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the study of certain families of real-analytic and holomorphic diffeomorphisms.

In particular, it is shown that a local quasi-continuous group of holomorphic
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Chapter 1

Elements of Complex Analysis in

Several Variables

1.1 Basic Definitions and Results

In this section we will outline some of the main results of Complex Analysis in

several variables which will be needed throughout the thesis.

Part of Complex Analysis in several variables is a generalization of Complex

Analysis in one variable. However, other aspects tend to get more complicated

and some important results that hold in one variable turn out to not hold in

several variables. Most notably, the Riemann Mapping Theorem.

Let Cn denote the n variables complex space. We will use the standard notation

for coordinates in Cn as follows:
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Let z ∈ Cn, then

z = (z1, ..., zn) = (x1 + iy1, ..., xn + iyn)

where zj ∈ C and xj, yj ∈ R for each 1 ≤ j ≤ n.

We also need a notion of norm in Cn. Denote by ||z|| the standard Euclidean

norm defined by

||z|| =
√
||z1||2 + ...+ ||zn||2

Any theory of functions of several variables requires a multi index notation.

We will use the standard multi index notation. Let Z+ = {0, 1, 2, ...}. A multi

index α is an element of (Z+)
n.

If α = (α1, ..., αn) is a multi index, and w = (w1, ..., wn), then

wα = wα1
1 · wα2

2 · · ·wαnn

wα = wα1
1 · wα2

2 · · ·wαnn(
∂

∂w

)α
=

(
∂

∂w1

)α1

·
(

∂

∂w2

)α2

· · ·
(

∂

∂wn

)αn
(
∂

∂w

)α
=

(
∂

∂w1

)α1

·
(

∂

∂w2

)α2

· · ·
(

∂

∂wn

)αn
Also α! = α1! · α2! · · ·αn!, and |α| = α1 + α2 + ...+ αn

The following partial differential operators defined on Cn play an important

role in Complex Analysis in several variables

∂

∂zj
=

1

2

(
∂

∂xj
− i ∂

∂yj

)
, j = 1, ..., n

∂

∂zj
=

1

2

(
∂

∂xj
+ i

∂

∂yj

)
, j = 1, ..., n

2



and for j 6= k we have

∂

∂zj
zk = 0,

∂

∂zj
zk = 0

One of the natural generalizations of the unit disk in several Complex variables

is the polydisk, which we will introduced in the following definition.

Definition 1.1.1. Let p ∈ Cn, let ρ = (ρ1, ..., ρn) with ρ1 > 0, ..., ρn > 0.

We define the set ∆ (p, ρ) as

∆ (p, ρ) = {(z1, ..., zn) ∈ Cn; |zj − pj| < ρj,∀j = 1, ..., n}

∆ (p, ρ) is called the polydisk of center p and polyradius ρ.

Remark: a polydisk is the product of disks in C, i.e.

∆ (p, ρ) = D (p1, ρ1)× ...× D (pn, ρn)

Another natural generalization of the disk, is the ball.

Definition 1.1.2. Let p ∈ Cn, let ρ > 0. We define the set B (p, ρ) by

B (p, ρ) = {z ∈ Cn; ||z − p|| < ρ}

B is called the Ball of center p and radius ρ

These 2 generalizations of the disk in one variable are completely different

sets. One of the notable differences is that the ball has a smooth boundary

while the polydisk doesn’t. We will also see later on that these sets are not even

biholomorphic to each other (see section 1.2).

3



Let f : Cn → C be a function of class C1, then f can be expressed as

f (z) = u (x, y) + iv (x, y)

where u, v are functions from R2n → R, and are the real and imaginary part of f .

The Cauchy-Riemann equations in n variables can be reformulated by the above

operators as

∂u

∂xj
=

∂v

∂yj
,

∂u

∂yj
= − ∂v

∂xj

for j = 1, ..., n which implies

∂f

∂zj
= 0

for j = 1, ..., n

Definition 1.1.3. Let Ω ⊂ Cn be a domain. A function f : Ω → C which is

continuously differentiable on Ω is said to be holomorphic on Ω if it satisfies the

Cauchy-Riemann equations in each variable separately. i.e.

∂f

∂zj
= 0

for each j = 1, ..., n.

In other words, f is holomorphic in each variable separately.

The above definition is one of many standard definitions of holomorphicity

in several Complex variables which are equivalent [1]. The main feature of those

definitions is that they all allow us to prove an integral representation which

generalizes the Cauchy integral formula in one variable.
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In order to state the formula, we need to introduce a new set called the

polytorus.

Definition 1.1.4. Let p ∈ Cn, let ρ = (ρ1, ..., ρn) with ρ1 > 0, ..., ρn > 0

We define the set T (p, ρ) as

T (p, ρ) = {(z1, ..., zn) ∈ Cn; |zj − pj| = ρj,∀j = 1, ..., n}

T (p, ρ) is called the polytorus centered at p with polyradius ρ.

Note that the polytorus is not the boundary of the polydisk. The polytorus

is the product of n circles in Cn. In one variable, the boundary of a disk is

simple a circle, but in several variables, the boundary of a polydisk is of real

dimension 2n−1 while the dimension of the polytorus is n (product of n circles).

Nevertheless, the polytorus turns out to be the set to integrate over in Cauchy

integral formula in several variables. This is a strong result, since this tells us

that the information about our holomorphic function is concentrated not only on

the boundary of our set, but on a much smaller set.

Theorem 1.1.1. [1] [The Cauchy Integral Formula] Let Ω ⊂ Cn, let f : Ω→ C.

f is said to be holomorphic on Ω if and only if for all p in Ω, for every polyradius

ρ such that ∆ (p, ρ) ⊂ Ω we have

f (z) =
1

(2iπ)n

∫
T (p,ρ)

f (w)

(w1 − z1) ... (wn − zn)
dw

The following two results can be deduced from the Cauchy integral formula
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1.1.1 using a similar proof as in one Complex variable. But before that we need

to introduce the notion of compact convergence.

Definition 1.1.5. Let (X, d) , (X ′, d′) be two metric spaces with distance d, d′

respectively, let {fn} be a sequence of functions with fk : X → X ′, f : X → X ′

We say {fn} converges compactly to f, if for all compact subsets K of X, we have

{fn} converges uniformly to f on K. i.e.

∀ε > 0,∃N ∈ N; k ≥ N =⇒ sup
x∈K

d (fk (x)− f (x)) < ε

Theorem 1.1.2. Let Ω ⊂ Cn, let f : Ω → C. f is said to be holomorphic on

Ω if and only if f is analytic, i.e. it can be expressed as a power series f (z) =∑
α∈(Z+)n cα (z − p)α which converges compactly on ∆ (p, ρ) ⊂ Ω with

cα =
1

α!

∂|α|f

∂zα
(p) =

1

(2iπ)n

∫
T (p,ρ)

f (w)

(w − p)α+(1,...,1)
dw

Theorem 1.1.3 (Cauchy’s inequalities). Let Ω ⊂ Cn, let f : Ω → C. If f is

holomorphic on Ω and |f | < M with M > 0 in the polydisk ∆ (p, ρ), then∣∣∣∣∂|α|f∂zα
(p)

∣∣∣∣ ≤ α!M

ρα

The next important result, which is Montel’s Theorem, will be used later in

this thesis and its proof can be derived from Cauchy’s Inequalities 1.1.3 and the

Arzelà–Ascoli theorem.

Definition 1.1.6. Let Ω ⊂ Cn be a domain, let F be a family of continuous

functions on Ω, then F is said to be normal if for every sequence of functions of

F , there exists a subsequence that converges compactly on Ω.
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Theorem 1.1.4. [2] [Montel’s Theorem] Let Ω ⊂ Cn, let F be a family of holo-

morphic functions on Ω, then the following are equivalent:

• The family F is locally bounded.

• The family F is normal.

1.2 Automorphism Groups

The main focus of this thesis will be the study of the automorphism groups of

domains in Cn. In this section we will be mainly discussing the automorphism

groups of the unit ball and the unit polydisk. The automorphism groups of these

2 sets are interesting because they can be computed explicitly.

Definition 1.2.1. Let Ω ⊂ Cn, Ω′ ⊂ Cm be open. We say that f : Ω → Ω′ is

biholomorphic if f is holomorphic, bijective, and its inverse is also holomorphic.

Definition 1.2.2. Let Ω be a domain in Cn, the automorphism group of Ω is

the set of all biholomorphic transformations from Ω to Ω and it is denoted by

Aut (Ω) = {f : Ω→ Ω; f is biholomorphic}

In one variable, the concept of ball and the polydisk are both reduced to the

notion of a disk. It is well known that the automorphism group is given by all

the transformations of the form

f (z) = eiθ
a− z
1− az

7



where a is any point in the disk, and θ ∈ R. These transformations are actually

a composition of 2 transformations, one is the rotation (eiθ), and the other is

called Blaschke function
(
a−z
1−az

)
The proof of this result is based on the Schwarz

Lemma, and this result shows that the automorphism group of the unit disk is

a Lie group of dimension 3 since it depends on two parameters, one parameter

of real dimension 1 (θ), and another parameter of real dimension 2 (a since it is

complex). Note that this group acts transitively on the disk, which means that

any point in the disk can be taken to any other point. This result also implies

that we can describe the automorphism group of any simply connected domain

Ω ( C which is due to the Riemann Mapping Theorem. Knowing this, the only

automorphism group left in C is the one for whole C which can be also computed

explicitly and it is given by

Aut (C) = {f ; f (z) = az + b, a 6= 0}

In several variables, we have a generalized version of the Schwarz Lemma

which can be used to compute the automorphism groups of the unit ball and unit

polydisk.

Theorem 1.2.1. [3] [Schwarz lemma] Let B1 ⊂ Cn, B2 ⊂ Cm be the unit balls

with respect to the C homogeneous norms ||.||1 and ||.||2 respectively. Let f :

B1 → B2 be a holomorphic map such that f (0) = 0, then for any z ∈ B1 we have

||f (z) ||2 ≤ ||z||1

8



Moreover, if ||f (z0) ||2 = ||z0||1 for some z0 6= 0, then ||f (z) ||2 = ||z||1 for all

points on the line passing through z0 and the origin.

The proof of the Schwarz Lemma in several variables can be carried out in a

similar way as the proof in one variable.

However, we will not use the Schwarz Lemma to compute the automorphism

group of the unit polydisk, we will instead use the approach employed in [1] which

is based on the following result by Cartan.

This result is of crucial importance in its own right, and later it will be applied

to study the automorphism groups of more general domains in Cn.

Theorem 1.2.2 (Cartan’s Uniqueness Theorem). Let Ω ⊂ Cn be a bounded

domain. Let p ∈ Ω, and ϕ : Ω→ Ω such that ϕ (p) = p. If JacC ϕ (p) = Id, then

ϕ is the identity map.

Proof. Assume ϕ is not the identity. Without loss of generality, let p = 0 and

write ϕ as a power series around p, notice that the first term of the power series

will be 0 since we have ϕ (0) = 0, and the second term will be z since JacC

ϕ (0) = Id, then we have

ϕ (z) = z + Pk (z) +O
(
zk+1

)
where k is smallest positive integer such that the homogeneous polynomial Pk is

not equal to 0 (such Pk exists since otherwise ϕ would be the identity). Now let

ϕj (z) = ϕ ◦ ... ◦ ϕ (z) (ϕ composed j times with itself). Notice that

ϕ2 (z) = z + 2Pk (z) +O
(
zk+1

)
9



and proceeding by induction on j, one can see that

ϕj (z) = z + jPk (z) +O
(
zk+1

)
since ϕ is defined form Ω to Ω and Ω is bounded, then |ϕj| is bounded (|ϕj| < M

for some M > 0). Let ∆ (0, r) be a polydisk such that ∆ (0, r) ⊂ Ω, then by

Cauchy’s Inequalities, we get that

j

∣∣∣∣∂|α|ϕ∂zα
(0)

∣∣∣∣ =

∣∣∣∣∂|α|ϕj∂zα
(0)

∣∣∣∣ ≤ α!M

rα

tending j → ∞ we get a contradiction, unless Pk is equal to 0 which means

ϕ (z) = z.

Corollary 1.2.2.1. Let Ω ⊂ Cn be a bounded domain. Let p ∈ Ω, ϕ : Ω → Ω,

and ψ : Ω→ Ω such that ϕ (p) = ψ (p). If JacC ψ−1 (ϕ (p)) = Id, then ϕ = ψ.

Proof. Just take φ = ψ−1ϕ and apply the proposition above to φ

We will use the above corollary in the computation of the automorphism

group of the unit polydisk. However, the proof we will be using works for a more

general class of domains which will be defined now.

Definition 1.2.3. let Ω ⊂ Cn be a bounded domain. We say Ω is a bounded

circular domain if for any z in Ω, we have w = eiθz is also in Ω for any 0 ≤ θ < 2π.

i.e. if we rotate any point in Ω it stays in Ω.

Proposition 1.2.3. Let Ω ⊂ Cn be a bounded circular domain containing 0. If

ϕ is an automorphism of Ω such that ϕ (0) = 0, then ϕ is linear.

10



Proof. Let φθ be the map z → eiθ for θ ∈ [0, 2π). Define

ψ = φ−θ ◦ ϕ−1 ◦ φθ ◦ ϕ

then we have

ψ′ = φ′−θ ◦ ϕ′−1 ◦ φ′θ ◦ ϕ′

where ϕ′ and φ′ are the Jacobian matrices of ϕ and φ respectively. Now φ′θ and φ′−θ

are diagonal matrices, so they commute with ϕ′ and ϕ′−1, then ψ′ = ϕ′−1◦ϕ′ = Id.

By Cartan’s uniqueness theorem, we get that ψ = Id, which means that

ϕ ◦ φθ = φθ ◦ ϕ

for all θ. Now express ϕ ◦ φθ and φθ ◦ϕ as power series around 0, since ϕ (0) = 0

we get

(ϕ ◦ φθ) (z) = ϕ
(
eiθz

)
= cα1e

iθz + cα2

(
eiθz

)2
+ ...

and

(φθ ◦ ϕ) (z) = eiθ (ϕ (z)) = cα1e
iθz + cα2e

iθ (z)2 + ...

by identification, we get that cαj = 0 for all j > 1, which means that ϕ is

linear.

Now that we have all we need to compute the automorphism group of the

unit polydisk:

Theorem 1.2.4 (Automorphisms of the unit polydisk). We denote the auto-

morphism group of the unit polydisk by Aut(∆ (0, 1)). Let ϕ ∈ Aut(∆ (0, 1)),

11



then there exists a1, ..., an ∈ ∆ (0, 1), θ1, ..., θn (0 ≤ θi < 2π), and a permutation

σ ∈ Sn such that

ϕ (z) =

(
eiθ1

zσ(1) − a1

1− a1zσ(1)

, ..., eiθn
zσ(n) − an
1− anzσ(n)

)

Proof. Let ϕ (0) = α = (α1, ..., αn) and

ψ (z) =

(
zσ(1) − α1

1− α1zσ(1)

, ...,
zσ(n) − αn
1− αnzσ(n)

)

Then f = ψ ◦ ϕ ∈ Aut(∆ (0, 1)) with f (0) = 0, and it will be sufficient to prove

f (z) = (eiθ1zσ(1), ..., e
iθnzσ(n))

Now by Proposition 1.2.3, we have that f (z) is linear, then f (z) can be written

as an n× n matrix with entries (bij). For some positive integer k > 1, let

zik =

((
1− 1

k

)
sgn(bi1), ...,

(
1− 1

k

)
sgn(bin)

)

where sgn(z) is given by sgn(z) = z
|z| for z 6= 0, and sgn(0) = 0, then the ith

component of f
(
zik
)
is

n∑
j=1

(
1− 1

k

)
|bij|

Since f is an automorphism of the unit polydisk, this number should be less than

1. Taking the limit as k →∞, we get that
∑n

j=1 |bij| ≤ 1.

Now let wjk =
(
0, ..,

(
1− 1

k

)
, ..., 0

)
where

(
1− 1

k

)
is the jth component, then

wjk → (0, ..., 1, ..., 0) on the boundary of the unit polydisk as k → ∞, then

f
(
wjk
)
accumulate on the boundary of the unit polydisk, which means that

maxi (|bij|) = 1. So we have (|bij|) is a matrix with each row summing to at most

12



1, and each column having at least one entry of modulus 1, which means that

each column has exactly one entry of modulus 1 and all the other entries are 0.

Now for each j, let |bη(j),j| = 1, if η (j1) = η (j2) ,then
∑n

j=1 |bij| is not less

than 1 when i = η (j1) = η (j2), so we get a contradiction. This shows that η

is a permutation in Sn and bij = 0 for i 6= η (j). Let σ = η−1, then we have

|bl,σ(l)| = 1 and blj = 0 for j 6= σ (l). Now let bl,σ(l) = eiθl ,then we get that

f (z) = (blj) . (z) =
(
eiθ1zσ(1), ..., e

iθnzσ(n)

)
which finishes the proof.

Note: A different proof of the previous theorem can be achieved using the

Schwarz Lemma, and can be found on page 48 of [3]

Next we will consider the automorphism group of the unit ball. We will limit

ourselves to just stating the result without giving a proof. For a more detailed

discussion, refer to W. Rudin, Function Theory in the Unit Ball of Cn. [4]

In order to talk about the automorphisms of the unit ball, we need to first

define the notion of a unitary matrix.

Definition 1.2.4. Let U be a complex square matrix, then U is said to be unitary

if its conjugate transpose U∗ is also its inverse, i.e.

UU∗ = U∗U = I

where I is the identity matrix. Note that unitary matrices are the ones that

preserves the standard Hermitian inner product in Cn, so they play the same role

as orthogonal matrices in Rn. The group of these matrices is called the unitary

group and it is a real Lie group of dimension n2.

13



Theorem 1.2.5. [4] Let B ⊂ Cn be the unit ball, let a ∈ B, and let Pa be the

orthogonal projection to the orthogonal complement of a. Let Qa = I − Pa, let

f : B → B such that

fa (z) =
a− Paz −

√
1− |a|2Qaz

1− 〈z, a〉

Now any automorphism F of B is given by

F (z) = Uf (z)

where f is of the form

fa (z) =
a− Paz −

√
1− |a|2Qaz

1− 〈z, a〉

and U is an n× n unitary matrix.

Remark: The functions f above play the role of the Blaschke map and the

unitary matrices play the role of the rotations in C.

As a by-product of the explicit computation of the automorphism group of

the unit poly-disk and the unit ball in Cn, we can compare the dimensions of

these two domains and notice that they are different, which is enough to see that

these two domains are not biholomorphic.

As noted before ∆ (0, 1) can be expressed as a product on n unit disks

D×...×D and the automorphsim group of each unit disk depends on 2 parameters

θ which is real, and a which is complex, then Aut(D) is a Lie group of dimension

3, which means that ∆ (0, 1) is of dimension 3n.

14



However, the automorphism group unit ball depends on parameter a, which

is complex, and the unitary group U , then the dimension of Aut(Bn) is 2n plus

the dimension of U which is n2, which means that the dimension of Aut(Bn) is

n (n+ 2).

We conclude that the dimensions of the automophism groups of the unit ball

and unit polydisk is Cn are not equal, which means that the groups are not

isomorphic, and this is enough to show that the unit polydisk and the unit ball

in Cn are not biholomorphic.

15



Chapter 2

Elements of Lie Theory

In this chapter we will include everything we need to know for this paper about

vector fields and Lie theory.

2.1 Basic Definitions and Results

In the study of Lie theory we will be mostly concerned with real analytic manifolds

and functions. For convenience, we recall the standard definition of real analytic

functions.

A function f is real analytic if it can be expressed locally as a convergent

power series. More precisely:

Definition 2.1.1. Let D be an open subset of Rn, then f is real analytic on

D if for any x0 ∈ D, there exists a neighborhood U of x0 and a sequence Pn of

16



homogeneous polynomials of degree n such that for all x in U

f(x) =
∞∑
n=0

Pn(x− x0)

Definition 2.1.2. Let G be a group that is also a real analytic manifold. G is

called a Lie group if the mapping

G×G→ G

given by (x, y)→ xy−1 is real analytic.

Some examples of Lie groups are:

1) (Rn,+) is a Lie group with respect to the addition (x, y)→ x+ y.

2) The general linear group GL(n,R), which is the group of all invertible matrices

with entries in R, with respect to matrix multiplication is a Lie group.

3) The automorphism groups of the polydisk, ball, and C are also Lie groups

with respect to composition.

A very important notion for the study of Lie groups is the notion of vector

fields. Indeed historically the concept of Lie groups was arising as an outcome of

the study of flows of multiple vector fields.

Definition 2.1.3. A vector field on an open set Ω ⊂ Rn is an n-tuple V =

(v1, ..., vn) where vj is a real valued function. V is of class Ck if every vj is Ck.

Another standard point of view in the study of vector fields is to regard them

as differential operators acting on smooth functions.

17



If f is in C∞(Ω), we define

V (f)(x) =
n∑
j=1

vj(x)
∂f

∂xj
(x)

for x in Ω.

Because of that, common notation for vector fields is

V =
n∑
j=1

vj(x)
∂

∂xj

The previous identification of vector fields with first order differential operators

allows us to define the bracket of vector fields.

Definition 2.1.4. Let V, U be two C2 vector fields, then the bracket W = [V, U ]

of the vector fields V and U is defined by

W (f) = V (U(f))− U(V (f))

for f in C∞(Ω).

A direct computation shows that the bracket is indeed a first order differential

operator W = (w1, ..., wn) with wj =
∑n

k=1(vk
∂uj
∂vk
− uk ∂vj∂uk

)

We shall need the following result from the theory of ordinary differential

equations but the proof of it is beyond the scope of this paper.

Proposition 2.1.1. Let Ω be an open subset of Rp and Ω0 be an open relatively

compact subset of Ω. Let V be a real analytic vector field on Ω, then there exists
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τ > 0 and a unique real analytic map g = gV : Ω0 × I → Ω where I = {t ∈

R; |t| < τ} such that

∂g(x, t)

∂t
= V (g(x, t))

with g(x, 0) = x, x ∈ Ω0, and t ∈ I. (the notation of V is defined here as in

Definition 2.1.3)

Note: For all f ∈ C∞(Ω), we have:

V (f)(x) = lim
t→0

f(gv(x, t)− f(x)

t

We call g = gV the local one-parameter group associated to the vector field V .

The above proposition is a standard result from the theory of ordinary differ-

ential equations and it is used on one vector field only. However, since we will be

dealing with families of vector fields, it is useful to have a parametric version of

the above result.p

Proposition 2.1.2. Let Ω be an open subset of Rp. If U is open in Rq and

V : Ω× U → Rp is real analytic, then for U0 relatively compact in U , there exist

τ > 0 such that the following holds: For α ∈ U , let Vα(x) = V (x, α), x ∈ Ω. Then

there exists an analytic map

g : Ω0 × I × U0 → Ω

such that the map gα : Ω0 × I → Ω defined by

gα(x, t) = g(x, t, α)
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satisfies gα = gVα.

Moreover, if t, s, t+ s ∈ I, and α ∈ U0, x ∈ Ω0, gα ∈ Ω0, we have

gα(gα(x, t), s) = gα(x, t+ s)

The proof of the above propositions can be found in [5]

The above proposition is used to study families of vector fields, a particular

important type of families that we study in Lie theory are Lie algebras, which we

will define now.

Definition 2.1.5. Let V be a finite dimensional vector space of vector fields

on an open set Ω ⊂ Rp. We say V is a Lie algebra of vector fields if whenever

U,W ∈ V , we have [U,W ] ∈ V .

From now on, we will assume that the vector fields belonging to V are real

analytic.

2.2 Lie’s Theorem

We shall use the following result from classical Lie theory.

Theorem 2.2.1 (Lie’s Theorem). [6] Let V be a finite dimensional Lie algebra of

real analytic vector fields on an open connected set Ω ⊂ Rp. Let Ω0 be a relatively

compact subset of Ω, then there exist a neighborhood U of the zero vector field in

V and a real analytic map

g : Ω0 × U → Ω
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with the following properties: Let gu : Ω0 → Ω be the map x→ g(x, u)

• For u, v sufficiently near 0, there exists a unique w = w(u, v) ∈ U such that

gu ◦ gv = gw on Ω0 ∩ g−1(Ω0)

• For u ∈ U , the map t→ gtu (t ∈ R) is the one-parameter group associated

to the vector field u

• For u0, v0 sufficiently near 0 the maps

u→ w(u, v0), v → w(u0, v)

are analytic isomorphisms of a neighborhood of the zero vector field in V

onto neighborhoods of v0, u0

The map g is the above theorem is called the local Lie group of transformations

associated to V .

Note that if we integrate one vector field, we will get back a Lie group locally.

However, if we integrate a family of vector fields, in general we will not get back

a Lie group locally. The above theorem gives us that if the family of vector fields

we are working on is a Lie algebra, then the integration will give us a Lie group

locally.
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Chapter 3

Proof of Cartan’s Theorem

3.1 Groups of Transformations

In his paper, Cartan works in a more general setting. He does not restrict to

groups of holomorphic automorphisms, but introduces a notion of local groups

of transformations which are not automorphisms but for which it is still possible

to define the concept of composition.

Note: For simplicity, the finite dimensional space E we will be working on is

going to be Rn or Cn with the norm being the standard euclidean norm. However,

all the results proved will also work for domains of general complex manifolds in

which we can define a distance function in an arbitrary way.

First of all, we start by defining what we mean by a transformation and the

notion of distance between two transformations that will be employed.
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Definition 3.1.1. Let D ⊂ E be open. A transformation ϕ on D is a continuous

map from D to E.

Definition 3.1.2. Let G be a set of transformations defined on a domain D ⊂

E, let ∆ be a relatively compact subset of D, then the pseudo-distance between

two transformations g and g′ is defined as supp∈∆ |g(p)− g′(p)| which is the sup

norm of |g − g′| on the set ∆.

Remark: This definition does not give a proper distance over the class of contin-

uous transformations since after fixing ∆ (arbitrarily) one can have a continuous

map which is zero on ∆ and non-zero elsewhere, so this will be a non-zero trans-

formation but has a distance (according to the above definition) which is zero

with the zero function. This means that one can have two distinct elements hav-

ing distance zero which contradicts the definition of distance, and that is why it

is called a pseudo-distance.

a base for the topology will be given by the set of the pseudo-metric balls

(of the form {g ∈ G; d(g, g0) < ε} for fixed ε > 0, g0 ∈ G, where d is the

pseudo-distance defined in Definition 3.1.2)

Now that we defined the topology and the distance on a set of transformation,

we can proceed by introducing the groups of transformations Cartan works on.

These groups of transformations are sets satisfying the following three properties.

Property (a): Let E be a finite dimensional space, and let D ⊂ E be a domain.

A set of transformations G defined and continuous on D satisfies property (a) if
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given 2 domains ∆ and ∆′ relatively compact in D, then

∀ ε > 0, ∃ ε′ > 0 (depending on ε and ∆) with supp∈∆′ |ϕ(p)− p| < ε′ whenever

supp∈∆ |ϕ(p)− p| < ε.

Remark: Given property (a) the pseudo-distance given in Definition 3.1 becomes

a proper distance, and the topology generated by that distance will be the same

topology of compactly convergent maps that was defined in Definition 1.1.5. So

the topology on the set of transformations G is the topology of compactly con-

vergent maps in Definition 1.1.5.

Property (b): There exists G a neighborhood of the identity transformation,

such that for all ∆ relatively compact in D, there exists η > 0 for all ϕ ∈ G such

that supp∈∆ |ϕ(p)− p| < η we have:

• ϕ ∈ G

• if p ∈ ∆, then ϕ(p) ∈ D

• ∀ ψ ∈ G, ∃ ψ · ϕ ∈ G, such that ψ · ϕ(p) = ψ(ϕ(p)) ∀ p ∈ ∆

Remark: ψ.ϕ(p) is defined on the whole of D here but is equal to ψ(ϕ(p)) only

for p ∈ ∆ and ψ ∈ G.

Property (c): There exists G ⊂ G, such that for all ϕ ∈ G, there exists ϕ−1 ∈

G with ϕ · ϕ−1(p) = ϕ−1 · ϕ(p) = p ∀ p ∈ ∆

Another property which will be useful is pproperty (a’), since it provides

a connection between groups of holomorphic transformations, and the groups

satisfying the above properties.
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Property (a’): Let G be a set of transformations on a domain D, then G is

uniformly bounded on all compact subsets of D. i.e for all ∆ relatively compact

in D, there exists a ball B of finite radius such that ∀ p ∈ ∆, ∀ ϕ ∈ G, we have

ϕ(p) ∈ B.

If one is dealing with holomorphic transformations, then property (a’) =⇒

property (a).

Proof. Assume property (a) is not satisfied. Let ∆ and ∆′ be two relatively

compact domains in D, let {gn} be a sequence in G such that

sup
p∈∆
|gn(p)− p| < 1

n

and

sup
p∈∆′
|gn(p)− p| = 1

but G is uniformly bounded in D, then by Montel’s Theorem, there exists a

subsequence {gnk} that converges to some holomorphic function g on all compact

subsets of D, in particular on ∆. However, {gn} converges to the identity on

∆, so g is the identity transformation on ∆, and g is holomorphic on D, then

by analytic continuation g is the identity transformation on D, and since gn

converges to g alos on ∆′, this contradicts the fact that supp∈∆′ |gn(p) − p| = 1.

So (a) should be satisfied whenever (a′) is satisfied.

Definition 3.1.3. A set of transformation G, defined on D, is a local group of

transformations (in the sense of Cartan) if it satisfies properties (a) (b) (c)
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3.2 Quasi-Continuous Groups of Transformations

The notion of quasi-continuous groups plays a crucial role in the results of Cartan.

In this section we will start by defining what is a quasi-continuous group of

transformations and then discuss some results related to these groups which were

proved by Cartan.

Definition 3.2.1. Let G be a group of transformations on Rq, defined and con-

tinuous in D. We say G is quasi-continuous of order at most q if we can establish

between elements in the neighborhood of the identity transformation and a closed

bounded subset of Rq, denoted by Σ, a bijection which is bi-continuous.

One of these results is that the automorphism group of bounded domain in

the n-dimensional complex plane turns out to be a quasi-continuous group.

Theorem 3.2.1. Let D ⊂ Cn be a bounded domain, then the group G of all

biholomorphic transformations from D to D (automorphism group) is quasi-

continuous of order at most 2n(n+ 1)

Proof. Let S ∈ G, S=(S1, ..., Sn) where each fi is a holomorphic function in n

variables. Let p ∈ D, then we associate to each element S ∈ G, the element in

Cn×Cn2 given by S(p) (in Cn), and Jacp(S) (in Cn2). Since Cn×Cn2 = Cn(n+1) '

R2n(n+1), then this map associates for all S ∈ G and point m ∈ R2n(n+1). Now let

B be a closed ball of center p, let GB ⊂ G be the set of transformations such that

S(p) ∈ B. Let φ: GB → R2n(n+1) with φ(S) = q for S ∈ GB and q ∈ R2n(n+1).
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Claim 1: φ is one-to-one.

Proof. let g1, g2 ∈ GB such that φ(g1) = φ(g2), then g1(p) = g2(p) and Jacp(g1)

= Jacp(g2), which means g−1
2 ◦ g1(p) = p and Jacp(g−1

2 ◦ g1) = Id. By Cartan

Uniqueness Theorem 1.2.2, we have g−1
2 ◦ g1 = Id, so g1 = g2, which shows that

φ : GB → R2n(n+1)

is one-to-one.

Now since D is bounded, then there exists a constant M > 0 such that

|g(p)| < M for all g ∈ GB, and by Cauchy’s inequality we have | ∂gi
∂zj

(p)| ≤ M
r

where r is the radius of the largest polydisk of center p contained in D, then we

can deduce that Jacp(g) is bounded, which means φ(GB) is bounded.

Claim 2: φ(GB) closed.

Proof. Let {qn} be a sequence in φ(GB), let q be a limit point of {qn} and take

the sequence of transformations {gn} corresponding to {qn}. Since D is bounded

then gj is bounded for all j. By Montel’s Theorem, there exists a subsequence

{gnk} which converges to some g ∈ GB, so {qnk} converges to some q′, but {qn}

converges to q, then q′ = q, so φ(GB) contains all its limit points, which means

φ(GB) is closed.

Claim 3: φ is bi-continuous.

Proof. Suppose φ−1 is not continuous, so there exists a sequence {gn} that does

not converge g and {qn} that converges to q = φ(g), this means that there
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exists a subsequence {gnk} that contains no elements in some neighborhood of q.

However, by Montel’s Theorem, there exists a subsequence {gnkj } that converges

to some g′, but {qnkj } converges to q, then g
′(p) = g(p) and Jacp(g′) = Jacp(g),

so by Cartan’s Uniqueness Theorem, g′ = g, which leads to a contradiction. So

φ is continuous.

To conclude the theorem, we showed that φ(GB) is closed and bounded, and

φ: GB → R2n(n+1) is one-to-one =⇒ φ: GB → φ(GB) is a bijection onto a closed

bounded subset of R2n(n+1). We also showed that φ: GB → φ(GB) is continuous,

which proves that G is quasi-continuous.

3.3 Infinitesimal Transformations

In this section, the analytic groups of transformations are considered from a local

point of view (Definition 3.1.3).

Definition 3.3.1. Let G be a group of analytic transformations. We say that G

admits an infinitesimal transformation

dΨ

dt
(p, t) = ψ(Ψ(p, t))

where ψ is analytic, if G contains the transformations generated by this infinites-

imal transformation for |t| < τ for some τ > 0

Remark: In the above definition, if we let p = (x1, ..., xn) for xj ∈ Rn or Cn,

the map ψ = (ψ1, ..., ψn), where ψj is real analytic or holomorphic, can be seen
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as a vector field ψ =
∑n

j=1 ψj∂xj, and then
dΨ

dt
= ψ(Ψ(p, t)) represents the

system of ODEs ∂Ψj(p,t)

∂t
= ψj(Ψ(p, t)) with initial condition Ψ(p, 0) = p where

Ψ = (ψ1, ..., ψn). Now for every ∆ relatively compact in D, the classical theorems

of existence tells us that there exists τ > 0 such that this system admits a unique

solution defined for p ∈ ∆ and |t| < τ . For the case where ψ is real analytic,

Ψ(·, t) is actually the flow of the vector field ψ.

After we defined what it means for a group of analytic transformations to

admit an infinitesimal transformation G, we can introduce the following theorem

whose proof can be found in [7]

Theorem 3.3.1. [7] Let ψ1, ..., ψk be analytic functions in D which are R-linearly

independent. Denote by

Ψ(p, a1t, a2t, ..., akt)

the 1-parameter group generated by the infinitesimal transformation

dΨ

dt
(p, t) = a1ψ1(Ψ(p, t)) + a2ψ2(Ψ(p, t)) + ...+ apψk(Ψ(p, t))

Let ti = ait. Let ∆0 be a relatively compact subset of D, and suppose Ψ is analytic

with respect to p and ti, for p in the interior of ∆0 and |ti| < τ . Suppose that

for |ti| < τ , Ψ(p, t1, ..., tp) forms a lie group on the domain D. Now let G be

a group of analytic transformations in D. Suppose that Ψ(p, t1, ..., tp) ∈ G for

|ti| < τ ′ ≤ τ , then Ψ is analytic with respect to p, ti for p in the interior of D

and |ti| < τ ′.
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Now we will indicate a sufficient condition for a group of analytic transforma-

tions G to admit an infinitesimal transformation.

Theorem 3.3.2. Let G be a locally closed group of analytic transformations. If

there exists a sequence {Sn} of analytic transformations (Si ∈ G) that converges

to the identity transformation, and a sequence {mk} (mi > 0,mi ∈ Z) such

that mk(Sk(p) − p) = ψk(p) converges uniformly on compact subsets of D to an

analytic transformation ψ(p) 6= 0, then G admits an infinitesimal transformation

dΨ

dt
(p, t) = ψ(Ψ(p, t))

Proof. Let G be a neighborhood of the identity transformation. Let ∆ and ∆′

be two relatively compact subsets of D such that ∆ ⊂ ∆′, then ∃ r > 0, r <

min(η, d(∆,∆′)), where η is coming from property (b) applied to ∆′, and d(∆,∆′)

is the distance between the boundaries of ∆ and ∆′, then for all S and T in G

with |S(p) − p| < r, |T (p) − p| < r, we have TS(p) = T (S(p)) for all p in ∆.

Let Ψ(p, t) be the 1-parameter group generated by
dΨ

dt
= ψ(Ψ(p, t)), then by the

classical theorem of existence, Ψ is analytic with respect to p and t, for p in the

interior of ∆ and |ti| < τ for some fixed τ > 0. Now let A = max|ψ(p)| in ∆′, ρ =

min( r
A
, τ) and 0 < t0 < ρ. Let qk ∈ Z such that |qk−mkt0| < 1 (qk is the smallest

integer ≤ mkt0), then we have | t0
qk
− 1

mk
| < B

m2
k
for some constant B independent

of k.

Claim 1: for a fixed k large enough, Sk ◦ ... ◦Sk (qk times) exist and belongs

to G.
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Proof. Sincemk(Sk(p)−(p)) = ψk and ψk converges uniformly to ψ, so ψk = ψ+η′k

where η′k → 0 as k →∞, then we have

Sk(p)− p =
1

mk

(ψ(p) + ηk(p))

and since | t0
qk
− 1

mk
| < B

m2
k
, then

Sk(p)− p =
t0
qk

(ψ(p) + η′k(p))

where η′k → 0 as k → ∞, and we have A = max(ψk), t0 < ρ, ρ < r
A
, then as

k →∞ we get

|Sk(p)− p| <
ρ

qk
A <

rA

Aqk
<

r

qk

Let pi = Sik(p), then we have

|Sk(p2)− p2| <
r

qk

and so

|S2
k(p)− Sk(p)| <

r

qk

Now

|S2
k(p)− Sk(p) + Sk(p)− p| < |S2

k(p)− Sk(p)|+ |Sk(p)− p| <
2r

qk

doing this qk times, we get

|Sqkk (p)− p| < qkr

qk
= r

and since r < min(η, d(∆,∆′), then Sqkk ∈ G
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Claim 2: Sqkk converges uniformly to Ψ(p, t0) for p ∈ ∆.

Proof. Ψ is analytic, so

Ψ(p, t)− p = t(ψ(p) + η′′(p, t))

For t = t0
qk
,

Ψ(p,
t0
qk

)− p =
t0
qk

(ψ(p) + η′′(p,
t0
qk

)

and since

|Sk(p)− p| =
t0
qk

(ψ(p) + η′(p))

then

|Ψ(p,
t0
qk

)− Sk(p)| <
εk
qk

where εk = t0(η′′ − η′) → 0 as k →∞. Now let p and p′ in ∆′, we have

|Ψ(p′, t)−Ψ(p, t)| < |p′ − p|+ t|ψ(p′) + η′′(p′) + ψ(p) + η′′(p)|

and ψ(p) < A, then

|Ψ(p′, t)−Ψ(p, t)| < |p′ − p|(1 + Ct)

Let

p1 = Sk(p) p′1 = Ψ(p,
t0
qk

)

...

pi+1 = Sk(pi) p′i+1 = Ψ(p′i,
t0
qk

)

...
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pqk = Sk(pqk−1) p′qk = Ψ(p′qk−1,
t0
qk

)

then

|p′i+1−pi+1| = |p′i+1−Ψ(pi,
t0
qk

)+Ψ(pi,
t0
qk

)−pi+1| < |p′i+1−Ψ(pi,
t0
qk

)|+|Ψ(pi,
t0
qk

)−pi+1|

|p′i+1 − pi+1| <
εk
qk

+ |p′i − pi|(1 + C
t0
qk

)

We have that |p′1 − p1| < εk
qk
, then

|p′2 − p2| <
εk
qk

+
εk
qk

(1 + C
t0
qk

)

...

|p′i − pi| <
εk
qk

+
εk
qk

(1 + C
t0
qk

)i−1

then

|p′qk − pqk | <
εk
qk

(1 + C
t0
qk

)qk−1 < εk(1 + C
t0
qk

)qk < εke
Ct0

but εk → 0 as k → ∞, then |p′qk − pqk | → 0 as k → ∞.

Now since G is closed, then it contains all limit points, so Ψ(p, t0) ∈ G which

finishes the proof.

Now that we know when a group of analytic transformations admits an in-

finitesimal transformation, we will give the following results which will help pro-

vide a link between such groups and Lie groups.

The proof of the two following theorem can be found in [7]
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Theorem 3.3.3. [7] If a locally closed group of analytic transformations admits

two infinitesimal transformations
dΨ

dt
= ψ1,

dΨ

dt
= ψ2, then it admits the bracket

and any linear combination of ψ1 and ψ2.

Corollary 3.3.3.1. If a locally closed group of analytic transformations admits k

infinitesimal transformations ψ1, ..., ψk, then it admits any bracket and any linear

combination between them.

Theorem 3.3.4. [7] Let G be a locally closed group of analytic transforma-

tions. Suppose G admits the infinitesimal transformations ψ1, ψ2, ..., ψk. Denote

by Ψ(p, a1t, ..., akt) is the 1-parameter group generated by

dΨ

dt
(p, t) = a1ψ1(Ψ(p)) + ...+ akψk(Ψ(p))

and ∆ ⊂ D is a domain, then Ψ(p, t1, ..., tk) is analytic with respect to p and ti

(ti = ait) for p in the interior of ∆ and |ti| < τ ∀i.

Also there exist u with 0 < u ≤ τ such that the transformation Ψ(p, t1, ....tk) ∈ G

when |ti| < u.

Theorem 3.3.5. Let G be a group of analytic transformations. If G is quasi-

continuous of order at most q, then G cannot admit more than q infinitesimal

transformations which are linearly independent.

Proof. Assume G admits k infinitesimal transformations ψ1, ..., ψk, and let us

prove k ≤ q. By Theorem 3.3.4, G admits a family of infinitesimal transforma-

tions

Ψ(p, t1, ..., tk)
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for |ti| < u.

Now let v > 0, consider the transformations Ψ(p, t1, ..., tk) for |ti| < u and

Ψ(p, t′1, ..., t
′
k) for |t′i| < v, for u 6= v, these two transformations are distinct in

∆. But G is quasi-continuous of order at most q, then by the definition of quasi

continuity, there exists a map φ : G → Rq which is injective. Let f : Rk → G,

and consider the injective map φ ◦ f : Rk → Rq. By the classical theorem of

Invariance of Domain [8], if U is a subset of Rk, then (φ ◦ f)(U) is open in Rq,

but if q < k (φ ◦ f)(U) is a proper subset of Rk and thus can’t be open, which

means we have k ≤ q.

Theorem 3.3.6. If a quasi-continuous group of analytic transformations (of or-

der at most q) in a domain D admits at least one infinitesimal transformation,

then the set of all infinitesimal transformations

Ψ(p, t1, ..., tk)

of G generate a local Lie Group Γ.

Moreover, there exists u > 0 such that:

• The function Ψ is analytic with respect to p, t1, ..., tk for p in the interior of

D and |ti| < u

• The transformation Ψ(p, t1, ..., tk) ∈ G (or G) for |ti| < u

Proof. By Theorem 3.3.5 and Theorem 3.3.3, all the infinitesimal transforma-
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tions of G are a linear combination of a finite number of linearly independent

infinitesimal transformations ψ1, ..., ψk (k < q). By Theorem 3.3.4 applied to the

group G, we get that G contains a family of transformations

Ψ(p, t1, ..., tk)

which are analytic for p ∈ ∆ and |ti| < u. By Theorem 3.3.3, the bracket of any

2 transformations of ψ1, ..., ψk is in G, which means these brackets themselves

are linear combinations of ψ1, ..., ψk, so this family is actually a Lie algebra. Now

since the family of transformations

Ψ(p, t1, ..., tk)

is a Lie algebra, then by Lie’s Theorem 2.2.1, it generates a Lie group in the

domain ∆. Applying Theorem 3.3.1, we get that Ψ(p, t1, ..., tk) is analytic with

respect to p in the interior of D, and |ti| < u which finishes the proof.

3.4 Analytic Transformations and Lie Groups

In this section we will be proving the main result of this paper which states

that if D is a bounded domain in Cn, then the automorphism group of D is a Lie

group.

We start by introducing a new property, called property [P], which will provide

a connection between groups of analytic transformations and Lie groups.
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Definition 3.4.1. We say that a group of transformations G satisfies property

[P] if for all sequences {Sk} with elements in G, such that {Sk} → Id with Si 6= Id

for all i, there exists a subsequence {Snk}, and a sequence mi(mi ∈ N) such that

mi[Ski(p)− p] converges compactly to ψ(p) where ψ 6= 0 and is analytic on D.

Any Lie group G of analytic transformations (of dimension k) satisfies prop-

erty [P], since for every Sk in G, one can choose an element pk in Rk which

corresponds to a vector field whose flow at t = 1 gives Sk, as Sk → Id, pk → 0,

and working on pk gives us property [P] by takingmi to be the best approximation

of 1
|pi| . However the converse is not always true.

Now that we defined what property [P] is, it turns out that a group of holo-

morphic transformations satisfies property [P], but before proving that, we will

need some preliminary results.

Lemma 3.4.1. Let ∆, ∆′ be two polydisks in Cn of radii ρ, ρ′ respectively and

ρ′ < ρ. Let u, v ∈ R+ with u < 1 < v, then there exists α > 0 that satisfies

the following property: if for all holomorphic transformation T on ∆ and for all

q ∈ N with

sup
p∈∆
|T i(p)− (p)| ≤ α

for i < q, T q is holomorphic on ∆, and p ∈ ∆′, then

u

q
|T q(p)− p| ≤ |T (p)− p| ≤ v

q
|T q(p)− p|

on ∆′.
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Proof. Let ∆′1 be a polydisk of radius ρ′1 such that ρ′ < ρ′1 < ρ, then there exists

β > 0 such that if for all S holomorphic in ∆ and |S(p) − p| < β, then for all

p1, p2 ∈ ∆′1 we have

u <
|p1 − p2|

|S(p1)− S(p2)|
< v (3.1)

This is true because S is close to the identity, and S is holomorphic, so by

Cauchy’s inequalities, the derivative of S will also be close to the identity, and

this will result in S being Lipschitz with constant very close to 1, i.e |S(p1) −

S(p2)| < 1
u
|p1 − p2| (a similar argument applied to the inverse of S will result in

|p1 − p2| < v|S(p1)− S(p2)).

Now let α = min(β, ρ′1− ρ′). Suppose T and q satisfies condition of Lemma 3.4.1

and let S(p) = 1
q
(p + T (p) + ... + T q−1(p)), then |S(p)− p| ≤ α in ∆. Moreover

if p ∈ ∆′, then T (p) ∈ ∆′1
o since α ≤ ρ′1 − ρ′. Now applying (3.1) to S where

p1 = p, p2 = T (M) we get

u <
|T (p)− p|

|S(T (p))− S(p)|
< v

but

S(T (p))− S(p) =
1

q
(T q(p)− p)

so rearranging all the terms, one gets

u

q
|T q(p)− p| < |T (p)− p| < v

q
|T q(p)− p|

which finishes the proof.
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Lemma 3.4.2. Let ∆ be a polydisk in Cn then there exists α > 0 such that if T

holomorphic in ∆ and |T i(p)− p| < α in ∆ for all i, then T is the identity.

Proof. Let ∆,∆′ be two polydisks with the same center and radii r and r′ respec-

tively, with r′ < r. Let u, v ∈ R+ such that u < 1 < v and choose α in the same

way as Lemma 3.4.1. If T satisfies the condition of Lemma 3.4.2 then we have

|T (p)− p| ≤ v

q
|T q(p)− p| < vα

q

Let q → ∞ then T → Id on ∆′. But T is analytic, so by analytic continuation,

T (p) = p on ∆.

Corollary 3.4.2.1. A group of holomorphic transformations can not admit ar-

bitrarily small subgroups (there exists ε > 0 such that Nε(Id) does not contain a

proper subgroup).

Now that we have all we need to proceed with the proof of the following

theorem.

Theorem 3.4.3. A group of holomorphic transformations satisfies property [P].

Proof. Let D be a domain, let G be a group of holomorphic transformations in

D. We need to show that if Tk converges to identity and Ti 6= Id, then there

exists Tki , mi such that mi(Tki(p)−p) converges compactly to ψ(p) where ψ 6= 0.

It is enough to show that we can assign for all T ∈ G an integer qT > 0 such that

the family qT (T (p)− p) is
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• Uniformly bounded on all ∆ relatively compact in D

• The zero transformation is not a limit point of this family

since due to Montel’s Theorem, there will exist a subsequence of this family which

will converge to some ψ, and since the zero transformation is not a limit point of

this family then we can be sure that ψ 6= 0. Now let ∆,∆′ be 2 polydisks with

the same center such that ∆′ ⊂ ∆. Let u, v ∈ R+ such that u < 1 < v. Let α′ =

min(α, η(∆)) (α from Lemma 3.4.1). If there exists p ∈ ∆ such that

|T (p)− p| ≥ α′

i.e the supp∈∆ |T (p)− p| ≥ α′ we let qT = 1. If

|T (p)− p| < α′

then chose qT such that

|T i(p)− p| < α′

∀i < qT and |T qT (p) − p| ≥ α′. Note that such qT exists by Lemma 3.4.2 since

T 6= Id. Now since

|T i(p)− p| < α′

and

T qT = T (T qT−1)

then

|T qT (p)− p| < |T qT (p)− T qT−1(p)|+ |T qT−1(p)− p| < 2α′
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so T qT are uniformly bounded on ∆ for all T , which means they are uniformly

bounded on all relatively compact subsets of D (by property a’). For p ∈ ∆′ we

have qT (T (p)− p) uniformly bounded on ∆′ by (3.1). Let ∆′′ ( ∆′, since

|T qT (p)− p| ≥ α′

on ∆, then there exits ε′ such that

|T qT (p)− p| ≥ ε′

on ∆′′ (by property a). Now by (3.1), for all T ∈ G, p ∈ ∆′′, qT (T (p)− p) ≥ uε′,

so we have qT (T (p) − p) is uniformly bounded on ∆′ and 0 is not a limit point

of this family. We just need to show that qT (T (p)− p) is uniformly bounded on

all relatively compact subsets on D. Let ∪∆′n be a cover of D such that ∆′i is

a relatively compact polydisk in D and ∆′k ∩ ∆′k+1 is non-empty for all k. Let

∆′1 = ∆′ (∆′ is the one defined above), define Dk to be the union of the first k

polydisks. We will proceed by induction, assume that the family qT (T (p) − p)

is uniformly bounded on Dk, and let us prove that it is uniformly bounded on

Dk+1. By the same work done on ∆′ above, one can find a sequence on integers

qT such that the family qT (T (p)− p) is uniformly bounded on ∆′k+1 and 0 is not

a limit point of this family. Then there exists α > 0 such that qT
qT

< α for all

T ∈ G since otherwise ∀α > 0 there would exist T ∈ G with qT
qT
≥ α which means

there exist a sequence {Tk} such that qTk
qTk
→ 0, then

qTk(Tk(p)− p) =
qTk
qTk

qTk(Tk(p)− p)
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converges to 0, but 0 is not a limit point of this family, so we get a contradictions.

So we have

qT (T (p)− p) =
qT
qT
qT (T (p)− p)

is uniformly bounded on ∆′k+1, which means qT (T (p)− p) uniformly bounded on

Dk+1.

Corollary 3.4.3.1. Let G be a locally closed group of holomorphic transforma-

tions such that the identity transformation is not isolated, then G admits at least

one infinitesimal transformation.

Proof. By Theorem 3.4.3, a group of holomorphic transformations satisfies prop-

erty [P], then by Theorem 3.3.2 this group admits an infinitesimal transforma-

tion.

Now that we know a holomorphic group of transformations satisfies property

[P], all is left in order to prove Cartan’s main theorem in this paper is the following

theorem.

Theorem 3.4.4. If a quasi-continuous group of analytic transformations satisfies

property [P], then it is a local Lie group, and in particular a continuous group.

Proof. If the group G contains transformations which are arbitrarily close to

the identity, then it admits at least an infinitesimal transformation by Theorem

3.3.2. By virtue of Theorem 3.3.6, the set of all infinitesimal transformations of

G generates a group Φ(p, t1, ..., tk), where Φ is analytic with respect to p, t1, ..., tk
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for p ∈ D and |ti| < u ∀ i. Furthermore, the transformation Φ(p, t1, ..., tk) ∈

G for |ti| < u where G is a neighborhood of the identity transformation. Let

0 < v < u such that the transformations with |ti| ≤ v are all distinct, let Γ

be the set of these transformations, Γ is a closed group. We need to show that

all transformations T ∈ G for which |T (p) − p| is small enough are in Γ. Let

us proceed by contradiction. Suppose there exists a sequence of transformations

{Tk} ∈ G that converges to the identity such that Ti /∈ Γ for all i. Let U ∈ Γ

and consider UTk ∈ G (this composition is defined for k large enough, since Tk

converges to the identity), then there exists εk > 0 (in a fixed domain ∆) such

that

sup
p∈∆
|UTk(p)− p| ≥ εk

for all U ∈ Γ. This lower bound εk exists since Tk /∈ Γ so if |UTk(p) − p| → 0

then T−1
k = U ∈ Γ, so Tk ∈ Γ which is a contradiction. Equality above is reached

by some transformation Uk ∈ Γ since Γ is compact (Uk admits its minimum).

Now since εk is at most equal to supp∈∆ |Tk(p)− p| (which occurs when U is the

identity), then εk → 0 as k →∞.

Now let UkTk = Sk, then Uk = SkT
−1
k Let 0 < v′ < v, and denote by Γ′ the set of

transformations Φ(p, t1, ..., tp) such that |ti| < v′, then

|USk(p)− p| ≥ |Sk(p)− p|

for all U ∈ Γ′, for k large enough. Now by property [P] applied to {Sk}, there

exists a sub-sequence {Sk} and mk such that mk(Sk(p) − p) → ψ(p) uniformly
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on all relatively compact domains in D, such that ψ(p) 6= 0 and is analytic on

D, then Γ′ admits the infinitesimal transformation ψ by Theorem 3.3.2. Let

A = max |ψ(p)| on ∆, then the product εkmk → A since εk here is basically

supp∈∆ |Sk(p) − p|. Now denote by Ut the transformation Ψ(p, t) generated by

the infinitesimal transformation

dΨ

dt
(p, t) = ψ(Ψ(p, t))

If t is small enough, then Ut is part of Γ′. Let U− 1
mk

Sk = S ′k and apply it to all

points p in ∆. Now let

sup
p∈∆
|S ′k(p)− p| = ε′k

We will show that ε′kmk → 0 as k → ∞, which implies that ε′k < εk for k large

enough since εkmk → A > 0. This will lead to a contradiction since εk is the

smallest number obtained by multiplying Uk (which are in Γ) by Tk and taking

the sup norm of |UkTk(p)− (p)|.

S ′k = Ψ(Sk(p,− 1
mk

)) and ε′k is the maximum distance between Ψ(Sk(p,− 1
mk

)) and

p, where p ∈ ∆.

Ψ(Sk(p),−
1

mk

)− p = Sk(p)− p−
1

mk

ψ(Sk(p)) +O(
1

m2
k

)

So now

mk(Ψ(Sk(p),−
1

mk

)− p) = (mk(Sk(p)− p)− ψ(p)) + (ψ(p)− ψ(Sk(p)) +
λ(p)

mk

as k →∞, the above expression → 0, which means ε′kmk → 0.
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After proving Theorems 3.4.3 and 3.4.4 the main theorem becomes straight

forward.

Theorem 3.4.5. Let D ⊂ Cn be a bounded domain, then the group G of all

biholomorphic transformations from D to D (automorphism group) is a Lie group.

Proof. By Theorem 3.2.1, the automorphism group of D is quasi-continuous,

and since automorphism group consists of biholomorphic transformation, then by

Theorem 3.4.3 it satisfies property [P]. Now by Theorem 3.4.4, the automorphism

group ofD which is quasi-continuous and satisfies property [P] is a local Lie group.

The global result follows from the local result by relatively standard arguments

of Lie group theory [7].
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