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An Abstract of the Thesis of
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Title: Assessment Of Airways Geometric Models Based On Gas Transport To The Blood

Engineers need to understand the respiratory process in order to design ma-
chines and medicines to help doctors deal with patients whose respiratory system
function incorrectly or with difficulty. For this purpose we worked on developing
the AUB pulmonary model by updating and validating this model and creating
an automated interface tool that facilitates our model’s usage. The main aim of
our work was using this model to carry out assessment of existing airways net-
work models. Topological structure of bronchial trees controls transport of gases
and aerosols in the respiratory system. We start by providing a quantitative
assessment of the alternative tree representations’ ability to predict observable
geometric and mechanistic characteristics, such as network resistance, dead space
volume, and path length. Then we present a model of dynamic transport of oxy-
gen and carbon dioxide along the airways, in the alveoli, across the alveolar
membrane, and along the pulmonary blood capillaries. The model also accounts
for the exchange of these two gases with blood in the capillaries, as well as age,
gender and other in-species characteristics. Our model’s predictions are com-
pared with corresponding observations, providing an addition venue to assess the
validity of the existing representations of the lung’s bronchial tree.
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Chapter 1

Introduction

A previous lung model was built, at AUB, to investigate blood oxygenation in
preterm infants treated by Bubble-Nasal CPAP. The model covers relations be-
tween volume and pressure in the lung tissue (lung mechanics), oxygen distri-
bution in the airways and alveoli during respiration, and oxygen uptake by the
pulmonary capillaries (oxygenation). This model was then improved to have a
generalized breathing simulator that is able to monitor the breathing of a human
being and the ways it can be altered due to various lung abnormalities and cor-
responding treatments. This was achieved by: (i) Estimating lung parameters
such as number of alveoli, blood volume enteringthe lungs, tidal volume, and
many more, over a span of age, height, and body weight to generalize the model
from preterm infants to any human being. (ii) Including carbon dioxide in the
model. From the onset of inspiration, until gas exchange, then expiration, carbon
dioxide distribution was solved in parallel with oxygen distribution for a more
realistic model. (iii) Improving gas exchange across the alveolar-capillary mem-
brane by integrating oxygen and carbon dioxide dissociation curves. Oxygen and
carbon dioxide concentrations and partial pressures were interrelated during the
exchange through these curves. The current work takes this model as a starting
point and improves it by:

1. Updating the model into a more realistic one that mimics the several gen-
erations of the airways, which has a great impact on gas transport. The
airways were previously modeled as a bundle of parallel tubes of equivalent
airway resistance.

2. Validating and adding new reported measurements into the submodels such
as:

• Adding new reported measurements for the lung volumes and updating
the code with various models for deadspace, tidal volume and Func-
tional residual capacity, which provides the user with many options
when using the GUI tool.
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• Adding new estimates for the number of alveoli reported in literatures
that used more accurate counting techniques, and gathering additional
data related to the size of the alveolus in adults and infants.

• Checking if all parameters related to capillary are reported in literature
such as capillary diameter, blood transit time in the capillary, capillary
to alveolus ratio, etc.

3. Integrating the previous model into a java enviroment through an auto-
mated flow. We used java for building a GUI tool that facilitates the
model’s usage, this tool takes as input the general data of the patient like
age, gender, percentile, etc. and gives as output the height and mass of the
patient using growth charts for both males and females from the age of few
days till the age of 20 . Also it takes as input the number of generations to
generate the network model and display the created airways’ measurements
and properties. Furthermore, it allows the user to track species transport
starting from the mouth and ending up in the blood through dynamic plots.

Then the final version of this model was used to carry out assessment of airways
geometric models based on gases transport to the blood. Geometric structure of
airways controls, to a large extent, transport of gases and aerosols in the respi-
ratory system. These airways form a complex branching network, whose mathe-
matical descriptions (e.g., connectivity, an airway’s length-to-diameter ratio, etc.)
underpin most quantitative studies in dosimetry [16, 17] and in respiratory and
obstructive diseases [18, 19]. Mathematical models of the bronchial tree in the hu-
man lung typically postulate a scaling law that relates the (generation-averaged)
characteristics (diameter, length and branching angle) of each bronchial genera-
tion to those of the previous and successive generations.

There is a general consensus that the human bronchial tree forms a bifur-
cating network [19, 20]. The nature of bifurcations appears to be settled as
well: while earlier and/or highly idealized models assume bifurcation symme-
try [17, 21, 22], more recent investigations allow bifurcations in bronchial trees
to be asymmetric [19, 20, 23]. Finally, guided by morphometric data [24, 25, 26],
most (if not all) network models assume certain geometric properties scale across
generations of the bronchial tree. Examples of such scaling laws are Weibel’s [21]
and Horsfield’s [11] models of bifurcation. The former posits that, in symmetri-
cally bifurcating trees, a branch size S (e.g., its length and diameter) scales with
the branching order n as S(n) = S(0)αn; in other words, the knowledge of the
trachea size, S(n = 0), and the scaling factor α < 1 is sufficient to estimate the
branch size in any generation n of the bronchial tree. The latter uses the same
form of scaling law, S(m) = S(0)βm, but groups the airways in order to account
for the network asymmetry and starts the counting from the periphery upward,
such that S(m = 0) is the smallest size and β > 1.

The parameters in these, and more evolved [27, 2], models are obtained by op-
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timizing the bronchial tree’s function. There is considerable debate about which
specific cost function of the lung is to be optimized. It has been argued that
the bronchial trees have evolved in a way that their bronchus’ length-to-diameter
ratio minimizes the total pressure loss across the bronchi [22], that their asymmet-
rically bifurcating structure minimizes either dissipation of frictional energy [28]
or a linear combination of the tree’s resistance and volume [29], maximizes the
volumetric flow rate [14], etc. Natural in- and intra-species variability add a cer-
tain degree of randomness to the bronchial tree’s structure [29], making it all but
impossible to determine which cost function is “correct”.

In lieu of such a verification, predictions of mathematical models of air flow
in the bronchial networks are compared with relevant observations. We start by
providing a quantitative assessment of the existing network and gas flow models’
ability to predict observable geometric and mechanistic characteristics, such as
network resistance, dead space volume, and path length. The choice of these
metrics is justified by the availability of their (relatively) high-fidelity experimen-
tal measurements. Then we present a model of dynamic transport of oxygen and
carbon dioxide along the airways, in the alveoli, across the alveolar membrane,
and along the pulmonary blood capillaries. The model also accounts for the ex-
change of these two gases with blood in the capillaries, as well as age, gender and
other in-species characteristics. Finally, our model’s predictions are compared
with corresponding observations, providing an addition venue to assess the valid-
ity of the existing models of the lung’s bronchial tree. We are not aware of any
other comparison involving blood gas transport.

4



Chapter 2

Review of the tracheobronchial
tree

Available data on the (generation-averaged) length L(n) and diameter D(n) of
individual bronchus in the nth generation (n = 1, · · · , 24) of the human bronchial
tree are collated in Tables 2.1 and 2.2, and presented graphically in Figure 2.1.
These data are separated by age, such that Table 2.1 and the top row in Figure 2.1
present data for human adults, while Table 2.2 and the bottom row in Figure 2.1
are for human infants. These data served to inform multiple models of the human
bronchial tree, six of which are described below.
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Table 2.1: Length (L) and diameter (D), both in mm, of the nth bronchi gen-
eration, predicted with tree models A–G for human adults. Model A [2] infers
L ∼ n−1.38 and D ∼ n−1.26 from data; Model B [10] L ∼ exp(−0.92n) and
D ∼ exp(−0.39n) for n ≤ 3, and L ∼ exp(−0.17n) andD ∼ exp(−0.29n+0.01n2)
for n > 3; Model D [11] D ∼ a25−n with a > 1 varying between three groups
of bronchi characterized by three intervals of n; and Model E [12] identifying
a linear relation, for each generation, between bronchi’s length & diameter and
human height H, L ∼ H and D ∼ H. The remaining tree models, C [13], F [1]
and G [14], fit no curves to the data reported therein.

A [2] B [10] C [13] D [11] E [12] F [1] G [14]

n L D L D L D L D L D L D L D

1 120 18 120 18 100 16 100 16 89 18.2 120 16.8 120 20
2 46.1 7.5 47.8 12.21 50 12 40 12 38.3 13.0 47.8 11.4 42.2 18
3 26.4 4.5 19.1 8.3 22 11 26 10.3 14.7 9.0 19.1 7.1 30.3 13
4 17.7 3.1 7.6 5.6 11 8 18 8.9 10.5 6.7 7.6 4.4 23.4 9.4
5 13.0 2.4 12.7 4.5 10.5 7.3 14 7.7 8.1 4.0 12.7 3.4 18.4 7.2
6 10.2 1.9 10.7 3.5 11.3 5.9 11 6.6 6.91 3.16 10.7 2.7 14.6 5.7
7 8.2 1.6 9.0 2.8 11.3 5.9 10 5.7 5.0 2.6 9.0 2.1 10.7 4.5
8 6.8 1.3 7.6 2.3 9.7 5.4 10 4.9 3.6 1.7 7.6 1.7 9.8 3.6
9 5.8 1.1 6.4 1.9 10.8 4.3 10 4.2 2.9 1.2 6.4 1.4 7.8 3
10 5 1.0 5.4 1.5 9.5 3.5 10 3.5 2.9 1.0 5.4 1.1 6.5 2.4
11 4.4 0.9 4.6 1.3 8.6 3.5 9.6 3.3 2.5 0.8 4.6 1.0 5.3 2
12 3.9 0.8 3.9 1.1 9.9 3.1 9.1 3.1 2.3 0.6 3.9 0.8 4.3 1.6
13 3.5 0.7 3.3 1.0 8 2.9 8.6 2.9 2.1 0.6 3.3 0.7 3.6 1.3
14 3.1 0.7 2.7 0.8 9.2 2.8 8.2 2.8 1.9 0.6 2.7 0.6 2.8 1.1
15 2.9 0.6 2.3 0.7 8.2 2.7 7.8 2.6 1.7 0.5 2.3 0.5 2.5 0.9
16 2.6 0.6 2.0 0.7 8.1 2.5 7.4 2.4 1.6 0.5 2.0 0.5 2.0 0.7
17 2.4 0.5 1.7 0.6 7.7 2.4 7 2.3 1.7 0.4 1.6 0.6
18 2.2 0.5 1.4 0.5 6.4 2.2 6.7 2.2 1.4 0.4 0.8 0.5
19 2.1 0.4 1.2 0.5 6.3 2 6.3 2 1.2 0.4 0.8 0.7
20 1.9 0.4 1.0 0.5 5.2 1.8 5.7 1.8 1.0 0.3 1 0.8
21 1.8 0.4 0.8 0.5 4.8 1.6 5 1.5 0.8 0.3 1 0.4
22 1.7 0.4 0.7 0.4 4.2 1.4 4.4 1.3 0.7 0.3 1 0.4
23 1.6 0.4 0.6 0.4 3.6 1.1 3.9 1.1 0.6 0.3 0.8 0.4
24 1.5 0.3 0.5 0.4 3.1 1.0 3.5 0.9 0.5 0.3 0.6 0.4
25 3.1 0.8

Model A. The fractal lung model [27, 2] assigns a probabilistic density func-
tion to scaling factors for the dimensions of parent and daughter bronchi and
employs the renormalization group theory to account for the heterogeneity in the
asymmetric airway branching. The model predicts the average dimensions (di-
ameter, length, and volume) of the airways to obey power laws in the generation
number n (see the caption of Table 2.1), with the model parameters inferred by
fitting the model to the data from [21, 24].

Model B. The symmetrically bifurcating model of Weibel [21, 26] predicts the
diameter and length of a bronchus to follow an exponential law in the genera-
tion number n (see the caption of Table 2.1). The model was inferred from, and
parameterized by, a complete set of measurements of the first six generations
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(1 ≤ n ≤ 7) of airways’ diameters and lengths, some measurements from gener-
ations 8 ≤ n ≤ 11, and morphometric estimates of the lengths and diameters of
respiratory bronchioles and alveolar airways (n ≥ 12).

Model C. This model also assumes a fractal structure of the branching, with
a self-similarity distribution that is preserved up to the 24th generation. The
dimensions of the airways are inferred from prior observations [30, 31, 32, 33, 22,
21].

Model D. The asymmetric bifurcation model [11, 34] orders airways by their
relation to the periphery, as opposed to the trachea, groups them by similar
size, and subdivides them into zones according to their degree of asymmetry.
This ensures that the airways of the same order are more uniform in size than
the airways of the same generation in model B [21, 26]. Measurements of the
complete human bronchial tree [11, 34] are used to linearly correlate bronchi
length L with their diameter D.

Table 2.2: Length (L) and diameter (D), both in mm, of the nth bronchi gener-
ation, predicted with the tree models A [2], E [12], and H [15] for human infants.

A [2] E [12] H [15]

n L D L D L D

1 26.5 5.69 26.5 5.69 26.5 3.28
2 11.06 2.19 15.79 4.34 15.79 2.8
3 6.64 1.25 5.96 3.28 5.96 1.91
4 4.62 0.84 3.89 2.59 3.89 1.51
5 3.49 0.62 3.71 1.85 3.71 1.47
6 2.77 0.48 2.78 1.41 2.78 1.21
7 2.28 0.39 2.22 1.14 2.22 1
8 1.93 0.32 1.98 0.85 1.98 0.89
9 1.66 0.27 1.92 0.7 1.92 0.87
10 1.46 0.24 1.75 0.64 1.75 0.78
11 1.29 0.21 1.64 0.58 1.64 0.72
12 1.16 0.18 1.57 0.51 1.57 0.68
13 1.05 0.17 1.5 0.5 1.5 0.64
14 0.95 0.15 1.43 0.47 1.43 0.6
15 0.87 0.14 1.36 0.45 1.36 0.55
16 1.3 0.43 1.3 0.51

Model E. The model [24, 12] accounts for the bronchi orientation to gravity
and angles at branching points, and establishes linear relationships between a
bronchus’ length/diameter and the body height. This information is absent in
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both symmetric [21, 26] and asymmetric [11, 34] models.The model is derived
from a set of observations (casts) collected in humans, dogs, rats and hamsters.
This data set seems to support the notion that airway branching in humans is
overall symmetric.

Model F. The symmetrical dichotomous branching model [1] generalizes the
model B [21, 26] by incorporating the mechanisms involved in airway narrowing
due to shortening of the smooth muscle.

Model G. The asymmetric model [14] postulates that the bronchial tree pos-
sesses an optimal topology that serves to provide a best physiological function.
The chosen function is the lung’s ability to move the respiratory gases. The
subsequent studies, some of which are referenced in the introduction, suggest a
number of alternative lung functions as optimization target.

Model H. The asymmetric model [15] provides a statistical representation of
the tracheobronchial tree. The model consists of generation-specific probability
density functions for airway diameters, airway lengths, branching angles, and
gravity angles. In each generation, the vessel diameter is related to its length
D = 2.115 lnL+ 0.267.
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Figure 2.1: Airways generation length, normalized by the length of the trachea,
vs the generation order for adults.
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Figure 2.2: Airways generation diameter, normalized by the diameter of the
trachea, vs the generation order for adults.
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Figure 2.4: Airways generation diameter, normalized by the diameter of the
trachea, vs the generation order for infants.

So far no one has assessed the geometric models based on blood gas transport,
in our work each of the previous presented models was evaluated based on how
gases are distributed in capillary and alveolus versus time and space.
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Chapter 3

Our model

3.1 The mechanical model

A circuit representation of a general mechanical model of the airways is shown in
figure 3.1-a. In this model, each branch is represented as a resistance in series with
an inertance, and a shunt capacitance, modeling the effects of friction, inertia, and
storage, respectively. Note that the capacitive behavior arises when the channel
wall is compliant.
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Figure 3.1: (a) circuit representation of a general airways mechanical model. (b)
a simplified model.

If the channels belonging to a each generation are identical and if the lung
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tissue resistance and compliance are uniformly distributed over the alveoli, then
all the nodes in a branch have the same potential (pressure) as the corresponding
nodes in the all the branches belonging to the same generation. In this case,
the airways can be collapsed into a circuit in series, as depicted in Figure 3.1-b,
where nodes (i, j), j = 1..2i−1 of the circuit (a) are collapsed onto node i in the
simplified circuit (b).

If the compliance of the channel wall is small, it can be approximated as
rigid so that all capacitors Ci can be replaced by open circuits. This assump-
tion is justified by the fact that the lung tissue compliance, associated with the
expansion/contraction of the alveoli is much larger than that associated with ex-
pansion/contraction of the airways channels [35]; i.e. (Clt)tot >> Ci. The circuit
of Figure 3.1-b can then be further simplified into that shown in Figure 3.1-c,
where Law =

∑
i Li and Raw =

∑
iRi. The circuit model (c) also neglects the

tissue resistance, which is typically much smaller than the airways resistance [36],
i.e. (Rlt)tot << Raw.

If, additionally, inertia effects are small, the inertance can be neglected and
the lung mechanical model is represented by the simple R − C circuit in Figure
3.1-d.

For the R − C model of figure 3.1-d, the relationship between an applied
pressure signal and the lung volume is expressed as:

∆p = RdV
dt

+
V − V0∗

C
(3.1)

where ∆p is the pressure difference between the airways inlet and the intrapleural
fluid, C is the compliance of the lung tissue, and R is the airways resistance.
The initial total alveolar volume, V0

∗, is obtained as follows. At the beginning
of inspiration (end of expiration), the ∆p − V behavior is nearly static, the
intrapleural pressure is maximum; pip = pip,max, and the total alveolar volume is
equal to the difference between the functional residual capacity and the the dead
space; FRC − DSV . When the airways inlet gauge pressure is 0, as in normal
unassisted breathing, we get V0

∗ = (FRC−DSV )−C|pip,max|. For the purpose of
comparing the airways geometries in terms of gases transport, the initial alveolar
radius Ra0 is chosen to be 100 µm for adults [37] and 20 µm for infants [38].
When the airways inlet gauge pressure is 0, as in normal unassisted breathing,
we get V0

∗ = 4NaπRa0
3

3
, where Na is the total number of alveoli.

For normal breathing of an adult, typical values areR = 0.56 cmH2O.s/l, C =
93.66ml/cmH2O, FRC = 3228.27ml, DSV = 830ml, pip,min = −10 cmH2O
and pip,max = −5 cmH2O. For a breathing frequency of 0.25 Hz (15 bpm) and
inspiration to expiration ratio of 0.5, the pressure signal and the total alveolar
volume response are plotted against time in Figure 3.2. The corresponding lung
hysteresis curve is shown in Figure 3.3.
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Figure 3.2: Time variation of the pressure signal and the total alveolar volume
under normal breathing conditions for an adult.
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Figure 3.3: ∆p− V curve of the lung hysteresis.

3.2 The species transport model

The equation governing the species transport

∂c

∂t
+ ~u · ∇c = D∇2c (3.2)

where c is the species concentration, ~u is the velocity of the carrying fluid, and
D is the mixing coefficient of the species in the carrying fluid.
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3.2.1 Gas transport in the airways

For each branch i of constant diameter Di, we assume the flow to be axisymmetric
and parallel, so that

∂c

∂t
+ u

∂c

∂x
= D

(
∂2c

∂x2
+

1

r

∂

∂r

(
r
∂c

∂r

))
(3.3)

Integrating over the cross sectional area, and noting that the radial flux of c is
zero at r = 0 and r = Di/2, we get

∂C

∂t
+

4

πD2
i

∫ Di/2

0

u
∂c

∂x
2πrdt = D∂

2C

∂x2
(3.4)

where C(x, t) = 4
πD2

i

∫ Di/2

0
c2πrdt.

Our model assumes that the gases are well mixed in the plane of the channel
cross section.

Assuming that the gases are well mixed in the plane of the channel cross
section, the transport of gases in an airway channel is governed by

∂Caw
∂t

+ Ui(t)
∂Caw
∂x

= D∂
2Caw
∂x2

(3.5)

where Caw(x, t) denotes the mean concentration of the gas (O2 or CO2) at position
x and time t. Note that the mean flow speed is generation dependent. To conserve
mass, the mean flow speed in a channel belonging to generation i is

Ui(t) =
Q(t)

NiAi
(3.6)

where Q(t) is the volume flow rate predicted by the mechanical model, Ni = 2i−1

is the number of branches in generation i, assuming dichotomous branching, and
Ai = πD2

i /4 is the cross sectional area of the branch, as depicted in Figure 3.4.

(c) Single-channel model proposed in this work. (d) Multi-channel model proposed in this work.

generation i

Ui(t)

Li

pin

to alveoli
Dix

Figure 3.4: Species transport in the airways.

3.2.2 Gas transport in the alveoli

The alveolus is the smallest element of the respiratory system where gases are
exchanged across the alveolar membrane between the air in the alveolar space
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and the blood in the capillaries. As depicted in Figure 3.5, each terminal airways
branch (bronchiole) is connected to Na

2NG−1 alveoli, where Na is the total number
of alveoli and NG is the number of airways generations. Dependence of the total
number of alveoli on age and lung volume is presented in of section A.4, where
data from different sources are plotted in Figures A.8, A.9, A.10. Our model,
which covers the whole age range, is a fit that favors more recent data. For an
adult, the number of alveoli per bronchiole is approximately 60, assuming 500
million alveoli and airways composed of 24 generations.

(c) Single-channel model proposed in this work.

(d) Multi-channel model proposed in this work.

generation i

Ui(t)

Li

pin

to alveoli
Dix

bronchiole

membrane
compliant

(rigid)

Ra(t)

O2

x

air 
Ain blood inblood out

in

⇠

CO2

Figure 3.5: Each terminal branch is connected to a number of alveoli. Our model
assumes that the bronchiole is connected to the center of each compliant spherical
alveolus.

The alveoli are considered to be spherically-shaped compliant elements that
change their volume with time according to

dVat(t)

dt
= Q(t), Vat(t) = NaVa(t), Va(t) =

4πR3
a(t)

3
(3.7)

Note that at the end of expiration, the total alveolar volume, Vat, is equal to

V
(0)
at = FRC −DS (3.8)

where FRC and DS are respectively, the functional residual capacity and the
dead space. Correlations for FRC and DS, based on data from numerous sources,
are presented in Figures A.12 and A.14 of section A.5.2 and A.5.3 respectively.
Decomposition of the lung volume into FRC, DS and Va is plotted versus age in
Figure A.13.

Taking the alveolar space shown in Figure 3.5 as a control volume, the balance
of species transport yields

d(Ca(t)Va(t))

dt
= QinCin − Acaqa→b −D•,airAin

∂C(x, t)

∂x

∣∣∣∣
in

(3.9)
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where Ca is the mean concentration of the species in the alveolar space, Qin =
Q(t)/Na, qa→b is the mean species flux from the alveolar space to the blood, D•,air
is the mass diffusion coefficient of the species in air. Cin and ∂C(x,t)

∂x

∣∣∣
in

are the

species concentration and its x−gradient at the inlet to the alveolus. Ain and
Aca are respectively the inlet area cross sectional area of the bronchiole and the
capillary-alveolus contact area.

3.2.3 Gas transport in the pulmonary membrane

Exchange of gases between the alveolar air and the blood circulating in the sur-
rounding capillaries occurs by diffusion through a ∼ 0.6 µm thick pulmonary
membrane[39]. Diffusive transport across the membrane is driven by a difference
in partial pressure between the blood side and the alveolar side. Typically oxygen
partial pressure is higher in the alveolus while carbon dioxide partial pressure is
higher on the blood side so that oxygen diffuses from the alveoli to the capillaries
and carbon dioxide diffuses from the capillaries to the alveoli, as depicted in Fig-
ure 3.5. Since the radius of the alveolus is two orders of magnitude larger than
the membrane thickness, the membrane is assumed to be locally planar, so that
the molar species concentration, C, in the membrane is governed by

∂C

∂t
= D•,water

∂2C

∂r2
(3.10)

where D•,water is the species diffusion coefficient in the membrane, which is mod-
eled as a body of water. Noting that the diffusion time scale (h20/D•,water ∼ 1ms
for O2 and CO2) is much smaller than the respiration period (1.5 - 4 s), we as-
sume diffusion through the membrane to be quasi-steady so that the species flux
in the membrane is uniform

qa→b(ξ, t) =
D•,water
kccH

Ca(t)− Pb(ξ,t)
RT

h(t)
(3.11)

where Ca(t) is the mean concentration of the species in the alveolus, Pb(ξ, t) is the
species partial pressure in the blood along the capillary, kccH is Henry’s constant,
R is universal ideal gas constant, and T is the temperature. Note that, on the
blood side, P and C are related by the dissociation curves, presented in the next
section.

The alveolar membrane is viscoelastic and respond to any change in alveolar
pressure. By conserving the volume of the membrane, Vam, its thickness, h(t),
varies in time according to

h(t) = 3

√
3

4π

[
Vam +

4

3
πR3

a(t)

]
−Ra(t) (3.12)
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3.2.4 Gas transport in the blood

Each alveolus is surrounded by a number of capillaries that form a sheet of blood
flow to promote the exchange of oxygen and carbon dioxide. Of the oxygen
captured by the blood, ∼ 97% is bound to the hemoglobin in the red blood
cells that flow in a single file in the capillary. The concentration of oxygen
bound to hemoglobin can be related to its partial pressure in blood through the
empirical dissociation curve. Several effects such as blood acidity and chemical
composition may alter the saturation capacity of hemoglobin through a leftward
or rightward shift in the dissociation curve. Carbon dioxide can be transported in
blood in three different ways: dissolved in the plasma, as bicarbonate ions, and
forming the carbamino-hemoglobin complex. Interactions between oxygen and
carbon dioxide with hemoglobin through chemical reactions promote the delivery
of oxygen 178 to the blood and expulsion of carbon dioxide to the alveoli [40].
As in [41], our blood perfusion model treats the blood in pulmonary capillaries
as a uniform homogeneous phase (masking the discrete constituents: plasma and
erythrocytes). The model also assumes equilibrium conditions for the reactions
thus allowing use of the empirical dissociation curves to relate the partial pressure
to the species concentration. Denoting Ub to be the speed of blood along the
capillary, the concentrations of O2 and CO2 along the capillary are governed by

∂O2,b

∂t
+ Ub

∂O2,b

∂ξ
=

W

Acap
qO2,a→b

(3.13)

∂CO2,b

∂t
+ Ub

∂CO2,b

∂ξ
=

W

Acap
qCO2,a→b

(3.14)

where Ac is the cross sectional area of the capillary and W is the contact area
between the capillary and the alveolar membrane, per unit length of the capil-
lary. The diameter of the capillary, Dc, is taken to be equal to 8 µm; the size of
a red blood cell. Each alveolus is surrounded by several capillaries in which the
red blood cells travel at the blood speed Ub. Gas exchange between the alveolar
space and the blood circulating in the surrounding capillaries is a function of
the blood speed in the capillaries, the contact area between an alveolus and the
surrounding capillaries, and the capillaries distribution.

The capillaries blood flow model takes as an input the percent contact area
between the alveoli and the capillaries (β), and the residence (transit) time of
the blood in the pulmonary capillaries, (tr). A typical value of tr ≈ 1 sec [42].
An upper bound on the blood volume in the capillaries, Vb,max, is determined by
assuming that each alveolus is surrounded by a spherical shell of thickness equal
to the diameter of the capillary:

Vb,max = Na4πR
2
a0Dc (3.15)

18



The actual blood volume in the pulmonary capillaries then based on the

Vb = βVb,max (3.16)

From the blood volume and the resident time, the volume flow rate of blood in
the pulmonary capillaries is

V̇b =
Vb
tr

(3.17)

The capillaries blood flow rate per alveolus is:

V̇b,a =
V̇b
Na

(3.18)

The capillary distribution model assumes that a single capillary extends over
half of the alveolar perimeter (Lc = πRa,0). The number of capillaries per alveolus
is

Nc,a =
Vb
Na

AcLc
(3.19)

where Ac is the cross sectional area of the capillary; Ac = πD2
c

4
. Then, the speed

of blood in a single capillary is

Ub =
V̇b,a

Nc,aAc
(3.20)

Equations (3.13) and (3.14) are coupled through the interdependence between
O2 and CO2, imposed by the blood chemistry, as described next. The oxygen-
hemoglobin dissociation curve (ODC) relates the saturation of hemoglobin with
oxygen to the oxygen partial pressure in the blood [43]. The curve also captures
the explicit dependence of the oxygen partial pressure on the carbon dioxide
partial pressure and pH. The ODC relation [44], derived from a kinetic study of
the several chemical reactions between the respiratory gases and hemoglobin, is
written as follows:

S = 100
K0P

n
O2,b

1 +K0P n
O2,b

(3.21)

K0 =
(1 + 10−pHK2 +

γK6PCO2,b

10−pH )K10lpH

1 + 10−pHK1 +
γK5PCO2,b

10−pH

(3.22)

S is the hemoglobin saturation in %, PO2,b
and PCO2,b

are the oxygen and carbon
dioxide partial pressures respectively. K0, K1, K2, K5, K6, K, γ, l are constants
determined by [44]. Note that The oxygen concentration can be obtained from
S according to

S = 100
O2,b

O2,b|S=100%

(3.23)
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where the blood concentration at 100% saturation is O2,b|S=100% = 201 mL/L.
The carbon dioxide dissociation curve relates directly the carbon dioxide con-

centration to its partial pressure in the blood according to the following relation
[45, 46]

CO2,b = f(PCO2,b
, PO2,b

) = 462e0.00415PCO2,b − 340e−0.0445PCO2,b + 0.62(97.5− S)
(3.24)

CO2,b is expressed in mL/L and S is the hemoglobin saturation with oxygen
found in equation 3.21. The relation covers a wide range of carbon dioxide partial
pressure (10 mmHg < PCO2,b

< 80 mmHg).
Coupling between O2 and CO2 in the blood chemistry is responsible for the

Bohr and Haldane effects. Bohr: as the partial pressure of CO2 decreases, the
hemoglobin saturation (and the O2 concentration), for a given partial pressure
of O2, increases. Haldane: as the hemoglobin saturation decreases (and the O2

concentration), the CO2 concentration, for a given partial pressure of CO2, in-
creases. This coupling makes it impossible to solve for the distributions of O2
and CO2 independently. This coupling, captured by equations above, imposes
a nonlinear constraint on the equations governing transport on gases in the blood.

The boundary condition of equations (3.13) and (3.14) at the inlet to the
capillaries are chosen to be (PO2,b

)in=40 mmHg and (PCO2,b
)in=46 mmHg.

3.3 Numerical Implementation of the Model

The airways species transport model takes as input the means flow speeds Ui from
the mechanical model, in additions to the channels dimensions Li and Di from
the airways geometry model or measurements. Equation (3.5), governing species
transport in the airways, is subject to a Dirichlet boundary condition at the inlet
(to trachea) and to a mixed boundary condition at the outlet. Using equation
(3.9) governing species balance in the alveolus, the mixed boundary condition at
the airways outlet (inlet to alveoli) may be expressed as

QinCin −D•,airAin
∂C(x, t)

∂x

∣∣∣∣
in

= f(t) (3.25)

where

f(t) =
d(Ca(t)Va(t))

dt
+NcW

∫ Lc

0

qa→b(ξ, t)dξ (3.26)

where Nc is the number of capillaries per alveolus and W is the capillary-alveolus
contact area per unit length of the capillary. Note that f(t) is dependent on the
solution of the transport equations in the alveolar space, through the alveolar
membrane, and in the blood, subject to the constraints imposed by the disso-
ciation model. This coupled system of equations is numerically solved (from
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t −∆t to t) using two nested iteration loops. The inner loop adjust the species
concentrations and partial pressures in the blood to satisfy the blood chemistry
constraints and the outer loop matches f(t), given in Equation(3.26), to the left
hand side of equation (3.25).

We first describe our approach to solve gases transport in the blood, sub-
ject to the constraints imposed by the blood chemistry. The boundary con-
ditions at the inlet to the capillary are fixed partial pressures of oxygen and
carbon dioxide: PO2,b

=40 mmHg and PCO2,b
=46 mmHg. Noting that dCb/dt =

∂Cb/∂t+ Ub(t)∂Cb/∂x is the Lagrangian derivative measuring the change in the
concentration per unit time of a particle moving with the flow, discretizing the
capillary using a uniform grid of size ∆ξ = Ub∆t allows us to numerically solve
Equations (3.13) and (3.14) for Cb(ξi, t) using the second order integration scheme

Cb(ξi, t)− Cb(ξi − Ub∆t) =
∆t

2
(qa→b(ξi, t) + qa→b(ξi − Ub∆t, t−∆t)) , (3.27)

where ξi = (i − 1/2)∆ξi, i = 1, ..., Lc/∆ξi. The concentration O2,b(ξi, t) and
the associated hemoglobin saturation S are then capped to the maximum values
(O2,b|S=100%, 100%). This is followed by updating PCO2,b

(ξi, t) according to equa-
tion (3.24), followed by updating K0(ξi, t) and then PO2,b

(ξi, t) using equations
(3.22) and (3.21), respectively. The updated values of the partial pressures are
then used to update the fluxes qa→b(ξi, t) for all cells along the capillary. The
procedure is repeated until the solution converges.

Equations (3.5) are then numerically solved, using the mixed boundary condi-
tion (3.25) with f(t) updated according to (3.26), to yield the species distribution
in the airways, Caw(x, t). Values of Caw(x, t) and ∂Caw(x, t)/∂x at the airways
outlet (inlet to alveoli) are then used to update the concentrations in the alveolar
space and the fluxes across the alveolar membrane. This will, in turn, enable us to
update the gases concentrations in the blood along the capillaries using equation
(3.27), subject to the blood dissociation constraints, as described above.

For spatial disrectization along the airways channels, we choose the grid cell

size to be ∆x = min(Lk

10
,
LNg

2
). As for the capillaries, each is discretized into 100

elements along its length.
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Chapter 4

Results

Assessment of the airways geometries of infants and adults is carried out by
comparing with the two baseline cases presented in Table 4.1. These two baseline
cases are a newborn and a 20 years old healthy males, with height and mass at
the 50th percentile line of the growth charts. Other parameters, obtained from
the data and relations of section A are also listed in the table.

Table 4.1: Baseline cases and model parameters values.

Parameter infant adult

Age (yrs) 0 20
Gender male male
Height (cm) 49.99 176.85
Mass (kg) 3.53 70.6
Frequency (Hz) 0.75 0.25
Tidal volume (ml) 21.7 468.3
Functional residual capacity (ml) 61.9 3228.27
Initial alveolar radius (µm) 20 100
Number of alveoli (million) 152 499
Minimum intrapleural Pressure (cmH2O) -10 -10
Maximum intrapleural Pressure (cmH2O) -5 -5
Compliance (ml/cmH2O) 4.34 93.66

We assess the airways geometries by checking if the values of key physiological
parameters, estimated using the airway geometries of tables 2.1 and 2.2, fall
within independently measured values reported in the literature and summarized
in section A. These parameters are: total resistance, dead space volume, total
path length, and min and max mean partial pressure of oxygen and carbon dioxide
in the capillaries. The results are summarized in Table 4.2. The measured values
of the dead space for infants and adults are taken as averages of those reported
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in Tables A.6 and A.5 respectively. The measured values of the resistance for
infants and adults are taken as averages of those reported in Tables A.8 and A.7
respectively. Table 4.2 also lists the number of generations, length and diameter
of the terminals branches.

Table 4.2: Comparison of the airways geometries in terms of dead space (DS),
resistance (R), total path length (L), time needed to reach saturation of oxygen
in blood (Tr), mean oxygen partial pressure in blood (PO2), and mean carbon
dioxide partial pressure in blood (PCO2). M: independently measured values. †
corresponds to spatial averages along the capillary by assuming that PO2 increases
from 40 to 100 and PCO2 decreases from 46 to 40 over one third of the capillary
length. Partial pressures are in units of cmH2O.

DS R L Tr PO2 PCO2

Model (mL) (cmH2O.s/L) (cm) (sec) (min) (max) (min) (max)

adults
[2] 2681.62 1.49 29.46 6 100.7 100.9 27 28.9
[10] 1656 0.184 27.28 1.3 100.4 100.8 17.3 22.4
[13] 77537 0.037 33.93 - - - - -
[11] 103141 0.037 34.53 - - - - -
[12] 71.07 0.357 19.4 21.4 96.2 101 42.9 45.4
[1] 830 0.56 27.27 1.3 100.5 100.9 21.8 28.7
[14] 1759 0.049 31.17 1.2 100.6 100.8 23.7 27.5

M 127-190 1.08-2.6 32 - 90† 90† 41† 41†

infants
[2] 1.48 98.8 13.5 2 97.6 101.5 40.3 43
[12] 16.58 2.06 15.06 0.52 100.4 101.3 32 36.4
[15] 22.75 6.09 15.06 0.64 100.4 101.2 31 34.7

M 4.15-6.7 22.6-52 6.65 - 90† 90† 41† 41†
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Table 4.3: Comparison of the airways geometries in terms time constant (τ),
number of airways generations (Ng), length and diameter of the last generation
channels (LNg and DNg ), the ratio of the airways inlets diameter per alveolus
to the alveolar diameter, (Rin/Ralv), Reynolds number in the last generation

(ReNg =
ρuNgDNg

µ
), and Peclet number in the last generation (PeNg =

LNguNg

D ).
ρ is the density, µ is the viscosity, D is the diffusion coefficient of species in
air, f . The mean speed is estimated based by assuming that the lung changes
its volume by the tidal volume (TV ) over half a breath period (1/(2f)), i.e.
uNg = (2TV f)/2Ng−1.

τ Ng LNg DNg Rin/Ralv ReNg PeNg

Model (sec) (mm) (mm)

adults
[2] 0.14 24 1.49 0.328 0.045 0.01 0.04
[10] 0.017 24 0.501 0.418 0.073 0.01 0.01
[13] 0.003 24 3.1 0.96 0.387
[11] 0.003 25 3.9 0.79 0.525
[12] 0.033 16 1.55 0.454 0.0003 1.81 5.82
[1] 0.052 24 0.501 0.29 0.035 0.01 0.02
[14] 0.005 24 0.6 0.35 0.051 0.01 0.01

infants
[2] 0.43 15 0.87 0.13 0.0011 0.54 3.15
[12] 0.009 16 0.429 0.3 0.012 0.28 0.76
[15] 0.026 16 0.429 0.507 0.035 0.23 0.53

Comparison is also carried out by inspecting, for each airway geometry, the
oxygen and carbon dioxide partial pressures distribution along the capillaries
every one eighth of a period over a whole period in the quasi-stationary state.
In most cases, the quasi-stationary state was reached after ten breathing cycles.
The time step used was 0.78 ms. The minimum and maximum values of the mean
partial pressures of oxygen and carbon dioxide, listed in Table 4.2 for the various
airways geometries, are obtained by averaging these distributions over the length
of the capillary.

Since the time scale of diffusion across the alveolar membrane is proportional
to the the square of the membrane thickness, it is very small compared to the
time scales characterizing the other gases transport mechanisms. As such, gas
exchange will occur very quickly between the alveolar space and blood, so that
they remain close to each other as long as oxygen in the blood is below saturation
level. This can be seen in Figure 4.1, where, when the blood is not saturated
with oxygen, the partial pressure of oxygen in the alveolar space is close to but
smaller than that in the blood indicating oxygen transport to the blood. It can
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also be seen that the partial pressure of carbon dioxide in the blood is close to
but larger than that in the alveolar space indicating transport to the alveolar
space.
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Figure 4.1: Comparison of the time variation of the mean partial pressure of
Oxygen (left) and carbon dioxide (right) in the blood and in the alveolar space
of adults for selected airways geometry models.

Figures 4.2a, 4.2b, 4.5a, 4.5b show the variation in time of the mean partial
pressure of O2 and CO2 in the blood for adults and infants respectively, over 10
breathing cycles. We notice in figures 4.2a and 4.5a that oxygen is quicker to
reach saturation in blood than carbon dioxide (Figures 4.2b and 4.5b). This is
because while oxygen is only stored in the blood hemoglobin, carbon dioxide can
be stored in the blood in different ways. Since carbon dioxide has a much higher
solubility than oxygen, it can be transported easily in a dissolved state. More
than 60% of carbon dioxide is stored in the bicarbonate ionic form [47], with 30%
is stored in the hemoglobin and 7% in the plasma.
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Figure 4.2: Comparison of the time variation of the mean partial pressure of
Oxygen (left) and carbon dioxide (right) in the blood capillary of adults for the
different airways geometry models.
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Figure 4.3: Comparison of the time variation of the mean partial pressure of
Oxygen (left) and carbon dioxide (right) in the blood capillary of infants for the
different airways geometry models.

Impact of the lung resistance and compliance on gas exchange with the blood
is captured through the time constant of the mechanical model, τ = RC. This
time scale, listed in table 4.3 for the various airways geometries, characterizes
how fast the system responds to changes in the driving pressure difference in
term of the air volume exchange. The compliance, a property of the lung tissue,
is taken to be the same for all adults (infants) scenarios since these only differ in
terms of airways geometry. Dominated by the airways, the resistance is, however,
directly dependent on the airways geometry. This implies that it suffices to use
the resistance to compare the speed of volume exchange for the various adults
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(or infants) cases.

Table 4.2 shows that the resistance estimated for the various airways ge-
ometries for adults are well below the range of reported measurements (1.08-2.6
cmH2O.s/L), except for [2], where the resistance (1.49 cmH2O.s/L) is within the
range. Figures 4.2a also show that for airways of smaller resistance, the mean par-
tial pressures of oxygen and carbon dioxide are faster to reach the quasi-stationary
state. The only exception is for the case of [12], where although the estimated
resistance (0.357 cmH2O.s/L) is well below the range of reported measurements
(1.08-2.6 cmH2O.s/L), it takes more than 20 seconds for oxygen partial pres-
sure in the blood to reach the quasi-stationary behavior. The partial pressure
of carbon dioxide, however, reaches its quasi-stationary behavior quickly because
its value at the initial condition is very close to its value at the quasi-stationary
state. As for the infants, the estimated resistance of [2] is well above the range
(22.6-52 cmH2O.s/L), while those of [12] and [15] are well below. As a conse-
quence, it takes less than 1 second for the blood to be saturated with oxygen for
the airways geometries of [12] and [15], while it takes more than 2 seconds for the
geometry of [12]. A key characteristic of all the airways geometries (except [12])
with resistances well below the range of reported measurements is that the partial
pressure of carbon dioxide in the blood oscillates, at quasi-steady state, over a
range well below the nominal range (40-46 mmHg). Discussion of the peculiar
behavior of the adult airways geometry reported in [12] that resulted in poor
removal of carbon dioxide from the blood is presented below. Abnormally ele-
vated carbon dioxide levels in the blood are typically caused by hypoventilation,
whereas reduced levels are typically caused by hyperventilation. Based on this,
we can categorize the airways geometries in table 4.2 as either hyperventilating
or hypoventilating.

Note that we excluded [13] and [11] from the results in figure 4.2 due to their
very high dead space volumes and very small resistance, as can be seen in table
4.2.

One can also observe from table 4.2 that a higher dead space volume does
not always lead to a smaller airways resistance, and vice versa, as can be seen by
comparing cases I and J (or A and B) of table 4.2. For a given circular channel
of length L and diameter D, both the channel volume and the resistance would
increase if L is increased a factor α > 1 and D is increased by a factor β that
satisfies α−1/2 < β < α1/4.

Since the length and diameter of the airways channels decrease for higher
generations, the air flow and species transport become increasingly dominated by
diffusion, approaching the Stokes flow regime in the last generation, as indicated
by the low values of Reynolds and Peclet numbers listed in table 4.3. This implies
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that the diffusion term D•,airAin ∂C(x,t)
∂x

∣∣∣
in

in equation (3.9) plays a significant

role in transporting Oxygen and Carbon Dioxide into and out of the alveolar
space. This diffusion term depends on two main parameters which are related

directly to the geometry of the models: (i) the concentration gradient ∂C(x,t)
∂x

∣∣∣
in

which is affected by the distribution of the species along the airways and (ii) the

airways inlet area to the alveolus Ain =
2Ng−1πD2

Ng

4Na
, where Ng is the number of

generations, DNg is the diameter of the last generation, and Na is the number
of alveoli. Among the cases presented in figure 4.2b, we notice that the airways
geometry that results in the lowest carbon dioxide levels in the blood is [10] has
the highest Ain (or Rin/Ralv, Ain = πR2

in), as shown in Table 4.3. We also notice
that the airways geometry of [12] yielded the highest carbon dioxide levels in the
blood, where Ain (or Rin/Ralv) is lowest. The difference in CO2 removal from
the blood between the airways geometries of [10] and [12] is attributed to the fact
the first consists of 24 generations, while the second consists of 16 generations
only, while both share nearly similar values of the terminal branch diameter. The
impact of the small alveolar inlet of [12] can also be seen in Figure 4.2a, where
the small flux at the alveolar inlet causes the oxygenation to be very slow, where
it takes 22 seconds (6 respiration cycles) for the blood to reach saturation.

In figure 4.2b, we notice that the mean partial pressure of carbon dioxide
in the blood using the airways geometry model of [2] undergoes small fluctua-
tion amplitude around a mean that is higher than that of all other 24-generation
models. This is attributed to the overestimated lengths of the generation (14-25),
as can be seen in Figure 2.1 (or Table 2.1). Increasing the lengths (Li) of the
generations where diffusion is dominant results in a smaller species flux at the
alveolar inlet, since ∂C(x,t)

∂x
∼ 1∑

Li
. This damping effect results in smaller fluctu-

ation amplitudes and overall reduction in gases exchange.

Figures 4.4 and 4.5 show the partial pressure of oxygen and carbon dioxide
along the capillary every one eighth of a respiration period at the quasi-stationary
state using the airways models of [1] for adults and [2] for infants. The fluctuations
in time of the mean, averaged along the capillary, has already been discussed using
Figures 4.2 and 4.3. It can be seen the in both cases, the concentrations reach
their fully developed state maximum values over a distance that is less than one
fifth of the capillary length.
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Figure 4.4: Variation of the oxygen and carbon dioxide partial pressured in the
blood along the capillary over one complete cycle (period T ) for adults using the
airways geometry in [1].
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Figure 4.5: Variation of the oxygen and carbon dioxide partial pressured in the
blood along the capillary over one complete cycle (period T ) for infants using the
airways geometry in [2].

4.1 Discussion

Quantitative description of the tracheobronchial airway morphometry is essential
for the investigation of toxicologic effects of inhaled aerosols and gases under a
variety of conditions. Limitations in measurements prohibit the accurate esti-
mation of the dimensions of the generations beyond the first few. As a result,
some studies opted to include only the first few generations in their design, while
others relied on inferred dimensions for the rest of the generations, as discussed in
the Introduction and Materials and Methods sections. Inaccurate measurements
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and corresponding quantitative descriptions of the airway anatomy undermine
the ability of the associated dosimetry models in animal toxicology to accurately
predict particle transport and deposition dynamics within the respiratory tract.

Accurate predictions of the exchange of inhaled aerosols and gases with the
blood in the pulmonary capillaries are not possible without a physically sound
representation of the airways dimensions. Such predictions require both an ade-
quate pulmonary tree representation and a model to predict the dynamics of air
and gases transport all the way to the alveoli. A properly constructed mathe-
matical representation of these processes not only enhances our understanding of
pulmonary diseases, but it also enables investigation of many what-if scenarios.

We postulate that a physically sound representation of the airways dimen-
sions should meet geometrical, mechanical, and species transport requirements.
Any geometric representation of the tracheobronchial airway morphometry should
conform to high-fidelity observable geometric quantities such as the dimensions
of the first few generations, dead space volume, and path length. Such a rep-
resentation should also reproduce high-fidelity observables that characterize the
mechanical behavior such as resistance and inductance. The associated lung me-
chanics model must also reproduce high-fidelity observables, including the tidal
volume under normal breathing conditions. A key contribution of this study is its
assessment of the airways geometric models in terms of gas transport along the
respiratory tract and the eventual exchange with blood in the capillaries across
the alveolar membrane. Specifically, a proper representation of the airways di-
mensions must ensure that the predicted dynamics of oxygenation and carbon
dioxide removal in the blood agrees with observations. We found out that over-
estimating the lengths of the generations where diffusion is dominant results in
a smaller mass fluxes at the alveolar inlet. This damping effect results in smaller
fluctuation amplitudes and in overall reduction in gas exchange. We also found
out that the area of the airways inlet to alveolus (terminal bronchiole diameter)
plays a key role in the gases exchange. Thus extra care must be taken when
reporting these dimensions.

A suitable computational and/or experimental model that employs a physi-
cally sound representation of the airways dimensions can be ultimately used to
design patient customized ventilation modalities, where the model is periodically
updated with in vivo observations. We should not, however, ignore the fact the
computational and/or experimental methods that incorporate the airways geom-
etry used should be sufficiently accurate in a way that is compatible with the
objectives and scope of a particular study.
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Appendix A

Model Parameters

The respiratory system consists of the airways and the lung. The airways are
divided into two components: the extrathoractic and the intrathoractic airways.
The extrathoractic (superior) airway includes the supraglottic, glottic and in-
fraglottic regions. The intrathoractic (inferior) airway includes the trachea, the
main bronchi, and the rest of the bronchial generations, which have as their main
function the conduction of air to the alveolar surface[48] .

Table A.1 list the parameters used by the various submodels. Note that the
value of each parameter can be directly specified or estimated using the relations
and data collected from the literature.

Table A.1: Model parameters.

parameter submodel estimation

Initial alveolus thickness alveoli geometry 0.6 µm
Capillary diameter blood circulation 10 µm
Capillary to alveolus contact area ratio alveolar membrane transport 0.3
Transit time of blood in capillary capillaries transport 1 sec
Capillary length to alveolar membrane transport 1
half alveolus perimeter ratio
Inspiration to expiration ratio mechanical model 0.5
Maximum intrapleural pressure mechanical model -5 cmH2O
Minimum intrapleural pressure mechanical model -10 cmH2O
O2 concentration at airways inlet airways transport 0.3762 kg/m3

CO2 concentration at airways inlet airways transport 0.0067 kg/m3

O2 partial pressure at capillary inlet capillaries transport 40 mmHg
CO2 partial pressure at capillary inlet capillaries transport 46 mmHg
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A.1 Nominal mass and height

Many model parameters are expressed in terms of mass and height. Unless oth-
erwise specified, the mass (kg) and height (cm) are determined as a function of
age and sex. This is done by incorporating into the model the growth charts [49]
for both males and females from the age of few days till the age of 20. Based on
the USA population, the growth charts provide the mass and height at various
percentiles given the age and sex. The nominal mass and height, taken to be at
the 50th percentile, are plotted again age in Figures A.1 and A.2 respectively and
in Figures A.3 and A.4 for infants up to an age of 40 months.
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Figure A.1: Nominal mass versus age.
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Figure A.2: Nominal height versus age.
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Figure A.3: Nominal infant mass versus age.
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Figure A.4: Nominal infant height versus age.

A.2 Respiration Frequency

Ventilation rates and volumes may be thought of as responses of the lung me-
chanical model to the difference between the inlet pressure and the intrapleural
pressure. Under normal conditions, the inlet pressure is atmospheric and breath-
ing is driven by a periodic change in the intrapleural pressure. The intrapleural
pressure signal is characterized by its frequency, the respiration frequency, and
the peak-to-peak difference, pip,max − pip,min. The respiration frequency is thus
a significant parameter as it impacts the tidal volume and the rates at which
oxygen and carbon dioxides are exchanged between the alveolar space and the
environment. Dependence of the frequency of respiration on age, as reported in
different sources, is plotted in Figure A.5. An infant naturally breathes at fre-
quencies higher than an adult. Higher respiration rates are typically accompanied
with smaller volume intakes.
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Figure A.5: Frequency of respiration versus age.

A.3 Trachea and main bronchi: length and di-

ameter

The first two generations of the airways are the trachea and the main bronchi. In
many cases, the trachea diameter and length are measured separately from the
the rest of the airways. Figures A.6 and A.7 show respectively the dependence
on age of the diameter and length of the trachea and main bronchi, as reported
in difference references. The trachea length is often estimated as 5 times the
diameter, based on Yeh et Schum (1980) [50].
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Figure A.6: Trachea diameter versus age. [3] reported length and diameter of
trachea vs age for 130 children and adolescents. [4]: 808 patients (430 males and
378 females).
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Figure A.7: Trachea length versus age. [5]: length(cm)=0.0856*height(cm)-2.32.
[3] reported length and diameter of trachea vs age for 130 children and adoles-
cents.
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A.4 The Number of Alveoli

The alveoli are open chambers in a complex 3D maze formed by the alveolar walls
[51]. Each alveolus has one opening towards an alveolar duct, framed by an en-
trance ring formed of the strong fiber tracts in the free edges of the alveolar septa.
In our model, the average volume of a single alveolus is determined by dividing
the total alveolar volume by the number of alveoli. At the end of expiration, the
total alveolar volume is the difference between the functional residual capacity
(FRC) and the dead space (DS). Correlations for the FRC and DS, in addition to
other lung volumes, are presented below in A.5. One of the earlier model-based
counting methods can be found in [52]. The method, which requires assumptions
of shape and size distribution factors, resulted in an estimate of 300 million alveoli
in the average human lung. A more accurate estimate of 480 million alveoli is re-
ported in [37], which used stereological analysis[53, 54] for counting. [37] reports
that [38] and [6] seems to have more accurate estimates than older measurements.
Another recent study done by [55] reports the number of alveoli using advanced
stereological counting technique. According to [6], the number of alveoli follows
a logarithmic growth with age and depends on gender, with males having slightly
more alveoli than females at a certain age. The number of alveoli, in millions, is
correlated as follows:

males NALV = 311.2 + 62.79 ln(A)

females NALV = 269.4 + 55.49 ln(A) (A.1)

This correlation suggests that the number of alveoli increases significantly from
around 30 million for a preterm infant to 500 million in a 20 years old adult.
Further change in the number of alveoli for ages larger than 20 years is insignifi-
cant. Table A.2 lists various sources that reported measurements of the number
of alveoli (NALV ) and its dependence on age and/or lung volume.
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Table A.2: Data collected on number of alveoli in healthy subjects from different
sources. gwk stands for gestation weeks. pnwk: postnatal weeks.

source measurement no. of subjects age range gender

[56] NALV (Age) 3 0-8 yr
[56] NALV (Age, LV ) 5 0-11 yr
[57] NALV (LV ) 32 19-85 yr
[58] NALV (Age) 14 < 19 yr

32 adults
[6] NALV (Age) 20 6 wk - 14 yr girls

36 6 wk - 14 yr boys
[38] NALV (Age, LV ) 5 29 gwk -18 pnwk
[37] NALV (LV ) 6 adults
[55] NALV (Age) 11 0.09-15.9 yr

Figure A.8 shows the dependence on the number of alveoli on age, using data
and models collected from the studies listed in Table A.2. Dependence over an
age range of 20 gestation weeks to 50 postnatal weeks is shown in Figure A.9. A
log-log plot, that highlights the logarithmic growth in the number of alveoli per
unit lung volume with age, is shown in Figure A.10.
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Figure A.8: Number of alveoli vs age from various references.
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A.5 Lung Volumes

Nominal values for the lung volumes are needed to get many important parame-
ters such as the nominal lung tissue compliance, nominal airways resistance, and
the volume of the lung at the open pressure (which is normally the maximum in-
trapleural pressure of -5 cmH2O). The lung volumes that are used by our model
are the tidal volume, functional residual capacity, and the dead space.

Various lung volumes are usually measured experimentally for individuals of
different ages, weights, heights, and sex [59, 60, 61]. Note that in the following
equations, A is the age in years, BW is the weight in Kg, Hcm is the height in
cm, and H is the height in m. Correlations for these volume in terms of these
parameters, in addition to sex, are presented next.

A.5.1 Tidal volume

The nominal tidal volume (TVnom) is the tidal volume under normal breathing
conditions of a healthy person. Correlation for the tidal volume as a function of
age can be found in [62]. This correlation, along with data from other sources, is
plotted in Figure A.11. The nominal tidal volume is usually measured per unit
body weight and is estimated to be 4-5 mL/Kg in newborn babies, increasing
to about 7 mL/Kg in adults[63]. For a 71 kg adult, the tidal volume is around
500 mL, in agreement with [64]. For a 3 kg infant, the tidal volume is about 15
mL[65]. [8] reported the tidal volume vs Height as TV (ml) = 4.19H(cm)−206.6.
To produce the plots in the figure, the growth charts [49] (50th percentile) were
used to relate age to mass and height.
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Figure A.11: Nominal tidal volume versus age.

The nominal tidal volume may be used to calculate the nominal compliance
as

Cnom =
TVnom

pip,max − pip,min
(A.2)

where pip,max − pip,min are respectively the maximum and minimum intrapleural
pressure during a breathing cycle under normal conditions.

A.5.2 Functional Residual Capacity

The Functional Residual Capacity (FRC) is particularly important since it allows
estimation of the the alveolar volume (AV) as

AV = FRC −DS (A.3)

where DS is the dead space, discussed in section A.5.3. The alveolar volume is,
in turn, used to estimate the volume of a single alveolus at the end of expiration
as AV/NALV , where NALV is the number of alveoli. Table A.3 and Figure
A.12 shows dependence of FRC on height using data from various sources.
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Table A.3: Data collected on FRC for both genders from different sources. M:
male, F: female, P: plethysmography , MS: Mass spectrometry, U: Ultra sonic,
H: Helium dilution, W: Washout.

Source Age range no. of gender Equation/
(Method) subjects mean

[66] 6-14 yr 93 0.92× 10−6H2.86
cm L

[67] 5-38 yr 171 M 0.125× 10−3H3.298
cm mL

F 0.286× 10−3H3.136
cm mL

[68] 7-15 yr 45 2.11× 10−7H3.103
cm L

Doershuk & Matthews (1969) 0-0.1 mo 49 89.5± 15.5 mL
[69] 1-23 mo 25 1.57× 10−5H2.23

cm L
[70] 4-16 mo 35 5.5Hcm − 141.6 mL
[71] 0.1-12 mo 48 6.78Hcm − 2.28× 100 mL
[72] 2-7 yr 63 13.85Hcm − 886 mL
[73] 18-86 yr 179 M 7.502Hm − 7.608 L

F 5.867Hm − 5.972 L
[74] 0.1-31 mo 110 e−5.91H2.59

cm mL
[75] 0.74-60 wk 69 5.16Hcm − 175.72 mL
[60] 0-8 yr 569 1.4× 0.0031H2.56

cm mL
[76] 1-26 mo (P) 27 e−6.21H2.69

cm mL
1-26 mo (H) 27 e−6.53H2.74

cm mL
[77] 23-46 yr (P) 9 3.3± 0.8 L

23-46 yr (W) 9 3± 0.85 L
[78] 20-70 yr 482 M 3420± 765 mL

F 2841± 555 mL
[79] 20-80 yr 100 M 2.78Hm − 1.83 L

F 1.3Hm + 0.21 L
[80] 18-88 yr 591 M 3.18± 0.76 L

F 2.36± 0.52 L
[81] 3-120 wk 22 303.7− 8.89Hcm+

0.105H2
cm mL

[82] 38.3 ± 9.2 d 12 79.2± 1.2 mL
[83] 4-93 wk 32 0.02H2.1572

cm mL
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A.5.3 Dead Space

Dead space corresponds to the air space in regions of the lung where no gas
exchange occurs. The (total) physiologic dead space (DS) is the sum of the
anatomic dead space (DSAN) and the alveolar dead space (DSAV ). The alveolar
dead space is sum of the volumes of those alveoli which are not involved in gas
exchange with the blood. According to [46] it is accepted in adults that (DSAN)
and (DS) are virtually identical in normal lungs. A similar relationship that holds
for children has been assumed by [84]. The anatomic dead space, consisting of
intrathoracic (DSI) and extrathoracic (DSE) (outside the chest) components[7],
is that portion of the airways which conducts gas to the alveoli. [7] argues that,
because infants and children head is large, the proportion of the extrathoracic
dead space is larger. Table A.4 lists correlations for extrathoracic and total dead
spaces as a function of mass and age, obtained from various sources.

Table A.4: Correlations for DS, DSE and DSP . Note that the DSI = DS −
DSE. DSP : Physiological dead space. A: Asthmatic, CF: Cystic fibrosis, I:
Intubated with cuffed endotracheal tubes, V: Ventilated.

source Age Range no. of quantity expression/
(Health) subjects value

[9] 4 - 42 yr 73 DSAN 7.585× 10−4Hcm
2.363 mL

[8] 5-16 yr 72 DSAN 1.018Hcm − 76.2 mL
5-16 yr 52 DSP 1.707Hcm − 72.5 mL

children (A) 42 DSAN and DSP
children (CF) 28 DSAN and DSP

[7] 7 d - 14.2 yr (I) 40 DSAN 3.28− 0.56 ln(1 + Age(yr)) mL/kg
7 d - 14.2 yr (I) 40 DSE 1.64− 0.242 ln(Age(yr)) mL/kg
18 d- 14.7 yr (V) 10 DSI 1.03 mL/kg

[85] 7-40 yr 19 DSAN 4.5× 10−5Hcm
2.92 mL

children (A) 22 DSAN
children (CF) 11 DSAN

[86] adults DSAN
[87] adults DSAN
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Measurements of the dead space volume for adults and infants, reported from
various sources, are presented in Tables A.5 and A.6.

Table A.5: Measurements of the dead space volume for adults (m: men, w:
women).

DS
Reference (cmH2O.s

2/l)

[88] 156 ± 28m

104w

[89] 150-200
[90] 180.8 ± 32m

126.9 ± 26.7w

[91] 167 ± 38m

138 ± 24w

[92] 190 ± 30
170 ± 40

[93] 197.7 ± 33.2V
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Table A.6: Measurements of the dead space volume for infants. *calculated from
age dependent correlations. P: Preterm birth. V: Ventilated.

DS
Reference (cmH2O.s

2/l)

[8] 27*
[94] 6.4 ± 1.33V

[95] 3.08 ± 1.06P

[96] 6.7
[97] 6.1 ± 0.4

5.18 ± 0.12P

[7] 11.57*
[98] 4.15 ± 2V

[99] 5.1
4.6P

A.6 Lung Mechanical Model Parameters

These are the compliance and resistance.

A.6.1 Compliance

The compliance of the tissue is a measure of how much the lungs inflate with a
given pressure difference in the chest cavity. In the mechanical model, the compli-
ance is either measured or computed from a compliance model that accounts for
the viscoelastic behavior of lung tissues including surface tension in the alveoli.
During a normal inspiration, the human being intakes the nominal tidal volume,
driven by a drop (typically 5 cmH2O) in the intrapleural pressure. The nominal
compliance may then be inferred from the tidal volume and the peak-to-peak
change in intrapleural pressure as

Cnominal =
TV

pip,max − pip,min
(A.4)

Equation (A.4) can be derived from Equation (3.1) by observing that at the be-
ginning and end of inspiration, dV/dt is very small.

46



A.6.2 Resistance

In the mechanical model, the resistance is either measured or computed from a
resistance model, which, in turn, takes the airways geometry and flow conditions
as input. If we assumed fully developed laminar flow conditions in all the airways
channels, the nominal resistance may then be expressed as

Rnominal =

Ng∑
k=0

128µLk
πD4

k2
k

(A.5)

Measurements of the total resistance for adults and infants, reported from various
sources, are presented in Tables A.7 and A.8.

Table A.7: Measurements of total resistance, dead space volume, and inductance
for adults (m: men, w: women).

Reference R
(cmH2O.s/l)

[100] 1.5 ± 0.49
[101] 1.53 ± 0.64
[102] 1.35 ± 0.53
[103] 1.08
[104] 1.67 ± 0.61
[105] 1.8m

2.22w

[106] 2.32 ± 0.6m

2.6 ± 0.6w
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Table A.8: Measurements of total resistance, dead space volume, and inductance
for infants. **Inspiration-Expiration. P: Preterm birth.

R
Reference (cmH2O.s/l)

[107] 29 ± 12.9
[108] 26 ± 6.5
[109] 18.1 ± 6.3
[110] 38.5 ± 25.2
[111] 47.5 ± 5.6
[112] 25 ± 7.7-36 ± 7.8P**
[113] 25.4 ± 3.3
[114] 52-70**
[115] 22.6 ± 8.9
[116] 35.62 ± 1.94
[117] 28.68 ± 8

34.84 ± 13.01
[95] 48.8 ± 15.4P

[118] 54.8 ± 15
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