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The design of anchored wall systems in shoring applications is generally governed by 

the bond strength between the grout and the surrounding soil/rock in the grouted bond 

zone.  Published work on the reliability of anchored retaining systems focuses on 

ultimate limit state considerations to ensure a target level of safety/reliability against 

pullout of the anchor in the bonded zone at the grout/soil interface. These studies do not 

shed light on the variability of the bond strength at different levels of anchor slip 

(deformation) at the grout/soil interface.  The primary objective of this paper is to 

quantify the uncertainty in the bond strength that is mobilized at target values of anchor 

slip to aid the serviceability limit state design of anchored wall systems. To achieve this 

objective, a database of actual shoring anchor tests from real projects that were executed 

in several sites around Beirut is assembled and analyzed to quantify the uncertainty in 

the mobilized bond strength at target levels of anchor deformation. The tests are 

categorized based on three different geologic units (Limestone, Marls, and Clays) that 

are common to many geologic settings in the world. The bond stress – displacement 

relationship is modeled with a hyperbolic model and the statistics of the model are 

derived from the assembled database and classified based on the geologic units 

analyzed.  The secondary objective of this research is to show the effect of this 

uncertainty on a real anchored retaining wall example to reflect it on the reliability-

based design of this example.
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CHAPTER 1 

INTRODUCTION 
 

1.1 Background 

 

      Lateral shoring systems which incorporate ground anchors provide practical 

solutions for controlling lateral deformations in open excavations and stabilizing slopes 

and retaining systems (Sabatini et al. 1999, Tang and Phoon 2016, and Liu et al. 2017). 

Ground anchors play a central/critical role in the overall stability and deformation 

control of the shoring system. Despite this critical role, the methodologies that are 

currently used for analyzing and designing ground anchors are limited to ultimate limit 

state criteria which specify the ultimate load capacity of the anchor based on an assumed 

ultimate bond stress between the anchor and the surrounding rocks or soils. Once an 

ultimate bond stress is selected, the length of the anchor in the bonded zone is selected 

based on an assumed factor of safety against ultimate pullout of the anchor. Liu et al. 

(2017) states that the main limitation of this approach lies in the selection of the ultimate 

bond stress which generally spreads in a relatively wide range.  

      In order to address/minimize the impact of design uncertainties, field tests of 

anchors are mandated as part of the execution methodologies and specifications. These 

tests typically include pullout tests (failure tests) and proof tests (stressing to >125% of 

service design capacity). Several published studies have studied the sources of 

uncertainty that are associated with the design and performance of ground anchors. 

Examples include the work of Briaud, Powers, and Weatherby (1998), Kim (2003), Liu, 

Xiaoming, et al. (2017), Cherubini, Garrasi, and Petrolla (1992), Kwon, Minho, et al. 

(2017),  Munwar Basha and Sivakumar Babu (2008), Hegazy (2003), Basma (1991), and 

Ching, Hung-Jiun, and Chia (2008).  
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The uncertainties in the design of ground anchors may be addressed by 

improving the current understanding of the load transfer between ground anchors and 

rocks/soils at different levels of anchor displacement in the bonded zone. With the 

advancement of performance based design in geotechnical engineering, better 

understanding of the mobilization of bond stress with anchor displacement in the bonded 

zone is needed to allow for checking serviceability-based design considerations for 

retaining systems that are supported with ground anchors.  A review of the literature 

indicates that there is lack of studies that target the bond stress-bond displacement 

relationship for ground anchors in different geologic units. There are very limited 

experimental data from full scale tests on the performance and behavior of ground 

anchors, particularly in geologic settings that involve rocks (Liu et al. 2017) and other 

sedimentary units that involve stiff marls and clays.   

The primary objective of this paper is to quantify the uncertainty in the bond 

stress –displacement relationship of ground anchors to aid the serviceability limit state 

design of anchored wall systems. To achieve this objective, a database of actual shoring 

anchor tests from real projects that were executed in several sites around Beirut is 

assembled and analyzed. The tests are categorized based on three geologic units 

(Limestone, Marls, and Clays) that are common to many geologic settings in the world. 

The bond stress – displacement relationship is modeled with a hyperbolic model and the 

statistics of the model are derived from the assembled database and classified based on 

the geologic units analyzed. The proposed work is intended to help move the field 

towards a greater understanding and appreciation of the importance of variability in 

anchor design and suggested means to incorporate it in actual practice.  
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1.2 Objectives of this thesis 

 

This proposed research mainly aims to characterize the uncertainty in the bond 

strength of anchors in three different geologic settings. These geologic settings/strata 

are: Limestone, Marl, and Clay. This characterization of uncertainty will be done relying 

on the results from actual pullout tests that were assembled in a database which was 

collected from a number of shoring contractors in Lebanon. 

The second objective of this research is to incorporate the uncertainty in the 

displacement in the bonded zone to reflect it in the reliability-based design of an 

anchored retaining wall.  

 

1.3 Proposed scope of work 

 

Step 1: Conduct a literature review targeting the reliability-based design of 

anchors design and its workability. This step is done basically in order to understand all 

the different methodologies that are proposed in the literature review.  

      Step 2: Collecting data from actual sites in Lebanon. To achieve the goal of this 

study, it is required to collect data in a form of test reports and geotechnical reports from 

actual sites in Lebanon. The soil of these sites should belong to three soil types: 

Limestone, Marl, and Clay. Collecting data will reduce significantly the uncertainty. 

This step will be achieved depending on the data available at engineering companies that 

perform pullout tests. 

      Step 3: Compiling test data in data base. The obtained data will be arranged 

in Excel as a database. All the available information of each test, including the type of 

soil, the location, the date of the test, the level of the test, the ultimate load, the 

displacement variation, and the graphs…, will be compiled to be used later for the 

probabilistic analysis. 
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 Step 4: Dividing them into categories. The tests will be divided into three 

categories depending on the soil type where the pullout tests were performed. This will 

be done by counting on the information mentioned in the test report, in the available 

geotechnical reports and depending on the obtained ultimate strength. 

 

Step 5: Analyzing the results statistically to quantify the uncertainty in the 

observed stress-displacement curves. The analysis will be done after plotting for each 

type of soil the stress-displacement curves for all the tests and normalizing these curves 

using a hyperbolic model. The uncertainty in the stress-displacement curves is illustrated 

by the uncertainty in the hyperbolic parameters. 

 

Step 6: Applying the obtained results on a real example. The obtained statistical 

model will be used to study the stability of a real anchored wall. Also, this example is to 

show the importance of probabilistic approach in the design by checking the probability 

of failure of the wall. 

 

1.4 Significance of the Proposed Research 

 

Previously published studies focused on investigating the variability of soil 

parameters (angle of friction, unit weight…), design parameters (bond length, drilling 

diameter…) and the presence or absence of water table. But these models in the literature 

did not clarify the variability of the bond strength at different levels of anchor slip 

(deformation) at the grout/soil interface. Anyhow, the proposed work will add a new 

angle of looking at the performance of anchors during the pullout test. Also, it will shed 

the light the bond strength of anchors on a certain displacement. And this will be done 

for each geologic unit.   
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CHAPTER 2 

LITERATURE 

REVIEW 

3.1 Introduction 

 

This section aims to compile and show all the previous work done that focus 

on the workability and the uncertainty of the anchors in addition to the reliability-based 

design of anchors. Basically, this work will help to highlight the key findings and the 

development of the proposed topic. Also, it will indicate all the limitations concerning 

the studies done on anchors. 

 

3.2 Performance of Anchors under Certain Conditions 
 

Briaud, Powers, and Weatherby (1998) presented a set of tests on ten short and 

long bonded length anchors performed in clay at the National Geotechnical 

Experimentation Site at Texas A&M University. In this study, α values (the ratio of 

grout interface fmax over shear strength Su) for low-pressure and straight-shaft grouted 

anchors were compared with data from drilled shafts by Kulhawy and Jackson (1989) 

and by Reese and O'Neill (1988) (See Figure 1). Also, they focused on the creep 

movement due to sustained tensile loads on the anchors and the variations of creep 

movement as a function of time (see Figure 2). The load distribution in the grout and 

in the steel tendon was considered and plotted (See Figure 3). Moreover, a comparative 

study between the short and long bonded length anchors was made to show the 

influence of bond length on the obtained ultimate load, creep rate, and lower-time 

dependent load loss. It also showed the influence of reloading on creep movement (See 

Table 1). In conclusion, the stresses in the soil were concentrated near the barrier 

between the bonded length and the unbonded length. In addition, for short bonded 
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anchors, the ultimate soil resistance was 23% larger than the one for long bonded 

length. For the same overall length, the grouted anchors with a short tendon bond 

length had the higher ultimate load, lower creep rate, and lower time-dependent load 

loss. Also, it was concluded that the anchor should be short enough to ensure the 

required safety.  

 

Figure 1 α Values for Low Pressure Grouted Anchors in Clay 
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Figure 2 Creep Movement versus Time Curves for Anchor 5 

 

 

Figure 3 Load distribution near the ultimate load 
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Table 1 Data for 10 Anchors 

 

 

Kim (2003) displayed a set of tests on tension anchors and compression anchors 

(performance tests, creep tests and long-term relaxation tests) (See Table 2). He 

explained, in his research, the current design practice. Moreover, Pullout tests were 

performed and the results are represented in Figure 4 and Table 3. The obtained results 

from the load tests are used to identify the load distribution and consequently the load 

transfer mechanism (See Figure 5). A comparison was made between the load 

distributions of these two types of anchors. He also compared their creep rate and load 

loss. And to verify the load transfer obtained from test the beam-spring numerical 

model was used. Based on the results, the creep rate of compression anchors is 

observed to be smaller than the creep rate of tension anchors. In addition, the maximum 

friction resistance and the effective overburden pressure in the weathered soil are 

proportional.  
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Table 2 Types of test anchors 

 

 

  

Figure 4 Components of anchor movement  

 

Table 3 Ultimate loads from load test data 
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Figure 5 Variation of load as a function of distance from bottom  

 

Liu, Xiaoming, et al. (2017) performed pullout tests on 3 anchors with the same 

bonded length in weathered limestone to compare their behavior under ultimate 

conditions. The test results presented an unexpected behavior of one of the three 

anchors and this behavior is due to the quality of the grouting (see Figure 6). Moreover, 

to identify the elastic-plastic zones an analytical model was developed and the derived 

solutions were validated using FLAC3D. Based on this analysis, it was concluded that 

the plastic zone depends on the bonded length and the diameter of the anchor but the 

elastic zone was independent of the bonded length. Furthermore, the ultimate bond 

strength was influenced by the anchor diameter and its bonded length (see Figure 7).  
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Figure 6 Load vs. displacement curve for three tested anchors: (a) load vs. total 

movement; and (b) load vs. movement of bonded portion.  
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Figure 7 (a) bonded length vs. ultimate load capacity (b) bonded length vs average 

ultimate bond stress 

 

Zhao, Wen, et al. (2017) showed the influence of anchorage failure on the 

stability of a deep excavation in sandy soils retained by anchored pile walls and the 

mechanical behavior of the retaining structure. A finite element method using PLAXIS 

was used to identify the mechanical behavior due to the anchorage failure types. Then, 

a comparison was done between the effect of individual anchor failure and anchor 

group failure on the deformations and bending moment and the mechanical responses 

in the supporting structure (see Figure 8). Based on the analysis, the deformation and 

bending moment in case of the group anchorage failure was larger than the ones in 

case of individual anchorage failure. On the other hand, they had the same mechanical 

response. Also, the factors of safety of all the anchorage failure cases were calculated 

and they ranged from 1.17 to 1.54. According to these factors of safety, it was 



14 
 

concluded that the anchorage failure affected the stability of the excavation; in the case 

of individual anchor failure, the stability was larger.  

 

Figure 8 (a) Horizontal pile wall deformation of one-raw anchorage failure (b) 

Horizontal pile wall deformation of two-raw anchorage failure 

 

Kwon, Minho, et al. (2017) performed a comparative pullout test on two types 

of specimens. One of them was executed considering the freeze and thaw effect to 
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study the long-term behavior of anchors. Pullout tests were performed to compare the 

behavior of these two types of the specimen. It was shown that due to the construction 

errors the performance of anchors was not always the same even if the diameter and 

length of insertion of the anchor were the same. Also, results showed decreased values 

of pullout strength and compressive strength compared to the values obtained from 

original specimens (around 50%) due to the effect of freeze and thaw on the concrete 

(See Figure 9 and 10). Moreover, a probabilistic approach was investigated. The 

standard deviation and coefficient of variation of pullout strength for specimens were 

calculated (See Table 4). This probabilistic approach leads to the ability to propose 

new capacity computation equations.  
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Figure 9 Load–displacement relation of the experimental results (a) Original (b) 

Freeze and thaw 

 

Figure 10 Comparison of the experimental results 

Table 4 Comparison results of mean value, standard deviation, and coefficient of 

variation of the pullout strength 
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3.3 Reliability-Based Design 

 

Cherubini, Garrasi, and Petrolla (1992) investigated the stability of an anchored 

sheet-pile wall embedded in cohesionless soil based on the free earth support method. 

This investigation was done considering the variability of the soil physical and 

mechanical properties. Also, they illustrated the problems influencing the reliability of 

the anchor rod. The case study was used to compare the deterministic design with the 

reliability-based design. The reliability-based design was done considering the 

variability of the unit weight of the soil, the friction angle and the presence of water 

table (See Table 5 and Figure 11). Based on the analysis, it was shown that the resistive 

elements of the case were not strongly affected by the uncertainty of the soil unit 

weight and the presence or absence of the water table. In contrast, the soil-wall friction 

and the mean friction angle affected remarkably the probabilities of failure of the 

proposed structure (See Table 6). 

Table 5 Coefficients of variation of some geotechnical parameters (modified from 

Vannucchi 1985) 
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Figure 11 (a) Probability that the axial anchor load will reach certain levels in the 

first computation model CVγ = 5%; δ = φ; no ground water      (b) Probability that 

the axial anchor load will reach certain levels in the first computation model CVγ = 

5%; δ = φ; no ground water 
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Table 6 Values of reliability index for the first computational model for different δ 

and different CVφ 

 

Munwar Basha and Sivakumar Babu (2008) discussed the need of reliability 

based design to study the stability of an anchored cantilever sheet pile wall in sandy 

soils. He focused on showing the influence of uncertainty in estimated soil parameters. 

Also, they focused on obtaining the optimal design parameters by working on a 

reliability-based optimized design. First, the reliability index should be calculated 

using the first order method. Then, the probability of failure should be calculated for 

each type of failure (See Table 8). Later, the target reliability index will be calculated 

(See Figure 12). This method of design is applied to a case study where all the 
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parameters are presented in Table 7. Consequently, the important role of the anchor 

was observed in all failure modes of sheet pile walls and in calculating the penetration 

depth and section modulus. On the other hand, the soil – steel pile interface friction 

angle seemed to significantly influence the rotational stability and the sliding stability 

of the sheet pile wall. In the same way, the fluctuation of the water table affects all of 

the failure modes.  

Table 7 Statics of random input parameters 

 

Table 8 Variation of reliability index with random variables considered in the 

optimization for rotational, sliding and flexural failure modes 
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Figure 12 Total penetration depth ratio versus target reliability index against 

rotational failure 

 

Prästings, Anders, Stefan Larsson, and Rasmus Müller (2016) presented the 

design of an anchored sheet pile wall in clay considering the uncertainty in undrained 

shear strength. After the observed variability in the obtained results of site 

investigations of the proposed project, additional investigations were needed to get the 

undrained shear strength. A multivariate analysis was proposed to show the reduced 

uncertainty due to the multivariate investigation (see Table 9 and Figure 13). 

Moreover, a reliability-based design method was completed using the first order 

second-moment approach to show the effect of combining the reliability-based design 

and the multivariate analysis in reducing the uncertainty and in saving in the design 

like reducing the penetration depth.   
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Table 9 (a) Uncertainty factors for the evaluation of COVSu in previous 

investigations (archive, 2011, and 2012). (b) Uncertainty factors for the evaluation of 

COVSu in additional investigations (archive, 2011, 2012, and 2014). 

 

 

Figure 13 Measured index parameters in ‘‘Clay” from previous investigations 

(archive, 2011, and 2012) and additional investigations (2014): γ. 
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Hegazy (2003) collected in his study in-situ pullout test data for anchors in 

cohesive soil, cohesionless soil, and rock. The measured pullout resistance values of 

anchors were compared to the predicted values. The prediction of the values was done 

relying on the Post-Tensioning Institute (PTI) values of bond strength. A comparison 

between the measured pullout resistance and the presumptive resistance obtained from 

PTI was done. Figure 14 represents the three histograms showing the bias factor λ of 

anchor pullout resistance in Clay, Sands, and Rocks. Also, Table 10 summarizes the 

number of data for each type of soil, the mean and the coefficient of variation of the 

bias factor and the probability of failure PF. Considering that the resistance and the 

load are lognormally distributed, a probabilistic analysis was effected to determine the 

reliability indices β, the resistance factor φ and the factor of safety (see Table 11). 

Based on the analysis, the minimum recommended factor of safety for each type of 

soil and rock is increased in case of using the maximum presumptive bond strength 

while it is conservative in case of using the minimum and average presumptive values 

for clay and sand and minimum values for rock.  

Table 10 Statistical properties of data bias 
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Figure 14 Histogram of bias factor of pullout resistance in (a) Clay (b) Sand (c) Rock 
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Table 11 Minimum factor of safety to ground / grout bond strength 

 

   

Basma (1991) employed a reliability-based design to compare the output of the 

classic proposed design of an anchored bulkhead with the output obtained by 

considering variability in soil parameters. Using the free-earth support method 

equations, Basma worked on two computer programs for cohesive soils and for 

granular soils. The outputs of these programs were statically analyzed using the "SAS" 

statistical program. This analysis leads to the development of design equations. These 

equations are mainly to facilitate the design process and to predict the means to study 

the variabilities of design outputs (See Figure 15). The minimum required safety factor 

that must be used for any given design parameter satisfying a required reliability, R, is 

estimated and plotted in a graph (see Figure 16). Two examples were employed to 

illustrate the use of all the equations. These examples allowed to evaluate the 

recommended factor of safety and it is indicated that the proposed factor of safety 

using the classical method is not always safe.  
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Figure 15 Determination of mean D/H with sand below dredge level 

 

Figure 16 Minimum required safety factor for given reliability  

 

 



27 
 

Ching, Jianye, Hung-Jiun Liao, and Chia-Wei Sue (2008) investigated the 

ultimate capacities obtained from 46 pullout test results to calibrate the resistance 

factor of anchors in sandy and clayey soils. The nominal capacities were predicted to 

be compared with the actual capacities (See Figure 17). Based on this comparison, an 

uncertainty occurred in the relationship between these two capacities and it is indicated 

that the actual capacities are larger.  Due to this uncertainty, a probabilistic approach 

was proposed to calibrate the resistance factor. Uncertain parameters were divided into 

2 categories; uncertain soil parameters (friction angles φ, unit weights γ, the ratio 

between undrained shear strengths and effective vertical stresses β…) and uncertain 

model parameters (effective diameter which is replaced with enlargement factor ρ and 

decay parameter α). All the variables are considered to have lognormal distributions. 

Therefore, the calibration of the resistance factor was done after drawing the ρnew and 

α samples with the Bayesian framework using the stochastic simulation (See Figure 

18). A probabilistic analysis was done and the reliability factor was calculated to 

evaluate the code requirements. Moreover, in this study, some resistance factors are 

recommended for different design scenarios and for different target reliabilities (See 

Figure 19).  
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Figure 17 Actual versus nominal pullout capacities for anchors in database 

 
Figure 18 Markov Chain samples of α and ρnew and corresponding histograms 
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Figure 19 Recommended ranges of resistance factors for different design scenarios 

and target failure probabilities based on the existing data 

 

 

Han, Jian-Yong, et al. (2017) discussed the design process of a deep excavation 

supported by tieback anchored pile walls in sandy soils using the China code and the 

European code. First, the design of the case study was done using the code used in 

China; the Technical Specification for Retaining and Protection of Building 

Foundation Excavations (JGJ 120-2012) (See Figure 20). The calculations were done 

using two methods: the classical method and the elastic method (see Table 12). For the 

latter analysis, the Deep Excavation software and the Finite Element Program are used. 

Also, additional calculations were done using the European code to provide a 

comparison between the two codes (See Figure 21).  The comparison of these two 

codes was done based on a design example. The comparison indicated the common 

rules and the differences between the two codes. For the European code, the primary 

design theory is the reliability theory based on the limit states. While for the China 

code three design theories are used for different forms of design, that is, the reliability 
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theory based on the limit states, the design theory based on the allowable bearing 

capacity, and the design theory based on the safety factors. So we can say that the 

China code focuses on the design outcome while the European code focuses on the 

design procedure. Finally, according to the requirements of China and European codes, 

anchor tests were performed (see Figure 22). Based on the results, it is found that the 

anchors were initially locked, the anchor pre-stress had an exponential relationship 

with time. Also, there are three pre-stress loss stages: the fast loss stage, the slow loss 

stage, and the stable stage. In conclusion, the engineers should be aware of the fast loss 

stage. 

 

Figure 20 Design procedure for deep excavation in China 

 

Table 12 Primary characteristics of classical method and elastic method. 
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Figure 21 Design results obtained using various design approaches 

 
Figure 22 (a) Load-displacement response of the acceptance test. (b) Load-

displacement response under cycle loading  
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CHAPTER 3 

DATABASE 

COLLECTION 

 
3.1 Introduction 
 

Conventionally, the design of soil anchors is done using a deterministic 

approach. For calculating the bond strength, it is based on assuming a value for 

ultimate friction for the surrounding soil and a factor of safety. The predicted values 

of the ultimate friction may not be accurate. The most effective approach that can be 

used for the evaluation of this uncertainty is to study actual anchor test cases. This 

chapter represents details on real test cases which will be used to evaluate the 

uncertainty in the bonded zone. 

3.2 Database 

 

The database contains the results of 70 anchor tests in three geologic settings: 

32 tests in Limestone, 26 in Marl, and 12 in Clay. The tests are executed in 28 different 

sites around Beirut. The baseline geological information available for Beirut was 

produced by Dubertret (1951) and indicates in its simplest representation two main 

geological units that dominate the geologic setting: A relatively young Miocene (m2b) 

stratum of Marl and Marly Limestone and an older and more significant Limestone 

sequence, the Cretaceous Sannine limestone (c4). The depths to which the Miocene 

stratum is present are variable and depend to a large degree on the faulting/uplift and 

erosion along the fault which bisects the central parts of the city in a roughly N-S 

direction.  In some areas of the Beirut, more recent quaternary deposits of alluvial 

nature are present and form the majority of the soil cover wherever they exist. In other 

locations residual soils resulting from the decalcification of the marls form the upper 
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cover. 

The database of anchor pullout tests is summarized in Table 13. In some sites, 

it is possible that anchors tests were conducted in two different geologic units 

depending on the elevation of the anchor that was tested.  The main information that 

was available consisted of data of anchor head displacement versus applied pullout 

force. Information about each anchor included the bond length, free length, number of 

strands, and diameter of the drilled hole. In the majority of the cases analyzed, the 

anchors were installed using a hydraulic rig mounted on crawlers. The holes were 

drilled by rotary methods with flushing and installation of temporary steel casing.  

Immediately after drilling, the hole was grouted and anchor strands were lowered 

inside the hole. During the retrieval of the temporary casing, Type A grout was pumped 

to replace possible losses of grout which consists of Portland cement type 2 with 

cement to water ratio equals to 2, At least 24 hours after its first installation, grout type 

A was injected inside the pressure sleeved pipes. After the stoppage of injection, the 

grouting tube is flushed with clear water and the operation is resumed the following 

day until reaching the pressure criterion. After verifying its geometric positioning, the 

anchor is wedged in its final position until the setting of the grout. After installation, 

each anchor is tested after the sealed grout has reached the sufficient hardness. 

The testing of anchors was executed relying on the general principles in French 

Norm NFP-94-153 and the interpretation was carried out per the guidelines established 

in the  

“Recommendations TA95”. The anchor test starts by positioning the anchor plate and 

connecting the multijacks to a single hydraulic power unit. During the loading stage, 

the load is applied in increments of 10% while measuring simultaneously the jack 

pressures and the elongation of the strands. The applied test load is maintained for 1 
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hour and the corresponding displacements are measured 

Table 13. Data of Anchors 

Test    

Number 

Total 

Length    

Bond 

Length  

Free 

Length     

Number 

of Steel 

Tendons 

Area 

of 

Steel  

Inclination 

Angle     

Drilling 

Diameter 

Hyperbolic 

Model 

Parameter 

Hyperboli

c Model 

Parameter 

Type of 

Soil 
Site 

  (m) (m) (m)   (mm4) (Degree) (mm) a b     

 R400-P3 16 8 8 9 1350 30 140 5.87 0.84 Limestone Site 1 

R400-1 16 8 8 9 1350 30 140 17.75 0.85 Clay Site 1 

R400-2 16 8 8 9 1350 30 140 18.35 0.72 Marl Site 1 

R431-1 12 6 6 4 600 20 114 15.72 0.69 Marl Site 2 

R431-2 12 6 6 4 600 20 114 18.31 0.62 Marl Site 2 

R450-1 17.5 13.5 4 4 600 35 114 22.21 0.66 Clay Site 3 

R450-2 17.5 13.5 4 4 600 35 114 30.04 0.52 Clay Site 3 

 R450-

2G  
17.5 13.5 4 4 600 35 114 

30.45 0.51 
Clay Site 3 

R482-1 10 5 5 4 600 20 114 3.07 0.93 Limestone Site 4 

R482-2 13 5 8 4 600 20 114 7.42 0.86 Limestone Site 4 

R482-3 13 5 8 4 600 20 114 15.25 0.74 Limestone Site 4 

R482-4 13 5 8 4 600 20 114 10.70 0.80 Limestone Site 4 

R482-5 13 5 8 4 600 20 114 11.65 0.82 Limestone Site 4 

R521-1 24 12 12 6 900 90 150 8.24 0.87 Marl Site 1 

R521-2 15 10 5 6 900 90 150 19.70 0.58 Clay Site 1 

R521-3 15 10 5 6 900 90 150 21.99 0.50 Clay Site 1 

R521-4 18 10 8 8 1200 90 150 7.76 0.92 Marl Site 1 

R521-5 18 10 8 8 1200 90 150 11.86 0.78 Marl Site 1 

R576-

T42 
16 8 8 4 600 35 114 

18.26 0.63 
Clay Site 5 

R595-1 10.5 5 5.5 3 450 20 114 29.31 0.51 Marl Site 6 

R595-2 10.5 5 5.5 3 450 30 114 23.96 0.66 Marl Site 6 

R595-3 11.5 6.5 5 4 600 20 114 17.74 0.67 Marl Site 6 

R598-1 11.5 5 6.5 5 750 20 130 15.65 0.74 Limestone Site 7 

R598-5 11 5 6 4 600 45 114 16.25 0.68 Marl Site 7 

R598-6 17 5 12 4 600 45 114 14.15 0.78 Marl Site 7 

R610-1A 10 5 5 4 600 20 114 26.57 0.85 Marl Site 8 

R610-1B 10 5 5 4 600 20 114 19.27 0.59 Marl Site 8 

R612-1 10 5 5 3 450 20 114 15.51 0.75 Marl Site 9 

R616-1 14 5 9 4 600 20 114 4.69 0.88 Limestone Site 10 

 R656-1 10 5 5 5 750 20 114 11.26 0.76 Limestone Site 11 

R669-1 10 5 5 4 600 20 130 24.79 0.58 Limestone Site 12 

R669-2 10 5 5 4 600 20 130 6.57 0.89 Limestone Site 12 

R669-3 10 5 5 5 750 20 130 22.68 0.60 Marl Site 12 

R669-4 10 5 5 5 750 20 130 13.57 0.75 Limestone Site 12 

 R675-1 10 5 5 4 600 20 130 25.34 0.56 Marl Site 13 

 R675-2 10 5 5 4 600 20 130 17.38 0.71 Marl Site 13 
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Table 13. (Continued) Data of Anchors 

Test    

Number 

Total 

Length    

Bond 

Length  

Free 

Length     

Number 

of Steel 

Tendons 

Area 

of 

Steel  

Inclination 

Angle     

Drilling 

Diameter 

Hyperbolic 

Model 

Parameter 

Hyperbolic 

Model 

Parameter 

Type of 

Soil 
Site 

  (m) (m) (m)   (mm4) (Degree) (mm) a b     

 R675-3 10 5 5 4 600 20 130 18.56 0.71 Limestone Site 13 

 R675-4 10 5 5 4 600 20 130 10.32 0.82 Limestone Site 13 

R682-1 10 5 5 5 750 20 130 7.46 0.87 Limestone Site 14 

R682-2 10 5 5 5 750 20 130 39.40 0.33 Limestone Site 14 

R682-3 10 5 5 5 750 20 130 12.60 0.77 Limestone Site 14 

R682-4 10 5 5 5 750 20 130 50.39 0.21 Marl Site 14 

R682-5 16.5 5 11.5 5 750 20 130 5.50 0.89 Limestone Site 14 

R705-1 10 5 5 5 750 20 130 30.21 0.51 Limestone Site 15 

R705-2 10 5 5 5 750 20 130 50.96 0.18 Marl Site 15 

R707-1 10 5 5 5 750 20 130 20.85 0.66 Limestone Site 16 

R707-2 10 5 5 5 750 20 130 49.89 0.12 Marl Site 16 

R707-3 10 5 5 5 750 20 130 20.58 0.31 Marl Site 16 

R721-1 10 5 5 5 750 33 130 13.69 0.72 Limestone SiIe 17 

R724-1 10 5 5 4 600 33 130 25.40 0.55 Marl Site 18 

R724-2 10 5 5 4 600 24 130 21.91 0.63 Clay Site 18 

R725-1 10 5 5 5 750 33 130 9.69 0.83 Limestone Site 19 

R746-1 10 5 5 4 600 30 130 25.99 0.58 Limestone Site 20 

R746-2 10 5 5 4 600 30 130 9.22 0.84 Limestone Site 20 

R749-2 13 8 5 3 450 30 130 19.71 0.67 Clay Site 21 

R751-1 15 10 5 5 750 20 130 31.19 0.51 Clay Site 22 

R751-2 13 8 5 3 450 20 130 14.26 0.76 Clay Site 22 

R761-1 11 5 6 5 750 20 130 20.68 0.67 Limestone Site 23 

R761-2 11 5 6 4 600 20 114 5.98 0.88 Limestone Site 23 

R761-4 10 5 5 4 600 20 114 28.44 0.52 Limestone Site 23 

R764-1 10 5 5 4 600 20 114 8.61 0.86 Marl Site 24 

R764-2 10 5 5 4 600 20 130 15.70 0.76 Limestone Site 24 

R768-1 10 5 5 4 600 20 130 13.70 0.77 Marl Site 25 

R768-4 10 5 5 4 600 20 130 19.44 0.87 Marl Site 25 

R768-5 15 10 5 5 750 20 130 28.42 0.51 Clay Site 25 

R769-1 12.5 5 7.5 4 600 20 130 9.33 0.85 Limestone Site 26 

R769-2 12.5 5 7.5 4 600 20 130 12.86 0.79 Limestone Site 26 

R787-1 16 6 10 4 600 20 114 18.53 0.74 Limestone Site 27 

R787-2 12 6 6 4 600 20 114 15.21 0.71 Marl Site 27 

R788-1 11.5 5 6.5 3 450 20 114 34.56 0.43 Limestone Site 28 
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CHAPTER 4 ASSESSMENT OF 

UNCERTAINTY IN THE 

DISPLACEMENT IN THE BONDED 

ZONE 

 
4.1 Introduction 

 

The basic idea from this section is to quantify the uncertainty in the displacement 

in the bonded zone obtained from the anchor tests. A probabilistic model based on 

anchor tests data is proposed to describe the nonlinear load-displacement curves of the 

anchor in different soil types. 

 

4.2 Analysis of Test Results 

 

The raw data from each anchor test consists of the applied load (T) versus the 

measured total anchor displacement (. The first step in the analysis consists of 

calculating the average bond stress in the grouted zone (Fb) for each load increment using 

Equation (1): 

 fb = 
𝑇

П 𝐷 𝐿𝑏
  (1) 

Where: fb = the average stress in the bonded length (kN/m2), T = the load applied on the 

anchor during the test (kN), D = drilled hole diameter (m), and Lb = bonded length (m).  

Data showing the average bond stress versus total anchor displacement is presented in 

Figure 23 for example cases involving anchors in limestone, marl, and clay, respectively. 

The results indicate total measured anchor displacements ranging from 70mm 

(limestone) to 120mm (clay) for the cases shown in Figure 23. Since part of the total 

measured displacement is attributed to elongation in the steel strands in the free length 

(f), this elastic elongation was subtracted from the total measured displacement to 
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determine the average slip of the anchor in the bonded zone. The calculated slip in the 

bonded length (Db) is calculated from Equations (2) and (3) such that: 

 ∆b = ∆ - ∆f (2) 

             ∆f = 
𝑇 𝐿𝑓

𝐸 𝐴
 (3) 

Where: ∆b = the slip in the bonded length (mm), ∆ = total anchor head displacement 

(mm), ∆f = the displacement in the free length (mm), Lf = free length (mm), E = modulus 

of elasticity of the steel strands (20 x 108 kPa), and A = area of the steel strands (m2). 

Figure 23 shows the curves relating the average bond stress versus the predicted 

slip/displacement in the bonded zone. As indicated in the figure, a significant portion of 

the total anchor displacement is attributed to elongation of strands in the free length of 

the anchor.  

Figure 24 shows the variation of the average stress in the bonded zone as a function of 

the predicted anchor slip/displacement in the bonded zone for all the tests in the three 

types of soil in the database. Results on Figure 24 indicate that the bond stress – 

displacement curves for anchors in a given geologic unit form groups that can easily be 

distinguished based on the observed response. As expected, the curves representing 

anchors in limestone exhibit a relatively stiffer stress-displacement response, compared 

to anchors in marl, which in turn show a stiffer response compared to anchors in clay. It 

is also clear that even in the same geologic unit, the curves exhibit a significant degree 

of variability in the response due to variability in soil/rock properties, construction 

related factors, and properties of the grout.  
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Figure 23. Example Results from Pullout Tests in limestone, marl, and clay 

 
Figure 24. Variations of the Average Stress in the Bonded Zone as a Function of 

Displacement in the Bonded Zone for All the Tests 

 

4.3 Probabilistic hyperbolic load-settlement model 

 

4.3.1. Objective and background 
 

The main objective of doing a probabilistic hyperbolic load-settlement model is 

to quantify the variability in the observed response. This is achieved by using a 

hyperbolic model to fit the observed relationship between the average stress and anchor 

slip in the bonded zone. The hyperbolic model is a 2-parameter model that has been 

previously used to fit load-displacement relationships for problems involving piles 

(examples Phoon et al. 2006, 2007; Dithinde et al. 2011; Stuedlein and Uzielli 2014; 
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Reddy and Stuedlein 2017; Tang and Phoon 2018a-c) and shallow foundations (Uzielli 

and Mayne 2011; Huffman and Stuedlein 2014; Najjar et al. 2014, 2017). 

4.3.2. Methodology 

In the hyperbolic model, the response is captured by 2 parameters “a” and “b”, 

where “a” represents the initial slope and “b” represents the asymptotic value of the 

normalized load-settlement curve. In the hyperbolic model, the applied load/stress is 

usually normalized by the “ultimate/maximum” load/stress prior to fitting the curve to 

the observed response. In the problem at hand, the hyperbolic relationship is presented 

in Equation (4) and links the normalized stress in the bonded zone to the average 

predicted anchor slip in the bonded zone such that: 

 
𝑓𝑏

𝑓𝑏,𝑚𝑎𝑥
 = 

∆𝑏

𝑎+𝑏∆𝑏
 (4) 

Where fb,max is the ultimate bond stress. Given that the ultimate bond stress was not 

reached in many of the anchor tests available in the database, ultimate bond stresses that 

were consistent with common design practice/experience for anchors in Beirut were 

adopted to normalize the data presented in Figure 2. Accordingly, fb,max was assumed to 

be equal to 600 kPa for anchors in limestone, 350 kPa for anchors in marl, and 250 kPa 

for anchors in clay. Exceptions to these assumptions included: (1) two tests in limestone 

where a reduced fb,max of 400 kPa was adopted due to the fact that the anchor tests 

approached failure at these values, and (2) three tests in marl, where a higher fb,max of 

500 kPa was adopted given that the geology was classified as “marly limestone” rather 

than “marl”.  
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Following the normalization of the data shown in Figure 24, two parameter hyperbolic 

models having the mathematical form presented in Equation (4) where fit to each test 

using linear regression. 

4.3.3. Analysis and Results 
 

The resulting a and b parameters for each test were calculated and presented in 

Table 14. As expected, the uncertainty in the observed stress-displacement curves was 

translated clearly in the variability in the resulting values of a and b within a given 

geologic unit.  The statistics representing the uncertainty in a and b for each geologic 

unit were calculated and presented in Table 14.  

Table 14. Statistical Parameters of the hyperbolic bond stress – bond displacement 

relationship 

    Limestone Marl Clay 

Statistics a b a b a b 

Mean 15 0.74 21.8 0.63 23 0.61 

Standard Deviation 9.09 0.14 11.57 0.21 5.66 0.11 

Coefficient of Variation 0.61 0.19 0.53 0.33 0.25 0.18 

Beta Parameter, a 3 0 7 0 14 0.5 

Beta Parameter, b 40 0.91 50 0.92 32 0.85 

Beta Parameter, m -3.46 5.63 -3.46 3.16 -0.88 -4.53 

Beta Parameter, s 4.25 3.86 4.45 4.21 5.32 5.67 

Correlation Coefficient -0.99 -0.87 -0.79 
 

 
Figure 25. Relationship between the two hyperbolic model parameters from the anchor 

tests 
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The results in Table 14 indicate that the parameter “a” seems to be more uncertain 

than parameter “b”, particularly for cases involving anchors in limestone and marl, 

where coefficients of variation as high as 0.61 are recorded for “a” compared to 0.33 for 

“b”. The parameters for anchors in clay show the least variability with coefficients of 

variation as low as 0.25 for “a” and 0.18 for “b”. Interestingly, a plot showing the 

relationship between parameters a and b (Figure 25) for each geologic unit indicates that 

the parameters are highly correlated negatively with correlation coefficients as high as -

0.99 for anchors in limestone and -0.79 for anchors in clay. Negative correlations 

between hyperbolic model parameters have been reported in many published studies for 

piles and shallow foundations.  

4.3.4. Determination of Hyperbolic Parameters Distributions 
 

To complete the statistical model for the hyperbolic parameters that model the 

relationship between the anchor bond stress and anchor slip in the bonded zone, 

candidate probability distributions were tested against the observed data for a and b. 

These include the conventional lognormal probability distribution in addition to a more 

general four-parameter beta distribution that is bounded in an interval [a b]. The beta 

distribution is based on a transformation (Equation 5) from a standard normally 

distributed random variable G, into a random variable X that is bounded on the interval 

a to b such that: 

 

Where m, s, a and b are the location, scale, lower bound and upper bound 

parameters, respectively.  The probability density function of the bounded distribution 

of X is: 

𝑋 = 𝑎 +
1

2
 𝑏 − 𝑎  1 + 𝑡𝑎𝑛ℎ  

𝑚+𝑠𝐺

2𝜋
            (5) 
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𝑓𝑋 𝑥 =  
 𝜋  𝑏 − 𝑎 

 2𝑠 𝑥 − 𝑎  𝑏 − 𝑥 
  

* 𝑒𝑥𝑝  −
1

2𝑠2 
 𝜋 ln  

𝑥−𝑎

𝑏−𝑥
 − 𝑚 

2

    (6) 
 

The 4-parameters of the bounded distribution were calibrated to produce a 

cumulative distribution function (CDF) that best fits the observed CDF of the data. The 

calibration was conducted in “Microsoft Excel” through the Solver tool that allows for 

solving the optimization problem in which the 4 parameters of the bounded distributions 

were obtained.  

Figure 26 shows the observed CDFs for a and b in the different geologic units and 

the theoretical lognormal and beta distributions that were used to model the variability 

in the hyperbolic parameters. The four parameters that describe the beta distributions 

shown in Figure 26 are presented in Table 2 for the cases of anchors in limestone, marl, 

and clay. Results on Figure 26 show that the four parameter beta distribution provides a 

more realistic representation of the uncertainty in a and b for almost all of the cases 

analyzed. This distribution, along with the correlation coefficients shown in Table 14, 

can be used to model the joint probability density functions representing the uncertainty 

in the hyperbolic models for the anchor tests that were analyzed in this study.  
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Figure 26. Actual and Theoretical Lognormal and Beta Distributions for 

Modeling the Uncertainty in the Hyperbolic Model Parameters for Anchors 

 

4.4 Monte Carlo Simulations 

 

Monte Carlo Simulations are used in order to check if the obtained model reflects 

the available data. Two main parameters, which illustrate the uncertainty in the 

displacement in the bonded zone, are considered as random variables. These parameters 

are the hyperbolic parameters, a and b. After determining the distribution of a and b in 

the previous section, they are modeled as Beta distributed random variables for 

simulations. Monte Carlo simulations generate numerous estimations of a and b which 

will be compared later to a and b values obtained from the existing data. For each type 

of soil, 100 a – b pairs are simulated. To make the comparison, the 100 simulated a – b 

0

0.2

0.4

0.6

0.8

1

0 10 20 30 40

C
D

F
a

Lognormal

Beta

(a) Limestone

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

b

0

0.2

0.4

0.6

0.8

1

0 10 20 30 40 50 60

C
D

F

(b) Marl

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

10 15 20 25 30 35

C
D

F

Hyperbolic Parameter, a

(c) Clay

0

0.2

0.4

0.6

0.8

1

0.4 0.5 0.6 0.7 0.8 0.9

Hyperbolic Parameter, b



46 
 

values are transformed into 100 curves using equation (4) and compared with the 

existing curves.  

Figure 27 represents the curves obtained from Monte Carlo simulations and those 

that are obtained from the tests. These curves represent the variation of the average stress 

in the bonded zone as a function of the anchor displacement in the bonded zone in 

Limestone, Marl, and Clay. 

 

Figure 27 Comparison between the average stress in the bonded zone as a 

function of the anchor displacement in the bonded length curves obtained from 

simulation and the curves obtained from tests  

0

200

400

600

800

0 30 60 90 120 150

A
ve

ra
ge

 S
tr

es
s 

in
 t

h
e 

B
o

n
d

ed
 

Zo
n

e 
(K

N
/m

2 )

(a) Limestone

Obtained from
tests

Simulated

0

200

400

600

800

0 30 60 90 120 150

A
ve

ra
ge

 S
tr

es
s 

in
 t

h
e 

B
o

n
d

ed
 

Zo
n

e 
(K

N
/m

2 )

(b) Marl

0

200

400

600

800

0 30 60 90 120 150

A
ve

ra
ge

 S
tr

es
s 

in
 t

h
e 

B
o

n
d

ed
 

Le
n

gt
h

 (
K

N
/m

2 )

Anchor Displacement in the Bonded Length (mm)

(c) Clay



47 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



48 
 

CHAPTER 5 

DESIGN EXAMPLE 
 

5.1 Introduction 

 

In this chapter, a design example for an anchored retaining wall is presented to show 

the practical use of the discussed model in chapter 4.  This example aims to associate 

the deterministic analysis of an anchored retaining wall with the probabilistic analysis 

of the wall. This example is modeled using Wallap. This software, which is commonly 

used by engineers to design anchored retaining walls, does not take into consideration 

the displacement in the bonded zone. The resulted model from chapter 4 will help 

estimate the displacement in the bonded zone, which will be used later to calculate the 

probability of failure of the wall. 

 

5.2 Background 

 

Wallap is a specialized geotechnical computer software to analyze shoring walls 

and horizontally loaded piles. It is based on the analysis of shoring walls using the beams 

on the elastic foundation (BEF) method. 

Retaining walls are normally designed against earth pressure. This is why the earth 

pressure coefficients are computed by Wallap, to be used in the earth pressure analysis. 

Wallap treats the wall model at all its construction stages. It determines wall 

deformations, anchor working loads, and shear stresses as well as moments at each 

stage.  
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5.3 Wallap Models 

 

Three anchored retaining walls are modeled on Wallap to support an excavation of 

two-layered soil of 7 meters. The design of the anchored wall is assumed to be the same 

in the three cases.  The different in each case is the type of the soil’s second layer. In the 

first case, the soil is constituted of a top layer of silty sand and a layer of Limestone 

underneath it. Under the silty sand layer of the second case, there is a layer of Marl, 

while in the third case there is a layer of Clay. In the three cases, the anchor is bonded 

in the second layer. Each case is modeled two times.  In the second time, the value of 

half of the anchor’s bonded length is added to the free length of the anchor which is a 

method used by a lot of engineers during the design phase. 

 

5.4 Input Parameters 

 

The main input parameters are divided between soil layers, soil types, groundwater 

level, wall or pile, anchors (struts), surcharge, stages and, the factor of safety. 

5.4.1. Soil layers 
 

Soil layers are defined by their name and their elevation in this section. The used 

soil layers and their elevations for each case are summarized in table 15. 

Table 15 Soil Layers 

Case Soil Layer 
Elevation 

(m) 

1 
Silty Sand 0 

Limestone -5.5 

2 
Silty Sand 0 

Marl -5.5 

3 
Silty Sand 0 

Clay -5.5 

 



50 
 

5.4.2. Soil Types 
 

Each layer is defined by its bulk density, type (cohesive/non-cohesive), drained 

or undrained analysis, normally or over-consolidated, cohesion, soil modulus Poisson’s 

ration and, the angle of friction to calculate earth pressure coefficient at rest, active and, 

passive earth pressure coefficients. All the soil parameters are summarized in table 16. 

Table 16 Soil Parameters 

Soil Layer Silty Sand Limestone Marl Clay 

Bulk Unit Weight (kN/m3) 18 22 20 19 

Soil Type Cohesionless Cohesive Cohesive Cohesive 

Consolidation State OC OC OC OC 

Drained/Undrained - Drained Drained Drained 

Angle of Friction (Degree) 30 30 25 15 

 Coefficient of Earth Pressure at Rest, 
K0 

0.5 0.577 0.577 0.74 

Active Earth Pressure Coefficient, Ka 0.333 0.333 0.406 0.569 

Passive Earth Pressure Coefficient, Kp 3 3 2.464 1.698 

Drained Cohesion (kN/m2) - 60 40 30 

Young's Modulus (kN/m2) 12500 230000 100000 50000 

Poisson's Ratio 0.333 0.2 0.25 0.4 

 

5.4.3. Groundwater Conditions 
 

In the studied cases, the groundwater is considered to be under the excavation. So, 

it has no effect on the three cases. 

5.4.4. Retaining Wall 
 

The retaining wall consists of a pile wall. All the wall characteristics are 

summarized in table 17 

Table 17 Pile’s Characteristics 

Pile Diameter (m) 0.6 

Pile Spacing (m) 1.8 

Elevation of Toe of Wall (m) -10 

Young's Modulus (kN/m2) 23000000 

Moment of Inertia per Unit Length (m4/m) 0.00353 

 



51 
 

5.4.5. Anchors (Struts) 
 

For the three cases, the same one-row anchors are employed. For each case, two 

different free lengths are executed. One of them is the original free length, which is 

designed so that the bond zone is below the sliding surface. The second free length is 

taken to be equal to the free length + 0.5 x bond length. The bonded length is predicted 

considering a factor of safety equals to 2 using equation (7). All the details about the 

anchors are shown in table 18. 

             Lb = 
𝐶

П 𝑥 𝐷𝑒 𝑥 𝑓𝑏 ,𝑚𝑎𝑥 
 (7) 

Where C is the anchor capacity (kN), 

Table 18 Anchors Characteristics 

Soil Type Limestone Marl Clay 

Anchor Elevation (m) -2 -2 -2 

Anchor Spacing (m) 2.4 2.4 2.4 

X-section Area of Anchor (m2) 0.0006 0.0006 0.0006 

Young's Modulus (kN/m2) 200000000 200000000 200000000 

Free Length (m) 7 7 7 

Free Length + 0.5 Bonded Length (m) 9 10 11.5 

Strut Inclination (Degree) 30 30 30 

Pre-stress (kN) 300 300 300 

 

5.4.6. Surcharge 
 

The surcharge is applied on the ground level and it is taken to be equals to 15 kN/m2 

5.4.7. Factor of Safety 
 

The Factor of safety for the wall is taken equals to 1.5. 

Figures 28, 29 and 30 illustrate the three executed cases. 
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Figure 28. Anchored Wall in Case 1 (Limestone) 

 

Figure 29. Anchored Wall in Case 2 (Marl) 

 

Figure 30. Anchored Wall in case 3 (Clay) 
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5.5 Results 
 

Considering the results of Wallap, the main focus is on the working load of the 

anchors, the displacement at the top of the wall, and the displacement at the level of the 

anchor. The working load is used to calculate the friction that is used later for the Monte 

Carlo simulations in order to compute the probability of failure. The displacement at the 

top of the wall is taken as the maximum displacement of all the stages. Then, it is 

checked to assure it is less than the allowable displacement which, in this case, is 2cm 

or around it. While the displacement at the level of the anchor is taken from stage five 

(the first stage is not considered since the anchor is not installed yet). This displacement 

is basically the displacement in the free zone of the anchor and it is used to compute the 

displacement in the bonded zone and the total displacement using the obtained model 

for each type of soil. 

Figure 31 represents the displacement of the retaining wall as a function of the level 

for case 1, case 2 and, case 3. Diagram (a) represents the envelope of all the stages while 

diagram (b) represents the displacement at stage 5. Tables 19, 20 and, 21 summarizes 

all the results of the three cases. 

Comparing the three cases, the displacement of the anchored wall in the Limestone 

is lower than the displacement in the two other cases. In the case of the wall in the Clay, 

the displacement is the highest.  

For each case, increasing the free length involves more displacement except for the 

Limestone case where no apparent change in the displacement is shown. 
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Figure 31.Displacement Diagram form Wallap: (a) Envelope of all stages of 

displacement of the wall. (b) Displacement of the wall at level 5. 
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Table 19. Results of case 1 

 

Level 
Total 

Displacement   
(mm) 

envelope  at the top of the wall  19 

Stage 5 - Lf = 7m 
at the level of the anchor 7 

 at the top of the wall 9 

Stage 5 - Lf+0.5 Lb = 9m 
 at the level of the anchor 7 

 at the top of the wall 9 

 

Table 20. Results of case 2 

 

Level 
Total 

Displacement   
(mm) 

envelope   at the top of the wall  23 

Stage 5 - Lf = 7m 
at the level of the anchor 10 

 at the top of the wall 13 

Stage 5 - Lf+0.5Lb = 10m 
 at the level of the anchor 11 

 at the top of the wall 14 

 

Table 21. Results of case 3 

 

Level 
Total 

Displacement   
(mm) 

envelope   at the top of the wall  24 

Stage 5 - Lf = 7m 
at the level of the anchor 13 

 at the top of the wall 13 

Stage 5 - Lf+0.5Lb = 11.5m 
 at the level of the anchor 14 

 at the top of the wall 14 

 

5.6 Determination of the Displacement in the Bonded Zone Distributions 

 

In order to figure out the distribution of the displacement in the bonded zone, Monte 

Carlo simulations are used. The discussed model in chapter 4 and the displacement at 

the level of the anchor, which is the displacement in the free zone, are used to compute 
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the displacement in the bonded zone. Then, the total anchor displacement is computed 

by adding to the displacement in the bonded zone the displacement in the free zone 

obtained from Wallap. Ten thousand Monte Carlo simulations are generated for a and b 

where a and b are treated as Beta variables. Using these values, the displacements in the 

bonded zone are calculated. The means, the standard deviations and the coefficients of 

variations of the displacement in the bonded zone and the total displacement are 

represented in table 22. 

The probability distribution of the displacement in the bonded zone is tested and 

compared with theoretical probability distribution functions. These distribution 

functions include the normal distribution, the lognormal distribution, and beta 

distribution. The CDFs of the displacement in the bonded zone obtained from the 

simulations and the theoretical normal, lognormal and, beta distributions are displayed 

in Figure 32. 

The results in Figure 32 indicate that the probability distribution that can be used to 

fit the displacement in the bonded zone is the beta distribution.  

 

 

Table 22. Statistical Parameters of the Bonded Zone Displacement 

 Limestone Marl Clay 

 

Displacement 

in the bonded 

zone (mm) 

Total 

displacement 

at the level 

of the anchor 

(mm) 

Displacement 

in the bonded 

zone (mm) 

Total 

displacement 

at the level of 

the anchor 

(mm) 

Displacement 

in the bonded 

zone (mm) 

Total 

displacement at 

the level of the 

anchor (mm) 

Mean 5.54 12.54 8.89 18.89 9.84 22.84 

Standard 

Deviatio

n 

2.90 2.90 3.71 3.71 2.03 2.03 

COV 0.523 0.231 0.418 0.197 0.207 0.089 
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Figure 32. Actual and Theoretical Normal, Lognormal, and Beta Distributions for 

Modeling the Uncertainty in the Bonded Zone Displacement  

 

5.7 Reliability-Based Design 

 

The reliability-based design considers the sources of uncertainty that can affect the 

design decisions. Also, it relies on the probability of failure to detect and avoid design 

errors. The probability of failure approach requires the precision of allowable 

displacement. The total anchor displacement that is computed in the previous section is 
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used to compute the probability of failure of the anchored wall. The failure is defined 

when the displacement exceeds a certain allowable value. The probability of failure is 

calculated for several different levels of allowable displacement but only one allowable 

displacement is considered in this case which equals to 2cm. The resulted probabilities 

of failure for the three cases are displayed in table 23. The probability of failure should 

be tested if it is acceptably small. Usually, two ranges are considered acceptable for the 

probability of failure depending on the studied case; 0-5% and 5-10%. Based on the 

results in table 23 and considering the 2cm allowable displacement, it is shown that the 

probability of failure of the wall in Marl and Clay are unacceptably high. On the other 

hand, it is too conservative in the case of Limestone. To adjust these probabilities, a 

redesign is required. The design of the anchored wall is repeated while changing the 

spacing between the anchors. All the results for different anchor spacing are shown in 

table 24. Considering that the 0 – 5% is the acceptable range, the anchors, in the case of 

Limestone, should be at a spacing of 2.8m, while in the case of Marl and Clay it should 

be at 1.6m. On the other hand, for the 5-10% range, the anchor spacing, in case of 

limestone, should be increased to 3m. While in the case of Marl and Clay, the anchor 

spacing should be decreased respectively to 1.7m and 1.8m. Figure 33 represents the 

variation of the anchors spacing in each case for the two probabilities of failure 5% and 

10%.   

 

Table 23. Probability of Failure of the Anchored Wall for the Three Cases for 

Different Levels of Allowable Displacements  

 Limestone Marl Clay 

P (S > 1cm) 76.1 100 100 

P (S > 1.5cm) 22.64 85.09 100 

P (S > 2cm) 0 34.8 95.45 

P (S > 2.5cm) 0 8.56 20.13 
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Table 24. Probability of Failure at Different Anchor Spacing  

 Limestone 

Anchor Spacing 

(m) 
2.4 2.5 2.6 2.7 2.8 2.9 3 3.1 3.2 

P (S > 1.5cm) 22.64 22.82 23.83 32.74 32.8 42.7 42.46 42.84 52.11 

P (S > 2cm) 0 0 0 1.72 1.9 6.75 6.93 6.94 12.26 

P (S > 2.5cm) 0 0 0 0 0 0 0 0 0 

 Marl 

Anchor Spacing 

(m) 
2.4 2.3 2.2 2.1 2 1.9 1.8 1.7 1.6 

P (S > 1.5cm) 85.09 84.06 70.94 60.27 57.7 48.3 47.82 38.75 30.89 

P (S > 2cm) 34.8 34.78 27.31 21.61 20.3 15 14 9.65 4.83 

P (S > 2.5cm) 8.56 7.84 3.76 1.19 0.69 0.07 0.01 0 0 

 Clay 

Anchor Spacing 

(m) 
2.4 2.3 2.2 2.1 2 1.9 1.8 1.7 1.6 

P (S > 1.5cm) 100 100 100 100 100 100 82.9 80 60.4 

P (S > 2cm) 95.45 72.21 54.46 52.67 37.3 23.7 8.89 7 0 

P (S > 2.5cm) 20.13 4.77 0 0 0 0 0 0 0 

 

 

Figure 33. Anchors Spacing for Each Case at a Probability of failure of 5% and 10%  
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CHAPTER 6 

CONCLUSION 
 

6.1 Introduction 
 

In this thesis, a database of 70 anchor pullout tests in geologic units involving 

limestone, marl, and clay was assembled and used to quantify the uncertainty in the 

bond stress – anchor slip relationship using a commonly used hyperbolic model. The 

statistics of the hyperbolic model parameters (a and b) can be used within a Monte Carlo 

Simulation framework to simulate bond stress – anchor slip curves that represent the 

expected variability in the anchor response in the bonded zone. Such curves are key to 

the serviceability limit state design of anchored retaining systems.  

The hyperbolic model and the statistical parameters can be used to perform a 

reliability-based design on a design example where the deterministic design and the 

probabilistic design can be compared. 

 

6.2 Summary of Findings 

 

Based on the results of this study, the following findings, conclusions, and 

recommendations are made: 

1. In order to check the serviceability-based design considerations for retaining 

walls that are supported with ground anchors a better understanding of the relationship 

of bond stress with anchor displacement in the bonded zone is needed. Also, more 

importance should be given to the uncertainties in the anchor design to increase the 
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safety and to optimize the design. 

2. This study demonstrated that the observed uncertainty in the stress-

displacement curves of anchor tests in Limestone, Marl, and Clay can be translated in 

the variability of two hyperbolic parameters. These hyperbolic parameters are used to 

normalize the stress-displacement curves using the linear regression method. 

Reliability-based design at serviceability limit state can be carried out using the obtained 

model. 

3. Based on the results of the 70 tests in the three types of soil, it is indicated that 

the parameter “a” is more uncertain than the parameter “b” since the coefficient of 

variation for the “a” parameter is higher than the coefficient of variation for the “b” 

parameter. And these parameters shown the least variability in the case of Clay. Also, it 

is shown that the hyperbolic parameters are strongly negatively correlated. 

4. After testing the CDFs of “a” and “b” against conventional lognormal 

probability distribution in addition to a more general four-parameter beta distribution 

that is limited in an interval [a b], it is shown that the beta distribution illustrate more 

realistically the uncertainty in “a” and “b” for all of the cases analysed. The statistical 

results of “a” and “b” are checked using 100 Monte Carlo simulations to make sure they 

reflect the real data. 

5. A design example of an anchored retaining wall supporting two-layered soil is 

modeled on Wallap which is a software that does not take into consideration the 

displacement in the bonded zone.  This design example can be used to make a 
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comparison between the deterministic and the probabilistic design. The case where the 

anchor is bonded in the clay layer showed the highest displacement while it showed the 

lowest displacement in the case of Limestone. 

6. 10,000 Monte Carlo simulations of the two parameters “a” and “b” are 

generated in order calculate the probabilities of failure of the design example. The 

generated values are used to compute the displacement in the bonded zone which is 

added later to the displacement in the free zone to compute the total anchor 

displacement. The CDFs of the displacement in the bonded zone are tested against 

conventional lognormal and normal probability distributions in addition to beta 

distribution. For the three cases, the beta distribution illustrates more realistically the 

uncertainty in the displacement in the bonded zone 

7. Using the probabilistic method allows the designer to consider the effect of 

uncertainties in the design. Relying on the probability of failure that was calculated 

using 10,000 generated values of “a” and “b” from Monte Carlo simulations, it seems 

that the design of the anchored wall in the case of limestone is too conservative. Which 

is not the case for the wall in the case of Marl and Clay where it is needed to decrease 

their probabilities of failure. 

8. There is currently no link that is established between the resulting wall 

displacements at the location of the anchors and the mobilized pullout anchor force that 

was used in the design. Future work should focus on establishing this link through bond 

stress – anchor slip relationships that are similar to those established in this paper to 

couple the current ultimate limit state design methods with performance-based criteria 

that are related to the anchor displacement.   
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