complex scalar
field added to the standard model is negligible. Red dotted lines have two-loop
corrections of the complex scalar field, in the model described in section and
include three-loop corrections of all the other parameters. Yet again it matches
with two-loop corrections suggesting that higher orders are not going to make the
situation any better. The graph on the left compares one-loop RGEs with two-loop
equations for gauge and Yukawa couplings when we start at the same points at
high energies and follow them toward experimental values. Again adding a singlet

does not create meaningful changes.

Though replacing the real scalar field with a complex field has no remark-
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able implications on the gauge couplings evolutions, it can cause noticeable con-
sequences for the field couplings as there are new Feynman diagrams between
them when we add the imaginary component. Choosing acceptable initial values
and running RG equations, including two-loop effects, show that this difference is
meaningful. As it is clear from Figure [2.2a] starting from the same points, the
couplings behave differently at very high energies. These couplings indicate Higgs
mass through the relation (2.15)) which can be sensitive to small variations of the

couplings.

2.3 Top quark and Higgs masses at low energies

In our approach, we run RG equations downward from the unification scale. The
advantage is that the spectral model predicts initial conditions at high energies,
and relates all the Yukawa couplings to the unified gauge coupling g. Interestingly,
the scalar couplings are also not free parameters at the unification energy, instead
they are determined by both g and the ratio of neutrino and top quark Yukawa
couplings [26]. We choose the approach of [20]| and, for simplicity, define the
ratio n = (’Z—:)% at the unification scale. n is one of the free parameters of the
model which can be fixed, then running this along with other parameters causes
predictions for the physical quantities at the experimental arena. As discussed
before however, the unification scale itself and the value of gauge couplings at
this scale is not predicted. Figure shows the evolution of all the parameters
in different scenarios. There is about ten percent difference in the values of the
couplings at low energies between real and complex models. Since the effects of
higher orders of loop corrections are negligible, the difference we see here does

worth investigating. Another encouraging fact is that in [20] the effects of the

scalar field couplings were shown to be able to save the model after the Higgs
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small mass discovery.

The other observation which justifies our consideration reveals itself when we
compare two-loop and one-loop equations. Whether complex or real singlet is
added to the Lagrangian, the scalar couplings get modified for about ten percent
at low energies and as noted before this can in principle dramatically modify results

of equation ([2.15)).

‘ }\.l,! (Standard Model) )Lft (RealSinglet) ;L.v'i """ ;LS ;L/! (Complex Singlet) 7\'5]! = 7\'5
0.8 7 0.8 /
/ /
/ /
/ !
0.7 / 0.77 v
/ / /
, ;
0.6 / 0.67 v
/
5y // ; go v//
£ 0.5 // £ 0.5 S
S 041 S O 041 S
2 e 5 o
3 I 2 g
S 0.3 o S 0.3 St
A T 3 i
02427 et 02 DT
0.1 0.1
0% T T T s T T T
; 0 2 30 0 10 20 30
t
(a) (b)

Figure 2.2: Running of the couplings incorporating two-loop corrections, toward
unification (a) or from unification (b). Solid lines are for the SM, dots are for
when the real scalar singlet is present, and dashed lines are for the case that the
singlet field is complex. In case of SM, except for the neutrino Yukawa coupling,
the initial values are coming from experiments. In all the cases, the initial values
for experimentally unknown couplings are discussed in the next chapter; when we

run from unification and look for the best fits.

It is notable that if we use initial values coming from the spectral action,

it is not possible to run the minimal standard model from unification scale and
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find the experimentally acceptable mass of the Higgs particle at low energies.
Trivially the reason is that these initial conditions imply unification of the gauge
couplings which does not happen for minimal standard model. In [20] however,
the authors showed initial conditions and RG equations are consistent with the
low Higgs mass for when the added scalar field coming from spectral model is
real. Nevertheless, spectral action imposes no restrictions on the singlet field.
In this section, we consider both complex and real scalars and use two-loop RG
equations to incorporate higher order corrections and asses the importance of loop
corrections. We also study prediction of the theory for top quark mass.

Our main result in this section is that the assumption of existence of a new
scalar field and the predictions of the spectral model at unification are consistent
with the known masses of top quark and Higgs. For simplicity, we neglect lighter
particles. As it was noted in section however, the neutrino is assumed to play
a significant role since it has a Yukawa coupling and its mass comes from a seesaw
mechanism. The method is straightforward; We assume the initial conditions
predicted in [26]. Then we run the equations supposing n, g, and U are free
parameters. It hands us couplings values at low energies. Then it is possible to
find the best values for these three parameters by minimizing the errors between
the result masses and experimentally known values at low energies. The fact that
these errors exist and are more than experimental uncertainties is very important
and we will discuss it in the next section.

The other important aspect of the situation is to compare two-loop and one-
loop corrections, as we are comparing real scalar and complex scalar fields. Up to
one-loop, there is no remarkable change in top quark mass if we replace the real
scalar with a complex one. However, the two-loop corrections differentiate top
quark mass in these two cases. This differentiation is still one order of magnitude

smaller than the current observational uncertainties. The situation is different for
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the Higgs mass as it depends directly to the scalar couplings (eq. 2.15)).

Our considerations show that there is a rather short range for n and ¢ that
everything fits together. This happens for a U, unification scale, varying between
2 x 105GeV and 5 x 10'8GeV. In figure [2.3] the lines indicate what initial values
are acceptable to meet the correct particle masses at low energies. It turns out that
for a reasonable g, the correct choices for n and U always exist to fit the Higgs
and top quark masses simultaneously in low energies within the experimentally

acceptable values.
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Figure 2.3: Each line shows suitable choices of unification scale and n value at
this scale, in order to revive experimental values of particle masses at low energies.
Each set of three lines are for a specific g value and are illustrated with a particular
thickness. The left hand side diagram incorporates two-loop corrections while
the diagram on the right has only one-loop corrections. It can be inferred from
diagrams that within a reasonable range of g, the lines associated with top quark,
solid brown lines, and Higgs, dashed lines, always have a collision point. Therefore
suitable n and U can be always found to assure the low energy values for the

Higgs and top quark masses. This is true for both real and complex cases which

are distinguished by blue and green lines respectively.

To illustrate even more, we show possible choices for g and n at unification
energy in figure The colored strips in two diagrams show all the choices
which lead to retrieving particle masses at low energies, incorporating one-loop or
two-loop corrections. As we noted before however, the correct choice of unification
scale is depending on g and n. To give some examples, the small window of correct

choices of g and n for three different unification energies are indicated by lighter

colors on the strips.
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Up to two loop corrections, the suitable n is obtained to be around 2.7 for the
real scalar and around 2.5 for the complex scalar case which means that at the
unification scale, Yukawa coupling of neutrino is around 6 times bigger than the

top quark coupling.

~Q— U=2.10%16 GeV

U=10"16 GeV

0.539

U=10"17 GeV’
U=10"17 GeV/ 052

U=10"18 GeV)

0.50 4

T T T T 0.50% T T T T
23 24 25 26 27 26 27 28 29 30

Figure 2.4: At any unification scale, there is a small window of choices for unified
gauge coupling, g, and the root of neutrino and top quark Yukawa couplings ratio,
n, which lead to consistent low energy particle masses with experimental values.

Two-loop corrections, left diagram, make the choices a little more restricted.

2.3.1 comparing the complex and the real cases

We saw that for both scenarios (complex or real singlets), it is possible to find
acceptable initial conditions. On the other hand, again in both cases, gauge values
deviations at low energies do not fit within the experimental uncertainties. Yet,
the situation is slightly better in the complex case for g3 and ¢,. For any g at
unification, U is about 0.2, and n is about 0.28 higher in the real case compared
with the complex one.

For the standard model alone, best quantities are: g ~ 0.49 and u ~ 39 When

the scalar (complex or real) is added, up to one-loop, g ~ 0.52 and u ~ 35 and up
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to two-loop, g ~ 0.53 and u ~ 32 end to the best results.

2.4 Implications on the vacuum instability

In the standard model, the observed masses of Higgs and top quark imply effective
potential of the Higgs field to become unstable at high energies. This can be seen,
in the tree level, by the fact that the Higgs self-coupling changes its sign at some
energy scale below the unification. For the standard model itself, one can use the
renormalization group equations up to some order and find the point at which
An changes its sign. It turns out that this happens at the energy scale of order
105GeV [ which is much smaller than the unification scale. Figure shows two-
loop corrections have an effective role to make the situation better while three-loop
corrections are too small to have any significance. Thus, we do not expect higher
order corrections to resolve this issue.

With an additional scalar field, it is interesting to see what happens for the ef-
fective potential. There are two new couplings associated with the scalar quadratic
term and its interaction with the Higgs in the model described earlier. These two
couplings along with the Higgs self-coupling are only constrained by the masses
of the Higgs and the supposedly heavily massive singlet. Therefore there are not
enough known initial conditions and one cannot run the renormalization group
equations from low energies. It is however useful to investigate whether this ad-
ditional field could in principle modify the equations as much as needed in order
to cure instability. A straightforward investigation shows that the addition of a

complex field could in principle cure the equations (Figure 2.6al). As noted before,

6To find this result, in addition of all the known couplings of SM, we take into account the
Yukawa of neutrino which is around 0.5. It shifts the instability to lower energies, however later
when we add the singlet and all the parameters of the model, the instability goes to much higher

energies.
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it is especially important due to the fact that higher loop corrections are not being

expected to save the potential.
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Figure 2.5: After the Higgs discovery, all of the initial values are known for the
standard model parameters and one can follow the evolution of Higgs self-coupling.
The lower line has only one-loop corrections. The line shifts to the right when
two-loop effects are added to RG equations, and the tunneling time increases
consequently. The blue dashed line includes three-loop corrections and suggests

that going to higher orders will not improve the situation.

As we saw in the previous sections, there are a number of predictions at high
energy scales in spectral approach which suggest to start from the unification and
run RG equations downward. Doing this gives ideas about the acceptable range
of values for couplings; particularly this is useful for the extra couplings which we
have no clue about their magnitudes as they are not constrained with the current
experimental data. One result is that the Higgs self-coupling is stronger than in the
pure standard model, and this pushes the instability of the effective potential to

higher energies. It does not affect the Higgs mass because of the seesaw mechanism
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between Higgs and new scalar. Figure [2.6b|illustrates what happens when we use

such initial conditions. All the couplings in the potential are now positive all along

the way up to unification scale and the potential is expected to be stable. In this

respect both real and complex scalar mod
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(a) The initial values used to draw this di-
agram are not realistic. However it shows
that addition of new fields can in principle
have effects more than higher loop correc-
tions. The errors of these lines at high en-
ergies due to the experimental uncertainties
of the initial values are less than ten percent

of loop effects.
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(b) Comparison between the behavior of
Higgs self-coupling in different scenarios. In
the scalar extended standard model, the
coupling is not determined with Higgs mass
and could have a greater initial value which
might save the potential from being insta-

ble.

Figure 2.6

2.5 Conclusion

The noncommutative model introduced in section adds some familiar extra

features to the standard model, for example a new singlet field with quadratic po-
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tential, higher powers of geometrical invariants, and prediction of gauge couplings
unification at high energies. Our considerations in this paper show that starting
from the unification point predicted by the theory, it is possible to revive both top
quark and Higgs masses. We however witnessed that there is a deviation for the
gauge coupling values at experimental arena which is of the same order of devia-
tion of the gauge couplings in the standard model at unification scale. Comparing
these errors we conclude that the complex singlet field makes the theory slightly
better than the pure standard model or when a real scalar is added; however, the
full treatment is not possible.

Comparing the results of two-loop corrections and near to leading order, for
three-loop, shows that there is no hope for loop corrections to contribute in a sig-
nificant way. We believe the root of all of such inconsistencies goes back to the
issue of gauge couplings not meeting at one point and therefore lack of a true uni-
fication. Equivalently in noncommutative geometry approach there is unification,
but the price in the simple version that we considered here was that one could not
fully revive the gauge couplings at low energies. Yet, the little change toward bet-
ter results with this minimal change in the settings of the standard model might
urge us to investigate other more generalized models derived from noncommutative
geometry principles.

The spectral action approach coming from the noncommutative geometry point
of view, however, does not uniquely lead to the model we considered here. Further
investigations showed in 2014 that imposing generalized versions of Heisenberg un-
certainty relations leads to Pati-Salam model as the most general possible outcome
of this approach [33]. The model we considered here is the simplest special case of
that general theory. The Pati-Salam model has a rich content of beyond SM fields

that might help the situation and will be the subject of our further investigations.
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2.6 Further Discussions

Despite the experimental success of the standard model, there are some funda-
mental questions left unanswered. For example, there are no compelling reasons
for the choice of gauge groups and representations of the fermions. In addition,
the origin of Higgs field and its particular potential is not understood which also
leads to ambiguity in the Yukawa sector.

Along with other benefits such as some predictions for the unification of gauge
couplings, noncommutative geometry is able to provide concrete geometrical un-
derstanding for the Higgs and gauge fields by generalizing the geometrical concepts
to noncommutative spaces and assuming a richer structure for spacetime ([6],[31]).
It turns out that the Higgs and the gauge fields are rooted in the fluctuations of
the generalized Dirac operator. This operator has a part associated with the 4D
spacetime and another part associated with the additional finite noncommutative
structure. Potentials and interactions of gauge fields, as well as gravitational po-
tential and its minimal coupling with matter, are parts of geometrical invariants of
the space and appear in the spectrum of Dirac operator. Gauge transformations
have also geometrical origins and are rooted in inner automorphisms of the finite
noncommutative structure. All in all, this theory provides an elegant platform for
a geometrical unification of all the known forces.

Having established that noncommutative geometry approach is promising, the
important task is to find some new phenomena with experimental implications
which could be examined with the current experimental facilities. This is a tough
test for any unified model which is trying to replace the standard model. The
reason is the glorious experimental success of the standard model. Tt is also ex-
tremely difficult to go beyond the present experimental energy scales. In this thesis
we study two available models based on noncommutative geometry.

In this chapter, we saw that the spectral singlet extended standard model has
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reasonable implications. Yet the theory lacks complexity to provide unification
consistent with the experimental values achieved for gauge couplings at low ener-
gies. Yet, there is no ambiguity for any maneuver at this level except to take the
field to be complex and to go to higher loops. These, of course, are not expected
to solve the problem fully.

The reason behind all of these difficulties might be that the vast desert between
the current experimental scope and unification scale might not be as empty as
predicted by the standard model. The platform of noncommutative geometry to
go beyond the standard model is also richer than the model described in this
chapter. It is shown that imposing few axioms of noncommutative geometry along
with a generalized form of Dirac uncertainty principles leads uniquely to Pati-
Salam model [33]. We try to investigate this model in the next chapter to find
some phenomenological ground in it.

The feature of the models that we study is that the form of the scalar sector
potential is not ambiguous and derived from the spectral action principle. Parame-
ters of the models are also not totally independent and there are relations between
them. All of this, along with the fact that simpler outcomes of noncommutative
geometry, like the singlet model described above, have been revealing some good
results, convince us to look at Pati-Salam model in noncommutative geometry as
a promising model.

There is a rich content of scalar fields in this model which are distributing in the
desert and in principle are able to modify the way parameters of the model evolve
with energy. As we will see however, there come other problems which lead us to
believe the model needs a jump to include yet further scalars. In the next chapter,
it will be clarified that, to go beyond the standard model with the noncommutative
approach, scalars in the adjoint representation of the higher symmetries are needed

that are not coupled to the fermions. These live naturally on the diagonal of the
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Dirac operator but the mathematical mechanism to enter them to the picture is
not yet developed. In general, it seems a hard task to build a unified theory based
on noncommutative geometry approach because of the tight restrictions that the

spectral action principle imposes on the scalar potential.

2.7 2-loop RGEs for complex singlet extended stan-
dard model

Here we present 2-loop renormalization group equations of the complex singlet
extended standard model with the right-handed neutrino. These equations are
derived using SARAH package for Mathematica [36]. The equations are consistent
with the literature |22, 27, 28].

dg1 _ 41 g, n 9’
dt 16072 12800 7*

( 15 K,2 — 85 K2 + 199 g,2 + 135 g52 + 440 932>,
(2.16)

@ _ _19 92° X 92°
dt 9672 7680 7t
% _ 7gs° 4 g5°
dt 1672 256074

( C15K,? — 45 K2 + 27 .2 + 175 g2% + 360 932),

( — 20 K2 + 11 g% + 45 ¢5° — 260 932),
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Chapter 3

Spectral Pati-Salam Model

3.1 Introduction

Noncommutative geometry has shown interesting results in physics when it is ap-
plied to a hyperspace which is the direct product of four dimensional Riemannian
spacetime and a noncommutative space characterized by the spectral triple: al-
gebra of operators which are spacetime functions on the matrices of the form
C @ H @ Mj; (C), the relevant Hilbert space of this algebra, and a special operator
which generalizes the notion of conventional Dirac operator. The inverse of this
operator is looked at as the ultimate propagator between fermions which contains
all the useful information of generalized geometry that is the source of all the
forces. Therefore this operator gives dynamic to the fermions in a usual Dirac
action way. Hence, all the fluctuations of the Dirac operator in principle con-
nect fermions together. These (classical) fluctuations make the operator invariant
under unitary automorphisms of the hyperspace algebra and show themselves as
spacetime connections, scalars, and gauge fields. When we try to go beyond the
standard model, this property of the Dirac operator puts serious constraints on

the scalars in theory. Moreover, these scalars and vector fields along with the
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spacetime geometry gain dynamic by the spectral action principle which states
that their kinetic and potential terms are in the spectrum of the Dirac operator
[6]. This principle therefore dictates the scalar and gauge sectors. For the gauge
sector, with the correct choice of algebra, favorable Yang-Mills type action appears
[31} 33]. For the scalar sector, the constraints coming from these two different parts
of the action are typically conflicting. In the case of spectral standard model these
are consistent and reduce the number of free parameters. For a generalized model
however we need to make sure of their implications.

One specific property of the Higgs sector in noncommutative geometry is that
Higgses which originate from offdiagonal elements of the self-adjoint Dirac operator
of the noncommutative part of hyperspace, connect particles with antiparticles
and violate flavor. This is due to the settings of the theory which incorporate
antiparticles and particles and treat them quite equally. What is called the first
order condition can restrict this phenomenon to happen only for the neutrinos |26].
This is then the source of their Majorana masses.

In 2013, there were two attempts in [37] and [33] to use noncommutative ge-
ometry methods to explore beyond the standard model. In the former, a higher
algebra is chosen and the first order condition is imposed. The result is a model
with higher symmetry and with nice features such as having no extra fermions
and having the scalar fields needed to get the right mass for the Higgs field. In
the latter, the algebra is the same as , but the first order condition is relaxed.
This path is what we follow here to explore implications of the spectral action for
its scalar sector.

There are spaces which do not admit the first order condition like quantum
spheres |38, 39]. Authors of [40] have shown that with adding the correct nonlin-
ear terms to the fluctuations of the Dirac operator, A bellow, noncommutative

geometry approach can be used for these spaces as well. Invariant physical Dirac
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operator of the whole space is then (refer to [31} 33, 40| for exact definitions)
Dy :D+A(1)+JA(1)J_1+A(2). (3.1)

They also have shown that if Dirac operator can admit first order condition for a
subalgebra, starting with it will cause fields in Ay to be products of fields in A
and eat them as their vacuum remnants. The same authors have subsequently
used these facts to build a Pati-Salam model based on the algebra H&H® M, (C)
in [33]. We will discuss the physical content of this model and also argue that
what is observed for scalars originating from A(;) and A is only a special case
of a general phenomenon by reasoning that for a generic Dirac operator A will
always eat A(;). This means in all the physical scalar fields resulting from a generic
Dirac operator, there is no trace of linear fluctuations left. We also argue that
preconditions on elements of the discrete Dirac operator might lead to unrealistic
Higgs fields.

Relaxing the first order condition and writing the spectral action based on
a broader algebra can cause two main challenges. Firstly, the nonzero offdiago-
nal sectors of the Dirac operator cause particles other than neutrinos to connect
to their antiparticles and produce diquarks which were previously absent in the
model. These along with leptoquark scalars on offdiagonal blocks of the diagonal
sectors might lead to proton or nucleon decay. Secondly, since the spectral action
dictates the scalar potential, it should be checked that the potential can break the
symmetry to the standard model in an acceptable way. This is especially impor-
tant in noncommutative geometry approach because here one does not have the
free hand in manipulating the scalar sector which is the case in grand unified or
effective field theories. In those cases, if there is a Higgs with correct representa-
tion like a Higgs in the adjoint representation, one may often safely assume that
there is a potential for it which provides just enough needed Goldstone bosons.

Here however one needs to make sure of that by considering the vacuum of the
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given potential.

3.1.1 Spectral action without first order condition

The fluctuations in (3.1)) are written as

Amy =Y _a[D,b], A => alAw),bl, a=JaJ ™, (3.2)

a,b @’[)

to have the correct transformational properties that make Dirac operator invariant
under unitary automorphisms of the algebra [40]. J is called the reality operator
and constructs the opposite algebra A° = JA*J~! in such a way to have [a,°] = 0
for any a € A and a° € A. In physics language, J is charge conjugate operator
which exchanges particles and antiparticles of the same chirality in the Hilbert
space. Elements of algebra act on right and left isospin indices of particles and
four-color indices of antiparticles. Effect of J on algebra is to make operators
which do the opposite.

The sum in (3.2)) is over any favorite set of the elements of algebra and opposite
algebra. The only conditions the chosen elements in these sums have to satisfy is
normalization, ) ab =1, and to make A(;y and Ay self-adjoint [| We emphasize
that elements of opposite algebra used to calculate Ay need not be associated with
the elements of algebra which are used in A¢y. Any set of elements will ensure
the invariance of the Dirac operator as far that they come from the above recipes.
We also notice that these fluctuations are spacetime connections plus function-
valued and vector-valued matrices. Nothing is still a physical field. This notion
only appears when the spectral action principle gives dynamic to the components
of the final invariant Dirac operator which has accumulated all the fluctuations.

Total Dirac operator is a linear combination of the operators associated with each

'Even a milder condition might be needed since only the final invariant Dirac operator which

includes all the fluctuations is required to be self-adjoint.
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one of the continuum and discrete subspaces, that is
D=9"D,®1++" ® Dg. (3.3)

Two sets of fields emerge which are spacetime tensors and vector fields from the
first part and scalar fields from the second part.

To make the Dirac operator of the discrete space invariant, intuitively one
might expect that any nonzero component of the original operator needs to admit
fluctuations. This however also depends on the degrees of freedom in the algebra
which might identify some of these fluctuations, especially at the linear order.

The Dirac operator is divided into distinct blocks determined by the structure
of the algebra and nonlinear fluctuations assure of the maximum degrees of freedom
for any block of the original Dirac operator with no zeros. Linear fluctuations of A
and A create all the degrees of freedom for chiral and four-color indices respectively.
In general, these cannot coexist if the nonlinear fluctuations are to vanish. This
is manageable for some blocks, but is not legitimate since the result fields have
nonrealistic representations.

We start with the generic Dirac operator of the discrete space [31]

Dp = D’ DBA, (3.4)
Dyt Dy
Dpa = DBA’ — DA =D, DA =DP,

DBA = DBA/?/ - DB// = DBA

These relations assure self-adjointness. Further, we need JpDpJr~t = Dp to be

sure antiparticles are associated to their particle counterparts [41, 26]. It means
/ * /T ’
DA -LDg" =D = DA, = Dup= Dpa. (3.5)
This symmetry is understandable because these two blocks connect particles and
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antiparticles of different chiralities [42]. Next is to impose [43]

YrDp = —Dpyp, (3.6)

which eliminates diagonal blocks of diagonal sectors and offdiagonal blocks of offdi-
agonal sectors in[3.4] So the original Dirac operator of the discrete noncommutative

space can be shown as

0 D.oy) Dyarex 0
D, % 0 0 Dgjrer
Dp = (3.7)
D, 0 0 Dy
0 D Dt 0

Small letters, dotted letters, and capital letters are Hy, Hpg, and M, (C) indices.
Properties in and hold for the invariant Dirac operator in because
Ap) = JA@)J ! and because fluctuations are hermitian by construction [40].
Further, fluctuations of each block are totally independent of other blocks.
Moreover, Ay assures that if a block has no zeros, the most general field sits on
that block inheriting all the indices and having all the possible degrees of freedom.

Operators of Pati-Salam algebra are in the form of:

Xy oioh
a= 5y Y65 (3.8)
oy 0 W
Elements of quaternions X and Y are complex functions of spacetime. W is in the
algebra of 4 by 4 complex function-valued matrices. The offdiagonal block on the

diagonal sector of the invariant Dirac operator is:
0 .
Dailh = 58570, + D+ Ayl + JAm T + Ayt (3.9)
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Due to the block diagonal form of elements of algebra, the fluctuations are:

Awpy =

~

abJDBb“I a;j%,bﬁng) (3.10)

/N N

XEY,ﬁD% - Xszfo;ﬁ)

X - Xgz298) Dl = 3 (1 )

f

2.\
2.
2

—

If we reorganization constant elements of the Dirac operator like D = MgN 1,

then
S () vt = 3 g (3.11)
! f

Because of the sum over the elements of algebra, f is an arbitrary function with
the two indices which show its transformational properties.

Similarly,

A

Al = JAQ I, = At (3.12)

K’ WL el T 'K d L 2!
ag/J/ /K/bZ,L, — g’J’ b ’K’Dg’L’>

- <WJ/ g/IL(,/ - WJ//V§:DSII£1>
= > (WSVLDig — Wi VDl )
=3 (W v - wivier) Dik

= Z (m) Dyt =) (gj) NEMy = g5 M.
g g

Nonlinear corrections also do not incorporate other blocks because again they are
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linear with respect to A1) and the algebra is block diagonal:
iy A dif — iy af Ay (3.13)

(C?ff A &t — e adt A(l)ﬁi)

Therefore
Dayy = fy Ny + g5 My + phy = piy (3.14)

Which is interesting because arbitrariness of h in (3.13]) ruins the marks of the
linear fluctuations in the nonlinear terms. Every block is now one tensor which
is going to be a physical scalar field when the spectral action principle is applied.
So nonlinear fluctuations promote all the degrees of freedom to tensors, while the
linear ones do that only partially.

The Higgses in this block are in (15 + 1,2, 2)495 representation. However if we
choose D = ME6K . then

Dayy = Z 5.
!

Which leads to a (1,2,2) Higgs. The process could be repeated for Ay instead
of Ay and DiF = §¢NF also will admit only linear corrections. It leads to
(15 4+ 1,2,2)490 Higgses. Elimination of the nonlinear fluctuations for this block
is therefore nothing but splitting the Higgses to belong to representations of only
one of the gauge groups. This is something however that can only be legitimate if
happens through an acceptable spontaneous symmetry breaking process. For this
block this would be a forbidden symmetry breaking. Put another way, even if at the
classical level we start with the block which has suitable zeros and later on quantum

fluctuations, for example, create those entries, there will be no satisfactory way to

go from (15,2,2) to (15,1,1).
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If now one promotes f to a field, it seems like a double Higgs which includes
the standard model Higgs. However the only part of this block which could do
that was its trace of the four-color indices. Instead, starting with D = D@5 we
have actually four different fields on diagonal of the general Higgs associated with
this block. Two of them are inside (8,2, 2)322 which cannot survive to low energies.
This was the only block which could produce standard model Higgs, and killing
nonlinear fluctuations has ruined the possibility of having a proper Higgs. Thus,
by turning off some components of the Dirac operator in each block we might get
Higgses which only carry some quantum numbers of those blocks, but we should
be careful to not trust nonrealistic representations. Elimination of the entire of a
block, or making the whole Higgs content of it massive, can be managed easier to
be backed by a symmetry breaking process and does not lead to unrealistic scalars.

Turning off nonlinear fluctuations of the blocks on the offdiagonal sector is
possible only if the entire block is zero. This is because again either Ay or A(l)

should vanish, but for example

Al =3 (X(fWi? — XSY£15J'1> MK N (3.15)

al

which cannot be zero if this block is not entirely zero. But this block is needed
because of the singlet in it which gives Majorana mass to the sterile neutrino and
brings the Higgs mass down to the observed value |20, 44, |26, 45]. These do not
require the singlet to survive to low energies.

One other way is to find what subalgebra can have a nonzero block in the
offdiagonal sector. The maximal subalgebra with this property is [31] the standard
model subalgebra introduced in the introduction. We can then require the first
order condition, equivalently elimination of the nonlinear fluctuations, and break
the symmetry at the algebraic level. This means we have assumed there is a
proper Higgs mechanism which keeps renormalizability intact. Also, all the extra

Higgses have presumably gained heavy masses. However since the scalar potential
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is dictated by the spectral principle, as we will see in the next section, such breaking
scenario is not for granted and it is preferable to start with the unified theory and

study the symmetry breaking possibilities.

3.2 Spectral Pati-Salam Model

According to the previous section, the following is the most general Dirac op-
erator starting with the generic operator in (3.7) for the discrete space with no

preconditions imposed on it.

V. S Y Harex 0
5l y 0 SE.
Dy = T YR o e/ (3.16)
’ySHdLCK 0 WL 75235
0 75 HdLéK 752% WR

Next is to derive the scalar potential from spectral principle to look for possi-
bilities of symmetry breaking. Follow the usual procedure |4, |31} 33|, one reads the
potential from the second and fourth terms in the expansion of the Heat Kernel
of the Dirac operator. This is the expansion of the sum over spectrum of Dirac
operator with respect to a cutoff energy. To start, we need to form the square of

the Dirac operator and read connections from it

D% =V,V'+ A"V, + B. (3.17)
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Components of B are

B = pal =52 + [g? (3.18)
B = Byl = %2+ [I?
Byj =—"Y%, VYE=VY.5-XVs By =B

B =-y"Vs, BYL =B

Bamg = —75Y7H7 WH = WLH - HY}L;

By = —75Y7H7 WH = VRH - HY_737

Bipy=XH + HY,

B,;=XH+ HY

BaIbJ

D albJ D, albJ D, albJ >,
BaIbJ7 B Ba]ij B = BaIbJa B = B(’z[b.]-

Now, trace of B shows the invariants of the second order in D spectrum and
trace of B? presents terms of the fourth order.
Tr(B) = 2T (222 +H? HQ) (3.19)
Tr(B) = 2Tr (25 + H' + 1*)
+ 8T (22 (H2 + H2)>
+ ATy (2ﬁEHS + h.c.>
+ 277 (2V, SV + V, IV H + VIV,
After normalizing the kinetic terms, the potential is
1 .
V= —§M2 (22 v H? 4 H2> (3.20)
+ g2Tr oxt + HY + H4>

4 24T ( SPH? 4+ SPH? 4 (HEHE + h.c.)> .
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This is the model introduced in [33]. Irreducible representations of these fields
with respect to (4C,2L,2R) are

¥ =(15,2,2) + (1,2,2), (3.21)

H=(10,3,1)+(6,1,1), H = (10,1,3) + (6,1, 1).

The (1,2, 2) which is the trace of ¥ is the only field which can contain the standard
model Higgs. After breaking of the four-color, other scalars will pop up with the
same quantum numbers, however they just couple with either quarks or leptons or
do not couple with fermions at all. It is also notable that there is not any mark
left from quaternionic nature of the right and left algebras in the Higgs sector
for a generic original Dirac operator because there are always enough degrees of
freedom left to build the generic fields. Therefore this is also the Higgs content of
the algebra My(C) & My(C) & M, (C).

There are only two constants here which have originated from the cutoff func-
tion in the trace of Dirac operator. one can add Yukawa couplings to the picture
by the direct product of our Dirac operator with a three dimensional discrete
space of families, yet we can always choose the gauge eigenstates rather than mass
eigenstates to explore symmetry breaking. In addition, adding Yukawa couplings
in noncommutative geometry approach is a way to produce coupling constants in
the scalar sector. Yukawa couplings get absorbed into the fields in kinetic terms
and, therefore, reappear in the quartic terms. However these couplings are not
free parameters and at unification scale there are relations between them and with
the unified gauge coupling g |20 45|. Therefore we don’t expect them to change
the picture.

Since the potential in is not the most general quartic potential and
lacks terms such as (T'r(®?))? and Tr(®*)Tr(x?), there is an appealing need to
check whether the scalar potential is actually able to break symmetry properly.

In general, the spectral action passes the first test by providing opposite signs
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for the quadratic and quartic terms [6]. Still one should be careful that this is
the accidental symmetry of the Higgs sector and its vacuum which has to offer
the correct number of massless bosons. Another aspect of , which is quite
general due to the Gilkey’s formula for heat kernel expansion (|4]), is that all the
Higgses have the same negative square term at high energies prior to the breaking,
yet the quartic part does not have all the possible terms. Therefore one needs to

make sure of the signature of the massive Higgses after the breaking.

3.2.1 Symmetry Breaking

In noncommutative approach, unlike usual grand unified models, our hands are not
open to choose scalars and customize symmetry breaking along with fermionic mass
spectrum. The Higgses and their representations are prescribed by the algebra in
the spectral triple and the form of scalar-scalar interactions is dictated by the
spectral action principle. This is thought of as the privilege of the theory and is
also the exact reason that it is highly restrictive and predictive.

With the above scalars, the only possible scenario is to break SU(4) and SUg(2)
groups at once using the neutral element of H. After the breaking, the 36 degrees

of freedom in H appear as the following scalars.

(10,3,1) 42 =673 + 65 + 635 +35 +37 3 +37 3 +10+1" 417", (3.22)

1 __1
(6, 1, 1)422 - 32 + 3A3'

On the right hand sides, 3 stands for color triplet, when 3 and 6 are for anti-
symmetric and symmetric 3 X 3 representations respectively. Superscripts are the
electric charges. The 3 fields are leptoquarks leading to AL = AB = 1 processes,
while the 34 and 6 fields are diquarks leading to AB = 2 (figure [3.1). In [42], the
role of 34 as the diquark candidate responsible for the observed B-decay anomalies

is discussed and it is noted that this field does not couple with diquarks and does
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not lead to proton decay processes. Unification of the gauge couplings and the
intermediate scale are also addressed in [43] and [46]. Here we want to carefully
study the potential and its breaking.

Fields in X can be written with respect to the standard model quantum numbers

as well:
o\ (s ¢\ (¢ SANNES
(15,2,2)490 = + + + + , | T 5
8~ 1 8° 1 X1/, X2 1 373 1 37s 1
2 2 2 2 2 2
(3.23)
3 3
+ + ,
31) 0 \a)
2 2
0 +
(17 27 2)422 = gbi + Z
¢1 1 ¢2

N

2
These are left doublets with the noted hypercharges. Fine tuning is required since
uncolored elements in trace of X, presented by ¢, will have to survive to low
energies to make a double Higgs effective action while the colored ones have to
gain high masses. We see in the next section that the Higgs sector of the model is
proton decay free at the tree level which suggests the tuning might not be severe,
yet these scalars couple with fermions and that can put serious restrictions on the
intermediate scale. The field y is just like standard model Higgs, but only interacts
with the leptons.

To have a proper breaking to the standard model, the potential in and
its vacuum need to satisfy the following expectations at the tree level. One of the
components of the complex field 1° needs to get a VEV and break (4C,2R,2L)
directly to (3C,2L,1Y"). At the same time, it will be providing Majorana mass for
the sterile neutrino due to its Yukawa interaction. The other component of 1° along

with two components of 1~ have correct quantum numbers to be GGoldstone bosons

63



needed for breaking SUx(2). The six degrees of freedom in the color triplet 35 and
its conjugate should also come massless to play the role of Goldstone bosons for
making the six unwanted Higgs fields in SU(4) massive. Moreover, the potential
has to provide positive masses proportional to the unification scale for all the other
components of H and ¥ since they all are colored or charged and also have Yukawa
interactions with the fermions. With the above Higgs content, this scenario is the
only possibility to break symmetry to the standard model group which must be
implemented automatically by the scalar potential. Specifically, here one cannot
break the right and color symmetries at different scales.

Since H does not acquire a VEV, to study the symmetry breaking of the
potential in , we concentrate only on H and . After normalizing the kinetic
terms, in terms of particles in (3.22)), quadratic and quartic parts are

1
—5 M2 (167 P63 163 2+ 137 3T PSS PP P (3.24)

+ |34+ 344 52)
12 04 ——4 4 -4 —314 241—14 1—4
+19 2117211 P23 1T 373 T35 +2|3 5 +2|3A\

/3

1. 2
+4|10|2(\1—|2+y3%|2+13A|2+§|3—5|2+7(3A3§ - h.c.)> + ...

Handy calculation shows that this potential can provide needed massless Gold-
stones. However components of 34 will also appear as six unwanted massless
bosons and the rest of scalars will acquire negative masses which means this is
a local maximum. To explore a little further, one can easily see that the more

general case of
1 9 . 1 . 2 1 - . 2
—§M Tr(HH) + Z/\lTr(|HH| )+ Z)\QTTOHHD , (3.25)

does not work either. The leptoquarks 35 in the symmetric part with /r = 1 and
34 in the antisymmetric part with [ = 0 have always the same masses. This

is because the underlying group theory causes them to interact with |1°]* in the

64



exact same way. Therefore symmetry of the vacuum is bigger than what is needed
and any useful vacuum leads to pseudo-Goldstone bosons. Since it is an effect of
the accidental symmetry in the Higgs sector, one can easily accept that these fields
acquire masses at higher loop orders. However these should not be high masses
and that is problematic since these scalars couple with the fermions plus being
charged and colored. If there was a freedom to choose the coefficients, by either
0 < —=2X\ < Xyor0 <2\ < —\; one could get rid of negative masses and arrange
a suitable local minimum (refer to [47] for more).

The other scalar, ¥, evidently cannot improve the situation since it is not
allowed to have expectation values at high scales. The spectral action mixes X
with H which is favorable to make the unwanted scalars massive, but there is a
need for fine tuning which is hard to arrange especially if the first breaking cannot
happen safely in reasonably low energies. In the literature, the Higgs sector of
Pati-Salam is usually thought of as the remnants of 126 and 120 or 45 of SO(10).
The last two ones have a (15, 1,1) in them and the 126 has a (10, 3,1). So breaking
of the right symmetry and the four-color can happen independently [48, |49. |50,
51L, 152, 53].

Hence, lack of terms such as (Tr(H?))? and Tr(H?)Tr(X?) is preventing the
potential to have a suitable vacuum. More importantly, current settings of the
noncommutative geometry approach cannot offer Higgses in the adjoint represen-
tation |54] and that is problematic for symmetry breaking procedure as we saw
here and was seen in [55]. As was noted in section [3.1.1] it is possible to eliminate
Dirac operator elements on offdiagonal blocks in order to have adjoint Higgses.
However, these would be remnants of forbidden symmetry breakings. Even if the
breaking itself was legal, it should be backed by spectral action and not be done in
the algebraic level. Obviously, once the most general form of Pati-Salam model is

obtained, the only reliable scenario to go down to the standard model is a proper
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symmetry breaking scenarios. Otherwise, the renormalizability of the model in

jeopardy and survived Higgses are not trustable.

3.2.2 fermion masses

Dirac operator in (3.16]) leads to the following Yukawa interaction terms

Ly = gypX¢r + Q%Z’_ng/JR + QQ/J_gH@/JL + h.c. . (3.26)

H only transforms right-handed particles to right-handed antiparticles while X
transforms right (left) handed particles to left (right) handed particles.

Each one of ¢ and yx in provides different Dirac masses for fermions
with isospin % and —% by admitting two independent VEVs. However y only
couples with the leptons while y couples with all the fermions. Neutrino has
seesaw mechanism of type one. If H also exists, active neutrino gets a Majorana
mass as well and seesaw mechanism of type two happens naturally for the neutrino.

With four independent VEVs and Majorana masses for the neutrinos, there
is enough freedom and the model basically does not have predictions for fermion
masses. It is also interesting that in the offdiagonal part of generic Dirac operator,
naturally a colorless double Higgs arises which gives masses to all the particles.
A restriction however emerges when the quartic part of potential is not able to
provide high masses for the components of 8 in Y, which is just like what happens
for the 6 in H. Through ¥4, only x can give a mass term to the 8 which will
inevitably be from the same order of quarks masses. Therefore ¥ will come with
an overall negative mass term. The problem is originating from tight restrictions
of two parts of the action. The bosonic part which does not possess all the possible
quartic terms due to the spectral action principle, and the fermionic part which

couples all the scalars to fermions.

This model basically predicts Yukawa and gauge couplings to be equal to the
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unified gauge coupling at unification. They of course will run differently. Even if
we implement a procedure to produce Yukawas as 3 by 3 matrices and find some
room for maneuver, the scalar couplings will not be independent of Yukawas and
the g. These two originate from constants in the Dirac operator of the discrete
space and the cutoff function in the spectral action which are the only sources to
produce couplings in noncommutative geometry approach. The scalar couplings
therefore are expected to be from the same order of these couplings at unification.
It is seen that the relation between these couplings are consistent with particle
masses at low energies |20, 45]. Therefore from any aspect, it is inevitable to try

to find a way for entering new fields into the picture.

3.3 Proton Decay

Another interesting test for the potential suggested by the spectral action principle
for the Pati-Salam model is to look for proton decay diagrams. The importance
of this task in general is to see whether we can safely bring the intermediate
breaking mass scale down. This could add to this model the privilege of needing
a less severe fine tuning and also can have phenomenological implications for the
achievable energies at LHC [46]. Another encouraging fact is that noncommutative
geometry approach tries to yield an effective theory at the unification scale and
proton decay is one of the few probes available to examine a theory which is written
at those high energies with our current experimental abilities.

In this section, we first do a general analysis of the possible proton decay
diagrams with the Yukawa interactions of . Then we look for the needed
vertexes of Higgs interactions in the potential. It is enough to look for vertices
originating from H? and H* because ¥ does not lead to diquarks or leptoquarks

and H has the same exact Yukawa terms for left-handed fermions as H has for
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Figure 3.1: Diquark and leptoquark diagrams. 1, is a combination of 373 and 34

and 1) is a combination of 34 and 65.

right-handed ones. This feature originates from grading of the algebra and left-
right symmetry because each one of the left and right-handed particles has a Higgs
field to produce flavor violating diagrams. In contrast, what happens in the SU(5)
unified theory is that the same extra gauge fields couple with different chiralities.

If the proton decay diagrams are allowed by potential at tree level, then one
should make sure all the elements which are involved get indeed a mass at high
enough scales. Then we should also be worried since H cannot admit VEV and
doesn’t couple with H in a way to gain a high mass from it. However, it becomes
clear in the following that the needed order six and order nine operators cannot
form by vertexes that the potential provides.

It is evident that the extra gauge fields in this model cannot cause proton
decay on their own because diquark vertices do not exist. This roots in the fact
that in noncommutative approach all particles sit in the ordinary, rather than
ordinary and conjugate, fundamental representations (similar to SO(10) and usual
Pati-Salam unified models). Yet the Yukawa terms in suggest that diquark
scalars exist. We saw in that I alone could not break the symmetry. If that
was the case, three fields in 375 and their conjugates would have been eaten by
gauge bosons and disappeared from Lagrangian. Now however one part of each
remains as a Higgs field. We are interested to see whether the Higgs fields can

cause proton decay at tree level or not. With the particle content in (3.22)) and
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their dangerous diagrams in figure [3.1] we witness that only following vertexes can

cause proton decay diagrams with up to dimension nine operators.

win

Uiihy, 37363, 3367, (3.27)
U35, datp63, 3333375, 6367567,

Here 1) is a combination of 34 and 373, Also 15 is a combination of 65 and 34.

Obviously all the terms in H* are from order four, so we seek for the above
terms coupled with one or two 1°. This field admits a VEV and dimension of
diagrams remain intact. However such terms are absent in the potential. All the
terms in H are presented in appendix For the relevant dimension six operators
we read from ((3.29))

V2

1
1% (I3§|2+|3A\2+§|3‘§|2+7(3A3§ + h.c.)) ,

which can only lead to pion decay. The followings are all of the possible dimension
nine vertexes. None of these is in the above form and they do not lead to proton

decay.
10(3—%6%3—% +3736535 + 3363375 4+ 3567333 (3.28)

3476733, +2(3753434%) + 37334347 + h.c.)

3.4 Conclusion

In this note we considered relaxation of the first order condition and worked on
nonlinear fluctuations found in [40] to show that the nonlinear fluctuations swipe
all the marks of the linear fluctuations and no trace of them remains in physical
fields. The structure of algebra divides Dirac operator to blocks and nonlinear

fluctuations provide all the degrees of freedom for each block and the result is a
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scalar field with all the indices of that block promoted to tensorial indices. Linear
fluctuations do this only partially and promote only two out of four indices to
tensorial indices. Neglecting the nonlinear effects produces Higgses which are in
nonrealistic representations. It is also discussed that any precondition on the
original discrete Dirac operator which kills nonlinear fluctuations, even for one
block of the Dirac operator, lead to unphysical results by implying not acceptable
symmetry breaking scenarios.

When the spectral action is used to go beyond the standard model, clearly, the
challenge is that the spectral potential has to be able to support a suitable sym-
metry breaking scenario. With the current settings of noncommutative geometry
approach it is not possible to arrange an acceptable scenario as it is seen here and
in reference [55]. The model especially lacks the presence of Higgses in the adjoint
representation and Higgses which decouple with the fermions in the action. Both
of these are automatically true for Higgses on diagonal blocks of diagonal sectors
in [3.16] However, the algebra is even graded and odd parts of the Dirac operator
cannot coexist with its even parts. The only exception is to have a nonzero di-
agonal singlet. This couples with all the Higgses and might be able to provide a
suitable minimum and solve the problem of negative mass terms in section [3.2.1]
Another way might be to expand the geometry to include a product space exactly
like the even discrete space, but with an odd grading which will be able to provide
all the adjoint Higgses on diagonal of its Dirac operator. It is an important fact
that spectral potential is in a way that no Higgs can break the symmetry alone
even if it is in the adjoint of the four-color and the right symmetries. Therefore
all the Higgses on diagonal blocks would be needed to break the symmetry in a
complicated form.

In the last section, we saw that the offdiagonal Higgses which violate baryonic

and leptonic numbers in their Yukawa interactions do not lead to proton decay at
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tree level up to nine dimensional operators, despite the presence of the dangerous
leptoquark and diquark vertexes. To see this, we indicated the scalar vertexes

needed to cause proton decay and witnessed that they are absent in the potential.

3.5 Further discussions

The standard model is an effective model which is established by matching some
different sectors delicately. Its scalar sector plays an important role by affecting
all the other sectors in a way or another. Although at some points in the past
other ideas such as dynamic symmetry breaking were also popular, after the Higgs
discovery at LHC in 2012, there is more or less no hope to glue all of these parts
in a way other than having such scalars. Still, there is some ambiguity in the
Yukawa sector along with the fine tuning problem and the hierarchy of the Higgs
mass which seem to be challenging our trust in the standard model.

If one looks at the standard model as an effective model, one needs to build a
model which contains it and is more elegant. The real challenge is then to compre-
hend how a theory can be more elegant and yet complex enough to accommodate
different parts of this model with their delicacy and with all the accurate tunings.

The project of noncommutative geometry approach to the standard model is
based on the idea to expand the notion of Riemannian space and Dirac operator
in order to find geometrical origins for the gauge fields. The potential of the gauge
sector appears in the spectrum as the geometrical invariants of the generalized
geometry. Amazingly, scalar fields, their mutual and self interactions, and their
interactions with fermions come forth as a bonus. This is the best opportunity to
try having a unified picture at the classical level.

It is the aim of this dissertation to explore some phenomenological aspects of

the scalar sector for currently available models based on noncommutative geome-
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try. We started with the spectral standard model and showed its scalar sector is
reliable despite the tight relations between the couplings at the unification scale.
These relations imply that scalar couplings are not free parameters at the uni-
fication scale. At the same time, the Yukawa coupling of the neutrino exists in
the model and gives enough freedom to find a window in the free parameters to
match the particle masses at low energies with their experimental values. These
free parameters basically are the unified gauge coupling, the Yukawa couplings,
and the unification scale. This part of the thesis is based on the paper [45]. The
rest of the thesis is based on [56].

There are two problems, however, which make the need to go beyond this model
inevitable. First, the model is not consistent with the experimental values for the
gauge couplings at low energies. This is totally expected since it is effectively a
singlet extended standard model which has no intermediate scale. Second, the
algebraic conditions which kill extra Higgses and break the symmetries to reach
to the spectral standard model are not backed with proper and clear symmetry
breaking processes.

We choose the spectral Pati-Salam model suggested in [33] as the reliable be-
yond standard model based on noncommutative geometry because the first order
condition is not imposed to obtain this model. Therefore, as the second part of
this thesis, we explored the implications of the spectral action principle on the
scalar sector of this model. Tt turned out that the model lacks proper Higgses to
break the symmetry properly. Since all the Higgses which are consistent with the
usual settings of the noncommutative geometry approach exist in this model, one
reaches to the conclusion that new ways must be invented to generate new scalars.
More specifically, the model lacks fields which are in the adjoint representation
of the gauge groups. These Higgses live naturally on the diagonal blocks of the

Dirac operator and their very favorable feature is that they naturally decouple
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from the fermions in the action. This seems should be the next natural step to
find a consistent way to enter such Higgses to the picture.

The other fact about the scalar sector is that its potential is very specific and
does not contain all the possible quartic terms. This highly restrictive nature of
the spectral action principle reveals itself for Higgses which are in higher order
representations, instead of the fundamental representations, of the gauge symme-
tries. We showed in chapter 3| that this restrictive nature works in our favor as it
comes to the proton decay possibilities by not allowing for the dangerous vertices
to combine.

Yet, the spectral action is in a way that it does not allow any single Higgs field
of higher representations to break a higher symmetry on its own. This is correct
even if we had adjoint Higgses. The main reason for this phenomenon is that the
spectral scalar potential lacks terms which are quadratic with respect to the traces
of scalars.

Altogether, we need to find a way to enter new suitable scalar fields into the
picture and hope that they can break the symmetry together and their vacuum
expectation values give us some room for maneuver to have suitable intermediate

scale(s).

3.6 Terms in H with respect to standard model
representations

Here we present all terms in H* which is the only part of the potential with
diquarks and leptoquarks. Similar terms exist in the H*. Terms are normalized

so that the kinetic terms be in canonical form.
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. 1
H* = |1°|4+\1”|4+§\1*|4+2|1*12(|1°|2+|1”12) (3.29)
4 (1+)210177 + (17)210*1++
2 1 1 2 1
+ 2|19 (y3s|2+y3A\2+§\3s|2+*/7_(3A33 + h.c.))
172 (183 P+21342+1373 P33 )
1 1 4 2 1
+ 21172 <|3Ay2+§\33\2+|33 |2—§(3A3s + h.c.)>
F (110 4 171 (3—%3—% 435373 4 v/2(3,7375 + 3—%3A)>

SR a3
+ (183+137312) +2 (3928337 + e
+ 3473 (33437 4 3HR)

+ % (3733434737 +313,30°37% +333,3,7375)

+ (3783430780 + 3384347370 1 333,338 + 345434734 )

V2 (3*%3A3A*10 393,341 + 35343471 + h.c.>

ATy (3*.6.6*.3 4 3476.6*34 + ((6°34).(¢3%¢34)
4 (3.6)34734 + 347€.3.3.6 — 3°.6.6".¢34 + h.c.)>
+ ]3A\4+Tr(\6*.6|2+23_A*6.6*3A +2(6%.6)(3%3.4)
4 (6°34.66%€3 4 — 26".6.6%.¢ + h.c.))
V2 (3*%3A3A*10 4 353,3,° 17 +383,3,°1 + h.c.)
+ (3,4*6—%3,4*10 + 345633471 +347633,7 17 + h.c.)

2

_2 _2 11 1.1 2 1. _2_1 0
3-% 43736337 4+ 35653% 4 336 333+h.c.>1
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Appendix A

Computational Tools

SARAH

SARAH is a package under the software Mathematica. Many of the usual notions
of a beyond standard model such as gauge groups, gauge fields, fermionic fields,
scalars, vacuum expectation values and so on are known for this package. It also
knows many of the representations of various useful groups and is able to, for
example, multiply fields with correct rules. Once one learns the simple language
of this package, by implementing a model in it one can benefit from many nice
features especially because it is able to do some loop calculations.

Once a model is introduced, SARA can calculate two loop renormalization
group equations for all the couplings and parameters of the model. It is also
able to do straightforward but messy things such as defining all the vertices, mass
matrices, and tadpoles equations. Moreover, one-loop corrections for tadpoles and
self-energies will be derived.

SARAH also helps a lot by providing input files for many other packages in high
energy physics such as FeynArts, CalcHep/CompHep, MicrOmegas, MadGraph
5, WHIZARD, OMEGA, SPheno. We will see in the next section how one can

benefit from files that this package creates to explore phenomenological features
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of the model using Vevacious.

For a large number of beyond standard models, model files for SARAH already
exist and one can explore different aspects or manipulate the models to investigate
more. Finally, it produces latex and PDF output files which can save time for later
use.

Here we illustrate how the complex singlet extended standard model of chapter
[2]is implemented in the package and how one can obtain the renormalization group
equations that we used in the same chapter. To start we need to define different

pieces of the model in a model file with the format ".m".

There are few logical
steps. First is to define local and global symmetries. In our simple model, there

are only standard model gauge symmetries. This can be easily done by

Gauge|[[1]]={B, U[1l], hypercharge, gl,False};
Gauge[[2]]={WB, SU[2], left, g2,True};
Gauge[[3]]1={G, SU[3], color, g3,False};

Gauge symmetries and associated coupling constants are introduced. The
"true" for left symmetry shows that we explicitly introduce different components of
fields under this symmetry and SARAH expands field multiplications with respect
to the indices for this group.

Next is to define different fields. This is done by indicating the type of each field
and its quantum numbers under defined symmetries. For fermions, the number
of generations should also be mentioned. If one needs, Yukawa couplings can be

defined later as matrices.
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FermionFields|[[1]] = {q, 3, {uL, dL}, 1/6; 2, 3}
FermionFields[[2]] = {1, 3, {vL, elL}, -1/2, 2, 1};
FermionFields[[3]] = {d, 3, conj[dR], 1/3, 1, =3};
FermionFields [ [4]] = {u, 3, conj[uR], -2/3, 1, -3};
FermionFields[ [5]] = {e, 3, COH][ER\ 1, 1y ALs
FermionFields[[6]] = {v, 3, conj[VR 0; 1, 1}
ScalarFields[[1]] = {H, 1, {Hp,He}, 1725 2; 1}3
ScalarFields[[2]] = {S, 1, ss, e;1 5 13
ScalarFields[[2]] = {TT, 1, ttt, 0,1 ;, 1};

RealScalars = {ss};
RealScalars = {ttt};

In the last line, scalar fields are emphasized to be real. Instead of a single
complex field in this simple case, we have used two real scalars. As mentioned,
fields which are in fundamental representation of left symmetry are defined by
their components. Right-handed particles are defined by their left-handed charge
conjugate counterparts so to have only left-handed fields. These are therefore in
conjugate representation, indicated by —3, instead of fundamental representation.
Right-handed neutrino is also defined as the sixth fermion fields. Its Yukawa
coupling plays an important role at unification scale as we saw in chapter

Next step is to define different states of the model with respect to symmetry
breaking. At the beginning the model is in the gauge state indicated by GaugeES.
The Lagrangian is defined for this state in different pieces and it is emphasized

whether hermitian conjugate should be added to each part or not.
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NameOfStates={GaugeES, EWSB};

DEFINITION |GaugeES] [LagrangianInput]= {
{LagYuk, {AddHC->True}},
{Lagsh, {AddHC->False}},
{LagHmass, {AddHC->False} }

For this simple model, there is only one more step which is the electroweak
symmetry breaking and there is no need to change the default.

While the gauge symmetries and fields with their quantum numbers are intro-
duced in the previous steps, the package is already aware of all the kinetic terms
in the Lagrangian. The only pieces which have to be introduced now are scalar
potential and Yukawa terms. Implementing a model like this has this pedagogical
benefit that one notices how much of a model is arbitrary and must be defined and
what parts are automatic in any field theory. Representations, parameters, and
scalar sector have to be defined. In noncommutative geometry approach however,
the scalar sector is dictated by spectral action and naturally one can expect that

a program could take much less impute for models under that category.

LagHmass = ( mH2 conj[H].H + mS2 S.S + mT2 TT.TT + mv v v
Lagsh = ~ ( 18S S:8.5:8 4+ lss FT.TT.TT.TT 4 1ss:S.S.TT.TT
+ 1lh conj[H].H.conj[H].H + 2 1sh conj[H].H.S.S
¢ 2. lish conj[B] -H-TT.TT )i
LagYuk = + Yu H.u.q + Yv H.v.1);

The dot between fields is important and SARAH already knows how to multiply
these fields based on their representations. The last line is for Yukawa interactions.
All the couplings are free parameters of the model and are defined in a separate file
called "parameters.m". For noncommutative geometry version, there are relations

between these parameters at unification scale which are usually applied as initial
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conditions when the parameters are renormalized and run with respect to energy
scales.

After these, we naturally come to the symmetry breaking and need to indicate
which fields admit vacuum expectation values and how the gauge sector changes
after spontaneous symmetry breaking happens. Naturally only W and Z bosons

appear in our simple extension and there is no need to change the default.

DEFINITION [EWSB] [GaugeSector]| =

{
{{VB,VWB[3]},({VP,VZ},7Z},
{{VWB[1],VWB[2]},{VWp,con]j[VWp]},ZW}

J 2

For each scalar in the following lines, the first pair shows the vacuum expecta-
tion value and its coefficient (for simplicity), and the other two show names of the

real and imaginary parts and their coefficients.

DEFINITION [EWSB] [VEVs] =

{ {H8, {VEV, 1/Sqrt[2]}, {Ah, I/Sqrt[2]},{hh, 1/Sqrt[2]}},
Iss; 4s0,1/5qgrt[2]}, {0,08], {ssss,l/Sqrt[2]}} ,
{EEE,, §£0,1/5qrE[2]}, {0,8}, {tttt,1/Sqrt[2]}}

The last step is to indicate names for scalars which mix together, and also for
fermionic mass eigenstates which are clear and one rarely needs to change them so
there is no need to explain them further. There are also two more files which have
information about the parameters and particles. One use of these files is for when
we want to create an output file by SARAH and use it as an input file in another
package for example for numerical purposes.

We have basically implemented our model in SARAH. To get benefits now,
one needs to call the package and the model file in a Mathematica notebook

file and use SARAH commands. For example, the command "CalcRGEs| |"
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finds renormalization group equations for all the parameters and couplings to two
loop order. If the model is complicated or one is not interested in two loop or-
der, "CalcRGEs[TwoLoop -> False]" calculates the equations to one loop order.
Another interesting aspect of SARAH is that it also recognizes supersymmetric
fields and susy models can be easily implemented in it as well. One can refer to

https://sarah.hepforge.org for more about the package and its benefits.

VEVACIOUS

Here we just briefly introduce one more aspect of this package that we have tried
for the complex extended model of chapter The goal is to use Vevacious, an
under Linux package, to find transitional time from a local minimum to the deeper

minimum next to it. SARAH provides three input files to be used for this purpose.
1. Tree level todpole equations which are in the format required by HOM4PS2.

2. A SPheno file which has the parameters of the model in SLHA format. This is
a file which of course could be written by user but would take time and effort.
SARAH can provide it and this reduces the chance of errors. This is done
by the command "MakeSPeno[ |" in SARAH which produces a folder named
SPheno. Copying this folder in SPheno directory and running the command
"sodu make model=folder name", produces SPhenoModelName file in the
bin directory of the package. Now running this file in any directory will

produce "SPeno.spc.ModelName" in that directory.
One needs now to use these two files as inputs for HOM4PS2 to find the tree

level extrema and produce an input file for iminuit.

3. SARAH calculates one loop effective potential and stores it in a file with
"vin" format which can be used by iminuit. This file is generated by the

command "MakeVevacious| |" with the name of "ModelName.vin".
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Now, iminuit, a strong Python interface, uses these two files as inputs. One
is produced by HOM4PS2 which tells were the tree level extrema are, the
other is produced by SARAH and shows how the potential is changed by the
loop effects. It then finds both one loop corrections for the minima and the

global minima.

Next steps are done by VEVACIOUS automatically. It uses the files produced
in the previous steps as well as CosmoTransitions package to calculate the
transitional time from the local minimum to the global minimum. The will

be stored in an output file named as ModelName.vout.

For more information refer to https://vevacious.hepforge.org and reference

7.
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