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AN ABSTRACT OF THE THESIS OF

Nour Chalhoub for Master of Science
Major: Mathematics

Title: Monomial ideals, Multigraded resolutions and the subadditivity problem

Let R = k[zy,...,x,] be the polynomial ring in n variables, and I a
monomial ideal in S. Let F be a minimal graded free resolution of S = R/I. We
study properties of multigraded resolutions to establish results on the
subadditivity condition for maximal shifts in the minimal graded free resolution F.
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Chapter 1

Introduction

Let R = k[z1,xs, ... x,] be the polynomial ring in n variables and I a monomial

ideal in R. Let (I, ) be a graded minimal free resolution of R/I:

F:0— @R(—j)% % .. > aR(—j)% % . = oR(—j)" % R— R/T — 0.
J

J J
We denote by t; = max{j, 5;; # 0}. We say that the complex satisfies the

subadditivity condition if for all a and b, we have
tayp S to + 1

The structure of the resolution of monomial ideals can be quite complex.
We grade R in a refined way, namely by multigrading it, then we study properties
of multigraded free resolutions in [10], [11] and [14]. We prove that the minimal
resolution of S/I contains as sub-complexes the minimal free resolutions of some

smaller monomial ideals. We apply these properties to study the results in [11] on
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the subadditivity condition for maximal shifts which have been of interest to many
authors, even when the ideal I is not a monomial ideal, see [2], [3], [6], [7], [8], [11]
and [13] for instance. It is known that the minimal graded free resolution may not
satisfy the subadditivity condition for maximal shifts in general, but no counter
examples have been known for monomial ideals or Gorenstein algebras. The

problem is still open in these cases.



Chapter 2

Preliminaries

2.1 Rings and Algebras

Definition 2.1. Let R be a polynomial ring on n variables R = [z1,...,x,]. A
monomial ideal in R is an ideal generated by monomials in R.

Example 2.2. [ = (22,9, rz) is a monomial ideal in R = k[z, y, 2]

Definition 2.3. A ring R with exactly one maximal ideal m is said to be a local
ring.

Example 2.4. Any field is a local ring since the only maximal ideal is m = 0.
Definition 2.5. A ring R is said to be Noetherian if it satisfies one of the

following equivalent conditions:
i- Every non-empty set of ideals in R has a maximal element.

ii- Every ascending chain of ideals in R is stationary.
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iii- Every ideal in R is finitely generated.

Theorem 2.6. (Hilbert’s Basis Theorem,)

If R is a Noetherian ring, Then the polynomial ring R[x] is also Noetherian.

Proof. Let A be an ideal in R[x]. We want to show that A is finitely generated.
Let I = {leading coefficients of polynomials in A }, which is an ideal in R. Since R
is Noetherian, then I is finitely generated. Denote by {ay,...,a,} the set of
generators of . i.e [ = (a,...,a,). So for all t with ¢ <t < n, there exists

ft € R[x] such that f; = a;x™ + [ where [ consists of a polynomial of lower terms.
Let B be the ideal generated by the f; so B = (fi,..., f,). It is easy to show that
B is an ideal of R]x].

We next set 7 to be as follows: r = max{r;,1 <t < n}, and we take a polynomial
f=azr"+1lin A Soa€l. If m>r, wewrite a as a = Y wu;a; where u € R.

1<1<n

Hence, f — 1<21:< w; f;z™" is in A with degree strictly less than m. We proceed in
this fashion, :H;Cﬂ we get a polynomial g of degree strictly less than r. So there
exists, h € B such that f = g+ h.

Now, Let M be an R-module generated by 1,z,...,2"%. Then, A= (ANM)+ B
Notice that AN M is finitely generated since M is a finitely generated R-module,
say generated by {g1,...,gm}. And B is also finitely generated by {fi,..., fn}

Therefore, A is finitely generated by {fi,..., fu,91,-..,9m}. Hence R[z] is

Noetherian.



Theorem 2.7. (Nakayama’s Lemma)

1. Let R be a commutative ring (not necessarily Noetherian). Let I be an ideal
of R which is contained in every maximal ideal of R. Let M be a finitely

generated R module. Suppose that IM = M, then M = 0.

2. Let R be a local ring. Let M be a finitely generated R-module and N a
submodule of M. If M = N +mM, where m is the mazimal Ideal in R, then

M= N.

3. Let R be a local ring. Let M be a finitely generated R-module. If my,...,m,

are generators for M/IM, then they are generators of M as well.

Proof. 1. Let {mq,...,ms} be generators of M. Since IM = M, then there
exists aq,...,a, € I such that my = aymq + -+ 4+ asms. So there exists a € [
such that (1 + a)ms € B, where B is the module generated by the first s — 1
generators {my, ..., ms_1}. Therefore, (1 + a) is a unit in /. Otherwise,
(a+ 1) belongs to some maximal ideal and not in I, and a belongs to all
maximal ideals. So 1 € some maximal ideal which is impossible. Hence,

ms € B. Proceeding by induction, we will get the desired result.

2. Applying 1 to M /N, will get directly the result.

3. Apply 2 by taking N to be the module generated by {m;, ..., m,}.



We next define the notion of an algebra.
Definition 2.8. Let f: A — B be a ring homomorphism. If « € A and b € B,
define a product

ab = f(a)b

This definition of scalar multiplication makes the ring B into an A-module. Thus
B has an A-module structure as well as a ring structure. The ring B, equipped
with this A-module structure, is said to be an A-algebra.

Definition 2.9. The tensor algebra of the R-module M is the graded,

non-commutative algebra

Ta(M) =R&M & (M Qr M) & -,

where the product of 1 ® -+ - Rz, and 1 Q-+ R Y, IS T1 R RTYK QY1 R+ R Y.
In the most interesting case, where M is a free R-module in the x;, this is

the free (non-commutative) algebra on the ;. Tr(M) is sometimes denoted by

T (M)

Definition 2.10. The exterior algebra of M is the algebra Ag(M) obtained

from Tr(M) by imposing the skew-commutativity, that is by factoring out the

two-sided ideal generated by the elements 2?> =z @ x = 0 for all x € M. (From the

formula (z4+y)®@ (z4+y) =2Rr+rRQy+yRr+y®y wesee that r @y +y@

goes to 0 in AgM for all z,y € M, so that AgM really is skew-commutative.



Sometimes we replace AgM by AM.
Remark 2.11. If x; = z; for some @ # j then z; Ax; A ... Az, =0

Definition 2.12. (Basis and dimension) If the dimension of V' is n and {ey, ..., e, }
is a basis of V, then the set {e;, Aej, A---ANey /1 <iy <ipg<---<ip<n}isa
basis for A"(V). The dimension of A\*(V) is (7).

k

2.2 Standard grading of a polynomial ring

In this section, we introduce the standard grading of a polynomial ring. We
define the notion of homogeneous (or graded) ideals and homogeneous
homomorphisms, along with useful tools that are used later on.

Definition 2.13. Let R be the polynomial ring k[z1,...,x,] over a field k. Set
deg(z;) =1 for each i. A monomial z{'..... x¢r has degree ¢; + ... + ¢,. Fori € N,
we denote by R; the k-vector space spanned by all monomials of degree i. In
particular, Ry = k.

Definition 2.14. A polynomial v in R is called homogeneous if u € R; for some
i. In this case, we say that u has degree i (or that u is a form of degree i) and
write deg(u) = i. Note that 0 is a homogeneous element with arbitrary degree. We

get the following two equivalent properties:
1. RIRJ - RiJrj for all Z,j € N.

2. deg(uv) = deg(u) 4 deg(v) for every two homogeneous elements u,v € R.



Every polynomial f € R can be written uniquely as a finite sum f = Z fi
ieN

of non-zero elements f; € R;. In this case, f; is called the homogeneous
component of f of degree i. Thus, we have a direct sum decomposition i?NRi of
R as a k-vector space such that R;R; C R;; for all 4,5 € N. We say that R is
standard graded.
Example 2.15. Let R = k[z,y|. In this case, Ry = k, Ry in the k-space of all
linear forms, R, is the k-space of all quadratics, etc. The polynomial
f = 2%y® — 2zy? + 322 is not homogeneous and has homogeneous components z2y3,
—2xy? + 323

Definition 2.16. A proper ideal J in R is called a graded or homogeneous

ideal if it satisfies the following equivalent conditions:

1. If f € J, then every homogeneous component of f is in J.

2. J= @Jl,whereleRzﬂJ

€N

3. If I is the ideal generated by all homogeneous elements in .J, then J = I.

4. J has a system of homogeneous generators.

In this case, the k-spaces J; are called the homogeneous components of J. An
element m € J is called homogeneous if m € J; for some i. We say that m is
homogeneous of degree 1 and deg(m) = i. Thus, every element m € J can be
written uniquely as a sum ) ., m;, where each m; € J;; m; is called the

homogeneous components of m of degree i



Definition 2.17. Let I be a graded ideal in R. Note that R;I; C I;; for all

i,j € N. The quotient ring S = R/I get the grading from R by S; = R;/I; for
every ¢ € N.

Remark 2.18. We consider the polynomial ring R = k[z1, ..., x,] to be a local
ring with the maximal ideal m = (z1,...,x,). In a matter of fact, a maximal ideal
m in R is generated by (x1 + ¢1,...,2, + ¢,) since R/m = k. We only consider

homogeneous generators, which forces the ¢;’s to be zeros.

2.3 Shifts on graded modules and homogeneous

homomorphisms

In this section, we define shifts in the graded modules that lead us to define
homogeneous homomorphisms.

Definition 2.19. An R-module M is called a graded module if it has a direct
sum decomposition M = ig}z]\/[i as a k-vector space and R;M; C M, ; for all

i,j € Z. The k-spaces M; are called homogeneous components of M. An
element m € M is called homogeneous if m € M; for some i. We say that m is
homogeneous of degree 1 and deg(m) = i.

Definition 2.20. For p € Z, denote by M (—p) the graded free module of R such

that M(—p); = M,_, for all i. we say the ring M is shifted p degrees, and p is

the shift. The same thing holds for the quotient ring S.



Example 2.21. Let R = k[z,y], 1 has degree 0 in R, but has degree 1 in R(—1).
Similarly, zy has degree 2 in R and degree 4 in R(—2).
Proposition 2.22. The module R(—p) is the free R module generated by one

element in degree p.
Proof. R(—p), = Ry. O

Definition 2.23. Let M and N be graded modules in R. We say that a
homomorphism ¢ : M — N has degree i if deg(¢p(m)) =i + deg(m) for each
homogeneous element m € M.

Example 2.24. Let R = k[z,y|, and ¢ be the homomorphism defined below:

[ v)

R(-3)® R(—4) — R

is graded and has degree 0. Since the homomorphism R —xg—> R maps 1+ 23, 1 has

degree 0 and 2° has a degree 3 in R. The homomorphism

o

R®R(-2) —— R

is graded and has degree 2.



Chapter 3

Graded Resolutions

In this chapter, we consider R = k[x1,...,x,] to be the graded local polynomial
ring in n variables with maximal ideal m = (z1,...,x,). We let I to be the

homogeneous ideal over R and S = R/I.

3.1 Open and exact sequences

Definition 3.1. A complex F over R is a sequence of homomorphisms of

R-modules
F—)E—ClL}E_l—>%F2—d2—>F1—dI—)F0—)

such that d; o d;11 = 0 for all 7 € Z. The collection of maps d = {d;}; is called the
differential of F.

F is called a left complex if F; =0 for all 7 < 0, so

11



F:ooo— F -2 F, — o — B R F—0

Definition 3.2. A sequence of homomorphisms of R-modules, M;’s is said to be
exact at M, if Im(d;) = Ker(d;_1). where I'm represents the image of a map and
Ker represents the kernel of the map. In particular: if M, M’ and M” are

R-modules, then:
10— ML Mis exact, <= f is injective;
2. M -5 M” — 0 is exact, <= g is surjective;

3.0 — M Lo M % M7 — 0 s exact <= f is injective and g is

surjective; g induces an isomorphism of CoKer(f) = M/f(M') onto M”.

A sequence of type 3 is called a short exact sequence. The complex is called

graded if the modules M; are graded and each d; is a homomorphism of degree 0.

3.2 Minimal free resolutions

In this section, we introduce free resolutions.

Definition 3.3. Let M be an R-module. A free resolution of M is a complex

F: « —F-25SF, —. . B2 SRS —o



of free R modules such that M = Fy/Im(d,) and F is exact. Or, for

simplicity, we write it as
F: . —>F-%F,— . L2 %F
Definition 3.4. A free resolution of M is called minimal if
diy1(Fiy1) CmF; forall ¢ >0.

In other words, the maps in the resolutions are represented by matrices
with entries in the maximal ideal m = (x4, ..., x,)
Construction 3.2.1. Given an R-module, M generated by a minimal set of
generators {m;};. We write the step-by-step construction of a minimal free

resolution of M

Stepl: Map a graded free module Fyy onto M by sending a basis for Fy to the set of

{mi}.

Fy % M

Step 2:  Let My = Ker(dy) which is finitely generated. Choose a minimal set of
generators of My, then set Iy to be the free R module with
rank(My) = #{minimal set of generators of My}. Each element of the basis
of F1 will be mapped to an element in the minimal set of generators of M;.

So in the following diagram, that commutes: sy is a surjective map from



Fy — My and iy is an injective map from M, — Fy
F i > F()
N
11
M,

Notice that this step guarantees exactness at Fy.

do
s M

Proceed in the same manner to get the full resolution inductively.
Definition 3.5. Let M be an R-module and F' a minimal free resolution of M.

Define the i’th Betti number of M over R/M by
bE(M) = rank(F;).

Example 3.6. Let R = Q[x,y] and I = (2, 23y, y3, 2%y*). We construct the
minimal free resolution of R/I. The first map would be the canonical map

R — R/I, call it dy. So Fy = R. We let M; = Ker(dy) = I that is generated by
{24, 23y, 3, 22y?} which is a minimal set of generators.

Next, the free module F; = R* since #{z*, 2%y, y3, 2?y?} = 4, and the matrix
representation of the map d; : R* — R is (2%, 2%y, v3, 2%y?).

Let My = Ker(d,) wich is generated by (a b ¢ d)T such that

ar* + bxdy + cy® + dz?y? = 0. Removing the dependent vectors, we get that

(@b c &T=0 0 22 —y)or(0 y 0 —z)or(—y = 0 0). Thus,

-y 0 0
z y 0
the matrix representation of ds is . The next free module in the
0 0 a?
0 —z —y



resolution has rank 3.

the minimal free resolution of I in R module would be :

—y 0 0
xr y 0
0 0 a2
0 —x —y <x4 By P ay?
0— R? > R* » R— R/I — 0.

We next exhibit an example of the Koszul complex.
The Koszul complex resolves algebras R/I where [ is generated by a regular
sequence. A regular sequence is a sequence of elements which are as independent
as possible. Hence, if I = (21, ...,x,) C R then z; ...z, is a regular sequence if for
alli=1,...,n,x; is a non-zero divisor on R/(x1,...,z;_1).
Let fi,..., f. be elements in R. Let E be the exterior algebra over k on basis

elements eq, ..., e.. In other words, E is the following algebra:
E=key,...,e.y/({ef|l <i<r}, {eie; +ejeil <i<r})

Denote by f the sequence fi, ..., f. and by K(f) the complex equipped with the

differential

dlej, Ao hey) = > (=) fie AL A€, N Ney,
1<p<i

where € means that e;, is omitted in the product. Notice that d* = 0, this can be



shown by computation:

d*(ej, N...Nej,) = Z Vp,s€js N - N€j, N ... Nej,

1<p<s<i
where the coefficient v, ; is obtained in two steps:
(1) Start by removing e;, and then remove e;, from the product to get the
coefficient (—1)5t1f; J(—=1)PT1f .
(2) Start by removing e;, and then remove e;, from the product to get the

coefficient (—1)P*1f; (=1)%f; .

Therefore, v, s = (—1)*t f; (=P f;, + (=1)PTLf; (1) f;5 = 0.
The complex K(f) is called the Koszul complex of I = (f1,..., f,), written as
follows:

K(f): 0K, —...—> K — Ky—0.

Note that {e;, A...ANej|l <ji1 <...<yj; <r} form a basis of the R-module K.
Example 3.7. Let R = k[z,y, 2] and f; = 22 and f, = y*. Then, K, has basis 1,

K has basis e1, e3 and K5 has basis e; A ey. For the differential:
d(e)) =2® and d(ey) =9°
d(e; A ey) = d(er)es — d(ex)er = 2%ey — yPey

The Koszul complex K(x2,y?) would be:

K(x%y?): 0— K, > Ky > K.




The software Macaulay 2 exhibits a minimal free resolution of any module

along with the differentials in the resolution.

i1

ol

ol

i2

02

: R=QQ[x,y,z]

R

: PolynomialRing

: I = ideal (x"2%y~3, y b*z"2,zxx"4, x"2%y~2xz, x5, y~6 )

02 :

i3

03

03

23 52 4 22 5 6
ideal (xy , yz , X2, Xy 2z, X, 7¥)

Ideal of R

: res o2

R <—-R <—-R <-R <=0

: ChainComplex

id

o4

od :

i5 :

03.dd_1

| x5 x2y3 x4z x2y2z y6 y5z2 |

Matrix R <-—- R

03.dd_2

o6={6}-z0 0 -y30 O O



{53 10 -z0 x3 -y30 O |
5} 1x 0 -y20 0 0 0 |
{53 10 y x2 0 0 0 -y3z |
{63 10 0 0 0 x2 -z20 |

{r*10 o 0 0o 0 y x2 |

o5 : Matrix R <-—-—- R
i6 : 03.dd_3
o6 = {6} | -y3 0 |

{6} | x3 y3z |

7y | -xy 0|
{81z 0o |
{8+ 10 -z2 |
{8+ 1 0 -x2 |
{9y 1o vy |

06 : Matrix R <--- R

Next we show that two minimal free resolutions of any module M over R
are isomorphic. In order to do so, we need to state Nakayama’s lemma in the
graded case and a lemma that follows.

Lemma 3.8. (Nakayama). Suppose M is a finitely generated graded R-module



and my,...,m, € M generate M /mM, then my,...m, generate M.

Proof. Let M = M/>" Rm;. If the m; generate M/mM then M /mM = 0 so
mM = M. If M # 0, since M is finitely generated, there would be a nonzero
element of least degree in M; this element could not be in mM. Thus M = 0, so

M is generated by the m,. O

Lemma 3.9. Let R = k[zy,...,x,] be a polynomial ring over a field k of n

variables. Let F be a graded free resolution of R-module as follows:
F: ... -F%FE, . . SF

F is minimal <= for all i, O0; takes a basis of F; to a minimal set of generators of
the image of 0;
Proof. Consider the right exact sequence

Fro 2% By 225 Im(0i_1) — 0.



Note that R is a local ring, let m be the maximal ideal of R.

F is minimal <= Vi, 0;,1(F;11) C mF;
<— Fj 4 8"—T> F;/mf; is the zero map
= Fip/mlE, E F;/mF; is the zero map
< F,/mF, N Im(9;)/mIm(9;) is an isomorphism
because ;11 is the zero map in the exact sequence

Fro /mFiy 2% B mE -2 Tm(8;)/mIm(d;)

so Ker(¢) = Im(0;41) = 0 and ¢ is surjective, by exactness of F.
(3.1)

We show =
Let {fi1,..., fn} be a basis of F}, it is a minimal set of generators. This implies that
{fi,..., fa} is a minimal set of generators of F;/mF; by Nakayama’s lemma 2.7.
From the above isomorphism of k-vector spaces, m; = qﬁ(ﬁ) is a minimal set of
generators for Im(0;)/mIm(0;). By Nakayama’s lemma {m;} is a minimal set of
generators for Im(0;y1).
We next show <«
For every M an R-module, M/mM is an R/m = k vector space.
Since every 0; sends a basis of F; to a minimal set of generators of the image of 0;,

then the basis {f1,..., fu} of F; is sent to a minimal generating set {m,..., m,}



of Im(0;). Hence, we get

b

{mi} —{mi}

where {f1,..., f,} is a basis of F}, {f1,..., fu} is a basis for F;/mF;, {mi,...,m,}
is a minimal set of generators of Im(0;) and {my,...,m,} is a minimal set of
generators of Im(0;)/mIm(0;). It follows that F;/mF; N Im(0;)/mIm(0;)

is an isomorphism. O

Proposition 3.10. Let M be an R-module and F and G be two minimal free
resolutions of M. Then, there exists a map: f :F — G such that f; : F; — G; is an

1somorphism and the following diagram commutes.

F: ... F By =% v 0
Lfl lfo lidM
G: e G1 G() %0 M 0

Proof. We construct the isomorphic maps inductively.

We consider the following diagram:

F: ... F By =% 0 0
jfo Lid]\/f
G: - el Go -2 M 0

Since ¢’ is surjective, Fy is free and every free module is a projective module, then,



there exists fo : Fo — Go:

Fy

lfo
do

Gy ——

such that the above diagram commutes. We need to show that f; is an
isomorphism. To do so, we tensor both F and G with kK = R/m and we show that
fo ®1d is an isomorphism.

We just note that F; @ k =2 F;/MF; and G; ® k = G;/MG; for all i.

do®id

F:-... FIQk——FQk—Mk——0
fo®id lidM®k
do®id
G:--- G RQk—Gyk——Mk——0

Since F and G are minimal, we have dy ® id, §y ® ¢d are isomorphisms. Since the
above diagram commutes, then fy ® k is an isomorphism.

Let (a;j) be the matrix representation of fj.

= the matrix representation of fy ® k, (a;; ® 1) = (a;;) is an invertible matrix.
= det(a@;;) is a unit in k = R/m

= det(a;;) ¢ m

= det(a;j) is a unit in R

= fo in isomorphism.

We proceed in the same manner to show that f;’s are isomorphisms for all 7 > 1.

Hence the result. O



Definition 3.11. The projective dimension of M is

pdr(M) = maz{ilbf(M) # 0}.

The following theorem by Hilbert states that in a polynomial ring in n
variables the projective dimension of a finitely generated module is less than n.
Theorem 3.12. (Hilbert syzygy theorem) If R = k[x1, ..., x,], then every finitely
generated R-module has a finitely free resolution of length < n, by finitely

generated free modules.

3.3 Graded minimal free resolutions

Definition 3.13. A resolution F is called a graded free resolution if R is a
graded ring, the F;’s are graded free modules and the maps d;’s are homogeneous
maps of degree 0.
Construction 3.3.1. Given a graded R-module, M, we write the step-by-step
construction of a graded minimal free resolution of M inductively. For the sake of
completeness, we add the steps to construct a minimal free resolution along with
the grading.

Step 0: Set Fy to be equal to R and d to be the canonical map between R
and R/M.

Step 1: Let {mq,...,my} be the generators of M with degrees ay, ..., an

respectively. Now set Fy = R(—a1) @ ... ® R(—ay,). For all j with 1 < j <n, let



fj to be the generator of R(—a;), so deg(f;) = a;. Now define dy : Fy — Fy, such
that do(f;) = m;, which is a homogeneous homomorphism of degree 0.

Step i+1: Set U; 1 = Ker(d;_1) which is a finitely generated module. Let
ly,...ls be generators of U; 11 with degrees cq,. .., cs respectively. Set
F;=R(—c1)®...® R(—cs). For1<j<s, denote by g; the generator of R(—c;).

Then, deg(g;) = c¢j. Now define
di : Fipn = Ui CF,
gir>li for 1<j<s.
Notice that this is a surjective homomorphism of degree 0. The complex is exact

since Ker(d;) = Im(d;y1)

Example 3.14. Let R = k[z,y] and I = (23, 2y, ") an ideal in R.

Step 0: Set Fy = R and d to be the canonical map between R and R/I.

Step 1: Notice that 22, xy,y® are the homogeneous generators of 1. Set
Fiy = R(—3) ® R(—2) @ R(-5). Denote by fi, fo, and f3 the generators of

R(-3), R(—2) and R(—5) with degrees 3, 2 and 5 respectively. Define
di: Fi — R
f1 — £E3

for=zy

f3 r—>y5.



Step 2: To find generators of Ker(d;), we have to find «, 5 and «y such that

afi+Bfa+vf3=0

After some computations, one can find that the relations are
(Oé,ﬂ,’}/) = (y7 —.’172,0) or (07 —y4,$). ThUS, yfl - $2f2 and _y4f2 + .’Iffg are

homogeneous generators of Ker(d;) with degrees 4 and 6 respectively.

Now set Fy = R(—4) @ R(—6) and repeat the same process to get the following

minimal free resolution of I:

Y 0
. _y4
0 <x3 zy y5)
0 — R(—4)®R(—6) ———  R(—3)®R(—2)®R(-H) » R— R/I =0

Note that in the above example, we constructed the maps in the resolution
along with the grading at the same time. Please note that one can construct all

the maps first then grade the resolution next.

3.4 Betti Diagrams and the projective dimension

Definition 3.15. Let F' be a minimal graded free resolution of M. Define the

graded Betti numbers of M by:

R

.., = number of summands in F; of the form R(—p).



The Betti numbers can be given in a table that we call the Betti diagram. The

entry in the ¢’th column and p’th row is b; ;4

0 1 S
i BO,Z' ﬁl,i—l—l cee 55,1’—&—3
i+l | Boirr Brive - Beitsti
n ﬂO,n Bl,n—&-l s Bs,n-i-s

where F; = R(—a)’B e, that is F; requires 3; , minimal generators of degree a.

Example 3.16. The Betti diagram corresponding to the resolution in example

3.14 is: o
0 1 2
0l1 - -
1(1- 1 -
21- 1 1
3. - -
41- 1 1

For instance, In the second column of the Betti diagram we can check that

boy =1 and byg = 1. Wich shows that F, = R(—4) & R(—6).
The software Macaulay 2 can be used to find the graded betti numbers as

we can see in what follows:



Example 3.17. i1 : R=QQ[x,y,z]
ol =R
ol : PolynomialRing
i2 : I = ideal (x72xy~3, y~b*z"2,z*x"4, x"2%y~2%z, x°5, y°6 )
23 52 4 22 5 6
02 =ideal xy ,y2z ,x2, Xy 2Z,X,75)
02 : Ideal of R
i3 : betti res o2
0123

03 = total: 1 6 7 2

0: 1

1:

2:

3:

4: . 4 2

b: . 11

6 131
7 .11

03 : BettiTally



Chapter 4

Multigraded resolutions and their

properties

The structure of a minimal free resolution of monomial ideals can be quite
complex, and it turned out to be very hard to describe these resolutions. Even
when the monomial ideal is generated by quadratics, the complexity of the
resolution made it almost impossible to give an explicit description. For that, in
this chapter, we introduce beautiful and useful ideas on monomial minimal free
resolutions. These ideas are applied in the next section to prove a result on the

subadditivity of monomial ideals.

28



4.1 Multigraded resolutions

In this section, we consider a refined way to grade the polynomial ring, namely we
multi-grade it.

Definition 4.1. let R be the polynomial ring of n variables R = k[z1, ... x,]
defined over the field k. For every z; in R define the N degree or the multidegree

of x; by:
mdeg(x;) = the i’th standard vector in N* = (0,0,...,1,...,0).

For every d = (dy,...,d,) € N, there exists a monomial m € R of multidegree d.
Basically, m would be equal to xclll ...x% . We call d the exponent vector of z.
We can also say that m is of multidegree z%.
Definition 4.2. We define R; the k-vector space spanned by the monomial of
multidegree d. Alternatively, we consider m to be the monomial in R of
multidegree d. One can define R,, to be the k-vector space spanned by m

Now, R has a direct sum decomposition R = ?Rd where d is an exponent
vector. It would be more convenient to replace d by a monomial m of multidegree
d in R as defined above.
Definition 4.3. An R-module M in R is multigraded if it can be written as a
direct sum decomposition M = ?Md and RygMy C My

d

Denote by R(x%) the module in R generated by the monomial of multidegree x¢.

In the next example, we construct a minimal multigraded resolution. The



construction is similar to the one of minimal graded resolution.
Example 4.4. Let R = k[x,y] be the polynomial ring over the field k£ with two
variables z and y. Let I be the ideal in R generated by z?, zy and y3, so
I = (2% 2y, v°).
Computing the minimal free resolution of R/I would lead to the following

resolution call it F

r  —y?
0 T <:1c2 xy >
F:0— R? >y R? »y R — R/I — 0.

Denote by dy, d; and do the maps between R and R/I, R® and R, and R?
and R? respectively that appear in the above resolution. Let h be the basis
element of R of degree 0. Let fi, fo, f3 be basis elements of R?® and g, g, basis
clements of R?. Note that all differentials dy, d; and dy in the resolution are
homogeneous of degree 0.

Since h has multidegree 1 in R, and d;(f;) = #?, and x® has multidegree x*

(or
(2,0)) in R, then f; must be of multidegree . similarly, f, and f3 have
multidegrees zy and y® respectively. So we replace R? by R(2?) @ R(xy) ® R(y?).

Similarly since dy(g1) = —yfi1 + xf2, then g; has multidegree z%y. In the same

manner, we can conclude that g, has multidegree xy3. We then replace R? by



R(z*y) @ R(xy?). Hence, the multigraded resolution will be written as follows:
0 — R(z°y) ® R(zy*) — R(z*) ® R(zy) ® R(y*) — R — R/I — 0

Definition 4.5. Let m € R. The component F,, of F in multidegree m is the
exact sequence of k-vector spaces, with basis

{#g(f)f; f is in the fixed basis of F, and mdeg(f) divides m}

Example 4.6. For example, the component R(x?y) in multidegree z?y? in
example 4.4 is a 1-dimensional k-vector space with basis yg;, write it as
R(x%y)o2y2 = k{ygr}. Similarly, R(zy?)e2,2 = 0, R(2?)s22 = k{y* 1},

R(xy)s2y2 = k{zyfo}, R(y*)s22 = 0, Ry22 = k{x*y*}, where {f1, fo, f3} is a fixed
basis for R(z?) @ R(xy) ® R(y®) and {g1, g2} is a fixed basis for R(x?y) & R(zy?).
We note that (R/I),2,2 = 0 since z%y* € I.

Thus ;2,2 is the exact sequence of k-vector spaces

0 — k{yn} — Ky’ N} © kayfo} — k{a*y*} — 0 — 0.

4.2 Homogenization and dehomogenization

Definition 4.7. A frame L is a complex of finite k-vector spaces with a

differential 0 and a fixed basis satisfying:

1. L; =0 for i < 0 and i >> 0 very large.

2. Ly=k



3. L; = k" for some integer r.

4. J(w;) =1 for each basis vector w; in L = k"

Definition 4.8. For a monomial ideal M in R that is generated by {mq,...,m,}
for some r, we define Lj; to be the set of the least common multiples of
{my,...,m.}.

Definition 4.9. An M-complex C is a multigraded complex of finitely generated
free multigraded R-modules with differentials d and fixed basis with multidegrees

in L,;, which satisfies the following conditions:

1. C;=0fori < 0andi>> 0 very large.

2. Chy=R

3. C1 = R(my) ®--- ® R(m,)

4. d(f;) = m; for each basis element f; in Cy

We seek to find a correspondence between a frame that is a complex of
k-vector spaces and a complex of finitely generated free multigraded R-modules.
Construction 4.2.1. Let L be an r-frame. We aim to get an M-complex C of
free R-modules with differential d, where M is an R module generated by

{mq,...,m,}. Following the definition, set

O() = R and Cl = R(ml)GB @R(mr)



Let {w;q,...,w;p } and {w;_11,...,wi—14} be the given basis for L; and L;_,
respectively; and let {fi1,..., fip} and {fi—11,..., fi_14} be the basis of C; and

C;_1 respectively. Suppose

with coefficients o € k. Then, we consider

mdeg(fi;) = lem (mdeg(fi-1,s) | asj # 0)

Ci= @& R(mdeg(fi;))

1<j<p

d(fij) = Z a Mﬁﬂ,s

sj
2= T mdeg(fioy.)

Before we exhibit an example we show that C' is a complex.

Theorem 4.10. C in construction 4.2.1 is a complez.

Proof. Fix L;, L;_y and L;_5 components of the frame L with basis {w; 1,...,w;,}
cAwic1a, o, wis1g) , {wicaa, ..., wi—a:} respectively. The corresponding
components of C that are C;, C;_; and C;_5 with basis elements

{fi,la Ce 7f7,',p}7 {fi*l,l ceey fifl’q} and {fifg,l, ey fi*Z,t} respectively. FOI' a ﬁxed ]

with 1 < 7 < p, we have from the construction of the frame that:
82 (wi,j) =0.
Then it follows that:

oY agwr) = Y ay ( 3 ﬁw) -y ( 3 asjﬁus))w”,l 0.

1<s<q 1<s<q 1<i<t 1<I<t M<s<q



with as; and s € K. Hence, Y, ay;fs =0 for each 1 <[ <t.

1<s<q

Doing the analogy with C we get:

£ =i oty )

1<s<q mdeg(fi—l,s
— Z o Mf 1 (Z/@ mdeg(fz 17S)f'_21)
1<s<q " mdeg(fi-1s) 1<i<t eg(fi-21) '
- Z ( Z Qs mdeglfis) fim —mdeg(fi_17s)f‘—21) JARYRRCRY
1<I<t M<s<q " mdeg(fio,s) " mdeg( fi—2,) ’ ’
mdeg( f; ;
- Z ( Z O‘sjﬁlg) %ﬂz,z
1<I<t M<s<q maeg\ Ji—2,
= 0.
Thus, it follows that C is a complex. =

Note that, we say the complex C is the M-homogenization of the frame L.

Example 4.11. Consider the following frame

1 -1 0 1
1 1 -1 0
1 0 1 -1 (1 1 1)
00—k s k3 s k3 s k.

Let I = (2% zy,y*). The homogenization of this frame is:



1

0 — R(z%*) —= R(z*y)®R(2y*)®R(2*y?)

» R(z*)®R(zy)®R(y")

(mz Ty y3)

R.

We explain how we obtained the first column in the matrix representation of d;:

Let {wy 1, w9, w1 3} be the basis of L; = k* and {wq 1, w2, ws3} be the basis of

Ly =k* . Let {fi1, fi2, fi3} be the basis of C; and {fa1, fa2, fo3} be the basis of

Cy. We know from the frame that d(ws1) = —wq 1 + wy 2.
Thus,
A foy) = —degfon) o mdeglfan) o g
’ mdeg(fi1)" " mdeg(fi2)""
_z2y 2

T2

=—yfiir+xfia+0

So the first column in d; would be

T
fiq+ —yf1,2 +0
Ty

(4.2)

The following theorem was shown by I. Peeva, M. Velasco in [15]

Theorem 4.12. The M-homogenization of any frame of the minimal multigraded

free resolution F of R/M is F.



Construction 4.2.2. From a complexr C as described above, we can get the frame
L to be the dehomogenization of C. Where L in a complex of finite k-vector
spaces with fixed basis. The differentials of L can be obtained by setting the

variables x4, ..., x, to be all equal to 1 in the differentials of C.

4.3 Properties of multigraded resolutions

Definition 4.13. For an M-complex C. Let C(< m) be the sub-complex of C'
that is generated by the homogeneous basis elements of multidegree that divides m.

Example 4.14. In the above example,the complex C is

y? -y 0 3
T r —y2 0
1 0 x —x?
0 — R(z*y’) —— R(z*y)®R(zy’)DR(ay’) » R(2*)®R(zy)DR(y’)

<x2 Ty y3>

For m = z?y?, then C'(< m) would be as follows:

-y

: ()

0 — R(2*y) — R(2*) ® R(vy) ———— R.



Proposition 4.15. Let M be a set of monomials in R generated by {my,...,m,}

as above. Let m € M be a monomial and
m' = lem(mg|m; divides m)
Then C(<m) =C(<m')

Proof. The basis elements of C have multidegree in L,;. Now, since

m' = lem(m;|m; divides m), then m’ € M. Also, the components of C'(< m) are
C'(q) such that ¢ divides m. Then, q € Ly, so ¢ divides m’ as well.

On the other hand if ¢ divides m’, then it directly follows that ¢ divides m.

Therefore, C(<m) = C(<m’). O

Proposition 4.16. Let C be an M-complex as described above, and m € M a
monomial. The component of C of multidegree m is isomorphic to the frame of the

complex C(< m).

Proof. Notice that C,,, the component of C' of multidegree m has as basis elements:

{Lf, f is the fixed basis of C, and mdeg(f) divides m} .
mdeg(f)

Thus, it follows by construction, that the component of C' of multidegree m is

isomorphic to the frame of the complex C(< m). O

Theorem 4.17. An M-complex C' us a free multigraded resolution of R/M, if and

only if, the frame of the complex C'(< m) is exact for all monomials m € L.



Proof. Since C' is a multigraded complex then for any monomial m in R that is not
in M, we get all components of C(< m) to be zero. Thus it suffices to check the
theorem for all monomials m € M.

By proposition 4.16, it suffices to check exactness of the frame of C(< m) for all
monomials m € M.

Let m be a monomial in M and m’ € R defined as in proposition 4.15, we get
C(<m) = C(< m'). Therefore it suffices to check exactness of the monomials

mGLM. O

Proposition 4.18. (Gasharov-Hibi-Peeva, Miller)
Let m € M be a monomial, and consider the monomial ideal (M<,,) generated by

the monomial {m;|m; divides m}. Fiz a homogeneous basis of a multigraded free

resolution Fiyr of R/M .

1. The sub-complex Fy(< m) is a multigraded free resolution of R/(M<p,).

2. If Fyy is minimal multigraded free resolution of R/M, then Fy /(< m) is

independent of the choice of basis.

3. If Fyr is a minimal multigraded free resolution of R/M, then the resolution

Fy (< m) is minimal as well.

Proof. 1. Let v = lem (m;|m; divides m). By proposition 4.15, we get that

Fy(<m) = Fy (< v) and hence M, = M<,. By theorem 4.17, we have to



show that for all monomials u € Ljs(<y), the frame of the complex

Fy (< v)(< u) is exact.

We have Fiy (< v)(< u) = Fp (< w) for w being the maximum monomial in
Ly that divides v and u. Since Fj; is exact, then again by theorem 4.17 the
frame of Fj/(< w) is exact for all w € Ly,. Hence the frame of Fi (< v)(< u)
is exact. As a result, the frame of Fj;(< m) is exact. Therefore, the first

statement holds.

2. Fp (< m) is the sub-resolution of Fj; with multidegree that divides m. Thus
the construction of Fj;(< m) is independent of the basis of F);. Therefore,

the desired result in (2) holds.

3. by the construction of Fj;(< m), The result in (3) holds.



Chapter 5

Subadditivity of monomial ideals

5.1 Introduction

Let R = k[z1,...,x,] and I a homogeneous ideal in R. Denote by (F,d) a minimal
graded free resolution of S = R/I with F, = &;R(—j)P. For each a, denote by

to(IF) the maximal shift in the resolution F. In other words,
to(F) = max{j : Ba; # 0}.

F is said to satisfy the subadditivity condition for maximal shifts if
taro(F) < to(F) 4 t,(F), for all a and b.

There is history of looking for bounds of maximal shifts. The
subadditivity problem for maximal shifts has been studied by many authors [3],
6], [7], [9], [11], [13]. It was shown that ¢, < t; 4+ ¢,_; for all graded algebras where

p =projdimsS [11, Corollary 3], and that ¢, < ¢, + t,_, in some cases of S see [6,

40



Corollary 4.1]. In [3], Avramov, Conca and Iyengar consider the situation when
S = R/I is Koszul and show that t,41(/) < t,+t; =t, + 2 for a < height (7).
It is known that the minimal graded free resolution of graded algebras
may not satisfy the subadditivity for maximal shifts as shown in the following
example where ty > 2t;:
i1 : R=QQ[x,y,z]
ol =R
ol : PolynomialRing
i2 : ideal (x712, y~12, z712, -xX"6*y 6+x"5xy 5xz"2+x" 6%z~ 6-y 6*2"6)
12 12 12 6 6 55 2 6 6 6 6
02 =ideal (x ,y ,2z ,-Xy +xyz +xz -yz)
02 : Ideal of R
i3 : betti res o2
01 23

o3 = total: 1 4 10 7



03

10:

11: . 4

12:

13:

14

15:

16:

17:

18:

19:

20:

21:

22:

23:

24 .

25:

: BettiTally



However, no counter examples are known for monomial ideals or
Gorenstein algebras. In the next section, we focus on exhibiting a result by Herzog

and Srinivasan that show that ¢,,.; <, + t;, for all @ > 1 [11, Corollary 4].

5.2 Subadditivity

In this section, we use properties of multigraded resolutions to exhibit a result by
[11] on the subadditivity for monomial ideals. Let R = k[z1,...,z,] and I a

homogeneous ideal in R. Let (F,d) be a graded minimal free resolution of R/I:

F:0— @R(—j)% % . > aoR(—j)% % . = oR(—j)» % R— R/T 0.
J

J J
Proposition 5.1. Suppose there exists a homogeneous basis f1, fa, ..., fr of Fy
such that

a(Fa-i-l) - D sz
1<i<r—1

then deg f, < t,_1+t1.
Before we prove proposition 5.1, we introduce the notion of dual basis.
Definition 5.2. Let F be a complex of R-modules. Denote by (F*,0*) the

complex Hompg(F, R) which is dual to F:
* * 9 * 8;+1 *
F:e oo —=F — F, —— F ...

For any basis fi,..., f. of F,, we denote by [ the basis element of F;

T

with f7(fi) = 1if j =l and f;(fi) = 0if j # [. Hence, f{,..., f} is a basis of F},



the so-called dual basis of fi,..., f.. The maps in the dual complex are defined by

O*(fF) = ff o 0 for all i, obtained from the following commutative diagram:

Fopy —2= F,
\ lf;
k
Proof. Let {ff,..., f} be a dual basis of { f1,..., f,}. The hypothesis implies that
O*(fF) = 0. Hence f} is a generator of H*(F*) = Kerd},,/Im0d, which is an
R/I-module and hence [ f* =0 in H*(F").
On the other hand, if ¢1,..., g, is a basis of F,_; and 9(f.) = c1g1 + ... + CmGm,
then 0*(gF) = c;f + m; where each m; is a linear combination of the remaining
basis elements of F.
We denote by ¢ € I to be a generator of maximal degree i.e deg(c) = t1({).

Since I f} =0 in H*(F*), then it implies that ¢f* = 0 in H*(F*). This means that

cf¥ belongs to Im0;. For that, there exist homogeneous elements s; € R such that

cff = > si0%(g)) = > sileif; +my).

1<i<m 1<i<m
The above equation is possible only if ¢1(I) = deg(c;) + deg(s;) for some i. In

particular, deg(c;) < t;(I). It follows that

deg(f,) = deg(ci) + deg(g:) < t1(1) +ta1(1)

We get to prove the main result:



Theorem 5.3. Let I be a monomial ideal. Then t,(I) < t,_1(I) + t:(I) for all

a> 1.

Proof. Let F be a minimal multigraded free R-resolution of R/I and let f € F, be
a homogeneous element of multidegree v € N whose total degree is equal to the
maximal shift ¢,(7). We apply the result of proposition 4.18, and consider the
restricted complex F(< «). Let fi,..., f. be a homogeneous basis of (F(< a)),
with f. = f. Since there is no basis element of (F(< «)),41 of multidegree bigger
than «, and since the resolution of (F(< «)), is minimal, it follows that

a(F(S a)a+1) - 1<

Rf;. Thus we apply proposition 5.1 and deduce that
i<r—1

ta(I(< @) S tar(I(< @) + L (I(< a)). Since (1) = ta(I(< a)),

to1(I(< ) <t,1(I) and t1(I(< «)) < t1(I), and hence we get the result. O

Example 5.4. i48 : R= QQ[x, y, z, w]

048 = R

048 : PolynomialRing

149 : ideal (x73*%y~2, x74x%z77, w™b, W 3*x*y*z)
3 2 47 5 3

049 = ideal (xy , X z , W , XKy*z*w )

049 : Ideal of R

i50 : res o049



0560 =R <—-R <—-R <—-R <=0

050 : ChainComplex
i61 : ideal (x73*%y~2, x"4%z77, w'b, W 3kxky*z, X 2%y 2%z, x*y*z~10%w)
32 47 b5 3 22 10
051 = ideal (xy , X Z2 , W , XXY¥Z¥W , X § Z, Xky*Z W)
051 : Ideal of R
i52 : res o0b1
1 6 10 6 1

062 =R <-—-R <—-R <—-R <-—-R <=0

052 : ChainComplex
ib3 : 052.dd_1

063 = | x3y2 x2y2z wb xyzw3 x4z7 xyzlOw |

053 : Matrix R <--- R

ib4 : 052.dd_2

o564 = {5} | -z 0 O -w5 0 0 0 0 0 0 |
{5} | x -w30 0 -x2z6 -z9w 0 0O O 0 |
{5} | 0 0 -xyz x3y2 0 0 0 0 0 -x4z7 |

{6 10 xy w2 O 0 0 -x3z6 -z9 0 0 |



ob54

ibb

obb =

055

i56 :

: Matrix R

10 6

<--- R

052.dd_4

{113 1 0o |

{16} | -z3 |

{17} | -w2 |

{113 1 0 0 0
{133 10 0 ©
6 10

Matrix R <--- R

: 0b2.dd_3
{6} | w6 O 0 ©
{8} | xw2 x2z26 0 =29
{8 | -x2y 0 0 0
{10y | -z 0 0O O
{13+ 1 0 -w3 z3w 0
{15 | © 0 -x2 -w2
{15} 1 0 y 0 0
{183 | © 0 0 xy
{16} | 0 0 y O
{16} | 0 0 0O O

y2

Xy

z3

-x3

w2

yw3

0

0

w2

-yz3w wb

x3 0



{17}y | x2 |
{173 1 0o |

{18y | 'y |

056 : Matrix R <-—- R
i57 : 052.dd_5

o057 =0

ob7 : Matrix R <--—-0
i58 : betti res ob1
01 234

o058 = total: 1 6 10 6 1



10: . 1

1. . . 1.
12: . 1

3. . . 31.
14: . . 2 3.
5. . . .11

058 : BettiTally
7 5

In this Example, R = Q[z,y, z,w] and [ = (x3y?, 2427, w®, w3zyz)

From the betti diagram, we can see that

t(I) = 13
to(I) = 16
t3(I) = 18

t4(I) = 19.



(Clearly, the main result hold for this example since:

t3(I) =18 < ty(I) + t,(1) = 16 + 13 = 29

to(I) =16 < t,(I) + t:(I) = 13 + 13 = 26
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