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An Abstract of the Thesis of

Lara Bachir Zebiane for Master of Science

Major: Mathematics

Title: Non-Vanishing of Hecke L-Functions of Cusp Forms of Integer and Half-Integer Weight

We show a non-vanishing result for L-functions of cuspidal Hecke eigen-
forms of integer weight in the full modular group and of half integer weight
in the plus space. In chapter 1, we review definitions of modular forms of
integer weight, their Hecke operators and their corresponding L-functions.
In chapter 2, we introduce modular forms of half integer weight and some
related properties. In chapter 3, will show that the average of the normalized
L-functions L*(f, s) with f a cusp form of weight k in SLs(Z), running over a
basis of Hecke eigenforms, does not vanish inside the critical strip. A similar
result will be presented in chapter 4 for cusp forms of half-integer weight in
the plus space.
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Chapter 1

Introduction

In this chapter, we define modular forms of integer weight on the full group
along with Hecke operators and the associated L-functions. We continue
to discuss modular forms on subgroups of finite index in the full modular

groups.

1.1 Basic Definitions

Let H be the upper half plane defined by H = {z € C, Imz > 0}.

We define the full modular group

SLy(Z) = ca,b,e,d € Zyad —bec=1



This group is generated by S = and T' =
1 0 0 1
a b
Proof. Consider the matrix A = € SLy(Z). Without loss of gener-
c d
ality, suppose ¢ > 0 and consider two cases. The first case is when ¢ = 0.
1 n
We have ad — bc = 0 so ad = 1ie. a =d = +1, so that A = or
0 1
-1 n
A= . Both matrices are similar to 77". The claim is proved for
0 -1
a ad—1
Now for ¢ > 0, let ¢ = 1 first; so that A = = T°ST?. Assume
1 d

the claim is true for all A where the lower left-hand element of A is less than

c. Note that d = ¢l + r where 0 << r < ¢ since ged(c,d) =1 (ad — bc = 1):

a b 1 - 0 —1 —al+b —a
Then AT~LS = =

c d 0 1 1 0 r —c
Using the induction hypothesis, the last matrix in generated by S and T

(because r < ¢). We get
AT™'S =T™S..ST™

so that

A=T"S.. ST ST



Now, we define an action of SLy(Z) into C by:

az+b a b
= € SLy (7).
cz+d " 2(Z)

c d

V.2 =

Note that, for J(z) representing the imaginary part of z, we have:

N )
S02) = 1y g (L1)

In particular, the action of SLy(Z) preserves H.

Definition 1.1.1. Let G be a group. A fundamental domain R of H is an

open set that satisfies:
1. No two distinct points in R are equivalent under G.
2. If z € H, then there exists v € G such that vz € R.
Proposition 1.1.1. The fundamental domain of SLs(Z) is given by:
R={zecH: —% < Re(z) < %and\z! > 1}

Proof. Let z € H. Im(vz) = é%zp with v = (2%) € SLy(Z). To prove

the first condition, suppose that z € R and that there exists z’ € R such

that 2/ = vz so Imz' = |Ci’f§|2. For ¢ # 0, [cz +d*> = (cz + d)(cz + d) =



Azz+cd(z+2)+d? > —led| +d Hd=0, |cz+d?>c2>1. Ifd#0,
lcz +d)* > (|¢| — |d])? + |ed| > |ed| > 1. Therefore, Imz' < Imz for ¢ # 0.
However, by the samme argument in reverse, 2 = v~ 12/, so Imz < Imz'. We
get a contradiction. We deduce that ¢ = 0. To satisfy dety = 1, we should
have a = d = £1, so that v = T*° but then b = 0. Therefore, v = %1.

Now for the second condition, given z, there are finitely many ¢, d such that
lcz +d| < 1. This implies that there exists some v = (25) € SLy(Z)
such that |cz +d| < |dz+ d| for all ¥/ = (9 %) € SLy(Z) or equivalently
Im(yz) > Im(y'z). Now we can translate vz i.e. multiplying from the left

by a power of T for a specific v so that —1/2 < Re(vz) < 1/2. We have,

by the choice of v, I(yz) > Im(Svyz) = IT;%Z) so that |yz| > 1, and hence

vz € R. m

1.2 Modular Forms of Integer weights

Definition 1.2.1. Let k£ € Z. A modular form of weight k for I' = SLy(Z)

is a holomorphic function f : H — C that satisfies:
L. f(v2) = (cz + d)* f(2) for v = (28) € SLy(Z)

2. fis holomorphic at oo (or f(z) =Y oo, c(n)e* ™).

n=0



Note that for v = —1,

f(2) = f(=I2) = (=1 f(2).

Therefore, one can easily show that nonzero modular forms are of even integer

weight.

Definition 1.2.2. We define M}, to be the complex vector space of modular

forms of weight k.

Definition 1.2.3. If f(z) = 7 c¢(n)e*™* € My, f vanishes at infinity i.e.

c(0) = 0, then f(z) is called a cusp-form of weight k. We denote the space

of such functions by 5.

Theorem 1.2.1. The spaces M, and Sy are of finite dimension for all k,
and we have:

and

| &) k =2 mod 12

dZka =
[ £]+1 k% 2mod 12

Proof. To prove the first equality, consider the following exact sequence:

05, SMA5C—0



where « is the inclusion map and 8(f) = ¢(0) for f = > 77 ¢(n)e*™™* € M.

We have kers = S, = Ima. Therefore,
M, =S5, e CE,

where Ej is the normalized Eisenstein series(cf. next section).
Then

Now for the second equality, we will prove it by induction. Note that
Iwaniec[1] studied the case for k € {0,2,4,6,8,10}.
Suppose

|1 k—1=2mod 12

dimMj_, =
B +1 k—1# 2modl12
If k = 2 mod 12, then k—12 = 2 mod 12 = dimM,,_1o = |52 | = | £ | -1 =
dimM;, = dimM;,_15 +1 = Ll—’;J
If £ # 2mod 12, then k — 12 # 2mod 12 = dimM,;, = dimMy_1o + 1 =

| &]+1. O

Note that Proposition 1.3.1 will give an additional result concerning di-

mensions.



1.3 Examples of Modular Forms of Integer

Weight

1.3.1 Eisenstein Series

Let k be an even integer, k > 4. We define the Eisenstein Series of weight k,

by Gy : H — C:

1
Gi(2)= > mz £ n)F

(m,n)€Z?
(m,n)7#(0,0)
It converges absolutely and uniformly on subsets of H of the form R, ; =

{z + 1y, |x| < r,y > s}, therefore Gy defines a holomorphic function. Also,

for 7 = (24) € SLa(2)

1
Gr(vz) = Z (m (az+b) )k

(m,n)ez? cz+d
(m,n)#(0,0)
1
= (cz +d)*
( ) ez (m(az +b) + n(cz + d))*
(m,n)#(0,0)
1
= d)*
(cz +4d) (m%zz ((ma + nc)z + mb + nd)*
(m.n)#(0,0)
1
= d)k —_—
(CZ + ) ( IZ):EZQ (m/z + n/)k
(m/.n')#(0,0)



where m’ = ma + nc and n’ = mb + nd. As (m,n) runs through all pairs in
Z\ {(0,0)} so does (m/,n’).

And finally, one can show that the Fourier expansion of Gy, is as follows:

Gu(2) =200+ 275 S (e

where ((k) is the Riemann-Zeta function and oj_4(t) is the divisor sum func-
tion. cf.[2]

Now we can say that for £ > 4, GG is a modular form of weight &.

Definition 1.3.1. The normalized FEisenstein series of even weight k > 4

is given by

1.3.2 The Modular Discriminant A

We define the function

1728

This function is a modular form of weight 12. Also, one can prove that A is

a cusp form. cf.[2].

Proposition 1.3.1.

d’Lka = dimSkJrlg



Proof. We consider the map ¢ : My — Ski12 mapping f to Af. This homo-
morphism is actually an isomorphism between M} and Sy 12: let g € Ski10
and take h = £. We claim that h € M, because A has no zeros in H so A is
holomorphic on H, and it is also holomorphic at oo cf.[2], and one can show
that f(vz) = (cz + d)*f(z) for v € SLy(Z). Now since ¢p(h(z)) = g, we can
say that ¢ is surjective. Now it is also clear that ¢ is injective by proving

ker(¢) = {0}. Therefore, ¢ is an isomorphism, and dimMj, = dimSki12. O

1.4 Hecke Operators On SLy(7Z)

We define

a b
An: ,adzn,0§b<d

0 d

It is a complete set of coset representatives of SLo(Z) in GLo(Z),

i.e. GLy(Z U SLy(Z

6€A,

Definition 1.4.1. For a fixed integer k and function f € My(SLy(Z)), we
define the Hecke operator on f to be:

§=(2 Y)ea, dn




In particular, if p is prime

T,f =p"""f(pz) +

’BIH

”Z: (az+b>

Theorem 1.4.1. Suppose f has the Fourier expansion at oo

m=0
then
T.f(z) = Z Yo ()27
m=0
with

00 d—1
T.f(z) = Z nk-1 Z dF C<m)627rim(nz+bd)/d2
m=0 dn b=0
° 1 d—1
= Z nk—l Z d—k—lc< ) 2mimnz/d E 627mm(b/d)
m=0 d|n b—0
— N ny k-t 2mimnz/d?
=352 (5) e
m=0 d|n
dlm
d—1 1 d|m
since 1 Z eQmm(b/d
. 0 dtm

Now let m = qd, then we get

ZZ( ) c(qd)e zmnqz/d

q=0 d|n

10



Since d runs over all divisors of n, so does %, we get

o0

T,.f(z) = Z Z d e <%> (2miadz

q=0 d|n

_ i Z d1e <%) p2mimz
)

m=0 d|(m,n

[
a B
Theorem 1.4.2. If f € My, and V = € SLy(Z), then
v 0
T.f(Vz) = (v2 + 0)"T, f(2).
Proof. Straightforward from the definition of 7}, f(z), e.g.[2]. O

The last two theorems will immediately give the following

Corollary 1.4.1. If f € My(SL2(Z)), then T,,f € My(SL2(Z)). Also, if

[ € Si(SLa(Z)), then Ty, f € Sp(SLa(Z)) (7a(0) = op—1(n)c(0)).

Definition 1.4.2. A nonzero function f(z) satisfying T,,f = A\(n)f is called
an eigen function of the Hecke operator T,, with eigenvalue \(n). If this
equality holds for all n, then f(z) is called simultaneous eigen function of
all Hecke operators.

We call a simultaneous eigenfunction f normalized if ¢(1) = 1 where f(z) =

ZZLO:() C<m)e27rimz.

11



Theorem 1.4.3. Let k > 0, even. If the space M, contains a simultaneous
Hecke eigenform f with Fourier expansion f(z) = Y. c(m)e*™™*  then

m=0

c(1) # 0.

Proof. Since f is a simultaneous Hecke eigenform, then

Tnf(z) = i Z dkflc <%> 627rimz _ )\(n> i C(m)e%imz

m=0\ d|(n,m) m=0

so that ¢(n) = A(n)c(1). If ¢(1) = 0, then ¢(n) = 0 for all n > 0. Therefore,
f(2) = ¢(0). However, the only constant modular form is the zero function,
f(z) = 0. This is a contradiction because f needs to be nonvanishing in

order to be an eigenform. O]

Remark. For the case of a normalized simultaneous Hecke eigenform,

Hence, the n-th Fourier coefficient of f is the same as its n-th eigenvalue.

Theorem 1.4.4. Let k € 27Z. Suppose 0 # f(z) € Sp(I'(1)) with the Fourier

o0

expansion f(z) = Z c(n)e*™™*. Then f is a normalized simultaneous Hecke
m=0

eigenform if and only if



Proof. The equation T, f(z) = A(n)f(z) is equivalent to v,(m) = A(n)c(m)

obtained by equating coefficients of ™

in the corresponding Fourier ex-
pansion. Now for m = 1, v,(1) = A(n)c(l) = A(n) (normalized). But
Yn(1) = ¢(n) which implies A(n) = ¢(n), so that v,(m) = ¢(n)e(m) for

(1) = 1. 0

Corollary 1.4.2. For k € 2N, let f € My(I'(1)) be a normalized Hecke
eigenform with Fourier coefficients ¢(n). Let p be a prime. Then, the Fourier

coefficients satisfy

o c(p"m) = ¢(p™)c(m) for all m,n € N with (m,p) =1

o c(p"t) =c(p")e(p) — p*elp™ ).

Proof. Applying the previous theorem, we can see that

c(p™)e(m) = 3 g1 pmmy=1 d* e (B52) = c(p™m) and

cP)ep) = Lo € (%) = c(p™*!) + P e ). 0

Theorem 1.4.5. There exists an orthonormal basis of Sy which consists of

eigenfunction of all Hecke operators T,,.

For the proof, please refer to Iwaniec[1].

13



1.5 L-functions of Eigenforms

Definition 1.5.1. If f(z) = ¢(0)+>_>7, ¢(n)e*™*, we define the Dirichlet L—

Function of f(z) by:

- c(n)
L = . 1.2
19 =35 (1.2
Proposition 1.5.1. L(f,s) converges absolutely.
* ¢(n)e¥™m* ¢ S (SLy(Z)), then c(n) = O(n?), ie

Proof. If f(z) = >0,

¢(n) < en? form some ¢ € R c.£.[1]. Then

B = a(n) = |a(n)| - 1
’L(fa 8)‘ - Zl ns < Zl ntte(s) S Czl nRe(s)fg

Therefore, L(f,s) converges absolutely for Re(s) > 1+ .

Also, iff(z) € Mg\Sk(SLy(Z)), then a(n) = O(n*1), and L(f,s) converges

absolutely for Re(s) > k. O
We define the completed L-function L*(f,s) by
L*(f,s) = (2m) T (s)L(f, s) (1.3)
where I'(s) = [7 e~ "t*~'d¢ is the Gamma function defined for Re(s) > 0.
Proposition 1.5.2. L* satisties the functional equation
(1.4)

L*(f,k —s) = (~1)2L*(f, 9).

14



Proof. We have

0

As a result, we have
L*(f,s) = (2m)°L(f, s)'(s)
/ Z 27rny s

n>1
dy

_ / (Flin) = (0)

- / (fiy) — c(0)) ys% T / " (Fliy) — e(0)) ysd—yy

- (f(éd - c<o>) L [T s - o)

where we are allowed to interchange integration and summation using Fu-

bini’s theorem. But f(7) = f() = (iy)" f(iy) = (—1)%/2y* f(iy), This gives

L(f.s) = (—1)"2 / N f<¢y>yk—s% - / ) c<o>y—s% T / " (fliy) — c(0)) ys%

y
y

0 [ e

Y

— (1) / " (Fliy) — c(0))y

15



]

Theorem 1.5.1. For k € 2N and let f € Si(I'(1)) be a cusp form with asso-
ciated L-series L(f,s) defined in (1.2). If f is a normalized Hecke eigenform
with Fourier coefficients c(n), then the associated L-series L(f,s) admits the

Euler product

Lifs) = 1 !

(1 —c(p)p= +ph=1=2)

p prime

Proof. Let pi s p;'l = n be the prime factorization of n for some [ € N and

p1 ... p distinct primes. Now,

c(plt .. .p?)
LU DD DI
leN i1...11€N by - ‘pl
p1...p; distinct primes

i1 i
_ cpy) )
=1+ R
leN i1...4;€N Pr Dy
p1...p; distinct primes

- 11 255

p prime €N (pl)

where we have used Corollary 1.4.2 because ged(pim, pir) = 1 for all distinct

primes p,,, and p,. Now we claim that

c(pt 1
Z(P)

= (p)* 1—c(p)p* —pip=2

16



This claim can be proved for any Y,y c(p')a’ where in our situation « is

equal to p~* :

(1= c(p)a+p1a®) ) e(p')a’

i
-2 c(p')a’ — % c(p)e(p’)a'™! + %pklc(p')ai+2
= c(1) +c(p)a+ f; c(p)a’ = c(p)e(l)a
- il c(p)e(p’)a™! + GZNpk fe(p'att?
=1+ f; c(p')a’ - f; (c(p)e(@) =" e(p'™h) o
SO WLLLED SEC
=1+ i c(p')a’ — 2 c(pHa' =1

where we have used again Corollary 1.4.2 and that a(1) = 1 holds for nor-
malized Hecke eigenforms.

Therefore,

wo= 11 Y55

p prime €N

1
- 1l 1 —c(p)p® — p*~Ip~2

p prime

17



1.6 Poincare Series and Petersson Inner Prod-

uct

Definition 1.6.1. Let m € Z-(, k an even integer, £k > 2. The Poincaré

series of weight k is given by:

. . agz+b
Pm,k(z) — Z ](M, Z)fke27mmMz _ Z (CZ + d)ike%mm(igzido ) '
MEeT o \SL2(Z) (c,d)€Z?
ged(c,d)=1

Proposition 1.6.1. The Poincaré series is a modular form of weight k.

Proof. Using the definition of Poincaré series, we can check that P, x|V =
P, for all V. € SLy(Z). Also, as a holomorphic function, P, ; admits a

2mwinz

Fourier expansion of the form Py, =" ., a(n)e

For more details, please refere to [1] O

Definition 1.6.2. Let I' C I'(1) be a subgroup of finite index p with Ry its
fundamental region. Let k € 2Z and z = x + iy.

We define the Petersson Inner Product by

(.90 =2 RPf(Z)g(Z)\S(Z) 32
Proposition 1.6.2. Let f(z) = > >7  a(n)e*™* € Sy. Then
'k —1
(P, [) = (iﬁm>kzla(m)



Proof.

_ 1 2)f(2)3(z e drdy
Poie ) = | Pusl TR 55

_ /m Y. TR 5 s

H MET oo \SL2(Z)

But f is a modular form, so that f satisfies: f(Mz) = j(M, 2)*f(z), and

using (1.1), we get

m M —k 27rzmMz M (M. AS(M k dl‘dy
W= [ 3 X TR0, . 9000 S
S —  drdy
2mimM z M C\M
/Q}‘MEF \SL2(Z ) f( Z>\S( Z) %<Z)
. T dxd
M /]\/[ 627”mzf(2>%(2)k %‘fZ;yQ )

R MeTos \SLQ(Z)

Now because of the shape of R (a vertical strip by Proposition 1.1.1 ), and

replacing f by its Fourier expansion, we can rewrite the above expression as

dxdy
m 7 27rzmz aln 627”’”3% > k
e /1/2 2 a5

n=

Z aln / / 27ri(m—n)ace—27ri(m+n)yyk—2dxdy
n=0 —-1/2

(m) / —47rzmyyk—2dy.
®oJo

Now replacing 4mimy by t, we get:

_ Al [T e
<Pm’k’f>—,u,(47T_TTL)k_1/0‘ et dt

B M<4fr§i)>k—1”’f -

19




Corollary 1.6.1. The space of cusp forms Si(SLy(Z)) is spanned by the

Poincaré series P, , m > 0.

Proof. To show that Si(SLy(7Z)) is spanned by the Poincaré series, we have
to show that each cusp form can be expressed as a linear combination of
Poincaré series. Suppose f € Sip(SL2(Z)) is orthogonal to all Poincaré series
ie. (0,Pnx) = 0. But the previous proposition implies that all Fourier
coefficients of f vanish. Hence, f must be the zero-function. This means

that all cusp forms lie in the span of the Poincaré series. O]

1.7 Modular Forms on Congruence Subgroups

Definition 1.7.1. The principal subgroup of SLs(Z) of level N is given by

a b a b 10
['(N) = € SLy(Z) :

c d c d 01

mod N

Definition 1.7.2. A congruence subgroup of level N is a subgroup of S Ly (Z)

that contains I'(V).

a b
Examples: I'((N) = € SLy(Z): c=0mod N
c d
a b a b 1 %
[''(N) = € SLy(Z) : = mod N
c d c d 01

20



Remark. e I'(N) is normal in T'(1) where T'(1) is equal to SLy(Z).

Moreover, T'(N) has finite indez in T'(1)
o [f N'IN, then I'(N) C T'(N')

Theorem 1.7.1. Let vy be a congruence subgroup of SLo(Z) and let C be a

set of coset representatives for I'\ SLa(Z). Then

Rr = JyR
c
1s the fundamental region of the congruence subgroup I' where R is the fun-

damental region of SLo(Z).

Proof. First, suppose z1, 20 € Rr are equivalent with respect to I', i.e. 25 =
Vz for V € T. Since I' is a subgroup of I'(1), there exists 1 < i,j < p and
u,w € R with z; = Aju and 2, = A;w. Hence Ajw = V A;u. This implies
w = (A;7'VA)u € R. We get A;'VA; = +£1. Thus we have V = +A; A"
which implies that 2, = A;A; 'z and A;A;' € T. Since A; and A; are
representatives of right cosets of I' in T'(1), we find that A;A4;' € T holds
only for i = j. Therefore A; = A; and 2z; = 2.

Now let z € H. We have to show that there exists an element V' € I" such that
Vz € Rr. We know that there exists V; € I'(1) such that Viz € R. On the

21



other hand, there exists M € I' and a representative A;, 1 <1 < pu satisfying
Vi = M A;. Hence, we have Viz = (M A;)z = M(A;z) € R. Multiplying M !

from the left gives M~'V,z = A;z € A;,R C Ry. O

Definition 1.7.3. A cusp z where z € PY(R) = R U {oo} is an element

which is fixed by a parabolic element a of A.( « is parabolic if [tr(«a)| = 2)

Definition 1.7.4. Let I" be a congruence subgroup of S Ly (Z) of finite index.

A modular form of weight k& on I' is a holomorphic function in H satisfying
o f(v2) = (cz+d)*f(z) where y = (24) €Tl

e f is holomorphic at all cusps.
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Chapter 2

Modular Forms of Half-Integral

Weight

In this chapter, we define modular forms of half integer weight on I'g(4) , in

addition to the plus space and their associated Hecke operators. cf.[3]

2.1 Definitions and Examples

We define G:
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where t € T? = {£1} and such that:
(@, 0(2)).(8,9(2)) = (af, p(B2)1(2))
Proposition 2.1.1. G is a group.

Proof. o Let a = (a,0(2)),b = (6,¢%(2)) € G. We need a.b € G: It is

obvious that a8 € GLj (Q). Now,

@) = (o)) v

clﬁz + dl )tz(CQﬁZ + dg)
Vdeta Vdetf
(clal + d102)2 + Clbg + d1d2

Vdetaf

=,

== tltg

which finishes the proof.
e Associativity is immediate.

o Let I = ((¢9),1) where 1 is the identity function so that I.(a, ¢(2)) =




The group G acts on the space of complex valued functions on H, by

Flisr2lC] = fIIC) = o(2) 7" f(az)

where ( = (a, ¢(z)) € G and f:H — C.
We define the automorphy factor j(v,z), for v € I'y(4) and z € H, as

follows:

and
Lo(4) :={7 = (7,J(7,2), v € To(4)}.

We note that I'y(4) is actually a subgroup of G. 3]

Recall the following

a b
o ['h(4) = € SLy(Z) : ¢ =0 mod 4
c d
1 ifd=1mod 4
ogd_
1 ifd=—-1mod4
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° (%) is the Legendre symbol given by

/

0 if pla
(%) — 31 it a is a quadratic residue mod p
-1 if a is not a quadratic residue mod p

(a is a quadratic residue mod p if there is an integer x, 0 < x < p, such

that 2 = a mod p has a solution.)

Definition 2.1.1. Let £ be a positive integer. A holomorphic function f on
H is a modular form of weight k + 1/2 if f satisfies f|p11/2[7] = f for all
4 € I'y(4), and is holomorphic at all the cusps of [y(4).

We denote such a space of modular forms by M;1/2(4), and the space of

cusp forms by Si1/2(4) where, as before, a cusp form is a modular form that

vanishes on all cusps.

Example. Let I' C I'g(4). Let I'oo = {7y € I' : y(i00) = ioco}. Then I'y is

11
an infinite subgroup of SLy(Z) generated by . Consider
0 1
Evp(z)= Y j(n2)"
Y€l \T'o(4)
a b
where I',,\I'9(4) have coset representatives elo(4) :4/m,(m,n)=1,n>0
m n
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Then Ej/5(2) is a modular form of weight k/2 for I'g(4).

2.2 L-functions on the plus space

We define M;"

r11/2(4) to be the subspace of Mj.1/2(4) consisting of functions

whose nth Fourier coefficients vanish whenever (—1)*n = 2,3 mod(4). We

also put S;+1/2(4) = Sk1/2(4) N M;+1/2(4)'

Kohnen proved, in [4] , that there is an isomorphism between Sy, (1) and

S+

k+1/2(4), or equivalently between My (1) and M,

k+1/2

(4). This will help us,
with Theorem 1.2.1, determine the dimension of the given plus space.

Let L(f,s) be the L-function associated to cusp forms f € S,:“+1/2(4)

defined by L(f,s) = >=(_1)ku=0,1moa(s) ¢(n)n~* for Re s> 1 where c(n) is the
n-th Fourier coefficient of f. The completed L-function is defined as
L*(f,s) = (2m) 7 2°T(s) L(f, ).

Proposition 2.2.1. The completed L-function L*(f,s) has the following

functional equation:
L*(f|W47 k+ 1/2 - S) = L*(fv S)
where Wy is the Fricke involution on Sky1/2(4) defined by

FIWa(2) = (=2i2) "2 f(—=1/42).
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Proof. We have

t%iny /OO —27"”1/(271'77,?}) y
0 Y

Thus we get, as in Chapter 1,
(2m)~ —2SF / e 2™ (2

L'(f,5) = /fw g

- / f(iy)ysgy+ " iy

1/2

Now we replace y by t in the first term

rifs)= | G4 [ plyy™
12 Y Yy 1/2

But since
fIWa(2) = (=2i2) 12 f(~1/42)
then
FIWa(iz) = (22) 12 f(i/42).
Therefore,

i = | :O 142072 + 1) 2]

— L*(f|Wa, k+1/2 —5).
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2.3 Hecke Operators on Forms of Half Inte-

ger Weight

As in the case of modular forms of integer weight, we can also define Hecke
operators in the half-integral weight case. For f(z) = >.°7 ¢(n)e*™™* an
element of M," 12 (4) and a prime p, we define the Hecke operator by

e D SR (e e PR e Y )

(—1)kn=0,1mod(4)

Theorem 2.3.1. (Kohnen)
1. S,:rl/?( ) (and k+1/2( )) is preserved by Hecke operator.

2. The space Sk+1/2( ) has an orthogonal basis of Hecke eigenforms with

respect to all Hecke operators TT(p*), p prime.

Proof. [5] O
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2.4 Poincare Series and Petersson Inner Prod-

uct

Definition 2.4.1. Let m € Z-,. The Poincaré series of weight k£ +1/2 is
given by:

NG o
Pm,k(z) = Z <E) (_) (CZ i d)*(k+1/2)62mm(2z7++30>'

d d
(c,d)€Z?
ged(c,d)=1

Definition 2.4.2. For f € M 1/2(4) and g € Sky1/2(4), we define the

Petersson Inner Product by

dxd
(f.q) =~ / (2)gEy Y
To(4)\H

(2} y?

where i, is the index of I'g(4) in SLy(Z).
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Chapter 3

Non-Vanishing of L-functions
Associated to Integer Weight

Modular Forms

In this chapter, we prove that, given a real number ¢y and a positive real
number ¢, for all k large enough the average of L*(f,s) with f running over
a basis of Hecke eigenforms of weight %, does not vanish on the line segments
Im(s) =tg, (k—1)/2 < Re(s) < (k/2) — ¢, (k/2) + € < Re(s) < (k+1)/2.

For this purpose, we define, for z € H, s = 0+it € C where 1 < 0 < k—1:

b —S
Ris(2) =mls) Y. (ez+d)™ (Z’id) (3.1)
(¢ Y)esLa(z)

31



where

Note that the letter k always denotes an even integer > 4.
Proposition 3.0.1. R, € Sy

Proof. First, we can see that this series converges absolutely uniformly when-
ever z = x+iy satisfying y > €, z < 1/e for a given € > 0, and s varying over a
compact set, using standard convergence tests. For instant, for 2 < o < k—2,

we have

gy (az+b\ "’ - k| faz+b\ "7
Z (cz+d) (cz—l—d) - Z ez + | (cz+d

(a,b),(c,d)€Z2\{0,0} (a,b),(c,d)eZ2\{0,0}

b
< Y erdt |
cz+d
(a,b),(c,d)€Z2\{0,0}

—0

< Z lez 4 d|=*)az + b7 < oco.
(a,b),(c,d)€Z2\{0,0}

So combining this with the definition of Rj, we obtain our assertion: It is

holomorphic on H, invariant under SLy(Z) and holomorphic at co. O]

Theorem 3.0.1. We have

Ris(2) = (27)°T(k = s) Y 0" Pral2) (3.2)
n>1
where
1 . apnz
Pin(z) = 5 Z (cz + d)_ke%m( =0
(c,d)eZ?
ged(c,d)=1
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Proof. By holomorphic continuation, it is enough to prove the assertion say
forl <o < % For each coprime pair (¢, d), we take a fixed choice (ag, by) €
Z? with agd — byc = 1 (we have ad — bc = 1 so that ad = 1[c|, now we fix aqg

such that a = ag + nc for some n € Z, same is for by). Hence, we get

a02+bo =
Ry s(2) = k(s Z Zcz—ird (cz+d +n> )

(c d)eZ2 nez
ged(c,d)=

Now using Lipschitz’s formula:

6—71'1'3/2 )8 '
D (T4m) = % D meterm (r € H, Re(s) > 1) (3.3)

ne”L

for 7 = 2t 1y in our case, we get

cz+d
7rzs/2 27.‘_ » Ly woetby
Rkvs(’z) :fyk( ) Z Z cz + d n®~ 7rm< cz+d )
(c,d)ez? n21
gcd(c d)=1
1 agz+b

=§(Q7T)SI‘(1<: —5) Z n*! Z cz+d)™* e2min(“2)

nx1 (e,d)ez?

ged(c,d)=1

Finally, comparing this with Definition1.6.1 will finish the proof.

Lemma 3.1.

([, Brs) = cl™(f,s) Vf € Sk
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where

(=1)zm(k — 2)!
2k—2

CL ‘=

Proof. Using Theorem 3.0.1,we have:

(f.Ris) = { f.2n)T(k=5)Y 0" ' Pn(2))

n>1
1 —— dxd
= —(2m)°T'(k — s) Zns’l fPrn(2)y" x2y
2 n>1 Rp Yy

= 2m) Tk —5) Y n* ' f, Pen)

n>1

where we can interchange the summation and the integral because of absolute
convergence.

Using Proposition 1.6.2, we get

(£ Bus) =n Tk =) 3w (st

=(2m)* FH121 D (k — 5)(k — 2)! Z as(n)ns*

=2""Fx(k — 2)IL*(f, k — s) (using(1.3))
:(—1)5%L*(]", s) (using(1.4))
:CkL*(f, S).

Lemma 3.2.



where

1 k kw1 L($)I'(k — )
+5DEeR T
C 2mina’  mwis —27TZTL (34>

)

~—

X g (=) e e e 1 Fy(s, k;
a ac
(a,c)€Z,ac>0
ged(a,c)=1

—2mina’ —mis 27(@”

+e € 2 1(87 3 ac )]a

with @’ € Z is an inverse of a modulo ¢, and 1 Fy(«, f; 2) is Kummer’s degen-

erate hypergeometric function [6].

Proof. Suppose ac = 0 i.e. a = 0 or ¢ = 0. To satisty ad — bc = 1, the

matrices in SLy(Z) will have the forms (%) or £(9 71). So by (3.1),

Ry o(2) = 2%(s) Z ((z+n)"* +e ™ (z4n)").

neL

Using Lipschitz’s formula again (3.3), the n-th Fourier coefficient of the terms

with ac = 0 is equal to

—7is/2 (27T)S s—1 2minz k (27T)k_8 k—s—1 2minz
29k(s)e / <—F(s) 321 n’ ‘e +(—1)2 —F(k —3) nél n e ) .
(3.5)

Now for ac # 0, the n-th Fourier coefficient of the sum, is given by:

iC+1 b\ ° .
I= / Z (cz+d)™* <az i ) e dy C' >0 (3.6)

~ cz+d
“ N\ @hese
ac#0

35



We replace z by z + m which is equivalent to multiply the matrix (¢ %) by
(§1) and we fix integers by and dy for each pair (a,c) as before such that

ady — cbg = 1, we get

ac#0
ged(a,c)=1
1C+oo b —$ )
— Z / (cz +do)™* (az + 0) e 2Nz,
(a,c)€Z? iC—o0 ¢z + dy
(;Lc;éO
ged(a,c)=1

We now substitute z by z — df and we get

1o —k 1 a\ "’ —2m’n(z—d—0)
I = Z (CZ) —@ + E € cdz

(a,c)eZ? =00
ac#0
ged(a,c)=1

g [t 1 a\® ,
_ Z C—ke27r7,nc/ z—k’—i—sz—s (_T + _) e—27‘rznzdz (37)
(a,c)€Z? =00 = ¢
ac#0
gcd(a,c)=1
where

a' € Z,a'a = 1(modc).

Now we suppose that ac > 0, so that

. 1 A 1 a\ °
T —t+-) =(-5+=2
2z ¢ 2 ¢



Let’s call the integral in (3.7) I;, and replace z by £it, we obtain

C—ioco —kts 1 s
C a z C
T () e
C+ico a ¢ < a a
C—ioo _k+s
_/’ (E) k+s+1 t_k+si_k+s+1 ( +lt) e—2m’n§itdt
, a

C+ico

C—ioco —k
C +s+1 o o g
:/ (_) ¢ lc—&-sz k—l—l( —I—t) e 27rznaztdt
C+ioo a

—ktstl ] [OFI0 ' ¢ .
=(-1)%2r <E> — et (Logg) ity
a 270 Joino c?
Now using
C'+ioco 1 L
i (t+a) " (t+B) el dt = mpwy_ e PPy By (p, ptvs (B—a)p),
cf.[6] we get

27)k c\*$ —2min
]1:(—1)§< ) nh! <a> 1F1(37k; ac )

Therefore, the contribution of the n-th Fourier coefficients by terms with

ac > 0, of Ry, 5(2) is given by

ac
(a,c)€Z?
ac>0
ged(a,c)=1

If ac < 0, we write

s 1 Lo - e 1 a\\"* (1 a)\"’
z -4+ - =z — = — - =e — — —z )
2z ¢ 2z ¢ 2 ¢

We can see that in the same way as before, with replacing (a, ¢) by (—a, c),
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the contribution of the terms with ac < 0 is given by

vk@ge—”“(—qjg(QW) nft Yy <f*7(f)se—2mn"fq( k; Eggﬁ)_ (3.9)

F(k) (a,c)€Z? @
ac>0
ged(a,c)=1
Finally, combining (3.5), (3.8) and (3.9) will finish the proof. O

By Theorem 1.4.5, we let {fy1,...fi g, } be the basis of normalized Hecke

eigenforms of Sy, where g is the dimension of Sj.

Theorem 3.1. Letty € R ande > 0. Then there exist a constant C(tg,€) > 0

depending only on ty and € such that for k > C(to,€) the function

9k 1
L (few, s)
; <fk,1/7 fk,u>
does not vanish at any point s = o+it witht = ty, and 21 < o < ——e, g—l—e <

O_<k+1

Proof. Since {fi1,...frg,} is the orthogonal basis, and Ry s € Sk, we have

- (S Bis)
i = ; (frws frw) T

Now using Lemma 3.1, we get

9k *
&f%ZL%MH. (3.10)
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By Lemma 3.2, and since fj, € Si, comparing the first Fourier coefficient of

the two sides of (3.10) will lead us to

D)Lk =)

(2m)*T(k — s) 4+ (—1)2(2m)F~°T(s) + %(—1)’5(27)

(k)
—k C M Tis _277-2
X c
Yoo () (e e 1 Fils b ——)
(a,c)€Z,ac>0
ged(a,c)=1 (311)
— 777404/ —Tis 2
+e 20 2 1F1(S ]{Z ﬂ)
ac
L*<fk1/7 )
= ¢
Z <fk V) fk: 1/>

Dividing by (27)°T'(k—s) and letting 1 fi (s, k; 2) to be equal to %&S_S)lﬂ(s, k; z),

we can write (3.11) as

koo geas L(8) (=1)z(2m)* i (C\°
R L T TN (3 (M%:MC ()
ged(a,c)=1

mial mis _27T7/ —2mia’ —'ms 27(7; (312)
x (e7e e L fils, K )+e e 2 1 fis, b —)

ac ac
g
- *fk’l/?
=4 o
1 fkmfku

What we need to prove is that the right-hand side of (3.12) does not vanish

at s = o+ it with ¢t = tg, and 5 <0 <& —e b+ e <o < B [k large
enough.

Note that it will be enough to prove this on the left half of the critical strip
only because of the functional equation (1.4).

So take s = & — § — ity where € < § < 1/2, so that %51 < 0 < £ — ¢ and
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suppose that the right-hand side of (3.12) vanishes at s, we then obtain

k CT(E—6—1it 1) (o) E+otito
—1 =(—1)% (2r)20+2ito % %0X+(1l@ﬂ .
(5 +6+it)  2T(% 46 +ito)

— 271

)

h_§_ s =k s .. 2mia| migk_s_ k .
S et e g E s

(a,c)€Z,ac>0

ged(a,c)=1
—2mia’ —Wi(@_é_ito) k 5 t k 27TZ
c 2 2 R — -
+e e 1f1(2 o, k; — )-

(3.13)

We claim that
W file, B;2)] <1

for Re(a) > 1,Re(8 — «) > 1, and |z| = 1 because of its definition for

Re(B) > Re(a) > 0: 1 fi(a, B;2) = fol e*u (1 — u)P~2"Ldu. cf.[6] O
We now take the absolute value of (3.13) and thus we get
T(E—5—ity) (2m)2t?
1 <(2m)* | =2 , - ,
F(§ +5+Zt0) QF(Q +(5+Zt0)
x Z C_Tk—(?a%k—‘r(s (eﬂ'to/Q + e—rtg/?) (314)

(a,c)€Z,ac>0
ged(a,c)=1

:(%VéP@—a—w@
L%+ 0+ ito)

(2m)2+9

A.B(t
20(E + 6 + it) (to)

where A > 0 is an absolute constant and B(?y) is a constant depending only

on ty. However,

n-—+a
lim n’*———= =1



cf. e.g.[6], so that

. I'(5—6—ito) 1
im = _ —
k—o0 F(% + 6 + ito) hmkﬁoo(k'/2>25+2’t0

Also, clearly we have

(27T)§+5

lim =
k=00 20 (5 + § + ito)

Finally we get 1 < 0 for k large enough. Contradiction! This proves the

theorem.

Corollary 3.1. Let ¢, € R and € > 0. Then for k£ > C(to,€) and any
s=o+itwitht =tg, (k—1)/2 <0< (k/2)—¢, (k/2)+e<o < (k+1)/2,

there exists a Hecke eigenform f € Sy such that L*(f,s) # 0.

Proof. By the previous theorem, any function f € S, such that f is running
over a basis of normalized Hecke eigenforms of weight k, will satisfy this

condition. O
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Chapter 4

Non-Vanishing of L-functions
for Half-Integer Weight

Modular Forms

In this chapter, we prove a similar result as in chapter 3, for modular forms
of half-integral weight in the plus space. So given a real number t; and a
positive real number €, we will prove that, for all £ large enough, the average
of the functions L*(f,s) with f running over a basis of Hecke eigenforms of
weight £+ 1/2, does not vanish on the line segments I'm(s) = to, k/2—1/4 <

Re(s) < k/2 + 3/4.
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For this purpose we need to determine the Fourier coefficients of the
projected kernel function on the plus space. The kernel L-function of the

map f — L*(f,s) in the case of half integral weight on I'g(4) is given in [7]

by:
R ZZ ‘k_l’_l/QA
A
Z( ) 4 (eo 4 )t (2 ED h
" cz+d
where
1 wis/2
Yi(s) = ¢ L'(s)I'(k+1/2—s)
a b
and the sum runs over all matrices A = € T'o(4) with A* =
c d

(A,j(A, 2)). Now since we are working on the plus space, we need to de-
fine the kernel function acting on this space. To do so, we need to use the
projection operator pr as given in [7]: for g € Sk(I'o(4)), we have

1 1
r—=(—1 (k+1/2)/2 A+ = 7
glpr = (-1) 33 E glCA; 59

v mod 4

where

4 1 . 1 0
n= 76(2k+1)7rz/4 : AZ _ ’ (41/2 + 1)—(k+1/2)

0 4 v 1
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Lemma 4.1.

( f,Rsplpr) = ciL*(f|Wy,s) Vf € Skt1/2(4)
where
 wl(k—-1/2)
C -— W

Proof. We've seen in [7] that:

I'k—1/2
( f, Rsk) Z%L*(f,kﬂ/?—s)

However, since our projection is hermitian [7], we have for f € S}, sa(4),

( f,Rsk) = ( flpr, Rsp) = ( f, Rsxlpr)

so that
'k —1/2)
( f, Rsplpr) = %L (fk+1/2—5).

Finally, using Proposition 2.2.1 will finish our proof.

]

The Fourier expansion of the projected function g|pr for g € T'x(4N) is
given in [8] as follows:
Proposition 4.0.1. We set o = (‘W‘L),

1 0

—aN 1
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and

(1/2N) _ 2Nz 4 1)+

n>1
gln =M (z) =Y am M (n)gn/!
n>1
g ()= Y dPN (g

n>1,(—1)kn=1(4)

where g = e*™*. Then

olor=2 0 (aln) + (1~ (~ k)R N 0))

(a2 (L) ) .

Proof. [8] O

The next Lemma finds explicitly the Fourier coefficients of R;x|pr at

different cusps:

Lemma 4.2.

R i|pr :§ Z (as(n) + (1 — (—1)kz')22k—12~n/4a;(n/4)) g

n>1,n=0(4)

2 (wmrr (S arm) e

n>1,(=1)kn=1(4)
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where

as(n) =2n)T(k+1/2 —s)n** + %(27ri)k+1/2nk_l/2r(8)r(k +1/2— )

T(k+1/2)
< OE) e

(a,c)=1,4|c

—2 ) —2mina’  —mis 2 )
T 4 e o (s, k4 1/2: 7””)),
ac

(62ﬂ—inal/ce7ri8/21F1(S, k + ]_/27

0 (n) =2 x ST (k1 12 — sy + 4 (miyerr/pp-rp LT E 127 5)

I'k+1/2)
k+1/2
< 3 4e\ (=4 i (E)
< d) \—c a

c>1,c=1 mod 2

d(c)*,ad—bc=1

d=—c mod 4

2mind/c mis/2 —2min —2mind —mis 2min
e e (s, k4 1/2; J+e e ez (Fi(s,k+1/2; )

and

Q/2(n) =2 x AT (k + 1/2 — 5o + 4°(@miyer2gh1/p LT R /2 = 5)

T(k +1/2)
k+1/2 .
< 3 de) (=4 —(k+1/2) (E)
d —c a
c>1,c=1 mod 2
d(c)*,ad—2bc=1
d=—c mod 4
2mind/c mis/2 —2min —2mind —mis 2min
e "5 (s, k+1/2; o Y+e e e 2 1Fi(s,k+1/2; ).

Proof. As for the expansion at the infinite cusp, we consider first the case

I n
where ac = 0. The matrices in I'g(4) will have the form so that

Rui(2) = () 3 (= +m) ™,

neZ
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Now using (3.3) again, we get
Rox(2) = 2n)T(k+1/2—5) > n*le?™ne,
n>1

Now for the case when ac # 0, the nth Fourier coefficient of the sum is given
by

iC+1 4 k+1/2 b —s ‘
/ Z (E> — (cz + d)~ k12 gzxo e My C >0

i d d cz+d
(2 5)ero(4)sac40

Note that this integral is equivalent to (3.6) with minor change due to the
space we are working on; so following similar steps as in chapter 3 will lead

us to

R, (2) = Z a(n)e* =

n>1

where, for @' is an inverse of a modulo ¢ and 1 Fi(«, §; 2) is the Kummer’s

degenerate hypergeometric function

() =(@m)T(k +1/2 — sy~ 4 L (miyt/oppm2 LOL L2 20)

T(k+ 1/2)
k+1/2
c —4 c\ S
¢ —(k+1/2) (_)
X
S (O .
ac>0
(a,c)=1,4|c
27rina’/c 71-1'5/2 _271-2” —27mina’  —mis 27]'2”
e e Fy (s, k4 1/2; " )+e e ez (Fi(s,k+1/2; ).

Now we have to determine the expansion at the cusp 1 of

Roxln'(2) =) ay(n)e*™=/*

n>1
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where n'(z) = (2 + 1)E+1/2)
We have

z
Roiln'(z) = (z + 1)~ "2 Ry, ( )

z+1

ez

oy z <§> (Ci.;d> <%)’“”2

(e,d)=1,ad—bc=1
c=0 mod 4

x ((c + d)z +d)” k+1/2( atb ”b)

+d)z+d

A k+1/2 az+b —s
— ay(s) (E)( ) (c2 + d)~0-+172) <_Cz+ d)
c>0d

(¢,d)=1,ad—bc=1
c=d mod 4

(4.1)
where in the last equality we have replaced a + b by a and ¢+ d by ¢. Thus

we get

Roxn'(2) = 2 x 4%y,(s) Z (:_i)k+l/2d( Z (%c)

c>1,c=1 mod 2 ¢)*,ad—bc=1
d=—c mod 4

X (de(z/4 + 1) + d) 041/ (Zéj//ﬂ:)) - 2) N

where d(c¢)* means that d runs through a primitive residue system modulo

c. Now, we can determine the expansion at the cusp 1 as we we did for the
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case at infinity to get

I'(s)I'(k+1/2—s)
I'(k+1/2)

al(n) =2 x 4°T(k 4 1/2 — s)n*~! + 4°(2mi)F+1/2ph=1/2

k+1/ <
L 2 HE)

c>1,c=1 mod 2
d(c)*,ad—bc=1
d=—c mod 4

J+e e ez (Fi(s,k+1/2;

1 ; _2 ] —2min —Tis 2 )
(627mnd/ce7rzs/21F1(S, kot 1/2: azm —2rind Zin)) .

And finally, for the expansion at the cusp 1/2, we have

Rs,k’nl/z(Z) = Z agl/2N) (n)€2m'nz/4
n>1,(—1)kn=1(4)

10
where n'/2(z) = , (22 + 1)*+1/2) [ Following the same steps ex-

2 1

actly as for the case of the cusp 1, we get

al?(n) =2 x £°T(k +1/2 — s)n* 1 + 45(27ri)k+1/2nk_1/2F(S)F(k +1/2-5)

T(k+1/2)
2 (DE) ey

c>1,c=1 mod 2
d(c)*,ad—2bc=1
d=—c mod 4

J+e ¢ ez (Fi(s,k+1/2;

. . —2 ) —2min — TS 2 )
<€2mnd/c6ms/2IFI(S7 k4 1/2: mn —2mind mn)) '
ac

[]

By Theorem 2.3.1, we let {fi1,...fugr} be the basis of Hecke eigenforms

of SZ+1/2(4), where gy is the dimension of S;+1/2(4)'
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Theorem 4.1. Letty € R and e > 0. Then there exist a constant C(tg,€) > 0

depending only on ty and € such that for k > C(to,€) and k € 27, the function

Ik 1

Z <fk,u7 fk,l/>

v=1

L*(fk,V|W4a S)

does not vanish at any point s = o + it with t = ty, and % — }1 <o < % + %

Proof. Since {fx1,..-fr g, } is the basis, and Rs|pr € Sk+1/2( ), we have

9k
<fkl/7R§k|pr> *
Rslpr = =L (frr,S).
d ; {(fews frew) i)

Now using Lemma 4.1, we get

I/W’
sk|p7’—6kz j{k |fk4 Jrw (4.2)

where ¢, is a constant. By Lemma 4.2, and since f, is a cusp form, com-

paring the first Fourier coefficient of the two sides of will lead us to

2 1 ((=1)fn 1/2 “(fr, V|W47
5 (as(l) + 2k < 9 ) Qg ) kZ fku;fku>

Now we divide by 24°(27)°T'(k 4+ 5 — s) and let 1 fi(a,B;2) be equal to

20



wlﬂ(a, B; z) as before, we get

r(B)
k s k+1/2 s
PR L0 e 3 <g> —4 —(k+1/2) (g)
2x&T(k+1/2-5) Z= \a a a
(a,c)=1,4|c
2mina’ /e mis/2 —2min L@'na, —mis 2min
e ™I (s, k+1/2; ” J+e . > 1 Fi(s,k+1/2; )

9 \kt1/2—s5;k+1/2 4 4 k+1/2 i
+ Qk_l(QTF)S(—l)k + ( 7T) G Z _C ot C—(k+1/2) <E
I(k+1/2—5) d —c a
c>1,c=1 mod 2

d(c)*,ad—2bc=1

d=—c mod 4
27rind/c TI'iS/2 —27T7/n —27rznd —Tis 27TZ7”L
e eI (s, k4 1/2; )+e ¢ > 1 Fi(s,k+1/2; )
Z * fk 1/|W47 )
k fk Iz fk 1/>
(4.3)

Suppose the right-hand side of (4.3) vanishes at s = k/2 4+ 1/4 — 0 + ity,

where 0 < § < 1/2; thus taking the absolute value on both sides will give us

2]@71 o 4716/271/44’5 S ‘2]671 +478’

(27T)k/2+1/4+5 1 nto)2 o
e~ h0/2 4 grrto/
= 9w 4k/2+1/4- 5|F( +1 Ly§5— zt0| (;:0 Ck+1/2( )
(a,c)=1,4|c

o k/2+1/4+6 1
T L gl )
(5 + 5 + 0 —ito] ck+1/

c>1,c=1 mod 2
d(c)*,ad—2bc=1
d=—c mod 4

where as is Chapter 3, we have used that

1file, B 2) < 1.
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Now if we tend k£ to oo on both sides and since

(27T)k/2+1/4+6
lim e T — =
k—oo oy |F(§ —+ 1 4+ — Zt0|

for a € Z, then we get

lim 28! = 400 < 0

k—00

Contradiction! This proves the theorem. n

Corollary 4.1. Let ¢, € R and € > 0. Then for £k > C(to,€) and any

s =0 +it with t =1, k/2 — 1/4 < Re(s) < k/2 + 3/4, there exists a Hecke

+

1 /2(4) whose L-values do not vanish at s.

eigenform f € S

Proof. By the previous theorem, any function f € S,j 1 /2(4), such that f is
running over a basis of normalized Hecke eigenforms of weight k + 1/2, will

satisfy this condition. O
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