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ABSTRACT 

OF THE DISSERTATION OF 

 
 

Ali Al-Hadi Ibrahim Kobaissy  for Doctor of Philosophy 

      Major: Mechanical Engineering 

 

 
 

Title: On the Modeling of Grain Fragmentation in Metallic Structures Using the 

Continuum Dislocation Dynamics Approach 

 
Predicting the mechanical properties and the microstructural features of metals subjected to 

severe thermo-plastic deformation processes is of supreme importance in designing novel or 

enhanced materials. The objective of this research is to investigate these properties using a 

hybrid physically based multiscale modelling approach. A grain fragmentation model is 

proposed and implemented into the continuum dislocation dynamics model coupled with a 

crystal plasticity framework to predict the texture, grain size, yield strength, and dislocation 

densities. The proposed model is also used to understand the deformation mechanisms that 

influence the distinct mechanical behaviors of metals. In this study, the grain fragmentation 

approach was based on the grain-grain interaction where the formation and accumulation of 

the geometrically necessary dislocations at the grain boundaries restrict the free deformation 

of the grain. A misorientation difference arises between the core of the grain and its 

boundaries. The grain fragmentation process is triggered when the misorientation reaches a 

threshold value leading to the formation of new grains. The model was first applied to the 

face centered cubic metallic structures such as copper and aluminum subjected to equal 

channel angular pressing process (ECAP). Prior to the prediction of the ECAP and post-

ECAP properties, model parameters have to be calibrated by a simple mechanical testing for 

the as-received material such as tension, compression, or shear. ECAP predictions have 

shown good reliability and predictability for both materials. The proposed model was then 

upgraded and developed to include additional deformation mechanisms such as twinning to 

be able to mimic the behavior of hexagonal closed packed metallic structures such as 

magnesium. The microstructural features and mechanical properties of the processed 

materials via ECAP were in good accordance with the experiments. Mechanical properties of 

the pre-ECAP, during ECAP, and post ECAP are studied and analyzed by the power of the 

proposed model. 
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CHAPTER 1 

1. INTRODUCTION 
 

Solid materials, such as metals, polymers, ceramics, etc., can be classified 

according to their atomic arrangements. All metals exhibit crystalline structures under 

normal conditions where they are composed of a large number of single crystals. Each 

crystal is composed of a large number of atoms sorted in a periodic pattern to form cubic, 

hexagonal or other structures. There are several crystal structures that metals can form, 

the most common structures are: FCC (face-centered cubic), BCC (body-centered cubic), 

and HCP (hexagonal close-packed). However, most crystalline metals do not exist in their 

perfect form, several imperfections can be present. Those imperfections include point 

defects such as vacancies and self-interstitial atoms, linear defects (mainly dislocations), 

surface defects such as grain boundaries and finally volume defects such as cracks, pores 

or foreign inclusions. Dislocations are the most important crystal defects in crystalline 

materials amongst the others since they initiate, through their movement, plastic 

deformation [1]. The concept of dislocations was first developed mathematically by 

Volterra in the early 1900s. However, in the 1930s, Orowan, Polyani, and Taylor 

published almost simultaneous work connecting the plastic deformation to the motion of 

dislocations [2].  

 

1.1 Dislocations 

Dislocations are one-dimensional linear defects in which a half plane of atoms is 

added or removed from the crystal. Dislocations can exist in two types, edge and screw; 

they are defined by their dislocation line and Burgers vector b (Figure 1.1). The burgers 
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vector is defined as one interatomic spacing and is given as a function of the lattice 

parameter a (b(FCC)=
𝑎

2
〈110〉, b(BCC)=

𝑎

2
〈111〉, b(HCP)=

𝑎

3
〈112̅0〉) [1]. Edge 

dislocation moves parallel to the applied shear stress where the dislocation line and 

burgers vector are perpendicular. On the other hand, screw dislocations move 

perpendicular to the applied shear stress causing a spiral ramp within the crystal in which 

the dislocation line and the burgers vector are parallel. In most crystalline materials, 

dislocations are neither pure edge nor pure screw, but mixed dislocations where the 

dislocation line and the burgers vector are neither parallel nor perpendicular.  

 

Figure 1.1 Schematic representation of a dislocation line that has an edge (E), screw (S), and 

mixed (M) character (Figure from William Callister, Jr., Materials science and engineering, John 

Wiley and sons, Inc, 2010). 

 

1.2 Dislocation Generation and Movement 

In general, dislocations move either by glide or by climb. Dislocations lying on 

their slip planes can exist in two forms, glissile or sessile. Glissile occurs when the 

dislocation moves in a surface containing both its dislocation line and its Burgers vector, 

while the dislocation which is not able to move in this manner is called sessile. Climb 

motion can occur when an edge dislocation moves out of its slip plane; this happens 

mostly at high temperatures [3]. Another mechanism occurs by the movement of a screw 

dislocation from one slip plane to another plane containing the Burgers vector, is known 
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as cross-slip (Figure 1.2). However, if the screw dislocation is dissociated into two 

partials connected by a stacking fault, it cannot cross-slip, since both partials will not be 

screws. They must recombine to a screw dislocation before they cross-slip and then 

dissociate again on the second plane. 

 

Figure 1.2 Cross-slip mechanism where a screw dislocation can move from one slip plane to another. 

(Figure from W.F. Hosford, Mechanical Behavior of Materials (Second Edition), 2010) 

 

Generation of dislocations could occur by several mechanisms. The simplest 

mechanism is the  Frank-Read source mechanism, suggested by Frank and Read where a 

dislocation is generated and multiplied from an existing source called the Frank-Read 

sources [4]. A Frank-Read source is conceived as a dislocation line pinned at two points 

A and B (Figure 1.3) which may be formed from dislocation immobilization or 

dislocation interactions with other point defects or precipitates. In Figure 1.3, a shear 

stress 𝜏, acting on a plane containing the dislocation segment AB, cause the dislocation 

to bow out. As the shear stress increases, the dislocation continues to bow out until it 

forms a dislocation loop that can expand under the stress. This bowing out is resisted by 

a force called the line tension of the dislocation which results in the restored segment AB 

between the pinning points. Many loops can be produced from the same dislocation 

segment by repeating the same process.    
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Figure 1.3 Frank-Read source mechanism 

 

1.3 Micro-Plasticity (Deformation Mechanisms) 

During elastic deformation, the inter-atomic bond only stretches and then returns to its 

initial position after releasing the load, while during plastic deformation, several 

deformation mechanisms could occur, such as slip and twinning [5].  

 

1.3.1 Slip Mechanism 

Slip or glide process is produced by the motion of dislocations during plastic 

deformation. This process requires the breaking-up and reforming of the interatomic 

bonds, where it involves shearing of crystals on certain crystallographic planes (slip 

planes) and certain crystallographic directions (slip directions) [6]. The slip plane is 

defined as the plane that has the most dense atomic packing and is represented by the unit 

vector of its normal direction n. The slip direction corresponds to the direction that has 

the most closely packed atoms within the slip plane and is represented by its unit vector 

m (Figure 1.4). The combination of the slip direction and the slip plane forms the so-

called slip systems [1]. For FCC crystal structure, dislocations can glide on 12 individual 

slip systems along 〈110〉 directions within the {111} planes (or can be written as 

〈110〉{111} systems). In BCC crystals, slip can occur along the 〈111〉 direction on the 

{110}, {112} or {123} plane families where it can reach 48 slip systems. In HCP metals, 

slip can take place on basal {0001}, prismatic 〈𝑎〉 {101̅0}, or pyramidal 〈𝑎〉 {101̅1} 



 

 20 

planes along the common slip direction 〈112̅0〉 direction. Another slip may take place on 

the pyramidal 〈𝑐 + 𝑎〉 {112̅2}〈1̅1̅23〉 [5]. The slip planes and directions are summarized 

in Table 1-1. 

Table 1-1 Slip system families for FCC, BCC and HCP metals [1,7] 

Crystal structure Slip plane Slip direction Number of slip systems 

FCC {111} 〈11̅0〉 12 

 {110} 〈1̅11〉 12 

BCC {211} 〈1̅11〉 12 

 {321} 〈1̅11〉 24 

 {0001} 〈112̅0〉 3 

HCP {101̅0} 〈112̅0〉 3 

 {101̅1} 〈112̅0〉 6 

 {112̅2} 〈1̅1̅23〉 6 

 

In order to initiate slip, a critical value of the shear stress known as the critical 

resolved shear stress (CRSS), should be reached on a particular slip plane. The resolved 

shear stress can be written as: 𝜏𝑅 = 𝜎 𝑐𝑜𝑠 𝛿 𝑐𝑜𝑠 𝜆, where 𝜎 is the applied stress, 𝛿 is 

defined as the angle between the slip plane normal and the applied stress direction, and 𝜆 

is defined as the angle between the slip direction and the tensile axis [1] (Figure 1.4). 
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Figure 1.4 Slip elements (slip direction and slip plane normal) in uniaxial tension [8]. 

 

 

 

1.3.2 Twinning Mechanism  

Twinning is a common deformation mechanism in most crystalline materials at 

low temperatures and high strain rates [9,10]. Twinning dominates slip in HCP metals 

since slip systems are not easily activated at low temperatures [8]. Mechanical twinning 

affects the lattice orientation where a part of the crystal becomes the mirror image of the 

other part of the crystal. The boundary of the twinned crystals occurs at a crystallographic 

plane called the twinning plane. Twinning, unlike slip, involves a shear displacement of 

a fraction of an interatomic distance where it reorients the lattice abruptly [5]. In addition, 

twinning shear is directional-dependent, thus reversing the shear direction could exhibit 

different effect on the lattice. For instance, in FCC crystals, twinning occurs by shearing 

along the [112̅] direction on the (111) plane and not along [1̅1̅2] direction for the same 

plane [8].  
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Figure 1.5 Twinning elements (𝑲𝟏, 𝑲𝟐, 𝜼𝟏, 𝜼𝟐). (Figure from A. Kelly, K.M. Knowles, 

Crystallography and Crystal Defects (Second Edition), 1970) 

 

To illustrate more how twinning occurs, the simple shear geometry is shown in 

Figure 1.5. After twinning, two material planes remain undistorted. The first undistorted 

plane is the twinning plane 𝐾1 (i.e. the mirror plane), and the second one is denoted by 

plane 𝐾2. All atoms on the upper side of the plane 𝐾1, which is also an unrotated plane, 

are displaced in the shear direction 𝜂1. The plane where the atoms are displaced is called 

the shear plane 𝑆, defined by two vectors, 𝜂1 and the normal to 𝐾1. Plane 𝐾2 is a rotated, 

but undistorted, plane which is a result of the twinning operation. Similarly, 𝜂2 is a 

rotated, but undistorted, direction lying in both planes 𝑆 and 𝐾2. 𝜂2 rotates to a new 

position 𝜂2
′  , by the means of the simple shear, by an angle 2𝛼 where 𝛼 is defined as the 

angle between the normal of plane 𝐾1 and 𝜂2 direction [11]. 

Twinning can reproduce the lattice in two types, type I and type II. Each type 

depends on the rationality of the twinning elements 𝐾1, 𝐾2, 𝜂1, and 𝜂2. The rationality 

signifies whether the elements pass through the set of points of the Bravais lattice or not.  

In type I, 𝐾1 and 𝜂2 are rational. Therefore, I1 and I2 can be considered, as shown 

in Figure 1.6(a), as the unaffected vectors by shear. However, the lattice vector I3 (parallel 

to 𝜂2) is rotated to I3
′  (parallel to 𝜂2

′ ) after shearing. So, the new basis vectors of the 

twinned unit cell (dotted cell) become (I1, I2, I3
′  ) which reflects the un-twinned unit cell 
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(solid cell) (I1, I2,- I3). This type of twinning (type I) is also called the reflection twin 

type where 𝐾1 and 𝜂2 are rational while 𝐾2 and 𝜂1 are irrational. 

 

  

(a) (b) 

Figure 1.6 (a) Type I twin. (b) Type II twin. (Figure from A. Kelly, K.M. Knowles, 

Crystallography and Crystal Defects (Second Edition), 1970) 

 

Type II is shown in Figure 1.6(b). In this type, 𝐾2 and 𝜂1 are rational while 𝜂2 and 

𝐾1 are irrational. The lattice vector I3 is chosen to be in the rational direction 𝜂1 and the 

two lattice vectors I1 and I2 are chosen in the 𝐾2 plane. I1, I2 and I3 define the basis 

vectors before the shear has taken place. After shearing, I3 is unchanged while I1 and I2 

are rotated to a new position I1
′  and I2

′ , respectively. Thus, the new basis of the sheared 

unit cell is (I1
′ , I2

′ , I3). This type of twinning is called the rotation type [11]. In most metals, 

the four twinning elements can be rational, so the two types can merge. In this case, the 

twin is called compound-type which is usually found in the symmetrical crystal lattices. 

For example, in cubic structures, the only possible type of twinning is the compound type 

(the full argument can be found in Ref. [11]). The set of twinning elements (twinning 

planes and directions) are tabulated in Table 1-2 for different crystal structures: 



 

 24 

Table 1-2 Twinning element of different crystal structures [8] 

Structure 𝑲𝟏 𝜼𝟏 𝑲𝟐 𝜼𝟐 

FCC {111} 〈112̅〉 {111̅} 〈112〉 

BCC {112} 〈111̅〉 {112̅} 〈111〉 

HCP {101̅2} 〈101̅1〉 {1̅012} 〈1̅011〉 

 

1.3.3 Size Effect 

Ultra-fine and nano-crystalline materials are revealed to exhibit stronger 

mechanical properties compared to the coarse crystalline structures of the same material. 

Microstructural features such as grain size and dislocations are not considered in the 

classical plasticity theories, thus the size effect could not be predicted. By incorporating 

the material length scale in modeling framework, size effect is then possible to be 

predicted. Size effect can be either categorized intrinsically due to microstructural 

constraints such as grain boundaries, dislocations, and grain sizes, or extrinsically due to 

the dimensional constraints of the sample size such as micropillars or thin films materials 

where dislocation motion could be affected by the materials surface [12]. 

 

1.4 Plasticity Theory 

Structural mechanics analysis can be classified into linear static or nonlinear 

analyses. In linear analysis, displacements are assumed to be infinitesimal, and Hooke’s 

law is assumed applicable. On the other hand, nonlinearity could arise from the high load 

application which results in significant geometrical changes in the material. Although 

loading of a nonlinear material within its elastic regime exhibit a nonlinear stress-strain 

relation, the material follows a linear elastic behavior while unloading since the material 
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returns to its initial configuration (Figure 1.7(a)). However, in the nonlinear plasticity, 

permanent irreversible plastic strain arises (Figure 1.7(b)).  

 
(a) 

 
(b) 

Figure 1.7 (a) Nonlinear elasticity and (b) elasto-plasticity 

 

When the material reaches its yield strength, the process is called yielding. As the 

applied stress exceeds the yield strength, the material then flows, this process is called 

plasticity. Plasticity theory can be explained by several fundamental concepts such as the 

yield criterion and the flow rule in which stresses are described in function of strain for 

the plasticized material. Subjecting material to a specific type of loading (eg., tension, 

compression, torsion, …etc) results in elastic strain. As the load increases, plastic strain 

is then developed. The total strain in the material is the sum of the elastic and plastic 

strains at any instant of loading [13]. 

 

1.5 Theoretical Background on Grain Fragmentation Mechanism 

Severe plastic deformation (SPD) processes induce extreme microstructure 

refinement by achieving large strain levels. These processes have played an essential role 

in designing novel metallic and non-metallic materials [14–19]. Various SPD techniques 

were developed in the past decades to achieve uniform grain refinement that resulted in 

superior mechanical properties [20–23]. Examples of  SPD processes are equal channel 

angular pressing (ECAP) [22], high pressure torsion (HPT) [19,23], accumulated roll 
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bonding (ARB) [24,25], twist extrusion (TE) [26], cyclic extrusion and compression 

(CEC) [27], and repetitive corrugation and straightening (RCS) [28]. Detailed 

description, principles, and major structural features of these processes can be found in 

previous comprehensive reviews [22,23,29,30]. All these techniques rely on imposing 

high hydrostatic pressure and applying severe shear deformation to the bulk material. As 

a result of the high strain level attained, dislocation slip, and deformation twinning are 

the major deformation mechanisms that induce plastic deformation [31]. Each of these 

deformation modes can be activated differently depending on the crystalline structure and 

the stacking fault energy (SFE) of the material. Recent studies showed that SPD-

processed materials with different SFE exhibit different grain refinement processes [32–

36]. 

 

1.5.1 Grain Fragmentation in FCC Materials 

For FCC materials, three types of SFEs can be distinguished; high, medium and 

low SFE materials; since different deformation mechanisms could be activated. 

Experimental observations on high stacking fault energy materials (SFM), such as Al, 

showed that the grain refinement is mainly affected by the dislocation slip mechanism 

[37–42]. Subgrains are rapidly formed at the initial stage of plastic deformation 

demarcated by dislocation walls, named geometrically necessary boundaries (GNBs). As 

plastic strain increases, cell walls, formed from the mutual and the statistically trapped 

dislocations, divide the parent grain into cell blocks. A misorientation resulting from the 

difference in the lattice rotation between the cell blocks increases, prompted by the 

movement of GNB trapped dislocations on different slip systems of the neighboring cell 

blocks [43]. In addition, driven by the reorientation of the cell blocks during deformation, 
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some of the low angle grain boundaries are transformed into high angle grain boundaries 

[44–47]. Continuous increase of the plastic deformation lead to the increase of the 

misorientation between cell blocks; thus, lamellar subgrains around interconnecting 

boundaries are formed [39,45,47–49]. Furthermore, equiaxed grains start to form leading 

to finer microstructure [41,50,51]. Finally, the plastic deformation reaches a steady state 

when the multiplication and generation of dislocations are balanced by dynamic recovery 

mechanisms leading to ultrafine equiaxed grain microstructure [46,52–56]. 

Materials with medium SFEs, such as Cu, behave similarly to the high SFEs 

materials when processed under low hydrostatic pressure, low strain rate, and at room 

temperature where dislocation slip is the major deformation mechanism and deformation 

twinning is negligible. However, their microstructural evolution differs under different 

deformation conditions. Unlike high SFE materials, increasing the hydrostatic pressure 

during SPD processing (e.g., HPT) for the medium SFE microstructures induces more 

grain refinement. For instance, processing a UFG copper sample by HPT under a pressure 

of 7 GPa lead to the subdivision of the ultrafine grains into nanodomains [57]. The 

internal region of these nanodomains contains a high density of nano-twins rather than 

dislocations that are located mainly at the nanodomains boundaries. At this scale, 

deformation twinning mechanism dominates the dislocation slip mechanism due to the 

formation of the nanodomains as suggested in ref. [57]. This observation was contradicted 

by other studies in which deformation twinning is difficult to occur in the refined 

microstructures of the course-grained materials [20,58].  

Evidently, deformation twinning is the major deformation mechanism that 

induces effective grain refinement in the SPD-processed FCC materials having low SFEs. 

Activation of twinning can be affected significantly by the processing conditions such as 
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strain rate [59,60], temperature [61,62], and stress [63]. Microstructural evolution for low 

SFE (eg. Cu-30wt% Zn alloy) has been studied by processing the material by HPT for 5 

revolutions under a hydrostatic pressure of 5 GPa [64]. The grain refinement process for 

this alloy is represented schematically in Figure 1.8. Twin lamellae are formed in the 

ultrafine grains accompanied by an increase in the twins and the dislocations densities 

since twin boundaries (TBs) act as obstacles for dislocation slip (step 1). The 

accumulation of dislocations at the TBs transforms the flat coherent TBs into incoherent 

TBs by gradual bending (step 2). Further shear straining leads to the complete 

transformation of the incoherent TBs into high-angle grain boundaries (HAGBs) due to 

the interaction between TBs and dislocations (step 3). This interaction generates new 

dislocation sources at the GBs that result in the emission of partial dislocations from the 

new GBs with further deformation in addition to the formation of secondary twins. The 

intersection between the new GBs and the secondary TBs subdivides the lamellar grains 

into rhombic domains (step 4). Finally, the secondary TBs are transformed into HAGBs 

leading to the formation of newly refined microstructure (step 5) [64]. It is worth 

mentioning here that the aforementioned grain refinement process is very common for all 

FCC metals with low SFEs [60,65]. 

As illustrated above, grain refinement can be significantly affected for FCC 

materials with different SFEs. In general, materials with lower SFEs exhibit enhanced 

grain refinement since deformation twinning are activated and twin boundary spacings 

are reduced. 
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Figure 1.8 Illustration of grain fragmentation mechanism for the Cu-30wt%Zn alloy 

processed by high pressure torsion [64]. 

 

1.5.2 Grain Fragmentation in BCC Materials 

Although literatures on SPD-processed BCC materials are not extensive as FCC 

materials [31], research on some materials can be found including Tantalum (Ta) [66,67], 

Tungsten (W) [68–70], Molybdenum (Mo) [71,72], Iron (Fe) [73–75] and other materials 

[76,77]. Dislocation slip in bulk BCC materials has a major effect in inducing plastic 

deformation while deformation twinning is less common observed [69,76,78,79]. Slip in 

BCC materials is observed to occur on {110}, {112}, and {123} slip planes along the 

<111> slip directions [80,81]. Grain refinement process of BCC materials processed by 

SPD techniques is nearly similar to that illustrated for FCC materials with high SFEs [82–

89]. By subjecting the material to high shear strain, dislocation structures develop such 

that GNBs are formed by trapping dislocations at the subgrain boundaries. Figure 1.9 

shows the presence of dislocation walls and subgrain boundaries in Fe processed by HPT 

(Figure 1.9(a)) and W processed by ECAP then rolling at high temperature (Figure 

1.9(b)). As the shear strain increases, similar features observed in SPD-induced FCC 

materials such as the formation of lamellar dislocation structures and interconnecting 

boundaries are observed in BCC materials [90,91]. High dislocation densities (>
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1016𝑚−2) can be easily reached due to the dislocation multiplication and interactions 

while processing by SPD. By attaining sufficiently high shear strains, BCC 

microstructure reaches a steady-state in which no more grain refinement can occur 

[76,92,93]. 

 

Figure 1.9 TEM micrographs of (a) HPT processing of a polycrystalline iron up to an 

equivalent strain of ∼210 [91]; (b) ECAP+ rolling processing of polycrystalline W at high 

temperatures [90]. Dislocation walls are indicated by the while arrows while sub-grains 

boundaries are indicated by red arrows. 

 

1.5.3 Grain Fragmentation in HCP Materials 

In contrast to the cubic materials, both dislocation slip and deformation twinning 

play an essential role in inducing plastic deformation for HCP materials. HCP materials 

possess low crystallographic symmetry where slip systems can be categorized as easy slip 

systems (basal and prismatic) and hard slip systems (pyramidal). Activity for the 

slip/twinning systems depends on the critical resolved shear stress (CRSS) (Table 1-3) 

and the c/a ratio. For HCP structures having c/a ratio above 1.6 (eg. Mg), dislocations 

prefer to slip along the <a> basal slip systems while for those having c/a ratio below 1.6, 

dislocations prefer to slip along the prismatic <a> slip systems. In addition, activation of 

pyramidal <a> slip systems could also occur in some HCP materials [94]. Since slip 
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systems with <a> Burgers vectors do not exhibit more than four independent slip systems, 

dislocations moving along the <a> slip systems are insufficient to fulfill the von Mises 

criterion which requires at least five independent slip systems to achieve strain 

compatibility [94,95]. Therefore, activation of <c+a> pyramidal slip systems and/or 

deformation twinning systems are required to obtain homogeneous deformation of HCP 

metals. According to the abovementioned features, SPD-induced HCP microstructures 

affected by both dislocation slip and deformation twinning will behave differently from 

FCC and BCC microstructures. Dislocation slip is a dominant deformation mechanism 

that induces grain refinement of HCP materials [96–99]. TEM images of a commercially 

Ti material processed by ECAP showed that grain refinement occurs in several stages. 

First, after the first pass, parallel and complex shear bands containing high densities of 

dislocations are formed [100]. Then, the ECAPed Ti sample processed for 2 passes (strain 

=1.2) (Figure 1.10(a)) showed that grains with interconnecting boundaries are formed. 

With further straining (Figure 1.10(b)) (up to 6 ECAP passes, strain = 3.6), the 

microstructure is transformed into an ultrafine grained microstructure with indefinite 

GBs. After 8 ECAP passes, Ti microstructure becomes evident with sharp GBs and the 

average grain size saturates at 200 nm [100] (Figure 1.10(c)). 

 

Table 1-3 Estimated CRSS (MPa) for five common deformation systems in Mg and Ti. 

(CRSS data for Mg and Ti were obtained for the temperature ranges of 500–600 K and 

200–600 K, respectively) 

Materials Basal <a> 

slip 

Prismatic 

<a> slip 

Pyramidal 

<c+a> slip 

{𝟏𝟎𝟏̅𝟐}〈𝟏̅𝟎𝟏𝟏〉 
extension 

twinning 

{𝟏𝟎𝟏̅𝟏}〈𝟏𝟎𝟏̅𝟐̅〉 
Contraction 

twinning 

Mg [101–103] 2.7-13 12-20 24-45 10-18 100 

Ti [95,104–108] 49-150 37-98 120-224 125-213 N/A 
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Figure 1.10 TEM images of a Ti sample processed by ECAP (channel angle=120°) through 

(a) 2 passes, (b) 6 passes and (c) 8 passes at room temperature [100]. 

 

In addition to dislocation slip, grain refinement of the SPD-induced HCP 

materials is influenced significantly by deformation twinning required for shear strain 

accommodation along the c-axis [10,101]. Unless the material is not oriented 

intentionally to favor the <a> slip, deformation twinning competes for dislocation slip 

vigorously in the course-grained HCP materials [109–112]. Several conditions such as 

temperature [112,113], stress state [101,114], strain rate [115] and c/a ratio [95,116] have 

revealed the formation of different types of deformation twins with various thicknesses. 

For example, ECAP processing of Ti samples has shown the formation of deformation 

twins with thicknesses varying between 80 nm and 500 nm [117,118]. In addition, for the 

same type of twin (eg. extension twin {101̅2}〈1̅011〉), several crystallographic systems 

could be active leading to twinning intersections that expedite the grain refinement 

process [115,119]. Similar to the FCC materials with low SFEs, activation of deformation 

twinning is influenced significantly by the grain size of the HCP materials in which 

microstructures with smaller grain sizes impedes the deformation twinning occurrence 

[120–123]. 
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1.6 Thesis Overview 

1.6.1 Motivations and Objectives 

Understanding the scientific principles of severe plastic deformation induced by SPD 

processes has revealed a great importance in developing technological needs. Tracing the 

past century, Bridgman was found to be the first one who noticed the increase of material 

compressive strength subjected to twisting [124]. Bridgman works then focused on 

studying the mechanical behavior of bulk metals under very high pressures where he 

invented an apparatus to produce extreme pressures and was awarded a Nobel Prize in 

Physics for this work [19]. Research in material strengthening field continued where 

numerous SPD processing techniques have emerged and developed (refer to section 1.5). 

These techniques have revealed high efficiency in producing ultrafine grained materials 

which exhibit superior mechanical properties. One of these attractive techniques is the 

equal channel angular pressing process due to several reasons. ECAP can be applied to 

wide range of materials with various crystal structures, performed on both small- and 

large-scale billets to be used in structural applications, and can achieve reasonable 

homogeneity for billets pressed to very high strains. In addition, ECAP process may be 

developed and scaled-up accordingly for use in metal-processing within the commercial 

sectors [22]. These various attractive features have attracted many corporations and 

laboratories to invest in developing ECAP process over the last decades. The strength-to-

ductility relationship in ultrafine grained materials produced by ECAP has attracted 

material scientists to investigate the hidden power behind this process. Thus, numerous 

experimental studies were performed to investigate the grain refinement mechanism 

induced by ECAP. In spite of the importance of the experimental work, modeling of such 

mechanisms has gained significant interest due to its time-efficiency and low-cost 
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compared to the experiments. Thus, several modeling approaches were proposed and 

developed to mimic and predict the experimental results. However, despite the various 

studies that focused on modeling grain refinement of metallic materials, some of the 

fundamental issues about modeling this mechanism still remain unclear in literature. 

Some examples include the grain-grain interaction effect, the strain hardening effect on 

grain refinement, and the influence of dislocation density on grain size reduction and 

slip/twin activity during equal channel angular pressing. To illustrate these effects on 

various metallic structures such as FCC and HCP structures, a hybrid multiscale model 

that describes the main deformation mechanisms during severe plastic deformation 

processes is proposed. 

The main objectives of the following research are as follows: 

- Implement the continuum dislocation dynamics model into the crystal plasticity 

scheme using Fortran language to mimic the deformation mechanisms induced 

by plastic deformation. 

- Develop a novel grain refinement approach to predict the evolution of grain size 

reduction during the severe plastic deformation process. 

- Analyze and investigate the texture and microstructural features of ECAPed 

materials under different routes. 

- Predict the mechanical properties of the processed metallic materials. 

 

1.6.2 Chapter Summaries 

This dissertation comprises a total of five chapters starting from the current chapter. The 

rest four chapters’ descriptions are as follows: 

In chapter 2, a grain fragmentation modeling approach that couples continuum 

dislocation dynamics analysis with a crystal-plasticity framework is proposed. The 
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proposed model investigates the microstructural features of FCC metals subjected to 

severe plastic deformation (SPD) processes and in particular equal channel angular 

pressing (ECAP). Several aspects of the deformation process are considered in this 

model, including texture evolution, statistically stored dislocations (SSDs) and 

geometrically necessary dislocations (GNDs) densities evolution, and grains 

fragmentation and its effect on the overall mechanical response. The proposed model is 

applied to a reference volume element (RVE) in which the grains are distributed and 

assigned an initial position. Within the model, each grain has the ability to split into 1024 

new smaller grains, which subsequently leads to strain hardening and grain refinement. 

The model parameters are calibrated using torsion tests of pure copper material. The 

simulation results give reliable predictions of the crystallographic texture, the evolution 

of dislocation density, and the final grain size based on available experimental data. 

The proposed multiscale model is upgraded in chapter 3 in which each grain is 

allowed to split into nine subgrains instead of four subgrains. An Al-1100 billet, with 

rolling texture, is ECAP processed under Route C for different numbers of passes. 

Mechanical, microstructure, and texture characterization is achieved for the received and 

ECAPed materials. The proposed model parameters are calibrated using the tensile true-

stress true-strain curves of the unprocessed material at two strain rates. The ECAP-

processed aluminum microstructure, texture and dislocation densities and then the 

mechanical properties are predicted. 

In chapter 4, we investigate and analyze the microstructural evolution of an equal 

channel angular pressed (ECAPed) Mg-3Al-1Zn rolled billet, processed at 200°C. The 

model parameters are first calibrated on the tensile behavior of the highly anisotropic as-

received material along two different loading axes and two different temperatures. The 
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ECAP-processing of the Mg-3Al-1Zn induced a large reduction of the average grain size 

from 20 μm into 2~4 μm after four ECAP passes. The proposed model accurately 

captured the ECAP resulting textures, the average grain size as well as the dislocation 

density evolution and slip/twin activities post-mechanical properties under different 

routes and number of passes. Additionally, dislocation density evolution and slip/twin 

activities are predicted and analyzed by the proposed model anisotropic behavior of the 

ECAPed samples is predicted and analyzed based on slip/twin activity and dislocation 

density evolution. 

The dissertation is closed in chapter 5 with a final summary and recommendations 

for future work.   
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CHAPTER 2 

2. CONTINUUM DISLOCATION DYNAMICS-BASED GRAIN 

FRAGMENTATION MODELING 

 

 
2.1 Introduction 

Metallic materials subjected to severe plastic deformation (SPD) develop 

improved mechanical properties, mainly induced by grain refinement and increasing 

dislocation density. SPD materials exhibit extremely refined grains of sub-micron size. 

There are different manufacturing processes by which SPD grain refinement can be 

achieved, such as equal-channel angular pressing, high-pressure torsion, and accumulated 

roll bonding [125].  

Equal-channel angular pressing (ECAP) has now become a conventional 

technique to enhance the mechanical properties of metals. ECAP is a thermomechanical 

process in which the material is subjected to severe plastic deformation leading to a 

drastic increase in the dislocation density. The internal energy associated with the 

dislocation microstructure reaches high levels, and as a result, the material undergoes 

grain fragmentation as a relief mechanism. Numerous studies were conducted to uncover 

the grain refinement mechanisms and their effects on the texture and the microstructure 

of metals [21,22,29,126–131]. ECAP was studied extensively due to its advantage of 

achieving large strains while preserving the cross-sectional area of the sample [132]. 

Figure 2.1 shows a schematic of the ECAP process, in which a plunger presses a billet 

through a die. The die consists of two channels with equal cross-sections intersecting at 

an angle 𝜙. Repeating the pressing of the sample leads to a high level of strain and 

significant grain refinement [22,29,30].  
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Figure 2.1 Schematic of the ECAP mechanism 

 

The combination of several ECAP process parameters, such as the die geometry 

(i.e., die angle), the number of passes, the deformation routes, and the back pressure, 

yields to a wide range of texture and microstructure features within the material [129]. 

The die angle 𝜙 influences the texture evolution in two ways, first by deviating the texture 

from the ideal orientations resulting from simple shear. For instance, if two identical 

textures are pressed using the same route through two dies with different angles (𝜙1, 𝜙2), 

the expected difference in the resulting texture is a rotation of (𝜙1 − 𝜙2)/2 about the 

transverse direction (TD) (Figure 2.2(a)) [30]. Second, the die angle 𝜙 impacts the texture 

evolution, which is directly related to the level of induced shear deformation, i.e., by 

decreasing 𝜙  the induced shear deformation increases, leading to the formation of a 

stronger texture. Furthermore, ECAP routes (Figure 2.2(b)) and pass numbers 

significantly affect the texture evolution. In both routes A and C, texture symmetry can 

be achieved by rotating the sample around the TD axis only. Therefore, the TD axis is 

called the “texture symmetry axis,” where the monoclinic symmetry is lost by any rotation 

around the other axes. However, in routes 𝐵𝑎 and 𝐵𝑐, the initially monoclinic symmetry 

is lost after the first pass since the texture is rotated between passes around a non-

symmetric axis [133]. Gholinia et al. (2000) evaluated the strain in different routes and 
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demonstrated that the highest strain levels are achieved by maintaining an identical route 

throughout the process. Furthermore, routes 𝐵𝑎 and 𝐵𝑐 are found to induce the highest 

levels of grain fragmentation [134].  

 

(a) 

 

(b) 

Figure 2.2 (a) Processing billets through different ECAP die angles and the ideal 

orientations of the ECAP textures for FCC metals in a {111} pole figure, (b) ECAP 

routes: A, Ba, Bc, and C. Route A: re-insert the billet without rotation around ED 

but only 90 around TD. Route Ba: re-insert with rotation 90 alternatively around 

ED and 90 around TD after each pass. Route Bc: re-insert with rotation 90 

clockwise around ED and 90 around TD after each pass. Route C: rotate 180 

around ED and 90 around TD between passes . 

 

Numerous investigations on the texture and the microstructural development in 

ECAP-processed FCC metals have been conducted over the past years. Sun et al. (2003) 

showed that using different deformation routes does not only affect the grains’ shape, but 
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also affects the grain refinement rate [17]. Suwas et al. (2006) reported that for copper 

samples pressed via route A, texture showed very strong components in the first two 

passes [135]. Weakening of texture components follows when additional passes are 

applied. Moreover, the strong and weak texture components of the three materials were 

shifted from their ideal positions as the deformation increased. Lapovok et al. (2008) 

processed AA6111 aluminum alloy sheets used by the automotive industry through 

ECAP. They reported that the average grain size was refined, the as-rolled texture 

components were reduced, and an acceptable level of bi-axial ductility was achieved 

[136]. In order to study the effect of a high number of ECAP passes, Alexander and 

Beyerlein (2005) ECAP-processed high-purity copper up to four passes via route C. The 

mechanical properties were determined after each pass, and the results were compared to 

the ones reported on the same material ECAP-processed via route 𝐵𝑐. It was observed 

that both compression-yield stresses and flow stresses were greater than those in tension. 

Moreover, similar compression-flow stresses were measured for copper ECAP-processed 

in routes 𝐵𝑐 and C after the same number of passes [137]. Although the ECAP process 

enhances the mechanical response of pure aluminum, Reihanian et al. (2008) found that 

the material’s strength starts to decrease after a threshold number of passes [138]. In 

addition, Vega et al. (2015) reported that there is no significant change in terms of 

strength for an aluminum sample when processed by ECAP alone or by ECAP followed 

by rolling. However, essential consequences were observed on the microstructural level. 

During ECAP, high angle grain boundaries (HAGB) were aligned with the shear 

direction, while during rolling HAGB were re-aligned in the rolling direction, forming a 

lamellar structure [139]. In spite of all the experimental and theoretical advancements in 

the area of SPD-induced microstructure and mechanical properties, understanding the 
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mechanisms of grain refinement is still lacking. 

Over the past years, significant attempts for predicting grain refinement and 

texture evolution of ECAP-processed materials using either phenomenological- or 

crystal-plasticity-based models have been reported [109,140–150]. Beygelzimer (2005) 

proposed a phenomenological modeling approach for describing the grain refinement 

mechanism. The grain refinement mechanism was considered to be active when sufficient 

pressure and strain were reached. The model assumed the self-similarity of the grain 

refinement process [140]. A quantitative approach, proposed by Petryk and Stupkiewicz 

(2007), accounted for the grain fragmentation process. The model described explicitly the 

microstructural changes of FCC metals and predicted the major features of grain 

refinement and strain hardening during SPD. This model predicted the yield stress, grain 

size, and HAGB (high angle grain boundary) distribution; however, it neglects the texture 

[143].  

Crystal plasticity-based approaches were used to model grain fragmentation. 

Beyerlein et al. (2003) used a visco-plastic self-consistent (VPSC) based model [144] to 

study the texture development and microstructural evolution and to account for grain 

fragmentation in FCC materials [141]. While the proposed model takes into consideration 

the influence of the grain shape in the subdivision criteria, it neglects the intragranular 

microstructure. Several researchers have studied grain refinement by combining a VPSC 

model with a disclination modeling approach [145,146]. The grain fragmentation 

mechanism was activated only when a grain was deforming more slowly than the 

surrounding medium. Therefore, the grain fragmentation (each grain is allowed to split 

into two) occured when the crystals were oriented favorably with respect to the applied 

strain. Frydrych and Kowalczyk-Gajewska (2016) combined a grain refinement criterion 
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with a crystal plasticity framework by assuming that each grain is initially subdivided 

into several subdomains. Each subdomain is slightly misoriented with respect to the 

nominal orientation of its parent grain. As strain increases, an evolving misorientation 

angle for each subdomain is calculated with respect to the mean orientation of the parent 

grain. When the misorientation angle between subdomains reaches a threshold value, the 

grain fragmentation mechanisms are activated [147].  

As stated earlier, grain refinement is induced during an ECAP pass; the average 

grain size can drop below the micron level for some cases, and thus enhancement in the 

material’s strength is reported [151–154]. This size-dependent strengthening behavior, 

the so-called Hall-Petch effect, can be explained by the pile-up of dislocations on the 

grain boundaries that hinders the dislocation motion. The classical plasticity approach 

cannot be used to explain the size effect since it does not take into consideration an 

internal length scale. For this reason, plasticity theories that involve strain gradients have 

been developed to capture the size effect more precisely [152–154]. Within these models, 

dislocations are considered to be the main attribute for material hardening and they are 

divided into two types, the statistically stored dislocations (SSDs) and the geometrically 

necessary dislocations (GNDs). The SSDs refer to randomly trapped dislocations that 

arise as a result of plastic strain. However, the GNDs refer to dislocations accompanied 

by a plastic strain gradient. GNDs are formed in order to accommodate the lattice 

curvature during the non-uniform plastic deformations, as introduced by Nye [155] and 

then expanded by Ashby [156]. In order to incorporate the GNDs’ effect in the model, 

Ohashi (2005) and Ohashi et al. (2007) proposed an approach by accounting for the 

effective dislocation mean free path [157,158]. In this context, the GNDs are incorporated 

within a multiscale model that couples continuum dislocation dynamics (CDD) with a 
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crystal plasticity (CP) framework [159].  

Inspired by the strain gradient theory, a physically based model accounting for 

grain fragmentation incorporated into a crystal plasticity framework was presented by 

Toth et al. [148]. The authors assumed that grain rotation is impeded near the grain 

boundaries, inducing the development of a lattice curvature. The development of lattice 

curvature resulted in an increasing internal grain misorientation and consequently led to 

grain fragmentation. On that basis, a grain fragmentation scheme was integrated into a 

Taylor crystal plasticity model. The authors assumed that each subgrain can be reoriented 

depending on the encountered strain level; therefore, if the misorientation angle between 

subgrains exceeds a threshold value, the subgrain is then considered as a new grain. The 

model was validated by comparing the predicted and experimental textures and the final 

average grain size of pure copper ECAP processed in two 𝐵𝐶 passes [148].  

Some research has been done on modeling grain refinement during ECAP 

processes; however, to the best of our knowledge, no studies have considered the 

influence of the neighboring grains and the position of the grain in the microstructure. 

The current work proposes an efficient predictive model to simulate the behavior of 

ECAP-processed materials using continuum dislocation dynamics coupled with a crystal 

plasticity model. The grain fragmentation hypothesis used in this work is based on the 

Toth et al. [148] lattice curvature assumption, which assumes that the orientation of a 

single crystal undergoes changes induced by a higher accumulation of dislocations near 

the grain boundary. The grain fragmentation process is considered by accounting for the 

accumulation of GNDs at the grain boundary (GB) resulting in increasing lattice 

curvature. As a result, a misorientation will develop within a grain that will activate the 

refinement process when a threshold value of misorientation is reached. This paper is 
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organized as follows: in section 2.2, the grain fragmentation criterion and the constitutive 

equations coupling the continuum dislocation dynamics with the crystal plasticity models 

are described. In section 2.3, the experimental data of torsion and ECAP on copper 

samples are presented. Discussions and comparisons between the experimental and 

modeling results are presented in section 2.3. Finally, concluding remarks are given in 

section 2.4. 

 

2.2 Methodology  

Polycrystalline ECAP-processed metals undergo severe plastic deformation that 

induces grain size refinement, texture evolution, and consequently an increase of the 

dislocation density. The grain fragmentation rate was demonstrated by Reihanian et al. 

(2008) to increase as the number of ECAP passes increases [138]. A schematic 

representation of the EBSD map (Figure 2.3), based on the Reihanian et al. (2008) results, 

illustrates the fragmentation process of Al samples subjected to 1, 4, and 8 ECAP passes, 

respectively. After the first pass (Figure 2.3(a)), mainly elongated grains with low angle 

misorientation grain boundaries constitute the microstructure, with an average grain size 

of 1.6 μm. After 4 ECAP passes, equiaxed and elongated grains with some high-angle-

misorientation grain boundaries are formed, with an average grain size of 0.56 μm (Figure 

2.3(b)). The average grain size reaches 0.37 μm after 8 ECAP passes, and the 

microstructure is constituted mainly of equiaxed and high-angle-misorientation grain 

boundaries (Figure 2.3(c)). The transformation of low-angle grain boundaries into high-

angle misorientations is a clear indication that the grain refinement mechanism results 

from increasing the misorientation between subgrains. Consequently, the materials will 

release the accumulated energy by splitting the grains once a threshold value of 



 

 45 

misorientation is attained. 

 

 

Figure 2.3 Schematic representation of EBSD maps of the ECAP-processed samples 

subjected to (a) 1 pass, (b) 4 passes, and (c) 8 passes (based on the results presented 

by Reihanian et al. (2008) [138]) 

 

In order to simplify our analysis, the initial microstructure of the material is 

assumed to have equiaxed grains similar to the one presented in Figure 2.4(a). The domain 

is discretized into a uniform mesh of square elements. Each element represents a single 

grain surrounded by 8 neighboring grains, and each grain is assigned a position and 

orientation as presented in Figure 2.4(c). In our simulations, the grains keep a constant 

square shape; however, the square size evolves depending on the fragmentation rate. The 

stress and strains on each grain and the average stress on all the grains are computed using 

the single crystal plasticity and Taylor Linn polycrystalline approach following Kalidindi 

et al. (1992) [160]. The grid is used for the calculation of the geometrically necessary 

dislocations and to illustrating the grain fragmentation. 

In this work, tensors and vectors are denoted by bold-face symbols. 

(a) (b) 
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Figure 2.4 (a) Schematic representation of the polycrystal, (b) different crystal 

orientations, (c) grid representing the grain positions 

 

2.2.1 Summary of the Modeling Framework 

Crystal plasticity is used to capture the behavior of each crystal. The overall 

response of the polycrystal is captured using a Taylor-Lin homogenization scheme [161–

163]. In this scheme, all grains are assumed to have equal grain size, and the deformation 

gradient associated with each grain is assumed to be identical to the macroscopic 

deformation gradient as proposed by Asaro and Needleman (1985) [164]. The overall 

stress of the structure can be written as follows: 𝑻 =
1

𝑁
∑ 𝑤(𝑘)𝑻(𝑘)𝑁
𝑘=1  where N is the total 

number of crystals and 𝑻(𝑘)and 𝑤(𝑘)  correspond to the Cauchy stress and the weight 

factor of the 𝑘𝑡ℎ grain, respectively. In this work, Kalidindi et al. (1992) mathematical 

framework of the single crystal plasticity model is adopted. The crystal plasticity model 

accounts for slip in FCC materials. In this work, the plastic shear rate is described by the 

continuum dislocation dynamics (CDD) approach [159,165]. 

In a metallic single crystal, the elastic portion of the deformation is small 
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compared to the plastic portion [160]. Therefore, the stress in each grain is taken to be 

the second Piola-Kirchhoff stress tensor, and the constitutive equation is expressed as 

follows: 

𝑻∗ = 𝓛.𝑬𝑒 (2.1) 

The Cauchy stress is determined from the second Piola-Kirchhoff stress by the 

following relation: 𝑻(𝒌) =
1

𝑑𝑒𝑡𝑭𝑒
𝑭𝑒𝑻∗𝑭𝑒−𝑇 . Where 𝑬𝑒 =

1

2
(𝑭𝑒𝑇𝑭𝑒 − 𝑰)  is the elastic 

Green-Lagrange strain tensor, 𝑰 is the identity tensor  and 𝓛 is the fourth-order stiffness 

tensor. The deformation gradient 𝑭 can be decomposed into elastic part 𝑭𝑒 and plastic 

distortion part 𝑭𝑝. The elastic part is associated with the elastic stretching and rotation of 

the lattice, while the plastic part is associated to the distortion of the crystal lattice due to 

the formation of dislocations. The deformation gradient can be written as 𝑭 = 𝑭𝑒𝑭𝑝, as 

proposed by Lee (1969) [166]. In this work, the superscript “e” and “p” denotes the elastic 

and plastic parts, respectively. The time derivative of the deformation gradient is written 

as 𝐅̇ = 𝑳𝑭, where 𝑳 is the velocity gradient. The velocity gradient may be decomposed, 

according to Lee (1969) [166], multiplicatively and additively as 𝑳 =  𝑭̇𝑭−1 and 𝑳 =

𝑫 +𝑾, respectively, where 𝑫 = 1 2⁄ (𝑳 + 𝑳𝑇)  is the stretching tensor rate and 𝑾 =

1 2⁄ (𝑳 − 𝑳𝑇) is the spin tensor. Alternative decomposition for the velocity gradient can 

be done as follows: 𝑳 = 𝑳𝒆 + 𝑳𝑝 = 𝑭𝑒̇𝑭𝑒−1 + 𝑭𝑒𝑭𝑝̇𝑭𝑝−1𝑭𝑒−1, with 𝑳𝒆 = 𝑫𝒆 +𝑾𝒆 and 

𝑳𝑝 = 𝑫𝑝 +𝑾𝑝 , where 𝑫𝒆  and 𝑫𝑝  are the elastic and plastic stretching tensors, 

respectively, and 𝑾𝒆 and 𝑾𝑝 are the elastic and plastic spins, respectively. The plastic 

deformation gradient can be determined from 𝑭̇𝑝 = 𝑳𝑝𝑭𝑝, expressed as a function of the 

plastic velocity and deformation gradients. The plastic velocity gradient is expressed as 

the sum over the “𝑠” slip systems of the product identity tensor with the plastic distortion 

as: 
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𝑳𝑝 =∑𝛾̇𝑠𝐒𝑠

𝑁𝑠

𝑠

 (2.2) 

where 𝛾̇𝑠 is the slip shear rate on the ‘𝑠’ slip system, 𝑁𝑠 is the total number of 

slip systems and 𝑺𝑠 = 𝒎0
𝑠⨂𝒏0

𝑠  is the Schmid tensor. 𝒎0
𝑠  and 𝒏0

𝑠  are unit vectors 

defining, in the initial configuration, the slip direction and the slip-plane normal of the 

‘𝑠’ slip system, respectively. The evolution of the slip systems’ direction and normal is 

determined as follows: 𝒎𝑠 = 𝑭𝑒 .𝒎0
𝑠  and 𝒏𝑠 = 𝒏0

𝑠 . 𝑭𝑒−1 , respectively [160]. 

 

2.2.2 CDD Model 

This study developed a hybrid continuum-dislocation-dynamic model coupled with a 

Taylor-Lin polycrystalline plasticity approach. This hybrid model can predict 

experimental severe plastic deformation in polycrystalline FCC materials. In this 

approach, the dislocation density evolution rates of the mobile and immobile dislocations 

are used to compute the shearing rate in each grain. The plastic shear rate 𝛾 𝑠̇ can be 

described by a phenomenological power law as proposed by Needleman et al. (1985) 

[167] and Anand (1992) [168] or alternatively by the continuum dislocation dynamics 

(CDD) approach, where 𝛾 𝑠̇ and the hardening behavior is calculated by considering the 

dislocation velocities and dislocation reactions [159,165]. In this framework, the plastic 

shear rate 𝛾 𝑠̇ in the slip system “s” is determined by the Orowan relationship [169]:  

𝛾̇𝑠 = 𝜌𝑚
𝑠 𝑏𝑣𝑔

𝑠 (2.3) 

where 𝜌𝑚
𝑠  is the mobile dislocation density in slip system “𝑠”, b is the magnitude 

of the Burger vector, and 𝑣𝑔
𝑠 is the dislocation glide velocity on system “𝑠”, which takes 

the power law form: 
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{
 
 

 
 
𝑣𝑔
𝑠 = 𝑣0 |

 𝜏𝑠

𝜏𝑡ℎ
𝑠 |

1
𝜂⁄

𝑠𝑖𝑔𝑛(𝜏𝑠)      𝑓𝑜𝑟 𝜏𝑠 ≥ 𝜏𝑡ℎ
𝑠

 
 

𝑣𝑔
𝑠 = 0                                        𝑓𝑜𝑟 𝜏𝑠 < 𝜏𝑡ℎ

𝑠

 

 

(2.4) 

where 𝑣0 is the reference velocity, 𝜂 is the strain rate sensitivity factor, 𝜏𝑠 is the 

resolved shear stress on slip system “𝑠” and 𝜏𝑡ℎ
𝑠  is the threshold stress of slip system “𝑠”. 

The resolved shear stress on each slip/twinning system identified in the current 

configuration is written as 𝜏𝑠 = 𝑻∗: 𝐒𝑠 .The threshold stress can be decomposed as 

follows:   

𝜏𝑡ℎ
𝑠 = 𝜏0 + 𝜏𝐻𝑃

𝑠 + 𝜏𝐻
𝑠  (2.5) 

where 𝜏0 is the initial critical resolved shear resisting the movement of dislocations, 𝜏𝐻𝑃
𝑠   

is the Hall-Petch stress which captures the energy required for glide and pileup 

dislocations to overcome the boundary obstacle, and 𝜏𝐻
𝑠  is the shear stress resulting from 

the long-range interactions between dislocations. The Hall-Petch stress is inversely 

proportional to the square root of the average grain size D (D is experimentally measured) 

and expressed as 𝜏𝐻𝑃
𝑠 = 𝐾𝑠𝐷−0.5, where 𝐾𝑠 is the Hall-Petch parameter. The dislocation 

long-range interaction term can be determined using the Bailey-Hirsh [158] relation such 

that:  

𝜏𝐻
𝑠 =∑𝛺𝑠𝑟𝛼𝐵𝐻𝜇𝑏√𝜌𝑇𝑆

𝑟

𝑁𝑠𝑖

𝑟=1

 (2.6) 

where 𝛼𝐵𝐻 is the Bailey-Hirsh coefficient in the order of 0.1, 𝜇 is the shear modulus, Nsi 

is the number of slip systems that interact with the slip system “𝑠”, 𝜌𝑇𝑆
𝑟  is the total 

statistically stored dislocation density representing the sum of mobile (𝜌𝑚
𝑟 ) and immobile 

(𝜌𝑖
𝑟) dislocation densities in the slip system “r” (𝜌𝑇𝑆

𝑟 =𝜌𝑚
𝑟 + 𝜌𝑖

𝑟), and 𝛺𝑠𝑟  is the interaction 
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matrix that describes the self and the latent hardening contributions among the slip 

systems. The hardening matrix 𝛺𝑠𝑟, for fcc crystals, is a 12x12 matrix. 𝛺𝑠𝑟 can be written 

as follows:  

sr

A qA qA qA

qA A qA qA

qA qA A qA

qA qA qA A

 
 
 

 =  
 
  

 (2.7) 

where A is a 3x3 matrix fully filled by ones, and q is the ratio of the latent 

hardening rate to the self hardening rate .   

In CDD modeling, the dislocation densities evolve according to the six rate 

equations. These rate equations account for the physical contribution of the mobile and 

immobile dislocations to the hardening behavior of the material [170]. The different rate 

equations can be identified by discrete dislocation dynamic (DDD) simulations 

[171,172].  

The first rate equation captures the multiplication and generation of mobile 

dislocations due to the propagation of the resident dislocations and the production of 

Frank-Read source dislocations:  

𝜌̇𝑚1
𝑠 = 𝛼1𝜌𝑚

𝑠 𝑣𝑔
𝑠 𝑙 ̅⁄  (2.8) 

where 𝛼1  is the dislocation multiplication coefficient, 𝜌𝑚
𝑠  is the mobile 

dislocation density in slip system “𝑠”, and 𝑙 ̅is the mean free path of dislocations. The 

second rate equation describes the annihilation of two mobile dislocations of either the 

edge or the screw dislocation type having opposite signs in slip system “𝑠”: 

𝜌̇𝑚2
𝑠 = −2𝛼2𝑅𝑐(𝜌𝑚

𝑠 )2𝑣𝑔
𝑠 (2.9) 

where 𝛼2  is the dislocation annihilation coefficient and 𝑅𝑐 is the critical radius 

for the dislocation annihilation event (two mobile dislocations of opposite polarities can 
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mutually annihilate while moving along the same slip plane and once they reach a critical 

distance between each other). 𝑅𝑐  is set to be 15 times the burgers vector for all slip 

systems. The third rate equation accounts for the immobilization of mobile dislocations 

due to the formation of dipoles and junctions: 

𝜌̇𝑚3
𝑠 = −𝛼3𝜌𝑚

𝑠 𝑣𝑔
𝑠 𝑙 ̅⁄  (2.10) 

where 𝛼3 is the immobilization parameter. The fourth rate equation refers to the 

mobilization of the immobile dislocations due to the breakup of junctions, dipoles, 

pinning parts, etc., when a critical stress is reached. 

𝜌̇𝑚4
𝑠 = 𝛼4(|𝜏

𝑠| 𝜏𝑡ℎ
𝑠⁄ )𝜁𝜌𝑖

𝑠𝑣𝑔
𝑠 𝑙 ̅⁄  (2.11) 

where 𝜏𝑡ℎ
𝑠  is the threshold stress, 𝜌𝑖

𝑠  represents the immobile dislocation 

density, 𝛼4 is the mobilization parameter, and 𝜁 is a constant set to 0.5. The cross slip 

contribution is considered in the fifth rate equation. Cross slip takes place when a screw 

dislocation in a specific slip system jumps to another slip system during plastic 

deformation. The change in dislocation density can be written as follows: 

𝜌̇𝑚5
𝑠 = 𝛼5∑𝑃𝑠𝛽

𝑁𝑐𝑠

𝛽=1

𝜌𝑚
𝛽
𝑣𝑔
𝑠 𝑙 ̅⁄  (2.12) 

where 𝛼5 is the fraction of the screw dislocations that cross-slip from one-slip 

plane into another glide plane during plastic deformation, Ncs is the number of cross-slip 

planes (e.g., in FCC metals Ncs=2) and 𝑃𝑠𝛽  is the probability matrix that describes 

whether cross-slip would occur or not. The components of the matrix 𝑃𝑠𝛽 are obtained 

from Monte Carlo analysis. This matrix assumes values of 0, -1, or +1 corresponding to 

no cross slip, dislocation transition to the slip plane “𝑠”, and dislocation transition from 

the slip plane “𝑠”, respectively. The sixth rate equation corresponds to the trapping of 

mobile dislocations due to the interaction with immobile dislocations, thus reducing 
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mobile dislocation density: 

𝜌̇𝑚6
𝑠 = −𝛼6𝑅𝑐𝜌𝑚

𝑠 𝜌𝑖
𝑠𝑣𝑔

𝑠 (2.13) 

The material parameters (𝛼1 − 𝛼6) can be obtained from discrete dislocation 

dynamics analysis as outlined by Li et al. (2014) [171] or by fitting the model with the 

experimental data as presented in section 2.3.1. The evolution equations of both mobile 

and immobile dislocation densities can be expressed by adding the effect of the above six 

rate equations: 

𝜌̇𝑚
𝑠 = 𝛼1𝜌𝑚

𝑠 𝑣𝑔
𝑠 𝑙 ̅⁄ − 2𝛼2𝑅𝑐(𝜌𝑚

𝑠 )2𝑣𝑔
𝑠−𝛼3𝜌𝑚

𝑠 𝑣𝑔
𝑠 𝑙 ̅⁄ + 𝛼4(|𝜏

𝑠| 𝜏𝑡ℎ
𝑠⁄ )𝜁𝜌𝑖

𝑠𝑣𝑔
𝑠 𝑙 ̅⁄

+ 𝛼5∑𝑃𝑠𝛽

𝑁𝑐𝑠

𝛽=1

𝜌𝑚
𝛽
𝑣𝑔
𝑠 𝑙 ̅⁄ − 𝛼6𝑅𝑐𝜌𝑚

𝑠 𝜌𝑖
𝑠𝑣𝑔

𝑠 

(2.14) 

The evolution of the immobile dislocation density is expressed as 

𝜌̇𝑖
𝑠 = 𝛼3𝜌𝑚

𝑠 𝑣𝑔
𝑠 𝑙 ̅⁄ − 𝛼4(|𝜏

𝑠| 𝜏𝑡ℎ
𝑠⁄ )𝜁𝜌𝑖

𝑠𝑣𝑔
𝑠 𝑙 ̅⁄ − 𝛼6𝑅𝑐𝜌𝑚

𝑠 𝜌𝑖
𝑠𝑣𝑔

𝑠 (2.15) 

 

2.2.3 Geometrically Necessary Dislocations 

Geometrically necessary dislocations (GNDs) are dislocations corresponding to 

the additional storage of material defects required to accommodate the lattice curvature 

during plastic deformation [173]. In other words, GNDs are indispensable for the 

compatibility of the grain deformation that can be perturbed by the lattice mismatch at 

the grain boundaries [174]. In this context, GNDs act as obstacles to the movement of 

mobile dislocations and hence contribute to the hardening of the material [173]. The 

relation between GND densities and plastic strain gradients is described by Nye’s 

dislocation density tensor [155]. The effect of GNDs is implemented in the mean free 

path of the moving dislocations 𝑙.̅ GNDs accumulate near the grain boundary, resulting 

in the reduction of the mean free path by hindering the movement of the mobile 

dislocations [158]. Thus, the mean free path can be written as: 
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𝑙 𝑠̅ =
𝑐∗

√∑ 𝑤𝑗𝑠(𝜌𝑇𝑆
𝑗
+ ‖𝜌𝐺𝑁𝐷

𝑗
‖)

𝑁𝑠𝑖
𝑗=1

 
(2.16) 

where 𝑐∗ is a numerical constant, Nsi is the number of slip systems that interact 

with slip system “𝑠”, 𝑤𝑗𝑠 is the weight matrix that controls the contribution of statistically 

stored and geometrically necessary dislocations to the mean free path of the moving 

dislocations on slip system “𝑠”, and ‖𝜌𝐺𝑁𝐷
𝑗

‖ denotes the density norm of GNDs on slip 

system “j.” The GND density can be expressed as  

‖𝜌𝐺𝑁𝐷
𝑗

‖ =
1

𝑏
√𝛼𝑛𝑚

𝑗
𝛼𝑛𝑚
𝑗

 (2.17) 

in which 𝛼𝑖𝑗  is the Nye’s tensor [155]. Shizawa and Zbib (1999) proposed a 

tensor notation describing the evolution of the Nye’s tensor for large deformations [175]:  

𝛼̇ = 𝑐𝑢𝑟𝑙(𝐿𝑝) or 𝛼̇𝑖𝑗 = 𝑒𝑗𝑘𝑙𝐿𝑖𝑙,𝑘
𝑝

 (2.18) 

where 𝑒𝑗𝑘𝑙  denotes the permutation tensor and 𝐿𝑖𝑙,𝑘
𝑝

  is the derivative of the 

velocity gradient with respect to the third index “k.” In this work, the derivative of the 

velocity gradient 𝐿𝑖𝑙,𝑘
𝑝

 is determined numerically using the central difference method 

proposed by Lyu et al. (2015) [159]. The components of the tensor can be obtained by 

assuming an (n x m) grid, where each element in the grid represents a grain of length L. 

The grid is assumed to be in 2D, as described in Figure 2.4, while it could be easily 

extended to 3D. In the grid, each grain is defined by its position with coordinates (x, y), 

and each grain has four neighboring grains. Hence, the derivative of the velocity gradient 

tensor can be obtained following the method below: 

𝜕𝐿𝑖𝑗
𝑝

𝜕𝑥
|

𝑔𝑟𝑎𝑖𝑛_𝑖

=
𝐿𝑖𝑗
𝑝 (𝑔𝑟𝑎𝑖𝑛𝐴) − 𝐿𝑖𝑗

𝑝 (𝑔𝑟𝑎𝑖𝑛𝐶)

𝑥𝐴 − 𝑥𝐶
 (2.19) 
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𝜕𝐿𝑖𝑗
𝑝

𝜕𝑦
|

𝑔𝑟𝑎𝑖𝑛_𝑖

=
𝐿𝑖𝑗
𝑝 (𝑔𝑟𝑎𝑖𝑛𝐵) − 𝐿𝑖𝑗

𝑝 (𝑔𝑟𝑎𝑖𝑛𝐷)

𝑦𝐵 − 𝑦𝐷
 

A schematic representation of the polycrystalline is shown in Figure 2.4, where 

each grain has a specific orientation with respect to the global coordinate system. The 

problem is simplified by assuming that the grains have a cubic shape, represented by 

squares in 2-D of pre-defined grain size (Figure 2.4(c)). Therefore, a grid can be 

constructed by assuming initially a uniform grain size distribution. By using the described 

framework, the mechanical response of each grain is influenced by the behavior of its 

neighboring grains (i.e. grains A, B, C, and D). Nye’s tensor components can be 

determined for each grain as follows: 

𝛼̇ = (

𝛼̇11 𝛼̇12 𝛼̇13
𝛼̇21 𝛼̇22 𝛼̇23
𝛼̇31 𝛼̇32 𝛼̇33

) (2.20) 

with  𝛼̇11 =
𝜕𝐿12

𝑝

𝜕𝑧
−
𝜕𝐿13

𝑝

𝜕𝑦
 , 𝛼̇12 =

𝜕𝐿13
𝑝

𝜕𝑥
−
𝜕𝐿11

𝑝

𝜕𝑧
 , 𝛼̇13 =

𝜕𝐿11
𝑝

𝜕𝑦
−
𝜕𝐿12

𝑝

𝜕𝑥
 , 𝛼̇21 =

𝜕𝐿22
𝑝

𝜕𝑧
−
𝜕𝐿23

𝑝

𝜕𝑦
 , 

𝛼̇22 =
𝜕𝐿23

𝑝

𝜕𝑥
−
𝜕𝐿21

𝑝

𝜕𝑧
 , 𝛼̇23 =

𝜕𝐿21
𝑝

𝜕𝑦
−
𝜕𝐿22

𝑝

𝜕𝑥
 , 𝛼̇31 =

𝜕𝐿32
𝑝

𝜕𝑧
−
𝜕𝐿33

𝑝

𝜕𝑦
 , 𝛼̇32 =

𝜕𝐿33
𝑝

𝜕𝑥
−
𝜕𝐿31

𝑝

𝜕𝑧
 , 𝛼̇33 =

𝜕𝐿31
𝑝

𝜕𝑦
−
𝜕𝐿32

𝑝

𝜕𝑥
 

 

2.2.4 Grain Fragmentation Model 

As previously stated, based on the Tóth et al. (2010) lattice curvature approach, 

the grain fragmentation process is assumed to be the result of a higher accumulation of 

dislocations near the grain boundary inducing different crystallographic reorientation 

rates within the crystal. The ECAP process induces a refinement of the average grain size, 

alters the texture, and hardens the material as a result of an evolution of the dislocation 

density. In the following section, a fragmentation model based on the Tóth et al. (2010) 

lattice curvature approach is proposed. In our attempt to simulate the lattice curvature, 
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we estimate the crystallographic orientation rates by combining the Taylor-Lin 

polycrystalline plasticity with the CDD theory that accounts for GNDs to estimate the 

dislocation densities at the center of the grain and near the grain boundary. Therefore, a 

grain fragmentation model that monitors the development of misorientation between 

subgrains is proposed. Each grain is defined by its initial size (constant for all the grains), 

orientation, and position. However, during deformation, a misorientation between 

different areas of the grain may lead to the fragmentation of the grain into several new 

ones. As described in the previous section, the hardening behavior of the material is 

captured by the dislocation density evolution that is controlled by a set of rate equations. 

The majority of the accumulated dislocations on the grain boundaries are stored as 

geometrically necessary dislocations. Under large plastic deformation, GNDs hinder the 

movement of dislocations around the grain boundaries. Consequently, a deformation 

gradient develops between the center of a grain and its boundary that results in a 

misorientation development, leading to the subdivision of the grain when a threshold 

value of misorientation is attained.  

To determine whether a grain may undergo fragmentation, the plastic velocity 

gradient is calculated in two steps. In the first calculation step, the plastic velocity gradient 

is computed for the center of the grain, which is not influenced by the neighboring grains, 

i.e., the GND effect is deactivated (Figure 2.5(a)). Thus, each grain deforms as a bulk, 

independently from the other grains since the grain boundary effects are not considered 

in this step. In the second calculation step, the plastic velocity gradient is computed by 

considering the grain-grain interaction effect, i.e., with active GND effect (Figure 2.5(b)).  

The misorientation of each grain boundary is determined from the relative 

misorientation angles between each grain and its neighboring grains, calculated from the 
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first and second calculation steps. In the following section, the details of the calculation 

are provided. The relative misorientation between each grain and its four neighboring 

grains is calculated. The relative misorientation matrix ∆𝑄𝑖_𝑛𝑒𝑖𝑔ℎ can be calculated for 

each boundary as follows [176]: 

∆𝑄𝑖_𝑛𝑒𝑖𝑔ℎ  = 𝑄𝑛𝑒𝑖𝑔ℎ  . (𝑄𝑖 )
𝑇
 (2.21) 

where 𝑄𝑖 is the transformation matrix of grain “i” and 𝑄𝑛𝑒𝑖𝑔ℎ  is the 

transformation matrix of one of the four neighboring grains.  Hence, the relative 

misorientation angle is calculated as follows:  

𝜃𝑖_𝑛𝑒𝑖𝑔ℎ = acos (
𝑡𝑟(∆𝑄𝑖_𝑛𝑒𝑖𝑔ℎ ) − 1

2
) (2.22) 

From the first calculation step, a transformation matrix 𝑄1  describing the 

crystallographic orientation of the center of each grain is determined. The relative 

misorientation angles between grain “i” and each of the four neighboring grains A, B, C, 

and D are noted as 𝜃𝑖−𝐴 , 𝜃𝑖−𝐵 , 𝜃𝑖−𝐶 , 𝜃𝑖−𝐷 , respectively (Figure 2.5(a)). Additionally, 

from the second calculation step where the interaction between grains is considered, the 

transformation matrix of each grain 𝑄2 can be determined. Using the same definitions 

given by Eqs. (21) and (22), the relative misorientation angles 𝜃′𝑖_𝑛𝑒𝑖𝑔ℎ between a grain 

“i” and one of the four neighboring grains is calculated. Similarly, 𝜃′𝑖−𝐴, 𝜃′𝑖−𝐵, 𝜃′𝑖−𝐶, 

and 𝜃′𝑖−𝐷  are the relative misorientation angles between grain “i” and each of the 

neighboring grains A, B, C and D, respectively (Figure 2.5(b)). The smallest 

misorientation of the applied 24 symmetry operations of cubic crystals is selected for the 

misorientation calculation [148]. 

It was reported in several investigations that the misorientation evolution 

between two neighboring grains and between subgrains (within the grain) is mainly due 
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to the contribution of GNDs [177–181]. The curvature-induced grain rotation, which is 

the difference in rotation between the center and the boundary of the grain, is mainly 

influenced by the lattice orientation of the neighboring grains [177,178]. The 

microstructural data of severely deformed polycrystalline materials were investigated 

using the electron backscattered diffraction (EBSD) method to study the orientation 

gradient between the grain boundary and the center of the crystal. It was reported that the 

maximum misorientation is found at the grain boundary and that it decreases while 

moving toward the center of the grain [182,183]. Following the arguments presented 

above, one can assume, as proposed by Tóth et al. (2010), that the concomitant rotation 

of the crystallographic planes of the crystal near the grain boundary rotates more slowly 

than the center of the grain. To illustrate this assumption, our square-shaped grain is 

divided into two zones: grain boundary zone and the grain center zone (Figure 2.5(d)). 

The difference in the rate of rotation between the center of the grain and the 

boundary is proposed to be considered in the model by using a parameter ξ (0 < ξ < 1) 

representing the grain boundary retardation coefficient. To illustrate the rotation 

retardation process, the initial position 𝛺𝑖𝑛𝑖𝑡𝑖𝑎𝑙  of the crystallographic plane is 

represented in Figure 2.5(d) as a straight line. Large plastic deformation induces a rotation 

of the crystallographic lattice by an angle Ω. After deformation, the center of the grain 

has 𝛺𝑓𝑖𝑛𝑎𝑙 as its final orientation. However, the grain boundary retardation mechanism 

will induce a rotation of the grain boundary zone lattice by an angle (𝛺𝑓𝑖𝑛𝑎𝑙  - ξ𝛺𝑓𝑖𝑛𝑎𝑙). 

For simplicity, it is assumed in the current work that each grain boundary slows down by 

the same retardation factor ξ. Finally, the misorientation angle ∆𝜃 between the center and 

the boundary of the grain is calculated by subtracting the two previously calculated 

misorientation angles (𝜃𝑖 and 𝜃′𝑖), as illustrated in Figure 2.5(c). Since the lattice rotation 
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of the grain “i” is influenced by four different grains (A, B, C, and D), different boundary 

retardation rates on each grain boundary may occur. Thus, the misorientation between the 

center and the boundary of the grain “i” is calculated as follows: ∆𝜃 = ∆𝜃1 + ∆𝜃2 +

∆𝜃3 + ∆𝜃4 , where ∆𝜃1 = 𝜃𝑖−𝐴 − 𝜃′𝑖−𝐴 , ∆𝜃2 = 𝜃𝑖−𝐵 − 𝜃′𝑖−𝐵 , ∆𝜃3 = 𝜃𝑖−𝐶 − 𝜃′𝑖−𝐶 , and 

∆𝜃4 = 𝜃𝑖−𝐷 − 𝜃′𝑖−𝐷. ∆𝜃1, ∆𝜃2, ∆𝜃3, and ∆𝜃4 are the misorientation angles between the 

center of the grain and the grain boundary influenced by grains A, B, C, and D, 

respectively. 

Per our assumption, the fragmentation occurs if the calculated misorientation 

angle between the grain center and the grain boundary exceeds 5°. When the 

fragmentation process is active, the parent grain splits into four new grains. An example 

of how the grain refinement process takes place based on the previously presented 

assumptions is depicted in Figure 2.6. For instance, let us assume that each of the grains 

“B” and “C” have split into four new grains, grain “i” is now surrounded by 6 grains, 

leading to an increase of the GND density at the boundary. Therefore, as the GND density 

is proportional to the Nye’s tensor and the latest is inversely proportional to the distance 

between the centers of two grains, the GND density increases.  

 

(a) 

 

(b) 

 

(c) 
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(d) 

Figure 2.5 (a) Strain state without the effect of neighboring grains, (b) strain state 

accounting for grain-grain interaction effect, (c) misorientation evolution between the 

center and the boundary of the grain, (d) effect of GND on the rotation of the grain 

boundary. 

In our approach, the numerical complexity is reduced by allowing each grain to 

undergo a maximum of five levels of splitting, which means that each grain can be divided 

into a maximum of 4x4x4x4x4=1,024 grains. The fragmented grains’ size is considered 

half the size of their parent grain size, and their crystallographic orientation will depend 

on the calculated plastic velocity gradient. As an approximation, the two opposite grains 

(e.g., grain “C1” and grain ‘C4” in Figure 2.6) are assigned the crystallographic 

orientation of their parent grain after deformation but without including the GND effect, 

while the other two grains (e.g., grain “C2” and grain “C3”) are assigned the 

crystallographic orientation of their parent grain after deformation with activated GND 

effect. Moreover, the alteration of the grain distribution in the grid microstructure can 

affect the fragmentation process. For instance, by considering two different distributions 

of grains (i.e., the same grain orientations but different positions in the grid), we obtain 

two different final grid microstructures. Depending on the position of the grain, grain 

fragmentation will be active in one grid microstructure configuration and not in another 

configuration.  
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Figure 2.6 Example of fragmentation for several grains after reaching a certain 

strain level. 

 

 

2.2.5 Numerical Implementation 

The Taylor-Lin CP-CDD model and the proposed grain fragmentation criterion 

are implemented into a Fortran program. In this work, the model efficiency to predict the 

texture and microstructure of an ECAP-processed material is validated on a commercially 

pure copper. The properties of the initial texture and microstructure are provided by Tóth 

et al. (1992) [184]. The initial texture of the polycrystal is represented by 64 grain 

orientations, where each orientation is described by the three Euler angles (𝜑1, 𝜑, 𝜑2). 

For computational efficiency, the simulation box is represented as a 2D mesh with fixed 

boundaries where the grains at the boundaries of the simulation box are allowed to split 

(initially, each grain is affected with 5 calculation points, one in the middle and one on 

the middle of each boundary). The implemented Taylor-Lin CP-CDD model is 

summarized by the Fortran flowchart presented in Figure 2.7. In our model, each grain is 

assigned a position and a crystallographic orientation, and its neighbors are determined 

automatically according to their location on the grid. As a first step, the loading condition 
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(e.g., shear, tension, or compression) and the appropriate loading direction are specified. 

Two successive calculation loops are performed. In the first loop (M=1), the plastic 

velocity gradient of the center of each grain is calculated by neglecting the presence of 

GND. In the second loop (M=2), the plastic velocity gradient of the boundary of each 

grain is calculated assuming the presence of the GNDs. During each loop, the stress 

tensors and dislocation densities are computed using the Taylor-Lin CP-CDD model for 

each crystal at each time increment 𝑡𝑖. The overall stress at each calculation increment is 

computed according to the Taylor-Lin scheme (section 2.2.2). The gradient of the plastic 

velocity gradient is then determined using the finite difference method (section 2.2.3). 

After the two strain loops (M loops) are finished, the misorientation angle developed 

within each grain is calculated. When the critical value of the misorientation angle is 

attained, the grain fragmentation approach is activated. Therefore, the new grains are 

assigned with a new grain size, crystallographic orientation, and position. The strain loops 

continue their calculations and check whether fragmentation occurs or not until the final 

strain is attained. The strain increment used in the calculations is 0.1. Finally, the average 

grain size is calculated, and the final texture is extracted.  
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Figure 2.7 Flowchart of the Taylor crystal plasticity model in the Fortran program 

 

 

2.3 Results and Discussions 

The parameters of the presented Taylor-Lin CP-CDD model were first calibrated 

on torsion experiments. The torsion experiments, presented by Tóth et al. (1992), were 

performed on commercially pure copper. Then, the predictive capability of the proposed 

model was validated through ECAP-processed copper experiments via routes A and Bc. 

ECAP experimental results were presented by Tóth et al. (2010), where the same material 

was used in both the Tóth et al. (2010) and the Tóth et al. (1992) investigations [148,184]. 

The studied copper polycrystal texture was constructed from the orientation of 500 grains, 

as described in Tóth et al. (1992). The initial texture is presented in Figure 2.8 by the 
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(111)  pole figure and the orientation distribution functions (ODFs). The initial 

microstructure has a normal distribution of grain sizes that range between 14 𝜇𝑚 and 35 

𝜇𝑚 [148].  

 

(a) 

 

 

(b) 

Figure 2.8 Initial texture of the copper represented by (a) (111) pole figure, (b) 

ODFs at 𝝋𝟐 = 𝟎 𝒂𝒏𝒅 𝟒𝟓° sections 

 

 

2.3.1 Experiments and Model Parameters Identification 

The proposed approach was used to model the mechanical behavior and the 

texture development in commercially pure copper subjected to free-end torsion. 

According to the experiments, the shear mode develops in the xy plane (Figure 2.1), and 

hence the deformation gradient tensor is written as: 

𝑭 = (
1 𝜀̇𝑡 0
0 1 0
0 0 1

) 

 

(2.23) 

The shear stress-strain diagram, shown in Figure 2.9 and presented by Tóth et 
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al. (1992) [184], refers to the commercially pure copper sample subjected to free-end 

torsion. On the same plot, we show the simulated shear stress-strain diagram of copper 

samples with two different initial dislocation density values (1011  m−2 and 1012 m−2). 

It can be seen that the initial dislocation density can considerably affect the overall 

mechanical response. It is clear that better fitting of the experimental results is achieved 

when using an initial density of 1011 m−2.  

The predicted texture was extracted at a shear strain  𝛾 of 5.5 and at an 

intermediate shear strain 𝛾  of 2.0 and was compared with the reported experimental 

findings. The predicted textures are represented using ODFs with constant 𝜑2. These 

ODFs are constructed from the crystallographic orientation of 500 grains and are 

presented for sections at 𝜑2 = 0° and 45°. Figure 2.10 shows a comparison between the 

experimental and predicted textures. A key figure representing the ideal positions of the 

simple shear components is shown in Figure 2.10(a) to help compare the predicted and 

experimental shear textures. The comparison between the experimental texture and the 

ideal components of shear shows clearly that the developed texture after the free-end 

torsion test exhibits pure shear components. Figure 2.10 also shows a good agreement 

between the predicted textures and the reported experimental findings [184] for 𝛾 = 2. 

The Taylor-Lin CP-CDD model captured the 𝐴1
∗ , C, and 𝐴2

∗  components of the ideal shear 

orientations in the 𝜑2 = 0° ODF section and shows similarity with the experimental 

texture. 

For  𝜑2 = 45°  ODF section, the model mimicked the experimental texture 

perfectly, with some disturbance in the B component (Figure 2.10 (b) and (c)). For the 

higher strain (𝛾 = 5.5), the texture components are captured accurately; however, we 

observe some weakness in capturing the intensity of the 𝐴1
∗  component in the 𝜑2 = 0° 
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section in the Taylor-Lin CP-CDD model. Furthermore, the distribution of the grain 

orientations becomes more concentrated at the ideal positions at the higher strain, 

demonstrating the higher strength of the C and 𝐴2
∗  components. Table 2-1 lists the 

optimized parameters that resulted in a satisfactory agreement between the model and the 

experimental mechanical and texture results (the results of the selected parameters are 

presented in Figure 2.9 and Figure 2.10).  

 

Figure 2.9 Comparison of the stress-strain behavior of copper between experimental 

[184] and crystal plasticity modeling at different initial dislocation densities 

 

Simple Shear (a) 
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Exp. Torsion ODF 

𝛾 = 2 (b) [184] 

 

 

 

 

Taylor-Lin CP-

CDD Model 

Torsion 𝛾 = 2  

(c) 

 

 

 

 

Exp. Torsion ODF 

𝛾 = 5.5  

(d) 

[184] 

 

 

 

 

Taylor-Lin CP-

CDD Model 

Torsion 𝛾 = 5.5  

(e) 

 

 

 

 

Figure 2.10 ODF 𝝋𝟐 = 𝟎, 𝟒𝟓° sections for (a) ideal orientations, (b) and (d) 

experimental textures, (c) and (e) Taylor-Lin CP-CDD model 

 

Table 2-1 Model parameters of copper 
PARAMETER VALUE (UNIT) 

𝑪𝟏𝟏 168400 MPa 

𝑪𝟏𝟐 121400 MPa 

𝑪𝟒𝟒 75400 MPa 

𝝁 44700 MPa 

K (H-P PARAMETER) 4.43 MPa. 𝑚𝑚1/2 

B (BURGERS MAGNITUDE) 2.56. 10−10  m 
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STRAIN RATE ( 𝜺̇ )                      0.0038 𝑠−1 for torsion 

0.01 𝑠−1     for ECAP 

𝝉𝟎       * 12 MPa 

STRAIN RATE SENSITIVITY 

(𝜼)  * 

0.08 

𝒄∗       * 0.8 

Q        * 1.4 

𝒗𝟎      * (REFERENCE STRAIN 

RATE) 

0.001 m/s 

𝜶𝑩𝑯   * 0.16 

𝜶𝟏     * 0.002 

𝜶𝟐     * 1.0 

𝜶𝟑     * 0.002 

𝜶𝟒     * 0.002 

𝜶𝟓     * 0.011 

𝜶𝟔     * 1.0 

𝝆𝒎 𝒊𝒏𝒊𝒕𝒊𝒂𝒍      * 1011   𝑚−2 

𝝆𝒊 𝒊𝒏𝒊𝒕𝒊𝒂𝒍        * 1011   𝑚−2 

𝝆𝑮𝑵𝑫 𝒊𝒏𝒊𝒕𝒊𝒂𝒍   * 1013   𝑚−2 

* : MODEL PARAMETERS  

 

 

2.3.2 ECAP Predictions and Experimental Validation 

The experimental texture and microstructural characterization of ECAP-

processed copper are used to validate the predictive capability of the model incorporating 

grain refinement criteria. The deformation mode developed by the samples during ECAP 

is simple shear as proposed by Segal (1999, 1995) [185,186]. The shear deformation 

mode is developed at the two channels’ intersection plane (x’y’ plane shown in Figure 

2.1). The global deformation gradient is then obtained with an axis transformation as 

follows: 𝑭𝑥,𝑦,𝑧 = 𝑷.𝑭𝑥′,𝑦′,𝑧′ . 𝑷
𝑇 , where 𝑷 = (

cos(∅ 2⁄ ) − sin(∅ 2⁄ ) 0
sin(∅ 2⁄ ) cos(∅ 2⁄ ) 0

0 0 1

)  , ∅  is the 

die angle, and 𝑷𝑇  is the transpose of  𝑷 in the transformation matrix. The calibrated 

model parameters of copper are used to simulate both passes of the ECAP process. 

According to the discussion in section 2.2.4, accounting for the grain-grain interaction 

effect leads to the slow-down of the grain boundary rotation with respect to the grain 

center. Thus, the grain boundary retardation parameter ξ represents a main model 
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parameter that controls the rate of grain refinement. Actually, it was found by tuning the 

value of the retardation parameter that ξ = 0.1 led to the best results of texture and grain 

refinement. 

 

2.3.2.1 Texture Prediction 

Several factors can affect the evolution of the texture, such as the die angle, 

deformation mechanisms, and the initial texture. Generally, knowing the effects of these 

factors provides a clear perspective on the predicted texture. For instance, the ideal 

positions of the shear texture components are influenced by the die angle, which rotates 

the shear plane and in consequence rotates the texture components [30].  

The measured and simulated textures of the ECAP-processed copper are 

presented in Figure 2.11. The measured texture components after ECAP 1A (Figure 

2.11(b)) are well aligned with the ideal orientations presented in Figure 2.11(a), with a 

strong B component shifted slightly from its ideal position. The predicted textures 

obtained by the proposed Taylor-Lin CP-CDD model and the Taylor VP model [148] are 

displayed in Figure 2.11. They were calculated using a Gaussian distribution of 7° around 

each grain orientation. Both models captured the main texture components of the 

experimental ECAP texture and their relative intensity levels. 

The measured textures, and the predicted textures by the Taylor VP model, after 

2Bc [148] are compared with the proposed Taylor-Lin CP-CDD model predictions in 

Figure 2.12. In route Bc, after two passes, all main texture components are reproduced in 

the right positions (Figure 2.12(b) and (c)). However, a small discrepancy appears in both 

texture predictions, which is related to the use of the Taylor model as illustrated in 

Molinari and Toth (1994) and Tóth et al. (2010) [148,188].  
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(a) 

 

 

 
 

(b) 
 

 
 (c) 

 

 
(d) 

 

 

Figure 2.11 (a) (111) Ideal orientations of FCC metal texture subjected to one pass 

ECAP with die angle=90, (b) measured (111) pole figure (PF) after 1A [148], (c) 

predicted (111) PF texture by Taylor visco-plastic model after 1A [148], and (d) 

predicted (111) PF texture by Taylor-Lin CP-CDD model after 1A. Isolevels: 0.7, 

1, 1.2, 1.4, 1.6, 2, 2.5, 3, 3.5, 4 
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2
 B

c 
Measured texture 

Predicted texture by Taylor-Lin 

CP-CDD model 

Predicted texture by Taylor 

visco-plastic model 

 
(a) 

 
(b) 

 
(c) 

Figure 2.12 (111) pole figures for the (a) measured texture [148], (b) predicted textures by 

Taylor-Lin CP-CDD model, and (c) predicted textures by Taylor VP model of ECAP 2Bc 

[148]. Isolevels: 0.7, 1, 1.2, 1.4, 1.6, 2, 2.5, 3, 3.5, 4 

 

2.3.2.2 Grain Size 

During ECAP, grain fragmentation is a dominant deformation mechanism 

induced by the grains’ need to reduce their high internal energy. Consequently, subgrain 

microstructures develop and affect the texture evolution by reorienting a portion of the 

parent grain and by constituting obstacles for dislocation motion. Increasing the 

misorientation angle results in an increase of the accumulated defects at the subgrain 

boundaries, leading to the formation of new grains with distinct microstructure [30].  

In the proposed Taylor-Lin CP-CDD model, the misorientation angle between 

the subgrains is assumed initially to be zero. During deformation, the evolution of the 

misorientation between subgrains depends on the developed plastic velocity gradient, the 

position of the grain, and the texture of the neighboring grains. Furthermore, the 

suggested modeling framework relates the hardening of the material with the neighboring 

grains’ size and the crystallographic orientation, which consecutively affect the evolution 

of the misorientation and the fragmentation process. When the misorientation angle 

reaches a threshold value of 5°, the subgrains are considered as new grains and assigned 

half of their parent grain size. As the deformation continues, each new grain can subdivide 
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into smaller grains, leading to high rate of refinement. The fragmentation process 

continues until the final imposed shear strain is reached.  

The plot of the grain size variation with the von Mises (VM) strain is displayed 

in Figure 2.13 for both models. The average grain size after one-pass ECAP reaches a 

final grain size of 1.2 𝜇𝑚 experimentally, 1.35 𝜇𝑚 as predicted by the Taylor-Lin CP-

CDD model, and 1.5 𝜇𝑚 as predicted by the Taylor VP model. In the second pass 2Bc, 

the rate of grain refinement has decreased, and a final average grain size has been attained 

of 1.15 𝜇𝑚 experimentally, 0.8 𝜇𝑚 by the Taylor-Lin CP-CDD model, and 0.9 𝜇𝑚 by 

the Taylor VP model. 

 
Figure 2.13 Evolution of grain size after two passes of ECAP 

 

 

2.3.2.3 Grain Distribution 

Grain shape evolution is studied in the Taylor-Lin CP-CDD model using a two-

dimensional analysis of the grain size distribution. Figure 2.14 represents the distribution 

of grains at different VM strains. Since ECAP introduces large grain-shape change, the 

grid will be extremely distorted. Figure 2.14 shows that, after the grains do split, each 

grain boundary is affected by multiple neighboring grains. Thus, more geometrically 
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necessary dislocations will be induced at the grain boundary, leading to a higher 

misorientation angle and subsequently a high probability of fragmentation. During 

simulation, the subgrains’ information is updated after each strain increment of 0.1. When 

subgrains exceed their threshold misorientation value, they are treated as new grains 

having information associated with their parent grains. The population of grains with 

different crystallographic orientation has increased from 64 initially to about 50000 at the 

end of one route-A ECAP pass. 

Initial Grid 

 

 
Figure 2.14 Grain refinement at different strains during ECAP 1A 

 

2.3.2.4 Dislocation Density Evolution 

As mentioned in section 2.2.3, the geometrically necessary dislocations act as 

obstacles for the mobile dislocations at the grain boundaries. The effect of GNDs is 
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implemented in the mean free path of moving dislocations in equation (2.16), which 

affects directly the dislocation density evolutions. As estimated in section 2.3.1, the initial 

dislocation density is found to be equal to 1011 𝑚−2  for both mobile and immobile 

dislocations and to 1013 𝑚−2 for the GND.  

Figure 2.15 shows the evolutions of the dislocation densities with strain. It is 

noticed that higher values for the mobile dislocations are reached when compared to the 

immobile dislocations and GNDs. During ECAP, the mobile dislocations as well as the 

immobile dislocations are responsible for the hardening of the bulk of the grains. 

However, the GNDs cause the accumulation of dislocations at the grain boundaries, 

which also contribute to the total dislocation density as explained in section 2.2.4. The 

GND density is found to be one-third of the total dislocation density in both passes. With 

increasing deformation, the mechanisms of multiplication, annihilation, and transition of 

dislocations occur, resulting in an increase of the dislocation densities. During the first 

pass, the dislocation densities increase in a nearly linear manner. In the second pass, the 

mobile and the total dislocation densities increase parabolically for around 20% of strain, 

then the rate of evolving slows down and continues increasing linearly. 
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Figure 2.15 Prediction of dislocation densities evolution after two ECAP passes 

 

2.4 Conclusions 

A grain fragmentation modeling approach was proposed in which a continuum 

dislocation dynamics model is coupled with a crystal plasticity framework. The proposed 

model predicted the mechanical and microstructural features of FCC metals subjected to 

severe plastic deformation (SPD) processes. The proposed grain refinement model was 

developed by accounting for the effect of the geometrically necessary dislocations 

(GNDs) that accumulate in the grain boundary zone. The proposed approach assumed 

that initially, each grain consisted of a number of subgrains with similar microstructural 

properties. The refinement process was activated when a threshold misorientation angle 

between different areas of the grain was attained. The fragmentation model was 

implemented in a Taylor-Lin CP-CDD model. The problem was simplified by assuming 

that the grains have cubic shape of pre-defined grain size and orientation. Furthermore, it 

was assumed that each grain can be divided into a maximum of 4x4x4x4x4=1,024 grains. 

The influence of the neighboring grains and the position of the grain in the microstructure 
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was considered, and the GND density was estimated by the influence of the neighboring 

grains on the parent grain. The model predictive capability was validated on experimental 

results available in the literature [148,184,188]. The model parameters were calibrated by 

fitting the mechanical response and texture evolution on torsion test on pure copper [184]. 

The model was able to capture with good accuracy the texture grain size and dislocation 

density evolutions after 1A and 2Bc ECAP paths.  

Although ECAP experiments were used for validating the model’s predictive 

capability, the model can be used to predict the texture and the mechanical properties of 

a wide range of deformation processes involving grain refinement mechanisms. The 

model parameters were optimized on torsion experiments performed on commercially 

pure copper. The predictive capability of the proposed model was validated on ECAP 

experiments in routes A and Bc of the same commercially pure copper material (all the 

experimental results presented in this work are extracted from the literature). Satisfactory 

predictions of the texture development and microstructural evolution are found.  

The presented model has proved its efficiency as a useful tool to model severe 

plastic deformations, a few limitations are still present. The grain shape was assumed to 

be square-shaped in 2D; however, in reality, grains could have random 3D shapes and 

therefore, could be surrounded by more than eight grains, with common boundary located 

in a 3D space. In addition, the proposed model is limited to modeling FCC crystal 

structures. This model can be extended to account for different crystal structures (such as 

HCP and BCC materials), which will be the focus of future studies. Furthermore, the 

model can be extended to account for high-temperature deformation mechanisms such as 

grain boundary sliding and dynamic recrystallization.  
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CHAPTER 3 
 

3. MODELING OF THE ECAP INDUCED STRAIN 

HARDENING BEHAVIOR IN FCC METALS  
 

 

 

3.1 Introduction 

Ultrafine-grained microstructure in metallic materials is manufactured by 

using severe plastic deformation methods, which consecutively result in mechanical 

properties alteration. The most common severe plastic deformation grain refinement 

techniques are equal channel angular pressing (ECAP), high-pressure torsion, and 

accumulated roll bonding [125]. ECAP is an effective method that was first introduced 

by Segal in the 1970s [189] and is used to enhance the mechanical properties by 

achieving exceptional grain refinement [22,185,186]. ECAP is a metal flow process in 

which a billet is pressed through a die consisting of two channels with equal cross-

sections intersecting at an angle Φ. As the billet is pushed through the die, it deforms 

severely in simple shear mode [185]. ECAP presents the advantage of processing large 

samples while maintaining an unchanged cross-sectional area. Numerous studies on 

ECAP were conducted to uncover the mechanisms of texture and microstructure 

alteration induced by grain refinement [22,130,132,150,190]. ECAP process 

parameters such as die angle Φ, number of passes, deformation routes, and the back-

pressure considerably affect the grain refinement process and hence the texture and the 

microstructure [22,30]. The effect of the die angle was studied experimentally at room 

temperature (RT) on pure aluminum using four different die angles ranging from 90° 

to 157.5° [191]. For each die angle, the aluminum sample was processed by using 

several passes while maintaining the final imposed strain at ~ 4. Ultrafine equiaxed 
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grains microstructure was achieved only with Φ=90°. There are four basic types of 

routes in ECAP, namely, A, Ba, Bc, and C, as illustrated in Figure 3.1. Li and Mishin 

[192] reported that different deformation routes significantly affect the texture 

components intensity, which consecutively influences the anisotropic plastic response 

of aluminum billets. Ferrasse et al. [193] showed that the strength of ECAPed copper 

samples saturates as the grain refinement is slowed down after four passes. In addition, 

for copper and aluminum billets ECAPed via routes A and B, ultra-fine subgrain shear 

bands are observed within the parent grains. Another work by Shaeri et al. [194] 

reported that after 4 passes via routes A and Bc, the ECAPed aluminum presents a very 

fine microstructure with an average grain size of about 1 𝜇𝑚 and 0.7 𝜇𝑚, respectively. 

Moreover, the first ECAP pass results in strong texture components that weaken after 

four processing passes. Finally, back-pressure is reported to considerably improve the 

workability of metallic alloys during ECAP [195,196]. Stolyarov and Lapovok [195] 

reported that the strength and microhardness of aluminum alloy 5083 were significantly 

improved when ECAP processing with a back-pressure. Krasil’nikov [196] reported 

that a pure copper processed by 16 ECAP passes with a back-pressure of 450 MPa 

resulted in a homogeneous microstructure with a grain size of 0.19 𝜇𝑚 and exhibiting 

an ultimate tensile strength of 470 MPa. 
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Figure 3.1 (a) Simple schematic of the ECAP process, (b) reinsertion of the billet in route 

A with no rotations between passes, (c) reinsertion of the billet in route Ba with a rotation 

of 90º in alternative directions between consecutive passes, (d) reinsertion of the billet in 

route Bc with a rotation of 90 º in the same sense between each pass, (e) reinsertion of the 

billet in route C with a rotation of 180 º between passes. 

 

Metals are ECAPed at either low or high temperatures, yet, since most cubic 

metals exhibit good ductility, they are ECAPed at room or warm temperatures. The effect 

of ECAP temperature was investigated extensively in order to study its influence on 

microstructural and mechanical development in metals [197–201]. Chen et al. [197] 

investigated the effect of different ECAP extrusion temperatures on the evolution of some 

metallographic parameters of aluminum alloy, such as grain size, grain aspect ratio, and 

grain boundary misorientation. It was reported that with increasing extrusion temperature, 

the average grain size gradually increases for temperatures between 50 and 250 °C and 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 
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then a sudden increase is reported for 300 °C, attributed to the significant boundary 

migration. Additionally, the proportion of low-angle boundaries increases while the 

proportion of high-angle boundaries decreases with an increase of the extrusion 

temperature. The grain shape aspect ratio decreases from 2.7 to 1.5 when the processing 

temperature changes from 50 to 300 °C, resulting in a more equiaxed grain structure. 

Chang et al. [200] studied the mechanical properties of 5083 aluminum alloy ECAPed at 

200 °C through 8 passes using route C and then tensile tested at room temperature and at 

250 °C. At room temperature, the yield strength showed a substantial increase from 129 

MPa for the as-received sample to 249 MPa after the first pass and to 290 MPa after 8 

passes, while no remarkable variation of the total elongation was observed. However, the 

Vickers microhardness increased drastically after the first pass, followed by an 

insignificant variation with an increasing number of passes. The increase of the 

microhardness after the first pass was attributed to the work hardening associated with 

the drastic dislocation density increase and the formation of subgrain bands. On the other 

hand, at high temperature (250 °C), the extruded aluminum alloy showed a decrease in 

the yield strength from 72 MPa for the as-received sample to 52 MPa after 8 passes, while 

a considerable increase in elongation (220%) was noted after 8 passes. Another study by 

Prados et al. [201] showed that at room temperature, the yield strength of an ECAPed 

aluminum alloy through 4 passes increases by up to 3 times the yield strength of the 

unprocessed specimens. Moreover, the ductility is observed to decrease considerably 

after the first pass; however, with an increasing number of passes the ductility is 

recovered and reaches its maximum after the fourth pass. For all tensile samples after 

ECAP, no work hardening effect was observed. This observation is attributed to two 

mechanisms, the mutual annihilation and the absorption of the mobile dislocations by the 
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grain boundaries. These mechanisms result in the reduction of mobile dislocation density. 

They can occur easily in ECAPed materials due to the small diffusion distances [202] or 

due to dynamic recovery, which is expected to occur in aluminum at room temperature 

(30% of the homologous temperature) [203]. Although we can find in the literature some 

experimental characterization of the mechanical properties of ECAPed materials, there is 

a lack of modeling approaches predicting the mechanical, microstructural, and textural 

properties of ECAPed materials. Hence, developing physics-based models that predict 

the properties of ECAPed materials is essential in order to provide insights on the 

underlying deformation mechanisms. 

In the literature, phenomenological- based, dislocation- based or crystal-

plasticity-based models were proposed for predicting grain refinement and texture 

evolution of ECAP-processed materials [109,140–150,204]. A phenomenological grain 

refinement model assuming the self-similarity of the grain refinement process was 

proposed by Beygelzimer [140]. The activation of the grain refinement mechanism was 

initiated when sufficient pressure and strain. A quantitative grain fragmentation process 

influenced by the strain path complexity was proposed by Petryk annd Stupkiewicz [143]. 

The proposed model predicted the microstructural changed, grain refinement and strain 

hardening of FCC metals deformed by ECAP, however the texture evolution was 

neglected. A volume averaged number of dislocations generated base model was 

proposed by Starink et al, [204] for predicting the grain refinement during SPD. The 

formation of new grain boundaries induced by the multiplication of geometrically 

necessary dislocations (GNDs) and local bond energies dislocations resulting from the 

effective dislocation-free path and solute–solute nearest-neighbour interactions were 

predicted.   
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A disclination-based model describing the grain subdivision mechanism was 

proposed by Seefeldt et al. [205]. Disclinations, by definition, are line defects separating 

rotated (with slip activity) from unrotated (no slip activity) crystal areas. The 

microstructure development is described through the disclination model at two different 

scales, mesoscopic scale (cell block or subgrain level) and microscopic scale (cell or grain 

level). On the mesoscopic scale, partial disclinations describe nuclei of misorientation 

resulting from mobile dislocations of the same sign or character being trapped at cell 

block boundary or cell walls [206]. On the microscopic scale, parallel dislocation-

dislocation interactions lead to the formation of dislocation sheets which in turn lead to 

the formation of cell walls and thus the formation of new grains [205]. Nazarov et al. 

[145,146] implemented the disclination criterion into a viscoplastic self-consistent model 

to describe the grain subdivision mechanism. The combination of these two approaches 

provides information on the formation of disclinations at the grain boundary junctions 

resulting from the strain incompatibilities between the homogenous effective medium and 

the grain. Junctions are then transformed into low angle dislocation boundaries and with 

further straining they split into new smaller grains [146].  

Crystal plasticity models were developed also to understand the microstructural 

and texture development and to evaluate the mechanical response of ECAPed materials 

[141,147,148,207–209]. Several aspects were considered in these models, such as the 

grain size reduction, texture evolution, work hardening, grain shape effect, and grain 

neighboring effect. Beyerlein et al. [141] proposed a grain fragmentation model based on 

a visco-plastic self-consistent (VPSC) scheme. Although the proposed model considered 

the grain shape effect in the fragmentation criteria, it disregarded the influence of the 

intragranular microstructure. Another physically based approach to model grain 
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fragmentation was proposed by Tóth et al. [148]. The proposed model assumed that the 

grain is divided into two zones: the grain center and the grain boundary. The grain 

boundary, unlike the grain center, was assumed to be slowed down by a friction factor 

during deformation, leading to lattice curvature development. However, the grain-grain 

interaction effect was neglected in this model. Inspired by the lattice curvature approach, 

a recent physically based model was proposed by Kobaissy et al. [207] where the 

influence of the neighboring grains was taken into account. In this model, the grain-grain 

interaction effect was described by the accumulation of the geometrically necessary 

dislocations (GNDs) that were considered as additional material defects accumulated near 

the grain boundary to accommodate the lattice curvature [178–181]. In addition, several 

aspects, including texture evolution, dislocation densities evolutions, and grain 

fragmentation, were considered. This model was validated on pure copper processed 

through two passes of ECAP and showed a very good agreement with the experimental 

results. Even though some research efforts were devoted to modeling grain fragmentation, 

rather less attention was paid to the modeling of the post-mechanical properties of the 

ECAPed materials. In this work, the post-ECAP mechanical properties of aluminum are 

predicted by using a modified continuum dislocation dynamics-based model. This paper 

is organized as follows. The experimental procedure used to ECAP-process and 

characterize the mechanical, microstructural, and texture properties of an aluminum alloy 

and the experimental results are described in section 3.2. Section 3.3 describes briefly the 

grain fragmentation model and the grain neighboring effect. In section 03.4, the modeling 

predictions are analyzed and compared with the experiments. Conclusions are provided 

in section 3.5. 
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3.2 Experimental Procedure and Results 

A commercial Al Al-1100 O-tempered plate with an average grain size of 80 𝜇𝑚 

and initially low dislocation density is used as the starting material. Texture 

measurements are conducted on the starting material to confirm the typical rolled texture. 

A composition of 99 at. % Al purity is utilized to eliminate the occurrence of dynamic 

precipitation that could occur during ECAP. The plates are machined to 6” long billets 

with a 1” x 1” area cross section for the ECAP process. 

 

3.2.1 Equal Channel Angular Pressing (ECAP) 

All ECAP passes are conducted at room temperature along a 90o angled die with 

a pressing speed of 10 mm/min (strain rate of 10-2 s-1) with an applied back pressure from 

2–4 KSI incremented with each pass. Each pass is approximately determined to apply 

95% strain per pass. ECAP under Route C, with 180o clockwise rotation along the 

extrusion direction after each pass, is conducted for each billet. Single ECAP passes under 

the 2C and 4C routes are conducted on separate billets to study the evolution of texture, 

grain size, and mechanical properties.  

 

3.2.2 Electron Back Scatter Diffraction (ESBD) 

EBSD specimens are cut from the flow plane of the as-received and ECAP-

processed billets using electrical discharge machining (EDM). Samples are cut from the 

middle section of the billet where uniform elongation is normally observed. Samples are 

mechanically ground on the flow plane surface using SiC paper down to a 1000 grit size. 

Mechanical polishing is conducted using polycrystalline diamond paste at 3 𝜇𝑚 and 1 

𝜇𝑚 grit size, followed by a final polish of 0.06 𝜇𝑚 colloidal silica. Samples are cleaned 
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using a felt pad and deionized water. EBSD is conducted on a TESCAN FERA-3 SEM 

under a 15-keV beam voltage. For the rolled condition, a 3 x 3 mm2 area is scanned with 

a 10 µm step size, while for all ECAP samples a 25 x 25 𝜇𝑚2 area is scanned with a 0.1 

𝜇𝑚 step size. EBSD scans are acquired using Oxford Instruments Aztec software, and 

post processing, including grain size determination and texture, are conducted on Oxford 

Instruments HKL Channel 5 software. A minimum of 10,000 grains are used to calculate 

the pole figures and to represent the texture of the as-received and ECAP-processed 

billets. It is argued that to accurately represent the macrotexture of medium- to moderately 

textured materials, the orientation data from approximately 10,000 grains generated from 

EBSD are necessary.  

 

3.2.3 Experimental Results 

 

    

Figure 3.2 Pole figures representing the initial texture of Aluminum alloy AA-1100. 

 

Figure 3.2 shows the (100), (110), and (111) pole figures of the initial Al 1100 

alloy. The (111) pole figure shows a typical cube {001} <100> texture commonly 

observed in hot-rolled FCC alloys formed due to dynamically recrystallized grains during 

high-temperature rolling [210,211]. Some diffuse texture densities are also observed in 

the (111) pole figure, suggesting that some recrystallized grains may have formed within 

the shear bands during the rolling process, causing some grains to misorient away from 
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the typical cube texture. Equiaxed grains within these shear bands could become possible 

nucleation sites for new recrystallized grains during ECAP with larger misorientations, 

which could further misorient the grains away from the typical cube texture [212].  

Figure 3.3 shows the tensile engineering stress-engineering strain plots at room 

temperature for the as-received Al-1100 under two different strain rates, 10-2 and 10-4 s-

1, along the rolling direction (RD). The strain hardening response between the two strain 

rates does not show a significant difference in the experimental tests due to similar slip 

conditions. Compression tests conducted by other studies on Al1100-O alloys at 10-5 to 

10-1 s-1 also showed a similar lack of strain hardening difference within this strain rate 

window. Strain rate hardening differences were observed only under high strain impact 

tests with a range of 100–1000 s-1 [213]. The uniformly elongated region for the 10-4 s-1 

strain rate in Figure 3.3 occurs at 0.15 strain, compared to the 10-2 s-1 strain rate at 0.25 

strain; hence, strain localization is occurring sooner for the 10-4 s-1 condition. Due to the 

symmetric cube texture observed, isotropic strain hardening responses can be assumed 

for the starting material. Anisotropic strain hardening responses have been observed for 

FCC alloys with anisotropic texture properties.  
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Figure 3.3 Measured stress-strain response of the as-received Al-1100 alloy at two 

strain rates, 10-2 s-1 and 10-4 s-1. 

 

Figure 3.4 shows the pole figures after tensile deformation at both strain rates. 

The texture is measured in the uniformly elongated region away from the necked region. 

Similar texture evolution for the two different strain rates is observed. In both textures, 

the initially misoriented grains are reoriented closer to the typical cube texture, allowing 

easy dislocation slip and providing a recovery process for deformed grains. This recovery 

process is normally observed during rolling deformation of FCC alloys, but this similar 

mechanism was observed during simple tensile deformation to accommodate higher 

straining [214,215].   
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10−2 𝑠−1 

experimental 

       

 

10−4 𝑠−1 

experimental 

 

       

 

Figure 3.4 Measured textures of the tensile as-received samples at two strain rates. 
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(a) 

 

(b) 

 

(c) 

Figure 3.5 (111) pole figures of the measured textures after 1 (a), 2 (b), and 4 (c) 

passes of ECAP via route C. 

 

Figure 3.5 shows the ECAP texture of the flow plane for routes 1A, 2C, and 4C. 

The texture of the 1A ECAP route shows a rigid rotation of 45o around the flow direction 

of the center of the cube texture but maintains the typical cube texture. ECAP was 

conducted at room temperature; hence, strong grain refinement should be observed with 

the formation of subgrain and low-angle grain boundaries. The major texture densities 

show a slight spread in orientation from the main oriented peaks, which show subgrain 

formation with a misorientation of 1o–2o and the formation of low-angle grain boundaries 

with misorientations of 2o–10o. Route C involves rotating the billet by 180 degrees along 

the extrusion direction between each ECAP pass. After the first pass, a simple shear along 

the 45o angle produces elongated grains along the shearing direction. On the second pass, 
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due to the 180-degree rotation, an equal and opposite shear strain is applied on the billet, 

which readjusts the elongated grains to a more equiaxed structure. The comparison 

between the textures of route 2C and route 1A shows a distinct difference in the low-

angle spread of the major texture points in the pole figures. Therefore, subgrain and low-

angle grain boundaries are decreased, while high-angle grain (>10o) boundaries are 

increased. The route 4C texture shows a further increase in high-angle grain boundaries, 

with the development of new density peaks away from the typical cubic texture. However, 

the density of low-angle grain boundaries stayed very similar to route 2C. Those grain 

misorientation distributions are commonly observed in low-temperature ECAP of FCC 

alloys. Early ECAP deformation (~1 to 2 passes) results in subgrain boundary formation 

with low-angle grain boundaries. Then, with increasing number of passes, more 

dislocations are deposited along the subgrain, and low-angle boundaries increase the 

misorientation angle, leading to the development of more low-energy high-angle grain 

boundaries [216]. 

  

Figure 3.6 Experimental tensile behavior data (yield strength (YS), ultimate tensile 

strength (UTS) and elongation) of the as-received sample (0 pass) and the ECAPed 

samples after 1, 2, and 4 passes via route C at two strain rates. Data values for only 

the ED tests are shown. 

 



 

 90 

To investigate the mechanical properties of AA-1100 after ECAP, tensile tests 

are performed at room temperature. Tensile loading is applied on specimens with their 

major axes being aligned along either the extrusion direction (ED) or the flow direction 

(FD) at two strain rates of 10−2 𝑠−1 and 10−4 𝑠−1. A summary of the yield stress (YS), 

ultimate tensile strength (UTS), and elongation is shown for each ECAP route at 10-2 𝑠−1 

and 10-4 𝑠−1 strain rates in Figure 3.6. The yield and ultimate tensile strengths increased 

from 50 MPa and 80 MPa to 130 MPa and 150 MPa after one pressing pass and to 160 

MPa and 190 MPa after 4 passes, respectively. The higher strength of the ECAPed 

material is attributed to the decrease in the grain size (Hall-Petch effect), where the flow 

stress is inversely proportional to the square root of the grain size. The elongation 

decreased considerably after one pass and remained almost unchanged with the increasing 

number of ECAP passes. 

 

(a) 
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Figure 3.7 Engineering stress vs. engineering strain plots for the ECAPed Al-1100 alloy at 

two different strain rates and along two directions for routes (a) 1A, (b) 2C, and (c) 4C. 

(ED: extrusion direction and FD: flow direction). 

 

 

(b) 

 

(c) 



 

 92 

Figure 3.7(a) shows the experimental tensile responses of route 1A at two 

different strain rates and along two different directions, extrusion and flow. Experimental 

results show very little strain hardening difference between the two directions and strain 

rates. This type of hardening behavior was observed for similar Al alloys with ultrafine 

grain structure. Figure 3.7(b) and (c) show the experimental tensile responses of routes 

2C and 4C, respectively. An increase in the yield stress and ultimate tensile strength is 

observed with the increase in the number of passes, which can be attributed to the grain 

refinement and increase in dislocation density. In contrast, a relatively perfect plastic 

behavior is observed for all ECAP routes 1A, 2C, and 4C. The lack of strain hardening 

could be due to the increased dislocation density after ECAP, which allows more dynamic 

dislocation recovery in FCC alloys during tensile deformation [217].  

 

 

3.3 Modeling Methodology 

3.3.1 Summary of the CP-CDD Approach 

During severe plastic deformation, dislocation density increases drastically in 

the polycrystal, leading to an increase in the internally stored energy. As deformation 

continues, new grain boundaries are developed, and the internal energy is released by the 

fragmentation of the parent grain into smaller grains [30]. In prior work, Kobaissy et al. 

[207] proposed a grain fragmentation model based on a crystal plasticity (CP) scheme 

coupled with a continuum dislocation dynamics (CDD) model to capture the 

microstructural behavior during the ECAP process. The behavior of each crystal is 

described by crystal plasticity. The Taylor-Lin [162] [161,163] homogenization scheme 

is used to capture the overall response of the metallic polycrystal. The polycrystal Cauchy 

stress is expressed as 𝑻 =
1

𝑁
∑ 𝑤𝑘𝑻𝒌𝑁
𝒌=𝟏 , where 𝑤(𝑘) and 𝑻(𝒌) correspond to the weight 
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factor and the Cauchy stress of the 𝑘𝑡ℎ crystal, respectively, and 𝑁 is the total number of 

crystals. In this scheme, the addition of the elastic 𝒍𝒆
(𝒌)

 and the plastic 𝒍𝒑
(𝒌)

 velocity gradient 

tensors in each grain is assumed to be equal to the macroscopic velocity gradient L (𝒍𝒆
(𝒌) +

𝒍𝒑
(𝒌) = 𝑳). The stress in a metallic single crystal is defined by the second Piola-Kirchoff 

stress tensor, which is expressed as 𝑻∗ = 𝓛.𝑬𝑒, where 𝓛 is the fourth-order stiffness 

tensor of the single crystal and 𝑬𝑒 is the elastic Green-Lagrange strain tensor. The Cauchy 

stress in each crystal can be written then as 𝑻(𝒌) =
1

𝑑𝑒𝑡𝑭𝑒
𝑭𝑒𝑻∗𝑭𝑒−𝑇. In this work, F 

represents the deformation gradient tensor, which can be decomposed multiplicatively 

into elastic 𝑭𝑒 and plastic 𝑭𝑝 deformation gradient tensors as 𝑭 = 𝑭𝑒𝑭𝑝 [166]. The 

evolution of the plastic deformation gradient 𝑭𝑝 can be expressed in terms of the plastic 

velocity gradient tensor 𝑳𝑝 as follows: 𝑭̇𝑝 = 𝑳𝑝𝑭𝑝, with 𝑳𝑝 = ∑ 𝛾̇𝑠𝐒𝑠12
𝑠=1  for materials 

deforming only by slip. 𝛾̇𝑠 is the slip shear rate on the slip system “s” and 𝑺𝑠 = 𝒎0
𝑠⨂𝒏0

𝑠  

is the Schmid tensor, where 𝒎0
𝑠  and 𝒏0

𝑠  are the slip direction and the slip plane normal of 

the “s” slip system, respectively.  

A continuum dislocation dynamic model is coupled with the crystal plasticity 

model for the purpose of capturing the evolution of dislocation densities. The Orowan 

relationship [169] is used to describe the effect of mobile dislocation density and glide 

velocity in the formulation of the plastic shear rate: 𝛾̇𝑠 = 𝜌𝑚
𝑠 𝑏𝑣𝑔

𝑠, where 𝜌𝑚
𝑠  is the mobile 

dislocation density in the slip system “𝑠” and b is the magnitude of the Burger vector. 

The dislocation glide velocity 𝑣𝑔
𝑠 on system “𝑠” can be written as 𝑣𝑔

𝑠 =

𝑣0 |
 𝜏𝑠

𝜏𝑡ℎ
𝑠 |

1
𝜂⁄

𝑠𝑖𝑔𝑛(𝜏𝑠), where 𝑣0 is the reference velocity, 𝜂 is the strain rate sensitivity 

factor, 𝜏𝑠 is the resolved shear stress on slip system “𝑠,” and 𝜏𝑡ℎ
𝑠  is the threshold resolved 

stress of the slip system “𝑠.” 𝜏𝑡ℎ
𝑠  can be decomposed additively into three stresses, the 
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initial critical resolved shear stress 𝜏0, the Hall-Petch stress 𝜏𝐻𝑃
𝑠 , and the shear stress 

responsible for the material hardening 𝜏𝐻
𝑠 . Hence, the threshold stress on each slip system 

“s” is expressed as 𝜏𝑡ℎ
𝑠 = 𝜏0 + 𝜏𝐻𝑃

𝑠 + 𝜏𝐻
𝑠 . The Hall-Petch stress is expressed in terms of 

the Hall-Petch parameter K and grain size D as 𝜏𝐻𝑃
𝑠 = 𝐾𝑠𝐷−0.5. In addition, the hardening 

stress resulting from the long-range interactions between dislocations is expressed as 

𝜏𝐻
𝑠 = ∑ 𝛺𝑠𝑟𝛼𝐵𝐻𝐺𝑏√𝜌𝑇𝑆𝑆

𝑟𝑁𝑠𝑖
𝑟=1 , where 𝛺𝑠𝑟 is the interaction matrix, 𝛼𝐵𝐻 is the Bailey-Hirsh 

coefficient, G is the shear modulus, Nsi is the number of slip systems that interact with 

the slip system “𝑠,” and 𝜌𝑇𝑆𝑆
𝑟  is the total statistically stored dislocation density, defined 

as the sum of the mobile (𝜌𝑚
𝑟 ) and the immobile (𝜌𝑖

𝑟) dislocation densities in the slip 

system “r” (𝜌𝑇𝑆𝑆
𝑟 =(𝜌𝑚

𝑟 + 𝜌𝑖
𝑟)). During plastic deformation, both the mobile and the 

immobile dislocation densities can evolve. The evolution laws for these two quantities 

are described by Li et al. [171] and are represented below in equations (3.1) and (3.2).  

𝜌̇𝑚
𝑠 = 𝛼1𝜌𝑚

𝑠 𝑣𝑔
𝑠 𝑙 ̅⁄ − 2𝛼2𝑅𝑐(𝜌𝑚

𝑠 )2𝑣𝑔
𝑠−𝛼3𝜌𝑚

𝑠 𝑣𝑔
𝑠 𝑙 ̅⁄ + 𝛼4(|𝜏

𝑠| 𝜏𝑡ℎ
𝑠⁄ )𝜁𝜌𝑖

𝑠𝑣𝑔
𝑠 𝑙 ̅⁄

+ 𝛼5∑𝑃𝑠𝛽

𝑁𝑐𝑠

𝛽=1

𝜌𝑚
𝛽
𝑣𝑔
𝑠 𝑙 ̅⁄ − 𝛼6𝑅𝑐𝜌𝑚

𝑠 𝜌𝑖
𝑠𝑣𝑔

𝑠 

(3.1) 

𝜌̇𝑖
𝑠 = 𝛼3𝜌𝑚

𝑠 𝑣𝑔
𝑠 𝑙 ̅⁄ − 𝛼4(|𝜏

𝑠| 𝜏𝑡ℎ
𝑠⁄ )𝜁𝜌𝑖

𝑠𝑣𝑔
𝑠 𝑙 ̅⁄ − 𝛼6𝑅𝑐𝜌𝑚

𝑠 𝜌𝑖
𝑠𝑣𝑔

𝑠 (3.2) 

 

In these equations, 𝑙 ̅is the mean free path of dislocations, 𝑅𝑐 is the critical radius 

for dislocation annihilation, 𝑃𝑠𝛽 is the matrix that describes the probability for the cross-

slip mechanism to occur, and 𝜁 is a constant set as 0.5. Six dislocation mechanisms 

contributing to the hardening behavior of the material are described by the rate equation 

(1), which depends on six material parameters (𝛼1 − 𝛼6). The first term captures the rate 

of multiplication and generation of mobile dislocations resulting from the propagation of 

resident dislocations and the production of new dislocations due to Frank-Read sources. 
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The second term describes the annihilation of two mobile dislocations of opposite signs. 

The immobilization of mobile dislocations due to the formation of dipoles and junctions 

is captured in the third term, while the mobilization of immobile dislocations due to the 

breakup of pinning points, junctions, and dipoles is described in the fourth term in 

equation (3.1). The fifth term accounts for the cross-slip mechanism that occurs when a 

screw dislocation on one slip plane jumps to another slip plane during plastic deformation. 

Finally, the annihilation of mobile and immobile dislocations due to their interaction is 

presented in the sixth term. 

 

3.3.2 Grain Fragmentation Modeling 

Severe plastic deformation alters the microstructural and texture properties of 

polycrystalline materials by evolving the dislocation density and grain size. In the 

proposed approach, material hardening results from the evolution of the dislocation 

density and reduction of the average grain size that hinder the movement of dislocations. 

We differentiate between two types of dislocations: the statistically stored dislocations 

(SSDs) and the geometrically necessary dislocations (GNDs). SSDs are dislocations that 

are randomly trapped within a grain, while GNDs are dislocations that accumulate near 

the grain boundaries. GNDs account for the effect of the neighboring grains by the 

additional storage of materials defects that hinder the movement of mobile dislocations 

and thus reduce their mean free path. SSDs give rise to homogeneous stress and strain 

fields [159], while GNDs contribute to an inhomogeneous state of stress and strain that 

accommodates the lattice curvature during the non-uniform plastic deformation [173]. 

The GND effect is implemented in the mean free path of the moving dislocations and 

written as follows [157,158]: 
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𝑙 𝑠̅ =
𝑐∗

√∑ 𝑤𝑗𝑠(𝜌𝑇𝑆𝑆
𝑗

+ ‖𝜌𝐺𝑁𝐷
𝑗

‖)
𝑁𝑠𝑖
𝑗=1

 

 

(3.3) 

where 𝑐∗ is scale factor accounting for the non-uniformity of the dislocations 

distribution in the crystal, 𝑤𝑗𝑠 is a weight matrix fully populated by ones for simplicity, 

and ‖𝜌𝐺𝑁𝐷
𝑗

‖ denotes the density norm of GNDs on slip system “j” and is expressed in 

terms of the Nye’s tensor 𝛼𝑛𝑚
𝑗

 corresponding to slip system “j” [155] as,  

‖𝜌𝐺𝑁𝐷
𝑗

‖ =
1

𝑏
√𝛼𝑛𝑚

𝑗
𝛼𝑛𝑚
𝑗

 

 

(3.4) 

The evolution of the Nye’s tensor for large deformation is described as the 

gradient of the plastic velocity gradient 𝑳𝒑:  

𝛼̇ = 𝑐𝑢𝑟𝑙(𝑳𝒑) or 𝛼̇𝑖𝑗 = 𝑒𝑗𝑘𝑙𝐿𝑖𝑙,𝑘
𝑝

 

 

(3.5) 

where 𝑒𝑗𝑘𝑙 denotes the permutation tensor. 𝐿𝑖𝑙,𝑘
𝑝

  is the derivative of the plastic 

velocity gradient and is obtained using the central difference method [159].  
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(a) 

 

(b) 

Figure 3.8. (a) Subdivision of grain into 9x9x9 subgrains, and (b) schematic 

representation of the polycrystal. 

 

A grain fragmentation model was recently proposed by Kobaissy et al. [207] to 

predict the microstructural, texture, and mechanical behavior of cubic material during 

ECAP. The model is based on the lattice curvature approach proposed by Tóth et al. [148] 

and extended to account for the grain-grain interaction. This approach represents the 

initial microstructure by cubic grains with predefined grain size. Furthermore, with 

increasing plastic deformation, the Kobaissy et al. [207] approach accounts for the 

development of the misorientation angle between the center of a grain and its boundary. 

When a threshold misorientation angle is reached (i.e. 5°), the subgrains are then 

considered as new grains with different orientations from their parent grain. The model 

assumes that a grain fragments into four grains of equal size. In this work, the grain 

fragmentation procedure is improved to better mimic the experimental observations: a 

grain is subdivided into nine subgrains with a grain-boundary-free central subgrain. The 

subgrains are assigned their parent grain orientation before deformation. The subgrains 

are considered as new grains when the fragmentation criterion is satisfied (misorientation 
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angle exceeds 5°). Each parent grain is allowed to split up to a maximum of 9x9x9=729 

new grains (3 fragmentation levels) (Figure 3.8(a)). Depending on the neighboring grains, 

the subgrains of a parent grain can exhibit different levels of fragmentation. In our 

simulations, the initial polycrystal microstructure is discretized into a uniform 2D grid of 

squared grains, as represented in Figure 3.8(b). Each grain in the grid is assigned a grain 

size, orientation, initial dislocation density, and position whereby the neighboring grains 

are identified. It is assumed that the middle subgrains are not affected by the neighboring 

grains, while the neighboring grains’ effect is accounted for in the deformation 

calculation of the remaining subgrains by adding the GND effect. It is also assumed that 

the accumulation of GNDs at the grain boundary is associated with the induced 

misorientation angle according to the relation proposed by Konijnenberg et al. (2015): 

𝜃𝑚 = 𝜌𝐺𝑁𝐷 ∗ 𝐷 ∗ 𝑏 3⁄  (3.6) 

where D is the grain size and b is the magnitude of the Burgers vector. 

 

 

3.4 Results and Discussions  

In this section, the numerical results are presented, analyzed, and compared with 

the experimental ones. First, the model parameters are identified by fitting both the tensile 

stress-strain response and the texture results. The identified model parameters are then 

used to conduct ECAP simulations with route C through a different number of passes. 

The predicted texture evolution is then compared to the experimental results, and the 

strain hardening, dislocation density evolution, and slip system activity are extracted. 

Finally, the mechanical behavior of the ECAPed aluminum is simulated and compared to 

the experimental mechanical behavior results. 
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3.4.1 Calibration of Model Parameters 

 

Figure 3.9 Experimental and simulated true stress-true strain behaviors at two different 

strain rates 𝟏𝟎−𝟐 𝐬−𝟏 and 𝟏𝟎−𝟒 𝐬−𝟏. 

 

The initial microstructure of the polycrystal aluminum alloy presented an 

average grain size of 80 𝜇𝑚, and its initial texture, represented by the (100), (110), and 

(111) pole figures, is shown in Figure 3.2. The model parameters are identified by fitting 

the simulated tensile true stress-true strain curves and the resulting texture to the 

experimental ones. As mentioned previously, the tensile tests were conducted at room 

temperature along the rolling direction for two different strain rates, 10−2 𝑠−1 and 

10−4 𝑠−1. The deformation gradient tensor can be written as:  

𝐹 = (
𝑒𝜀𝜏̇ 0 0
0 𝑒−𝜀𝜏̇ 2⁄ 0
0 0 𝑒−𝜀𝜏̇ 2⁄

) 

(3.7) 

where 𝜀̇ is the strain rate and 𝜏 is the time increment. 

The comparison between the experimental and the numerical tensile true stress-

true strain curves is presented in Figure 3.9. An excellent agreement between the 
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numerical and the experimental results for both strain rates is observed. It is worth 

mentioning that the model parameters are calibrated on the experimental results 

interrupted at the ultimate tensile strength (UTS), since the stress state deviates from the 

uniaxial loading condition with the propagation of the plastic instability. The UTS values 

for the 10−2 𝑠−1 and 10−4 𝑠−1 strain rates are equal to 93 MPa and 107 MPa, 

respectively.  

 

Table 3-1 List of properties and calibrated model parameters of aluminum alloy. 

Parameter Definition Value (unit) 

𝑪𝟏𝟏, 𝑪𝟏𝟐, 𝑪𝟒𝟒  Elasticity constants 106800, 60700, 28000 MPa 

𝝁 Shear modulus 26000 MPa 

K  Hall-Petch coefficient 1.0 MPa. 𝑚𝑚1/2 

D Average grain size 80 µm 

b        Magnitude of Burgers vector 2.86. 10−10  m 

𝜺̇                      Strain rate 0.01 𝑠−1     for ECAP 

𝝉𝟎      Initial critical resolved shear stress 12 MPa 

𝜼        Strain rate sensitivity 0.01 

𝒄∗       Numerical constant 0.8 

q        Ratio of the latent hardening rate to the self-

hardening rate 

1.4 

𝒗𝟎      Reference strain rate 0.001 m/s 

𝜶𝑩𝑯   Bailey-Hirsch hardening coefficient 0.07 

𝜶𝟏      Dislocation multiplication coefficient 0.02 

𝜶𝟐      Dislocation annihilation coefficient 1.0 

𝜶𝟑      Immobilization coefficient 0.002 

𝜶𝟒      Mobilization coefficient  0.002 

𝜶𝟓      Cross-slip coefficient 0.003 

𝜶𝟔      Mobile-immobile annihilation coefficient 1.0 

𝝆𝒎−𝒊𝒏𝒊𝒕𝒊𝒂𝒍
𝒊       Initial mobile dislocation density on slip 

system i 

1012   𝑚−2 

𝝆𝒊−𝒊𝒏𝒊𝒕𝒊𝒂𝒍
𝒊         Initial immobile dislocation density on slip 

system i 

1012   𝑚−2 

𝝆𝑮𝑵𝑫 𝒊𝒏𝒊𝒕𝒊𝒂𝒍    Initial geometrically necessary dislocation 

density 

1013   𝑚−2 
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10−2 𝑠−1 

exp. 

       

10−2 𝑠−1 

mod. 

 

       

10−4 𝑠−1 

exp. 

       

10−4 𝑠−1 

mod. 

 

      

Figure 3.10 Comparison of the measured and the simulated textures of the tensiled as-

received samples at two strain rates. Note the experimental results are repeated here for 

the sake of visual comparison. 
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The numerical texture is also compared to the experimental textures for both 

tensile loading conditions (the texture is measured in the gage length away from the 

necking area). Figure 3.10 shows the capability of the model to reproduce all the main 

texture components. The difference in the intensity levels may be attributed to the 

difference in the number of grains used to plot the pole figures. Table 3-1 lists the model 

parameters that are used to generate the optimal fit between the numerical and the 

experimental results. The initial SSD and GND densities values are taken as 

2.4 × 1013 𝑚−2 and 1.2 × 1014 𝑚−2, respectively. 

 

3.4.2 Predictions of ECAP  

3.4.2.1 Texture 

Table 3-2 Main ideal orientations, represented by their Euler angles and Miller 

indices, of FCC crystals in ECAP with die angle Φ=90°. 

Notation Euler angles 

(°) 

Miller indices 

𝜑1 ∅ 𝜑2 ED ND FD 

𝑨𝟏𝜽
∗  80.26 

170.26 

45 

90 

0 

45 

[4 4 1̅] [1̅ 1̅ 8̅] [1̅ 1 0] 

𝑨𝟐𝜽
∗  9.74 

99.74 

45 

90 

0 

45 

[1 1 8] [4̅ 4̅ 1] [1̅ 1̅ 0] 

𝑨𝜽 45 35.26 45 [9 1 4] [1 11 5̅] [1̅ 1 2] 

𝑨̅𝜽 225 35.26 45 [9̅ 1̅ 4̅] [1̅ 11̅̅̅̅  5] [1̅ 1 2] 

𝑩𝜽 45 

165 

54.74 

54.74 

45 

45 

[15 4 11] [7 26 19̅̅̅̅ ] [1̅ 1 1] 

𝑩̅𝜽 105 54.74 45 [15̅̅̅̅  4̅ 11̅̅̅̅ ] [7̅ 26̅̅̅̅  19] [1̅ 1 1] 
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225 54.74 45 

𝑪𝜽 135 

45 

45 

90 

0 

45 

[3 3 4] [2 2 3̅] [1̅ 1 0] 

 

 

The polycrystal texture changes significantly with the severe plastic deformation 

induced by the ECAP process. The considerable change in the texture results in an 

evolution of the material’s mechanical and anisotropic properties. Several processing 

factors, such as processing route, number of passes, die angle, etc., affect the evolution 

of the texture. In this work, aluminum alloy is ECAPed up to four passes through route 

C. A Taylor-Lin model combining crystal plasticity and continuum dislocation dynamics 

approaches is used to predict the texture evolution during ECAP. The predicted and the 

experimental texture are compared by analyzing the presence and location of the ideal 

orientations of the shear texture listed in Table 3-2.  

 

Figure 3.11 (111) key pole figure representing the ideal orientations after one pass 

of ECAP. 

 

The ideal orientations of ECAP textures were studied by several investigations 

[219,220] and found to be CCW-rotated by an angle 𝜃 = Φ 2⁄  around the flow direction 

(FD) in the (111) pole figure. The main ECAP texture components, similar to simple 
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shear texture components, are distributed along fibers in the orientation space and are 

represented in the (111) pole figure in Figure 3.11 [221]. Figure 3.12 shows the 

experimental and the predicted textures after one pass of ECAP. The experimental texture 

is measured using the electron back-scattered diffraction (EBSD) method and then 

plotted, similarly to the predicted texture, using the MTEX software. A good agreement 

between the experimental and the predicted texture can be noticed; furthermore, the 

predicted texture exhibits all the ideal ECAP texture orientation components. All ideal 

components were captured by the model; however, 𝐴𝜃/𝐴̅𝜃 components were missing 

from the measured texture. In addition, some intensity-level differences between the two 

textures were observed, which may be attributed to the different number of grains used 

to plot the pole figures. 

 

 Experimental Modeling 

1A 

  

2C 
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4C 

  

Figure 3.12 (111) pole figures of the measured and predicted textures after 1, 2, and 

4 passes of ECAP via route C. Note the experimental results are repeated here for 

the sake of visual comparison. 

 

The post-mechanical properties of aluminum ECAPed through route C after four 

passes is studied. Under route C, also called the reversal route, the shear direction is 

reversed between consecutive passes while maintaining the same plane of shearing. The 

texture symmetry under route C is maintained as long as the sample’s deformation is kept 

homogeneous and the sample is rotated around the axis of symmetry (FD). This texture 

symmetry, also called monoclinic symmetry, exhibits a shear-like texture in which the 

texture after even-numbered passes is recovered and the textures after odd-numbered 

passes resemble the first-pass texture [30,222]. The measured and predicted textures of 

the aluminum ECAPed through route C after two and four passes are presented in Figure 

3.12. The ideal shear texture components are observed in the measured textures of the 2C 

and 4C ECAPed aluminum. Furthermore, a good agreement with the predicted texture is 

observed, with a difference in the intensity levels of a factor of two.  

 

3.4.2.2 Strain-Hardening Behavior  

In the last decade, modeling the strain-hardening behavior of materials subjected 

to severe plastic deformation was of interest in many investigations. Dislocation-based 

models were proposed for that purpose [148,223–225]. Using the continuum dislocation 
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dynamics-based grain fragmentation model [207], the in-situ mechanical response of the 

material during the ECAP process is predicted. Figure 3.13 depicts the predicted von 

Mises stress-von Mises strain curve as well as the strain hardening rate versus von Mises 

strain for the four ECAP passes. The predicted strain-hardening behavior follows the 

expected behavior of a polycrystalline material as reported in the literature [148,225]. 

Although the elastic region (ends at a strain of 0.2%) is very small compared to the plastic 

region, the elastic behavior is predicted by our simulations, since the elastic deformation 

is accounted for by the Taylor-Lin CP-CDD model. Initially, the strain-hardening   rate 

shows a fast linear decrease up to 20% of strain, followed by a slower continuous decrease 

until the end of the first pass. The decrease in the strain-hardening rate with increasing 

strain was suggested to be induced by the dynamic recovery process [225]. Figure 3.13 

shows that the 1A aluminum exhibits a different strain-hardening behavior when ECAPed 

through route C, compared to the as-received material when ECAPed. The different 

hardening behavior is attributed to the evolution of the microstructure and texture after 

the 1A ECAP pass, where the majority of the grains are rotated to their ideal positions, 

which leads to a decrease in the Taylor factor [226]. In the 2C pass, the rate of strain 

hardening decreases rapidly until it reaches a plateau-like behavior after a strain of 20%. 

In the third ECAP pass, Figure 3.13 shows a decrease in the yield stress and a linear 

strain-hardening behavior due to the texture developed in the second pass, where the billet 

is rotated by 180° between consecutive passes. The strain-hardening behavior in the 

fourth pass mimics the behavior in the second pass, which can be explained by the 

monoclinic symmetry after even passes via route C, as illustrated in section 03.4.2.1. 
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Figure 3.13 Predicted hardening behavior of aluminum alloy during four passes of ECAP 

 

During plastic flow, the dislocation motion is affected either by short-range 

barriers, such as vacancies and interstitial atoms, or by long-range barriers, such as 

grain/subgrain boundaries and forest dislocations. Low-angle boundaries subgrains are 

formed by the accumulation of dislocations. The immobilization of dislocations at the 

subgrain boundaries results in an increase of the misorientation angle and hence the 

formation of new grains. The dislocation density evolution is influenced by the 

microstructural change (grain size decrease) induced by the severe plastic deformation. 

In fact, the movement of the mobile dislocations is hindered by the increasing volume of 

grain boundaries [227]. Recently, several studies [228–232] characterized the 

microstructural evolution of aluminum alloys and measured the dislocation density for 

several ECAP passes via different routes. The studies reported a major increase in 

dislocation density after the first pass where grain fragmentation is the main deformation 

mechanism. However, a gradual increase was reported for the subsequent passes. Based 
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on the literature [228–232], the SSD density was reported to reach a value of 

2.4 × 1014 𝑚−2 after the first pass, which is less than the value predicted by our proposed 

model. We can explain the difference between the experimental and predicted SSD 

density by the fact that the proposed model does not account for the dynamic recovery 

process contributing to moderate the plastic hardening during ECAP processing. A 

recovery factor was applied before each pass to reduce the dislocation density and hence 

account indirectly for the dynamic recovery process.  The same recovery factor of the 

dislocation density between passes under route C (same as [228]) was assumed; thus, the 

dislocation density values are 3 × 1014 𝑚−2 and 3.6 × 1014 𝑚−2 after the second and the 

fourth pass of ECAP via route C.  

 

Figure 3.14 Dislocation density evolution during the four passes of ECAP. 

Figure 3.14 shows the evolutions of mobile, immobile, and geometrically 

necessary dislocation densities as a function of the strain for the different ECAP passes. 

During the 1A pass, the densities of the mobile dislocations and the GNDs exhibit a 

similar evolution, although the initial value of the GND density is 10 times greater than 
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that of the mobile dislocation density. During the 1A pass, grains are subjected to severe 

plastic deformation, which drastically increases their internal energy, leading to grain 

fragmentation as a relief mechanism. Consequently, the coarse grains are fragmented into 

smaller grains exhibiting different dislocation densities than the parent grains. The 

increase in the dislocation density is predicted in Figure 3.14, where both mobile 

dislocations and GNDs increase similarly up to a strain of 80%. After this strain value, 

most of the grains are fragmented, so the mobile dislocation evolution rate decreases since 

the GNDs now act as obstacles at the grain boundaries. During each pass, the generation 

and the multiplication of dislocations will lead to an increase in the dislocation density, 

which is predicted by the current model in Figure 3.14.  

 

3.4.2.3 Slip Activity 

 

Figure 3.15 Relative slip system activities during ECAP. 
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Figure 3.16 Predicted volume fraction of grains with at maximum three, four, five, six, 

seven or eight active slip system during four ECAP passes. 

 

Dislocation motion usually occurs on a specific slip system, which is a 

combination of slip plane and slip direction. The movement of dislocations initiates the 

plastic deformation, implying that several slip systems are activated. In FCC metals, 

twelve slip systems {111}〈110〉 may be activated when the resolved shear stress on a 

specific system exceeds the critical resolved shear stress, which is responsible for a 

dislocation movement. In the present work, crystallographic slip is assumed to be the 

main deformation mechanism that induces plasticity. The activity of slip systems affects 

the texture evolution and the lattice reorientation [233]. Figure 3.15 shows the relative 

activity of the 12 slip systems, represented by the four slip planes, obtained numerically 

for the four passes of ECAP. The relative activity on slip system “s,” 𝑅𝐴𝑠, is caculated as 

the average of the slip system activity for all grains in the polycrystal [234]:  

𝑅𝐴𝑠 =
∑ 𝛾̇𝑠(𝑁) ∗ 𝑤(𝑁)𝑁=1,𝑁𝑔

∑ ∑ 𝛾̇𝑗(𝑁) ∗ 𝑤(𝑁)𝑁=1,𝑁𝑔𝑗=1,12
 

(3.8) 
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where 𝑁𝑔 is the total number of grains and w is the weight factor of the grain. 

For all passes, all of the slip systems are activated, with some slip systems 

dominating others. In the first pass, all slip planes have approximately similar relative 

activities up to 50%, after which the (11̅1) slip plane becomes more active and the (111̅) 

slip plane becomes less active, while (111) and (1̅11) remain unchanged. Other slip 

systems show an almost stable relative activity during the first pass. Different relative 

activities are shown in the second pass due to the developed texture and to the rotation of 

the billet by 180 between ECAP passes. We can notice that the relative activities of the 

(11̅1) and (1̅11) slip planes exhibit an opposite evolution. The relative activity of the 

(1̅11) slip plane shows a noticeable increase with strain, while the relative activity of 

(11̅1) slip plane shows a slight decrease with strain. The slip planes’ activity variations 

could be explained by the multiplication and annihilation of dislocations on those slip 

systems. Figure 3.15 shows a similar relative activity evolution for the different slip 

planes in the 2C and 4C passes, since a similar initial texture is used for both passes due 

to the texture symmetry in route C after an even number of passes. In contrast, different 

relative activity evolutions are observed for the 3C pass since the initial texture of the 

billet is rotated 180°. 

During ECAP, the shearing plane, defined at the two intersecting ECAP 

channels, are the macroscopically most stressed plane. Thus, dislocations with different 

Burgers vectors are developed mainly at this plane and its surrounding in which slip 

systems are active [235]. As mentioned previously, strain hardening is induced by the 

activation of different slip systems [236], and in order to accommodate for strain 

incompatibilities during plastic deformation, a minimum of five activated slip systems 



 

 112 

are required [237,238]. The volume fraction of grains deforming by three, four, five, six, 

seven and eight slip systems are predicted in Figure 3.16. In the first pass, most of the 

grains deform with either six or eight slip systems which could be attributed to the high 

stress applied to the coarse grains in the polycrystal. However, for the second, third and 

fourth passes, the volume fraction of grains slipping by eight slip systems has decreased 

considerably while grains deforming with four slip systems has increased. This could be 

attributed to the presence of fine grains resulted from the fragmentation process. After 

the second pass, only little change is observed in the volume fraction of grains since the 

texture have reached its ideal ECAP components. 

 

3.4.2.4 Grain Size 

A microstructure with ultra-fine grain size varying from a few microns to 

submicron can be obtained from severe plastic deformation processes such as ECAP. 

With a high level of plastic strain, the high internal energy stored in the grains is the result 

of the high dislocation densities that promote the formation of obstacles (GNDs) that 

hinder the motion of mobile dislocations. The increase in the internal energy of the grains 

leads to an increase in the misorientation angle between subgrains, and grain 

fragmentation occurs when this angle reaches a critical value (i.e., the misorientation 

angle exceeds 5°). The new grains are formed with a microstructure distinct from their 

parent grain in terms of dislocation density, grain size, and orientation. 

In our grain fragmentation model, grains are subdivided initially into nine 

subgrains having similar microstructure and orientation to their parent grains, where each 

subgrain is assigned one-third of its parent grain size. As explained in section 3.3.2, each 
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grain is allowed to exhibit three fragmentation levels, i.e., 9x9x9=729 new grains. Thus, 

a polycrystal with an average grain size of 80 𝜇𝑚 can reach 80/27=2.96 𝜇𝑚 as a minimum 

value after one pass of ECAP. After the 1A ECAP pass, the EBSD-measured average 

grain size of the aluminum alloy is found to be equal to 1.45 𝜇𝑚, while the predicted 

value is equal to 3 𝜇𝑚. An additional fragmentation level is necessary to capture the grain 

size after the first pass well; however, it is difficult to implement due to computational 

limitations. A better grain size prediction is achieved for the 2C ECAP pass. The 

experimental and the predicted average grain size in the 2C ECAP pass are equal to 1.11 

𝜇𝑚 and 1.02 𝜇𝑚, respectively. Furthermore, a good prediction of the average grain size 

is obtained at the 4C ECAP pass, with an experimental value of 0.7 𝜇𝑚 and a predicted 

value of 0.675 𝜇𝑚. 

 

3.4.3 Post-ECAP 

 

(a) 

 

(b) 



 

 114 

 

(c) 

 

(d) 

Figure 3.17 Predictions of the stress-strain behavior of the ECAPed sample after one pass 

at two strain rates and along two directions (ED: extrusion direction and FD: flow 

direction). 

As illustrated in section 3.4.2.2, different microstructural features of the 

polycrystal are developed after severe plastic deformation. As the plastic strain increases, 

dislocations start to accumulate at the subgrain boundaries, forming low-angle grain 

boundaries. At higher levels of strain, the misorientation between subgrains increases and 

new grains are created with relatively low dislocation density. Grain fragmentation occurs 

in order to release the stored energy in the polycrystal during deformation. As a 

consequence of grain fragmentation, the new fine grain boundaries hinder the dislocation 

movement by pinning them at the boundaries, thus reducing the mobile dislocation 

density. In order to predict the mechanical properties of the ECAPed samples, several 

simulations were performed. Figure 3.17 shows the true stress-true strain curves of the 

ECAPed aluminum alloy for one pass at room temperature. The model was used to predict 

the flow stress up to the UTS, since no damage formulation that can predict the flow stress 

response after necking is included in the current model. Although the predicted grain size 

after one pass is 3 𝜇𝑚, simulations related to the measured grain size (1.45 𝜇𝑚) were 

performed for the sake of comparison with the experimental data. An excellent agreement 
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can be seen between the predicted (1.45 𝜇𝑚) and the measured tensile behaviors. 

However, a shift of around 20 MPa is revealed between the predicted (3 𝜇𝑚) and the 

measured tensile behaviors. This shift can be explained by the Hall-Petch relationship, 

where the flow stress is inversely proportional to the square root of the grain size, i.e., 

larger grains lead to smaller stress. In addition, it can be seen from Figure 3.17 that the 

predictions in the extrusion direction are better than the predictions in the flow direction 

due to the texture developed during the ECAP process. The tensile behavior of the 

ECAPed aluminum alloy after 2C is plotted in Figure 3.18. For both strain rates, the 

model-generated curves are in accordance with the experimental curves for both the 

extrusion direction and the flow direction. Similarly, the predictions after the fourth pass 

of ECAP are in excellent agreement with the experimental results for both strain rates and 

both directions, as shown in Figure 3.19. 
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(a) 

 

(b) 

Figure 3.18 Predictions of the stress-strain behavior of the ECAPed sample after second 

pass at two strain rates and along two directions (ED: extrusion direction and FD: flow 

direction). 
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Figure 3.19 Predictions of the stress-strain behavior of the ECAPed sample after 

fourth pass at two strain rates and along two directions (ED: extrusion direction 

and FD: flow direction). 

 

3.5 Conclusions 

In this work, the material mechanical, microstructural and textural behavior 

during equal channel angular pressing (ECAP) processes are modeled using a multi-scale 
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framework that couples a crystal plasticity (CP) scheme with a continuum dislocation 

dynamics (CDD) model. The proposed multi-scale approach predicted the texture 

evolution, the statistically stored dislocations (SSDs) and the geometrically necessary 

dislocations (GNDs) densities evolutions, the microstructure evolution and finally the 

mechanical properties of the SPD processed material. The strain hardening in the model 

was considered to result from both the increase in the dislocation density and the grain 

fragmentation. The grain fragmentation process was modeled by accounting for the grain-

grain interaction and incorporating the concept of the geometrically necessary 

dislocations (GNDs) into the mean free path of the dislocations. GNDs result from grain 

boundaries restricting the free deformation of a grain, causing an internal plastic 

deformation gradient that subsequently leads to grain fragmentation. A commercial Al 

1100 billet, with rolling texture, was ECAP processed at room temperature using route 

C. After a single pressing, a considerable refinement of the microstructure was observed 

(grain size was reduced by 55 times), and the texture transformed into a shear-like texture 

rotated by an angle of 45°. The average grain size after one pass reduced from 80 𝜇𝑚 to 

1.45 𝜇𝑚 and reached 0.7 𝜇𝑚 after four passes. The yield strength of the as-received Al 

alloy increased drastically from 80 MPa to 130 MPa after single pressing and to 160 MPa 

after four passes. The proposed model parameters were calibrated using the tensile true-

stress true-strain curves of the unprocessed material at two strain rates. The ECAP-

processed aluminum microstructure, texture and dislocation densities were predicted. The 

model predicted increase in the dislocation density during each ECAP pass, through 

generation and the multiplication of dislocations. Both mobile dislocations and GNDs 

increased similarly up to a threshold strain, beyond which the mobile dislocation 

evolution rate decreased. After three ECAP passes, the dislocation density increase rate 
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slowed down significantly. The mechanical properties of the ECAP processed materials 

was predicted successfully by using the predicted texture, microstructure and dislocation 

densities.   
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CHAPTER 4 

4. ON THE MODELING OF THE ANISOTROPIC BEHAVIOR 

OF MAGNESIUM AZ31 ALLOY SUBJECTED TO ECAP 
 

 

4.1 Introduction 

The race for producing energy efficient vehicles is prompted by the need to 

reduce greenhouse gases and increase electric cars range per charge. Magnesium (Mg) 

alloys are considered as promising alternative to conventional metals and excellent 

candidates to save structural weight due to their low density, high specific stiffness and 

strength, good shock absorption capacity, and good recyclability [214,239,240]. 

However, the widespread application of Mg alloys is hindered by the limited 

understanding of their deformation behavior [214,239].  Indeed, Mg alloys processed by 

hot rolling or hot extrusion develop strong basal texture which leads to poor formability, 

low ductility and high anisotropy at room temperature (RT) [241–244]. These 

unfavorable properties are the result of the low number of active slip/twin systems during 

deformation. In general, the deformation in hexagonal close packed (HCP) metals, such 

as Mg, is accommodated by the following slip systems; basal (0001)〈112̅0〉, prismatic 

{101̅0}〈112̅0〉, pyramidal 〈𝑎〉 {101̅1}〈112̅0〉 and pyramidal 〈𝑐 + 𝑎〉 {112̅2}〈112̅3〉, and 

twin systems; extension twin {101̅2}〈1̅011〉 and contraction twin {101̅1}〈101̅2̅〉 

[245,246].  

At room temperature, the deformation of Mg is accommodated by mainly two 

independent (0001)〈112̅0〉 basal slip systems. The activation of additional deformation 

modes such as non-basal slip and twinning are needed to satisfy the Taylor criterion for 

homogeneous plastic deformation of a polycrystalline aggregate that requires the 
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activation of five independent slip systems [238,241,247]. However, the activation of the 

different deformation modes depends on external factors (such as loading direction, strain 

rate and temperature [103,248–255]) and structural parameters (such as dislocation 

density, crystallographic orientation and microstructure [241,252,256–258]). The plastic 

anisotropy exhibited by Mg alloys is the result of substantial variations in the critical 

resolved shear stress (CRSS) needed to activate the deformation modes via dislocation 

glide or twinning. Numerous studies reported estimations of the critical resolved shear 

stresses (CRSS) that needs to be achieved to activate dislocation movement on a specific 

slip system and to activate twinning [245,259–263]. The results in the literature indicate 

that the basal slip is the easiest system to activate, followed by extension twinning, 

prismatic and pyramidal 〈𝑎〉 and finally pyramidal 〈𝑐 + 𝑎〉. Accordingly, basal slip and 

extension twin are the main active deformation mechanisms during uniaxial 

tension/compression testing of randomly textured-Mg polycrystals at low temperatures 

and low strain rates [95,259,264–266]. Lou et al. [267] reported that the plastic 

deformation of Mg alloy during uniaxial tension results primarily from the activation of  

basal slip with secondary contributions from other non-basal slip and twinning. 

Furthermore, during in-plane compression twinning activity was found to be initially 

predominant, as strain increases basal slip to becomes the predominant deformation mode 

[267]. Moreover, as processing temperature increases the CRSS of the non-basal slip 

systems (prismatic and pyramidal) decreases which results in an increase in their activity 

[245,261,266,268–270]. Additionally, the ductility of Mg alloys mechanisms is enhanced 

at higher temperature with the activation of intergranular deformation mechanisms such 

as grain boundary sliding (GBS) and dynamic recrystallization (DRX) [246,249,261,271–

273]. Textured-Mg polycrystals exhibit anisotropic deformation induced by deformation 
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twinning [10]. Extension twinning accommodates the deformation of strongly textured 

Mg alloys, with a parallel c-axis to the normal direction (e.g., rolled Mg sheets), at low 

strains during uniaxial compressive loading along the rolling direction [274–276]. Al-

Samman and Gottstein [249] studied the limited formability of magnesium AZ31 alloy 

by compressing several samples with different initial textures at room temperature. It was 

reported that the strain was accommodated by the basal and prismatic slip as well as 

twinning with various activation rate varying from one sample to another leading to 

different mechanical behaviors [249]. A strain rate study, conducted by Ulacia et al. 

[246], reported that extension twinning in a compressed Mg alloy along the rolling 

direction (RD) is enhanced at high strain rates (~ 103𝑠−1) even at very high temperatures 

(~400 °C), however, this mechanism exhibits a transition into slip at low strain rates when 

processed above ~ 200 °C. Dogan et al. [277] reported that twin activity is highly 

dependent on grain size and upon grain refinement the tension–compression yield 

asymmetry was decreased which indicates that more slip activity is involved during 

deformation. 

Although numerous experimental investigations helped unravel the mechanisms 

of deformation controlling the plasticity of HCP metals, the effect of anisotropy is still 

not well understood. Consequently, mathematical models can be valuable tools to gain 

insight into the HCP metals plasticity deformation mechanisms that are still challenging 

to assess experimentally. Over the past several decades, several phenomenological 

[278,279] and physical-based [144,260,280–283] models were proposed to allow better 

understandings the behavior of HCP metals under multiaxial loading conditions. A 

phenomenological continuum plasticity model, implemented into a finite element 

framework (ABAQUS), was developed by Lee et al. [278] to predict the anisotropic and 
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asymmetric properties of magnesium alloy sheets. The model integrated anisotropy by 

modifying the Drucker-Prager pressure dependent yield surface [284]. Furthermore, the 

general stress–strain response of metal sheets, that includes the Bauschinger effect, 

transient behavior and the unusual asymmetry, was modeled mathematically by adapting 

the two-surface hardening law model. Slip, twinning, and untwining observed when 

testing HCP metals in tension/compression were considered by the model with simplified 

relations between the state of deformation and their histories. Slip mode was reported to 

be the dominant deformation mechanism during uniaxial tensile loading while twinning 

and untwining modes were reported to be the dominant deformation mechanisms during 

in-plane compression and compression-tension loadings [278]. Agnew et al. [260] used 

an elasto-plastic self-consistent (EPSC) crystal plasticity model to investigate the effect 

of slip and twin activity on the anisotropic asymmetry of a commercial magnesium alloy 

AZ31B. It was reported that accurate simulation of the anisotropic behavior is achieved 

by the activation of non-basal slip and deformation twinning which local contributions 

dictate the development of intergranular strains. Dogan et al. [285] used a hybrid 

experimental and viscoplastic self-consistent (VPSC) crystal plasticity model to study the 

anisotropic behavior and texture evolution of twin-roll cast magnesium AZ31 alloy sheets 

processed with equal channel angular plate extrusion at different temperatures. 

Staroselsky and Anand [282] developed a crystal mechanics-based model implemented 

in a commercial FEM model that accounts for both slip and twinning mechanisms, to 

predict the anisotropic plastic deformation and texture evolution of hcp metals. The 

proposed model predicted that basal, prismatic, pyramidal 〈𝑎〉 slip and extension twinning 

are the dominant intragranular crystallographic mechanisms. In addition, the effect of the 

intergranular grain boundary accommodation was implemented into the model where it 
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was shown that the crystal lattice reorientation during deformation influences 

predominantly the strain hardening behavior of the material. The simulations also showed 

that the rapid crystal lattice reorientation is induced mostly by the mechanical twinning. 

Severe plastic deformation (SPD) processes are being used to improve the 

mechanical properties of magnesium alloys [286]. Equal channel angular pressing 

(ECAP) induces significant microstructural changes leading to enhanced ductility and 

strength [22]. The ECAP process parameters used to control the levels of applied shear 

strains and consequently the texture and microstructure evolutions are;  temperature, 

number of passes, and back pressure [287]. Usually, severe pressing of ductile materials 

such as Mg alloys  is performed at elevated temperatures to prevent cracking and thus to 

enhance the formability of the material [288]. However, this could affect the grain 

refinement mechanism and consequently reduce the expected materials’ strength [289]. 

The effect of temperature on the mechanical response and microstructure evolution in of 

pure Mg and Mg alloys has been investigated under various loading conditions[289–294]. 

Kwak et al. [290]  showed that as the processing temperature is increased, both strength 

and fracture tendency decreased, while grain size increased due to dynamic 

recrystallisation. A study conducted by Tan et al. [294] concluded that ECAP processing 

of a rare earth magnesium alloy achieves the best comprehensive properties at a 

temperature of 340 °C. Yamashita et al.  [289] reported that both yield strength and 

ductility are significantly enhancement after the first pass of ECAP, while negligible 

improvement was measured with further pressing passes [289]. Another ECAP 

experiments were conducted by Cheng et al.  [295] at 300 ℃ to study the influence of the 

number of ECAP passes on grain refinement and material texture of Mg alloy. After 6 

passes, the microstructure reached its finest state where the grain average size was refined 
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from 10 𝜇𝑚 to 2.49 𝜇𝑚. Furthermore, the texture revealed a strong ED-tilted texture 

where the intensity increased with the increase of the number of ECAP passes. ECAP-

processing of Mg at low temperatures requires a meticulously controlled back-pressure. 

Gu et al. [293] processed Mg alloy at room temperature by applying a back-pressure 

greater than the yield stress by a factor of three. The average grain size was reduced from 

10 𝜇𝑚 to around 3 𝜇𝑚 after only one pass. In addition, extension twins {101̅2} were 

observed in the coarse grains while they were absent in small grains. Xia et al. [292] were 

able to deform Mg AZ31 alloy without fracture up to 8 ECAP passes at low temperatures 

by applying controlled back pressure. The microstructure was refined significantly and 

an average grain size of 1 𝜇𝑚 was attained after 4 passes. As a result of this refinement, 

the hardness of the material also increased, as expected by the Hall-Petch relationship. 

Besides numerous experimental works, many authors attempted to model grain 

refinement mechanism [141,147,148,185,207,296–298]. Segal [185] proposed a model 

that links the grain refinement mechanism to the macro-mechanics of simple shear. The 

grain subdivision criterion is assumed to be induced mainly by shear bands, caused by 

the intensive applied shear strain, as well as subgrain rotation, caused by crystallographic 

slip during SPD. Another model, proposed by Zhu and Lowe [296], concluded that grain 

refinement mechanism is induced by the interaction of shearing plane with both crystal 

structure and deformation texture. The accumulation of shear strain played an additional 

role in inducing this mechanism during multiple ECAP passes and different routes. The 

aforementioned models neglect the effect of recovery and recrystallization processes 

during severe plastic deformation. A grain fragmentation model proposed by Kobaissy et 

al. [207,299] implemented the grain-grain interaction effect by means of the 

geometrically necessary dislocations accumulated at the grain boundaries. These 
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accumulations were assumed to restrict the free deformation of the grain inducing internal 

plastic deformation gradient between the grain center and its boundaries which 

subsequently lead to grain subdivision. Su et al. [298] proposed a grain refinement model 

for HCP crystalline structures at elevated temperatures and included the influence of 

thermal processes such as continuous recovery, dynamic recrystallization, and grain 

growth. Another grain refinement model based on dynamic recrystallization principles 

was proposed by Figueiredo and Langdon [300] where the creation of new grain sites is 

preferred to nucleate along the grain boundaries and along twin boundaries. Kowalczyk-

Gajewska et al. [301] presented a computational procedure to model the texture evolution 

using visco-plastic self-consistent (VPSC) scheme and grain refinement by applying a 

simplified phenomenological model. Recently, Gzyl et al. [302] developed a multiscale 

cellular automata finite element method to model the microstructure evolution at various 

temperatures and strain rates during ECAP. The proposed approach assumed that the 

nucleation of new grain sites is triggered when a critical value of dislocation density in a 

certain cell is attained. While the stored energy in this cell is higher than that in another 

cells, nucleation is favored, and the cell transforms into a recrystallized cell (subgrain) 

which in turn lead to the formation of new grains.  

Although it is reported that grain refinement reduces the anisotropic behavior of 

Mg alloys, the associated mechanism resulting from the mechanical shear and strain 

accumulation during severe plastic deformation such as ECAP, are not well depicted by 

the existing constitutive models. It remains arguable if the existing models are 

comprehensive and can sufficiently describe the grain refinement process and the grain 

size anisotropic dependency resulting from severe plastic deformation conditions. To the 

best of our knowledge, no grain refinement model for Mg alloys found in literature has 
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accounted for the grain-grain interaction which is expected to have a noticeable effect on 

the grain refinement mechanism. In this work, a physically based model accounting for 

the aforementioned effect is proposed to predict the mechanical behavior, the texture 

evolution, and the microstructural development. The proposed model uses the crystal 

plasticity (CP) model coupled with a continuum dislocation dynamics (CDD) model. 

Since twinning mechanism has a significant effect on the anisotropy of magnesium alloys, 

this effect was modeled through crystal plasticity approach with maintaining the slip 

modeling through the continuum dislocation dynamics approach. A grain refinement 

mechanism is also integrated into the model in order to predict the formation of refined 

grains during severe plastic deformation. Anisotropy evolution of magnesium is then 

examined by predicting the mechanical behavior, dislocation evolution, and the slip/twin 

systems activities of the ECAPed material. This study has contributed to the intricate 

understanding of the deformation mechanisms and the mechanical properties of Mg AZ31 

subjected to ECAP process. The paper is organized as follows. A detailed description of 

the model combining the crystal plasticity, the continuum dislocation dynamics and the 

grain refinement is presented in section 4.2. Section 4.3 presents a comparison between 

the experimental results with the predicted ones where analysis and discussion are 

performed. Conclusions are drawn in section 4.4. 
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4.2 Modeling approach 

4.2.1 Texture development 

4.2.1.1 Texture representation in Euler space 

The mechanical properties of HCP polycrystalline metals are highly directional 

and dependent on the crystallographic orientation. The crystallographic orientation, or 

texture, is controlled through material processing to design the optimal mechanical 

properties. A random texture with crystals positioned in all possible orientations with 

equal frequency results into an isotropic polycrystalline material. Anisotropy in 

polycrystalline materials is associated with crystals positioned in a privileged orientation 

[303]. Indeed, the macroscopic properties of polycrystalline materials is an averaged 

behavior over all the single crystal orientations. A fixed coordinate system is associated 

to the crystal structure unit cell,   

In principle, the crystal orientation is described by various equivalent methods 

of representation. Their basic concept allows mapping the fixed coordinate system 

associated to the crystal structure unit cell (crystal coordinates) to a global coordinate 

system. The most common method of representing crystal orientation is by using the 

Euler’s angle where the orientation of each crystal is described by three elemental 

rotations around the reference coordinate system (Z, X, Z) (see Figure 4.1). Three 

elemental rotations are obtained by knowing three different angles labeled  the Bunge-

Euler angles 𝜑1, 𝛷, and 𝜑2. Thus, the rotation matrices associated with each elemental 

rotation are:  

 

𝑹𝜑1
𝑍 = [

cos𝜑1 sin𝜑1 0
− sin𝜑1 cos𝜑1 0

0 0 1
] 

 

    (4.1)  
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𝑹𝛷
𝑋 = [

1 0 0
0 cos𝛷 sin𝛷
0 − sin𝛷 cos𝛷

] 

 

(4.2) 

 

𝑹𝜑2
𝑍 = [

cos𝜑2 sin𝜑2 0
− sin𝜑2 cos𝜑2 0

0 0 1
] 

 

(4.3) 

The transformation matrix Q that allows mapping the crystal coordinates to the 

global coordinates is obtained by multiplying the three elemental rotation matrices: 

 

𝑸(𝜑1𝛷𝜑2) = 

[

cos𝜑1 cos𝜑2 − sin𝜑1 sin𝜑2 cos𝛷 sin𝜑1 cos𝜑2 + cos𝜑1 sin𝜑2 cos𝛷
−cos𝜑1 sin𝜑2 − sin𝜑1 cos𝜑2 cos𝛷 − sin𝜑1 sin𝜑2 + cos𝜑1 cos𝜑2 cos𝛷

sin𝜑1 sin𝛷 −cos𝜑1 sin𝛷
 

                                        

sin𝜑2 sin𝛷
cos𝜑2 sin𝛷
cos𝛷

] 

(

(4.4) 

 

Figure 4.1. Euler angle rotation representation in space  
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4.2.1.2 Crystallographic Rotations associated with ECAP passes 

ECAP processing of polycrystalline materials induces a significant texture 

evolution associated with the severe plastic deformation. Additionally, the severity of the 

applied plastic deformation is affected by several processing factors, such as processing 

route, number of passes, die angle, etc. Consequently, a considerable change in the 

material’s mechanical and anisotropic properties results from the texture evolution. In 

this work, ECAP routes A, and K were studied to investigate the mechanisms of 

deformation controlling the grain fragmentation in Magnesium AZ31 alloy. Route A 

consist of reinserting the billet into the ECAP channel without applying any rotation 

between each pass. While in route K, a 90° rotation of the ECAPed-billet is applied about 

the extrusion direction axis before the third pass. The shear planes associated with each 

route are described in Figure 4.2 where the X, Y, and Z planes denote the transverse 

(extrusion) plane, the flow plane, and the longitudinal plane of the billet, respectively. 

Routes A and K are not redundant shear strain processes since the applied shear 

deformation is not cancelled by consecutive passes instead it is accumulated after each 

pass [22]. The effect of these processing routes on the distortion of a cubic element 

(square sections in the three orthogonal planes) is presented in Table 4-1 and it is used to 

illustrate the induced deformation. After ECAP processing, the square sections are 

distorted, and the deformed configuration are represented schematically in Table 4-1. For 

instance, a billet pressed via route A in a 90° ECAP die exhibit a shear plane that is 45° 

inclined with respect to the X-plane. As a result, the cubic element is distorted by 

compressing the X-plane, shearing the Y-plane and no deformation on the Z-plane (see 

Figure 4.3). The illustration of the cross-sectional deformation along the three orthogonal 

planes are shown for routes A and K up to four passes. A close inspection for the shearing 
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pattern in route A, shows that cross-sections parallel to X and Y planes exhibit continuous 

deformation with no shape recovery with increasing number of passes, while cross-

section parallel to the Z-plane exhibits no deformation and their initial square shape is 

maintained. On the other hand, the 90° rotation about the Z axis leads to a distortion of 

the Z plane, as illustrated for route K. 

The accurate description of the of ECAPed material texture necessitates 

applying a rigid body rotation before each pass. For instance, although no billet rotation 

is applied in route A around the extrusion direction, a 90° rotation of the texture around 

the flow direction is needed to account for the re-insertion of the billet. For route K, a 

double rigid body rotation of the texture is necessary before the third pass, one about the 

extrusion direction and the other about the flow direction. Analytically, the rotation 

matrix 𝑸, representing the Euler angles, should be multiplied by a rotation matrix before 

each ECAP pass. Thus, the new transformation matrix becomes: 

 𝑸𝑛𝑒𝑤 = 𝑹𝑸𝑹
𝑇 (4.5) 

where 𝑹 is the rigid body rotation matrix about desired specific axis. 

Route A  

 

Route K 

 

Figure 4.2 The shear planes observed on the X, Y, and Z planes for 4A and 4K  processing 

routes 
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Table 4-1 Distorted planes projected on X, Y and Z planes for routes A and K up to four 

passes 

Route Plane Number of pressings 

0 1 2 3 4 

Route A X 

 

 

Y 

 

 

Z 
     

Route K X 

 

 

Y 

 

 

Z      

 

 

Figure 4.3. Example of the projection of the three cross-sections viewed on X, Y and Z 

planes 

 

4.2.2 Summary of grain refinement modeling 

Modeling grain refinement is based on the concept that dislocation cell 

structures, formed due to the application of plastic strain, are transformed into finer grain 

structures. The increase in the misorientation between neighboring dislocation cells lead 
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to continuous decrease in the grain size, and thus, resulting in significant material 

hardening [304]. Dislocation density-based models are commonly used in modeling grain 

refinement mechanism since they incorporate the effect of dislocation evolution 

mechanisms. The dislocation density and its evolution are considered to be the main 

parameters affecting material hardening. We differentiate between the statistically stored 

dislocations (SSDs) and the geometrically necessary dislocations (GNDs). The SSDs are 

randomly trapped dislocations resulting from plastic strain. Its density evolution is 

affected by 6 factors: (1) the production of Frank-Read source dislocations, (2) the 

annihilation of two mobile dislocations, (3) the immobilization of mobile dislocations, 

(4) the mobilization of the immobile dislocations, (5) the cross-slip contribution, and 

finally (6) the trapping of mobile dislocations. The GNDs accommodate the plastic strain 

gradient resulting from the misorientation between subgrains or grains. The concept of 

GNDs was initially introduced by Nye (1953) and then expanded by Ashby (1970) to 

explain the formation of dislocations accommodating the lattice curvature during the non-

uniform plastic deformations. The GNDs are accounted for in our approach using the 

effective dislocation mean free path proposed by Ohashi (2005) and Ohashi et al. (2007). 

A multiscale model is proposed to incorporate the effect of SSDs and GNDs by coupling 

continuum dislocation dynamics with a crystal plasticity framework [159]. Accordingly, 

the influence of both dislocation types is combined in a mean free path formulation as 

described in Kobaissy et al. [207] by the following relation, 

 
𝑙 𝑠̅ =

𝑐∗

√∑ (𝜌𝑇𝑆
𝑗
+ 𝜌𝐺𝑁𝐷

𝑗
)

𝑁𝑠𝑖
𝑗=1

 
(4.6) 
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where 𝑐∗ is a constant, Nsi is the number of slip systems interacting with the slip system 

“𝑠”, 𝜌𝑇𝑆
𝑗

 is the total statistically stored dislocation density and 𝜌𝐺𝑁𝐷
𝑗

 is the density of the 

geometrically necessary dislocation on the slip system “j”. 

Dislocations arising from statistically stored sources contribute to the stress rise 

within the crystal, while those trapped at the crystal boundaries such as GNDs contribute 

to the lattice curvature accommodation. Based on this interpretation, a grain 

fragmentation model was proposed by Kobaissy et al. [207] . The proposed model 

predicted accurately the grain size, the texture and the mechanical properties evolutions 

for FCC materials copper [207] and aluminum [299] subjected to ECAP via different 

routes. In this work, the Kobaissy et al. [207] model is extended to be used for HCP 

materials (Magnesium AZ31 alloy) by accounting for different HCP slip systems and 

twinning. In summary, the grain fragmentation model extended the lattice curvature 

approach proposed by Toth et al. [148] by accounting for the grain-grain interaction 

effect. The latter effect is considered in the computation of the GND densities using the 

central difference method as proposed by Lyu et al. [159]. The proposed grain 

fragmentation model controls the evolution of the misorientation between neighboring 

subgrains. Within the model, each grain is described initially by its grain size, orientation 

and position with respect to the entire texture. The application of plastic strain develops 

a deformation gradient between the center of the grain and its boundary due to the 

accumulation of dislocations at the grain boundaries. The majority of these dislocations 

are stored as GNDs which hinder the dislocation movement and thus, lead to the 

development of the lattice curvature of the grain. Consequently, a misorientation develops 

between different areas of the grain leading to grain subdivision where each area is 

considered as new grain when a threshold value of misorientation is reached.  
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4.2.3 Strain hardening model (Theoretical framework) 

In this work, a multiscale model combining the crystal plasticity model with the 

continuum dislocation dynamics framework is used to capture the behavior of HCP single 

crystal and polycrystalline material. Dislocation slip and deformation twinning are the 

dominant deformation mechanisms in HCP materials. Thus, the formulation of the grain 

fragmentation model described in our previous studies [207,299] is extended to account 

for the different HCP deformation mechanisms. The essential feature of the crystal 

plasticity model is that metals deform plastically by means of material flow due to 

dislocation motion and then the materials deform elastically associated with rigid 

rotations (Figure 4.4(a)) [164]. Hence, the deformation gradient can be decomposed 

multiplicatively into elastic and plastic deformation components: 

 𝑭 = 𝑭∗𝑭𝑝 (4.7) 

where 𝑭∗ represents the elastic deformation associated with lattice rotation and 𝑭𝑝 

represents the plastic deformation. The transition from the relaxed (intermediate) to the 

current (loaded) configuration is accompanied by the rigid body rotation component 𝑹∗ 

of the elastic deformation gradient 𝑭∗ where 𝑹∗ = 𝑭∗𝑼−1 and U represents the elastic 

distortion. 

Kalidindi (1998) proposed a scheme to incorporate deformation twinning in the single 

crystal plasticity model as shown in Figure 4.4(b) [280]. In addition to the deformation 

twinning, three slip modes, basal, prismatic, and pyramidal <c+a> contribute to the plastic 

deformation. In the intermediate relaxed configuration, only one twin system is shown, 

however, multiple twin systems could occur at once. Plastic deformation accommodated 

by twinned region causes part of the lattice to rotate. Following the assumption described 
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in Figure 4.4(b), stresses in the twinned and untwinned regions of the crystals can be 

expressed as  

 𝑻𝑢𝑛𝑡𝑤
∗ = 𝓛𝑢𝑛𝑡𝑤𝑬𝑒 (4.8) 

 𝑻𝑡𝑤
∗ = 𝓛𝑡𝑤𝑬𝑒 (4.9) 

where 𝓛 is the fourth-order stiffness tensor expressed in the crystal coordinate system, 𝑻∗  

is the second Piola-Kirchhoff stress and  𝑬𝒆 is the elastic Green-Lagrange strain tensors. 

The subscripts ‘tw’ and ‘untw’ refer to the twinned and untwinned regions, respectively. 

𝓛𝒕𝒘 can be obtained from the stiffness tensor 𝓛𝑢𝑛𝑡𝑤 by applying the following 

transformation, 

 𝓛𝒊𝒋𝒌𝒍
𝒕𝒘 = 𝓛𝒑𝒒𝒓𝒔

𝒖𝒏𝒕𝒘𝑲𝒊𝒑
𝜷
𝑲𝒋𝒒
𝜷
𝑲𝒌𝒓
𝜷
𝑲𝒍𝒔
𝜷

 (4.10) 

where 𝑲𝜷 describes the transformation matrix from the untwinned region to the twinned 

region and is denoted by  

 𝑲𝜷 = 𝟐𝒏𝜷⊗𝒏𝜷 − 𝟏 (4.11) 

where 𝒏𝜷 represents the twin-plane normal direction. 

 
(a) 

 
(b) 

Figure 4.4 (a) Schematic representation of the decomposition of the deformation gradient 

accounting only for slip, (b) schematic representation of the decomposition of the 

deformation gradient accounting for both slip and twinning mechanisms [280].  
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The Cauchy stress is related to the second Piola-Kirchhoff stress by the following 

relation: 

 𝑻𝑢𝑛𝑡𝑤 = 𝑭∗−1[(𝑑𝑒𝑡𝑭∗)𝑻𝑢𝑛𝑡𝑤
∗ ]𝑭∗−𝑇 (4.12) 

 𝑻𝑡𝑤 = 𝑭∗−1[(𝑑𝑒𝑡𝑭∗)𝑻𝑡𝑤
∗ ]𝑭∗−𝑇 (4.13) 

 𝐸𝑒 =
1

2
[𝑭∗𝑇𝑭∗ − 𝑰] (4.14) 

where I is the identity matrix. 

The effect of the stress distribution in the twinned region is incorporated into the Cauchy 

stress equation by the following rule of mixture, 

 𝑻 = (1 −∑𝑓𝛽

𝛽

)𝑻𝑢𝑛𝑡𝑤 +∑𝑓𝛽𝑻𝑡𝑤

𝛽

 (4.15) 

The twin region volume fraction f evolution equation is expressed by: 

 𝑓̇𝛽 =
𝛾̇𝛽

𝛾𝑡𝑤𝑖𝑛
 (4.16) 

where 𝛾𝑡𝑤𝑖𝑛 is the twin shear strain defined by 𝛾𝑡𝑤𝑖𝑛 = √3 (𝑐 𝑎⁄ )⁄ − (𝑐 𝑎⁄ ) √3⁄  for HCP 

materials (𝛾𝑡𝑤𝑖𝑛 = 0.129 for magnesium) and 𝛾̇𝛽 is the plastic shear rate.  

The contribution of the twinning mechanism is also implemented in the formulation of 

the velocity gradient where similar mathematical expressions are considered for slip and 

twinning: 

 𝑳𝑐𝑝
𝑝
= (1 − ∑ 𝑓𝛽

𝑁𝑡𝑤𝑖𝑛

𝛽

) ∑ 𝛾̇𝛼𝑺𝛼
𝑁𝑠𝑙𝑖𝑝

𝛼

+ ∑ 𝑓̇𝛽𝛾𝑡𝑤𝑖𝑛𝑺𝛽
𝑁𝑡𝑤𝑖𝑛

𝛽

 (4.17) 

where 𝑺𝛼 = 𝒎𝛼⊗𝒏𝛼, 𝒎𝛼 and 𝒏𝛼 represents the slip direction and the slip plane normal 

respectively. To incorporate the effect of the dislcoation density evolution, the slip shear 
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rate formulation used in this model follows the Orowan relationship [169]. Thus, one can 

write: 

 𝛾̇𝛼 = 𝜌𝑚
𝛼 𝑏𝛼𝑣𝑔

𝛼 (4.18) 

where 𝑏𝛼 is the burgers vector magnitude in slip system 𝛼 (values presented in Table 

4-2), 𝜌𝑚
𝛼  is the mobile dislocation density on slip system 𝛼  and 𝑣𝑔

𝛼 is the dislocation glide 

velocity on slip system 𝛼 and can be expressed as: 

 

{
 
 

 
 
𝑣𝑔
𝛼 = 𝑣0 |

 𝜏𝛼

𝜏𝑡ℎ
𝛼 |

1
𝜂⁄

𝑠𝑖𝑔𝑛(𝜏𝛼)      𝑓𝑜𝑟 𝜏𝛼 ≥ 𝜏𝑡ℎ
𝛼

 
 

𝑣𝑔
𝛼 = 0                                        𝑓𝑜𝑟 𝜏𝛼 < 𝜏𝑡ℎ

𝛼

 (4.19) 

𝑣0 is the reference velocity, 𝜂 is the strain rate sensitivity constant, and 𝜏𝑡ℎ
𝛼  is the threshold 

resolved stress on slip system 𝛼, which constitutes of the initial critical resolved shear 

stress 𝜏0, the Hall-Petch stress 𝜏𝐻𝑃
𝛼 , and the material hardening stress 𝜏𝐻

𝛼. The Hall-Petch 

stress is inversely proportional to the square root of the grain size D and can be expressed 

as 𝜏𝐻𝑃
𝛼 = 𝐾𝛼 √𝐷⁄  where 𝐾𝛼 is the Hall-Petch parameter related for each slip system. 

The evolution rate of the mobile dislocation density 𝜌̇𝑚
𝑠  can be characterized by 

five dislocation mechanisms that contribute to the material hardening [207]. The five 

mechanisms are described by the five terms presented in the dislocation evolution rate 

equation (equation (4.20)) where the first term represents the multiplication and 

generation of dislocations. The annihilation of two mobile dislocations having opposite 

signs is depicted in the second term where 𝑅𝑐 is the critical radius for dislocation 

annihilation. During deformation, mobile dislocations can immobilize due to the 

formation of dipoles (third term) while immobile dislocations can mobilize due to the 

breakup of these dipoles (fourth term). Finally, the interaction of mobile and immobile 

dislocations that lead to their annihilation is represented in the fifth term. Besides the 
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evolution rate of mobile dislocation density, immobile dislocation density evolution rate 

𝜌̇𝑖
𝑠 can be characterized by the last three mechanisms as described in equation (4.20). 

 

𝜌̇𝑚
𝑠 = 𝛼1𝜌𝑚

𝑠 𝑣𝑔
𝑠 𝑙 ̅⁄ − 2𝛼2𝑅𝑐(𝜌𝑚

𝑠 )2𝑣𝑔
𝑠−𝛼3𝜌𝑚

𝑠 𝑣𝑔
𝑠 𝑙 ̅⁄ + 𝛼4(|𝜏

𝑠| 𝜏𝑡ℎ
𝑠⁄ )𝜁𝜌𝑖

𝑠𝑣𝑔
𝑠 𝑙 ̅⁄ −

𝛼5𝑅𝑐𝜌𝑚
𝑠 𝜌𝑖

𝑠𝑣𝑔
𝑠  

𝜌̇𝑖
𝑠 = 𝛼3𝜌𝑚

𝑠 𝑣𝑔
𝑠 𝑙 ̅⁄ − 𝛼4(|𝜏

𝑠| 𝜏𝑡ℎ
𝑠⁄ )𝜁𝜌𝑖

𝑠𝑣𝑔
𝑠 𝑙 ̅⁄ − 𝛼5𝑅𝑐𝜌𝑚

𝑠 𝜌𝑖
𝑠𝑣𝑔

𝑠 

(4.20) 

 

Table 4-2 Burgers vector magnitude at different slip/twin systems 

Slip/twin plane Burgers magnitude Burgers value 

Basal planes ( )0001 1120  <a> a 3.2094 A 

Prismatic planes ( )1010 1210 <a> a 3.2094 A 

Pyramidal planes ( )1122 1123  <c+a> √𝑎2 + 𝑐2 6.12 A 

Pyramidal planes tension twin <c+a> √𝑎2 + 𝑐2 6.12 A 

Pyramidal planes compression twin <c+a> √𝑎2 + 𝑐2 6.12 A 

 

Twinning, unlike slip, involves a shear displacement of several interatomic 

distances where it reorients the lattice abruptly [5]. The shear displacement depends on 

the resolved shear stress 𝜏𝛼 and the slip resistance 𝑠𝛼 within the grain. Thus, twin shear 

rate is expressed using the conventional constitutive equation described by Asaro and 

Needleman [164]. The plastic shear strain rate can be described by a rate sensitive 

equation as follows, 

 𝛾̇𝛼 = 𝛾̇0 |
𝜏𝛼

𝑠𝛼
|

1
𝜆⁄

𝑠𝑖𝑔𝑛(𝜏𝛼) (4.21) 
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where 𝛾̇0 and 𝜆 represents the reference shearing rate and the rate sensitivity for twinning, 

respectively. The resolved shear stress 𝜏𝛼 and the slip resistance 𝑠𝛼 on twin system 𝛼 are 

expressed as: 

 𝜏𝛼 = 𝑻𝑡𝑤
∗ 𝑺𝛼 (4.22) 

and  

 𝑠̇𝛼 =∑ℎ𝛼𝛽|𝛾̇𝛽|

𝛽

 (4.23) 

where ℎ𝛼𝛽 is the strain hardening rate of twin system 𝛼 due to shear on the twin system 

𝛽.   

 ℎ𝛼𝛽 = 𝑞𝛼𝛽ℎ𝛽 (4.24) 

𝑞𝛼𝛽 describes the self and latent hardening behavior of slip/twin systems of a crysalline 

and ℎ𝛽 is the hardening rate of twin system 𝛽 and can be written as follows, 

 ℎ𝛽 = ℎ0 [1 −
𝑠𝛽

𝑠𝑠
]

𝜒

 (4.25) 

where ℎ0, 𝜒, and 𝑠𝑠 are twin hardening parameters for both extension and contraction 

twinning. 

The overall stress of the polycrystal is then calculated beyond the computation 

of the crystal stress and strain information. The Taylor-Lin [162,163] homogenization 

method is utilized to average the Cauchy stress on the macroscopic level by assuming 

that all grains possess the same volume, thus, 

 𝑻𝑎𝑣𝑔 =
1

𝑁𝑔
∑𝑻𝑔

𝑁𝑔

𝑔=1

 (4.26) 

where 𝑻𝑔 is the Cauchy stress on the g-th crystal and 𝑁𝑔 is the total number of grains in 

the polycrystal. 

 



 

 141 

4.3 Results and discussions 

In this work, the proposed approach is validated by experimental data generated 

previously by the authors [305,306]. For that purpose, we analyzed the behavior of a 

commercial magnesium alloy AZ31B hot-rolled plate, annealed at 350 °C for 12h. The 

as received material presented a basal texture (Figure 4.5(a)) with an average grain size 

of 25 𝜇𝑚. After annealing, tensile samples were extracted from the plate and machined 

with their major axis being aligned with either the transverse direction (TD) or the normal 

direction (ND) (Figure 4.5(b)). Tensile tests were performed at two temperatures, room 

temperature and 200 °C at a strain rate of 5 × 10−4𝑠−1 [305].  The purpose of conducting 

tensile loading along different material’s directions aimed to evaluate the material 

anisotropy by the activation of different plasticity deformation mechanisms. It is 

expected, with respect to the Schmid’s law [306], that loading along ND favors extension 

twinning , while prismatic <a> is favored when loading along TD. Billets machined from 

the hot-rolled Mg plate, were ECAP extruded at a rate of 4.57 mm/min at 200 °C with a 

back pressure of 20MPa. In order to achieve the same average grain size but with different 

texture, two ECAP routes (route A and route K) were used and samples were processed 

up to four passes. The ECAPed-samples exhibited refined grains with an average grain 

size of 1~4 𝜇𝑚 in both routes. To investigate the mechanical anisotropy of the ECAP 

materials, tensile specimens were machined from the ECAPed billets with their major 

axis being with the extrusion (ED) and the flow directions (FD). Tensile testing was 

achieved  at room temperature at a strain rate of 5 × 10−4𝑠−1 [307].  
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4.3.1 Pre-ECAP Model Parameters Calibration 

 In this section, the model parameters are identified using the true stress true 

strain responses of tensile tests performed along TD and ND at room temperature and 200 

°C.  Thus, a set of true stress true strain responses of tensile tests performed on AZ31 at 

various temperatures are fitted in Figure 4.6 with the numerical results of the Taylor- Lin- 

crystal plasticity- continuum dislocation dynamics model. Since the set of model 

parameters is not unique and different sets could fit the same experimental results, a 

robust identification method is required. Thus, the model parameters of magnesium were 

initially extracted from literature and then modified to fit the experimental results as 

necessary. The initial critical resolved shear stress for slip and twin deformation modes 

were selected from Ayoub et al. [283]. However, the material parameters (𝛼1 − 𝛼5) and 

the self and latent hardening matrix 𝑞𝛼𝛽 of the continuum dislocation dynamics model 

were obtained from Askari et al. [170] with some modifications. The Hall-Petch 

parameters for different slip systems of rolled magnesium were identified from Wang and 

Choo [308]. The calibrated model parameters are presented in Table 4-3 for different 

temperatures. In addition to fitting the tensile mechanical behavior, the relative activity 

of slip and twin systems is analyzed and compared with the reported results in the 

literature to confirm the reliability of the selected model parameters.  

(0001) 

 

              (101̅0) 

 
(a) 

 

 
(b) 

Figure 4.5 (a) Initial texture of the as-received magnesium AZ31 material, (b) Schematic 

of as-received material of magnesium showing the tensile directions along ND and TD. 
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(a) 

 

(b) 

Figure 4.6 Stress strain responses of the as-received material tensile tested along normal 

(ND) and transverse (TD) directions at (a) room temperature and (b) 200 C. 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4.7 Slip/twin systems activities of the tensiled as-received material  
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In Figure 4.6, plastic anisotropy at RT is triggered by the activation of different 

slip/twining mechanisms which are required to satisfy the Taylor criterion [10], however, 

at 200C, this effect is reduced since twinning effect vanishes with the increase of 

temperature. At room temperature, tensile loading along the normal direction (ND) favors 

the extension twinning (Figure 4.7(a)) which results in twinned grains leading to the 

minimization of the induced-deformation by other slip mechanisms [305]. The slip/twin 

activity results of the Taylor-Lin CP-CDD model are consistent with the predictions of 

the VPSC model [285,305] indicating that deformation by basal slip and extension 

twinning are the dominant. Unlike the ND sample, prismatic slip is favored for loading 

along the TD. However, prismatic slip could not fully accommodate the c-axis 

compression promoted by the tensile loading along TD. Therefore, additional slip/twin 

systems such as basal, pyramidal and contraction twin are necessary to accommodate this 

deformation (Figure 4.7(b)). The high anisotropy shown between the ND and TD cases 

is attributed to the suppression of extension twinning and replacing it with prismatic slip 

mechanism. As a general trend, increasing the processing temperature induces a decrease 

in the yield strength, an increase in the elongation to failure along with a thermal softening 

of the flow stress, and a change in slip/twin systems activations. These effects are 

attributed to the decrease in the critical resolved shear stress required to move dislocations 

along the prismatic and pyramidal <c+a> slip systems which leads to the satisfaction of 

the Taylor criterion [270]. At 200C, Taylor-Lin CP-CDD model indicated that the activity 

of extension twin vanished and was replaced by the pyramidal slip when loading along 

the ND (Figure 4.7(c)). Similarly, a high pyramidal slip activity is revealed in the 
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predictions of the sample loaded along the TD (Figure 4.7(d)). These results are in good 

consistency with the VPSC predictions [305]. 

 

Table 4-3 List of model parameters calibrated at two temperatures T=25°C and 

T=200°C. 

Parameter T=25°C T=200°C 

Initial shear resistance 𝛕𝟎 

(MPa) 

Basal 0.5 

Prismatic 55 40 

Pyramidal <c+a> 70 35 

Twin extension 30 35 

Twin contraction 200 

𝛂𝟎 Basal 0.1 

Prismatic 0.15 0.1 

Pyramidal <c+a> 0.8 0.1 

𝛂𝟏 Basal 0.1 

Prismatic 0.1 0.05 

Pyramidal <c+a> 0.1 

𝛂𝟐 Basal/Prismatic/Pyramidal 1 

𝛂𝟑 Basal/Prismatic/Pyramidal 0.01 

𝛂𝟒 Basal/Prismatic/Pyramidal 0.002 

𝛂𝟓 Basal/Prismatic/Pyramidal 1 

Final saturated stress 𝐬𝐬 

(MPa) 

Twin extension 38 

Twin contraction 400 

Initial hardening rate 𝐡𝟎 

(MPa) 

Twin extension 8 

Twin contraction 20 

Twinning reference 

shearing rate 𝛄̇𝟎 𝐭𝐰𝐢𝐧 (𝒔−𝟏) 

Twin extension 10−4 10−6 

Twin contraction 10−4 

Twinning hardening 

exponent 𝝌 

Extension/ contraction twin 0.5 

Hall-Petch parameter K Basal 2.61 1 

Prismatic 5.54 2.2 

Pyramidal <c+a> 9.86 3.9 

Twin rate sensitivity λ 0.2 

Slip rate sensitivity 𝜼 0.02 

Strain rate 𝛆̇ (𝒔−𝟏) 5 × 10−4 

Reference velocity 𝐯𝟎 (𝒔−𝟏) 10−3 

Initial SSD density (𝒎−𝟐) 2.4 × 1012 

Initial GND density (𝒎−𝟐) 1.2 × 1013 

Average grain size (𝝁𝒎) 25  
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4.3.2 ECAP Model Predictions 

The experimentally measured initial texture of magnesium alloy displayed in 

Figure 4.5(a) is used as an input to the Taylor-Lin-CP-CDD model. The modeling 

parameters used for ECAP modeling approach to predict the microstructural features and 

texture evolution are the identified parameters in section 4.3.1. The predicted results 

obtained from the calibrated parameters in Table 4-3 are then compared with the 

measured (experimental) texture for both routes A and K. In addition, the model 

predictions such as slip/twin activities and dislocation densities evolutions are analyzed. 

 

4.3.2.1 Microstructural and texture predictions  

Ultrafine grained metals can be produced by subjecting the material to severe 

plastic deformation. ECAP is considered as one of the conventional processes that has 

showed an effective strengthening in magnesium alloys [309].  In addition, thermo-

mechanical processing with different ECAP routes of magnesium alters its 

microstructural and texture properties[310,311]. In this work, magnesium AZ31 alloy 

was ECAP-processed using routes A and K,  at an extrusion rate of 4.57 mm/min and a 

temperature of 200°C to prevent the formation of cracks [307]. During ECAP process, 

grain fragmentation is considered as the dominant deformation mechanism that results 

into an ultrafine grain microstructure. Indeed, severe plastic deformation increases the 

density of dislocations that are inhomogeneously distributed within the grains resulting 

into a deformation gradient and lattice curvature. Accumulated dislocations at the grain 

boundaries hinder the movement of mobile dislocations resulting in the geometrically 

necessary dislocations which lead to a misorientation difference between different 

regions of the grain called subgrains. The evolution of the GNDs density is expressed in 

terms of the Nye’s tensor [155] which in turn is calculated from the derivative of the 
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velocity gradient using the central difference method [159]. With further strain 

application, the misoriented regions (i.e., subgrains) split and are considered as new 

grains treated independently from their parent grain, with distinct microstructure and 

smaller grain size. When the fragmentation criterion is satisfied (i.e., misorientation 

between the center of the grain and its boundaries exceeds 5°), the fragmented grains are 

assigned their parent’s dislocation density and their orientation with a slight 

misorientation calculated based on the accumulation of the GNDs as described in [299]. 

To determine the density of the GNDs accumulated at the new grain’s boundaries, the 

position of the new grains are updated and the same calculation procedure is repeated.  

In this model, processing via routes 4A and 4K led to grain size reduction from 25 𝜇𝑚 to 

around 4 𝜇𝑚 and 2.7 𝜇𝑚, respectively. The predicted average grain size is in agreement 

with the experimentally measured average grain size which was reported to be equal to 

3.5 𝜇𝑚 and 2.3 𝜇𝑚 after 4 passes via routes A and K, respectively. 

The predicted ECAPed textures are compared in Figure 4.8 with the experimental 

(measured) textures. The measured texture of the material processed via route A showed 

a rolling-like texture over the four passes where subsequent passes strengthen the texture 

by reorienting its components into similar positions after each pass. The 4K measured 

texture exhibits a rigid rotation with respect to the initial rolling texture about the 

extrusion direction of the sample. This rotation is associated to the 90° rotation of the 

sample applied before the third pass.  The results of the textures predicted by the Taylor-

Lin CP-CDD model rebuilt the experimental ones where the main features are 

reproduced. The texture components predicted in the (0001) pole figure for both routes 

4A and 4K are in good agreement with the measured texture. However, a small 

discrepancy appears in the (10-10) pole figures of the 4A textures which could be 
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associated to the misorientation evolution in the grain during the fragmentation process. 

In the strong peaks in the predicted (10-10) pole figure of the 4K texture precisely 

resemble the strong peaks in the measured texture while the weak peaks observed in the 

measured one are more scattered compared to the predicted one. 

4A experimental 

 

                (0002)                                          (101̅0) 

  

4A modeling                (0002)                                            (101̅0) 

 

4K experimental                (0002)                                            (101̅0) 

 

4K modeling                (0002)                                            (101̅0) 
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Figure 4.8 Measured (experimental) textures compared with the simulated ones for four 

passes of route A and route K 

 

4.3.2.2 Microstructural behavior 

For decades, SPD materials were of high interest for numerous industrial 

applications. Thus, internal microstructural developments were investigated using 

physics-based modeling frame works[148,223–225]. Studying strain hardening behavior 

between ECAP passes gives a clear insight into the influence of ECAP routes and the 

effect of the rotations between ECAP passes. For that purpose, dislocation-based models 

were proposed such as the one proposed in this work. During plastic flow, dislocations 

movement are triggered when the resolved shear stress exceeds its critical value. Their 

evolution is influenced by the short-range barriers such as vacancies or by the long-range 

barriers such as grain boundaries. The microstructural changes of magnesium alloys due 

to deformation via ECAP are a direct consequence of the multiplication and 

rearrangement of dislocations moving over different slip systems. In the initial stage of 

deformation due to ECAP process, dislocations are rapidly generated and multiplied in 

the coarse grains. With the increase of the plastic strain, grains divide into subgrains 

demarcated by dislocation walls, named geometrically necessary boundaries (GNBs). 

Further strain results in a misorientation difference between subgrains due to the 

movement of the trapped dislocations along the neighboring subgrains boundaries. The 

increase in dislocation density due to high strain leads to the increase of the internal stored 

energy which induces further grain refinement. Subsequent ECAP passes result in 

increasing the fraction of new fine grains due to the transformation of generated 

dislocations within the grains into new boundaries [309].  

Figure 4.10 depicts the relative activity of the different slip/twin systems activity 

for routes A and K. In the first two passes, the same relative activity is predicted by the 
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model for both routes, which is expected since the same loading path is applied to the 

sample. While in consecutive two passes, the differences in the relative slip/twin activities 

are clear, which is also expected since different loading paths are applied associate with 

the 90° rotation of the route K sample applied before the third pass. Twin relative 

activities are predicted to be almost inexistent which is also expected due to high 

processing temperature. Different deformation behaviors can be analyzed by applying 

Schmid law which dictates that a slip/twin system can be activated whenever the resolved 

shear stress on a slip/twin plane exceeds a CRSS value [312]. Nan et al. [313] reported 

the calculated Schmid factors (SFs) for different loading directions and different slip/twin 

systems in magnesium. The higher the value of Schmid factor, the higher activation of 

slip/twin system. Schmid factor can be calculated by the following relation: 𝑆𝐹 =

𝑐𝑜𝑠Ω × 𝑐𝑜𝑠𝛿 where Ω and 𝛿 are the angles between the slip/twin plane normal and the 

slip/twin direction with the loading direction, respectively. ECAP process is a shear 

process mechanism where the shear loading is applied at the intersection plane between 

the two intersecting ECAP channels (Figure 4.9). In route A, the sample is inserted to the 

ECAP where the c-axis is parallel to the extrusion direction, thus the shear stress direction 

makes a 45° with the c-axis. According to the SF values calculated in Nan et al. for 

different deformation modes, basal slip systems have the maximum value followed by 

pyramidal <c+a> slip then prismatic slip. The predicted results by the Taylor-Lin CP-

CDD model of the slip relative activities are consistent with the calculated values of the 

Schmid factors. Among the four passes via route A, relative activities of each slip system 

showed almost the same activities since subsequent passes strengthen the texture by 

reorienting grains’ orientations to a rolling-like texture. The rigid rotation of the sample 

before the third K route pass leads the prismatic slip to dominate other slip systems where 
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pyramidal slip activity becomes negligible. Since no rotation was performed between the 

third and the fourth pass in route K, relative activity of each slip system has exhibited 

almost the same activity during the third and fourth passes 

The predictions of dislocation density evolution along each slip system for both 

routes are depicted in Figure 4.11. The dislocation density first evolved rapidly during 

the first two passes; however, its evolution rate has decreased in the next two ECAP 

passes which can be attributed to the recovery of dislocation structure during consecutive 

passes [314]. In addition, the formation of new grains during the grain refinement 

mechanism is characterized by the transformation of dislocation clusters into boundaries 

resulting in a significant consumption of dislocations within the polycrystal [315], which 

explain the decrease in the dislocation density evolution rate with subsequent ECAP 

passes. Figure 4.11 shows that dislocations evolving at the basal slip system exhibit the 

highest density compared to prismatic and pyramidal slip systems. This can be explained 

by the easiness of dislocation movement and generation at the basal slip system due to its 

low CRSS value. In the first two passes, dislocation density evolutions are identical in 

both routes since route A and route K are identical. However, in the third and fourth 

passes, a significant drop in evolution of dislocation density along the pyramidal slip 

systems is revealed between both routes. This can be related to the deactivation of 

pyramidal slip system in route K after the second pass. 
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Figure 4.9. Schematic of ECAPed samples showing the tensile loading under the extrusion 

direction (ED) and the flow direction (FD) 

 

 
Figure 4.10 Relative activity of slip systems as function of strain for four passes of route A 

and route K 
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Figure 4.11 Dislocation density evolution along slip systems for route A and route K 

 

 4.3.3 Post-ECAP mechanical behavior  

Magnesium alloys processed by ECAP exhibit a grain structure refinement 

which alters the mechanical properties of the material. Similar to the as-received material, 

ECAPed-magnesium alloy may present mechanical anisotropy where loading direction 

affects their stress-strain behavior and yield strength. Anisotropy has been reported for 

ECAPed- magnesium alloys in both tensile and compression directions [285,310,316]. 

Predicting the microstructural features of the processed materials can give an advantage 

for one ECAP route against the others in terms of strength and anisotropy. Processing 

magnesium via different routes lead to certainly different textures that influence their 

mechanical responses. Different initial textures yield to different evolution of dislocation 

densities and thus activation of different slip systems that lead to a distinct yield strength 

of the material. In polycrystalline materials, grains with different orientations are 

demarcated by grain boundaries which obstruct dislocations from gliding. Although the 

plastic deformation behavior at the micro-scale is controlled by the dislocation-based 
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mechanism, different grain boundary structures and different grain sizes could influence 

the interaction of the moving dislocations with the accommodated dislocations at the 

boundaries, thus affecting the overall response of the polycrystal [317]. In this work, a 

comparison between the experimental and predicted true tensile stress-strain curves up to 

the ultimate tensile strength for both routes 4A and 4K along both directions, extrusion 

and flow (see Figure 4.9), are depicted in Figure 4.12. The model parameters used to 

predict the stress-strain curves are similar to the model parameters identified at room 

temperature in section III.1, however, the Hall-petch (H-P) parameter is altered due to the 

effect of grain size reduction. It was found in literature that the reduction of grain size 

due to severe plastic deformation reduces the H-P parameter by a certain factor depending 

on the loading direction and the processing conditions[318,319]. For instance, rolling 

magnesium alloy AZ31 with an average grain size of between 16 and 35 um led to a H-P 

parameter of 348 MPa.um0.5 [320], while processing the Mg AZ31 alloy with an average 

grain size of 2-8 um led to a H-P parameter of 180 MPA.um0.5 [321]. A similar trend of 

the H-P parameter reduction related to the grain size and processing conditions is assumed 

in this work. Thus, the H-P parameters for basal, prismatic and pyramidal were selected 

to be 1, 2.2, and 3.9 𝑀𝑃𝑎𝑚𝑚0.5, respectively with a reduction factor of 2.5. The yield 

strength of the ECAped material is significantly enhanced compared to the as-received 

material. The present results show also that the anisotropy effect exist in the ECAP 

processed billets especially in route 4K, but with low influence compared to the as-

received samples. The tension asymmetry of the ED and FD flow stress curves is 

overturned between routes 4A and 4K. Figure 4.12 shows a good agreement between the 

simulated and measured (experimental) stress-strain curves with a shift of around 30MPa 

of the flow stress along the flow direction in route 4K. By inspecting the relative activities 
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and dislocation density evolution in Figure 4.13 and Figure 4.14, one can understand 

better the flow curves in Figure 4.12. Although yield strength and strain hardening 

behavior for 4A sample are almost similar, it is predicted that dislocations have activated 

different slip systems. Loading along the extrusion direction has activated basal (55%), 

pyramidal (25%), prismatic (15%) slip and a small fraction of extension twinning (5%) 

which contributed to the small decrease in yield strength. On the other hand, in the 

samples loaded along the flow direction, about 55% of plastic strain resulted from 

prismatic slip, nearly 25% from contraction twinning, 15% from basal slip and a small 

fraction (5%) from pyramidal <c+a> slip. These results are in good accordance with 

another study performed for an initially rolled texture by Graff et al. [322], in which 

similar relative activities to that of the current predicted 4A texture activities were 

predicted by crystal plasticity framework. In route 4K, the activation of basal slip system 

when loading along the flow direction has decreased the yield strength since dislocations 

requires lower CRSS to move. Figure 4.14 presents the dislocations evolutions at each 

slip system for both routes. By comparing Figure 4.13 and Figure 4.12 one can deduce 

that the increase of dislocations generation and multiplication on a certain slip system is 

associated to the increase in the activation of this slip system and vice versa. In addition, 

no dislocation evolution is recorded on slip systems that have no slip activation such as 

in the case of pyramidal <c+a> in 4K below 2% strain. Comparing the dislocation 

evolution in both directions for the 4A sample, dislocation densities has shown a flip in 

their values between the basal and prismatic systems. Although both prismatic and 

pyramidal <c+a> have shown an almost same dislocation density evolution in the 4K 

tensile-samples along both directions, a huge reduction was revealed for the basal slip 

due to its deactivation in the extrusion direction. 
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Figure 4.12 Mechanical responses of the ECAP-samples loaded along extrusion and flow 

directions 

  

  
Figure 4.13 Predictions of slip/twin activities of the tensiled samples after four passes of 

ECAP 
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Figure 4.14 Predicted dislocation density evolution of the tensiled samples after four 

passes of ECAP 

4.4 Conclusions 

In this work, the microstructural, textural and anisotropic mechanical behavior 

evolution of equal channel angular pressed (ECAPed) Mg-3Al-1Zn rolled billet was 

investigated and analyzed. For that purpose, a physically based model accounting for 

grain to grain interaction and grain refinement mechanisms is proposed to predict the 

mechanical behavior, the texture evolution, and the microstructural development. The 

proposed model uses the crystal plasticity (CP) model coupled with a continuum 

dislocation dynamics (CDD) model. Since twinning mechanism has a significant effect 

on the anisotropy of magnesium alloys, this effect was modeled through crystal plasticity 

approach with maintaining the slip modeling through the continuum dislocation dynamics 

approach. A grain refinement mechanism is also integrated into the model in order to 

predict the formation of refined grains during severe plastic deformation. Anisotropy 

evolution of magnesium is then examined by predicting the mechanical behavior, 

dislocation evolution, and the slip/twin systems activities of the ECAPed material. The 

behavior of an annealed commercial magnesium alloy AZ31B hot-rolled plate was 
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initially analyzed. The model parameters were identified using the true stress true strain 

responses of tensile tests performed along TD and ND at room temperature and 200 °C. 

A robust parameter identification method was proposed which initially used critical 

resolved shear stresses, continuum dislocation hardening parameters and Hall-Petch from 

the literature than calibrated slightly to fit the mechanical behavior, texture evolution and 

previously predicted deformation systems relative activities.  

The as received AZ31B hot-rolled plate had a basal texture with an average grain 

size of 25 𝜇𝑚. A high anisotropy was observed from the different mechanical response 

exhibited by the material when loaded along ND and TD at room temperature. This high 

anisotropy is attributed to the suppression of extension twinning and increasing activity 

of prismatic slip mechanism. Tensile loading along ND favors extension twinning while 

along TD prismatic slip shows higher activity. At 200 °C, the plastic anisotropy is reduced 

since increasing temperature drastically reduces the twinning activity. This observation 

is attributed to the decrease in the CRSS of pyramidal <c+a> slip which result in the 

disappearance of extension twin activity and its replacement by the pyramidal slip when 

loading along the ND. While a higher pyramidal slip activity is reported in when loading 

along the TD.  

Billets machined from the hot-rolled Mg plate, were ECAP extruded up to four 

passes in route A and K at a rate of 4.57 mm/min at 200 °C with a back pressure of 

20MPa. The identified model parameters were used to predict the ECAP texture and 

microstructure. The model predicted that processing via routes 4A and 4K resulted in a 

grain size reduction from 25 𝜇𝑚 to around 4 𝜇𝑚 and 2.7 𝜇𝑚, respectively, which  is in 

agreement with the experimentally measured. The Taylor-Lin CP-CDD model predicted 

textures were compared to the experientially measured ones, and a good agreement was 
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shown. The route A ECAPed material texture showed a rolling-like texture over the four 

passes while the route K ECAPed material texture exhibits a rigid rotation with respect 

to the initial rolling texture about the extrusion direction of the sample associated to the 

90° rotation of the sample applied before the third pass. In the first two passes, the same 

relative activity is predicted by the model for both routes A and K while in the consecutive 

two passes, a different relative slip/twin activities are observed. Twin relative activities 

are predicted to be almost inexistent which is also expected due to the high processing 

temperature. In route A, the Taylor-Lin CP-CDD model predicted that basal slip 

presented the highest relative activity followed by pyramidal <c+a> slip then prismatic 

slip. The rigid rotation of the sample before the third K route pass leads the prismatic slip 

to dominate other slip systems where pyramidal slip activity becomes negligible.  

The processed AZ31B hot-rolled billets via different routes developed different 

textures and microstructures that influence the anisotropic mechanical response. A good 

agreement between the experimental and predicted true tensile stress-strain curves up to 

the ultimate tensile strength for both routes 4A and 4K along extrusion and flow directions 

is found. The yield strength of the ECAPed material is significantly increased compared 

to the as-received material. Furthermore, the anisotropy is reduced, although a slight 

difference in the yield stress between the FD and ED samples can be still observed. The 

ECAPed material doesn’t present any tensile stress strain asymmetry between the ED and 

FD. The model predicts for the 4A ED sample an activity of the basal (55%), pyramidal 

(25%), prismatic (15%) slip and a small fraction of extension twinning (5%) which 

contributes to a slight decrease in yield strength. On the other hand, for the 4A FD sample 

the model predicts that about 55% of plastic strain results from prismatic slip, nearly 25% 

from contraction twinning, 15% from basal slip and a small fraction (5%) from pyramidal 
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<c+a> slip. The activation of basal slip when loading the 4K FD samples results into a 

decrease of the yield strength which is a consequence of the low basal CRSS. Although 

both prismatic and pyramidal <c+a> presents almost similar dislocation density evolution 

for the 4K FD and ED samples, the deactivation of basal slip in the extrusion direction 

resulted in an important reduction in their dislocation density. 
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CHAPTER 5 

5. CONCLUSIONS AND RECOMMENDATIONS  

 

 

5.1 Summary and Conclusions 

In this research, we investigated the microstructural evolutions of deformed metallic 

materials. Following the general introduction on the theory of plasticity, and dislocation 

generation and movement mechanisms in the first chapter, the novel grain refinement 

approach has been proposed in the second chapter. The investigations were based on a 

numerical modeling approach proposed in this dissertation and incorporated into a crystal 

plasticity scheme coupled with a continuum dislocation dynamics framework. The model 

was validated on FCC metallic material subjected to severe plastic deformation process 

where it showed high predictability of the main microstructural evolutions such as grain 

size, dislocation density, strain hardening behavior, and texture evolution.  

In chapter 3, the model was developed to increase the capability of predicting more 

refinement by allowing each grain to split into nine finer grains instead of four grains. 

The model was able to predict the mechanical properties of the ECAP-processed FCC 

metallic materials along different loading directions and at different strain rates.  

Investigations of HCP materials were performed in chapter 4 by extending the 

proposed model to account for the four deformation modes (i.e., basal slip, prismatic slip, 

pyramidal slip, and twinning). Modeling of the ECAP process showed a good agreement 

with the experimental results. In addition, the predictability of the model was validated 

for both ECAP microstructural features evolutions and post-ECAP mechanical 

properties. 
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5.2 Recommendations for Future Work 

5.2.1 Grain Boundary Sliding (GBS) model 

In this thesis, the microstructural features and the mechanical properties of 

metallic structural materials at room temperatures were investigated. In future work, we 

intend to develop the current model to investigate the effect of high processing 

temperatures on the mechanical properties of the materials. At elevated temperatures, 

deformation is induced mainly by the grain boundary sliding (GBS) mechanism where it 

becomes more prominent than other deformation mechanisms. Integrating this 

deformation mechanism into our model can enhance its predictability of the processed 

materials’ microstructures at high temperatures. Grain boundary sliding is a thermally 

activated deformation mechanism where its effect is assumed to be localized near the 

grain boundaries [282]. Staroselsky and Anand [282] considered that a portion of the 

grain located near the grain boundary, having a volume fraction 𝜉, deforms according to 

an isotropic plasticity flow rule while the rest of the grain deforms, having a volume 

fraction (1- 𝜉) according to the crystal plasticity theory. The effect of the GBS 

deformation is integrated into the velocity gradient formulation using the rule of mixture, 

thus, the overall plastic velocity gradient is written 𝐿𝑝 = (1 − 𝜉)𝐿𝑐𝑝
𝑝 + 𝜉𝐿𝐺𝐵𝑆

𝑝
 where 𝐿𝑐𝑝

𝑝
 

is the plastic velocity gradient derived from the crystal plasticity scheme, and 𝐿𝐺𝐵𝑆
𝑝

 is the 

plastic velocity gradient due to GBS contribution. The GBS velocity gradient can be 

decomposed additionally into deformation rate 𝐷𝐺𝐵𝑆
𝑝

 and plastic spin 𝑊𝐺𝐵𝑆
𝑝

 where 𝐷𝐺𝐵𝑆
𝑝 =

𝛾̇𝐺𝐵𝑆
𝑝
√2

𝑇′

2𝜏
 and 𝑊𝐺𝐵𝑆

𝑝 = 𝑅̇𝑅𝑇.  

𝛾̇𝐺𝐵𝑆
𝑝

 defines the plastic shear rate, T’ is the deviatoric part of the Cauchy stress T, 𝜏 is the 

resolved shear stress, and R is the transformation matrix due to grain rotation around an 
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axis. Integration of the GBS scheme into the proposed grain refinement model can offer 

significant understanding of the fragmentation process at elevated temperatures.  

 

5.2.2 Effect of neighboring grains 

Implementing the grain-grain interaction effect in the grain fragmentation model 

revealed an enhancement in the texture and microstructure predictions. This effect was 

incorporated into the model by means of the GNDs accumulated at the grain boundaries 

as explained in this dissertation. Thus, depending on the neighboring grains, each grain 

can exhibit different misorientation angle and therefore different levels of fragmentation 

can occur. In future work, this effect will be studied explicitly by investigating the 

influence of several sets of surrounding grains with different orientations on the 

fragmentation of a preselected grain. Distinct material textures will be studied such as 

Aluminum, Copper, and Magnesium to illustrate the effect of deformation mechanisms 

on reorienting grains differently. This study could be performed by imposing different 

sets of neighboring grains’ orientations surrounding the same grain and simulate the 

texture in shear mode up to a shear strain of 2. Numerical simulations of the case where 

the grain-grain interaction effect is considered will then be compared with the case where 

no effect of neighboring grains. Comparisons may be done by plotting the pole figures, 

the misorientation frequency distribution using the both the corelated and the non-

corelated misorientation distribution methods, and the dislocation density evolutions. 

These plots may provide clear implications on the effect of grain-grain interaction.  
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