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An Abstract of the Thesis of

Maya Adel Assidi for Master of Science
Major: Mathematics

Title: Newton Type Methods for Solving Finite-ELement Space, Euler-Implicit Time
Discretization of the Hasegawa-Mima Equation

Hasegawa-Mima was derived by Akira Hasegawa and Kunioki Mima during
late 70s. When normalized, it can be put as the following PDE that is third
order in space and first order in time:

�∆ut + ut = tu, ∆uu+ tp, uu

In a recent work [9], this equation was reformulated as a coupled system and
put in variational form. Also, a continuous Time Integral Formulation was
derived over any time interval. Consequently, a finite element space semi-
discretization followed by Euler-Implicit time disretization was obtained and
extensively studied in [9].

In this thesis, we focus on solving this fully discrete system using Newton’s
type methods: Full Newton, Quasi Newton (Chord Variant), and a newly in-
troduced Modified Newton. The tests are based on several initial data and the
implementation uses Free-FEM ++ software [6] to obtain a conformal mesh-
ing and solve the linearized system.
Test results indicate alternative efficient and robust algorithms to the one used
in [9].
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Chapter 1

Introduction

1.1 Hasegawa-Mima (HM) Model for magnetized
Plasma Physics

1.1.1 Introduction on Energy and Plasma Physics

Despite the growing interest and policies in saving energy, global energy de-
mand is rising due to population growth, economic development, technol-
ogy developments, and industrial activity in both developing and developed
country. Such condition has come to a cost especially to irreplaceable fossil
fuel energy resources that will be insufficient for humanity energy production
for more than 150 years. Consequently, finding alternative energies became
a necessity. Thermonuclear fusion becomes an interesting field of study as
its primary fuel sources are deuterium and tritium which are isotopes of hy-
drogen, the most abundant element in the universe. This is why it has the
potential to provide almost limitless energy for mankind. In addition, nu-
clear power releases into environment less radiation than other major energy
resources. Moreover, nuclear power plants operate at much higher capacity
factors than renewable resources or fossil fuels due to its potentials which
made thermonuclear energy better source than intermittent energy sources:
the sun doesn’t shine always, nor the wind blows always, nor the water fall
permanently. Fusion energy research is widespread in the US and Europe
and currently more popular in Asia (e.g. China, India and Korea) and South
America (e.g. Mexico and Brazil). Such field is very significant and has a high
strategic position as Thousands of engineers and scientists have contributed
to the design of ITER, the world biggest toroidal fusion device, since the idea
for an international joint experiment in fusion was first launched in 1985. The
ITER Members—China, the European Union, India, Japan, Korea, Russia and
the United States—are now engaged in a 35-year collaboration to build and
operate the ITER experimental device, and together bring technology where
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fusion reactor can be designed and tested.
Nuclear fusion is a process in which two light atomic nuclei are combined
to form a heavier one while releasing massive amount of energy. Large scale
fusion processes must occur in a plasma state matter.
Plasma is the fourth state of matter state and it is the most common one in
universe as a whole. Like gas, it has no fixed shape or volume state of matter.
In solids, the atoms are strongly related, so if we heat it up we get a liquid,
and if we heat liquids we get gases, and if we heat gases we get what is called
a Plasma. It is an ionized gas in which a certain proportion of electrons are
free rather than being bounded to an atom or molecule. It is a region where
charges of ions and electrons are balanced and free. Most plasmas are quasi
neutral i.e.: negatively charged electrons are almost completely neutralized by
positively charged ions. That is ne = ni, where n, is the plasma density usu-
ally refers to the electron or ion density (ne or ni), that is, the number of free
particles per unit volume. It is electrically conductive due to the presence of
free charged particles. A plasma in which the magnetic field is strong enough
to influence the motion of the charged particles is said to be a magnetized
plasma.
Ionization is necessary for existence of plasma. For this purpose, the input
energy is greater than the bonding energy. Plasma ionization is the propor-
tion of atoms which have lost electrons and is determined by the electron
temperature Te relative to the ionization energy.
We define the current density~j to be

~j = ne(~ui � ~ue),

where n is the density, e is the charge and ui, ue respectively the ion and
electron velocities.
Note that if the velocity of the electrons is equal to that of the ions, there is
no current.
Moreover we have Ohm’s law:

~j = σ~E,

where ~E is electric field and σ is the conductivity.
Therefore, in a plasma, charge separation between ions and electrons gives
rise to electric fields, and different charged-particle gives rise to currents and
magnetic fields.

1.1.2 Hasegawa Mima Simplified Mathematical Model

In this section, following Hariri [2], we present the derivation of a reduced
model for plasma turbulence called the Hasegawa-Mima equation which is
governed by:

2



1. The particle balance equation, known also as the continuity equation:

Btn +∇.(n~u) = 0, (1.1.1)

where n is the density, t is time and ~u is the fluid velocity. In case of in-
compressible flow, where the density n is constant, such equation can be
simplified to ∇.~u = 0 , which means that the divergence of velocity field is
zero everywhere.
The continuity equation (1.1.1) is equivalent to

Btn + n∇.~u + ~u.∇n = 0 (1.1.2)

Dividing Eq. (1.1.2) by n yields

Btn
n

+∇.~u +
~u.∇n

n
= 0 (1.1.3)

Using

Btn
n

= Bt ln(n)

∇n
n

= ∇ ln(n),

Eq. (1.1.3) implies
Bt ln(n) +∇.~u + ~u.∇ ln(n) = 0 (1.1.4)

According to the definition of convective derivative

dt = Bt + ~u.∇, (1.1.5)

we get
dtln(n) +∇.~u = 0. (1.1.6)

Using the adiabatic relation:

n = n0 exp(
eφ

T
), (1.1.7)

where n0 = n0(x, y) is the particle density depending on the x-direction
and/or on the y-direction, T is the temperature and e is the electron charge.
We assume also that both ions and electrons are characterized by the same
temperature T. Finally, φ = φ(x, y, t) represents the electrostatic potential
fluctuations. Hence, one has:

ln(n) = ln(n0) +
eφ

T
(1.1.8)
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Using (1.1.8), Eq. (1.1.6) is equivalent to

dtln(n0) + dt(
eφ

T
) +∇.~u = 0 (1.1.9)

ðñ Btln(n0) + ~u.∇ ln(n0) + dt(
eφ

T
) +∇.~u = 0. (1.1.10)

But Btln(n0) = 0 since n0 is independent of time t, therefore:

~u.∇ ln(n0) + dt(
eφ

T
) +∇.~u = 0. (1.1.11)

We write ~u = ~uE + ~up where uE is the electric field velocity and up is the
potential velocity. Since |up| ! |uE| , therefore ~u.∇ ln(n0) � ~uE.∇ ln(n0).
Moreover, since ∇.~uE = 0 (i.e., ~uE is divergence-free), then ∇.~u = ∇.~uP.
Thus, the continuity equation reduces to:

∇.~up + ~uE.∇ ln(n0) + dt(
eφ

T
) = 0 (1.1.12)

2. The second governing principle is the Momentum balanced equation:

mndt~u = �∇p + nq(~E + ~u� ~B),

where m is the mass, n is the particle density, t is time, ~u is the velocity, p
is the pressure, q is the charge of the particle, ~E is the electric field, ~B is the
magnetic field. By projecting it on the direction parallel to the magnetic field
~B, we obtain the adiabatic relationship (1.1.7).

Given the adiabatic assumption, the electrons follow immediately the ions in
the perpendicular direction to ~B. Thus, we obtain the HM equation for the
potential

dt[(
eφ

T
)�

1
wciB

∇2
Kφ] + ~uE.∇ ln(

n0

wci
) = 0 (1.1.13)

where, ∇K is the projection of ~∇ on the direction perpendicular to the mag-

netic field ~B, wci =
eB0

mi
is the ion cyclotron frequency that depends only on

the initial magnetic field B0.

Taking into consideration the adiabatic assumption, and since we are consid-
ering the flow in the perpendicular direction to the magnetic field, we replace
∇K by ∇. Then, eq. (1.1.13) is normalized to obtain the Hasegawa-Mima
equation which can be written as follows:

B

Bt
(~∇2φ� φ)� [(~∇φ� ẑ).∇][∇2φ� ln(

n0

wci
)] = 0 (1.1.14)

4



ðñ
B

Bt
(∆φ� φ)� [(∇φ� ẑ).~∇][∆φ� ln(

n0

wci
)] = 0 (1.1.15)

where ẑ =

0
0
1

.

The Hasegawa-Mima equation can be expressed in a different form using the
Poisson brackets. Poisson brackets are defined as follows:

tr, su = BxrBys� ByrBxs.

We have:

~∇φ� ẑ =

~i ~j ~k
Bxφ Byφ 0

0 0 1
=

 Byφ
�Bxφ

0



[(∇φ� ẑ).∇] =

 Byφ
�Bxφ

0

 .

Bx
By
Bz

 = ByφBx � BxφBy

[(∇φ� ẑ).∇][∆φ� ln(
n0

wci
)] = [ByφBx � BxφBy][∆φ� ln(

n0

wci
)]

= ByφBx∆φ� BxφBy∆φ� ByφBx ln(
n0

wci
) + BxφBy ln(

n0

wci
)

= t∆φ, φu+ tφ, ln(
n0

wci
)u

Then, (1.1.15) can be expressed using Poisson bracket as follows:

Bt(∆φ� φ)� t∆φ, φu � tφ, ln(
n0

wci
)u = 0 (1.1.16)

ðñ �Bt(∆φ� φ) = �t∆φ, φu � tφ, ln(
n0

wci
)u (1.1.17)

ðñ �∆φt + φt = tφ, ∆φu+ tln(
n0

wci
), φu (1.1.18)

(since tr, su = �ts, ru).

From hereon and for the rest of the thesis, we will be replacing φ by u, thus
considering the PDE:

� ∆ut + ut = tu, ∆uu+ tp, uu (1.1.19)

where:

5



• tu, vu = uxvy � uyvx.

• u(x, y, t) describes electrostatic potential.

• ∆ is the Laplacian operator i.e: ∆u = uxx + uyy

• p = ln(
n0

wci
) is a function depending on the background particle density

n0 and the ion cyclotron frequency wci that depends only on the initial
magnetic field

In this context, p = 0 refers to homogeneous plasma, and p � 0 refers to
non-homogeneous plasma.

In this thesis, we deal with the numerical solution to Hasegawa-Mima equa-
tion on a rectangular domain with the solution u, satisfying periodic bound-
ary conditions (PBCs). For that purpose, we consider Ω = (0, L)� (0, L) P R2

and use the frame of periodic Sobolev spaces which are closed subspace of
Hm(Ω) , and therefore itself a Hilbert space.

Let Ω = (0, L)� (0, L) , note that BΩ is boundary of Ω
Given an initial data u0 : Ω Ñ R, we seek u : Ω� [0, T]Ñ R$'&

'%
(∆� I)ut + tu, ∆uu+ pxuy � pyux = 0 on Ω� (0, T]
u(x, y, 0) = u0(x, y) on Ω
u,∇u satisfies PBCs on BΩ� (0, T]

(1.1.20)

without loss of generality, it is assumed that the background particle density
n0 is a function of x only, such that px = k is a constant and py = 0 , i.e.
n0 = eAx+B for A, B P R.

 Periodic boundary conditions for u and ∆u:$'''&
'''%

u(0, y) = u(L, y) @y P (0, L)
u(x, 0) = u(x, L) @x P (0, L)
ux(0, y) = ux(L, y) @y P (0, L)
uy(x, 0) = uy(x, L) @x P (0, L)

1.2 Literature Review

Solving the full Navier-Stokes equations is extremely complicated, instead
simplified models to describe turbulence were first developed by Hasegawa-
Mima (HM) and Hasegawa Wakatani [5].The physics basics of the Hasegawa-
Mima equation were studied in [12]. It is a simplified two-dimensional non-
linear equation with one variable which is the electrostatic potential. It was
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found that the HM equation has an exact solution of the form of a station-
ary dipole vortex traveling in the direction perpendicular to the density gra-
dient [10, 11]. Several authors (Hasegawa and Mima [3, 4], Terry and Hor-
ton [7, 8, 13, 14] and Waltz [15]) have studied two-dimensional drift wave tur-
bulence. Harriri in [2] represented in detail the physics basics behind the
simulate plasma turbulence using the latter model equation. A computer
model was designed for solving the two-dimensional Hasegawa-Mima equa-
tion based on a finite difference (FD) approach with the integration in time
being carried out with a Euler explicit scheme that constraints the time-step
size which limit the size of the time interval. Hence, such method is not well
suited for periodic boundary conditions, has a major difficulty in discretiz-
ing the Poisson-bracket term. Thus, it is not applicable for computations on
long time intervals. Maalouf [1] transformed the HM equation to a coupled
system and then performed a new numerical simulation with the adequate
boundary conditions and initial conditions. In addition, the modon steadiness
solution for the nonlinear Hasegawa- Mima equation was studied in order to
test the Periodic Boundary Conditions using finite element method. Then, N-
Nassif, S- Moufawad and H-Karakazian in their recent work [9] used a finite
element space-domain approach to semi-discretize the coupled variational
Hasegawa-Mima model. Thus they obtained global existence of solutions in
H2 on any time interval [0; T]; @T. They carried tests on semi-linear version of
the implicit nonlinear full-discrete system for several initial data. Moreover,
they derived an implicit full-discretized system and proved the existence and
uniqueness of solution using fixed point approach. However, there is no re-
sults for solving such full discretized system.

1.3 Outline of the Thesis

In addition to the introduction, the thesis consists of 4 chapters including
the concluding remarks. In Chapter 2, we use a finite element space-domain
approach to full-discrete the coupled variational Hasegawa- Mima model and
summarize the theoretical results recently obtained by N-Nassif, S-Moufawad,
H- Karakazian in their recent work [9]. In Chapter 3, we discuss Newton type
methods (Full Newton, Quasi Newton, Modified Newton) to solve the fully
discretize system of Hasegawa-Mima model and present for each variant of
Newton’s Method the corresponding algorithm using Free-FEM++ software.
Consequently, in Chapter 4 , we give the results of our consequent numer-
ical simulations. Then, we analyze and compare the numerical solutions of
3 Newton Type methods with that of the solution obtained in [9] using the
semi-linearized discretization. Tests were conducted on various initial condi-
tions. Finally, concluding remarks are given at the end of the thesis.
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Chapter 2

Discretizing the Hasegawa-Mima
model as a coupled system of
Partial Differential Equations

In this chapter, we summarize the theoretical results recently obtained by N-
Nassif , S-Moufawad, H- Karakazian in their recent work [9]

2.1 Definition of Spaces

In this section, we are going to review the definition of some useful spaces
reaching the construction of Periodic Sobolev Spaces

• The C80 (Ω) Space={ f P C8(Ω)| f is compactly supported in Ω}.

• The Lp Spaces ={ f is measurable |
³

Ω | f |
pdx   8u where p P [1,8) }.

In partiular, L2(Ω)={ f is measurable |
³

Ω | f |
2dx   8}

• A function f P L2(Ω) is said to have a weak derivative Dw f P L2(Ω) if
and only if @ψ P C80 (Ω),  f , Dwφ ¡= �   Dw f , ψ ¡.

• Dαu in space Ω � R2 where α = (α1, α2) is defined as follows:

Dαu =
Bα1

Bx1
α1

Bα2

Bx2
α2

u

For example:

α = (2, 0), |α| = 2, so D(2,0)u =
B2u
Bx1

2

α = (1, 1), |α| = 2, so D(1,1)u =
B

Bx1

B

Bx2
u

8



• Sobolev spaces Wk,p(Ω) ={u P Lp(Ω)|Dαu P Lp(Ω)@|α| ¤ k }, p P
[1,8], k P N

The natural number k is called the order of Sobolev space Wk,p(Ω)
Wk,p(Ω) is Banach space with respect norm‖.‖Wk,p(Ω):

‖u‖Wk,p(Ω) =

$&
% (

°
|α|¤k‖Dαu‖p

Lp(Ω)
)

1
p p P [1,8)

max|α|¤k‖Dαu‖L8(Ω) p = 8

In special case of p = 2 , we write Wk,2(Ω) := Hk(Ω) in which‖.‖Wk,2(Ω) =

‖.‖Hk(Ω) is Hilbertian norm associated to the inner product

( f , g)Hk(Ω) =
¸
|α|¤k

»
Ω

Dα f Dαg dx.

2.1.1 Periodic Sobolev spaces for p = 2

Starting with the Sobolev spaces of order 0, 1, 2 and 3:

$'''&
'''%

H0(Ω) = L2(Ω)
H1(Ω) = { f P L2(Ω)|Dα f P L2(Ω), |α| = 1}
H2(Ω) = { f P L2(Ω)|Dα f P L2(Ω), |α| P {1, 2}}
H3(Ω) = { f P L2(Ω)|Dα f P L2(Ω), |α| P {1, 2, 3}}

We introduce Periodic Boundary Conditions.
A function v satisfies the periodic boundary conditions PBCk of order k if and
only if for k ¥ 0

(PBCk)

#
(PBCk

x) : Bk
xv(0, y) = Bk

xv(L, y) @y P (0, L)
(PBCk

y) : Bk
yv(x, 0) = Bk

yv(x, L) @x P (0, L)

where Bk
x and Bk

y denote the differential operators Bk

Bxk and Bk

Byk respectively.
Consequently, we define the Periodic Sobolev space of order 0, 1, 2 and 3 as:

$''''''&
''''''%

H0
P(Ω) = L2(Ω) and H8

P (Ω) :=
�

m¥1tHm
P u,

H1
P(Ω) =

#
u P H1(Ω)

����� u(x, 0) = u(x, L), x P (0, L)a.e.
u(0, y) = u(L, y), y P (0, L)a.e.

+

H2
P(Ω) = {u P H2(Ω)|u, ux, uy P H1

P(Ω)}
H3

P(Ω) = {u P H3(Ω)|u, ux, uy, uxx, uyy, uxy, uyx P H1
P(Ω)}
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2.2 Variational formulation of the Hasegawa-Mima
Equation as a Coupled System of Partial Differ-
ential Equations

In this section, we formulate from (1.1.20) a coupled system of linear Elliptic-
Hyperbolic coupled system problem in order to overcome the theoretical and
computational issues of them non-linearity of the Poisson bracket tu, ∆uu =
ux(∆uy)� uy(∆ux)

The Formulation of Elliptic-Hyperbolic coupled system problem:
Given a time T ¡ 0, we consider the Hasegawa-Mima problem on a square
domain Ω = (0, L)� (0, L) with boundary BΩ.
Given an initial data u0 : Ω Ñ R, we seek u : Ω� [0, T]Ñ R

$'&
'%

(∆� I)ut + tu, ∆uu+ kuy = 0 on Ω� (0, T]
u(x, y, 0) = u0(x, y) on Ω
u,∇u satisfies PBCs on BΩ� (0, T]

(2.2.1)

where tu, vu = uxvy � uyvx is the Poisson bracket which is bilinear.

Since handling the non-linearity of Poisson bracket tu,∇uu is both theoreti-
cally and computationally expensive, we formulate (HM) as a coupled system
of linear equations as follows introduce the variable w such that

w = �∆u + u (2.2.2)

Then,
Bw
Bt

= �∆ut + ut = �(∆� I)ut = tu, ∆uu+ kuy = tu, u� wu+ kuy =

tu, uu+ tu,�wu+ kuy = tw, uu+ kuy = wxuy �wyux + kuy
(since tu, uu = uxuy � uyux = 0 and tu,�wu = �uxwy + uywx = tw, uu)

So,
Bw
Bt

�wxuy + wyux = kuy.

Now define the divergence free vector field ~V(u) =

(
�uy
ux

)
, the following

equation is obtained :

Bw
Bt

+ ~V(u) �∇w = kuy (2.2.3)

Now, we formulate using (2.2.2) and (2.2.3) the (HM) problem as the fol-
lowing Elliptic-Hyperbolic coupled system problem, where one seeks
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(u, w) : Ω� [0, T]Ñ R2 such that:$'''&
'''%

u� ∆u = w on Ω� (0, T]
Bw
Bt + ~V(u) �∇w = kuy on Ω� (0, T]
u,∇u and w satisfies PBCs on BΩ� (0, T]
u(x, y, 0) = u0(x, y) and w(x, y, 0) = w0 on Ω

(2.2.4)

2.3 Variational Formulation of (HM) equation as a
coupled system

In this section, we intend to formulate a strong semi-variational form from
Elliptic-Hyperbolic coupled system problem (2.2.4).

2.3.1 Variational formulation of Hyperbolic Part of the cou-
pled system problem

We start with Variational formulation of the two dimensional Hyperbolic part
satisfying periodic boundary conditions#

wt + ~V(u).∇w = kuy
w(x, y, 0) = w0(x, y) = �∆u0 + u0

(2.3.1)

where the initial conditions u0 P H2(Ω)X H1
P(Ω) and w0 P H1

P(Ω).
Given u P C([0, T]; H2(Ω) X H1

P(Ω)) X C1((0, T); L2(Ω)), where ux and uy

satisfy PBCs, one seeks of w P C([0, T], H1
P(Ω))u X tC1((0, T), L2(Ω))

Choose the test function v P H1
P(Ω), then multiply the first equation of (2.3.1)

by a test function v and integrate with respect to Ω»
Ω

wtv dx dy +

»
Ω
(~V(u).∇w)v dx dy =

»
Ω

k uyv dx dy (2.3.2)

  wt, v ¡L2(Ω) +   ~V(u).∇w, v ¡L2(Ω)=  k uy, v ¡L2(Ω) (2.3.3)

According to Green’s theorem»
Ω
(~V(u).∇w)v dx dy =

»
Γ

w~ν.(v~V(u)) ds�
»

Ω
w~V(u).∇v ds (2.3.4)

where ~V(u) =

(
�uy
ux

)
and ~ν is the outer normal on Γ = BΩ.

We prove then
³

Γ~ν
~V(u).wv ds = 0 where Γ = BΩ is the boundary of the

domain Ω represented by the the square ABCD (2.1) where [AB] and [CD]
opposite horizontal sides , [AD] and [CB] opposite vertical sides.
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D

A

C

B

Figure 2.1: The boundary of the domain Ω

Define the four maps Γ1, Γ2 , Γ3, Γ4 such that :

Γ1 : [0, L]Ñ [AB]
s ÞÑ (s, 0)

Γ2 : [0, L]Ñ [BC]
s ÞÑ (L, s)

Γ3 : [0, L]Ñ [CD]

s ÞÑ (L� s, L)

Γ4 : [0, L]Ñ [DA]

s ÞÑ (0, L� s)

»
Γ
~ν.~V(u)wv ds =

»
Γ1

wv(0 � 1)

(
�uy
ux

)
ds +

»
Γ2

wv(1 0)

(
�uy
ux

)
ds

+

»
Γ3

wv(0 1)

(
�uy
ux

)
ds +

»
Γ4

wv(�1 0) �

(
�uy
ux

)
ds

= �

»
Γ1

wvux ds�
»

Γ2

wvuy ds +
»

Γ3

wvux ds +
»

Γ4

wvuy ds

Note that: »
Γ1

wvux ds =
» L

0
w(s, 0)v(s, 0)ux(s, 0) ds (2.3.5)

»
Γ3

wvux ds =
» L

0
w(L� s, L)v(L� s, L)ux(L� s, L) ds (2.3.6)

12



apply change of variable r = L� s on (2.3.6), and since ux, w and v statisfy
PBCs,»

Γ3

wvux ds =
» L

0
w(L� s, L)v(L� s, L)ux(L� s, L) ds = �

» 0

L
w(r, L)v(r, L)ux(r, L) dr

=

» L

0
w(r, L)v(r, L)ux(r, L) dr =

» L

0
w(s, L)v(s, L)ux(s, L) ds =

»
Γ1

wvux ds

so, »
Γ3

wvux ds�
»

Γ1

wvux ds = 0 (2.3.7)

In the same manner,»
Γ2

wvuy ds =
» L

0
w(L, s)v(L, s)uy(L, s) ds (2.3.8)

»
Γ4

wvuy ds =
» L

0
w(0, L� s)v(0, L� s)uy(0, L� s) ds (2.3.9)

apply change of variable r = L � s on (2.3.9), and since uy, w and v satisfy
PBCs,»

Γ4

wvuy ds =
» L

0
w(0, L� s)v(0, L� s, L)uy(0, L� s) ds = �

» 0

L
w(0, r)v(0, r)uy(0, r) dr

=

» L

0
w(0, r)v(0, r)uy(0, r) dr =

» L

0
w(0, s)v(0, s)uy(0, s) ds =

»
Γ2

wvuy ds

so, »
Γ4

wvux ds�
»

Γ2

wvux ds = 0 (2.3.10)

By (2.3.7) and (2.3.10) ,»
Γ
~ν.~V(u)wv ds = �

»
Γ1

wvux ds�
»

Γ2

wvuy ds +
»

Γ3

wvux ds +
»

Γ4

wvuy ds = 0

so, (2.3.4) becomes»
Ω
(~V(u).∇w)v dx dy = �

»
Ω
(~V(u).∇v)w dx dy

Therefore, (2.3.2) implies»
Ω

wtv�
»

Ω
(~V(u).∇v)w dx dy =

»
Ω

vkuy dx dy

Thus the following variational formulation is obtained:

  wt, v ¡L2(Ω) �   ~V(u)∇v, w ¡L2(Ω)looooooooooooooooooooooooomooooooooooooooooooooooooon
B(w,v)

=   kuy, v ¡L2(Ω)loooooooomoooooooon
G(v)

(2.3.11)

13



2.3.2 Variational Formulation of the Poisson Elliptic equation

The Variational formulations of the Poisson Elliptic equation with periodic
boundary conditions is carried out in the same way as for the hyperbolic
equation. Consider the elliptic part of the coupled system problem (2.2.4)$'&

'%
�∆u + u = w
u(0) = u0
u, ux and uy satisfy PBCs

(2.3.12)

Multiply the first equation of (2.3.12) by the test function v P H1
p(Ω) and inte-

grate both sides with respect to Ω.

�

»
Ω
(div(∇u))v dx dy +

»
Ω

uv dx =

»
Ω

wv dx dy (2.3.13)

According to Green’s theorem»
Ω
∇u.∇v dx dy�

»
Γ
~ν.v∇u dx dy =

»
Ω
�div(∇u)v dx dy. (2.3.14)

Similarly, we prove that
³

Γ~νv∇u dx dy = 0 where Γ = BΩ as shown in 2.1
Define the four maps Γ1, Γ2 , Γ3, Γ4 such that:

Γ1 : [0, L]Ñ [AB]
s ÞÑ (s, 0)

Γ2 : [0, L]Ñ [BC]
s ÞÑ (L, s)

Γ3 : [0, L]Ñ [CD]

s ÞÑ (L� s, L)

Γ4 : [0, L]Ñ [DA]

s ÞÑ (0, L� s)

»
Γ
~ν.~V(u)v ds =

»
Γ1

v(0 � 1)

(
ux
uy

)
ds +

»
Γ2

v(1 0)

(
ux
uy

)
ds

+

»
Γ3

v(0 1)

(
ux
uy

)
ds +

»
Γ4

v(�1 0) �

(
ux
uy

)
ds

= �

»
Γ1

vuy ds +
»

Γ2

vux ds +
»

Γ3

vuy ds�
»

Γ4

vux ds
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Note that, »
Γ1

vuy ds =
» L

0
v(s, 0)uy(s, 0) ds (2.3.15)

»
Γ3

vuy ds =
» L

0
v(L� s, L)uy(L� s, L) ds (2.3.16)

apply change of variable r = L � s on (2.3.16), and since v and uy satisfy
PBCs,»

Γ3

vuy ds =
» L

0
v(L� s, L)uy(L� s, L) ds = �

» 0

L
v(r, L)uy(r, L) dr

=

» L

0
v(r, L)uy(r, L) dr =

» L

0
v(s, L)uy(s, L) ds =

»
Γ1

wvuy ds

so, »
Γ3

vuy ds�
»

Γ1

vuy ds = 0 (2.3.17)

In the same manner, »
Γ2

vux ds =
» L

0
v(L, s)ux(L, s) ds (2.3.18)

»
Γ4

vux ds =
» L

0
v(0, L� s)ux(0, L� s) ds (2.3.19)

apply the change of variable r = L� s on (2.3.19), and since ux and v satisfy
PBCs,»

Γ4

vux ds =
» L

0
v(0, L� s)ux(0, L� s) ds = �

» 0

L
v(0, r)ux(0, r) dr

=

» L

0
v(0, r)ux(0, r) dr =

» L

0
v(0, s)ux(0, s) ds =

»
Γ2

vux ds

so,

�

»
Γ4

vux ds +
»

Γ2

vux ds = 0 (2.3.20)

By (2.3.17) and (2.3.20),»
Γ
~ν.~V(u)v ds = �

»
Γ1

vuy ds +
»

Γ2

vux ds +
»

Γ3

vuy ds�
»

Γ4

vux ds = 0

so, (2.3.14) implies, »
Ω
∇u∇v dx dy =

»
Ω
�div(∇u)v dx dy
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Therefore, (2.3.12) implies:»
Ω
∇u∇v dx dy +

»
Ω

uv dx dy =

»
Ω

wv dx dy

Thus the following variational formulation is obtained:

  ∇u,∇v ¡L2(Ω) +   u, v ¡L2(Ω)looooooooooooooooooooomooooooooooooooooooooon
A(u,v)

=   w, v ¡L2(Ω)looooooomooooooon
F(v)

(2.3.21)

Equivalent to:
  u, v ¡H1(Ω)looooooomooooooon

A(u,v)

=   w, v ¡L2(Ω)looooooomooooooon
F(v)

(2.3.22)

2.3.3 Semi-Variational Formulation

1. Strong Semi-Variational Formulation
System (2.2.4) can be put now in the following strong semi-variational
form (on the space variables) whereby one seeks for u P C([0, T]; H2(Ω)X
H1

P(Ω))XC1((0, T); L2(Ω)) and w P C([0, T], H1
P(Ω))XC1((0, T), L2(Ω))

such that @v P H1
p(Ω), @t P (0, T] :$'''&

'''%
  wt, v ¡L2(Ω) +   ~V(u).∇w, v ¡L2(Ω)=  kuy, v ¡L2(Ω),
  u, v ¡H1(Ω)=  w, v ¡L2(Ω),
u(0) = u0 P H2

P(Ω)
w(0) = u0 � ∆u0 P H1

P(Ω)

(2.3.23)

2. Weak Semi-Variational Formulation
System (2.3.23) can be put now in the following weak semi-variational
form (on the space variables) [9] whereby one seeks for u P C(0, T, H2(Ω)X
H1

P(Ω)) and w P C([0, T], L2(Ω)) X C1((0, T), L2(Ω)) such that @v P

H1
p(Ω), @t P (0, T]:$'''&
'''%
  wt, v ¡L2(Ω) �   ~V(u).∇v, w ¡L2(Ω)=  kuy, v ¡L2(Ω),
  u, v ¡H1(Ω)=  w, v ¡L2(Ω),
u(0) = u0 P H2

P(Ω)
w(0) = u0 � ∆u0 P L2(Ω)

(2.3.24)

2.3.4 Time Integral Formulation

Newton’s method requires a formulation which is time-derivative wt free.
That’s why we derive Time Integral Fomulation.
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By integrating the first equation in (2.3.24) over the temporal interval [t, t+ τ],
with 0 ¤ t ¤ T � τ, one reaches the following L2 integral formulation .

We are seeking (u, w) P L2(0, T; H2(Ω)X H1
P(Ω))� L2(0, T; L2(Ω))

such that @v P W1,8
P X H1

p(Ω), @t, τ s.t 0 ¤ t   t + τ ¤ T, and @s P [t, t + τ]:

$'''&
'''%
  w(t + τ)�w(t), v ¡L2(Ω)=

³t+τ
t   ~V(u(s))∇v, w ¡L2(Ω) +   kuy(s), v ¡L2(Ω) ds

  u(s), v ¡H1(Ω)=  w(s), v ¡L2(Ω),
u(0) = u0 P H2(Ω)X H2

P(Ω)
w(0) = u0 � ∆u0 P L2(Ω)

(2.3.25)

2.4 Discretization

In this section, we start first using a finite-element space discretization to ob-
tain semi-discrete systems for the coupled variational Hasegawa-Mima model
(2.3.24).

2.4.1 Finite Element Space Semi-Discretization

We begin by constructing P1 Finite-element spaces on the square Ω = (0, L)�
(0, L).

Let X = txi|i = 1, ....nu be a partition of [0, L] in the x- direction:

0 = x1   x2   ....   xn = L

and Y = tyj|j = 1, ....nu be a similar partition of [0, L] in y- direction:

0 = y1   y2   ....   yn = L.

Consequently, let N be set of nodes associated with the conformal triangula-
tion Ω̄:

N = tPk|1 ¤ k ¤ N = n2u = t(xi, yj)|1 ¤ i, j ¤ nu = X�Y.

Thus Ω is “meshed” using the resulting triangulation, based on set of nodes
N .

Practically, we generate such conformal finite-element using Free-Fem++ [6]
on a rectangle, obtaining:
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Figure 2.2: A conformal finite element meshing of the rectangle (n � n)

This meshing generates a set of triangles E , E = tTi|1 ¤ i ¤ Mu, such that:

• Ti X Tj =

$''''&
''''%

triangle itself when i = j
vertex
one side
φ

• Ω̄ =
�M

i=1 T̄i

This allows us defining P1 finite-element spaces.

Definition of S1
N(Ω)

P1 is the set of all polynomials of degree 1, in x and y. The space of P1-finite
elements on Ω is defined as follows:

S1
N(Ω) = tΦ P C(Ω̄)|Φ|Ti P P1, @i = 1, ....Mu,
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with the approximation property:

H1(Ω) =
¤

N¥1

S1
N(Ω),

i.e., @v P H1(Ω), its interpolant πN(v) P S1
N(Ω) is such that:

lim
NÑ8

∥∥v� πN(v)
∥∥ = 0.

To obtain a Lagrangian basis for S1
N(Ω), let Φ P S1

N(Ω). For(x, y) P T P E,
Φ(x, y) P P1. Then on every triangle T = P1P2P3:

P1

P2

P3

Figure 2.3: Right Triangle in Ω

:
Φ(x, y) = bT + a1

Tx + a2
Ty

Given the continuity of Φ on Ω, the dependence of Φ on 3 parameters allows
writing:

Φ(x, y) = φ(P1)ΨP1,T(x, y) + φ(P2)ΨP2,T(x, y) + φ(P3)ΨP3,T(x, y),

where: ΨPi,T(x, y) = αix + βiy + γi for i = t1, 2, 3u.

The basis tψP1,T, ψP2,T, ψP3,Tu verifies

ΨPi,T(Pj) = δij =

#
1 i = j
0 i � j

f or i, j = t1, 2, 3u.

So, for triangle T P E, with vertices tPiu, ψPi,T can be written as:

ΨPi,T(x, y) = 1� ci(x� xPi)� di(y� yPi) for i = t1, 2, 3u.

Let Ep = tT P E|P is a vertex of Tu be the set of triangles from E having
P P N as a vertex. Then for (x, y) P Ω, ψP(x, y) = 0, if @T P EP, (x, y) R T and
ψP(x, y) = ψP,T(x, y) if (x, y) P T where T P EP. Therefore:

S1
N(Ω) = spantψP(x, y)|P P N and N is the total number of nodesu

= spantψPi(x, y)|1 ¤ i ¤ Nu,
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where ψP(x, y) is the basis function associated with node P. Note that the
support of ψP:

supp(ψP) =
¤

TPEP

T,

i.e. #
ψP(x, y) = 0 (x, y) R

�
TPEP

T
ψP(x, y) = 1 (x, y) P

�
TPEP

T

Hence Φ(x, y) =
°

PPN Φ(P)ψP(x, y) =
°N

i=1 Φ(Pi)ψPi(x, y).

Therefore to any Φ P S1
N(Ω), one associate uniquely:

V =


Φ(P1)

.

.

.
Φ(Pn2)

 P Rn2
,

where N = n2 is the total number of nodes.This implies that finding a func-
tion Φ P S1

N(E) reduces to finding its values at the nodes N . Thus given
a triangulation E = tTi|1 ¤ i ¤ Mu that covers Ω in a conformal way,
implementing the finite element-method requires two basic data structures:
Nodes and Elements. As mentioned

�
N¥1 S1

N(Ω) is an approximation basis
in H1(Ω). Let BN = tφPi |1 ¤ i ¤ Nu be such finite-element basis of functions
with compact support in Ω.
For v P H1(Ω), we can define πN(v) := vN P SN

1 (Ω) to be the interpolant of v
in S1

N(Ω):

vN(x, y) =
Ņ

i=1

VPi φPi(x, y), VPi = vN(xPi , yPi)

These auxiliary structures allow to generate discrete systems used to obtain
the pair tuN, wNu of finite element approximations to the coupled Elliptic-
Hyperbolic system (2.3.24).

Definition of S1
N,P(Ω)

Define S1
N,P(Ω) as follows:

S1
N,P(Ω) = tv P S1

N(Ω)|v satisfies PBC on Γu.

Knowing that S1
N(Ω) = tψPi , 1 ¤ i ¤ Nu, to find a basis for S1

N,P(Ω), we
proceed as follows. Given the square Ω = (0, L)� (0, L):
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D

A

C

B

Figure 2.4: Domain Ω

we let NU be the set of interior nodes of Ω, and NK be the set of nodes on
BΩ = Γ. Divide NK the set of nodes on boundary Γ to 2 parts NKU1 and NKU2
where:

NKU1 = tI P Γ : | I P [AB] or [BC]u = tI P Γ : |x(I) = L or y(I) = Lu

NKU2 = tJ P Γ : | J P [AD] or [DC]u = tI P Γ : |x(I) = 0 or y(I) = 0u

Note that uN P S1
N,P(Ω), then uN satisfies PBC, i.e.,

uN(0, y) = uN(L, y), @y P [0, L]; uN(x, 0) = uN(x, L), @x P [0, L].

Therefore, if we let I P NKU1 then there exists J P NKU2 such that: uN(I) =
uN(J). Conversely, let I P NKU2 then there exists J P NKU1 such that uN(I) =
uN(J).
Therefore our set of unknowns will be reduced to N1 = n2 � (2n � 1) =
(n� 1)2 equations instead of N = n2 equations, where N is the total number
of nodes. Thus:

uN =
¸
IPN

UIψI

=
¸

IPNU

UIψI +
¸

IPNKU1

UIψI +
¸

JPNKU2

UJψJ

=
¸

IPNU

UIψI +
¸

IPNKU1

UI(ψI + ψJ)(whereJ P NKU2 such that uN(I) = uN(J))

=
¸

IPNU

UIψI +
¸

IPNKU1

UIψ̃I

Define now:

tφI |I P NU Y NKU1 u = tψI |I P NUu
¤
tψ̃I |I P NKU1u = tφIi |1 ¤ Ii ¤ N1u.
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Therefore, S1
N,P(Ω) = spantφIi , where 1 ¤ i ¤ N1u and:

vN P S1
N,P(Ω)ðñ vN(x, y) =

N1̧

i=1

VIi φIi(x, y),

where vN(Ii) = VIi , 1 ¤ i ¤ N1.
For v P H1

P(Ω), πN(v) :=
°N1

i=1 VIi φIi P S1
N,P(Ω) to be the interpolant of v in

S1
N,P(Ω) where VIi = v(Ii). Then the approximation property of S1

N,P(Ω) in
H1

P(Ω) can be stated as follows:

@v P H1
P(Ω) lim

NÑ8

∥∥v� πN(v)
∥∥ = 0.

2.4.2 Full Discretization

For the time Discretization, we define a set nodes of [0, T] :

T = tti|i = 0, ..., mu

such that :
(a) ti � ti for i � j
(b) t0 = 0 and tm = T
(c) ti � ti�1 = τ ,where i = 1, ...m.
To discretize (2.3.24), we start with uN(0) = πN(u0) and wN(0) = πN(w0),
then given

uN(t) = πn(u) =
N1̧

i=1

UIi(t)φIi and wN(t) = πn(w) =
N1̧

i=1

WIi(t)φIi P S1
P(Ω) P S1

N,P(Ω),

where uN(xIi , yIi , t) = UIi(t) , 1 ¤ i ¤ N1 and wN(xIi , yIi , t) = WIi(t) ,
1 ¤ i ¤ N1, we seek uN(t + τ) P S1

N,P(Ω) and wN(t + τ) P S1
N,P(Ω) such

that: $''''''&
''''''%

  wN(t + τ)�wN(t), v ¡L2(Ω)= ...
...
³t+τ

t   ~V(u))∇v, w ¡L2(Ω) +   kuN,y, v ¡L2(Ω) ds
  uN(s), v ¡H1(Ω)=  wN(s), v ¡L2(Ω),
@v P S1

N,p(Ω)

@t, 0 ¤ t   t + τ ¤ T, and @s P [t, t + τ].

(2.4.1)

To fully discretize of Hasegawa Mima equation,

» t+τ

t
  ~V(u(s))∇v, w(s) ¡L2(Ω) +   kuN,y(s), v ¡L2(Ω) ds
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is first discretized using an implicit right rectangular rule
³b

a f (s) ds � (b �
a) f (b).
If we let f (s) =  ~V(u(s))∇v, w(s) ¡L2(Ω) +   kuN,y(s), v ¡L2(Ω), a = τ
,b = t + τ, then:

I =
» t+τ

t
  ~V(u(s))∇v, w(s) ¡L2(Ω) +   kuN,y(s), v ¡L2(Ω) ds

� τ(  ~V(u(t + τ))∇v, w(t + τ) ¡L2(Ω) +   kuN,y(t + τ), v ¡L2(Ω))

Therefore, starting form (u0, w0), then given (uN(t), wN(t)) P S1
N,P � S1

N,P(Ω),
we seek (uN(t + τ), wN(t + τ)) P S1

N,P � S1
N,P(Ω) such that:

$'''''&
'''''%

  wN(t + τ)�wN(t), v ¡L2(Ω)= ...
...τ   ~V(u(t + τ))∇v, w ¡L2(Ω) +τ   kuN,y(t + τ), v ¡L2(Ω)

  uN(s), v ¡H1(Ω)=  wN(s), v ¡L2(Ω),
@v P S1

N,P(Ω)
@s P [t, t + τ]

(2.4.2)

Using the expressions:
uN(t) =

°N
i=1 UIi(t)φIi P S1

N,P(Ω), UIi(t) = uN(xIi , yIi , t) and wN(t) =
°N

i=1 WIi(t)φIi P

S1
N,P(Ω), WIi(t) = wN(xIi , yIi , t), define the vectors: W(t) = tWIi(t)u1¤i¤N1 P

RN1
and U(t) = tUIi(t)u1¤i¤N1 P RN1

so that (3.1.1) can be written as follows:
Given vectors tU(t), W(t)u P RN1

� RN1
, one seeks tU(t + τ), W(t + τ)u P

RN1
�RN1

such that#
(M + τS(U + τ))W(t + τ)� τRU(t + τ) = MW(t)
KU(s) = MW(s) @s P tt, t + τu

(2.4.3)

where M, S(U), R, K are N1 � N1 matrices defined as follows:

M = t  φIi , φIj ¡L2(Ω) |1 ¤ i, j ¤ N1u

K = t  φIi , φIj ¡H1(Ω) |1 ¤ i, j ¤ N1u

R = t  kφIi,y, φIj ¡L2(Ω) |1 ¤ i, j ¤ N1u

S(U) = t�   ~V(uN).∇φIj , φIi ¡L2(Ω) |1 ¤ i, j ¤ N1u

with: uN(t) =
°N

k=1 UIk(t)φIk
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and

�   ~V(uN).∇φIj , φIi ¡L2(Ω) = �

»
Ω
�φIi

BφIj

Bx

Ņ

k=1

UIk(t)
BφIk

By
+ φIi

BφIj

By

Ņ

k=1

UIk(t)
BφIk

Bx
dx dy

=

»
Ω

φIi

BφIj

Bx

Ņ

k=1

UIk(t)
BφIk

By
� φIi

BφIj

By

Ņ

k=1

UIk(t)
BφIk

Bx
dx dy

=  ~V(uN).∇φIi , φIj ¡L2(Ω)

Here M, K and R constant matrices over time, and S(U) changing with time.
The coupled system obtained in (3.1.2) (highly implicit and non linear) is used
to advance the pair (U(s), W(s)), starting from (U(0), W(0)) and computing
successively:

(U(τ), W(τ)), (U(2τ), W(2τ))......(U(mτ), W(mτ)).
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Chapter 3

Solving Fully Discrete
Hasegawa-Mima System

In this section, we discuss Newton type methods (Full Newton, Quasi New-
ton, Modified Newton) to solve the full discrete system of Hasegawa-Mima
model and present for each variant of Newton’s Method the corresponding
algorithm which is implemented using Free-FEM++. For simplicity, in the
rest of the thesis we replace N1 by N.

3.1 Formulation of Newton’s method

From (3.1.2), one has the following non-linear problem. Given vectors (U(t), W(t)) P
RN �RN ,we seek (U(t + τ), W(t + τ)) P RN �RN such that:#

(M + τS(U + τ))W(t + τ)� τRU(t + τ) = MW(t)
KU(s) = MW(s) @s P tt, t + τu

(3.1.1)

This is equivalent to find (U, W) P RN �RN such that:#
(M + τS(U))W � τRU � Z = 0
KU � MW = 0 (3.1.2)

where U = U(t + τ), W = W(t + τ), and Z = MW(t) (given).
Define F1 and F2:

F1 : RN �RN Ñ RN

(U, W)Ñ F1(U, W) = (M + τS(U))W � τRU � Z

F2 : RN �RN Ñ RN

(U, W)Ñ F2(U, W) = KU � MW.
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Solving (3.1.2) equivalent to find (U, W) P RN �RN such that:#
F1(U, W) = 0
F2(U, W) = 0 (3.1.3)

Define

F : RN �RN Ñ RN �RN

(U, W)Ñ [F1(U, W) F2(U, W)]T.
(3.1.4)

Thus we look for solving F(U, W) = 0 using Newton’s Method.
Assuming that (U(t), W(t)) was already computed/approximated, then
(U(t + τ), W(t + τ)) is approximated using Newton’s method by solving the
following iteratively with (U(0), W(0)) = (U(t), W(t))

JF(U(0), W(0))

[
U(1) �U(0)

W(1) �W(0)

]
= �F(U(0), W(0)) (3.1.5)

The process is repeated as follows until convergence is reached up to a suffi-
cient precise value.

JF(U(k), W(k))

[
U(k+1) �U(k)

W(k+1) �W(k)

]
= �F(U(k), W(k)) (3.1.6)

ðñ JF(U(k), W(k))

[
U(k+1)

W(k+1)

]
= JF(U(k), W(k))

[
U(k)

W(k)

]
� F(U(k), W(k))

(3.1.7)

where JF(U, W) is the Jacobian of F(U, W)
Let’s compute the Jacobian:

JF(U, W) =

[
F1,U F1,W
F2,U F2,W

]
=

[
τ(S(U)W)U � τR M + τS(U)

K �M

]
It remains to find the derivative of S(U)W with respect to U , denoted by
(S(U)W)U.

Given that the matrix S(U) is linear in U where

U =



UI1
UI2

.

.

.
UIN


=
°N

j=1 UIj ej,
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then, S(U) = S(
°N

j=1 UIj ej) =
°N

j=1 UIj S(ej)

then, S(U)W =
°N1

j=1 UIj S(ej)W = UI1S(e1)W +UI2S(e2)W + ........+UIN S(eN)W

so,
B(W) = (S(U)W)U =

[
S(e1)W S(e2)W . . . S(eN)W

]
.

Hence, JF(U, W) =

[
τB(W)� τR M + τS(U)

K �M

]
.

Replace JF(U(k), W(k)) =

[
τB(W(k))� τR M + τS(U(k))

K �M

]
in (3.1.7),

hence one will have to solve the following :[
τB(W(k))� τR M + τS(U(k))

K �M

] [
U(k+1)

W(k+1)

]
=

[
τB(W(k))� τR M + τS(U(k))

K �M

] [
U(k)

W(k)

]
� F(U(k), W(k))

ðñ

[
τB(W(k))� τR M + τS(U(k))

K �M

] [
U(k+1)

W(k+1)

]
=

[
τB(W(k))� τR M + τS(U(k))

K �M

] [
U(k)

W(k)

]

�

[
(M + τS(U(k)))W(k) � τRU(k) � Z

KU(k) � MW(k)

]

Using the following identity:

B(W)U =
[
S(e1)W S(e2)W . . . S(eN)W

]


UI1
UI2

.

.

.
UIN


=

Ņ

j=1

UIj S(ej)W = S(U)W

(3.1.8)
Thus,[

τB(W(k))� τR M + τS(U(k))
K �M

] [
U(k+1)

W(k+1)

]
=

[
τS(U(k)W(k) + Z

0

]
(3.1.9)

Computation B = B(Wk)

Note that B(W(k)) =
[
S(e1)W(k) S(e2)W(k) . . . S(eN)W(k)

]
should be

computed at every Newton iteration,where ei ’s are the canonical basis of RN.

27



Jacobian matrix J = J(Uk, Wk)
Jacobian matrix is 2N � 2N block matrix(

J1 J2
J3 J4

)
where
J1 = τB(Wk)� τR
J2 = M + τS(Uk)
J3 = K
J4 = �M
Note that J1 and J2 should be computed at every Newton iteration.

Algorithm 1 Solving HM using Newton’s Method

Input: A: stiffness matrix ; M: Mass matrix; K = M + A; S(U); R: As
defined in [9]; B(W): Matrix defined above; J :block matrix defined above
; U0; W0: the discrete initial condition vectors; T: end time; τ: time step;

kmax: maximum Newton iterations; N:total number of nodes
Output: U: matrix containing the computed vectors Ut for t = 0, 1, ...T

1: for t = 0 : τ : T do

2: Ut,0 = Ut; Wt,0 = Wt; error = 1; k = 0
3: Let Z = M �Wt;
4: while ( error ¡ tol and k   kmax ) do

5: Let g = τS(Ut,k) �Wt,k + Z;
6: Let r(0 : N � 1) = g and r(n : 2 � N � 1) = 0;
7: Let J1 = τB(Wt,k)� τR , J2 = τS(Ut,k) + M;
8: Construct J : J = [[J1, J2], [K,�M]];
9: Solve for V: J �V = r;

10: let Ut,k+1 = V(0 : N � 1) and Wt,k+1 = V(n : 2 � N � 1);

11: error = ||Ut,k+1�Ut,k||
||Ut,k||

;

12: k = k + 1;
13: end while
14: Ut+1 = Ut,k;
15: Wt+1 = Wt,k;
16: end for
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3.2 Variants of Newton’s Method

1. Chord’s Method
Given vectors tU(t), W(t)u P RN �RN

one seeks tU(t + τ), W(t + τ)u P RN �RN such that#
(M + τS(U + τ))W(t + τ)� τRU(t + τ) = MW(t)
KU(s) = MW(s) @s P tt, t + τu

(3.2.1)

This equivalent to find (U, W) P RN1
�RN such that

#
(M + τS(U))W � τRU � Z = 0
KU � MW = 0 (3.2.2)

where U = U(t + τ), W = W(t + τ), and Z = MW(t) (given)

Define F1 and F2:

F1 : RN �RN Ñ RN

(U, W) ÞÑ F1(U, W) = (M + τS(U))W � τRU � Z

F2 : RN �RN1
Ñ RN

(U, W) ÞÑ F2(U, W) = KU � MW

Solving (3.1.2) is equivalent to find tU, Vu P RN �RN such that:#
F1(U, W) = 0
F2(U, W) = 0 (3.2.3)

Define

F : RN �RN Ñ RN �RN

(U, W) ÞÑ [F1(U, W) F2(U, W)]T

We will solve F(U, W) = 0 using chord’s method.

JF(U(0), W(0))

[
U(k+1) �U(k)

W(k+1) �W(k)

]
= �F(U(k), W(k))

ðñ JF(U(0), W(0))

[
U(k+1)

W(k+1)

]
= JF(U(0), W(0))

[
U(k)

W(k)

]
� F(U(k), W(k))

(3.2.4)
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where U(0) = U(t), W(0) = W(t), and JF(U, W) is the Jacobian of
F(U, W) :

JF(U, W) =

[
τB(W)� τR M + τS(U)

K �M

]
(proved)

Replace JF(U(0), W(0)) =

[
τB(W(0))� τR M + τS(U(0))

K �M

]
in (3.2.4),

Denote B(W(0)) = B(0), hence one has to solve the following:[
τB(0)

� τR M + τS(U(0))
K �M

] [
U(k+1)

W(k+1)

]
=

[
τB(0)

� τR M + τS(U(0))
K �M

] [
U(k)

W(k)

]
� F(U(k), W(k))

ðñ

[
τB(0)

� τR M + τS(U(0))
K �M

] [
U(k+1)

W(k+1)

]
=

[
τB(0)

� τR M + τS(U(0))
K �M

] [
U(k)

W(k)

]

�

[
(M + τS(U(k)))W(k)

� τRU(k)
� Z

KU(k)
�MW(k)

]

ðñ

[
τB(0)

� τR M + τS(U(0))
K �M

] [
U(k+1)

W(k+1)

]
=

[
τB(0)U(k)

� τRU(k) + (M + τS(U(0)))W(k)

KU(k)
�MW(k)

]

�

[
(M + τS(U(k)))W(k)

� τRU(k)
� Z

KU(k)
�MW(k)

]

Thus,[
τB(0)

� τR M + τS(U(0))
K �M

] [
U(k+1)

W(k+1)

]
=

[
τB(0)U(k) + τS(U(0))W(k)

� τS(U(k))W(k) + Z
0

]
(3.2.5)

Computation of matrix B = B(W0)

B(W(0)) =
[
S(e1)W(0) S(e2)W(0) . . . S(eN1)W

(0)
]

is computed once
per time iteration before Chord’s iterations, where ei ’s are the canonical
basis of RN

Jacobian matrix J = J(U0, W0)
Jacobian matrix is 2N � 2N block matrix is computed once per time it-

eration before Chord’s iterations.

(
J1 J2
J3 J4

)
where
J1 = τB(W0)� τR
J2 = M + τS(U0)
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J3 = K
J4 = �M

Algorithm 2 Solving HM using Chord’s Method

Input: A: stiffness matrix ; M: Mass matrix; K = M + A; S(U); R: As
defined in [9]; B(W) :Matrix defined above; J :block matrix defined above
; U0; W0: the discrete initial condition vectors; T: end time; τ: time step;

kmax: maximum Newton iterations; N:total number of nodes
Output: U: matrix containing the computed vectors Ut for t = 0, 1, ...T

1: for t = 0 : τ : T do

2: Ut,0 = Ut; Wt,0 = Wt; error = 1; k = 0
3: Let Z = M �Wt;
4: Let J1 = τB(Wt,0)� τR , J2 = τS(Ut,0) + M;
5: Construct J : J = [[J1, J2], [K,�M]];
6: while ( error ¡ tol and k   kmax ) do

7: Let g = τB(Wt,0)Ut,k + τS(Ut,0) �Wt,k � τS(Ut,k) �Wt,k + Z;
8: Let r(0 : N � 1) = g and r(n : 2 � N � 1) = 0;
9: Solve for V: J �V = r;

10: let Ut,k+1 = V(0 : N � 1) and Wt,k+1 = V(n : 2 � N � 1);

11: error = ||Ut,k+1�Ut,k||
||Ut,k||

;

12: k = k + 1;
13: end while
14: Ut+1 = Ut,k;
15: Wt+1 = Wt,k;
16: end for
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2. Modified Newton’s Method
Using the newton’s equation[

τB(W(k))� τR M + τS(U(k))
K �M

] [
U(k+1)

W(k+1)

]
=

[
τS(U(k)W(k) + Z

0

]
(3.2.6)

ðñ

#
τB(W(k))U(k+1)

� τRU(k+1) + MW(k+1) + τS(U(k))W(k+1) = τS(U(k))W(k) + Z
KU(k+1)

�MW(k+1) = 0
(3.2.7)

we need to get rid of the computation of the B(W(k)) matrix and speed
up the procedure.
From identity (3.1.8):

B(W(k))U(k+1) = S(U(k+1))W(k) � S(U(k))W(k)

#
τS(U(k))Wk � τRU(k+1) + MW(k+1) + τS(U(k))W(k+1)) = τS(U(k))W(k) + Z
KU(k+1) � MW(k+1) = 0

(3.2.8)

ðñ

#
�τRU(k+1) + MW(k+1) + τS(U(k))W(k+1) = Z
KU(k+1)

�MW(k+1) = 0
(3.2.9)

ðñ

[
�τR M + τS(U(k))

K �M

] [
U(k+1)

W(k+1)

]
=

[
Z
0

]
(3.2.10)

Computation of jacobian matrix J

J =

[
�τR M + τS(U(k))

K �M

]

Jacobian matrix is 2N � 2N block matrix(
J1 J2
J3 J4

)
where
J1 = �τR
J2 = M + τS(Uk)
J3 = K
J4 = �M
J2 will be computed at every Modified Newton iteration.
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Algorithm 3 Solving HM using Modified Newton Method

Input: A: stiffness matrix ; M:Mass matrix; K = M + A; S(U); R: As
defined in [9]; J :block matrix defined above ; U0; W0: the discrete initial
condition vectors; T: end time; τ: time step;

kmax: maximum Newton iterations; n:total number of nodes
Output: U: matrix containing the computed vectors Ut for t = 0, 1, ...T

1: for t = 0 : τ : T do

2: Ut,0 = Ut; Wt,0 = Wt; error = 1; k = 0
3: Let Z = M �Wt;
4: Let r(0 : N � 1) = Z and r(n : 2 � N � 1) = 0;
5: while ( error ¡ tol and k   kmax ) do

6: let J2 = M + τS(Ut,k);
7: Construct J : J = [[�τR, J2], [K,�M]];
8: Solve for V: J �V = r;
9: let Ut,k+1 = V(0 : N � 1) and Wt,k+1 = V(n : 2 � N � 1);

10: error = ||Ut,k+1�Ut,k||
||Ut,k||

;

11: k = k + 1;
12: end while
13: Ut+1 = Ut,k;
14: Wt+1 = Wt,k;
15: end for

33



Chapter 4

Testing

In this chapter, we present the results of our numerical simulations im-
plemented using Free-Fem++ software [6]. In section 4.1, we analyze
and compare the solutions of the three methods for several initial data.
Then, in section 4.2 we assess the efficiency of our Newton-type ap-
proach as compared to the semi-linear approach presented in [9].

4.1 Newton-Type Methods

We test three algorithms [1] (Newton’s method), [2] (Chord’s method)
and [3] (Modified Newton’s method) for

n0

wci
= eAx+B ,i.e p = Ax + B

where px = A and py = 0. We consider different initial conditions for
same exponential density profile n0. We analyze the following cases:

4.1.1 Test 1

We set the domain Ω = [0, π]� [0, π] with A = 12. The initial condition
u0(x, y) = 10�5 sin(3x), τ = 0.05, and T = 50. We test the algorithm for
the case where n0 = 1019e�x, and wci = 107.
In Figures 4.1, 4.2, and 4.3, we plot the solutions of Algorithms 1, 2 and
3 respectively at different times, where we consider number of intervals
in the x and y directions to be n = 16. In Figures 4.4, and 4.5, we plot
the solutions of Algorithm 3 at different times whereby we consider the
number of intervals in x and y directions to be n = 32 and 64 respec-
tively.
The same behavior is observed for the three methods where the solution
is stationary and unchanging till T = 50, as shown in figures 4.1, 4.2,
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4.3 for n = 16. Moreover, this behavior is not affected by the increase
in the number of intervals n as shown in figures 4.3, 4.4 and 4.5 for the
Modified Newton’s method.

IsoValue
-1.10425e-05
-9.47874e-06
-8.43622e-06
-7.3937e-06
-6.35119e-06
-5.30867e-06
-4.26615e-06
-3.22363e-06
-2.18111e-06
-1.13859e-06
-9.60736e-08
9.46445e-07
1.98896e-06
3.03148e-06
4.074e-06
5.11652e-06
6.15904e-06
7.20156e-06
8.24407e-06
1.08504e-05

(a) t=0

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(b) t=10

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(c) t=20

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(d) t=30

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(e) t=40

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(f) t=50

Figure 4.1: Time evolution of solution u using full newton method for T = 50, u0 =
10�5 sin(3x), τ = 0.05, and a 17� 17 grid on Ω = [0, π]� [0, π]

IsoValue
-1.10425e-05
-9.47874e-06
-8.43622e-06
-7.3937e-06
-6.35119e-06
-5.30867e-06
-4.26615e-06
-3.22363e-06
-2.18111e-06
-1.13859e-06
-9.60736e-08
9.46445e-07
1.98896e-06
3.03148e-06
4.074e-06
5.11652e-06
6.15904e-06
7.20156e-06
8.24407e-06
1.08504e-05

(a) t=0

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(b) t=10

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(c) t=20

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(d) t=30

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(e) t=40

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(f) t=50

Figure 4.2: Time evolution of solution u using chord method for T = 50, u0 =
10�5 sin(3x), τ = 0.05, and a 17� 17 grid on Ω = [0, π]� [0, π]
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IsoValue
-1.10425e-05
-9.47874e-06
-8.43622e-06
-7.3937e-06
-6.35119e-06
-5.30867e-06
-4.26615e-06
-3.22363e-06
-2.18111e-06
-1.13859e-06
-9.60736e-08
9.46445e-07
1.98896e-06
3.03148e-06
4.074e-06
5.11652e-06
6.15904e-06
7.20156e-06
8.24407e-06
1.08504e-05

(a) t=0

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(b) t=10

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(c) t=20

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(d) t=30

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(e) t=40

IsoValue
1.36005e-06
3.66116e-06
5.19523e-06
6.7293e-06
8.26337e-06
9.79745e-06
1.13315e-05
1.28656e-05
1.43997e-05
1.59337e-05
1.74678e-05
1.90019e-05
2.0536e-05
2.207e-05
2.36041e-05
2.51382e-05
2.66722e-05
2.82063e-05
2.97404e-05
3.35756e-05

(f) t=50

Figure 4.3: Time evolution of solution u using Modified Newton method for T = 50,
u0 = 10�5 sin(3x), τ = 0.05, and a 17� 17 grid on Ω = [0, π]� [0, π]

IsoValue
-1.10501e-05
-9.47495e-06
-8.42485e-06
-7.37476e-06
-6.32466e-06
-5.27456e-06
-4.22447e-06
-3.17437e-06
-2.12427e-06
-1.07417e-06
-2.40764e-08
1.02602e-06
2.07612e-06
3.12622e-06
4.17631e-06
5.22641e-06
6.27651e-06
7.3266e-06
8.3767e-06
1.10019e-05

(a) t=0

IsoValue
1.43669e-06
3.78433e-06
5.34942e-06
6.91451e-06
8.4796e-06
1.00447e-05
1.16098e-05
1.31749e-05
1.474e-05
1.6305e-05
1.78701e-05
1.94352e-05
2.10003e-05
2.25654e-05
2.41305e-05
2.56956e-05
2.72607e-05
2.88258e-05
3.03909e-05
3.43036e-05

(b) t=10

IsoValue
1.43669e-06
3.78433e-06
5.34942e-06
6.91451e-06
8.4796e-06
1.00447e-05
1.16098e-05
1.31749e-05
1.474e-05
1.6305e-05
1.78701e-05
1.94352e-05
2.10003e-05
2.25654e-05
2.41305e-05
2.56956e-05
2.72607e-05
2.88258e-05
3.03909e-05
3.43036e-05

(c) t=20

IsoValue
1.43669e-06
3.78433e-06
5.34942e-06
6.91451e-06
8.4796e-06
1.00447e-05
1.16098e-05
1.31749e-05
1.474e-05
1.6305e-05
1.78701e-05
1.94352e-05
2.10003e-05
2.25654e-05
2.41305e-05
2.56956e-05
2.72607e-05
2.88258e-05
3.03909e-05
3.43036e-05

(d) t=30

IsoValue
1.43669e-06
3.78433e-06
5.34942e-06
6.91451e-06
8.4796e-06
1.00447e-05
1.16098e-05
1.31749e-05
1.474e-05
1.6305e-05
1.78701e-05
1.94352e-05
2.10003e-05
2.25654e-05
2.41305e-05
2.56956e-05
2.72607e-05
2.88258e-05
3.03909e-05
3.43036e-05

(e) t=40

IsoValue
1.43669e-06
3.78433e-06
5.34942e-06
6.91451e-06
8.4796e-06
1.00447e-05
1.16098e-05
1.31749e-05
1.474e-05
1.6305e-05
1.78701e-05
1.94352e-05
2.10003e-05
2.25654e-05
2.41305e-05
2.56956e-05
2.72607e-05
2.88258e-05
3.03909e-05
3.43036e-05

(f) t=50

Figure 4.4: Time evolution of solution u using Modified Newton method for T = 50,
u0 = 10�5 sin(3x), τ = 0.05, and a 33� 33 grid on Ω = [0, π]� [0, π]
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IsoValue
-1.1052e-05
-9.474e-06
-8.422e-06
-7.37001e-06
-6.31801e-06
-5.26601e-06
-4.21401e-06
-3.16202e-06
-2.11002e-06
-1.05802e-06
-6.02272e-09
1.04597e-06
2.09797e-06
3.14997e-06
4.20197e-06
5.25397e-06
6.30596e-06
7.35796e-06
8.40996e-06
1.104e-05

(a) t=0

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(b) t=10

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(c) t=20

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(d) t=30

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(e) t=40

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(f) t=50

Figure 4.5: Time evolution of solution u using Modified Newton method for T = 50,
u0 = 10�5 sin(3x), τ = 0.05, and a 65� 65 grid on Ω = [0, π]� [0, π]

4.1.2 Test 2

We set domain Ω = [0, π] � [0, π] with A = 12. The initial condition
u0(x, y) = 10�5 sin(10πy) and τ = 0.05 , and T = 50. We consider the
number of iterations in the x and y directions n = 16. We test the algo-
rithm for the case where n0 = 1019e�x, and wci = 107.
In Figures 4.6, 4.7, and 4.8, we plot the solutions of Algorithms 1, 2 and
3 respectively at different times, where we consider number of intervals
in the x and y directions to be n = 16. In Figures 4.9, and 4.10, we plot
the solutions of Algorithm 3 at different times whereby we consider the
number of intervals in x and y directions to be n = 32 and 64 respec-
tively.
The same behavior is observed for the three methods where the solu-
tion is moving in the y-direction, as shown in figures 4.6, 4.7, 4.8 for
n = 16. Moreover, increasing n from 16, 32 to 64, i.e. decreasing h from
π

16
� 0.19 to

π

32
� 0.098 to

π

64
� 0.049 improves the accuracy of the
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solution, while not affecting the motion in the y-direction as shown in
figures 4.8, 4.9 and 4.10.

IsoValue
-1.04597e-05
-9.76107e-06
-9.2953e-06
-8.82953e-06
-8.36376e-06
-7.89799e-06
-7.43222e-06
-6.96645e-06
-6.50068e-06
-6.03491e-06
-5.56914e-06
-5.10337e-06
-4.63759e-06
-4.17182e-06
-3.70605e-06
-3.24028e-06
-2.77451e-06
-2.30874e-06
-1.84297e-06
-6.78543e-07

(a) t=0

IsoValue
-0.00710932
-0.00710564
-0.00710318
-0.00710072
-0.00709826
-0.0070958
-0.00709335
-0.00709089
-0.00708843
-0.00708597
-0.00708351
-0.00708106
-0.0070786
-0.00707614
-0.00707368
-0.00707122
-0.00706877
-0.00706631
-0.00706385
-0.0070577

(b) t=10

IsoValue
-0.00709514
-0.00709299
-0.00709155
-0.00709012
-0.00708868
-0.00708725
-0.00708581
-0.00708438
-0.00708294
-0.0070815
-0.00708007
-0.00707863
-0.0070772
-0.00707576
-0.00707433
-0.00707289
-0.00707146
-0.00707002
-0.00706859
-0.007065

(c) t=20

IsoValue
-0.00708835
-0.00708718
-0.00708639
-0.00708561
-0.00708482
-0.00708404
-0.00708325
-0.00708247
-0.00708168
-0.0070809
-0.00708011
-0.00707933
-0.00707854
-0.00707776
-0.00707697
-0.00707619
-0.0070754
-0.00707462
-0.00707383
-0.00707187

(d) t=30

IsoValue
-0.00709004
-0.00708894
-0.00708821
-0.00708748
-0.00708675
-0.00708603
-0.0070853
-0.00708457
-0.00708384
-0.00708311
-0.00708238
-0.00708165
-0.00708092
-0.00708019
-0.00707946
-0.00707873
-0.00707801
-0.00707728
-0.00707655
-0.00707472

(e) t=40

IsoValue
-0.00708484
-0.00708404
-0.0070835
-0.00708297
-0.00708244
-0.0070819
-0.00708137
-0.00708083
-0.0070803
-0.00707977
-0.00707923
-0.0070787
-0.00707817
-0.00707763
-0.0070771
-0.00707657
-0.00707603
-0.0070755
-0.00707496
-0.00707363

(f) t=50

Figure 4.6: Time evolution of solution u using full newton method for T = 50, u0 =
10�5 sin(10πy), τ = 0.05, and a 17� 17 grid on Ω = [0, π]� [0, π]

IsoValue
-1.04597e-05
-9.76107e-06
-9.2953e-06
-8.82953e-06
-8.36376e-06
-7.89799e-06
-7.43222e-06
-6.96645e-06
-6.50068e-06
-6.03491e-06
-5.56914e-06
-5.10337e-06
-4.63759e-06
-4.17182e-06
-3.70605e-06
-3.24028e-06
-2.77451e-06
-2.30874e-06
-1.84297e-06
-6.78543e-07

(a) t=0

IsoValue
-0.00710932
-0.00710564
-0.00710318
-0.00710072
-0.00709826
-0.0070958
-0.00709335
-0.00709089
-0.00708843
-0.00708597
-0.00708351
-0.00708106
-0.0070786
-0.00707614
-0.00707368
-0.00707122
-0.00706877
-0.00706631
-0.00706385
-0.0070577

(b) t=10

IsoValue
-0.00709514
-0.00709299
-0.00709155
-0.00709012
-0.00708868
-0.00708725
-0.00708581
-0.00708438
-0.00708294
-0.0070815
-0.00708007
-0.00707863
-0.0070772
-0.00707576
-0.00707433
-0.00707289
-0.00707146
-0.00707002
-0.00706859
-0.007065

(c) t=20

IsoValue
-0.00708835
-0.00708718
-0.00708639
-0.00708561
-0.00708482
-0.00708404
-0.00708325
-0.00708247
-0.00708168
-0.0070809
-0.00708011
-0.00707933
-0.00707854
-0.00707776
-0.00707697
-0.00707619
-0.0070754
-0.00707462
-0.00707383
-0.00707187

(d) t=30

IsoValue
-0.00709004
-0.00708894
-0.00708821
-0.00708748
-0.00708675
-0.00708603
-0.0070853
-0.00708457
-0.00708384
-0.00708311
-0.00708238
-0.00708165
-0.00708092
-0.00708019
-0.00707946
-0.00707873
-0.00707801
-0.00707728
-0.00707655
-0.00707472

(e) t=40

IsoValue
-0.00708484
-0.00708404
-0.0070835
-0.00708297
-0.00708244
-0.0070819
-0.00708137
-0.00708083
-0.0070803
-0.00707977
-0.00707923
-0.0070787
-0.00707817
-0.00707763
-0.0070771
-0.00707657
-0.00707603
-0.0070755
-0.00707496
-0.00707363

(f) t=50

Figure 4.7: Time evolution of solution u using chord method for T = 50, u0 =
10�5 sin(10πy), τ = 0.05, and a 17� 17 grid on Ω = [0, π]� [0, π]
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IsoValue
-1.04597e-05
-9.76107e-06
-9.2953e-06
-8.82953e-06
-8.36376e-06
-7.89799e-06
-7.43222e-06
-6.96645e-06
-6.50068e-06
-6.03491e-06
-5.56914e-06
-5.10337e-06
-4.63759e-06
-4.17182e-06
-3.70605e-06
-3.24028e-06
-2.77451e-06
-2.30874e-06
-1.84297e-06
-6.78543e-07

(a) t=0

IsoValue
-0.00710932
-0.00710564
-0.00710318
-0.00710072
-0.00709826
-0.0070958
-0.00709335
-0.00709089
-0.00708843
-0.00708597
-0.00708351
-0.00708106
-0.0070786
-0.00707614
-0.00707368
-0.00707122
-0.00706877
-0.00706631
-0.00706385
-0.0070577

(b) t=10

IsoValue
-0.00709514
-0.00709299
-0.00709155
-0.00709012
-0.00708868
-0.00708725
-0.00708581
-0.00708438
-0.00708294
-0.0070815
-0.00708007
-0.00707863
-0.0070772
-0.00707576
-0.00707433
-0.00707289
-0.00707146
-0.00707002
-0.00706859
-0.007065

(c) t=20

IsoValue
-0.00708835
-0.00708718
-0.00708639
-0.00708561
-0.00708482
-0.00708404
-0.00708325
-0.00708247
-0.00708168
-0.0070809
-0.00708011
-0.00707933
-0.00707854
-0.00707776
-0.00707697
-0.00707619
-0.0070754
-0.00707462
-0.00707383
-0.00707187

(d) t=30

IsoValue
-0.00709004
-0.00708894
-0.00708821
-0.00708748
-0.00708675
-0.00708603
-0.0070853
-0.00708457
-0.00708384
-0.00708311
-0.00708238
-0.00708165
-0.00708092
-0.00708019
-0.00707946
-0.00707873
-0.00707801
-0.00707728
-0.00707655
-0.00707472

(e) t=40

IsoValue
-0.00708484
-0.00708404
-0.0070835
-0.00708297
-0.00708244
-0.0070819
-0.00708137
-0.00708083
-0.0070803
-0.00707977
-0.00707923
-0.0070787
-0.00707817
-0.00707763
-0.0070771
-0.00707657
-0.00707603
-0.0070755
-0.00707496
-0.00707363

(f) t=50

Figure 4.8: Time evolution of solution u using Modified Newton method for T = 50,
u0 = 10�5 sin(10πy), τ = 0.05, and a 17� 17 grid on Ω = [0, π]� [0, π]

IsoValue
-1.10461e-05
-9.46787e-06
-8.41569e-06
-7.36351e-06
-6.31133e-06
-5.25915e-06
-4.20697e-06
-3.15479e-06
-2.10261e-06
-1.05043e-06
1.74546e-09
1.05392e-06
2.1061e-06
3.15828e-06
4.21046e-06
5.26264e-06
6.31482e-06
7.367e-06
8.41918e-06
1.10496e-05

(a) t=0

IsoValue
-0.000158501
-0.000156345
-0.000154907
-0.00015347
-0.000152033
-0.000150595
-0.000149158
-0.000147721
-0.000146283
-0.000144846
-0.000143409
-0.000141971
-0.000140534
-0.000139097
-0.000137659
-0.000136222
-0.000134785
-0.000133347
-0.00013191
-0.000128317

(b) t=10

IsoValue
-0.00015585
-0.000154084
-0.000152906
-0.000151729
-0.000150551
-0.000149374
-0.000148196
-0.000147019
-0.000145841
-0.000144664
-0.000143486
-0.000142309
-0.000141131
-0.000139954
-0.000138776
-0.000137599
-0.000136421
-0.000135244
-0.000134066
-0.000131123

(c) t=20

IsoValue
-0.000153998
-0.000152466
-0.000151445
-0.000150424
-0.000149403
-0.000148382
-0.000147361
-0.00014634
-0.000145319
-0.000144298
-0.000143277
-0.000142256
-0.000141235
-0.000140214
-0.000139193
-0.000138172
-0.000137151
-0.000136129
-0.000135108
-0.000132556

(d) t=30

IsoValue
-0.000154737
-0.000153089
-0.00015199
-0.000150892
-0.000149793
-0.000148694
-0.000147596
-0.000146497
-0.000145399
-0.0001443
-0.000143202
-0.000142103
-0.000141005
-0.000139906
-0.000138807
-0.000137709
-0.00013661
-0.000135512
-0.000134413
-0.000131667

(e) t=40

IsoValue
-0.000153407
-0.000151974
-0.000151018
-0.000150063
-0.000149107
-0.000148152
-0.000147196
-0.000146241
-0.000145285
-0.00014433
-0.000143375
-0.000142419
-0.000141464
-0.000140508
-0.000139553
-0.000138597
-0.000137642
-0.000136686
-0.000135731
-0.000133342

(f) t=50

Figure 4.9: Time evolution of solution u using Modified Newton method for T = 50,
u0 = 10�5 sin(10πy), τ = 0.05, and a 33� 33 grid on Ω = [0, π]� [0, π]
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IsoValue
-1.10461e-05
-9.46787e-06
-8.41569e-06
-7.36351e-06
-6.31133e-06
-5.25915e-06
-4.20697e-06
-3.15479e-06
-2.10261e-06
-1.05043e-06
1.74546e-09
1.05392e-06
2.1061e-06
3.15828e-06
4.21046e-06
5.26264e-06
6.31482e-06
7.367e-06
8.41918e-06
1.10496e-05

(a) t=0

IsoValue
1.31295e-05
1.47871e-05
1.58921e-05
1.69972e-05
1.81022e-05
1.92073e-05
2.03124e-05
2.14174e-05
2.25225e-05
2.36275e-05
2.47326e-05
2.58377e-05
2.69427e-05
2.80478e-05
2.91528e-05
3.02579e-05
3.1363e-05
3.2468e-05
3.35731e-05
3.63357e-05

(b) t=10

IsoValue
1.5588e-05
1.70542e-05
1.80316e-05
1.9009e-05
1.99865e-05
2.09639e-05
2.19414e-05
2.29188e-05
2.38963e-05
2.48737e-05
2.58512e-05
2.68286e-05
2.7806e-05
2.87835e-05
2.97609e-05
3.07384e-05
3.17158e-05
3.26933e-05
3.36707e-05
3.61143e-05

(c) t=20

IsoValue
1.61308e-05
1.75171e-05
1.84413e-05
1.93655e-05
2.02897e-05
2.12139e-05
2.21381e-05
2.30623e-05
2.39865e-05
2.49107e-05
2.58348e-05
2.6759e-05
2.76832e-05
2.86074e-05
2.95316e-05
3.04558e-05
3.138e-05
3.23042e-05
3.32284e-05
3.55389e-05

(d) t=30

IsoValue
1.52065e-05
1.66656e-05
1.76384e-05
1.86111e-05
1.95838e-05
2.05566e-05
2.15293e-05
2.25021e-05
2.34748e-05
2.44475e-05
2.54203e-05
2.6393e-05
2.73657e-05
2.83385e-05
2.93112e-05
3.02839e-05
3.12567e-05
3.22294e-05
3.32021e-05
3.5634e-05

(e) t=40

IsoValue
1.56287e-05
1.7039e-05
1.79792e-05
1.89194e-05
1.98595e-05
2.07997e-05
2.17399e-05
2.26801e-05
2.36203e-05
2.45604e-05
2.55006e-05
2.64408e-05
2.7381e-05
2.83212e-05
2.92613e-05
3.02015e-05
3.11417e-05
3.20819e-05
3.30221e-05
3.53725e-05

(f) t=50

Figure 4.10: Time evolution of solution u using Modified Newton method for T = 50,
u0 = 10�5 sin(10πy), τ = 0.05, and a 65� 65 grid on Ω = [0, π]� [0, π]

4.1.3 Test 3

We set domain Ω = [0, 20]� [0, 20] with A = 12. The initial condition
u0(x, y) = �10�5(x� 10)e�0.5(x�10)2�0.5(y�10)2

and τ = 0.05, and T = 50.
We test the algorithm for the case where n0 = 1020e�(x�10)2/8�(y�10)2/8,
and wci = 107.
In Figures 4.11, 4.12, and 4.13, we plot the solutions of Algorithms 1,
2 and 3 respectively at different times, where we consider number of
intervals in the x and y directions to be n = 16. In Figures 4.14, and
4.15, we plot the solutions of Algorithm 3 at different times whereby we
consider the number of intervals in x and y directions to be n = 32 and
64 respectively.
The same behavior is observed for the three methods where the solution
is moving in circular motion around the center of the domain (10, 10),
as shown in figures 4.11, 4.12, 4.13 for n = 16. Moreover, increasing n

from 16, 32 to 64, i.e. decreasing h from
20
16

� 1.25 to
20
32

� 0.625 to
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20
64

� 0.3125 improves the accuracy of the solution, while not affecting
the circular motion as shown in figures 4.13, 4.14 and 4.15.

IsoValue
-6.32533e-06
-5.42171e-06
-4.8193e-06
-4.21689e-06
-3.61447e-06
-3.01206e-06
-2.40965e-06
-1.80724e-06
-1.20482e-06
-6.02412e-07
-1.48231e-21
6.02412e-07
1.20482e-06
1.80724e-06
2.40965e-06
3.01206e-06
3.61447e-06
4.21689e-06
4.8193e-06
6.32533e-06

(a) t=0

IsoValue
-4.43625e-06
-3.80061e-06
-3.37685e-06
-2.95309e-06
-2.52933e-06
-2.10558e-06
-1.68182e-06
-1.25806e-06
-8.34301e-07
-4.10543e-07
1.32155e-08
4.36974e-07
8.60732e-07
1.28449e-06
1.70825e-06
2.13201e-06
2.55577e-06
2.97952e-06
3.40328e-06
4.46268e-06

(b) t=10

IsoValue
-3.11833e-06
-2.66235e-06
-2.35835e-06
-2.05436e-06
-1.75037e-06
-1.44638e-06
-1.14238e-06
-8.38393e-07
-5.344e-07
-2.30408e-07
7.35838e-08
3.77576e-07
6.81568e-07
9.8556e-07
1.28955e-06
1.59354e-06
1.89754e-06
2.20153e-06
2.50552e-06
3.2655e-06

(c) t=20

IsoValue
-1.99807e-06
-1.62499e-06
-1.37627e-06
-1.12755e-06
-8.78834e-07
-6.30114e-07
-3.81395e-07
-1.32675e-07
1.16045e-07
3.64764e-07
6.13484e-07
8.62203e-07
1.11092e-06
1.35964e-06
1.60836e-06
1.85708e-06
2.1058e-06
2.35452e-06
2.60324e-06
3.22504e-06

(d) t=30

IsoValue
-1.74003e-06
-1.39333e-06
-1.1622e-06
-9.31063e-07
-6.99931e-07
-4.68799e-07
-2.37666e-07
-6.53372e-09
2.24599e-07
4.55731e-07
6.86864e-07
9.17996e-07
1.14913e-06
1.38026e-06
1.61139e-06
1.84253e-06
2.07366e-06
2.30479e-06
2.53592e-06
3.11375e-06

(e) t=40

IsoValue
-1.64451e-06
-1.30621e-06
-1.08067e-06
-8.55137e-07
-6.29601e-07
-4.04065e-07
-1.7853e-07
4.70061e-08
2.72542e-07
4.98078e-07
7.23613e-07
9.49149e-07
1.17468e-06
1.40022e-06
1.62576e-06
1.85129e-06
2.07683e-06
2.30236e-06
2.5279e-06
3.09174e-06

(f) t=50

Figure 4.11: Time evolution of solution u using full newton method for T = 50,
u0(x, y) = �10�5(x � 10)e�0.5(x�10)2

�0.5(y�10)2
, τ = 0.05, and a 17� 17 grid on Ω =

[0, 20]� [0, 20]

IsoValue
-6.32533e-06
-5.42171e-06
-4.8193e-06
-4.21689e-06
-3.61447e-06
-3.01206e-06
-2.40965e-06
-1.80724e-06
-1.20482e-06
-6.02412e-07
-1.48231e-21
6.02412e-07
1.20482e-06
1.80724e-06
2.40965e-06
3.01206e-06
3.61447e-06
4.21689e-06
4.8193e-06
6.32533e-06

(a) t=0

IsoValue
-4.43624e-06
-3.8006e-06
-3.37685e-06
-2.95309e-06
-2.52933e-06
-2.10557e-06
-1.68181e-06
-1.25806e-06
-8.34299e-07
-4.10541e-07
1.32174e-08
4.36975e-07
8.60733e-07
1.28449e-06
1.70825e-06
2.13201e-06
2.55577e-06
2.97952e-06
3.40328e-06
4.46268e-06

(b) t=10

IsoValue
-3.11832e-06
-2.66233e-06
-2.35834e-06
-2.05435e-06
-1.75036e-06
-1.44636e-06
-1.14237e-06
-8.38379e-07
-5.34387e-07
-2.30395e-07
7.35965e-08
3.77589e-07
6.81581e-07
9.85573e-07
1.28956e-06
1.59356e-06
1.89755e-06
2.20154e-06
2.50553e-06
3.26551e-06

(c) t=20

IsoValue
-1.99806e-06
-1.62498e-06
-1.37626e-06
-1.12755e-06
-8.78826e-07
-6.30107e-07
-3.81388e-07
-1.32669e-07
1.1605e-07
3.64769e-07
6.13488e-07
8.62207e-07
1.11093e-06
1.35965e-06
1.60836e-06
1.85708e-06
2.1058e-06
2.35452e-06
2.60324e-06
3.22504e-06

(d) t=30

IsoValue
-1.74004e-06
-1.39334e-06
-1.1622e-06
-9.31072e-07
-6.9994e-07
-4.68808e-07
-2.37675e-07
-6.54302e-09
2.24589e-07
4.55722e-07
6.86854e-07
9.17986e-07
1.14912e-06
1.38025e-06
1.61138e-06
1.84252e-06
2.07365e-06
2.30478e-06
2.53591e-06
3.11374e-06

(e) t=40

IsoValue
-1.64451e-06
-1.30621e-06
-1.08068e-06
-8.5514e-07
-6.29604e-07
-4.04069e-07
-1.78534e-07
4.70019e-08
2.72537e-07
4.98073e-07
7.23608e-07
9.49144e-07
1.17468e-06
1.40021e-06
1.62575e-06
1.85129e-06
2.07682e-06
2.30236e-06
2.52789e-06
3.09173e-06

(f) t=50

Figure 4.12: Time evolution of solution u using chord method for T = 50, u0(x, y) =
�10�5(x�10)e�0.5(x�10)2

�0.5(y�10)2
, τ = 0.05, and a 17�17 grid on Ω = [0, 20]� [0, 20]
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IsoValue
-6.32533e-06
-5.42171e-06
-4.8193e-06
-4.21689e-06
-3.61447e-06
-3.01206e-06
-2.40965e-06
-1.80724e-06
-1.20482e-06
-6.02412e-07
-1.48231e-21
6.02412e-07
1.20482e-06
1.80724e-06
2.40965e-06
3.01206e-06
3.61447e-06
4.21689e-06
4.8193e-06
6.32533e-06

(a) t=0

IsoValue
-4.43625e-06
-3.80061e-06
-3.37685e-06
-2.95309e-06
-2.52933e-06
-2.10558e-06
-1.68182e-06
-1.25806e-06
-8.34301e-07
-4.10543e-07
1.32155e-08
4.36974e-07
8.60732e-07
1.28449e-06
1.70825e-06
2.13201e-06
2.55577e-06
2.97952e-06
3.40328e-06
4.46268e-06

(b) t=10

IsoValue
-3.11833e-06
-2.66235e-06
-2.35835e-06
-2.05436e-06
-1.75037e-06
-1.44638e-06
-1.14238e-06
-8.38393e-07
-5.344e-07
-2.30408e-07
7.35838e-08
3.77576e-07
6.81568e-07
9.8556e-07
1.28955e-06
1.59354e-06
1.89754e-06
2.20153e-06
2.50552e-06
3.2655e-06

(c) t=20

IsoValue
-1.99807e-06
-1.62499e-06
-1.37627e-06
-1.12755e-06
-8.78834e-07
-6.30114e-07
-3.81395e-07
-1.32675e-07
1.16045e-07
3.64764e-07
6.13484e-07
8.62203e-07
1.11092e-06
1.35964e-06
1.60836e-06
1.85708e-06
2.1058e-06
2.35452e-06
2.60324e-06
3.22504e-06

(d) t=30

IsoValue
-1.74003e-06
-1.39333e-06
-1.1622e-06
-9.31063e-07
-6.99931e-07
-4.68799e-07
-2.37666e-07
-6.53372e-09
2.24599e-07
4.55731e-07
6.86864e-07
9.17996e-07
1.14913e-06
1.38026e-06
1.61139e-06
1.84253e-06
2.07366e-06
2.30479e-06
2.53592e-06
3.11375e-06

(e) t=40

IsoValue
-1.64451e-06
-1.30621e-06
-1.08067e-06
-8.55137e-07
-6.29601e-07
-4.04065e-07
-1.7853e-07
4.70061e-08
2.72542e-07
4.98078e-07
7.23613e-07
9.49149e-07
1.17468e-06
1.40022e-06
1.62576e-06
1.85129e-06
2.07683e-06
2.30236e-06
2.5279e-06
3.09174e-06

(f) t=50

Figure 4.13: Time evolution of solution u using Modified Newton method for T = 50,
u0(x, y) = �10�5(x � 10)e�0.5(x�10)2

�0.5(y�10)2
, and a 17� 17 grid on Ω = [0, 20] �

[0, 20]
IsoValue
-6.32533e-06
-5.42171e-06
-4.8193e-06
-4.21689e-06
-3.61447e-06
-3.01206e-06
-2.40965e-06
-1.80724e-06
-1.20482e-06
-6.02412e-07
-1.48231e-21
6.02412e-07
1.20482e-06
1.80724e-06
2.40965e-06
3.01206e-06
3.61447e-06
4.21689e-06
4.8193e-06
6.32533e-06

(a) t=0

IsoValue
-6.21959e-06
-5.38109e-06
-4.82209e-06
-4.2631e-06
-3.7041e-06
-3.1451e-06
-2.58611e-06
-2.02711e-06
-1.46811e-06
-9.09114e-07
-3.50117e-07
2.08879e-07
7.67876e-07
1.32687e-06
1.88587e-06
2.44487e-06
3.00386e-06
3.56286e-06
4.12186e-06
5.51935e-06

(b) t=10

IsoValue
-4.27007e-06
-3.62685e-06
-3.19804e-06
-2.76923e-06
-2.34042e-06
-1.91161e-06
-1.4828e-06
-1.05398e-06
-6.25174e-07
-1.96363e-07
2.32448e-07
6.61259e-07
1.09007e-06
1.51888e-06
1.94769e-06
2.3765e-06
2.80531e-06
3.23412e-06
3.66294e-06
4.73496e-06

(c) t=20

IsoValue
-2.47865e-06
-2.02208e-06
-1.7177e-06
-1.41332e-06
-1.10894e-06
-8.04557e-07
-5.00176e-07
-1.95795e-07
1.08587e-07
4.12968e-07
7.17349e-07
1.02173e-06
1.32611e-06
1.63049e-06
1.93487e-06
2.23926e-06
2.54364e-06
2.84802e-06
3.1524e-06
3.91335e-06

(d) t=30

IsoValue
-2.13632e-06
-1.71212e-06
-1.42932e-06
-1.14653e-06
-8.63729e-07
-5.80932e-07
-2.98135e-07
-1.5338e-08
2.67459e-07
5.50256e-07
8.33053e-07
1.11585e-06
1.39865e-06
1.68144e-06
1.96424e-06
2.24704e-06
2.52984e-06
2.81263e-06
3.09543e-06
3.80242e-06

(e) t=40

IsoValue
-2.00883e-06
-1.60819e-06
-1.34109e-06
-1.074e-06
-8.06905e-07
-5.39811e-07
-2.72716e-07
-5.62187e-09
2.61473e-07
5.28567e-07
7.95662e-07
1.06276e-06
1.32985e-06
1.59695e-06
1.86404e-06
2.13113e-06
2.39823e-06
2.66532e-06
2.93242e-06
3.60015e-06

(f) t=50

Figure 4.14: Time evolution of solution u using Modified Newton method for T = 50,
u0(x, y) = �10�5(x � 10)e�0.5(x�10)2

�0.5(y�10)2
, τ = 0.05, and a 33� 33 grid on Ω =

[0, 20]� [0, 20]
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IsoValue
-6.67705e-06
-5.72319e-06
-5.08728e-06
-4.45137e-06
-3.81546e-06
-3.17955e-06
-2.54364e-06
-1.90773e-06
-1.27182e-06
-6.3591e-07
8.47033e-22
6.3591e-07
1.27182e-06
1.90773e-06
2.54364e-06
3.17955e-06
3.81546e-06
4.45137e-06
5.08728e-06
6.67705e-06

(a) t=0

IsoValue
-6.20269e-06
-5.33222e-06
-4.75191e-06
-4.17159e-06
-3.59128e-06
-3.01096e-06
-2.43065e-06
-1.85033e-06
-1.27001e-06
-6.897e-07
-1.09384e-07
4.70931e-07
1.05125e-06
1.63156e-06
2.21188e-06
2.79219e-06
3.37251e-06
3.95282e-06
4.53314e-06
5.98393e-06

(b) t=10

IsoValue
-4.77115e-06
-4.07248e-06
-3.60669e-06
-3.14091e-06
-2.67513e-06
-2.20935e-06
-1.74357e-06
-1.27779e-06
-8.12006e-07
-3.46224e-07
1.19557e-07
5.85339e-07
1.05112e-06
1.5169e-06
1.98268e-06
2.44846e-06
2.91425e-06
3.38003e-06
3.84581e-06
5.01026e-06

(c) t=20

IsoValue
-3.26573e-06
-2.75238e-06
-2.41015e-06
-2.06792e-06
-1.7257e-06
-1.38347e-06
-1.04124e-06
-6.99008e-07
-3.56779e-07
-1.45494e-08
3.2768e-07
6.69909e-07
1.01214e-06
1.35437e-06
1.6966e-06
2.03883e-06
2.38105e-06
2.72328e-06
3.06551e-06
3.92109e-06

(d) t=30

IsoValue
-2.26864e-06
-1.86931e-06
-1.60308e-06
-1.33686e-06
-1.07064e-06
-8.04419e-07
-5.38197e-07
-2.71975e-07
-5.75321e-09
2.60469e-07
5.2669e-07
7.92912e-07
1.05913e-06
1.32536e-06
1.59158e-06
1.8578e-06
2.12402e-06
2.39024e-06
2.65646e-06
3.32202e-06

(e) t=40

IsoValue
-1.84535e-06
-1.51428e-06
-1.29356e-06
-1.07284e-06
-8.52121e-07
-6.31403e-07
-4.10685e-07
-1.89967e-07
3.07516e-08
2.5147e-07
4.72188e-07
6.92906e-07
9.13624e-07
1.13434e-06
1.35506e-06
1.57578e-06
1.7965e-06
2.01722e-06
2.23793e-06
2.78973e-06

(f) t=50

Figure 4.15: Time evolution of solution u using Modified Newton method for T = 50,
u0(x, y) = �10�5(x� 10)e�0.5(x�10)2

�0.5(y�10)2
, τ = 0.05, and a 65� 65 grid on

Ω = [0, 20]� [0, 20]

4.1.4 Comparison and Analysis of results

We show the runtimes (in seconds) of the three methods for the tests
with number of intervals in x and y directions, n = 16 in Table 4.1.
Moreover, the number of iterations k per time step of the three methods
for the three tests is shown in Table 4.2. Also, runtimes (in seconds)
of Modified Newton’s method for the three tests with different number
of intervals in the x and y directions n is shown in Table 4.3. Note we
consider end time to be T = 50.
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Methods test 1 test 2 test 3
Newton’s Method 1785.1 s 3966.42 s 3691.87 s

Chord Method 2015.92 s 1591.3 sec 2158.94 s
Modified Newton Method 8.491 s 15.739 sec 17.728 s

Table 4.1: Runtimes of the three methods for three the tests number of intervals in
the x and y directions, n = 16 and T = 50

Methods test 1 test 2 test 3
Newton’s Method 1 2 2

Chord Method 1 2 2
Modified Newton Method 1 2 2

Table 4.2: Number of iterations k per time step

n test 1 test 2 test 3
16 8.491 s 15.739 s 17.728 s
32 34.706 s 67.722 s 95.765 s
64 209.37 s 542.09 s 876.72 s

Table 4.3: Runtimes of Modified Newton’s methods for the three tests with different
number of intervals in the x and y directions n for T = 50

Based on the runtimes shown in Table 4.1 for tests 2 and 3, it is clear that
Modified Newton’s method is the fastest, followed by Chord’s method
and then Newton’s method.

This result is justified as matrix B(W) is computed at every Newton it-
eration (2 times per time step). However, in chord’s method B(W) is
computed once per time step, and in Modified Newton B(W) is absent.
We are unable to deduce the speed from test 1 since there is a single
Newton’s iteration per time step as shown in Table ??. However, ac-
cording to Table 4.2, the number of iterations per time step in chord and
Modified Newton is 2.

For t = 0, one additional iteration per time step is obtained in all tests
and all methods( 2 for test 1 and 3 for test 2 and test 3).

Note that as number of intervals in x and y directions increase the run-
time increases as shown in Table 4.3 for Modified Newton with n = 16,
32 and 64.
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All the tests indicate that changing the initial conditions and grid size
don’t affect the growth of the solution for all Newton-type methods
which is not the case in semi-linear as it is shown in the next section.

4.2 Semi-linear versus Modified Newton’s Method

In this section we are going to show the plots for tests 1, 2 and 3 com-
paring the solutions of semi-linear obtained in algorithm 1 by N-Nassif,
S-Moufawad, H- Karakazian in their recent work [9] and the solutions
of Modified Newton.

We set a cap of 0.3 such that for electrostatic potential values exceeding
0.3, the numerical solution will no longer be admissible and the algo-
rithm stopped. Such cap on time was added to avoid computing non
admissible physical solutions. Note that there is a umax = 0.3 and there-
fore a tmax and if the cap not reached tmax by default becomes equal to
end time.

We consider number of intervals in x and y directions n = 64

4.2.1 Test 1

In Figures 4.16, and 4.17, we plot the solutions of Algorithms 3, and
semi-linear algorithm 1 in [9] respectively at different times, where we
consider number of intervals in the x and y directions to be n = 64, and
the end time T = 200.

In the semi-linear case, the solution remains unchanged up till t = 31.65,
after the transition time where the solution shifts from sine function in
the x-direction to a sine function in the y-direction, and the numerical
solution is no longer admissible (umax exceeds 0.3) before the end time
T = 200 reached. However, in Modified Newton’s method the solu-
tion remains in x-direction, unchanged and didn’t exceed the admissible
maximum value up till end time T = 200.
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IsoValue
-1.1052e-05
-9.474e-06
-8.422e-06
-7.37001e-06
-6.31801e-06
-5.26601e-06
-4.21401e-06
-3.16202e-06
-2.11002e-06
-1.05802e-06
-6.02272e-09
1.04597e-06
2.09797e-06
3.14997e-06
4.20197e-06
5.25397e-06
6.30596e-06
7.35796e-06
8.40996e-06
1.104e-05

(a) t=0

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(b) t=10

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(c) t=20

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(d) t=30

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(e) t=40

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(f) t=50

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(g) t=60

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(h) t=61

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(i) t=62

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(j) t=63

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(k) t=70

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(l) t=75.15

Figure 4.16: Time evolution of solution u for test 1 using Modified Newton method
for T = 200, u0 = 10�5 sin(3x), τ = 0.05, and a 65� 65 grid on Ω = [0, π]� [0, π]
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IsoValue
-1.1052e-05
-9.474e-06
-8.422e-06
-7.37001e-06
-6.31801e-06
-5.26601e-06
-4.21401e-06
-3.16202e-06
-2.11002e-06
-1.05802e-06
-6.02272e-09
1.04597e-06
2.09797e-06
3.14997e-06
4.20197e-06
5.25397e-06
6.30596e-06
7.35796e-06
8.40996e-06
1.104e-05

(a) t=0

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(b) t=10

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(c) t=20

IsoValue
1.45428e-06
3.81426e-06
5.38758e-06
6.9609e-06
8.53422e-06
1.01075e-05
1.16809e-05
1.32542e-05
1.48275e-05
1.64008e-05
1.79741e-05
1.95475e-05
2.11208e-05
2.26941e-05
2.42674e-05
2.58407e-05
2.74141e-05
2.89874e-05
3.05607e-05
3.4494e-05

(d) t=30

IsoValue
1.45332e-06
3.81343e-06
5.38685e-06
6.96026e-06
8.53367e-06
1.01071e-05
1.16805e-05
1.32539e-05
1.48273e-05
1.64007e-05
1.79741e-05
1.95476e-05
2.1121e-05
2.26944e-05
2.42678e-05
2.58412e-05
2.74146e-05
2.8988e-05
3.05614e-05
3.4495e-05

(e) t=40

IsoValue
1.1947e-06
3.59176e-06
5.18981e-06
6.78785e-06
8.38589e-06
9.98393e-06
1.1582e-05
1.318e-05
1.47781e-05
1.63761e-05
1.79741e-05
1.95722e-05
2.11702e-05
2.27683e-05
2.43663e-05
2.59643e-05
2.75624e-05
2.91604e-05
3.07585e-05
3.47536e-05

(f) t=50

IsoValue
-6.83318e-05
-5.60024e-05
-4.77828e-05
-3.95631e-05
-3.13435e-05
-2.31239e-05
-1.49042e-05
-6.68461e-06
1.53502e-06
9.75465e-06
1.79743e-05
2.61939e-05
3.44135e-05
4.26332e-05
5.08528e-05
5.90724e-05
6.72921e-05
7.55117e-05
8.37313e-05
0.00010428

(g) t=60

IsoValue
-0.000120633
-0.000100832
-8.76315e-05
-7.44308e-05
-6.12301e-05
-4.80293e-05
-3.48286e-05
-2.16278e-05
-8.42709e-06
4.77365e-06
1.79744e-05
3.11751e-05
4.43759e-05
5.75766e-05
7.07774e-05
8.39781e-05
9.71788e-05
0.00011038
0.00012358
0.000156582

(h) t=61

IsoValue
-0.000212129
-0.000179257
-0.000157342
-0.000135427
-0.000113513
-9.15983e-05
-6.96837e-05
-4.77692e-05
-2.58546e-05
-3.94e-06
1.79746e-05
3.98892e-05
6.18037e-05
8.37183e-05
0.000105633
0.000127547
0.000149462
0.000171377
0.000193291
0.000248078

(i) t=62

IsoValue
-0.000372185
-0.000316448
-0.00027929
-0.000242132
-0.000204973
-0.000167815
-0.000130657
-9.34993e-05
-5.63412e-05
-1.91832e-05
1.79749e-05
5.5133e-05
9.2291e-05
0.000129449
0.000166607
0.000203765
0.000240923
0.000278081
0.000315239
0.000408135

(j) t=63

IsoValue
-0.0187234
-0.016046
-0.0142611
-0.0124762
-0.0106913
-0.00890646
-0.00712156
-0.00533667
-0.00355177
-0.00176688
1.80134e-05
0.00180291
0.0035878
0.0053727
0.00715759
0.00894248
0.0107274
0.0125123
0.0142972
0.0187594

(k) t=70

IsoValue
-0.333689
-0.286016
-0.254235
-0.222453
-0.190671
-0.15889
-0.127108
-0.0953263
-0.0635446
-0.0317629
1.87724e-05
0.0318005
0.0635821
0.0953638
0.127146
0.158927
0.190709
0.222491
0.254272
0.333726

(l) t=75.15

Figure 4.17: Time evolution of solution u for test 1 using semi-linear for T = 200,
u0 = 10�5 sin(3x), τ = 0.05, and a 65� 65 grid on Ω = [0, π]� [0, π]

4.2.2 Test 2

In Figures 4.18, and 4.19, we plot the solutions of Algorithms 3, and
semi-linear algorithm 1 in [9] respectively at different times, where we
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consider number of intervals in the x and y directions to be n = 64,
and the end time T = 200. The solution moves in y-direction in both
methods.

In the semi-linear method, umax is reached very fast as the solution ex-
ceeds the admissible maximum value way before the end time T = 200,
which is not the case for the Modified Newton’s method.

IsoValue
-1.10461e-05
-9.46787e-06
-8.41569e-06
-7.36351e-06
-6.31133e-06
-5.25915e-06
-4.20697e-06
-3.15479e-06
-2.10261e-06
-1.05043e-06
1.74546e-09
1.05392e-06
2.1061e-06
3.15828e-06
4.21046e-06
5.26264e-06
6.31482e-06
7.367e-06
8.41918e-06
1.10496e-05

(a) t=0

IsoValue
1.20243e-05
1.41053e-05
1.54927e-05
1.68801e-05
1.82674e-05
1.96548e-05
2.10422e-05
2.24296e-05
2.38169e-05
2.52043e-05
2.65917e-05
2.79791e-05
2.93664e-05
3.07538e-05
3.21412e-05
3.35285e-05
3.49159e-05
3.63033e-05
3.76907e-05
4.11591e-05

(b) t=2

IsoValue
1.29013e-05
1.46163e-05
1.57596e-05
1.69029e-05
1.80462e-05
1.91895e-05
2.03328e-05
2.14761e-05
2.26194e-05
2.37627e-05
2.4906e-05
2.60493e-05
2.71926e-05
2.83359e-05
2.94791e-05
3.06224e-05
3.17657e-05
3.2909e-05
3.40523e-05
3.69106e-05

(c) t=4

IsoValue
1.32075e-05
1.50866e-05
1.63393e-05
1.75921e-05
1.88448e-05
2.00976e-05
2.13503e-05
2.26031e-05
2.38558e-05
2.51085e-05
2.63613e-05
2.7614e-05
2.88668e-05
3.01195e-05
3.13723e-05
3.2625e-05
3.38777e-05
3.51305e-05
3.63832e-05
3.95151e-05

(d) t=6

IsoValue
1.35421e-05
1.52404e-05
1.63726e-05
1.75048e-05
1.86371e-05
1.97693e-05
2.09015e-05
2.20337e-05
2.3166e-05
2.42982e-05
2.54304e-05
2.65626e-05
2.76949e-05
2.88271e-05
2.99593e-05
3.10915e-05
3.22238e-05
3.3356e-05
3.44882e-05
3.73188e-05

(e) t=8

IsoValue
1.31295e-05
1.47871e-05
1.58921e-05
1.69972e-05
1.81022e-05
1.92073e-05
2.03124e-05
2.14174e-05
2.25225e-05
2.36275e-05
2.47326e-05
2.58377e-05
2.69427e-05
2.80478e-05
2.91528e-05
3.02579e-05
3.1363e-05
3.2468e-05
3.35731e-05
3.63357e-05

(f) t=10

IsoValue
1.55196e-05
1.70904e-05
1.81376e-05
1.91848e-05
2.0232e-05
2.12792e-05
2.23264e-05
2.33736e-05
2.44208e-05
2.5468e-05
2.65152e-05
2.75624e-05
2.86096e-05
2.96568e-05
3.0704e-05
3.17512e-05
3.27984e-05
3.38456e-05
3.48928e-05
3.75108e-05

(g) t=12

IsoValue
1.56337e-05
1.71245e-05
1.81183e-05
1.91122e-05
2.0106e-05
2.10999e-05
2.20938e-05
2.30876e-05
2.40815e-05
2.50753e-05
2.60692e-05
2.70631e-05
2.80569e-05
2.90508e-05
3.00446e-05
3.10385e-05
3.20324e-05
3.30262e-05
3.40201e-05
3.65047e-05

(h) t=14

IsoValue
1.27695e-05
1.44004e-05
1.54877e-05
1.6575e-05
1.76623e-05
1.87495e-05
1.98368e-05
2.09241e-05
2.20113e-05
2.30986e-05
2.41859e-05
2.52731e-05
2.63604e-05
2.74477e-05
2.8535e-05
2.96222e-05
3.07095e-05
3.17968e-05
3.2884e-05
3.56022e-05

(i) t=16

IsoValue
1.57313e-05
1.7246e-05
1.82558e-05
1.92655e-05
2.02753e-05
2.12851e-05
2.22948e-05
2.33046e-05
2.43144e-05
2.53242e-05
2.63339e-05
2.73437e-05
2.83535e-05
2.93632e-05
3.0373e-05
3.13828e-05
3.23925e-05
3.34023e-05
3.44121e-05
3.69365e-05

(j) t=18

IsoValue
1.50817e-05
1.66174e-05
1.76413e-05
1.86651e-05
1.96889e-05
2.07127e-05
2.17366e-05
2.27604e-05
2.37842e-05
2.4808e-05
2.58319e-05
2.68557e-05
2.78795e-05
2.89033e-05
2.99272e-05
3.0951e-05
3.19748e-05
3.29986e-05
3.40225e-05
3.6582e-05

(k) t=18.3

IsoValue
1.50067e-05
1.6549e-05
1.75772e-05
1.86055e-05
1.96337e-05
2.06619e-05
2.16902e-05
2.27184e-05
2.37467e-05
2.47749e-05
2.58031e-05
2.68314e-05
2.78596e-05
2.88878e-05
2.99161e-05
3.09443e-05
3.19725e-05
3.30008e-05
3.4029e-05
3.65996e-05

(l) t=18.35

Figure 4.18: Time evolution of solution u for test 2 using Modified Newton method
for T = 200, u0 = 10�5 sin(10πy), τ = 0.05, and a 65� 65 grid on Ω = [0, π]� [0, π]
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IsoValue
-1.10461e-05
-9.46787e-06
-8.41569e-06
-7.36351e-06
-6.31133e-06
-5.25915e-06
-4.20697e-06
-3.15479e-06
-2.10261e-06
-1.05043e-06
1.74546e-09
1.05392e-06
2.1061e-06
3.15828e-06
4.21046e-06
5.26264e-06
6.31482e-06
7.367e-06
8.41918e-06
1.10496e-05

(a) t=0

IsoValue
-1.58799e-05
-9.40011e-06
-5.08026e-06
-7.60404e-07
3.55945e-06
7.87931e-06
1.21992e-05
1.6519e-05
2.08389e-05
2.51587e-05
2.94786e-05
3.37984e-05
3.81183e-05
4.24382e-05
4.6758e-05
5.10779e-05
5.53977e-05
5.97176e-05
6.40374e-05
7.48371e-05

(b) t=2

IsoValue
-8.77883e-05
-7.11574e-05
-6.00701e-05
-4.89828e-05
-3.78956e-05
-2.68083e-05
-1.5721e-05
-4.63375e-06
6.45352e-06
1.75408e-05
2.86281e-05
3.97153e-05
5.08026e-05
6.18899e-05
7.29771e-05
8.40644e-05
9.51517e-05
0.000106239
0.000117326
0.000145044

(c) t=4

IsoValue
-0.000319739
-0.000271065
-0.000238616
-0.000206166
-0.000173717
-0.000141267
-0.000108818
-7.63684e-05
-4.3919e-05
-1.14695e-05
2.09799e-05
5.34293e-05
8.58788e-05
0.000118328
0.000150778
0.000183227
0.000215676
0.000248126
0.000280575
0.000361699

(d) t=6

IsoValue
-0.00100537
-0.000859232
-0.000761804
-0.000664377
-0.000566949
-0.000469522
-0.000372094
-0.000274667
-0.000177239
-7.98118e-05
1.76156e-05
0.000115043
0.000212471
0.000309898
0.000407326
0.000504753
0.000602181
0.000699608
0.000797036
0.0010406

(e) t=8

IsoValue
-0.00313249
-0.00268433
-0.00238555
-0.00208678
-0.001788
-0.00148923
-0.00119045
-0.000891677
-0.000592902
-0.000294127
4.64809e-06
0.000303423
0.000602198
0.000900973
0.00119975
0.00149852
0.0017973
0.00209607
0.00239485
0.00314178

(f) t=10

IsoValue
-0.00961542
-0.00824134
-0.00732528
-0.00640922
-0.00549316
-0.00457711
-0.00366105
-0.00274499
-0.00182894
-0.000912879
3.17857e-06
0.000919236
0.00183529
0.00275135
0.00366741
0.00458346
0.00549952
0.00641558
0.00733164
0.00962178

(g) t=12

IsoValue
-0.0294208
-0.0252162
-0.0224131
-0.01961
-0.016807
-0.0140039
-0.0112008
-0.00839777
-0.0055947
-0.00279163
1.14373e-05
0.00281451
0.00561757
0.00842064
0.0112237
0.0140268
0.0168298
0.0196329
0.022436
0.0294437

(h) t=14

IsoValue
-0.0900182
-0.0771499
-0.068571
-0.0599922
-0.0514133
-0.0428344
-0.0342556
-0.0256767
-0.0170978
-0.00851898
5.98792e-05
0.00863874
0.0172176
0.0257965
0.0343753
0.0429542
0.0515331
0.0601119
0.0686908
0.0901379

(i) t=16

IsoValue
-0.275462
-0.236091
-0.209844
-0.183597
-0.15735
-0.131102
-0.104855
-0.0786081
-0.0523609
-0.0261137
0.000133548
0.0263808
0.052628
0.0788752
0.105122
0.13137
0.157617
0.183864
0.210111
0.275729

(j) t=18

IsoValue
-0.326047
-0.279463
-0.248407
-0.217351
-0.186295
-0.155239
-0.124183
-0.0931272
-0.0620712
-0.0310153
4.07028e-05
0.0310967
0.0621526
0.0932086
0.124265
0.155321
0.186376
0.217432
0.248488
0.326128

(k) t=18.2

IsoValue
-0.335012
-0.287154
-0.255248
-0.223343
-0.191438
-0.159533
-0.127627
-0.0957221
-0.0638169
-0.0319116
-6.33293e-06
0.0318989
0.0638042
0.0957094
0.127615
0.15952
0.191425
0.22333
0.255236
0.334999

(l) t=18.35

Figure 4.19: Time evolution of solution u for test 2 using semi-linear for T = 200,
u0 = 10�5 sin(10πy), τ = 0.05, and a 65� 65 grid on Ω = [0, 20]� [0, 20]
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4.2.3 Test 3

In Figures 4.20, and 4.21, we plot the solutions of Algorithms 3, and
semi-linear algorithm 1 in [9] respectively at different times, where we
consider number of intervals in the x and y directions to be n = 64,
and the end time T = 200. In both methods, we have a wave moving
in circular fashion around the center of the domain (10, 10) where the
values of the solution vary slightly with respect to the initial condition.

IsoValue
-6.67705e-06
-5.72319e-06
-5.08728e-06
-4.45137e-06
-3.81546e-06
-3.17955e-06
-2.54364e-06
-1.90773e-06
-1.27182e-06
-6.3591e-07
8.47033e-22
6.3591e-07
1.27182e-06
1.90773e-06
2.54364e-06
3.17955e-06
3.81546e-06
4.45137e-06
5.08728e-06
6.67705e-06

(a) t=0

IsoValue
-6.20269e-06
-5.33222e-06
-4.75191e-06
-4.17159e-06
-3.59128e-06
-3.01096e-06
-2.43065e-06
-1.85033e-06
-1.27001e-06
-6.897e-07
-1.09384e-07
4.70931e-07
1.05125e-06
1.63156e-06
2.21188e-06
2.79219e-06
3.37251e-06
3.95282e-06
4.53314e-06
5.98393e-06

(b) t=10

IsoValue
-4.77115e-06
-4.07248e-06
-3.60669e-06
-3.14091e-06
-2.67513e-06
-2.20935e-06
-1.74357e-06
-1.27779e-06
-8.12006e-07
-3.46224e-07
1.19557e-07
5.85339e-07
1.05112e-06
1.5169e-06
1.98268e-06
2.44846e-06
2.91425e-06
3.38003e-06
3.84581e-06
5.01026e-06

(c) t=20

IsoValue
-2.26864e-06
-1.86931e-06
-1.60308e-06
-1.33686e-06
-1.07064e-06
-8.04419e-07
-5.38197e-07
-2.71975e-07
-5.75321e-09
2.60469e-07
5.2669e-07
7.92912e-07
1.05913e-06
1.32536e-06
1.59158e-06
1.8578e-06
2.12402e-06
2.39024e-06
2.65646e-06
3.32202e-06

(d) t=40

IsoValue
-1.643e-06
-1.34586e-06
-1.14776e-06
-9.49669e-07
-7.51575e-07
-5.53481e-07
-3.55387e-07
-1.57293e-07
4.08014e-08
2.38895e-07
4.3699e-07
6.35084e-07
8.33178e-07
1.03127e-06
1.22937e-06
1.42746e-06
1.62555e-06
1.82365e-06
2.02174e-06
2.51698e-06

(e) t=60

IsoValue
-1.53717e-06
-1.2763e-06
-1.10239e-06
-9.28474e-07
-7.54562e-07
-5.8065e-07
-4.06737e-07
-2.32825e-07
-5.89129e-08
1.14999e-07
2.88912e-07
4.62824e-07
6.36736e-07
8.10648e-07
9.8456e-07
1.15847e-06
1.33238e-06
1.5063e-06
1.68021e-06
2.11499e-06

(f) t=80

IsoValue
-1.59054e-06
-1.34242e-06
-1.17701e-06
-1.0116e-06
-8.46188e-07
-6.80776e-07
-5.15365e-07
-3.49954e-07
-1.84542e-07
-1.91311e-08
1.4628e-07
3.11692e-07
4.77103e-07
6.42514e-07
8.07925e-07
9.73337e-07
1.13875e-06
1.30416e-06
1.46957e-06
1.8831e-06

(g) t=100

IsoValue
-1.97182e-06
-1.6997e-06
-1.51829e-06
-1.33688e-06
-1.15547e-06
-9.74061e-07
-7.92651e-07
-6.1124e-07
-4.2983e-07
-2.4842e-07
-6.70092e-08
1.14401e-07
2.95812e-07
4.77222e-07
6.58632e-07
8.40043e-07
1.02145e-06
1.20286e-06
1.38427e-06
1.8378e-06

(h) t=120

IsoValue
-1.6774e-06
-1.40967e-06
-1.23118e-06
-1.0527e-06
-8.74215e-07
-6.9573e-07
-5.17245e-07
-3.38761e-07
-1.60276e-07
1.8209e-08
1.96694e-07
3.75179e-07
5.53663e-07
7.32148e-07
9.10633e-07
1.08912e-06
1.2676e-06
1.44609e-06
1.62457e-06
2.07078e-06

(i) t=140

IsoValue
-2.5723e-06
-2.25615e-06
-2.04538e-06
-1.83461e-06
-1.62384e-06
-1.41306e-06
-1.20229e-06
-9.91523e-07
-7.80752e-07
-5.69981e-07
-3.59211e-07
-1.4844e-07
6.23311e-08
2.73102e-07
4.83873e-07
6.94644e-07
9.05414e-07
1.11619e-06
1.32696e-06
1.85388e-06

(j) t=160

IsoValue
-1.92347e-06
-1.63182e-06
-1.43738e-06
-1.24295e-06
-1.04852e-06
-8.54081e-07
-6.59646e-07
-4.65212e-07
-2.70777e-07
-7.6343e-08
1.18091e-07
3.12526e-07
5.0696e-07
7.01395e-07
8.95829e-07
1.09026e-06
1.2847e-06
1.47913e-06
1.67357e-06
2.15965e-06

(k) t=180

IsoValue
-1.78655e-06
-1.5021e-06
-1.31247e-06
-1.12284e-06
-9.33205e-07
-7.43574e-07
-5.53942e-07
-3.64311e-07
-1.7468e-07
1.49515e-08
2.04583e-07
3.94214e-07
5.83845e-07
7.73477e-07
9.63108e-07
1.15274e-06
1.34237e-06
1.532e-06
1.72163e-06
2.19571e-06

(l) t=200

Figure 4.20: Time evolution of solution u for test 3 using Modified Newton method
for T = 200, u0(x, y) = �10�5(x � 10)e�0.5(x�10)2

�0.5(y�10)2
, τ = 0.05, and a 65� 65

grid on Ω = [0, 20]� [0, 20]
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IsoValue
-6.67705e-06
-5.72319e-06
-5.08728e-06
-4.45137e-06
-3.81546e-06
-3.17955e-06
-2.54364e-06
-1.90773e-06
-1.27182e-06
-6.3591e-07
8.47033e-22
6.3591e-07
1.27182e-06
1.90773e-06
2.54364e-06
3.17955e-06
3.81546e-06
4.45137e-06
5.08728e-06
6.67705e-06

(a) t=0

IsoValue
-6.22714e-06
-5.35374e-06
-4.77147e-06
-4.1892e-06
-3.60693e-06
-3.02466e-06
-2.44239e-06
-1.86012e-06
-1.27785e-06
-6.95584e-07
-1.13314e-07
4.68955e-07
1.05122e-06
1.63349e-06
2.21576e-06
2.79803e-06
3.3803e-06
3.96257e-06
4.54484e-06
6.00051e-06

(b) t=10

IsoValue
-4.79259e-06
-4.09136e-06
-3.62386e-06
-3.15637e-06
-2.68888e-06
-2.22139e-06
-1.7539e-06
-1.2864e-06
-8.18912e-07
-3.5142e-07
1.16072e-07
5.83565e-07
1.05106e-06
1.51855e-06
1.98604e-06
2.45353e-06
2.92102e-06
3.38852e-06
3.85601e-06
5.02474e-06

(c) t=20

IsoValue
-2.27175e-06
-1.87196e-06
-1.60544e-06
-1.33892e-06
-1.07239e-06
-8.05867e-07
-5.39342e-07
-2.72818e-07
-6.29302e-09
2.60232e-07
5.26756e-07
7.93281e-07
1.05981e-06
1.32633e-06
1.59285e-06
1.85938e-06
2.1259e-06
2.39243e-06
2.65895e-06
3.32526e-06

(d) t=40

IsoValue
-1.66386e-06
-1.36511e-06
-1.16595e-06
-9.66783e-07
-7.67619e-07
-5.68455e-07
-3.69291e-07
-1.70127e-07
2.90368e-08
2.28201e-07
4.27365e-07
6.26529e-07
8.25693e-07
1.02486e-06
1.22402e-06
1.42318e-06
1.62235e-06
1.82151e-06
2.02068e-06
2.51859e-06

(e) t=60

IsoValue
-1.61413e-06
-1.34765e-06
-1.16999e-06
-9.92336e-07
-8.14681e-07
-6.37026e-07
-4.59371e-07
-2.81716e-07
-1.04061e-07
7.35945e-08
2.51249e-07
4.28904e-07
6.06559e-07
7.84214e-07
9.61869e-07
1.13952e-06
1.31718e-06
1.49483e-06
1.67249e-06
2.11663e-06

(f) t=80

IsoValue
-1.70313e-06
-1.44614e-06
-1.27482e-06
-1.1035e-06
-9.32173e-07
-7.60851e-07
-5.89528e-07
-4.18206e-07
-2.46883e-07
-7.55603e-08
9.57623e-08
2.67085e-07
4.38408e-07
6.0973e-07
7.81053e-07
9.52375e-07
1.1237e-06
1.29502e-06
1.46634e-06
1.89465e-06

(g) t=100

IsoValue
-2.18967e-06
-1.90173e-06
-1.70978e-06
-1.51782e-06
-1.32586e-06
-1.13391e-06
-9.4195e-07
-7.49993e-07
-5.58036e-07
-3.66079e-07
-1.74122e-07
1.78349e-08
2.09792e-07
4.01749e-07
5.93706e-07
7.85662e-07
9.77619e-07
1.16958e-06
1.36153e-06
1.84143e-06

(h) t=120

IsoValue
-1.89938e-06
-1.60722e-06
-1.41244e-06
-1.21767e-06
-1.02289e-06
-8.28115e-07
-6.33339e-07
-4.38564e-07
-2.43788e-07
-4.90116e-08
1.45764e-07
3.4054e-07
5.35316e-07
7.30092e-07
9.24868e-07
1.11964e-06
1.31442e-06
1.5092e-06
1.70397e-06
2.19091e-06

(i) t=140

IsoValue
-2.881e-06
-2.53662e-06
-2.30703e-06
-2.07743e-06
-1.84784e-06
-1.61825e-06
-1.38866e-06
-1.15907e-06
-9.29482e-07
-6.99891e-07
-4.70301e-07
-2.4071e-07
-1.11199e-08
2.18471e-07
4.48061e-07
6.77652e-07
9.07242e-07
1.13683e-06
1.36642e-06
1.9404e-06

(j) t=160

IsoValue
-2.0781e-06
-1.76878e-06
-1.56257e-06
-1.35635e-06
-1.15014e-06
-9.43921e-07
-7.37707e-07
-5.31492e-07
-3.25277e-07
-1.19062e-07
8.71524e-08
2.93367e-07
4.99582e-07
7.05797e-07
9.12011e-07
1.11823e-06
1.32444e-06
1.53066e-06
1.73687e-06
2.25241e-06

(k) t=180

IsoValue
-1.96523e-06
-1.65869e-06
-1.45434e-06
-1.24998e-06
-1.04562e-06
-8.41264e-07
-6.36906e-07
-4.32549e-07
-2.28191e-07
-2.38332e-08
1.80525e-07
3.84882e-07
5.8924e-07
7.93598e-07
9.97955e-07
1.20231e-06
1.40667e-06
1.61103e-06
1.81539e-06
2.32628e-06

(l) t=200

Figure 4.21: Time evolution of solution u for test 3 using semi-linear for T = 200,
u0(x, y) = �10�5(x � 10)e�0.5(x�10)2

�0.5(y�10)2
, τ = 0.05, and a 65� 65 grid on Ω =

[0, 20]� [0, 20]

51



4.2.4 Comparison and Analysis of results

We show the tmax of the three methods for three the tests with num-
ber of intervals in x and y directions, n = 64 in Table 4.4. Such tmax
corresponds to t where umax exceeds 0.3 and if this cap is not reached
tmax by default becomes equal to the end time (T = 200). Moreover, we
show the runtimes (in seconds) of Semi-linear and Modified Newton’s
method for three the tests with number of intervals in x and y direc-
tions, n = 64 in Table 4.5. Note we consider end time to be T = 200.

Method test 1 test 2 test 3
Semi-linear 75.15 18.35 200

Modified Newton 200 200 200

Table 4.4: Variation of tmax for semi-linear and Modified Newton’s method in three
tests, for n = 64 and T = 200

Method test 3
Semi-linear 408.954 s

Modified Newton 1262.74 s

Table 4.5: Runtimes of the semi-linear and Modified Newton’s method for test 3 with
number of intervals in x and y directions, n = 64 and T = 200.

We put a cap of 0.3 on umax to avoid computing non admissible physical
solutions as for value exceeding 0.3 the numerical solution is no longer
admissible. However, it should be noted that this cap is not reached in
Newton’s type methods for the tested cases.

According to table 4.5 and using test 3 only since T = 200 is reached in
both methods, semi-linear is faster than Modified Newton’s Method.

However, according to table 4.4, Modified Newton is numerically more
stable than semi-linear version, since in all cases the solution doesn’t
exceeds 0.3 (unlike the semi-linear for tests 1 and 2).

Note that, In semi-linear there is a growth of the solution (test 1 and 2)
unlike Newton-type methods where changing in conditions don’t affect
the growth of solution.
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Chapter 5

Concluding Remarks

In this thesis, we have handled the Euler implicit nonlinear fully discrete
system (3.1.2) using Newton’s type methods: Full Newton’s method
(Algorithm 1), Chord’s method (Algorithm 2) and Modified Newton’s
method (Algorithm: 3).

Full Newton’s Method is slower than Chord’s Method due to the com-
putation of the matrix B(W) several times per time step as opposed to
once per time step. Moreover, it should be noted that the newly intro-
duced Modified Newton’s method (Algorithm 3) avoids the computa-
tion of the matrix B(W), thus outperforms all the other Newton’s type
methods in terms of runtime. In addition, the replacement of B(W) by
an approximation did not affect the robustness of the algorithm, since
very similar (if not the same) solutions as the Full Newton and Chord’s
methods were obtained.

Newton’s type methods, including Modified Newton’s method, are more
costly than explicit and semi-linear schemes. This is due to the necessity
of one or more iterations per time step which requires updating the cor-
responding Jacobians, thus leading to an increase in the processing time.

However, this cost is worth investing in, given that the resulting simula-
tions are more representative of the non-linear phenomenon due to the
Poisson’s bracket tu, ∆uu.

As a matter of fact, Newton-type simulations were carried out without
putting a cap on the electrostatic potential u. This was not the case for
semi-linear discretization used in [9]. Such point is extremely meaning-
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ful in building up a robust algorithm for the Hasegawa-Mima system.

Theoretical aspects regarding the tested algorithms are not tackled in
this thesis. For completion, future work may consider treating those
aspects of the problem.
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