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An Abstract of the Thesis of

Alina Al Beaini for Master of Science
Major: Mathematics

Title: Random Walks on Projective Spaces

Our goal in this thesis is to understand a recent result of Benoist-Quint [ ] about
the classification of stationary measures on the real projective space P(R)?. More precisely,
consider a probability measure ;o on the general linear group GL4(R) such that I',,, the semi-
group generated by the support of p, is strongly irreducible. We aim to construct p-stationary
measures on P(R?) using random walks, by proving the existence of limits for the empirical
measures. For this purpose, and inspired by previous work of Raugi | ], we introduce
a Markov Feller operator P, and prove it to be equicontinuous using the theory of random
matrix products | ].
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Chapter 1

Introduction

The study of products of random matrices and random walks on groups in general has been
going on since the beginning of the twentieth century and has enormous applications in mathe-
matical physics, expander graphs, cryptography, geometric group theory - --. One of the main
interests is the question of the asymptotic behavior of the random walks {L,, = X, - - - X1 }n>1
and {R, = X1 --- X, }n>1, where {X,,},,>1 is a sequence of independent and identically dis-

tributed random variables in a group G. When G is a group of d x d invertible matrices, this

problem was addressed by Benoist and Quint | ], Bougerol | |, Furstenberg [ 1,
Kifer [ ], Goldsheid | |, Guivarc’h | |, Kesten [ ], Le Page | |, Margulis
[ |, Raugi [ ], Tutubalin | |, Viscer | | and others. The question of the

asymptotic behavior of || X, - - - X1v|| for any v in R? arises, for example, in solutions of differ-
ential equations with random coefficients (] ]). Also, it appeared as a fundamental tool
in studying properties of subgroups of the linear group; for example in proving the existence
of free non-abelian subgroups of the general linear group (the probabilistic proof of the Tits
alternative by Guivarc’h | ]) and in homogenous dynamics (we refer for instance to the
powerful results of Benoist-Quint | ). According to Furstenburg | ], one way to
understand the behavior of a random matrix product is to consider stationary measures on

the (d — 1) projective space.



In this thesis, our goal is to describe how one can construct probability measures on
the projective space that are invariant with respect to a probability measure on the general
linear group GL4(R) (we refer to Definition to 2.4.3) using random walks. Such a study was
conducted previously by Guivarc’h-Raugi | |, and Benoist-Quint [ ]. We follow in
this thesis the approach of Benoist-Quint. Consider a probability measure g on GLg(R).
Let T';, denote the smallest closed semigroup of GLg4(R) containing the support of p and
consider the canonical action of I';, on X = P(RY). When the action of I',, on R? is strongly
irreducible (see Definition 2.2.2), we prove the following results that we summarize in the

following theorem:

Theorem 1.0.1. [ , Theorem 1.1 and Theorem 1.3]
For every x € X, for B := pu®N-almost every b = (by,---) € GLy(R)N, the limit of the
empirical probability measures

1 n
Vpp = lim — g Oty by
k=1

n—oo M

exists and is a p-ergodic p-stationary probability measure on X. Moreover, if v, is defined by

Vg i= /Vx’b dB(b), then v, is p-stationary, depends continuously on x and

;&

Vg = nh_)rgo - ;u*k * 0.

Theorem 1.0.1 describes the asymptotic behavior of the random walk at time n starting at

z in P(R?). These results extend previous work of Guivarc’h and Raugi [ | who proved

that when the action of I';, on R? is strongly irreducible and proximal, there exists a unique
p-invariant measure on X, called the “Furstenberg measure”.

To prove Theorem 1.0.1, we take a functional analysis point of view. The basic idea is to

use an averaging operator P, on X defined by

P, : C%(X) — O(X); f»—>PM(f)=/F f(gz)dpu(g)-



This Markov-Feller operator explicitly describes the random walk {L,}, on P(R?). In our
context, we will think of random walks on a set X as continuous functions that assign to each
element of X a probability measure on X. The strong irreducibility of I', will play an impor-
tant role in proving that P, is equicontinuous. This is the content of Chapter 3. From this,
Theorem 1.0.1 follow as special cases of results of Raugi [ ] concerning equicontinuous

operators on compact metric spaces (Chapter 4 and 5).

Here is the structure of this thesis:

e In Chapter 2, we state the relevant definitions and we prove all the apparatus needed in
the next chapters. This chapter will be divided into a linear algebra part and a measure
theoretical one. In the first, we give some properties of subgroups of general linear
groups: irreducibility, contraction --- and relate them to the action on the projective
space. In the second, we define and understand stationary measures on X with respect

to a probability measure p on G.

e In Chapter 3, we prove that, when the action of I',, is strongly irreducible, the averaging
operator P, is equicontinuous. The proof relies on previous results of Furstenberg,
Guivarc’h-Raugi on the theory of random matrix products. The main goal is to study

the behavior of the random walk suitably normalized.

e In Chapter 4, we study the decomposition of the space of measures on X under the
action of an equicontinuous Markov-Feller operator. This is a purely functional analytic
section and is valid for any compact metric space X and for any Markov-Feller operator

on it.

e In Chapter 5, we prove the main results of this thesis. Since the proof requires some
knowledge of the theory of martingales, we dedicate the first part of this chapter to

recall the basic notions needed.



Chapter 2

Background

In this chapter, we will state some definitions and properties that will be used throughout this
thesis. We focus on the real projective space, subsemigroups of general linear group, definitions

of irreducibility and proximality, convergence of measures and p-stationary measures.

2.1 The Real Projective Space

We recall in this section the notion of the real projective space along with some of its important
properties. All of these results, along with their proofs, can be found for instance in | ,

Chapter 2].

Proposition/Definition 2.1.1. Consider the binary relation ~ on R\{0} defined by
x ~y <= there exists A € R\{0} such that y = \z.

Then ~ is an equivalence relation on RIN\{0} and the quotient space R%/.. is called the real
projective space of dimension d-1, and is denoted by P(R?) (or sometimes P?~1). More-

over, for any x € RN\{0}, we denote by T the equivalence class of x in P(R?).

Therefore, the real projective space P(R?) is the space of lines in R? passing through the

origin.



The (d—1)-dimensional real projective space can also be seen as the quotient of the unit (d—1)-
sphere, S%~1 with the antipodal points identified. The resulting projection p : S 1 —
P(R?), which is continuous and surjective, provides important topological structures on P(R%),

such as the following:

Proposition 2.1.2. The real projective space P(RY) is a compact and connected topological

space.

Remark 2.1.1. It is also important to note that the projection mentioned above implies that

S9=1 is a double covering space of P(R?).
Proposition 2.1.3. The real projective space P(R?) is a separable Hausdorff space.

The real projective space is a metrizable space and we will be using the following distance on

P(RY). We refer for instance to [ , Proposition 2.8.18].

Proposition/Definition 2.1.4. Fubini-Study metric
Let || - || be the Buclidean norm on V- =R, Endow A*V with a compatible norm. For every

7 = Rz and 7 = Ry in P(RY), define the map d : P(RY) x P(RY) — [0;00) by

_ =yl

a(z. ) = AL
=T iyl

Then d is a metric on P(R?) that measures the absolute value of the sine of the angle between

the two lines Rz and Ry.

Remark 2.1.2. Since P(R?) is compact and metrizable, this proves Proposition 2.1.5.

2.2 Subsemigroups of Linear Groups

Definition 2.2.1. Let G be a group acting on a set X and let Y be a subset of X. We say
that Y is stabilized by G if Vge G and VyeY,g-yeY.

Definition 2.2.2. Let G be a group acting on a vector space V.



1.

2.

G is said to be irreducible (or equivalently, the action of G is irreducible) if no non-
trivial subspace of V is stabilized by all the elements of G. We say that G is reducible

if it is not irreducible.

We say that G is strongly irreducible if there does not exist a finite union of nontrivial

subspaces stabilized by all the elements of G.

Example 2.2.1. Consider GLo(R) acting naturally on R?.

()

(i)

a 0
Let G = €G,a,b#0

1 0
Clearly, G stabilizes F1 =R and Fo =R . Therefore G is reducible.

a 0 0 a
Let H = ya,b£0 3 ,a,b# 0 5. This is clearly a subgroup
0 b b 0

of GLa(R). Let us check that H is irreducible but not strongly irreducible. Indeed,

suppose that there exists a proper subspace E of R? stabilized by H. Necessarily E is a

c
one-dimensional subspace, i.e. E =R for some ¢,d € R.
d
0 1 c d c
In particular, = =k for some k € R. So d = kc and
10 d c d

1 -1
¢ = kd which implies that d = k*d, i.ed = +c. Hence E =R orE=R
1 1

However, both previous subspaces are not stabilized by H as one can check by looking,

for instance, at the action of the element € H. Therefore, H is irreducible.
0 1
1 0
However, H is not strongly irreducible: consider Fhn = R , Ea =R and
0 1
0 a 1
let F = E1U Es. Notice that for all a,b € R, = € By CF
b 0 0 b




0 a 0 a
and = € By C F. Therefore, H stabilizes F.

b 0 1 0

Definition 2.2.3. We define the general linear group of degree d, GL;(R), to be the

subgroup of My(R) consisting of all d x d invertible matrices.

Proposition 2.2.1. The general linear group acts naturally on the real projective space by

the map
GL4(R) x P(RY) — P(R?)
(9,7) —g-T=7g7
Definition 2.2.4. Endow R? with the Euclidean norm || -||. For simplicity of notation, the

operator norm induced on My(R) will be denoted also by || - ||.
Given a subset T' of GL4(R) we define the proximal dimension (or index) of I' as the
smallest integer v > 1 such that there exists a sequence (gn)n in I' for which the sequence

(Ilgnll~gn)n converges to a rank r matriz.

Remark 2.2.1. The previous definition remains unchanged if we replace the Fuclidean norm

with any other norm as Mg(R) is a finite dimensional vector space.
We focus on on giving several examples illustrating the proximal dimension (index).

Example 2.2.2. (Example with full index) Consider the orthogonal group O(d) = {A €
GLg(R) : Vo € R ||Az|| = ||z||}. Let G be any subgroup of O(d). We claim that the
prozimality index of G is equal to d. Indeed, O(d) is a compact topological space as it is the
unit ball in the finite dimensional vector space (Mg(R),||-||) (where || -|| is here the operator
norm). Thus if (gn)n is any sequence in O(d), then any subsequential limit A of gn/||gnl| = 9gn

remains in O(d) C GL4(R), in particular A has full rank. This proves our claim.

1 1 0 -1
Example 2.2.3. (Ezample with index equal to one) Let g1 = , g2 = ,

01 1 0
and consider the group T' generated by g1 and ga (actually one can prove that T' = SLy(Z)).

It is easily seen that I' is strongly irreducible. Moreover, it has proximal dimension one.



2

5+v2
2

Indeed, g := = g13g2 312 € T'. This is a diagonalizable matriz with \; =
1 2

A1
and Ao = 575/5 as etgenvalues. Write g = P P~ for some invertible matrix

0 Ao

P. Since Ay > Ao, we deduce that % converges to the matriz A := P ; which is
0 0

a rank one matriz (it is the projection onto Pey parallel to Pes). But, for every n € N,

||P||H1P_1|| < Hf\;“ < ||P||[|P~Y||. Hence we can extract a convergent subsequence of %, say

to a. Clearly, o > 0. Writing % = f\—; X %, we deduce that there exists a subsequence,

say ngiz\l of ||ZZH , that converges to o' A which is still a rank one matriz. Since g™ € T' for
every k € N, we deduce that the prorimal dimension of I' is indeed equal to one. Hence, I' is

an example of a strongly irreducible group with proximal dimension equal to one.
Motivated by the previous example, we give the following definition:

Definition 2.2.5. Let A be an element of GLy(R). We say that A is proximal (or con-
tracting) if it has a simple dominating eigenvalue, i.e it has a unique eigenvalue of maximum
modulus.

A subset T' of GL4(R) is said to be proximal if it contains a proximal element.

As suggested by the proof in Example 2.2.3 , proximality of a subsemigroup of GL4(R) im-
plies that its index is equal to one. The converse is true provided an irreducibility assumption

is imposed. More precisely,

Proposition 2.2.2. Let T be a subsemigroup of GLy(R). If T is proximal, then its proximal

dimension is equal to one. Moreover, if I' is irreducible, then the converse is true.

Proof. For the forward direction, let M be an element of I' with a simple dominating eigen-

value. By the Jordan decomposition, M is similar to a matrix M’ of the form M’ =

A0
where A is the dominating eigenvalue and IV is a square matrix of size d — 1

0 N
and with spectral radius p(N) < |\|. But by Gelfand’s spectral radius formula, || N ”H% —

n—+00



p(N) < A\. Thus % converges to a rank one matrix. Using an argument similar to the one
in Example 2.2.3, we deduce that there exits a subsequence, say M™ /||M,, ||, of M™/||M"||

that converges to a rank one matrix. Thus I' has proximal dimension one.

Conversely, suppose that I' has proximal dimension one. Let (g,), be a sequence in I" such

that ||97n|| converges to a matrix A of rank 1. Then, clearly, A has at most one non-zero
9n

eigenvalue with algebraic multiplicity 1. Suppose first that A has such a nonzero eigenvalue.

In this case A is proximal. Since the set of proximal matrices is open in M, (R) (by continuity

of the map A € My(R) — (A1(A), -, \g(A4)) € RY), and since Hgn” converges to A, there
9n
exists an N € N such that for alln > N, In_ i proximal. In particular, INHL 4 proximal,
[lgn |l gnall

and so is gy41 €T

Suppose finally that all the eigenvalues of A are zero. This happens exactly when I'm(A) C
Ker(A) (i.e. A? =0). Since I is irreducible, there exists v € I' such that yIm(A) ¢ ker(A)
(otherwise {yz;y € ',z € Im(A)} would be a non trivial I'-stable subspace of V). Hence
Im(yA) ¢ ker(yA), so that vA is proximal. Since % converges to vA, from the first case,
we get that vg, € I' is proximal for all n > N. Therefore I' is proximal.

O]

Remark 2.2.2. The importance of prozimality is highlighted in the action of GL4(R) on
P(RY). In fact, if g € GL4(R) is prozimal, then there exists vy™ € P(RY) (namely the line
in the direction of the eigenvector associated to the dominating eigenvalue), and a projective

hyperplane Hy~ such that for allT ¢ Hy~, " - T —> vy". Moreover, R? = vgt @ H,”.

n—oo

Example 2.2.4. Here is an example of a strongly irreducible subsemigroup of GL4(R) with
a —b

proxzimal dimension 2. Let K = ,a,b € R 3. This is a field isomorphic to C
b a

10



a —b
via — a + ib. Consider now the following subset of GL4(R):

A B
Ir={M= :A,B,C,D € K and det(M) # 0y C GL4(R).
C D

This is a subgroup of GL4(R) isomorphic to GLo(C). We can show that T' is strongly irre-

Ry O
ducible by noticing that, for any rotation Ry by an angle 0, the block matrix

o I
belongs to T'.

Let us check that T' has prozimality index equal to 2. Indeed, exploiting the isomorphism
I' ~ GLy(C), we see that for any matric M € T, the spectrum of M consists of four
eigenvalues of the form {\ X, u,}. It follows then that T' is not prozimal and so, by ir-

reducibility of I' and Lemma 2.2.2, the index of I is strictly greater than one. Moreover, let

2 000
0 2 00
M = e I'. Clearly, M™/||M"|| converges to a rank two matriz. Hence, the
0010
0 001

ndex of ' is 2.
We end this section by a general result that will be used later.

Lemma 2.2.1. Let T' be a subsemigroup of GL4(R) acting naturally on RY, and let Tt :=

{g' : g € T}, where gt is the transpose matriz of g. Then,
(i) the index of T is equal to the index of T';
(ii) if T is strongly irreducible, then so is T't.
Proof. (i) Follows immediately from the fact that rank(A) = rank(A!) and ||A|| = ||AY|
for any matrix A.
(ii) Suppose that there exist proper subspaces Vi,---V;, of R? such that their union is

11



stabilized by all the elements of I'?, i.e

g (OW) IOVZ- for all g € T.
i=1

=1

Foralli € {1,--- ,n}, let W; = Vit. Let z € Ui, Wi, i.e x € W; for some j. Hence,
(z,v) =0Yv eV (2.1)
Now, let Vj be the subspace such that ¢*(Vj) = V;. For any v € Vj, we have

(g, v) = (z,9'v) = 0

n n n
by (2.1). Hence, gz € W), C U W;. Since g is invertible, we get g (U Wz) = U W;

i=1
which contradicts the fact that I' is strongly irreducible.

2.3 Convergence of Measures

In this section, X denotes a compact metric space. We are interested in studying convergence
of measures on X. By "measure”, we mean a regular Borel complex measure. We denote the

set of regular Borel complex measures as M(X), and the set probability measures on a space

X by P(X).

Definition 2.3.1. A sequence {v,} in M(X) is said to converges *x-weakly towards v €

M(X) if, for any continuous real function f on X, lim / f dup :/ fdv.

Definition 2.3.2. A sequence {vn} in M(X) is said to converges weakly towards v €

M(X) if, for any bounded continuous real function f on X, li_>m / f dv, :/ fdv.

Notice that, since X is compact, any continuous function on X is bounded. Therefore *-
weak convergence and weak convergence are equivalent in our case. We will use both terms

interchangeably.

12



Remark 2.3.1. In view of Remark 2.2.2, when g is prozimal, we get that g" - 0z converges

*-weakly to o, + asmn — co.
The following is a standard result in measure theory:

Proposition 2.3.1. If X is a compact metric space, then for any sequence {v,} € P(X),
there is a x-weakly convergent subsequence of v,, and its limit is a probability measure on X.

In other words, if X is compact, then (P(X),*) is compact.

One important notion that we will be using a lot in this thesis is that any measure v on
a compact space X can be seen as a vector in C°(X)* defined by v(f) = [ fdv for any
f € C%(X). The fact that v € C°(X)* is continuous follows from the fact that this operator

is bounded as X is compact.

Remark 2.3.2. In fact, in our setting, the converse is also true: any vector in CO(X)"
corresponds to a measure on X. This follows from The Riesz Representation theorem
/ , Theorem 6.19]: Let X be a locally compact Hausdorff space. Then, for any bounded
linear functional v on C.(X) (the set of continuous compactly supported function on X ), there
is a unique regular Borel measure i on X such that (f) = [y f(z) du(z) = p(f) for all f
in Ce(X).

In our case, since X is compact, Co(X) = C%(X). Hence, we get that CO(X)* = M(X).

2.4 Stationary Measures

In this section, X denotes a compact metric space.

Definition 2.4.1. Let v be a Borel measure on X, f: X — X a transformation. We say v

is f-invariant if for any h € C°(X),
/ hdv = / h(fx)dv(zx),
X X
or, equivalently, if for all A € M, v(f~1(A)) = v(A). We denote this property by f v = v.

13



Remark 2.4.1. If v is invariant under a transformation f, then it is invariant under all

compositions of f.

Example 2.4.1. Let X =R, 9 the Borel o-algebra of the Lebesque measure A, and let f be
the translation by a scalar u € R, i.e f(x) =z +wu for x € R. Then X is f-invariant because

for any open interval (a,b), A\((a,b)) =b—a and
M (a,0) = M(a —u,b—u)) =b—u—(a —u) =b—a=\(a,b)).

Example 2.4.2. For every 0 € [0,2n], let Ry : S' — St be the rotation on the circle S*
by an angle 6 € [0,2x]. Let X be the pushforward measure of the Lebesgue measure \ under

q:[0,1] = S defined by q(z) = €2

1. For any 6 € [0, 2], the probability measure X is Rg-invariant. Indeed, for any 6 € [0, 2],

and for any A in the Borel o-algebra of S, we have

MR_gA) = M{z €0,1];e*™ € R_yA})
= A({z € [0,1];*™=+0) ¢ A})
= M{z —0€[0,1];e* € A})

= A{z €[0,1];¢>™* ¢ A}) = A\(A)

by translation invariance of the Lebesgue measure.

2. Suppose that 0 & 2wQ, i.e. Ry has infinite order. We claim that the Lebesgue measure
X is the unique Rg-invariant measure on S'. Indeed, let 1 be such a measure. it is
enough to prove that [ fdu = fde for any trigonometric function f (since the set of

trigonometric functions form a dense subset of C°(SY).) Indeed, let ey (t) = >kt for

14



any k € Z. Notice that e*™*0 =1 only if k = 0 since 0 is irrational. Now,

N—-1 N—1 .
Y @B = Y ) - o
N n—0 N n=0 % e2mkt5227:1i\;7’;9_—11 ik 40

) iR=0 :/ek(t)dX(t).
nee 0 ifk+#0

N-1 N-1
1 1 ~
But also, /ek(t)du: N g /ek(t)du:/N g er(t)du Njgo//ek d\ dp = /ek dA.

Definition 2.4.2. Let G be a set of transformations on X, and let v be a Borel measure on
X. We say that v is G-itnvariant if it is invariant under all elements of G, i.e Vf € G, v is

f-invariant.

Unfortunately, in a lot of cases, such a G-invariant measure fails to exist. Let’s look at an

example.

Example 2.4.3. Consider the unit circle S* and the group G of its homeomorphisms onto
itself such that G contains at least one rotation of infinite order (i.e a rotation by an irrational
angle mod 27) denoted by Ry, and it contains at least one transformation which is not an
isometry of S, denoted by T. Suppose j is a G-invariant measure on S*. The existence of
Ry in G forces p to be the Lebesgque measure A (as in Ezample 2.4.2). However, X is not
mwvariant under T .

Therefore there exists no G-invariant probability measure on S'.

Now we need to look for a property that substitutes G-invariance.

From now on, we let G be a topological semigroup acting continuously on a topological space

X.

Definition 2.4.3. Let i1 be a Borel measure on G and v a Borel measure on X. Denote by

w v the pushforward measure of u ® v under the map G x X — X: (g,x) — g-x. In
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other words, for A in the Borel o-algebra of X,
(nxv)(A)=(rov){(gz) e Gx X g -z e A},

or, equivalently, for any continuous function f on X:

| s@dn@) = [ /G F(g.2)du(g)dv ().

We say v is p-tnvariant (or p-stationary) if pxv =v.

Remark 2.4.2. When X = G and G acts on itself by translation, we denote p* pu by ,u*2 and
we call it the second convolution power of . Similarly we define the n-th convolution power

of 11, denoted by p*".
The efficiency of this stationary property is highlighted by the following proposition.

Proposition 2.4.1. Let G be a semigroup acting on a compact metric space X. Then, for

any probability measure u of G, there exists a p-invariant probability measure on X.

Proof. Let u be a probability measure on G, xg € X, and consider the probability measure

0z, o0 X.

n
Let v, := — Z " 0z,- Since X is compact, there is a x-weakly convergent subsequence of
n
i=1
v, (that we will denote again by v, for simplicity), and its limit, v is a probability measure

on X (Proposition 2.3.1). Now,

1~ i1
w* vy, = nz;l’b*(l+)*5x0
1=

1 1
= SN Gy A Gy — ik Gy

i=1

1 *(n
= up+ ﬁ{,u (V1) s Gy — 115 Oy - (2.2)
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1
Let 0y, := %{M*(”H) % Ozo — 1 * Oz }, and let f € CO(X). Then

‘/fdnn

/f dﬂ *(n+1) *5:60 /f ) * 0z ()

- n‘/f(gxo)du*("“)(g)—/f(gwo)du(g)'

» [ 1tgz0)idn )+ [ \rtgzoldnto)

IN

Since f is continuous over X (compact), there exists M > 0 such that f(x) < M for all x € X.

' | #n.

Hence, 71, converges to the zero measure. It follows that, letting n — oo in (2.2), we get

Therefore

< {M/du*("“) —f-M/d,U, = o

n n—oo

pxv=uv.

Remark 2.4.3. If v is G-invariant, then it is pu-invariant for any measure p on G.
Definition 2.4.4. A probability measure v on P(R?) is said to be mon-degenerate (or
proper) if for any hyperplane H in RY,

v({Z € P(RY) : x € H\0}) = 0.
We state the following important result due to Furstenburg. For a complete proof, see | ,
Page 49].

Proposition 2.4.2. Let pu be a probability measure on GLg(R). Denote by I',, the smallest
closed subsemigroup of GL4(R) generated by the support of j. Suppose that T, is strongly

irreducible. Then any p-invariant measure v on P(R?) is non-degenerate.
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Chapter 3

Random Walks on P(R%)

For a measure p on GL4(R), we recall that I, denotes the smallest closed subsemigroup

of GL4(R) generated by the support of y and that the averaging operator P, is defined on

X = P(R?) by
P C°X) = CX) s fr— P = [ Ham)aulo). (3.1)
n
Our goal in this Chapter is to prove the following theorem of Benoist-Quint | , Proposition
3.1]:

Theorem 3.0.1. WhenT', is strongly irreducible, the averaging operator Py, is equicontinuous.

We will see in Chapter 4 that the equicontinuity of P, is an important condition for the
construction of y-stationary probability measures on P(R?). To prove the above theorem, we

need first to get introduced to Markov-Feller operators and equicontinuity.

3.1 Markov-Feller operators

Since this section contains only definitions, we let (X, d) denote here any compact metric

space. We endow C°(X) with the sup norm.
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Definition 3.1.1. An operator P : C°(X) — C°(X) is said to be a Markov-Feller op-
erator if it is a bounded operator such that ||P|| < 1, P1 =1 and such that Pf > 0 for all

functions f > 0.

It is very straightforward to check that our averaging operator (3.1) is a Markov-Feller oper-

ator.

Definition 3.1.2. A family F C C°(X) is said to be equicontinuous if for all € > 0 there

exists 0 > 0 such that | f(z)— f(y)| < € for all f € F and for all x,y € X such that d(z,y) < 6.

Definition 3.1.3. We say a Markov-Feller operator P is equicontinuous if, for every f in

CO%(X), the family of functions (P"f),>1 is equicontinuous.

Proposition 3.1.1. If a Markov-Feller operator P on C°(X) is equicontinuous, then for any
f € CUX), {P"f;n > 1} is relatively compact (i.e. its closure is compact in C°(X)). We

also say that P spans a strongly compact semigroup.

Proof. Let f € C°(X). Since P is equicontinuous, the {P"f},, is equicontinuous. Moreover,
for all n € N, for all z € X, |P" f(x)| < ||P"f|| <||P"|] ||f|| < ||f]| since P is Markov-Feller.
Therefore {P"f : n > 1} is uniformly bounded in C°(X), and it follows from Arzela-Ascoli
theorem (see for instance [ , AB]) that there is a subsequence of { P" f},, that converges

uniformly to some function in C%(X), i.e {P"f;n > 1} is relatively compact. O

3.2 Equicontinuity on the Projective Spaces

We go back to X = P(RY) on which GL4(R) is acting. Let u be a probability measure on
GLq(R) and let I';, be the smallest closed semigroup of GLg(R) which contains the support
of .
We denote by B be the set of sequences b = (b, ba, -+ , by, -+ ) with b, € GL4(R), B its Borel
o-algebra, § the product probability measure 8 = u®Y", and @ the Bernouilli shift map
defined by

0: B — B;(b1,b2,b3,--) — (ba,b3,bs--).
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The following result of Furstenberg and Guivarc’h-Raugi will be crucial for us. For a detailed

proof, check | , Theorem 3.1].

Theorem 3.2.1. Suppose that I, is strongly irreducible and write r for its index (see Defini-
tion 2.2.4). Then, for B-almost every b = (b;);en+ € B, there exists an r-dimensional subspace
Vi, of R such that any limit point of {||b1---bu|| by ---by : 0 > 1} is a rank r matriz with

range V.

Corollary 3.2.1. Suppose that I, is strongly irreducible and write r for its index. Then,
if Ln(b) = by ---baby, for B-almost all b = (b;)ien» € B there exists a (d — r)-dimensional
subspace Wy, of RY such that any limit point of {||L,(b)|| " L, (b),n > 1} is a rank r matriz

with kernel Wy,

We write

Wy = {U € R: 3(ny)g, Im : by, - b1 — 7 and v = 0} : (3.2)

Proof. The result follows easily from Theorem 3.2.1 and the following identity, which is true

for every square matrix A: ker(A)L = Im(A?). O

Lemma 3.2.2. : Suppose that I, is strongly irreducible with index r, and let Wy be as in

(3.2). Then for allT € P(R?), B({b € B:7 € P(W,\{0})}) = 0.

Proof. Define the measure v on P(R?%) by
v(A) = B({be B:P(W,}) c A}).

We claim that v is p!- invariant, where p'(E) = u({g € T, : ¢* € E}) for any F in the Borel
o-algebra of T',. Indeed, let A C P(RY), then
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(W xv)(A) = (Weor){(gr)eG xX:g-zeA})
= pov){(g,z) eGxX: g -xc A}
= (1®B)({(g:b) € G x B:g"'-P(W,") C A})

= ,B({b = (bl,bg,bg, .- ) € B: blt . ]P)(Wg(b)J‘) C A)}
where 0(b) is the shift map. Now it is enough to show that
W€ B, bi' - P(Wyq)™) = B(Wp"),

since our right hand side would be equal to v(A).

Then, let 57 € bi* - P(Wy(b)™), i.e § = b - T such that z € Wg(b)l; ie

v’ € Wg(b), <f)§',l‘,> =0. (33)

Let 2" € W}, then, by (3.2), there exists (ny)r and m € End(V) such that

M — rand 2"’ =0

SO
bnk-”bﬂ?fl o
|bry, -+ b1]| k=0

i.e
by - -ba [|bny - b 1
— wby
[bny, =+ b2|[ |[bry, -+ br] koo
~—_———

Chnk

Now since Cy,,;, is bounded ( 1/[|b1|| < Cpni < |[b17}||), then it has a subsequence that
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converges to some ¢, > 0. To simplify notation, we will denote it also by Cj,,;. So,

bnk'”bQ -1 -1 /
_— b =T,
ankaH kﬁooCb ™1 T

Let 2 := by2” € R%. Then we found 7' € End(V) and (ng)x as above such that

7z =c by " = ¢y wd” = 0.

So z € Wg(b) and

(y, 2"y = (by" - ,2") = (x,b12") = (x,2) =0

by (3.3). Thus 7 € P(W,h) as desired.
The other inclusion can be proven in the same way, since it is equivalent to b; ¢ - ]P’(WbL) -

P(Wya)-

Now that v is p!-invariant, and since Fut is also strongly irreducible (by Lemma 2.2.1), then v
is non-degenerate, by Proposition 2.4.2. Hence for all 7 € P(R%), H = (Rx)* is a hyperplane
and v({P(H)}) = 0, i.e for all T € P(R?)

0 = B({beB:PWy*) C P(H)})
= B({be B: (Wy)* C Rat})
= B({be B:xeW,})

= B({be B:zeP(W)})

Before we continue, we recall the following lemma:

Lemma 3.2.3. Let X be a metric space, K > 0 and (fn)n a sequence of K-Lipschitz real

valued functions on X. Assume that the pointwise infinimum f of the (fn)n>n is finite (i.e.
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different than —o0), then f is also K -Lipshitz.

Proof. Let x,y € X, let n be arbitrary. Then,

f(@) < fu(x) < [falz) = fu(y)] + faly) < Kd(z,y) + f(y)

which implies that

f(z) = fy) < Kd(z,y).

Similarly, we prove that f(y) — f(x) < Kd(z,y) and hence

[f (@) = fy)] < Kd(z,y).

O]

Lemma 3.2.4. Suppose I, is strongly irreducible with index r and let W, be as in (3.2).
Then for all a > 0, for B a.e b € B, there exists cop, > 0 such that for all v € RN\{0} with
d(Rv,P(Wp)) > « (see Proposition/Definition 2.1.J), one has

[[br - - - bao]|

‘ - Of,b'

inf
n>1|[by - - bl [|v]

Proof. : First we note that it is enough to prove the result for all v € R4\ {0} with ||v|| = 1.
Let
Ky ={v €RY:||v|| = 1 and d(Ro, P(W})) > a}.

Clearly, K is compact and K, C Wp°.

{fbu- b
[[br -~ bu |

each f, is 1-Lipshitz, therefore f(v) = inf,>1 fn(v) is 1-Lipshitz and hence continuous over

For every n € N, let (f,,)n be the family of functions defined by f,(v) . Clearly

K , which is compact, and thus it attains its minimum, i.e there exists a point vy € Kj 4
such that f(v) > f(vp) for all v € Kj . It remains to prove that f(vg) > 0.

Suppose f(vg) = 0. By the definition of infimum, and since f,(v) # 0 for all n > 1, there
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exists a subsequence (fp;)r such that

_ [bak -+ bivol|

Jar(vo) = Mong b1l P f(vo).

Consider the sequence
bog -+ b1

My )k = 77—
Mot = 1 0]

then (M, ) has a convergent subsequence, that we will also denote by (M, ), for simplicity.

k

Thus there exists m € End(V') such that

My, — m,
k—o0

so that

far(vo) = [[Mp,vol| — ||movol].
k—o0

By the uniqueness of limits, it follows that ||mvg|| = f(vg) = 0, and so vy € W}, (by (3.2)),

which contradicts the fact that vy € Kj . Therefore f(vg) > 0. The proof follows by taking

Ca,b = f(v()). D

Lemma 3.2.5. Let V = R? and p be a probability measure on GL(V') such that the action of
I’y on V s strongly irreducible. Then, for all e >0 ,

(a) there exists ce > 0 such that, for all v in V \{0}, one has

B({be B: inf [1bn - byv]]

——————>c})>1—¢
o Tow-—a] Tl = V)

(b) there exists M¢ > 0 such that, for all z,y in P(V'), one has
B({b € B :sup d(by - b1z,by - bry) < Med(z,y)}) > 1—€
n>1

Proof. (a) Let r be the proximal dimension of I',. Since I',, is strongly irreducible with index

r, then by Corollary 3.2.1, for 8 a.e b € B, there exists a (d — r)—dimensional subspace W}
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of R? such that

b, b
Wb:{veRd:El(nk)k,EIW:kl — Wandﬂ'U:O}.
Ty - bil] 5

Let A, ={be B:T € P(W)} ={be B:dzP(W,)) =0} (since P(W,) is closed). Then
for all 7 € P(R?), B(A,) = 0 (by Lemma 3.2.2). Since P(R?) is a seperable topological space,

consider a countable dense subset D C P(R?), so that (). A, is measurable and

B([) Az) = 0.

zeD

But
(A== () [{b€B:d@PW;)) <1/n}.

zeD n=1zeD

My

Since (My,), is a decreasing sequence of measurable sets and f is a finite measure,

0= B( m Az) = B(ﬂ Mn) = lim \B(Mn)
n=1

n—00
zeD

Let € > 0, 3 N, € N such that for all n > N, B(M,) < €/2.
In particular, S(Mn,+1) < €/2. Therefore f({b € B : Vz € D,d(z,P(W;)) < 1/(Ne +1)}) <
€/2.

Let o =1/(Ne+ 1) and let ae = /2. Then
B({be B:VT € D,d(T,P(W)) > al} >1—¢/2.
A fortiori, for all T € D, 3({b € B : d(z,P(W,)) > al} > 1—¢€/2, and

vz e D, B({be B:d@P(W,)) > act >1—¢/2.
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Now, since D is dense in P(R%), for all 7 € P(R?) \ D, there exists Zg € D such that d(Z,Tg) <
Q.

Notice that if d(Zg, P(W3)) > ol then
d(z,P(Wy)) > d(zo, P(Wp)) — d(Z,Tg) > ol — ae = .

It follows that for all # € P(RY) \D, B({b € B:d(z,P(W)) > ac} > 1 —¢/2.

Hence for the given €, we found «, > 0 such that

vz € P(RY), B({be B:d(x,P(W)) > o} > 1 —¢/2.

From Lemma 3.2.4, there exists c,_; > 0 such that for all v € R4\ {0} with d(Rv, P(W})) > a,

one has
[[br - - - b1v]|

infon U s 0
[br - -~ ba| [Jol] =

Since B{b € B;cqa.p > 0} = 1, then by writing {b € B;ca, b > 0} = U,entd € Bicaop > 1/n},

we see that there exists ¢, > 0 such that
BHbEB:cqp>ce}) >1—€/2.

We proved that for all v € V\{0}, if b € B such that d(Rv,P(WW})) > ., then

inf >1—an.“b1UH Ca..b
"= - bal] (o] T
Therefore,
. |[bn - - - b1v]|
inf,>1 ————————- > Cc Or o p < Ce.
" bl o] 0T ‘
Hence,

by ---b
I 10]] >ctU{be B:cyp <cel,

{b€ B:d(Rv,P(Wp)) > ac} C{be B :infp>1 —m———— >
= [br < b ][]0l
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which implies that

B({b € B : inf,> [bn -~ bro] ‘ >c}) > B{be B:dRu,P(W,)) > ac}) —B{b € B:cap < ce))

1o - ba || ]

v

1—¢/2—¢/2=1—¢

as required.
(b) Let € > 0, there exists M, = (06/2)_2 such that for all z,y € P(V), if we let p,, = by, - - - by,
x = Rv and y = Rw, then we have

d(ppz, pny) _ [Ipav Appwl] ([0l [lwll _ [lpall [lol] pall 1wl
d(x,y) loAwll lpnol[ {lpawll = flpaoll [lpawl]

9

which implies that
[pnv]|

(b€ B:infys— il
"=Hlpall 0]l

> 66/2}

is a subset of

lonvll_pntell > (¢ 2y (b e B im0 <,

[pall [0l lpall flwl] — [pal] (]l

{b €B: infnzl

But,

o lpell el ) pall 1ol 1ol 2] )
be B :inf,>1 > (c, = {be B:sup, <1/(e,
{ >l 1ol Tl Teol] = G2 = U o Jpen]] S (2

d(pn, ppy)

e InY < M.
dwy) =M

= {beB: SUpn21d<pn%Pny) < Mcd(z,y)} = Bezy-

C {be B:sup,>
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Hence,

Ipav] el
MNP V)~ B({be B :infus 2
Toall o] = 28 =AU =1 ] < /2

1—¢/2—¢/2=1—c¢.

B(Be,x,y) > ,3({() € B: infnzl

v

We can now finally prove the equicontinuity of our operator.

Theorem 3.2.6. When I',, is strongly irreducible, the averaging operator on X = P(R?)
P+ COX) — C°(X):f — Pulf) = [ Hlawduto
w

18 equicontinuous.

Proof. Let f be a continuous function on X. We want to prove that the family of functions

(P." f)n>1 is equicontinuous. Without loss of generality, we can assume that ||f||cc < 1,

because, otherwise consider g = satisfies the condition, i.e for all zg € X for all ¢ > 0

f
1o
there exists § > 0 such that for all n € N and for all x € X with d(z,z¢) < 9,

(P"g)(x) — (Pu"g)(wo)| < m

then

(B )(2) = (B )(20)] = [|fllo [(Pu"g)(x) = (Bu"g)(wo)| < e.

Now, fix € > 0. Since f is continuous over the compact set X, it is uniformly continuous.

Hence, there exists 1. > 0 such that for all /.y’ € X with d(2,y) < 1., we have |f(2') —
fW)l <e.
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Let z,y € X. From the previous lemma, there exists M, > 0 such that the set

Beyy ={b€ B:sup d(by---biz,b,---biy) < Mcd(z,y)}

n>1

satisfies B(B¢, ) < €.

c
€,2,Y

Let 6 = ne/M,, then for all n € N for all z,y € X with d(z,y) < J, we have

(B ) (@) = (P DY) =

L(ﬂW%J%WMMWM

g‘/uwm~h@—f®m~hwwmw
B

+/ B bi) — F(bn -~ buy)|dB(D)
B

c
€T,y

S/B edﬁ(b)Jr/B (1+1)dB(b)

c
€T,y €,T,Y

< 6/8<Be,a:,y) + QB(B;SC,:L})

< €+ 2¢ = 3e.

Therefore, the family (P," f),>1 is equicontinuous, and hence so is the operator P,.
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Chapter 4

Decomposition theorems and
Empirical Measures for

Markov-Feller Operators

As mentioned in the introduction, our method of constructing probability measures on X =
P(RY) is a functional one. We will see probability measures as vectors of C°(X)* (see the
end of section 2.3). For this reason, we dedicate Subsection 4.1 to all the general notions of
functional analysis needed to prove the results in Chapter 5. This part of the chapter is based
on Raugi’s work [ ].

The space X can be any compact metric space and P an equicontinuous Markov-Feller opera-
tor on X. One of the main results of this section is Theorem 4.1.2 which shows that the space
of measures on X can be decomposed into a suitable direct sum of P -stable subspaces: the
space of P -invariant vectors and a space on which P contracts any vector to zero in Cesaro
mean. We then explain the link between this functional analytic chapter and our main study
in this thesis.

The last part of this chapter is the powerful Breiman’s law of Large number Theorem 4.2.2
that describes the subsequential limits of the empirical measures for Markov-Feller operators

on a compact metric space.
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4.1 Decomposition Theorems

In this section, X is a compact metric space and E is the Banach space E = C°(X) with || - ||
the sup norm. We endow the dual Banach space E* with the x-weak topology defined in the

same way as in Definition 2.3.1.

Definition 4.1.1. For any operator P : E — E, we define the adjoint operator of P in
E* by v — vP where (vP)(f) = v(P(f)) for all f € E.

Lemma 4.1.1. If {P"f;n > 1} is strongly relatively compact for any f € E, then for any

v e E*, {vP"n > 1} is x-weakly relatively compact.

Proof. Let v € E*. For any f € E, {P"f}, has a subsequence {P" f}, that converges to
some yy € E. Let € E* be defined by 1(f) = v(ys) for any f € E. Then, for all f € E, by
continuity of v, we have that limj_,o vP™ (f) = v(ys) = n(f). Hence, vP™ is a subsequence

of {vP"™;n > 1} that converges *-weakly to 7. O

For any operator P, we will introduce the following sets:
EP ={feFE:Pf=f}, (B ={veFE :vP=yv}

I
Ep:={f€kFE: nh_}rgoﬁ k,ElP f =0 strongly}
and

n—oon,

1 n
(E*)p:={veFE": lim— Z vP* =0 % —weakly}
k=1

An element in E¥ will be called a P-invariant function and an element in (E*)* will be called

a P-invariant measure.

Theorem 4.1.2. Recall that E = C°(X). Let P: E — E be an an equicontinuous Markov-

Feller operator (see Definitions 3.1.1 and 3.1.3). Then:

(i) One has the isomorphism (E*)F ~ (EP)*
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(ii) E can be decomposed as E = E¥ & Ep

(i) E* can be decomposed as E* = (E*)Y @ (E*)p

Proof. (i) Let ¢ : (E*) — (ET)* be defined by 9(v) = v|gr for all v € (E*)P.

1 is injective: Let v € (E*)F be such that v(g) = 0, Vg € EF. Let f € FE and let K =
m Since P is equicontinuous, by Proposition 3.1.1, K is compact in E. So
by [ , Theorem 3.20.c|, the convex hull co(K) is relatively compact, i.e the sequence
{afn = % S %y P*f} € K has a subsequence converging to some y, € @0(K). For simplicity,

we will denote this subsequence again by {ay,}. Notice that
1 n+1
P(af’n):af,n—}-ﬁ(P f—Pf)

But since P"*1f, Pf € K, which is compact, then they are bounded and we get that, as n

goes to 00, P(Yso) = Yoo (by continuity of P). Now,

1 ¢ 1 o
v(f) = lim ~ ;vm = lim —~ ;V(P’“f) = 1(yoo) = 0.
Therefore v is the zero operator.
1 is surjective: Let n € (ET)*. By the Hahn Banach theorem, there exists v € E* such that
v|gr = 1. By Lemma 4.1.1, the sequence {b, = 1 >} | vP*} is x-weakly relatively compact,
so it contains a subsequence (denoted by {b,} for simplicity) that converges *-weakly to some

Vso. As before, notice that, for any f € E

n n

n n v k+1 .y
vP(f) = lim =3 vPH(f) = i (1 vph(p) + LI VP )> — v,

n

Therefore, vo, € (E*)P and for any f € EF, vy (f) = li_>m ZyPk(f) = lim v(f) =v(f).
k=1

n—00
k=1

Hence we found v, € (E*)? such that ¥(veo) = Veo|gr = v|gr = 1.

(ii) Let f € E. As before, any cluster point ys of the sequence {37 | P*f} satisfies
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Yoo € EP and Vv € (E*)F, v(yso) = v(f) (which is a constant). Using the isomorphism (4)
and the canonical injection E¥ < (EF)** we deduce that {13}, P¥f} admits a unique
cluster point and so it converges to Yoo € ET. So now let 7p : E — E be the map
f— lim, 00 % > ory PEf. Then, np is a well defined function and is clearly a projection

with Im(7p) = E and ker(rp) = Ep. Hence, E = E¥ @ Ep

(7i1) Let IIp : E* — E* be the map v — vrp where 7p is defined above. It is easy to see
that IIp is a projection whose image is (F*)¥ and kernel is (E*)p. Thus, E* = (E*)¥ @ (E*)p.

O

Proposition 4.1.1. If v € E* is P-invariant, then for all f € E, [y fdv = [ 7(f)dv where

7 is the projection of E onto EY parallel to Ep.

Proof. Let f € E, f =7(f)+ f2 where f; € E, (Theorem 4.1.2), [, fdu=v(f) =v(x(f))+
v(f2). Since v is P-invariant, v(fs) = v(P*f) for all k. But v(Pfy) = 131 v(Pf2) =

IS v(Prfo) =v(2 37, P*f,) — 0 (by definition of Ep and continuity of v/). There-
n—oo

fore, /fdu: v(r(f)) :/w(f)dy. 0

We end this section by linking the notions covered in this chapter with the ones discussed

in Chapter 2.4 concerning p-stationary measures.

Remark 4.1.1. (Relation between p-invariant and Pp,-invariant) Markov Feller operators
occur in our thesis as the averaging operator P, where i is a probability measure on GLg(R).

It is important to note that for any probability measure v on X, one has

prv=v < vP, = (4.1)
Indeed, for any f € CO(X),
() = [ s = [ ( [ staanto)) dvte) = [ Pulr@)avto) =vBdr) =vru).

Sopuxv=vP, =v.
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4.2 Empirical Measures

In this section, we follow the notation of Section 3.2.

Definition 4.2.1. We define the empirical measures for any v € X, b = (b;);>1 € B and

n > 1 to be the probability measures vy p, 1= %Zzzl Oty iz -

Theorem 4.2.1. Breiman’s law of large numbers | ]
Assume that there exists only one u-stationary probability measure v on X. Then, for all x
in X, for B-almost every b in B, the sequence of empirical measures vy p, , converges x-weakly

to v.

In fact, we are interested in a stronger version of the statement above that arises from its
proof and that is, as observed by Benoist and Quint [ , page 17|, very useful even if there

are more than one p-stationary probability measure. We will state it as follows:

Theorem 4.2.2. Breiman’s law of large numbers bis
Let X be a compact metrizable space. Then, for every x in X, for B-almost every trajectory

b € B, every x-weak cluster point of the sequence of empirical measures is p-invariant.
Here is a proposition that we will need in Chapter 5

Proposition 4.2.1. Suppose that v,y , converges to a probability measure v, . Then, for all

y € supp(vyyp), y is a limit point (subsequential limit) of the sequence {by - --b1x}n>1.

Proof. Let y € supp(vgp), i.e Ve > 0, v,5(B(y,€)) > 0. Suppose y is not a limit point of
{bn, - -b1x}p>1. Then, there exists ¢g > 0 and ng € N such that for all n > ng, b, - bz ¢
B(y,e0). Therefore for all n > ng, vepn (B(y,€)) < 72. By porte-manteau theorem, we

deduce that v, (B(y,€)) < 0, ie. vz (B(y,€)) = 0. This is a contradiction with y €

supp (Vg p)- ]
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Chapter 5

Limit Laws on Projective Spaces

In this chapter, we will prove Theorem 1.0.1 at two times: Theorem 5.2.1 and Theorem 5.2.2
below. We recall that our space X = P(R?) is a compact metric space and for any probability
measure p on GLg4(R), the averaging operator P, is a Markov-Feller equicontinuous operator
by Chapter 3, which allows us to use the results of Chapter 4. Theorem 5.2.1 will follow from
the equicontinuity of P, (Theorem 3.0.1) and the Decompositions theorems of Chapter 4
(Theorem 4.1.2) while Theorem 5.2.2 will be the result of the equicontinuity of P, Breiman’s

law of large number (Theorem 4.2.2) and Doob’s martingale theorem we recall herebelow.

5.1 Basic Notion of Martingales

As observed by Furstenberg, the theory of Martingales is very useful to describe stationary

measures ([ ]). In this section, we will just recall the notions that we need for martingale
theory. We refer for instance to | , Chapter 6].
Definition 5.1.1. A martingale is a sequence of random variables X1, Xo,--- such that for

alln €N, E(|X,|) < 0o and E(X,41]X1,--- , X)) = Xp

Definition 5.1.2. A sequence of random variables X, Xo, - - - satisfying E(Xp+1]| X1, -+, Xn) <

X, is said to be a supermartingale.
Remark 5.1.1. Any martingale is a supermartingale.
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We now state the following important theorem due to Doob.

Theorem 5.1.1. Doob’s Martingale Theorem
Suppose {X,,} is a supermartingale satisfying sup,, E(|X,|) < oo, then, almost surely, the

limit Xoo = limy,_y00 Xy exists. Moreover, Xoo € L.

5.2 Construction of Stationary Measures

In this section, we let X = P(R?) and E = C°(X), the Banach space of continuous function

over X, endowed with the supremum norm ||-||. In this section, we prove the following result:

Theorem 5.2.1. Let pu be a probability measure on GLq(R) such that the action of ', on R?

1s strongly irreducible. Then, for every x in X, the limit probability measure

. 1 g xk
Vg ::7111301052/1 * O
k=1
exists, is p-stationary, and depends continuously on x.

Recall from (4.1) that pu** x§, = 5zPl’f and v is u — stationary if and only if it is P,-invariant.
Therefore, proving Theorem 5.2.1 is equivalent to proving, under the same hypothesis, the

following statement: for every x in X, the limit probability measure

exists, is P,-invariant, and depends continuously on .

Proof. To simplify notation, let P = P,,.
Let z € X. Since P is equicontinuous, and d, € M(X) = E*, then, by Theorem 4.1.2, there

exists n; € (E*)F and ny € (E*)p such that 6, = 11 + 72, which implies that
1 @& 1 & 1 @
k_ k k
DS S R S
k=1 k=1 k=1
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By definition, the second term of the above equation converges x-weakly to zero as n goes to
n

o0, and 1 P* = ;. Hence, v, = lim — E m = 1 exists and is P-invariant. Moreover, since
n—oo N
k=1

P(X) is closed in the *-weak topology (Proposition 2.3.1), v, is a probability measure.

It remains to prove that v, depends continuously on z, i.e that the map ¢ : X — P(X),z —
v, is continuous with P(X) endowed with the weak-* convergence. Indeed, let x,, € X that
converges to some z. Fix f € C°(X). By equicontinuity of P, we can find 6 > 0 such that,
for every k € N, [(P¥f)(x) — (P*f)(y)| < € whenever d(z,y) < §. Let ng = ng(e) € N
such that d(x,,z) < ¢ for all n > ng. Fix n > ng. We have then for every k£ € N that

(P*f)(z) — (P*f)(y)] < ¢, ie. |(6.PF)(f) — (62, P*(f)| < e. In particular, for every k € N,

k

k
Z 5. PL)(f) - YR <

l:1

w\'—‘

Tending k to 400 (n being fixed), we deduce that |vg(f) — va, (f)] < €. Thus vy, (f) =
n—-+oo
vz (f). Thus v, converges to v, in the weak-* convergence. Hence 1) is sequentially continuous

and hence continuous, by the metrizability of the space X.

Now, our second result shows how we can construct the same measures of Theorem 5.2.1 using
empirical measures. Here, we use the same notation introduced in Section 3.2.

Before we state the theorem, we give a few definitions.

Definition 5.2.1. A measure v is said to be u-ergodic if, when a measurable set A satisfies

g YA = A for all g € T, we have v(A) =0 or v(A°) = 0.

Definition 5.2.2. We say that the action of u on X is uniquely ergodic if there is a unique

w-invariant probability measure on X.

Remark 5.2.1. In fact, the u-ergodic measures are the extreme points of the set of p-invariant
measures. In the case where X is uniquely ergodic, this implies that the unique measure on

X must be ergodic.
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Definition 5.2.3. Let P : C°(X) — C%(X) be an operator, and let v € P(X). We say that
v is P-ergodic if it is an extreme point of the compact convex set of P-invariant probability

measures on X.
Now we prove our main theorem.

Theorem 5.2.2. Let p be a probability measure on GL4(R) such that the action of I, on
R? is strongly irreducible. Then, for every x € X, for B almost every b € B, the limit of the

empirical probability measures

N R
Vpp = lim *Z‘Sbkmbw
k=1

n—oo n

exists and is a p-ergodic p-stationary probability measure on X. Moreover,

vy = /Va:,b dB(b).

As before, we note that proving p-invariance and p-ergodicity of v is equivalent to proving

its P-invariance and P-ergodicity.

Proof. Fix x € X. Applying Proposition 4.2.2, we get, for S-almost every b € B, every x-weak
cluster point v, of the sequence v p, := %2221 Oby-byz 18 pi- invariant (i.e P,- invariant).

Claim: For b € B, knowing that v, , € (E*)Px | then

/fdubw,n — /fdyb,x for all f € F,

if and only if
/ fdvy g — / fdvp, for all f e EFx

Proof: Let f €k, f = 7-‘-(f)"*_fQ where f2 € EPW Thenv /fdyb,x,n = /ﬂ-(f)dyb,x,n + /deVb,ar,n-
By writing f = f* — f~ (decomposition into positive and negative parts), we can assume

that fo is non-negative. By definition, for every = € X,
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1 n
n;Pkf? Z/GLd(R 2(gz du / ng <~byx)dp(b )njw 0.

Since f5 is non-negative, we deduce that for S-almost every b € B, % S opeq fo(bg - - - biz) — 0,

fX f2(y) dvpzn(y) —> 0. Therefore, for every f € E, for almost every b € B,

hm /f Avp g n = hm / ) dvp g = /7r(f) dvyz = /f dvy 4

because vy, is P-invariant. This proves our claim by the separability of E. The claim implies
that to show that vy, , converges, it is enough to show that v, ; ,(f) converges for all f € EPe,
for 8- almost every b € B.

Let f € EP« and consider the map

d,:B—R
b:(bl,bg,)—>f(bnb1:l/‘)

Notice that for any n € N,

Qpy1(b /f e bix) dp(g) = Puf(by - -bix) = f(by -+ - bix) = @y (D)

since f is P,-invariant. Therefore {®,,} is a martingale, and since f is continuous over X which
is compact, then ®,, is bounded on B. Hence, by Doob’s Martingale Theorem, f(b,, - --bix)
converges for -a.e b € B, and thus the Cesaro sum, which is v, 5 ,(f), converges to a measure

Vpz(f), as desired. By compactness of P(X), we know that 1, , is a probability measure.

So, by separability of E/, we proved that for x € X, for S-a.e b € B, the limit of the empirical
probability measures vy, ; = lim, % Zzzl Op,,.-byx €Xists and is p-invariant. It remains to
show that it is p-ergodic for p-a.e b € B. To do so, it is enough to show that for -a.e b € B,

the action of p on Sy, := supp (v ) is uniquely ergodic, i.e for S-a.e b € B, there is a unique
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p-stationary measure on Sy (see Remark 5.2.1).

Fix a generic sequence b € B, and let f € E¥#. We showed that f(b, ---bjz) converges to
Uy = v, (f) (which is a constant) as n goes to co. Then, any limit point of the sequence
{by - b1z}, in X is in the level set f~1(¢f), which implies that S, C f~'(¢s) (Proposition
4.2.1).

Therefore, for all f € EFx, for all y € Sy, fly) = ly. Suppose now that there exists a
p-invariant measure 7 such that supp(n) C Sy, i.e n(Sy) = 1. Then, for all f € Ex,
/f dn(y /Ef dn(y) = £y. But, since n and v, 3 are both P,-invariant, then by Propo-

sition 4.1.1, it follows that

vfe B, / F(y) dnly) = t; = / F() dves(y)

and hence n = v .

Now, for any f € F,

[restniase) = Jim ;Z / St F)AB(E) = lim ;Z [ st

Hence, v, = [ vy dB(b) as desired. O
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