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AN ABSTRACT OF THE THESIS OF

Mario Abdo Karam for Master of Engineering
Major: Engineering Management

Title: An integrated single-vendor multi-buyer production inventory model based on the
consignment stock case with cross-shipments between buyers

Vendor managed inventory (VMI) is an approach used by several companies to
monitor and control stocks of products. In this paper, we investigate how the
Consignment Stock (CS), a particular VMI policy, may exemplify a successful strategy
for both buyers and supplier. CS suppresses the vendor’s inventory and uses the buyers’
warehouses to stock its products. This paper considers the problem of one vendor with
multiple buyers collaborating under VMI with a consignment stock policy with the
possibility of cross-shipments between buyers and considering the inventory and
shipment storage capacities. We consider transshipment between buyers as a tool to
decrease the total cost faced by the vendor and buyers. Numerical results are also
presented to illustrate it and discuss its importance. The cost function is shown to be
jointly convex in the shipment sizes between the vendors and between the supplier and
the vendors. The number of shipments between suppliers and vendors can then be found
via a proposed genetic algorithm.
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CHAPTER |

INTRODUCTION

Companies typically engage in certain supply agreements that would enable
them to strengthen their inventory policies. A vertical relationship between a company
and its suppliers is key to a profitable supply chain. Collaboration, preferably a strong
one, between them is fundamental in a competitive market. Researchers have been
focusing on different inventory models, some of which include considering different
coordination mechanisms and supply chain structures. Giimiis, Jewkes, and Bookbinder
(2008) inspected three business scenarios: retailer-managed inventory (RMI),
consignment inventory, and vendor-managed inventory with consignment stock (VMI-
CS), where the supplier makes several deliveries in a production cycle. They
recommend that VMI-CS would generate higher cost savings than the other two
situations. The VMI-CS policy has been shown to be a successful coordination strategy.
The supplier (thereby referred to as vendor) will continually supply the buyers with
stock between a minimum and maximum level, ensuring that no stock-outs occur. The
vendor stocks its products at the buyers’ warehouses. The companies (thereby referred
to as buyers) may use from these stocks to satisfy their needs. The buyers pay the
vendor only for the items withdrawn from stock, and hence the vendor has information
on the trends in buyers’ needs. For a review of different coordination mechanisms in
supply chains with one or more entities at each level, we suggest the work of Glock

(2012) and Govindan (2013).

The single-vendor multi-buyer problem has been targeted before. The work of

Lal and Staelin (1984) who considered a quantity discount schedule for the case of one



vendor facing groups of similar purchasers has some shortcomings, one of which is that
customers belong to a homogeneous group and increase their order size simultaneously.
Joglekar (1988) argued that, in reality, if this happens, the vendor's production may
have to be increased substantially, which will not only impact the revenue stream, as
Lal and Staelin (1984) claimed, but also the manufacturing cost stream. The net effect,
in Joglekar (1988)'s opinion, is likely to be far smaller than that estimated by Lal and
Staelin (1984). Banerjee and Banerjee (1994) considered the case of stochastic demand
in the development of the model for coordinated inventory control between the single
vendor and multiple buyers. An electronic data interchange (EDI) was considered to be
the real-life link between the parties which allows the supplier to monitor the
consumption and send materials to the buyers according to the pre-determined policy.
Lu (1995) claimed that it is difficult to estimate the buyers’ holding and ordering costs.
The objective of the model he developed is to minimize the vendor’s annual total cost
subject to constraints that limit buyers incurred costs. Viswanathan and Piplani (2001)
considered a supply chain consisting of a vendor and multiple buyers. They showed that
coordination using common replenishment periods is profitable. Nevertheless, their
model was missing the inventory cost of the vendor. Woo, Hsu, and Wu (2001) revised
the work of Banerjee (1986a, 1986b) and considered an integrated inventory with a
single shipment, where a cycle approach was adopted to minimize the joint cost of the
vendor and the buyers, while Boyaci1 and Gallego (2002) assumed a deterministic and
price-dependent demand and showed that the optimal policy occurs for a consignment
stock agreement. Siajadi, lbrahim, and Lochert (2006) modified the work of Banerjee
and Banerjee (1994) for multiple shipments and showed it to be profitable. Kim, Hong,

and Chang (2006) extended the structure and complexity of the models discussed here.



They added a supplier to the chain that supplies the manufacturer (vendor) with raw
materials to produce multiple products. The vendor uses lumpy deliveries when
shipping products to buyers. They developed a heuristic to solve the problem. The
results the heuristic produced contained a high error for large lots, long production setup

times, and high variation in products' setup times.

Zavanella and Zanoni (2009) developed an analytical model for a single-
vendor multi-buyer integrated production under the consignment case. They considered
one product with deterministic demand and equal batches. They used the joint optimum
and sequential solution to get the required replenishment policy to minimize the total
cost per cycle for the system. They compared both approaches and found that using the
joint optimum and not the sequential solution gives a positive economic impact for the
buyers and a negative one for the vendor. Hoque (2008) extended the work of R. M.
Hill (1999) and R. Hill and Omar (2006) that targeted single-vendor single-buyer
problem. Hoque developed three models for a single-vendor multi-buyer case that can
also solve the previously mentioned problem, with a close relationship between the
vendor and buyers. The first and second models consider equal batch sizes and unequal
in the third. Srinivas and Rao (2010) investigated a chain of a vendor and multiple
buyers with a consignment stock agreement and controllable lead time. They proposed
four models and used the genetic algorithm to determine the optimal decision variables
that would minimize the joint total expected cost under stochastic environment. Hoque
(2011) developed two models for a single-vendor multi-buyer production-inventory
supply chain. They considered two batch transfer policies: (1) once produced, and (2)
once depleted. Unlike the work in the earlier literature, Hoque (2011b) considered

transportation time and cost, limited truck capacity, buyers’ storage capacity, setup



time, non-zero lead time, and batch size. Hariga, Gumus, Ben-Daya, and Hassini (2013)
tackled the single-vendor multi-buyer problem under the consignment case. They
proposed a nonlinear mixed integer NP-hard model to schedule the deliveries to the
buyers and specify the production lot sizes. They used a heuristic approach to compute
the near-optimal delivery schedule. Unequal shipment sizes are allowed. Hariga,
Hassini, and Ben-Daya (2014) criticized the paper of Hoque (2011) noting that he has
used different standards in the ordering cost as that used in Zavanella and Zanoni
(2009), and thus the comparison is not applicable. They also showed that the model
proposed by Hoque (2011) is not that of good results. Rad, Razmi, Sangari, and
Ebrahimi (2014) studied an integrated vendor-managed inventory system for a single-
vendor two-buyer system where the supplier incurs both the cost of ordering raw
materials and the cost of setting up production. Diabat (2014) developed a hybrid
genetic/simulated annealing algorithm to solve a profit maximization problem in a

vendor-managed inventory system with a nonlinear, non-concave objective function.

Transshipment has proven to be an efficient way to enhance the performance of
supply chains. The first to study this practice was Krishnan and Rao (1965) who used an
order-up-to policy, same costs at different locations, and a single order period. Robinson
(1990) extended their work to a multi-period problem. He showed that the introduction
of transshipment would reduce the holding and shortage costs. Many researchers study
centralized (e.g., Diks and De Kok (1996); Salameh and Jaber (1997)) and decentralized
(e.g., Rudi, Kapur, and Pyke (2001)) decision-making in supply chains or networks.
Jemai, Rekik, and Kalai (2013) considered a vendor-managed inventory system with
consignment stock policy and transshipment. They showed that transshipment is useful

especially when vehicle capacity is not enough to replenish the inventories of the



buyers. Lee and Park (2016) considered a network of one supplier and two retailers. The
supplier has an uncertain capacity, and the retailers have uncertain demand. With
uncertain supplier capacity, the retailers tend to inflate their orders (rationing game),
and hence cooperation between the retailers is needed. They proposed the transshipment
between the two retailers to pass the surplus of one retailer to the other who is out of
stock. Ji, Sun, and Wang (2017) considered demand disruption in a two-stage supply
chain from the manufacturer to the retailer and then the consumer, with a transshipment-
before-buyback contract. The contract was also investigated for a supply chain of two
retailers and a manufacturer and showed that it is beneficial for all to enter this contract.
Dehghani and Abbasi (2018) considered the lateral shipment policy for the case of
perishable items. They targeted the transshipment of blood units between hospitals.
Villa and Castafieda (2018) investigated a system of two retailers and one supplier with
transshipment between the retailers. They focused on the behavioral study to determine

the effect of coordination of actors through transshipment.

Inspired by the work of Zavanella and Zanoni (2009), the focus of this paper is
the consignment stock case and a two-level supply chain with a single vendor on one
level and multiple buyers on the second level. It determines the sizes of shipment to
buyers and transshipments between the buyers and their frequencies. It proposes a
single-vendor multi-buyer production inventory model under the consignment policy
(CS). A CS policy ensures the vendor guarantees the availability of items in stock when
needed by a buyer. When a vendor replenishes the stock at the buyer's side, the buyer
does not pay on replenishment. It pays only for the items it depletes. The vendor
benefits by moving its inventory to a cheaper location. The buyer saves by only

incurring storage costs. The environment considered is a deterministic one, and the



optimal strategy that minimizes the joint total cost per unit time is determined. A
genetic algorithm (GA) approach is used to solve the problem; i.e., to find the sizes of
shipments from the vendor to the buyers, between the buyers and their frequencies.
Transshipments are known as the monitored movement of material among multiple
locations at the same echelon level (Herer, Tzur, & Yucesan, 2006). Transshipments or
cross-shipments between buyers happen as needed between the buyers to ensure that no
stock-out or shortages occur. Cross-shipments could be better than direct shipments
from the vendor in cases of high transportation costs for example. Having a limited
capacity on the size of shipments affect the optimal strategy, and so it is studied in this
paper. The constraint that can face the buyers is the capacity of their warehouses, which
also affects the optimal strategy. The problem description and the approach are different
from those in Jemai et al. (2013). In this paper, on the contrary to the latter one, there is
no specific distribution hub with a possibility of using the products at different
warehouses to satisfy demand. This paper allows multiple distributions hubs whose

number is determined.



CHAPTER I
MODEL

The model is summarized as follows. There are y buyers and one vendor that
will collaborate to minimize their total cost per unit time. The constraints that are
described later respect the set assumptions. The number and sizes of shipments sent by
the vendor to the buyers, and the number and sizes of cross-shipments sent between the
buyers (e.g., from i to j or j to i), and the cycle length that minimizes the total cost
define the optimal policy. The model proposed in this paper is a continuation of the
work of Zavanella and Zanoni (2009) and fixes some of its assumptions. In their model,
the number of shipments from the vendor to the buyers is a real number, whereas in
ours it is an integer number to reflect reality. This assumption by them might result in
an infeasible solution. They also required that at least one batch be sent per cycle from
the vendor to each buyer. This paper; however, allows for cross-shipments between
buyers, where the vendor ships all to one (or more) buyer location and uses it as a
distribution hub, result in reducing total cost at optimality. Zavanella and Zanoni (2009)
ignored the capacity of a buyer's warehouse. This paper assumes the buyer's stocking
capacity to be limited. The other assumptions are the same as in Zavanella and Zanoni
(2009), which are deterministic and constant demand, zero lead time, no variable
transportation costs, and equal batch sizes (check assumptions in section 2.3.1).

The following subsections will illustrate the parameters and decision variables

required for the construction of the model.



A. Parameters

- A vendor setup cost ($)

= A; order cost by buyer i for a shipment from the vendor ($/setup)
= A;; order costby buyer j for a shipment from buyer i ($/setup)

e h, Vvendor holding cost per unit per time-unit ($/unit/time-unit)
e h, buyer’s holding cost per unit per time-unit ($/unit/time-unit)
- P vendor continuous production rate (unit/time unit)

e d; buyer’sidemand rate (unit/time unit)

e y  number of buyers

e C; storage capacity of buyer i (unit)

- C,, storage capacity of the vendor (unit)

e s; shipment capacity to buyer i (unit/shipment)

s;; shipment capacity from buyer i to buyer j (unit/shipment)

e TC average total cost of the system per unit time ($/time-unit)

B. Decision Variables

e g; Quantity transported per delivery to buyer i (unit/shipment)

* q;; i buyer quantity transported per delivery to buyer j (unit/shipment)
« T replenishment cycle length (time-unit)

* n; number of deliveries from the vendor to buyer i in a cycle

= n;; number of deliveries from buyer i to buyer j



C. The Analytical Model

1. Assumptions

The following assumptions will be made:

= A cycle is defined as the period in which the vendor experiences one setup cost and
sends the required amounts to the buyers to satisfy their needs in this same cycle.
During this cycle also, the cross-shipments between buyers happen without any
violation of the previous requirement.

» The buyers’ holding costs are equal. However, this assumption can be extended into
groups of neighborhoods having the same holding costs each with no cross-
shipments between neighborhoods.

= Production rate is higher than the sum of all demand rates (P > ¥7 d;).

= There is no lead time for shipments from the vendor to the buyers and cross-shipments
between buyers.

= Ordering cost includes all fixed costs such as transportation, order preparation,

loading/unloading, and others as was considered by Jemai et al. (2013).

2. Vendor’s Total Cost
The vendor’s total cost per unit-time is the sum of its setup cost, SC,, and

holding cost, HC,,, divided by the cycle time, T, and is given as:

sc, HC, A hi =
+ L= ot oo
T T T T2PTL

TCU = TCU(TInil qlll = 1;;y) =

n;q? )

3. Buyers’ Total Cost
The total cost of the buyers, TC,, is computed as the total of all the

buyers, TCp, = 2’:1 TCL, since the cross-shipments make it harder to estimate the total



cost of each buyer alone and all buyers have the same holding cost. The buyers’ total
cost per unit-time is the sum of the buyers ordering, 0C,, and holding, HC},, costs and it
IS given as:

0C, HC,

TCb = TCb(T,Tll', qlll = 1,,}/) = T-I_T

y

z niAl' + Z nl]Al] (2)
i_=1
Jj#L

nlql(l ) + chh ]

ha
+2

i=1

4. Total Cost and Constraints

The total supply chain cost is the sum of Egs. (1) and (2) and is given as:

y
A R , 1|[y % ]
TC = TCU+TCb :T-I—Wzniqi +T|Z TliAi +Zniinj
i=1 i=1

, |=1 i 3)
> (1-2)+3Y aa]

i=1

ha
+ —=
2

To solve this problem, we formulate it as a mathematical programming problem with
Eq. (3) being the objective function to be minimized subject to the following

constraints:

niq; + X niq — Xjniiqi; = 4T,V i,j (4)
niQi_(ni_l)qdeiSCiaVi ®)
2iqi—2jq <C,Vij (6)
qi<C,, Vi (7)

10



qi <s;, Vi

qij < Sij, V i]

nij, Vij non-negative integer
n;, Vi non-negative integer
q; =0,Vi

qij =0,V ij

T>0

(8)
©)
(10)
(1)
(12)
(13)

(14)

The first constraint, Eq. (4), is a set of equations for different i and j ensuring
that the quantities flowing into a buyer’s node minus those flowing out is equal to the
total demand for a buyer in T. The second constraint, Eq. (5), is a set of equations for
different i ensuring that the inventory level at a buyer does not exceed its warehouse
capacity. The third constraint, Eq. (6), is a set of equations ensuring that the net cross-
shipped quantities sent from buyer i to j and received by buyer i from j do not exceed
its warehouse capacity. The fourth constraint, Eq. (7), is a set of equations ensuring the
vendor’s production quantity for buyer i does not exceed the vendor’s warehouse. The
fifth and sixth constraints, Egs. (8) and (9), are sets of equations ensuring that the
shipped quantities do not exceed shipping capacity. It is worth to be noted that the
shipment capacity considered is the effective capacity when its utilization is taken into
consideration. The seventh and eight constraints, Egs. (10) and (11), are two sets of
equations setting the numbers of shipments to non-negative integers. The ninth and
tenth constraints, Egs. (12) and (13), ensure the shipped quantities are non-negative
numbers. The eleventh and last constraint, Eq. (14), guarantee that the cycle length is

strictly positive.

11



The following theorem illustrates a structural property useful in finding the

optimal solution to the problem described in Egs. (3)-(14).

Theorem: The objective function TC, Eq. (3), and the constraints, Eq. (4)-(14) are
jointly convex in T'and g;’s for any given value of n; and n;;,V i, j, for any number of

buyers y.

Proof: see appendix

12



CHAPTER 111
METHODOLOGY: GENETIC ALGORITHM

In this paper, we introduce a genetic algorithm (GA) approach to solve the
model presented earlier. A GA is a randomized search technique that is based on ideas
from the natural selection process (Goldberg, 1989). Starting from an initial set of
solutions, generations of new solutions are obtained through applying neighborhood
search operators (crossover and mutation). These operators are applied to randomly
selected solutions from the current set of solutions, where the selection probability is
proportional to the solutions objective function value. GAs have been successfully
implemented to a wide range of combinatorial optimization problems (Gen & Cheng,

1997).

A. Chromosome Representation

A chromosome is represented by a one-dimensional matrix. The matrix is
formed of one row, which is divided into two parts. The first part has the number of
genes equal to the number of buyers y. They represent the number of batches sent per
cycle by each buyer in the order 1, 2, ..., y. For example, for y= 3, the three genes will
represent nq, n,, and n, respectively. The second part indicates if a shipment will be
sent from buyer i to buyer j or not. The order of the variables is such that the first buyer
is combined with other buyers in order, then the second buyer, up until the y™ buyer. So,

the total number of variables in the second part is (y? - y). For example, for y= 3, the six

13



genes will start from the fourth element of the row vector and will be ny,, ny3, n,yq1, ny3,

ns, and ns, respectively.

‘ ni ‘ n2 ‘ n3 ‘ ni2 ‘ ni3 ‘ n2i1 ‘ n23 ‘ n3i ‘ n3;
Figure 1. lllustration of the structure of a chromosome for the case of 3 buyers

B. Generation of Initial Population

The genetic algorithm function creates a random initial population unless
specified otherwise. The population size and the initial population can be determined. A
large population size will enable a wider search in the search space and thus reduce the
probability of returning a local minimum instead of a global one. Nevertheless, the time
for computation will increase in this case. Subpopulations can be also created with each
having a specified size. The initial population will take the values of the specified
values up to the population size. If the specified initial population has a size smaller
than the population size, then the rest of the values will be specified randomly using a

Creation function.

For this paper, the solution of the problem solved as a minimum spanning tree
(MST) problem will resemble the optimal flow of products in several case studies as
will be discussed later. Thus, it is a good approach to use the ordering costs as the
distances between nodes (vendor and buyers) in order to find the MST for the problem.

Thus, include the MST as follows:

1. Draw the tree of the problem showing the distance between the vendor and

buyers and between the buyers themselves.

14



2. Determine the MST of the problem.
3. Include the MST in the initial population by using the same flow of products

while replacing different number of shipments.

Another good initial solution to be included is to include the solution of the problem
using the approach of Zavanella and Zanoni (2009) by considering that no cross-

shipments between the buyers will occur.

C. Fitness Function

The fitness function of the genetic algorithm is the total cost TC of the model
that was defined previously. At this point, the decision variables which are the genes of
the chromosome as shown above should take specific values. The number of batches n;
sent to buyer i and the number of batches cross-shipped between the buyers n;; must be
positive integers. Once a chromosome is selected, the fitness function will be convex in
T and g;’s for any given values of n;’s and n;;’s. To find the value of the fitness
corresponding to this chromosome, the values of T and g;’s can be obtained by a simple
line search. The value of the objective function will be returned to the GA and the

process will continue as will be discussed.

D. Mutation

In the sake of searching for a close solution to the current solution, mutation is
needed. A local better solution can be found by slightly altering the present solution. As
a result, it can be realized that no point in the search space will have a zero probability

of being tested (Srinivas & Rao, 2010). The genes of the new generation are subjected

15



to a low probability of being changed or mutated. The resulting chromosomes form the

new population and will be evaluated to check their feasibility and optimality. The

algorithm keeps going from one generation to the other until the stopping criteria are

met.

E. Solution Procedure

Following are the steps for the evaluation of a chromosome:

Step 1. Start with chromosomes from an initial population in the evaluation of

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

the fitness function.

For each chromosome, replace its values in the objective function. The
latter is now a function of T'and q;,V i.

For each chromosome, solve the optimization problem having the
function of Step 2 as the objective function and subject to constraints (4)
to (14) to get the optimal values of T and q;,V i .

Return the optimal value of the objective function from Step 3 to the
fitness function. Each chromosome from Step 1 corresponds now to a
strategy with the total cost equal to the value of the fitness function
from Step 3 relative to that chromosome.

Select chromosomes from the previous population to apply mutation on
them.

Repeat Steps 2 to 5 until a stopping criterion is reached (the change in
the optimal fitness value is negligible). When this criterion is reached,
stop the process and return the optimal fitness value and optimal

chromosome.

16



CHAPTER IV
SPECIAL CASE: CASE OF LARGE STORAGE CAPACITY

A 'special case' of the model developed is when the storage capacities at any
location and shipping capacities between locations are very large. Constraints (5)-(9)
become nonbinding since the right-hand-side values tend, theoretically, to infinity. As a
result, the model proposed in this section can never result in an optimal solution and
produce a higher unit-time total cost than that of Zavanella and Zanoni (2009). The
rationale behind this is simple. Both models are similar in every aspect except that now
the model proposed in this paper gives the possibility of a cross-shipment between the
buyers. Considering the model proposed in this section where the optimal strategy is
that no cross-shipments between buyers occur, both papers produce the same results.

Then, n;; is zero for all i and j, and the objective function, Eq. (3), reduces to:

Yy Yy 2 Yy
2 Pn; = 2 A (15)

i=1 i=1 i=1

e

Eq. (15) above is the total cost as given by Zavanella and Zanoni (2009). Thus,
the unit-time total cost from Zavanella and Zanoni (2009) is an upper bound to that of

the model of this paper.

Twenty numerical examples were generated and solved to test this case. The
results showed that the TC values were lower than (16 of 20) or equal to (4/20) the TC

of the model of Zavanella and Zanoni (2009). Accounting for cross-shipments between

17



the buyers broadens the feasible solution space allowing to achieve lower TC values. It
was also observed that out of 20, the solutions of 16 examples were the same as those
produced by using a Minimum Spanning Tree (MST) when the ordering costs in our
model represent the distances between nodes in the MST. However, the number of
shipments required and their sizes, as well as the cycle length are not provided by MST,
and hence, the latter only provides the shipment map with no further details. The
numerical examples presented in the next section will provide more insights and

examples in this case.

18



CHAPTER V
NUMERICAL EXAMPLE

A. Large Capacity for the Buyers and Vendor

Consider the case of a vendor and three buyers. Assume the warehouses’
capacities for the vendor and buyers are extremely large. The shipping capacity is also
unlimited. These assumptions are in line with Zavanella and Zanoni (2009). The values

of the input parameters for the vendor and the buyers are:

P =5,000 unit/year A=100%

d1 = 1,500 unit/year A1=60%

d2 = 1,300 unit/year A2=60%

d3 = 1,000 unit/year A;=10%

h1 =5 $/unit/year A12=A21=55%

hz = 4 $/unit/year A13=A31=70%
A23=A32=409%

The initial population fed to the genetic algorithm contains the MST solution of
the problem, which is to send a batch to buyer 3 and two cross-shipments from buyer 3
to buyer 2 and from buyer 2 to buyer 1, respectively. It also contains another solution
consisting of sending batches to all buyers with no cross-shipments. The MST for this
problem is the optimal solution where n; =5 as shown in Table 1. The optimal solution
corresponding to the n;, n;, and n;; values is given in Table 1. The solution is that the
vendor produces 675.25 units and ships to buyer 3 in 5 equal shipments of 134.45 each,

495.35 units from the warehouse of buyer 3 to that of 2, and ship 265.37 units from the
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warehouse of buyer 2 to that of 1 at a total cost of 2,769.7 $/year. The schedule of
shipments and the behavior of inventory for the vendor and the buyers are shown in
Figure 2. The model of Zavanella and Zanoni (2009) produced the following solution: T
=0.151, n;=1, ny,=1,n3 =2, q,=236.92, q,= 205.33, and g;= 78.97 at a total cost of
TC = 3,038.95 $/year, which is about 10% ((3,038.95 — 2,769.70)/ 2,769.70) higher than

total cost of the model in this paper.

Table 1. Optimal strategy for case A

Optimal chromosome

N1 n2 N3 N12 nis N21 N23 na1 N32
0 0 5 0 0 1 0 0 1
Optimal shipment sizes
g1 g2 g3 q12 q13 g21 Q23 gs1 032
0 0 134.45 0 0 265.37 0 0 495.35
T =0.1769 year TC =2,769.7 $/year
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Vendor

T
Buyer 3
T
Buyer 2
T
Buyer 1
T

Figure 2. Inventory level at vendor and buyers with time for the case of large
warehouse and no cross-shipment capacity

Sensitivity analysis was performed on the case presented above. Figure 3
shows the results obtained from performing a one-way sensitivity analysis on A4;’s and
A;;’s. The results show that the total cost is most sensitive to the order cost of buyer 3.
Thus, more effort must be put on reducing the order cost of buyer 3 than those of the
other buyers in the case where order costs are high for the three buyers. In all cases, the
curve reaches a plateau and becomes constant indicating that the optimal strategy at that

point is independent of the considered ordering cost. For example, when A4, is equal to
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43$ with everything held constant, the optimal solution occurs when: T = 0.154, n;=1,
n,=0,n3 =3, q;=230.8, g,=0, gq;= 118, and g3,= 200.1 at a total cost of TC =
2,768.1 $/year. Increasing A, to 44$ gives the following solution: T =0.177, n;=0,
n,=0,n3 =5, ¢;=0, q,=0, qg3=134.5, q,,=265.4, and q;,= 495.4 at a total cost of
TC =2,769.7 $/year. The latter case is seen to have no shipment between the vendor and

buyer 1, and thus the optimal strategy remains the same if A; is increased further.

3500

3300

3100
m
=
|_
= 2900
=
2
i
= ——A23 & A32
n 2700
S Al13 & A31
< —t—AL2 & A21
|_
O 2500 S AL

A2
2300 A3
0 20 40 60 80

ORDER SETUP COST ($/SETUP)
Figure 3. One-way sensitivity analysis for order costs

A closer look at the one-way sensitivity analysis performed on the order cost of
buyer 3 leads to the results shown in Table 2. It is observed that the optimal strategy
includes cross-shipments for A5 equal up to 34$. The policy is the same as in Zavanella

and Zanoni (2009) for 34 < A; < 73$. Beyond this cost, the optimal strategy will no
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more have a direct shipment between the vendor and buyer 3. It is also observed that for
A5 = 30% or more, the optimal strategy is the same as using MST when the ordering
costs in our model represent the distances between nodes in the MST. For A; =A; and
A, =608, the optimal strategy turned out to be the same as that of Zavanella and Zanoni

(2009).

Table 2. One-way sensitivity analysis on buyer 3 order cost

As 5 10 20 30 35 60 70 74 90
Proposed 3358.3

Model 2596.6 | 2769.7 | 3015.2 | 3157.7 | 3204.9 3417.8 | 3438.7 | 3438.7
Zavanella

and 2975.0 | 3038.9 | 3109.2 | 3173.3 | 3204.9 | 3358.3 | 3417.8 | 3441.3 | 3533.7
Zanoni

n, 0 0 0 1 1 1 1 1 1
n, 0 0 0 0 1 1 1 1 1
ns 8 5 4 2 1 1 1 0 0
Ny 0 0 0 0 0 0 0 0 0
N1 1 1 1 0 0 0 0 0 0
Ny 0 0 0 0 0 0 0 0 0
Na 0 0 0 0 0 0 0 0 0
N,s 0 0 0 0 0 0 0 1 1
Ny 1 1 1 1 0 0 0 0 0

T 0.181 | 0.177 | 0.182 | 0.165 | 0.159 | 0.167 | 0.170 | 0.151 | 0.151

Not Not Not Not Not Not
MST | MST | MST | 1ot | MsT | MST | MST | MST | MsST

To have a further look at what happens when A; = A, = A3, several cases were
considered as shown in Table 3. It can be realized that when the order cost for the
buyers is low, the vendor sends its shipments directly to the three buyers without cross-
shipments, and the strategy is that of MST. The same strategy, which is no longer MST,

continues. This result shows that having low order costs is not what drives having direct
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shipments from the vendor to the buyers. On the contrary, the optimal strategy is

dependent on the ordering cost and the holding cost that is another major player in

determining the optimal strategy. When 4, = A, = A; > $80, it becomes more efficient

to send a cross-shipment from buyer 3 to buyer 2 with a direct shipment from the

vendor to buyers 1 and 3. An alternative to that is to switch buyers 2 and 3 giving the

same unit-time total cost.

solution. On the contrary, when the order cost increased to 60 and then to 120, the

optimal solution was not MST anymore, and hence the holding cost was affecting

Columns 6-10 in Table 3 show that the ordering cost does not drive the optimal

greatly the optimal solution. So, it was better to send a batch from the vendor to buyer 1

rather than sending a larger shipment to buyer 3 to be cross-shipped to buyer 2 and then

from buyer 2 to buyer 1. In fact, increasing the shipment means a higher holding cost at

the vendor is realized with a larger impact than the order cost of buyer 1.

Table 3. Optimal strategies for cases with equal order costs for buyers

A=A, = A, 10 35 40 60 75 80 100 120
ny 2 1 1 1 1 1 1 1
n, 2 1 1 1 1 0 0 0
ns 1 1 1 1 1 1 1 1
Nyy 0 0 0 0 0 0 0 0
Nyq 0 0 0 0 0 0 0 0
Ny3 0 0 0 0 0 0 0 0
N3q 0 0 0 0 0 0 0 0
Nys 0 0 0 0 0 0 0 0
ns; 0 0 0 0 0 1 1 1

T 0.134 0.143 0.148 0.167 0.180 | 0.162 | 0.173 | 0.218

TC 2231.2 | 2873.6 | 2976.8 | 3358.3 | 3618.1 | 3693.8 | 3932.3 | 4955.7
Not Not Not Not Not

MST | MST | MST | st | MsT | MST | MST | msT
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Therefore, when capacity is not a concern, the results show the proposed model

produces either similar results to those of Zavanella and Zanoni (2009) or a better.

B. Limited Capacity

1. Limited Warehouse Capacity

Consider now the same example as in section 3.1 but with limited warehouses’
storage capacities (in units) for the vendor and the three buyers as Cv = 550, €1 =200, C>
=250, and C3 = 500, respectively. The optimal solution, Table 4, is the vendor produces
506.68 units (n3q3) and ships to buyer 3 in 3 equal shipments of 126.67 each, 373.33
units from the warehouse of buyer 3 to that of 2, and ship 200 units from the warehouse

of buyer 2 to that of 1 at a total cost of 2,864.5 $/year.

Table 4. Optimal chromosome for case B.1

Optimal chromosome

n nz ns niz nis nz1 nz3 nsi ns:
0 0 4 0 0 1 0 0 1
Optimal shipment sizes
g1 g2 gs q12 q13 g21 023 031 032
0 0 126.67 0 0 200 0 0 373.33
T =0.1333 year TC =2,864.5 $/year

The flow of the items from vendor to buyers is still like that of the MST. The
graphs for the vendor and buyers inventory level still have the same shape as the
previous case (Figure 2) with a modification in values. The limited capacity of
warehouses resulted in a narrower feasible region for the optimal solution leading to an

increase in the optimal objective function value. The maximum inventory levels reached
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by the vendor and the buyers when there are no capacity concerns represents a lower

capacity bound. This constraint, limit, is binding.

2. Limited Warehouse and Shipment Capacity

Now consider the same example in section B.1 by adding shipment capacities

between locations as:

s1=80 items/shipment S12 = $13 = 60 items/shipment
s2=80 items/shipment S21 = S23 = 50 items/shipment
s3=80 items/shipment S31 = S32 = 50 items/shipment

The optimal solution is to ship directly from the vendor to the buyers with one
cross-shipments from buyer 3 to 2 at a total cost of TC = 4,105.4 $/year, with the results
shown in Table 5. The flow of the products from vendor to buyers is no longer the as in

the MST problem solution.

Table 5. Optimal chromosome for case B.2

Optimal chromosome

ni n2 n3 Nni2 ni3 Nn21 n23 Nn31 Nn32

3 2 3 0 0 0 0 0 1

Optimal shipment sizes

g1 02 gs gi12 g13 021 023 Q31 032
80 79 70 0 0 0 0 0 50
T =0.16 year TC =4,105.4 $/year

Figure 3 shows the change in inventory levels with time for the vendor and

three buyers. Imposing a limit on the shipment capacity between locations is binding in
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this example. Buyers 1, 2 and 3 receive close to full capacity shipments. On the other
hand, buyer 3 sends a maximum size shipment to buyer 2 to satisfy demand. Buyer 3
could consider investing to increase its shipping capacity to decrease the total cost.
However, in this case, buyer 3 weighs the reduction in cost against the invested amount.
If some investment on the shipment capabilities of buyer 3 is done, then increasing the
items/shipment to 127 would enable a decrease in the total cost per unit time to 2,864.5
$/year. This is equivalent to a reduction of 30.23%. If this investment is offset by this

reduction, then it is worth to be done.

Vendor

Buver 1

Buver 2

Buver 3

Figure 4. Inventory level at vendor and buyers with time for the case of limited
warehouse and cross-shipment capacity
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After obtaining the optimal strategy that would minimize the total cost per
year, some actions can be taken by managers that allow a further reduction in that cost.
For instance, it can be observed that the vendor shipment capacity constraint is binding
since the optimal strategy shows that the shipment quantity from the vendor to buyer 1
is 80 items, which is also the capacity of the truck. Investing to increase storage
capacities results in a lager feasible solution space and more solution points allowing for
further reductions in cost. The graph of Figure 4 shows this reduction as a function of
the capacity of the shipment from the vendor to buyer i. The vendor is assumed to use
the same truck type to send independent shipments to buyers. Thus, increasing the
shipment capacity up to 200 items/shipment would reduce the total cost from 4,105.4
$/year to 3067.667 $/year, a reduction of 25.28%. The amount saved should exceed the
amount invested. If not, then no investment is recommended. The total cost will not
decrease further for an increase in capacity exceeding 200 items/shipment. Investing to
increase the capacity beyond 200 will be a waste of money.

4300
4100

3900

3700

TC ($/year)
® &
o o
o o

3100 —o—o0—o0—0
2900

2700

2500
50 100 150 200 250 300

Vendor Shipment Capacity (items/shipment)

Figure 5. Total cost per year versus vendor shipment capacity
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In general, it is clear that the model provides benefits to both the vendor and
the buyers by decreasing the total cost per unit time. The model suggests that cross-
shipment could be advantageous to the vendor and the buyers as it reduces, including

holding and storage, costs and frees space.

3. Limited Shipment Capacity

By referring to the example of section B.2, the shipment capacities were
governing the solution. Thus, by considering that the warehouse capacities were very
high, the same solution would have been returned. This unlimited capacity is a waste of

space and money unless was used for another objective.
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CHAPTER VI
CONCLUSIONS

This paper developed a model for a single-vendor multi-buyer system under
the consignment case with a reduction in holding costs while descending the chain. The
model extended the results of Zavanella and Zanoni (2009) and offered the possibility
of cross-shipments among buyers. It also took into consideration the capacity of the
vendor and buyers’ warehouses and that of the shipments. The results showed that the
introduction of the transshipment possibility between the buyers allows the reduction of
the joint optimum total cost per unit time. For the case of unlimited capacity, the
developed model performed better than the model of Zavanella and Zanoni (2009). The
total cost was either the same or lower. The first represents the upper bound on the total
cost. For the case of limited capacity, the total cost was higher. The same applies to the
capacity of shipments, which influence the solution especially when that capacity is
small compared to that of demand and warehouse. Investing to increase warehouse and
shipment capacities reduced the total cost, given that savings are more than the invested

amount.

The model presented in this paper assumed that the holding costs for all buyers
are the same not reflecting reality where the holding costs are different. However, this
assumption could be extended into groups of neighborhoods having same holding costs
each with no cross-shipments between neighborhoods. It also did not take into
consideration the variable transportation cost as should be, but it only considered the

fixed transportation cost as part of the ordering cost.
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Future work could study batches of different shipments, truck capacity, and
environmental issues (e.g., Bazan, Jaber, and Zanoni (2015)). Having different holding
costs at different buyer locations is also interesting to consider. Investigating a more
complex supply chain structure than the one considered in this paper with tier-1 and/or
tier-2 suppliers is an interesting and challenging problem (e.g., Jaber and Goyal (2009);
Zahran, Jaber, and Zanoni (2016); Zahran and Jaber (2017)). Accounting for product
returns with cross-shipment is also a problem to consider (e.g., Batarfi, Jaber, and

Aljazzar (2017)).
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APPENDIX |
THEOREM PROOF

Theorem: The objective function TC, Eq. (3), and the constraints, Eq. (4)-(14) are

jointly convex in T and g; for any given value of n; and n;; ,V i, j, for any number of

buyers y.

Proof: Consider the objective function TC that was introduced in the previous model.
For any given n; and njj, the objective function TC is a function of the cycle length T
and the amount shipped from vendor to buyers, gi’s. It is twice differentiable and
continuous over R. Hence, its Hessian Matrix can be computed with a size (yxy) having

the following form:

F92TC  92TC 92TC
aT?  9Tdq,  dTadgq,
92TC  9%TC 92TC
99,:0T dq? 89,04,
02TC  9:TC  9°TC
09,0T 9q,0q, g% |

Let Ai=A+ ), nA; + ZiZj n;jAij

Then, the partial derivatives of TC with respect to T and gi’s are given by the following:

or = Ty Zimdi
aTC _ hy

ha ha(q _da), he
aq1 _Tpn1Q1+ 2 (1 P)+2Pd1
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aTC _ hy h, ( dy\ |, hy
ALY L2 _¥)4 22
dqy, TP Nydy +3 p) T 2p dy

Calculation of first column of Hessian Matrix is given by the following:

?TC 2 1 hy 2
oz = s Ac T 5 Xind
a*rc b

8q0T ~ PT2 101

TC hy

agor . pr2 vy

y

Calculation of second column of Hessian Matrix is given by the following:

a’rc _  ny n
araq, _ prz 11
’TC _ ny

aq% “rp 1

a’rCc
942094

a’rc
9qy0q1

Calculation of last column of Hessian Matrix is given by the following:

?’TC _  ny
aTdq,  PT?
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a’rc
9q10q,

a’rc
9q(y-1)0qy

9’TC hy
aqz TP Y

As a result, the Hessian Matrix H of the objective function TC will be as follows:

- 2 R , by by
i
hy hy
PT2 nlql ﬁnl 0 0 e O
hy hy
PT2 nzqz 0 ﬁnl 0 e O
0 0 - 0 :
: : : 0 - 0
hl hl
- Wnyqy 0 0 0 ﬁny

The leading principal minor method is used to prove convexity of TC. Consider the

following leading principal minors Hk of order k = 1 to y of the Hessian matrix:

2 1 h
1) H; = [H(1,1)] :ﬁAt — Zl lql >0

1 h1 2 h1
3At+ ZiniCIi 2 191
2) H, = T PT
2 h n E
prz 11 TP 1
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2 1 h h h
= (B 55 S () - - Zomad— Zman

_ 2Atn1h1 n1h1 2 h%n%q%
Hy=——+ 2 2%inNdi — 2

T4P T4P2 qi T4Pp?
_ hinjaf _ R}
Where Zlnl i = ropr (M 2 i (mad) + niqf —naqf
i#1
h%nlz 2
;N
4p2 Lot
THP= ™41
_ 2Anqhy h1n1 2
Hy =—7— T4P22 Tdi >0
nihq 1 hl 2
Hy="21H 1 >0 where H 1 =_At X i ng;
i#1 i#1 l¢1
2 1 h1 hy
I; xin zCIz prz 41 24>
hq
H;, = —n —n 0
3 PT2 191 7
hq
n 0 —n
PT ZQZ TP 2
2nqnyh? h
Hy = =254 A+ 228 o ng?
i1
i#2
nyhq nihy
H; = H, >0 where H2 =—H1
i£2
2 1 h1 2
H 1 =— Y i nqgj
i#1 lil
i#2 i#2
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2 1 hy 2 hy hy hy
= =— Xing; ——5n ——n ——n
73 t+T3 b Xiniq; prz d1 prz 292 Pz 1393
h h
——12n1q1 —1111 O 0
4) H, = PT TP
e o, 0 Mo 0
prz 242 TP 2
h]_ hl
——n 0 0 —n
prz 1343 TP 3
2 h3 h
Hy= =202 A+ 25 0 ng?
i#1
i#2
i#3
nzhq nyh
H, = H3>0 where H 3 =-—=22H,
PT ;43 i#3  PT iz
i#3
n{h
H, = 21H 1
i#2 TPz
i#3 i#2
i#3
_ 2 1 hq 2
Hll _FAt-I_F?Z.i n;q;
11 11
i£2 i#2
i#3 i#3

5) In general, Hessian Matrix H has the same structure as the number of buyers
increases.
Let Hy+1 be the determinant of the whole Hessian Matrix, then, following the

above calculations, Hy+1 will have the following form:

n,h
Hy,q = 21y >0
PT i+y
where H . = H, with all terms with subscript m removed
im
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Therefore, since the leading principal minors are positive for any number of buyers y,

then Hessian Matric is positive definite for any given value of n;’s and n;;’s. Thus, the
objective function TC is convex in T and g;’s for any given value of n;’s and n;;’s.

Furthermore, the constraints are all linear and convex for any given value of n;’s and

n;;’s, and hence the problem becomes a convex in T and g;’s.
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