AMERICAN UNIVERSITY OF BEIRUT

[IDENTIFICATION OF GAS DIFFUSION
COEFFICIENTS IN POLAR FIRN

by
SARA DARWICH MAAD

A thesis
submitted in partial fulfillment of the requirements
for the degree of Master of Science
to the Department of Mathematics
of the Faculty of Arts and Sciences
at the American University of Beirut

Beirut, Lebanon
September 2022



AMERICAN UNIVERSITY OF BEIRUT

[IDENTIFICATION OF GAS DIFFUSION
COEFFICIENTS IN POLAR FIRN

by
SARA DARWICH MAAD

Approved by:

Dr. Nabil Nassif, Professor Advisor
Mathematics °

r—/

~
Dr. Sophie Moufawad, Assistant Professor Co-Advisor
Mathematics
Lhmad Sabra

Dr. Ahmad Sabra, Assistant Professor Member of Committee
Mathematics W
Dr. Faouzi Triki, Professor Member of Committee

Grenoble-Alpes University, France

Mathematics

Date of thesis defense: September 2, 2022



AMERICAN UNIVERSITY OF BEIRUT

THESIS RELEASE FORM

Maad Sara Darwich
First Middle

Student Name:
Last

I authorize the American University of Beirut, to: (a) reproduce hard or electronic copies
of my thesis; (b) include such copies in the archives and digital repositories of the University;
and (c) make freely available such copies to third parties for research or educational purposes

,{As of the date of submission of my thesis
___ After 1 year from the date of submission of my thesis.
___ After 2 years from the date of submission of my thesis .

___ After 3 years from the date of submission of my thesis .

September 9, 2022

Signature Date



ACKNOWLEDGEMENTS

Finally, after a long journey of eight months with a lot of challenges, my thesis
is complete!
Undertaking this topic has been a truly life-changing experience for me, and it
would not have been possible without the support and guidance that I received
from many people.

Special thanks must first go to my advisor, Prof. Nabil Nassif, for his support,
motivation, enthusiasm, and immense knowledge throughout the whole process
of completing this work. He is the reason that I have chosen this field in mathe-
matics.

My sincere appreciation goes to my co-advisor, Dr. Sophie Moufawad, for giving
me invaluable guidance, insights, moral support, and directions in writing this
thesis. Thank you for all your time and for being there for me.

I would like to thank Prof. Faouzi Triki for his help and the opportunity that
he provided by proposing this topic. I also want to thank Dr. Ahmad Sabra for
his insightful comments.

I am extremely grateful to my friends, family, and my fiance for their love,
care, encouragement, and continuous support to complete this thesis. I am very
lucky to have them by my side.



ABSTRACT
OF THE THESIS OF

Sara Darwich Maad for Master of Science
Major: Mathematics

Title: Identification of Gas Diffusion Coefficients in Polar Firn

The use of data analysis cooperatively with partial differential equations is
a successful technique to estimate the main parameters of diverse phenomena
in many fields (medicine, biology, ecology,...). In the area of ecology, analysis
of historical climate change data that leads to global warming, necessitates an
estimation of various atmospheric gas concentrations, primarily CO2. In the po-
lar regions of Greenland (Denmark) and the southern Antarctic, it is possible
to retrace the histories of several atmospheric gases over the last centuries using
currently obtained data through the examination of the air volumes injected into
the open porosity of the Firn (compacted snow).

This thesis uses powerful modern techniques of computational mathematics
based on studying an appropriate inverse problem. It consists in starting with
the direct problem, where we analyze and numerically simulate a time-dependent
partial differential equation that models the Firn, given its diffusion coefficients.
Once the direct problem is properly solved via a robust MATLAB software, one
then looks at recovering the diffusion coefficient on the basis of current Firn mea-
surements. Inverse techniques reduce to solving a minimization problem on a
constrained set, solved also using efficient MATLAB toolboxes. Successful results
obtained from numerical simulations conducted on the direct and inverse prob-
lems validate the feasibility of this method to estimate Firn diffusion coefficients.
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CHAPTER 1

INTRODUCTION AND LITERATURE
REVIEW

1.1 The Firn Problem

Ozone-depleting substances such as the chlorofluorocarbons (CFCs) emitted by
human activities (refrigeration, air-conditioning, packing material...) cause large-
scale damage to the stratospheric ozone layer, and warm the earth’s lower atmo-
sphere, yielding a change in global climate. Consequently, their production has
been phased out by the Montreal protocol in 1987. The first-stage replacements
for CFCs were Fluorinated gases (HFCs or hydrofluorocarbons). Furthermore,
the emissions of F-gases are rapidly increasing. These potent greenhouse gases
have an impact on global warming that is up to 23,000 times larger than that of
carbon dioxide (CO2) [1]. Therefore, it is essential to have reliable monitoring
and modeling techniques of historical gas emission concentrations that can pro-
vide future estimations of climate change and reduction strategies.

The historical background of atmospheres and climates could be explored in
the Polar ice and snow collected from Greenland and Antarctic. It is feasible
to retrace the histories of several atmospheric gases over the last centuries using
obtained data from the examination of the air volumes injected into the open
porosity of the Firns (compacted snow). The interpretation of the obtained data
can be achieved through complicated mathematical modeling on grounds of a
good understanding of the mechanics that control gas trapping in polar ice, con-
sequently the densification and pore closure in Firns, usually over the top hundred
meters of ice.

This thesis goal is to solve the mathematical model that has been derived in
(1], 2], [3], [4] and produce robust and efficient solvers for reconstructing gas
histories.



1.2 Mathematical Models

Considering the mass conservation equations, the concentration p? of a gas «
in open pores satisfies an initial-value, time-dependent advection-diffusion par-
tial differential equation on a one-space dimension segment [0, zr] with Dirichlet
boundary condition at 0 and a mixed one at zg, for z € (0, zr), t > 0:

(0 o 0 o (g _ 9 apg oMag
a [paf] + O [pozf(v +wa”)] +po‘(7— T )\) 0z |:Da ( 0z paRTm):| ’

pa(0,t) = pg™(t), t>0,

apg('zF:t) i Mozg
\ 0z RTm

pg(ZFat) = 07 t>0.

(1.1)

where p®™(t) is the concentration of gas in the atmosphere (mol/m? of void

space), D,(z) is the effective diffusion coefficient of the gas « in Firn (m?/yr)
which will be considered a decreasing function and is given by:

Da(z) = TaCfDCOQ’aiT(Z) (1.2)

where ¢y and r,, are known constants. The constants of the model are summarized
in the Table 1.1.

the depth of the Firn

the average volume fraction in the open pores

the average descending speed in the Firn

the average speed of the air

the mass exchange rate between open and closed pores (/yr)
the rate of radioactive decay (/yr)

the molar mass of the gas (kg/mol)

the gravitational acceleration

the universal constant of ideal gases (J/mol/K)

the mean temperature of the Firn (K)

Na) (w4 I
quo §>/\I§ |2
=S

Table 1.1: The description of the model’s constants.

1.3 Objectives

The ultimate goal of this thesis is to determine the diffusion coefficient D, of
a particular gas, using data from measurements p°(z,T), z € (0,zr) made of

8



several gases at the end time T'. To find the corresponding D,, it is sufficient by
(1.2) to study an inverse problem that finds Deog air -
We seek then D(z) = Doo2.air(2) € X, where X is either:

e X, = C(0,zp) for unconstrained optimization,
or
e X.={veC(0,zp)|v > 0} for constrained optimization.

In this thesis, we will use X, since the diffusion coefficients need to be positive.

To introduce the inverse problem, we letMpg([D; .,T) be the unique solution of
the direct problem at the end time 7', VD € X, and p2,,...(-, 7)) be the mea-
sured concentration at the end time 7.
And we define the following objective function:
. . 2
vDe X V(D)= |

aesS

pg(b, ) T) - pg,meas('? T) 9

where S is the set of all the gases in the Firn.
So we seek D € X, such that:

V(D) = min V(D)

DeX.

1.4 Main Results

This thesis covers 5 chapters including the introduction. In chapter 2, we apply
a variation method to our problem and study the existence and uniqueness of
the solution by summarizing the theoretical results obtained by S. Moufawad, N.
Nassif, and F. Triki in their recent work [5].

In chapter 3, we use the time and space discretizations of the direct problem
introduced in [5]. For time discretization we use the Euler-Implicit scheme and
for space discretization, we use the Finite Element method. On that basis, we
generate the matrices of the discrete system and study the uniqueness of its so-
lution. Then, we present and analyze the results of our numerical simulations
implemented using MATLAB.

In chapter 4, we introduce the objective function and the MATLAB minimiza-
tion function fmincon that will be used to solve the inverse problem. Then, we

present and analyze the results of our MATLAB numerical simulations.

Finally, in chapter 5, we present our conclusion and possible future work.



CHAPTER 2

THEORETICAL STUDY OF THE
DIRECT PROBLEM

In this chapter, we summarize the theoretical results recently obtained by S.
Moufawad, N. Nassif, and F. Triki in their recent work [5].

2.1 Definitions and Theorems

In this section, we will review some definitions and state useful theorems [0].

Definition 2.1.1 (Inner Product). An inner product on a vector space V is a
map (.,.) : V x V — R satisfying:

1. symmetry: (u,v) = (v,u) Yu,v € V
2. linearity:

(ug + ug, vy = (ug, v) + (ug,v)
(A, v) = Mu, v)

Yuq,us,u,v € Vand A € R

3. positive definiteness: (v,v) > 0 with equality iff v =0 Vv € V.
And the norm induced by the inner product is: ||v|| = /{(v,v) Yv € V

Definition 2.1.2 (Hilbert Space). A Hilbert space is a complete inner product
space with respect to the norm induced by the inner product.

Definition 2.1.3 (Dual Space). We denote by V* the dual space of V, that is,
the space of all bounded linear functionals on V. The norm on V* is defined by:

ve = sup [f(@)] = sup )]
ev zeV ||517||

/]

X
llz)<1

10



Theorem 2.1.1 (Lions Theorem). Let V and H be two Hilbert spaces satisfying:

V c HCV* with V* is the dual of V

with the injection from V to H is dense and continuous.
Assuming a bilinear form A(.,.) : V x V — R that satisfies:

|A(v, w)| < Mijollv[wllv
[A(v, 0) 2 e} — e2llolly

with M, ¢; and ¢y positive constants.
Then, for ug € H and f € L*((0,T);V*), the initial value problem

(u, v) + A(u(t), v) = (f(t), v)
u(0) = ug
admits a unique solution u, satisfying:

we L*(0,T);V)nC([o,T]; H), % e L*((0,T7); V*).

Theorem 2.1.2 (Riesz-Frechet Representation). Given any F' € V*, there exists

a unique f € V such that
Fo)={f.o)v Vo eV.

Moreover,

1l =

2.2 Semi-Variational Formulation

The goal here is to put (1.1) in the semi-variational form:

o € Uaar ((p2)e, @) + A(p, 0) = F(¢) Vo € T and ¢ > 0

i.e want to find T, Uuq, A(.,.) and F(.).

Let ¢ € T with T={¢ € H'(0,2;) | $(0) = 0} and p = p3, F = v+weir, G
and M, = %img , where F, G and M, are positive constants.

So (1.1) is now given by:

(0f)e+ (pfF):+ pG = (Dalp: — pMa))-
Multiplying (2.1) by ¢ and integrating with respect to z, we get:

[too+ [ 10710+ [060= [Dato. ~ pMaL0
f/pt¢+ff/pz¢+g/p¢=/[Da(pz—pMa)]zd)

11

=7+

(2.1)

(2.2)



with [ p.6 = po

"= [ 6= ster0)ozr) — [ o

and/[Da(pz — pMa)].¢ = Du(p. — pMa)d OF - /Da(pz — pMa)¢.
but using (1.1):
Da(pz — pMa)¢

Zp

a[pZ<ZF7 t) - Map(zFa t)](b(zF) - Da[pz(oa t) - Map(07 t)]¢(0>
a(0)¢<ZF) -0=0

D
0
D

s0, (2.2) becomes:

f<pt>¢> + ffp(ZF)(b(ZFat) - ff<p7 ¢z> + g<p7 ¢> = _<D01<:02 - pMa>7¢z>
Divide by f:

(0 8) + Folzm, )6(zr) — Flo.6:) + L, ¢) = —§<Dapz, 6.) + %wa,o, 6.)

d (2.3)
Define the bilinear form:
g 1 M,
Alp,¢) = ?<p7 o) + ?<Dapz, ¢z) + Fplzr, 1) ¢(zr) — Flp, ¢2) — T<Dap, ¢:)
(2.4)
Then, (2.3) becomes:
{pt, ) + Alp, ) =0
Now, the problem is to find
p:[0,T] x [0, 2r] — R such that V¢ > 0 and p(.,t) € T + {p®"} = Uyq
(P, &) + Alp,9) =0
{pcz, 0) = p(2) (2

where p(z) is a smooth function and p(z, —o0) = 0.

2.3 Existence Theorem

To study the existence and uniqueness of the solution p¢, we use lions theorem
2.1.1, then apply it to our problem (2.5).
With a start, let’s make a change of variable:

15(‘7 t) = p(7t> - pgtm(t)
Then (2.5) becomes:

{<(ﬁ+ P ()1, ) + A((7 + p2™ (1)), 6) = 0
p(0) = p(z) — p2m(0)

12



since A(.,.) and (.,.) are bilinear we get:

{<ﬁ 8) + Ap 9) = —((ph™ (1) 6) — A" (1), 9)
p(0) = p(z) = pi™(0)
with: (using (2.4) )
o A(p,0) = 9(5.8) + HDaf, 6:) + Filzr )6 (2r) — F(p, 6:) — M2 (Dap, 6.)
o Apam(t), 8) = pam(t) (941, 6) + Folzr) = F(1,6.) = M2(Da,62) )
Then, to be in line with the theorem 2.1.1, we let:
cu=p
o F(t,6) = ~((p"(1)r ) = Alps™ (1), )
o uy = p(z) — o™ (0)

So, we can write the problem (2.5) as follows:

{<ut, 8) + Alult), §) = F(t, ¢)
u(0) = g

Now, assuming D, € C[0, zr|, we define the Hilbert space
H,={ve H' | |v]m < oo}
with the following inner product and norm:
(v, W)y = (Davz, w2 )2 + (v, w)2
el = 1080, + 1ol (2.6)

We can see that the injection of H} to H! is continuous using (2.6):

Wiz < dacollvlliy with gaeo = max{1, || Dalloc}

€ L2(0, zp) with:

< D >2<OO

then, H), = {v € H} | v(0) = 0} is a closed subspace of H}, therefore it’s a
Hilbert space.

Lemma 2.3.1. Assuming 7
Dy

Ga = H 1/2

13



Proof. let {v,} € H, é,d be a converging sequence with v its limit point, and let
{v/} € L*(0, zr) be a uniformly converging sequence.

We want to show that v € Holé’d, i.e, v € L*0,zp), v € L*(0,2r) and v(0) = 0.
Since, {v,} € H} 4, then v, € L*(0, zp), v}, € L*(0, zp) and v,(0) = 0 Vn.

/
Moreover, limwv, = v and v/ = (hm vn> = limv),. Thus, v € L*0, 2x) and
n—oo n—oo n—oo
v € L0, zp).

So, it remains to show that v(0) = 0 using lim ||[v — v,/ = 0.
n—oo

By these two equations, we get:
—0(0) = 0a(2) = 02) + [ (W)~ o))
[0(0)] < fon(2) —0(2)] + /0 [v'(s) — v (s)lds

- ¢ Dg/2 1/2
but [ 0/e) — v lds = [ D/ (s) — o (e)ds = (D)~ 0 o

< o || D2V (5) = v ()| < dallv = vallmy
= [v(0)] < fon(2) = v(2)| + gallv = vallmy (2.7)

Integrating (2.7) with respect to z from 0 to zp:

< zp|vn = vll2 + 2rgallv — vnll

< lvn = vll2 + gallv — vallmy

< lon = vl + gallv — vallmy

= (1+qa)||U_UnHH(§' (2.8)

Taking the limit:

[0(0)] = lim [0(0)] < (1 + ¢a) lim v, —o[lgy =0

n—o0

Thus, v(0) =0 O

14



Lemma 2.3.2. Under the assumption of lemma 2.3.1 one has
H} C C[0,zp] with ||v]lse < (14 2qa)||v]|m, Yo € H,

Proof. Using v(z) — v(0) = [ v'(s)ds for z € [0, zp], then

o(2)] < [0(0)] + / Jof(s)|ds

We can proceed like in (2.7) and (2.8):
[ 1es)ds < au [ D20, < ol
0

[0(0)] < Jo(z)] + / o/ (s)lds < [o(2)] + qallolng

ZF ZF ZF
/ |U(O)|dz§/ |U(z)ydz+/ dallvll 2
0 0 0

zpv(0)] < zp||vll2 + 2rgallv|| my
= [w(0)] < vl + gallvllaz < vllay + qallvllay < (14 ga)||v] a2

Then, |v(z)| < !U(O)H/ [0'(9)lds < (14 ga) [0l +dallvlliy < (142g2) 0]y
0
Thus, [[vlle < (14 2ga)|v[| - =

In order to apply Lions theorem, we let:
H =L1?(0,2p) and V = H,, 4(0, zp)

We have then,
VcCHCV”®

with continuous injection from V' to H. We need also:
1. Bi-continuity of A(.,.):
Vo,¢ € H, : |A(v,0)] < Cllollm [|6]lm
2. Weak coercivity of A(.,.) on H, ;:

Yo € Hy gyt A(v,v) = Collvlly — Chllvll

3. Existence of f(t) € V, such that F'(t,¢) = (f(t), ), Vt,Vo € H}

15



Where C, Cy and C; are positive constants independent of v and w.

Let: g ) M
Z, fi==and M, ;="—"*=
AR =g

Then, A(v,¢) = G{v, d)+[1(Davs., ¢.)+Fd(zr)v(zr) —F (v, ¢.) =M, ; (v Dq, @)

1. Bi-continuity of A(.,.):
we have:

Gy =

(Dav-, 62) < HDi/%z 3% < lolliy 1611
0(z)0(zr) < [8llcllvlloe < (1+ 200)20ll iy 9]l (by lemma 2.3.2)

[(0,02)] < olloe | {5 D02 | < (14 200) [0l gal ol
(by lemma 2.3.2)
|

(vDa,0.)] < | D37

lvll2 | D&%

ol <o

(¢)
Then,

Mol liolm

|A(v, ®)| < Cllvllmy- Nl my
with, C' = G+ fi + F(1 4 2¢0)? + F(1 + 240)qa + My s HDE/2

Hence, we have continuity of A(.,.).

2. Coercivity of A(.,.) on H,, ;: let v € H} ,
A(v,v) = Gp{v,v) + fi{Dav,,v.) + Fo(zp)? — Fv,v,) — My s (Dav,v.)
We have then,

(a) Gy {(v,v) + fi(Davs,v.) = Gsllv||5+ f1 HDcl)/Q'Uz

(b) Fo(zp)? > 0 since F > 0
(¢) By Cauchy-Schwartz inequality |(v.,v)| < ||v.||2]|v]l2, we have:

> min{Gf,fl}”UH%{;

—(v,02) 2 =[vlls][v:]2 = D& %v: [, [1v]l2

1D Hl/2

since [|v. |, <

(d) Also, by Cauchy-Schwartz inequality:

[(Dav, vl < [[Del*0], [| D], < 1Dall | Dol 1ol
~(Dav,v) 2 ~[| Dol | D30 0]
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J’.‘
so for T = —— + M, || Do|X* >

12X ul”
A(v,v) > min{Gy, fi}[vl% — T || DY), v]l2

. . . . . € 2 1 2
Using the geometric inequality: ab < $a” + 5-b%, Ve > 0, then

[ ol < §

A\
S

2
a UZHQ + Q_EH'UHS

1 2
el

AN
=
S

+

It implies that:

r
Alv,0) = (min{Gy, i} = L5 ol — 5ol

Choose € > 0 to be such that:

f
Co = min{GYy, f1} — F——mln{Gf,f1} (HD H1/2+ Mo a||1/2> >0

r F M, ¢ H

1/2
—= +
2 2¢|| Dyl

and, C . = >0

Dalls

Hence, we have coercivity.
. Existence of a function f(¢) € L*((0,T); V'), such that

F(t,0) = = ((0a™ (1), &) — Alpa™ (1), ¢) = ([ (1), )1 Vo € H,.
Using bi-continuity of A(.,):

A(E™ (), 8)| < Cllp™ Ol g I Bllimy = Cz 1o ™ @)l
and using Cauchy-Schwartz inequality:

(™ ()1, 0) < NE™O)ellallBll2 < 252 1(E™ ()l |63
Then,

(4,0 < = (102 ()il + Clo™ (D)) 6y, < Clloly Ve, ¥o € HY

(2.9)
Where € = 2;/* max{1, O} p™[l1,00 > 0 and [|p5"||1.00 = max (|(p5"™ )l + 0a"™)

Lemma 2.3.3. F(t,9) is linear and continuous on H} i.e
F(t,) € (H)* cV* vt

17



Proof. F(t,®) is linear in ¢ by the linearity of the L? inner product and the
bilinearity of A(.,.).
As for the continuity of F(t,¢) in H!, let ¢,, € H} be a sequence converging
to ¢, i.e lim ¢, = ¢

n—oo
Then, by (2.9):

[F(t,0n) = F(t,0)] = |F(t, 6n = 0)| < Cllbn — ¢llm

Take now the limit as n — oo:

lim |F(t,¢,) — F(t,¢)] = 0. Hence, lim F(t,¢,) = F(t,¢)

n—oo n—o0

]

Now, by the Riesz-Frechet representation and by lemma 2.3.3, there exists
f(t) € V such that Vt, V¢ € H!

and

1Ol = 1E( )y = sup EEO] <

sev ||l

and since

T
AHﬂW%ﬁST@,
hence, f(t) € L*((0,T); V).

We conclude now that the problem (1.1) admits a unique solution p2.
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CHAPTER 3

NUMERICAL IMPLEMENTATION OF
THE DIRECT PROBLEM

In this chapter, we discretize the direct problem in space and time as discussed
in [5]. Then, we generate the matrices obtained and study the existence and
uniqueness of the discrete system provided that D, is a decreasing function.
Furthermore, we develop a fast and efficient solver to compute the concentration
p2 using MATLAB.

3.1 Galerkin Formulation
To reach the Galerkin formulation of the problem, we first use the Finite Differ-

ence Euler-Implicit scheme to discretize the problem in time, then we follow it
by a Finite Element space discretization.

3.1.1 Euler-Implicit Time Discretization

Over the interval [¢,t + At] with 0< ¢ < T — At, we integrate equation (2.5) to
get the following:

/ttJrAt(pt(Z, s),d(z))ds + /tHAt Alp(z,5), ¢(2))ds =0 (3.1)
with
[ ot natenas = ([ et o) = ot 8= ot 6
Now (3.1) and (2.5) =

{(p(z, t+ AL = p(z,1),6(2)) = — [T Alp(z, 5), 6(2))ds

o(2,0) = 5(2) (32)
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Such formulation is well-suited for semi and full discretization of the original

system.

For the full discretization of the Firn equation, ftHAtA(p(z, s), ¢(z))ds is first

discretized using an implicit right rectangular rule ( fab f(s)ds=(b—a)f (b)):

t+At
| A, 0l0)ds = Ata(p(e.t + A1) 0(2)

Then, (3.2) will be

p(z,0) = p(z)
3.1.2 Finite Element Space Discretization
Let N={z]i=1,...,n} be the set of nodes with 0 = z; < 29 < -+ < 2z, = zp,

and &€ = { E; = [2j,2j+1] | j =1,...,n — 1} be the set of elements based on N.
Define the P finite element spaces:

X, ={veC(0,zp)vePon E;,¥j=1,...,n—1} C H'(0, 2F)

and V v, € X, v,(2) = Z ©i(2)vn(2)
i=1

with {p;(2)}, finite element basis for P; and:

1 pr— . = .
0 otherwise " 0 otherwise 7
ZZ;ZTZ: if ;1 <2<z,
wi(z) = szl% if 2; <2<z, fori=2,...,n—1
0 otherwise

atm

The galerkin approximation sequence {p,(t)} € X, +{p%™} to the unique solution
p(z,t) that solves (3.3) is defined by:

{(pn(t +AL) = pa(t), §) = —AtA (pu(t + At), ¢) (3.4)

pn(0) =p
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with

pu(t) = P (W1 + > p(zi i, (pn)=(t) = pm (W), + Y plzi 1)
i=2 i=2
-1 . 1 :
if 21 <z2<2 if 2,1 <z < 2z,

Pi(z) == == () = § ZrEn e

0 otherwise 0 otherwise

Z,,IZ,A if ;1 <2<z,
wi(z) = zz+_11—zz if 2; <z< 2z, fori=2...,n—1

0 otherwise

Replacing these functions in (3.4) will give:

((pam(t+ At) = pa™( 901,¢>+Z p(zi,t + At) — p(2i,1)) @i, )

n

9

= —AtA (pZ"(t + At)gr, ¢) — AtA ( p(zi t+ At)wi,qb)

AtA (Z p(zi,t + At)es, ¢> + ) ozt + At){pi, )

=2 1=2
= —AtA ( atm(t + At)p1, ¢ ‘|‘ ZP (25, 1) (i, ¢

— (Pt + At) = pi™(1)) {1, <b> (3:5)

Let ¢ = ¢, for j = 2,...,n, and the vector A(t)=[p(22,1), p(23,1), ..., p(2n, )"

(3.5) follows then:

[M A (gM 115K —Mapy B)] A(t+ At) = MA(E) — v1(t) — Atvs(t)
A(0) = A
(3.6)
For j = 2,...,n, we have the following:

o Mis (n—1)x (n—1) matrix with M; 1 ;-1 = (¢;,p;) for 1,5 =2,...,n

50 Y p(zit+ At) (i, 05) = (MA(t + At));_1,

=2

. Z p(zi ) (@i, 05) = (MA(E));-11
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(¢1,p2) forj=2
* <9017S0j>: {0 o else

atm atm Ztmt—i-At— Ztmt ) for j =2
50 (05 (AL —pa™ (1)) (1, @) = {(()p ( B else‘7

Let v1(t) = (p%™(t + At) — p®™(t)) {1, ¢2)e1 to be a vector with length
n — 1, where ¢; = [1,0,...,0]7, then it follows that:

(P (t 4 At) — pd™ (1)) (1, ) = (v1(t))j-11
p(zi t 4+ At) (Do, 05)
=2

fa p(zi, t + At)(Daspi, )
=2

1=

o A (Z p(zit + At)somoj) = %Zp(%t + At) i, ;) +
; =2

T =l

—F Y plai,t+ At) (g, ) —
=2

+ Fpi(zr) Y plzi,t + Ab)g;(2r)
i=2
1 fori=mn,iez =zp

) - {

0 else

= Fo;(zr) Z/)(Zi, t+ At)pi(zr) = Foj(zr)plzr, t + At)
i=2
) Fpler,t+At) ifj=n
o else

= (BA(t + At))j—l,l

With Bisa (n—1) x (n — 1) zero matrix except for B,,_1,-1 = F.

Let S, K, A be the (n — 1) x (n — 1) matrices with entries:

Si—1j-1 = <Da<P;a80;'>a Ki ;1= -7:<90i790;> and A;_y ;1 = <Da90¢,80;'>7 for
1,] =2,...,n.

Then, we get:

A zn:p(zmt‘f“At)(pw(pj = ((QM—f‘lS—K— %A"—B) A(t‘l—At))
2 P 7

o A" (t+ A1 05) = A" (E+ ADA(p1, 25)

atm g 1 / / /
= pa™(t + At) |:_<<;01a ©j) + ?<Da§01a w;) — Flp1,¢5)

i
/‘;%me +fw1<zF>soj(zF>}
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With ¢1(zr) = 0 and the inner products are equal to 0 unless j = 2. Hence:

ot + 1) [£p1,02) + L (Dagh, 0))
A (Pt + A1 95) = § = Flipr,wh) — M=(Dagpr, ) for j =2
0 else

1
Let vs(t) := p&™ (t4+At) [%%M + ?(Dawiw’ﬁ — Flp1,¢h) — 7 (Datpr, v5) | 1

to be a vector with length n — 1, then it follows that:

A (p2™(t + At)pr, ;) = (v3(t))j-1.1

3.2 Matrices of the System

For generating the matrices and the vectors described above, we derive expres-
sions for the following inner products in section 3.2.1 :

(i 05 ), (i@ ), ( Dais @5 ), ( Dl ), fori=1,... ,nandforj =2,...,n.
Then, we generate the matrices for non-uniform meshing in section 3.2.2 and for
uniform meshing in section 3.2.3.

3.2.1 Derivation of Inner Products

In this section, we will explicitly find the expressions for the following inner
prOdUCtS: < Pir >7 < 901790; >> < Da(ph@p;‘ >7 < Da(P;':QO;‘ >> for ¢ = 17 s 1 and for
j=2,...,n, taking into consideration four specific cases for each inner product:
j=i—1withi#1,2; j=14+1with ¢ # n; j =i # n and j = i = n, otherwise
the inner product will be equal to 0.

Also, the following Note 1 will be used for approximating the inner product
< Da@i? 90; >

Note 1. Given two continuous functions f(x) and g(x) with g(x) < 0or g(z) > 0,
we have from the Mean Value Theorem that:

b b
/fmmww#@/gMMmewm

and we can approximate f(c) to be f(c) ~ 3 [f(a)+ f(b)].
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L (i, 05 )
e forj=i—1landi#1,2:

“ foz—zi zm—2
( Pir P > = ( Pir Pi—1 > :/ Pipi—1dz = / ! dz
Zi_1 21 A1 T Ri—1 R T Ri—1

1 #
2
= — (z2; — 2° — zizi_1 + z2;-1)dz
(Zi - Z¢—1) Zio1
2 3 2 zi
1 z z n z
= —F | =2 — — — 2z2i1+ —2i1
(Z,L' — Zi,1)2 2 ‘ 3 o 2 ‘
Zi—1
1 23 23 22 22 23 23
[ 7 2 7 i—1 i—1 2 i—1
= —\ =T %zt %1 ——z+ + 2z —
(zi —20)2\ 2 3 77 2™ 2 73 el
3 2 2 3 3
_ 1 I it W s W P U (zi —21)° 2 — 2
(zi — 2i-1)®> \ 6 2 2 6 6(z; — 2zi—1)? 6
o forj=174+1and i #n:
B [ ds — Tz —z 2 d
(pispj ) = pispiy1 ) = PiPir10z = z
2 2 Zi4l T R R4l T &
1 Zi+1 9
= —2/ (ZZ¢+1 — Zi12i — 27+ zzi) dz
(zir1 — 2)* J.,
Zi+1
1 22 23 n 22
= SRl T ORRi41R T T T SR
(ZH-I Zz)2 2 3 2
2
1 23 23 22 22 23 23
i+1 2 i+1 141 i 2 2 7 %
= — Zi%— + %~ 2ttt
(zit1 — 2) 2 ey 2 2™ 1% T g T
3 2 2 3 3
— 1 <Zi+1 A e e G Z_i) _ GG —z)  zm—a
(Zz’+1 - Zi)2 6 2 2 6 6(Zi+1 - Zi)Q 6

o for j=i#mn:

z; Zit1
(i 03) = ( pinipi) = / Pz + / S

i—1 i
Zi _ i 2 Zi41 . _ 2
/ <—Z cic > dz + / (—z’“ Z) dz
21 \%i T Zi—1 2 Zi+l — %
o 1 (Z — Zi_l)g s 1 (Zi+1 — 2)3
N (Zz — Zi—1)2 3 (Zi+1 — ZZ')Q 3

Zi—1
(Zz' - Zi—1)3 (Zi—i-l - Zi>3 R T Zi-1 + 21— % R+l T Ri-1

- 3(21 — Zi,1)2 3(2i+1 — ZZ')2 - 3 3

2
Zi 141
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o forj=1=mn:

Zn Zn 2
Z = Zp-1
(@i, 05) = (©n> Pn) =/ prdz =/ (—) dz
Zn—1 Zn—1 Zn = Zn—1

Zn

1 1 ( >3 Zn — Zn—1
= ——— = (2 — 2z_ =
(Zn - Zn—1)2 3 ! 3
Zn—1
Hence, we have the following result for 7,7 =2,...,n:

ETEoL ] A2

6

29 — 21 A j=i+1i#n
) = ) is Y5 — 21—z X . 3.7
(©1,02) 6 (p ©5) ,+13 =L j—i4np (3.7)

Zn—Zn—1

3 j=1t=n

2. <90i,90; ):
o forj=¢—1and i #1,2:

(i ) = (i, Py ) —/

i—1 i—1

1 1 0 -1
- (Zz — Zi,1)2 |:§(Z B Zi_l) :| - 7
Zi—1
o for j =i+ 1 and i # n:
Zi4+1 Zi41 2z —z 1
5o ) = (o, ol = o dz = . d
<907%> i i) /z Pt /z Zitl T Zi Bitl T Zi :
Zit1
1 —1 9 1
B (zit1 — 2)? {T(ZZH =) ] _ 2
o for j =1 #mn:

Zi Zi+1
<90¢,<p;>=<90¢,<p2>=/ swéder/ pip;dz

i—1 i

/Zi S ! dz + /Zi+1 e B dz
21 A1 T Ri—1 % T Zi—1 2 i+l T R R4l —

7

Zi4+1

o 1 O 1 ~1 ,
C(m—zi)? {Q(Z %1) } _ (zit1 — 2)? { y (e =) } ,
1 1
= —_- — - = O
2 2
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o forj=1=mn:

- oz — Zna 1
Zn—1 Zn—1

Zn T Zn—1”n T An—1

1 {1 J 1
. 29
(Zn Zn 1) 1
Hence, we have the following result for 7,7 =2,... ,n:
Soj=i—1,i#2
1 I o j=i+li#n
Ly = = AR ’ 3.8
(P 02) = 5, (vi ¢)) 0 j—itn (3.8)

3. Dagﬁi,%‘ )
( Da%’,@; ) = /Da%‘@;dz

We can apply Note 1 by taking the continuous functions f(z) = D,(z) and
9(2) = (wi})(2) <0 or > 0 depending on 7 and j. After that, we will use
the results of (3.8) in the following specific cases:

o for j=¢—1and i #1,2:

( Dais ¢y ) = Datpis iy ) = / Dopip;_1dz
= 5[Dalei2) + Dala] (01,911 )
= —21Da(zi1) + Da(2)]
o for j =i+ 1 and 7 # n:
( Dawpi, 90;' ) Do, ‘P;H )= o Da¢i¢;+ld'z

Zi

~

[Da(2i) + Da(2i11)I{ @is #iy1 )

[Da(zi) + Da(2i11)]

{
1
2
1
4
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o for j=1#mn:

zZi Zi+1
< Do, <P; > = < Dy, 90; > = / Da@igp;dz + Da@igpgdz
1 1 1
~ —[Do(zi- Do(z)]——— | = (2 — 2i-1)°
51Dai1) + Daal s 5 — 50
Zi—1
- |®i+1
1 -1 —1 9
+ Q[Doz<zz> + Doz(zi+1)]—(zi+1 ) [7(Z¢+1 —z) J
1 1
= Z[Da(zi—l) + Da(2)] — Z[Da(zi) + Da(2i41)]
1
= Z[Da(zi—l) - Da(zi—l-l)]
o forj=1=mn:
< DaSOiaSO;' > = < Da(Pna(P;L > = / Da(ﬁngolndz
1
= §[Da(2n—1> + Da(20)]{ @ns 07, )
1
= Z[Da(zn%) + Da(zn)]
Hence, we have the following result for 7,7 =2,...,n:
D,(z)+ D,(z
( Datpr, 05 ) = ), 1 ( 2), (3.9)
( D,(zi_ Do (2 o .
— o(%i 1)4_'_ (%) j=i—1,i#2
Da 7 Da 7 . . .
| G+ Duliin) 5y i
( Dais @ ) = Da(2i1) — Dalzin) .. (3.10)
Da(zn—l) + Da(zn) .
\ 1 j=1=n

4. ( Dawp;, ; ):Since ¢} and ¢, are independent of z, we have:

<Da§0§,§0J SD’LSD]\/\D d’Z

which can be solved using the trapezoidal rule (fab f(@)dz ~ 3(b—a)(f(a) + f(b))) :
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o forj=¢v—1landi#1,2:

{ Doty @ ) = { Datpy, €51 / Doip;_1d

-1

[Do(zi-1) + Doz )]m

_ Da(zi,l) + Da(zi)

(Zz‘ - Zi—l)

N | —

2(21' — Zifl)
o for j =i+ 1 and ¢ # n:
/ / / i ! !
( Doy 0 ) = Datly @ip1 ) = Dopipi1dz
1 —1
§[D (2i) + Da(2i11)] i1 — 22 (zit1 — 2)
_ _Da(zi) + Da(zig1)
2(ziy1 — %)
o for j=i1#mn:
Z; Zi+1
{ Doty @ ) = ( Doy, @i ) = / Do p?dz + D, pPdz
1 Zi — Zi—1 1 Zi41 — %
~ 2 [Dazic1) + Dalzi)l 2= 4 2 [Da(z) + Do) — 2
2[ (Z 1) + (Z )] (Zi _ 2171)2 + 2[ (Z ) + (Z +1)] (Zi+1 — Zi)2
_ Da(Zi—l) + Da(zi) + Da(Zi) + Da<Zi+1)
2(z — zi-1) 2(zi41 — %)

o forj=1=mn:
( Doty ) = { Doty e, ) / Dopridz

1
o= e o )

—_

~ —[Do(2n-1) + Da(2n)]

_ Do(zn-1) + Do(2n)
2(zn — Zn-1)

(\V]
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Hence, we have the following result for i,7 =2,....n
Da(zl) + Da(ZQ)

Do, 0y ) = — '
< P71, Py > 2(22 — Zl) ) (3 ].1)
(
Dy (zi_ j
B a(zl 1)+Da(zz) j=1—1,1#2
2(zi — zi1)
_Da(z,;)—i-Da(ZiJrl) j=i+1,i#n
PN 2<Zi+1 — Zi) |
( Dagpi,(,ﬁj ) = Duo(zi—1) + Do(2i) . Da(z:) + Do(ziy1) . .
+ j=i#n
5 2(z; — ZZB) 271 — i)
a(zn—l) + a(zn) j = 1=n
L 2(zn - Zn—l)
(3.12)

3.2.2 Matrices for non-Uniform Meshing
Now, after finding these values, we are able to generate the vectors vy(t), vs(t)
and the matrices B, K, M, A and S assuming we have a non-uniform meshing.
e Vector vy (t):
Using the equation (3.7) and z; = 0, we get:

vi(t) = (oo™t + At) = g™ (1)) {1, e2)er

1
atm atm 0
= (P (t 4+ A1) = (1) (10 |
0 (n—1)x1
(paim(t 4+ At) = (1) =
_ 0
0 (n—1)x1

e Vector vs(t):
Referring to (3.7), (3.8), (3.9), (3. 11) and z; = 0, we get:

Q

“(Dasm,sdg)e
2)  —Du(z) = Da(z) F M.

v3(t) = pa™(t + At) (— ©1, P2) (Daso’l,w’z — Flp1,¢5) —

/\
m\

= p " (t+ At) 2f (29 — 21) 2 4f (Dalar) + Da(zg))) -
1
atm g Ma Jr 0
= pm(t + At) (@ —(2fz2+ 4f)(Da(0)+Da<22))—§) :
0

(n—1)x1
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g 1 M, F
am (4 At) | —z0 — D,(0) + D, - =
prnte+ a0) (Zooa = (o + 5000+ Dale) - T )
= 0
0 (n—1)x1
e Matrix B:
Bisa (n—1)x (n—1) zero matrix except for B, ,—1 = F, then:
0O ... 0
B=1|: .
o ... F (ne1)x (n1)
e Matrix K:
Kisa (n—1) x (n— 1) matrix with entries: K; ;1 = F(pi,¢}), for
i,7 =2,...,n. Hence, using the result of (3.8), we have:
Ki—1j-1 = F{pi, )
—1 ifj=i—1,i#2,
=F % ifj=i+4+1, i#norj=1=n,
0 else
We get then,
F
0 Z 0 0
7‘7 ]_‘ .
5 0 3
K=10o0 0
: —F F
: - 0 =
0 (2) =F z"
2 2/ (n—1)x(n-1)
e Matrix M:

M is a (n — 1) x (n — 1) matrix with entries: M; 1,1 = (¢, p;), for
i,7 = 2,...,n. Then, taking the results of (3.7) and defining h; to be the
distance between two consecutive points of the space i.e h; = z; — z;_1, we
have:

( h, e .
E if j=i—1, i#2,
Sl f =it 1,0 #n,
hithi e .
= +3+1 if j=1i+#mn,
b if j =i=mn,
L0 else



Which give us the matrix

hao+hs hs
S 8 0 0
hs hsthg ha :
6 3 6
: b1t hp—i1thn by
: 6 3 6
0 0 L
6 3/ (n—1)x(n—1)

e Matrix A:
Ais a (n—1) x (n — 1) matrix with entries: A; ;1 = (Daws, @), for
i,7 =2,...,n. Hence, using the equation (3.10), we get:

Aiij = (Dati, @;)
( _Da<Zi—1) + Do (%)

- i1, 042,
Do (2) + Da(zit1)

1 ifj=i+1, i#n,
= Da(zifl) - Da(ZiJrl)

- if j=i#n,
Do (z,— alZn e s
(#0-1) + Da(2n) if j=1=mn,
4
L0 else
We get then,
Do(21)  Da(22) 0 e 0
. | ~Dalz2) Da(z2)  Dalz) :
A== .. .. ..
1 0 . . : 0
: —Da(2n-2)  Da(2n-2) Dalzn-1)
0 . 0 _Da(zn—l) Da(zn—l) (n—1)x(n—1)
—Dq(23)  Da(zs) 0 S 0
] —Da(2’3) —Da(Z4) Da(z4) .
+ 4_1 0 . . e 0
_Da(zn—l) _Doé(zn) Da(zn)
0 . 0 —Da(zn) Da(2n) (n—1)x(n—1)
e Matrix S:

Sis a (n—1) x (n — 1) matrix with entries: S; 1,1 = (Day}, ¢}), for
i,7 = 2,...,n. Then, taking the results of (3.12) and h; = z; — z;_1, we
have:

Si-1,j-1 = (Dagp}s )
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( Da i— Da i
_ Dalzi1) + Da(2) ifj=i—1,i%#2,
2h;
Da(2i) + Dal(zi . .
_ Da(zi) + Da(2i41) =il idn,
2hi+1
= Doz T— Doc 7 Doz 7 Doz 7 - .
—{ Daeir) +Dul) | Dal) + Daliisr)
2h; 2hit1
Da(zn—l) + Da(zn) ifi=i=n
th J=1=n,
0 else
\
It follows that:
Do (21) D, (22) —Dq(22)
2h21 + Qh;,»2 2h3 : 0 e 0
7Da(22) Da(ZQ) + Da(ZS) 7DO¢(23)
2hs 2hs 2hg 2hg
S = 0 0
. *Da(zn—Q) Da(zn—Q) _|_ Da(zn—l) 7Da(zn—1)
2hn—1 th—lD ( )th D %hn )
—DalZn—1 alZn—1
0 U 0 2hn, 2hn (n—1)x(n—1)
Dq(z2) D (z3) —Dq(z3)
2h22 + 2h33 2hs ) 0 T 0
—Da(z3) Da(23) + Do (z4) —Dq(z4)
2h3 2hs3 2hy 2hy
+ 0 0
: _Da(znfl) Da(znfl) + Da(zn) _Da(zn)
. 2hpn_1 2hn,_1D (Z )th DQ}(LZ )
0 e 0 2hn 2hn, (n—1)x(n—1)

3.2.3 Matrices for Uniform Meshing

In this section we generate the vectors vy(t), v3(t) and the matrices B, K, M, A
and S assuming we have a uniform meshing i.e h; = h =constant.

So the vectors and matrices in section 3.2.2 independent of h; remain the same
and for the others, the h; will be replaced with h. Hence we have the following:

(G 4 A (% _ ( Lo, Ma) (Da(0) + Da(z2)) — J—D

2f22 4f
vs(t) = 0
0 (n—1)x1
atm _ atm @
(a7 0+ 1) — pi (1)) N
0 (t) = 0 B=|: s
0 0 _ (n—1)x(n—1)
(n—1)x1



0o Z 0 0 s 5 0 0
_F F : 1 2 1 .
= 0 3 6 3
0 0 M=h|o . . 0
: £ o £ : L2 1
' 2 6 3 6
- F % 1 1
0 0 5 3 (n—1)x(n—1) 0 0 5 3 (n—1)x(n—1)
Da<21) Da(Zg) 0 0
—Do(22) Dal(z2)  Dalz3)
0 ' 0
~Do(2n—2) Dalzn—2) Dal(zn-1)
0 0 _Da(zn—l) Da(zn—l) (n=1)x(n—1)
“Da() Dalz) 0 0
—Dq(23) —Da(24) Da(24)
0 ' 0
_Da(znfl) _Da(zn) Da<2n)
0 0 —Da(2n) Dal(zn) (n—1)x(n—1)
Do (21)+Da(22) —Da(22)
- 2h : 2h : 0 0
—Dq(22) Do (22)+Da(23) —Dq(23) .
2h 2h 2h
0 ' 0
: —Da(znfz) Da(Zn—2)+Da(Zn71) —Da(zn71)
' 2h W D))
0 0 —on T 2n 7 (n=1)x(n—1)
Da(z )+Da(z ) 7D04(Z )
2 o 3 = 3 0 0
—Dq(23) Dq (23)+Da(z4) —Dq(z4) .
2h 2h 2h
0 ‘ 0
: 7D&(Zn,1) Da(zn71)+Da(zn) *Da(zn)
' 2h _Di}l(zn) Do?én)
0 0 —on “2h 7 (a—1)x(n-1)
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3.3 Existence and Uniqueness of the Solution of
the Finite Element Euler-Implicit Discrete
System (3.6)

In this section, we show that the matrices of the system and especially for the
non-uniform meshing are either positive definite or symmetric positive definite
(spd). Then, we use this to prove the existence and uniqueness of the solution of
the system (3.6).

Remark. An m x m matrix, N, is positive definite <= ZTNZ > 0, VZ €
R™—{0}. Furthermore, N is called spd when it’s positive definite and symmetric
ie N = N.

Lemma 3.3.1. The matrix M is spd.
Proof.

MZ =

hy,
Zn—2 + FZn—l

hn—l
6

S
Zn_3 + (1—+

)

6

ho + hs hs

3
ho,
Z2
)7+

L 4n—2 +
Then, ZTMZ = (
(m+m

h
g Lyt

h

3
h

h
—z@+§z%+

)Z§+...+

h
_n D
3 1

hy
— 2y,
G 4243

hn—l + hn
3

hs + hy

(

hn—l
6

)Z22+

Zn—3Zn—2 + ( ZQ

n—2

h

b L ol A Ty Ty + — 72

6
hs

6

h
— 2212+

6
+ ...

h
_3212
6

hnfl
3

3

+
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h
207+ 2

hp—
Zn73Zn72 + TIZEL—Q +

3
h
72+ =72
3
I,
3

)

3%
I

3

hy hy

Ay 7 o4
Tyasty

2 hn
Zn—2 + ?Zn72Zn71 +

3 72+

2
Zn—l



Z2

2

h1+2

ha o hs 7272\ = )
Ry 74-21224-7 3 —l—; 3 Z+ZZ1+1+ZH_1)
n—2
ha hs hiro (27 72,
= =7+ —= | (Z1+ Z») - (Zi+ 2, Lt
6 +3<(1+2 )—1-1:2 3 5 + Zia)" + 9
Hence, for Z # 0, Z' M Z > 0 since it’s a summation of positive terms. And, it’s
clear that M is symmetric. Therefore, M is spd. O]
Lemma 3.3.2. The matrix K is positive definite and B is spd.
Proof.
f
2\ [0 37 0 0\ / z Z\ " Z
Zy % 0 f; : Zy T Zy —Zy+ Zs
2'K7Z = : 0 0 : =3 : :
Zn—2 =F 0 N Zn—2 Zn—2 —Znp-3+ Zn—l
Zn—l 0 8 =7 % Zn—l Zn—l —4Ln-—-2 + Zn—l
2 2
F
= 5(2122 — Z1Ziy+ ZnZy — ZoZs+ ... — Zn_3Zn-o~+ Zn-9Zy 1 — ZnoZn+ Z,_,
f
= 525_1 (3.13)
Z\ " 7 Z\ [ 0
Zy 0 0 Zy Zs 0
Z'BZ=| : z = :
Zn72 0 F Zn 2 Zn72 0
anl Zn 1 anl Fanl
=0+...+0+FZ2  =F72 | (3.14)
Since F > 0, the equations (3.13) and (3.14) are positives for Z > 0. Therefore,
K and B are positive definite. Also, it’s obvious that B is symmetric. Hence B
is spd. O]
Lemma 3.3.3. The matrix S is spd.
Proof. As shown in section 3.2.2, the matrix S is a summation of two matrices,
let’s call them S; and Sy. Then, Z1SZ = 275, Z + Z1 S, Z
First, let’s find Z75,Z.
Do (z1) D (22) —Dq(22)
ohy T 2h32 2h3 : 0 0 Z1
—Da(z2) Da(z2) | Da(zs)  —Da(zs)
2hs Sha T Tohs T Zy
S14 = 0 ' 0 :
. _Da(zn72) Da(zn 2) + Da(zn 1) _Da(znfl) Zn_Q
. 2hn_1 2hp ID ( )th b %hn ) Z 1
—DalZn—1 a(Zn—1 n—
0 0 —ohn oh,
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Da(zl) Da(ZQ) Zl i Da(ZQ)ZQ
2hs 2hs 2hs
DQ(ZQ) Da<22) Da(Zg) Da<Z3)
—— =7 Z VA
ohy T ( oy | 2hs )T Tomg P
Da(znf2) Da(zn72) ba(znfl) Da(znfl)
—_— 7 Lprg — ———— T
oh, . ( 2h 2, ST !
Da(zn—l) Da(Zn—l)
/A /N
oh, T !
Da(zl) Da(ZQ) Da<z2) Da(z2)
So, Z15,7 = 7% — v Zy — VAVA
0, 4791 ( ohy | 2hy ) 1T Tan, 1T Tap, 14
Do(22) | Da(23)) 2  Da(2s) Do (23)
— Lol — ZoZ
+< ohy | 2hy ) 2T Tang, 27T Ton, 2P
Da(z3) | Da(2) 2 Da(2n—2)
Z — /Ry
i ( oy oms )7 oh,
Da(Zn—Q) Da(zn—1> 2 Da(zn—l)
A Y/
o, 2h,, n-2 2h,, 2n=l
Da<zn—1) Da(zn—1> 2
/AR Y/ zZ:
o, 241 o d
Do(21) 5 | Da(22) 5 Dal(22) Do (22) 5  Dal(23) 5
= 7 75 — YAV Z. Z.
oh, AT o, 1T T, 2T o, 2 o, 22
Da(Z3) Da(Zg) 2 Da<zn72) Da(2n72)
— VAV 7 - 3 _—
e T Tom, By T Ton
Da(znfl) 2 Da(znfl) Doz(znfl) 2
— 7 - —— T o — 7
oh, T T 2n-1F o A
_ Z2 Z Zz+1 2T + i2+1
2h2 Rito 2 D)
Oc Zz 1 2
= 22 N Z— Z; 3.15
2h2 Z s 1) (3.15)
Now, we find Z7S,Z in a similar way.
Do (z Do (z —Dq (2
oo o
—Da(z3) Da(zs) 4 Dalz1)  —Dol(z)
2hs 2hs3 2hg 2h4
SoZ = 0 ’ 0
. _Da(znfl) Da(znfl) + Da(zn) Da(zn)
: M1 2hn 1 . )2hn D2,E; )
0 0 T Sh
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Then, Z1S,7 (
+

_|_

+

Do (2,
2hn—l

1)

D (2n) D (2n)

Zn—3 + (

D, (

Da(znfl) +

Da(zn)
2h,,

Dq

Zn—l

) Zn—2 -

anl

2h, 1 2h,,
De(2,)

2hy,

2h,

n—2

(23) Dq(23)

Da(ZQ) Z2

hz
Dq(z3)

2hs

2 JE—
) 2 2hs3
Da(z4>

2hs
Da (Z4)

D
D

a(z4>
Zy = g Zels =

D, (zn-1)

+
+

(
S
Da (201

2h4
> Z2+...— AR/

2hn—1

Da(zn)Z T

2hn—l
Do (zn)

)
2h, "7

+

Lin—22,
Do (23)

a(ZS)

2hs

Pz} 22,
Do(2n) ,z
2h,, -1

D, (z3)

2h,,

n—1 +

Do (23) Do (24)

AR AVARE 73 + VA

Qhy 1

2h2 22 Z h
2h2 Z2 Z h

hs 2hs

D _
Oé(Zn I)Zn—3Zn—2 +
hn 1
Da(2n
2h,

72
— 72 Z;
(2 +1+

2hy

Doz(z4)

2hn—1
o Da<zn)

h )ZZ 1

)

anQanl +

2
Zz-‘,—l

2

Zz+2

+2

Zz+2

(Z; — Ziy1)* (3.16)

1+2

Since D,, is a positive function, we get Z7.S,Z > 0 by (3.15), and Z1S,Z > 0
by (3.16) for Z > 0. Thus, Z'SZ > 0 for Z > 0. Plus, we have ST = S; and

SI'= 55,50 ST =

S and S is symmetric. Therefore, S is spd.

]

Lemma 3.3.4. The matrix A is positive definite assuming that D,, is a decreasing

function.

Proof. Like in section 3.2.2, we can split A into a summation of two matrices A
and AQ, SO ZTAZ = ZTA1Z + ZTAQZ.
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Let’s start by A;.

Da(Zl) Da(ZQ) 0 ce 0 Zl
—Da(ZQ) Da(Zg) Da(Zg) ZQ
1 .
A Z 3 0 0 :
. Da(zn 2) Da(zn—Q) Da<zn—1) gn—2
0 . 0 “Dulzn1) Dalzn_1)) \Zn-1
)Zl + D (ZQ)ZQ
1 —-D (ZQ)Zl + DQ<ZQ)Z2 -+ D ( )Z
_Da(2n72)Zn73 + Da<zn72)Zn72 + Da(zn71>Zn71
_Da(zn—l)Zn—2 + Da(zn—l)Zn—l
1
And, ZTA1Z :Z—l[DO((Zl)ZlQ + Da(22>21Z2 — DQ(ZQ)Z1Z2 + DQ(ZQ)ZQZ + Da<23)ZQZ3

+... = Da(zan)anBan2 + Da(2n72)22_2 + Da(znfl)anQanl

n

- Da(zn—l)Zn—QZn—l + Da(zn—l)Zi_l}

1
=1 (Da(21)Z; + Da(22) 23 + . ..+ Da(2n—2)Z5_y + Da(zn-1)Z5_,)

n

n—1
1
:ZL ZDQ<Z1)ZE (317)
=1
Now, we find Z7 A, Z.
—DQ(Z:;) Da(Z3) 0 . 0 Zl
—DQ(Z:J,) —Da(24) Da<Z4) Z2
1
3 —Dq(2n-1) Da( ) D, (z ) 2”—2
0 e 0 Da n Da n—1
_Da(z?))Zl + D (Zg ZQ
1 _Da(ZS)Zl —D (Z4>Zg + D
_Da(znfl)an?; - Da(zn>Zn 2 + D n n 1
_Dcx<zn)Zn—2 + Da( n

1
Then, ZT Ay Z :Z(—Da(zg)Z% + Do (23) 21 Zy — Do(23) 21 Zy — Do(24) 23 + Do(24) Z2 75
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+... - Da(2n71>Zn73an2 - Da(zn)Z1372 + Da(zn)anQanl
- Da(zn)Zn—QZn—l + Doz(zn)Zz_l)

1
=7 (=Da() 20 = Da(24)Zy = .. = Da(2)Z5_g + Da(20)Z;1)
1 n—2
:Z (Da(zn)Zz_l — Z DOC(Zl_A'_Q)ZlQ) (318)
=1

by (3.17) and (3.18), we have:

ZVAZ =77 A Z + ZT A Z

n—1 n—2
1 1
= > Dalz)Z] + i (Da(zn)zg_l > Da(ziH)Zf)
i=1 =1

n—

1

== ((Da(zn_l) + Do(20)) Z2_1 +

1 j(Da(Zz) _Da(zi+2)) Zz2>

1=

Since D, is a positive function then D, (z,-1) + Dua(z,) > 0 and if it’s also
decreasing, then D, (2;) — Dy (2i42) > 0fori=1,... ,n—2. Therefore, ZTAZ >0
for Z > 0. Hence, the matrix A is positive definite. m

Theorem 3.3.5. The Finite Element Euler-Implicit Discrete System (3.6) admits
a unique solution assuming that D, is a decreasing function.

Proof. Let’s take the matrix @/x; := M + At <%M + %S — K- %A + B) and

so (3.6) is equivalent to:

{mt/\(t + At) = MA(t) — vi(t) — Atwy(t) (3.19)

A(0) = A

Uniqueness of this system is obtained when @Zx, is invertible. And invertibility
of @Zp; is obtained if @7/, is positive definite. Which is done by showing that
ZYdnZ > 0,¥7 € R — {0}.

An; is a summation of the matrices M, S, K, A and B multiplied by positive
constants. Every matrix of this summation is proved to be positive definite by
the lemmas 3.3.1, 3.3.2, 3.3.3, and 3.3.4. Therefore, .@/x; is positive definite and
the system (3.6) admits a unique solution. O

3.4 Testing

In this section, we present the results of our numerical simulations implemented
using MATLAB. We test the direct problem for different meshing and while fixing
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the smallest mesh size, we compare the errors using these norms: L., norm, rel-
ative L., norm, Ls norm, and relative Lo, norm. First, we test it by taking At to
be of order h? i.e At = O(h?). Second, we test it using At = O(h). Finally, we
analyze the results obtained in both cases.

In the following testings, since we do not have the exact data, we will take
p(2) =0, Dyo(z) = —99.9982 + 100 a decreasing function, p®™(t) = 2t'/4 and the
following values for the constants mentioned in table 1.1:
zrp=1,f=0.2,0v=200,w,, =485, 7 =10, A\ = 0.03, M, = 0.04,9 = 9.8,

R =8.314,T,, = 260

3.4.1 Case 1: At = O(h?)

In this test, we will consider At to be of order h? and take four different meshing:
hi = %, he = 1—16, hy = 3% and hy = 6%1 and three end time: 77 = 1 Ty = 32 and
T3 = 128. By running the direct problem, Algorithm A.4, for each h;, we get the
value of the concentration pf, ;. And we test convergence on the space common
points (z.) at each end time T; for j = 1,2,3 by finding the error between each

Pon, and p p, for i < 4.

In the tables 3.1, 3.3 and 3.5, we are presenting the errors using the L., norm
and the relative L., norm. As for the tables 3.2, 3.4 and 3.6, we are presenting
the errors using the Ly norm and the relative Ly norm.

Pauni (20 T1) — Py (2, T1)
hi At; = O(h?) }|pg7hi(zc,T1)—pgyh4(zc,T1)||oo P%n Hpol - TS” 1||oo
a,hg \7Cs 00

1 1\
! <8) 0.1545 0.0772

2
1 (1> 0.0625 0.0313
16 16

2
1 (1> 0.0203 0.0101
32 32

Table 3.1: The L, and relative Ly, error at (z.,T1) with At = O(h?).
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1081, (Zes Th) = pop, (2 1)

hi | Aty = O3) | {25, (20 T1) = Pl (2 T, 195, Gz T,
é (;)2 0.2978 0.0755
T16 <116>2 0.1215 0.0308
3% (312>2 0.0399 0.0101

Table 3.2: The L, and relative Ly error at (z.,71) with At = O(h?).

Hp(ox,hi(zc’ TZ) - pg,h4(207 TQ) ||Oo

h; At; = O(h?) }|/)g7hi(zc,T2) - Pg,h4(207T2)||oo HPZ,M(%TZ)HDO
é <;)2 0.3674 0.0772
% (116>2 0.1487 0.0313
3% (312>2 0.0482 0.0101

Table 3.3: The L, and relative Lo, error at (z.,Ty) with At = O(h?).

||pg,hi (ZC7 TQ) - pg7h4<zc7 TQ) H2

hi | Ati=002) | (|6, (2o To) = g (20 T2 [0 e T
é (;)2 0.7082 0.0755
T16 <116>2 0.2891 0.0308
3% (312)2 0.0949 0.0101

Table 3.4: The L, and relative Lo error at (2., Ty) with At = O(h?).
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Pa zi(ZCaT) — Pa 4(207T)
b | 3000 | o) = e T, | R S DIL
a,hg \7Cs 00

1 1\’
3 <8) 0.5196 0.0772

2
i (1> 0.2102 0.0313
16 16

2
i (1> 0.0682 0.0101
32 32

Table 3.5: The L, and relative Lo, error at (z.,T3) with At = O(h?).

hi | Aty =O02) | [l6bn, (e Ts) = Pl (e T3], Hpg"hi(%’?)_pg’h“<ZC’T3)”2
| pa,h4(ZC7T3)H2

é <;>2 1.0016 0.0755

1*16 (116>2 0.4088 0.0308

% <312>2 0.1342 0.0101

Table 3.6: The L, and relative Ly error at (2., T3) with At = O(h?).

In all the tables , it’s clear that when h gets smaller for any end time, both
relative and absolute errors, for Ly and L., norms, are getting smaller. Adding
that for both norms, the relative error is even smaller than the absolute error and
it’s value didn’t change while T" increases. Based on these errors, we can see that
we have convergence for At = O(h?) in all different meshes knowing that we are
not computing with the exact data.

3.4.2 Case 2: At =0(h)

In this test, we will consider At to be of order h and take four different meshing:
hi = %, hey = 1—16, hy = 3% and hy = 6%1 and three end time: 77 = 1 Ty = 32 and
T3 = 128. By running the direct problem, Algorithm A.4, for each h;, we get the
value of the concentration pf ;. And we test convergence on the space common
points (z.) at each end time T; for j = 1,2, 3 by finding the error between each

Pon, and p . for i < 4.
In the tables 3.7, 3.9 and 3.11, we are presenting the errors using the L., norm

and the relative L., norm. As for the tables 3.8, 3.10 and 3.12, we are presenting
the errors using the Ly norm and the relative Ly norm.
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h; At; = O(h;) ||Pg7hl(zc, 1) — Pg,m(zc,Tl)Hoo Hpg,hi (]’PZZ (_zf,)%{i;ﬁj Tl)HOC
é é 0.1545 0.0772

%6 % 0.0625 0.0313

1 1

3 35 0.0203 0.0101

Table 3.7: The L., and relative Lo, error at (z.,71) with At = O(h).

1081, (zes T1) = p5p, (ze; Th) |
h; At; = O(h; 020 (zey Th) — %1, (2, T = e 2
(hi) H ,h1< 1) ,h4( 1)”2 HPZM(ZC,TQHQ

1 1

3 3 0.2977 0.0755

1 1 0.1215 0.0308

16 16 ' '

1 1
32 32 0.0399 0.0101

Table 3.8: The Ly and relative Lq error at (z.,77) with At = O(h).

b | A= O | [0, ) = e T Hp(HpT)(_p T)LT) B
é é 0.3674 0.0772
% % 0.1487 0.0313
3% 3*12 0.0482 0.0101

Table 3.9: The L., and relative Lo, error at (2., 1) with At = O(h).

R N L W e
é é 0.7082 0.0755
Tlﬁ 1%3 0.2891 0.0308
?12 3712 0.0949 0.0101

Table 3.10: The Ly and relative Ly error at (z.,T3) with At = O(h).
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o[-, [ L
é é 0.5196 0.0772

%6 % 0.2102 0.0313

1 1

35 35 0.0682 0.0101

Table 3.11: The L, and relative Lo, error at (z.,73) with At = O(h).

é é 1.0016 0.0755
1—16 1—16 0.4088 0.0308
3—12 3—12 0.1342 0.0101

Table 3.12: The L, and relative Ly error at (z.,T3) with At = O(h).

In all the tables , it’s clear that when h gets smaller for any end time, both
relative and absolute errors, for Ly and L., norms, are getting smaller. Adding
that for both norms, the relative error is even smaller than the absolute error
and it’s value didn’t change while 7" increases. Based on these errors, we can see
that we have convergence for At = O(h) in all different meshes knowing that we
are not comparing with the exact data.

3.4.3 Analysis of the Results

By looking at all the tables above, and the fact that these are not the exact data,
we can see that the errors are too small and we have convergence in all cases.
Also, by comparing respectively the tables 3.1, 3.2, 3.3, 3.4, 3.5 and 3.6 to the
tables 3.7, 3.8, 3.9, 3.10, 3.11 and 3.12, it’s clear that the errors are exactly the
same. Hence, we conclude that there is no difference between taking At to be
of order h or of order h? for any end time. So, for efficiency, we will consider
At = O(h) in the rest of the thesis.
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CHAPTER 4

FORMULATION AND
IMPLEMENTATION OF THE INVERSE
PROBLEM

In this chapter, we attempt to find the inverse problem and handle it numerically
by minimizing the objective function using a MATLAB function called fmincon.

4.1 The Objective Function

The ultimate goal of this thesis is to determine the diffusion coefficient D,, of
a particular gas, using data from measurements p%(z,7T), z € (0, zr) made of
several gases at the end time T
We stated in the introduction, section 1.2, that the the diffusion coefficients D,,
is given by:

Da(z) = raCfDCOQ7aZ'T<Z> (4.1)

where ¢y and r, are known constants.
Thus, when Dcog qir is found, all other D,’s can be then obtained. We seek then
D(2) = Dco2,4ir(2) € Xe:={v € C(0,2F) |v > 0}.

Let pg([?; ., T) be the unique solution of the direct problem at the end time
T,V¥D € X,, and % meas(-» T') be the measured concentration at the end time 7.
As mentioned in the introduction, the inverse problem is equivalent to an opti-
mization problem with the following objective function:

vDe X V(D) =Y | i

a€esS

pg(b; 7T) - pgx,meas(‘?T)Hz
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where S is the set of all the gases in the Firn.
So we seek D € X, such that:

V(D) = min V(D)

DeX.

For computational purpose, we introduce h, At and then define pf A T) as
the solution of the direct problem for a given D, since we don’t have the exact
data.

Take this pf, , o, = pa, the approximated and generated solution of the direct
problem with the generated diffusion coefficient D,. The objective function then
becomes:

~ ~ ~ 2
VD € Xep: Viar(D) = 3 ’ Popne(Di o T) = p2 (., T)

a€esS

2

with X, C X, the set of all piecewize continuous positive functions.
So we seek D € X, such that:

Viat(D) = min Vi a(D) (4.2)

DEXc,h

4.2 Implementation: Use of MATLAB fmincon

Before solving an optimization problem, one must choose the appropriate MATLAB
function. Based on [7], there are five functions to solve a nonlinear optimization
problem:

1. fminbnd: Find minimum of single-variable function on fixed interval.
2. fmincon: Find minimum of constrained nonlinear multivariable function.

3. fminsearch: Find minimum of unconstrained multivariable function using
derivative-free method.

4. fminunc: Find minimum of unconstrained multivariable function.

5. fseminf: Find minimum of semi-infinitely constrained multivariable non-
linear function.

In this problem (4.2), we will use the MATLAB function fmincon since we have a
constrained nonlinear multivariable function.
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4.2.1 Description of fmincon

In general, the function fmincon starts at zy and attempts to find a minimizer x
of the problem specified by

(¢(z) <0
ceq(z) =0

min f(z) such that { A.x <b

: Aeq.x = beq

\lb <z <ub

with b and beq are vectors, A and Aeq are matrices, b and ub can be passed as
vectors or matrices, zo can be a scalar, vector, or matrix, ¢(z) and ceq(z) are
functions that return vectors, and f(z) is a function that returns a scalar. f(x),
c(x), and ceq(x) can be nonlinear functions.

In our problem, x is D and f(z) is V(D) and we only need D to be positive. So,
[b = 0 and no need for the other inputs (c(z), ceq(z), A, Aeq, b, beq and ub).

fmincon have five algorithm options: interior-point, sqp, sqp-legacy, active-set
and trust-region-reflective. We will use in this thesis just these two algo-
rithms:

1. interior-point: Interior point methods or barrier methods are a cer-
tain class of algorithms to solve linear and nonlinear convex optimization
problems. Violation of inequality constraints are prevented by augmenting
the objective function with a barrier term that causes the optimal uncon-
strained value to be in the feasible space.

2. sgp: sqp methods solve a sequence of optimization subproblems, each of
which optimizes a quadratic model of the objective subject to a linearization
of the constraints. If the problem is unconstrained, then the method reduces
to Newton’s method for finding a point where the gradient of the objective
vanishes. If the problem has only equality constraints, then the method
is equivalent to applying Newton’s method to the first-order optimality
conditions, or Karush-Kuhn—-Tucker conditions, of the problem.

4.2.2 Tolerance and Stopping Criteria

The number of iterations in an optimization depends on a solver’s stopping crite-
ria. These criteria include several tolerances one can set. Generally, a tolerance
is a threshold which, if crossed, stops the iterations of a solver.

The stopping criteria of the algorithms interior-point and sqgp is the same and
depends on the StepTolerance and OptimalityTolerance.
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The StepTolerance is a lower bound on the size of a step, meaning the rela-
tive norm of (x; — x;41). If the solver attempts to take a step that is smaller than
StepTolerance, the iterations end. The default value for all algorithms except
interior-point is 107°, for the interior-point algorithm, the default is 1071°.

The OptimalityTolerance is a tolerance for the first-order optimality measure.
If the optimality measure is less than OptimalityTolerance, the iterations end.
The default value is 107%. For more details on first-order optimality measure,
refer to [7] on pages 3-11.

4.3 'Testing

In this section, we present the results of our numerical simulations implemented
using MATLAB. We test the inverse problem, Algorithm A.5, using the MATLAB func-
tion fmincon for different meshing, algorithms, and initial vector guess. Then,
we compare the errors using the relative and absolute Lo norm.

In this thesis, since we do not have the exact data, we will consider 3 « gases,
ro = [1, 2, 3], ¢ = 0.5 and generate the decreasing diffusion coefficient
Dy(z) = —99.998z + 100. By applying (4.1), we get the generated decreasing
function D, 4(2) = rocrDy(2), and the other needed values are taken the same
as in section 3.4. Following that, we run the direct problem, Algorithm A.4, that
outputs pg, (2, T), the generated concentration of each gas v at the end time T'.

Our aim here is to compare the error between the D, ,’s generated and the D,’s
computed. Since both of these diffusion coefficients are obtained using (4.1), then
this error will be the same as the error between D, generated and D computed.

4.3.1 Case 1: Initial Vector Guess Dy =0 and T =1

In this test, we found our goal D by minimizing the objective function starting
by the initial vector guess Dy = 0 using the MATLAB function fmincon with an
OptimalityTolerance = 10~® and by taking the end time 7" = 1.

In the table 4.1, we are presenting, for 4 different meshes, the following results:
the number of iterations, the time needed to achieve the minimum using tic-toc
functions, the relative L, error between D and Dy, and V(D) the value of the
objective function at D once using the sqp algorithm and once again using the
interior-point algorithm.
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sqgp algorithm interior-point algorithm
h D—-D D—-D
iter | time (/s) 1D = Dyl V(D) iter | time (/s) 1D = Dyl V(D)
1Dyl 1Dyl
1
1 75 | 0.145518 | 0.000034 | 6.2375e-15 || 75 | 0.230846 0.1635 1.3278e-13
1
3 132 | 0.490532 | 0.000036 | 1.6449e-13 || 148 | 0.788748 0.1036 4.3088e-13
1
16 303 | 3.368427 | 0.000154 | 3.9819e-12 || 291 | 3.434006 0.0528 2.2870e-11
1
32 1216 | 54.397609 | 0.080742 | 3.7647e-07 || 570 | 25.226179 0.0074 8.0227e-09

Table 4.1: Number of iterations (iter), time taken to find the minimum , rela-
tive error, and value of V(D) for each mesh using the two algorithms sqp and
interior-point with Dy =0 and 7' = 1.

The results in this table indicate:

e In sqgp, the number of iterations increases for smaller A, while it remains
moderate in interior-point. For h = %, the number of iterations is the
same for both algorithms. In sqgp, the number of iterations is smaller than
that in interior-point for h = %, and it’s the other way around for h = %.
In the case h = %, the number of iterations is 2 times greater in sqp than

in interior-point.

e In sqp and interior-point, the time needed to attend the minimum is
increasing while h decreases. We can see that sqp is the fastest method by
looking for example at the case h = %: interior-point and sqp have the
same number of iterations, but sqp takes less time.

e On the other hand, the relative error is decreasing in interior-point and
increasing in sqp. And for h = }1, %, %, the relative error is smaller in sqp

method than that in interior-point, while it’s the other way around for

h=s5.

e In both algorithms, the value of the objective function at D is very small
and increases for h smaller.

Based on the above observations and taking into consideration all of the following
factors: time, relative error, and number of iteration, we can conclude that the
interior-point method performs better for a small mesh size (h = %) while
the sqp method works better for a larger mesh size h.

In figures 4.1, 4.2, 4.3 and 4.4, we plot D, and D obtained using sqp algorithm
(4.1a, 4.2a, 4.3a, 4.4a) versus interior-point algorithm (4.1b, 4.2b, 4.3b, 4.4b)
for decreasing mesh sizes. Furthermore in the figure 4.5, we present the absolute
error ||D — D,||, for every h.
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Figure 4.1: D and D, for h = }l with Dy =0 and T = 1.
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Figure 4.3: D and D, for h = % with Dy =0 and T' = 1.
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Figure 4.5: The absolute Ly error: ||D — D,l|; with Dy =0 and T = 1.

Based on all the figures of this case, it’s clear that in the interior-point method,
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when h gets smaller, D, and D coincide and the absolute error |D — D,||» gets
smaller. While in sqp, D, and D coincide for the first 3 meshes and by looking
to the figures 4.5a and 4.5c, the absolute error strongly decreases from h = 3%
to h = 1—16 and continue decreasing moderately to h = i. Also, by respectively
comparing figures 4.5a and 4.5¢ to 4.5b and 4.5d, we can observe that in the first
3 meshes the absolute error is 343 to 4800 times smaller when applying sqp than
that when applying interior-point, while it’s 11 times smaller when applying
interior-point than that when applying sqgp in the last mesh. Noticing also

that D and D, are both decreasing functions in all figures.

4.3.2 Case 2: Initial Vector Guess Dy— Random and 7T =1

In this test, we found our goal D by minimizing the objective function for end
time 7" = 1 using the MATLAB function fmincon with an Optimality Tolerance =
1078 and a starting vector guess Dy which is a random vector of length % +1
with entries between 0 and 100 i.e Dy =100*rand(; + 1,1).

In the table 4.2, we present, for 4 different meshes, the number of iterations and
time needed to achieve the minimum, the relative Ly error between D and D,,
and V(D) the value of the objective function at D once using the sqp algorithm
and once again using the interior-point algorithm.

sqp algorithm interior-point algorithm
h D—-D D—_D
iter | time (/s) 1D = D, V(D) iter | time (/s) 1D = Dylly V(D)
1Dyl | Dgll,

72 | 0.083194 0.0016 1.8527e-15 || 79 | 0.107577 0.1410 4.2164e-14

146 | 0.251943 0.0095 2.9692e-12 || 154 | 0.308407 0.1063 6.2101e-13

291 | 1.533312 0.0025 3.6316e-09 || 282 | 1.663420 0.0446 1.8178e-11

640 | 13.639654 0.0293 1.1850e-07 || 636 | 14.151535 0.0209 5.9908e-08

S‘H;‘HOO‘?—‘V’;‘)—‘

Table 4.2: Number of iterations (iter), time taken to find the minimum, rela-
tive error, and value of V(D) for each mesh using the two algorithms sqp and
interior-point with Dy= random and 7" = 1.

The results in this table indicate:

e The number of iterations increases for smaller i in both algorithms. Notic-
ing that for every h, the difference in the number of iterations between sqp
and interior-point does not exceed 10.

e In sqp and interior-point, the time needed to attend the minimum is
increasing while h decreases. We can see that sqp is the fastest method by
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looking for example at the cases h = % and %: the number of iterations

in sqp is bigger than the number of iterations in interior-point, but sqp
takes less time.

As for the relative error, while h decreases, it increases in sqp (except for
h = %) and decreases in interior-point. And for h = i, %, %, the relative
error is 11 to 88 times smaller in sqp method than that in interior-point
method, while the relative error for h = 3—12 is smaller in interior-point
than that in sqp with a slight difference in the values. For that, convergence
in relative norm appears to be slightly better in the last mesh when applying
the interior-point algorithm, while it’s much better in the larger meshes

when applying the algorithm sqp.

In both algorithms, the value of the objective function at D is very small
and increases for h smaller.

Based on the above observations and taking into consideration all of the following
factors: time, relative error, and number of iteration, we can conclude that the
interior-point method performs slightly better for a small mesh size (h = 3%)
while the sqp method performs much better for a larger mesh size.

In figures 4.6, 4.7, 4.8 and 4.9, we plot D, and D obtained using sqp algo-
rithm (4.6a, 4.7a, 4.8a, 4.9a) versus interior-point algorithm (4.6b, 4.7b, 4.8b,
4.9b) for decreasing mesh sizes. Furthermore in the figure 4.10, we present the
absolute error ||D — Dyl for every h.
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Figure 4.6: D and D, for h = i with Dy =random vector and 7" = 1.
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Figure 4.7: D and D, for h = % with Dy =random vector and 7' = 1.
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Figure 4.8: D and Dy for h = %6 with Dy =random vector and 7" = 1.
100 . . ‘ ‘ 100
D D
g g
80 - DI 80 - b
60 - : 60 -
40+ 1 40+
20+ 1 20+
0 : : : : 0 : : : :
0 02 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8 1
(a) sqp algorithm (b) interior-point algorithm

Figure 4.9: D and D, for h = 55 with Dy =random vector and T' = 1.
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Figure 4.10: The absolute Lq error: ||D — D,||, for all meshes for Dy =random
vector and 1" = 1.

Based on all the figures of this case, it’s clear that when A is smaller, D, and D
coincide and the absolute error ||[D — D,||5 is smaller in interior-point. While
in sqp, D, and D coincide in the first 3 meshes and the absolute error decreases

in general when h increases (there is a shift for h = %) Also, By comparing
the figures 4.10a and 4.10b, we can observe that in the 3 meshes (h = ;11, %, %6)

the absolute error is the smallest when applying sqp while it’s the smallest when
applying interior-point in the remaining mesh (h = 35). Noticing also that D
and Dy are both decreasing functions in all figures.

4.3.3 Case 3: Initial Vector Guess Dy =0 and T = 128

In this test, we found our goal D by minimizing the objective function starting
by the initial vector guess Dy = 0 using the MATLAB function fmincon with an
OptimalityTolerance = 10~® and by taking the end time T = 128.

In the table 4.3, we are presenting, for 3 different meshes, the following results:
the number of iterations, the time needed to achieve the minimum using tic-toc
functions, the relative Ly error between D and Dy, and V(D) the value of the
objective function at D once using the sqp algorithm and once again using the
interior-point algorithm.
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sqp algorithm interior-point algorithm
h D—-D D—-D
iter | time (/s) 1D = D, V(D) iter | time (/s) 1D = D, l, V(D)
1Dl 1Dl
1
1 54 | 3.822339 0.000033 | 5.9323e-16 || 73 | 5.478392 0.2106 8.3478e-13
1
3 135 | 33.137444 | 0.000034 | 3.1353e-14 || 109 | 26.318065 0.1059 1.2162e-13
1
6 556 | 517.441185 | 0.085723 | 7.0749e-12 || 234 | 215.194905 0.0506 1.2001e-13

Table 4.3: Number of iterations (iter), time taken to find the minimum , rela-
tive error, and value of V(D) for each mesh using the two algorithms sqp and
interior-point with Dy =0 and 7" = 128.

The results in this table indicate:

e In sqp, the number of iterations increases for smaller h, while it remains
moderate in interior-point. For h = }l, the number of iterations is 1.3
times smaller in sqp than that in interior-point, and it’s the other way

around for h = %. In the case h = 1—16, the number of iterations is 2 times

greater in sgp than that in interior-point.

e In sqp and interior-point, the time needed to attend the minimum is
increasing while h decreases.

e On the other hand, the relative error is decreasing in interior-point and
increasing in sqp. And it’s 6382 to 3115 times smaller for h = , £, and 1.7
times greater for h = %6 in sgp than that in interior-point.

e In both algorithms, the value of the objective function at D is very small
and increases for h smaller.

Based on the above observations and taking into consideration all of the following
factors: time, relative error, and number of iteration, we can conclude that the

interior-point method performs better for a moderately fine mesh (h = 1)
while the sqp method works much better for a coarse mesh (h = %, %)

In figures 4.11, 4.12 and 4.13, we plot D, and D obtained using sqp algorithm
(4.11a, 4.12a, 4.13a) versus interior-point algorithm (4.11b, 4.12b, 4.13b) for
decreasing mesh sizes. Furthermore in the figure 4.14, we present the absolute
error ||D — D,||, for every h.
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Figure 4.11: D and D, for h = i with Dy =0 and T = 128.
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Figure 4.12: D and D, for h = % with Dy =0 and T = 128.
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Figure 4.13: D and D, for h = % with Dy =0 and T' = 128.
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Figure 4.14: The absolute Ly error: ||D — D,l|; with Dy =0 and T' = 128.

Based on all the figures of this case, it’s clear that in the interior-point method,
when h gets smaller, D, and D are getting close to each other and the absolute
error ||D — D,||2 gets smaller. While in sqp, D, and D coincide for the first 2
meshes and by looking to the figures 4.14a and 4.14c, the absolute error strongly
decreases from h = 1—16 to h = % and continue decreasing moderately to h = i.
Also, by respectively comparing figures 4.14a and 4.14c to 4.14b and 4.14d, we
can observe that in the first 2 meshes the absolute error is 3100 to 6408 times
smaller when applying sqp than that when applying interior-point, while it’s
1.7 times smaller when applying interior-point than that when applying sqp
in the last mesh. Noticing also that D and D, are both decreasing functions in

all figures.
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4.3.4 Case 4: Initial Vector Guess Dy— Random and T =
128

In this test, we found our goal D by minimizing the objective function for end
time T" = 128 using the MATLAB function fmincon with an Optimality Tolerance
= 1078 and a starting vector guess Dy which is a random vector of length % +1
with entries between 0 and 100 i.e Dy =100*rand(; + 1,1).

In the table 4.4, we present, for 3 different meshes, the number of iterations and
time needed to achieve the minimum, the relative L, error between D and D,
and V(D) the value of the objective function at D once using the sqp algorithm
and once again using the interior-point algorithm.

sqp algorithm interior-point algorithm
h D—-D D—-D
iter | time (/s) 1D = Dyl V(D) iter | time (/s) 1D = Dyl V(D)
1Dyl 1Dyl
1
1 66 | 5.209564 0.000033 | 4.4347e-14 || 77 | 6.656901 0.2043 8.8150e-14
1
3 130 | 29.404124 0.007089 | 3.2351e-15 || 138 | 32.605684 0.0885 7.5593e-14
1
6 244 | 220.356993 | 0.084686 | 2.0513e-13 || 279 | 258.64994 0.0535 5.3287e-12

Table 4.4: Number of iterations (iter), time taken to find the minimum, rela-
tive error, and value of V(D) for each mesh using the two algorithms sqp and
interior-point with Dy= random and 7" = 128.

The results in this table indicate:

e The number of iterations increases for smaller h in both algorithms. Notic-
ing that for every h, the difference in the number of iterations between sqp
and interior-point does not exceed 35.

e In sqp and interior-point, the time needed to attend the minimum is
increasing while h decreases.

e As for the relative error, while h decreases, it increases in sqp and decreases

in interior-point. And it’s 13 to 6191 times smaller for h = }1,% in sqp
method than that in interior-point method, while the relative error for
h = 1—16 is 1.7 times smaller in interior-point than that in sqp.

e In both algorithms, the value of the objective function at D is very small
and increases for h smaller.

Based on the above observations and taking into consideration all of the following
factors: time, relative error, and number of iteration, we can conclude that the
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interior-point method performs better for a moderately fine mesh while the
sgp method performs much better for a coarse mesh.

In figures 4.15, 4.16 and 4.17, we plot D, and D obtained using sqp algorithm
(4.15a, 4.16a, 4.17a) versus interior-point algorithm (4.15b, 4.16b, 4.17b) for
decreasing mesh sizes. Furthermore in the figure 4.18, we present the absolute
error ||D — D,||, for every h.
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Figure 4.15: D and D, for h = i with Dy =random vector and T = 128.

120 120
100 Eg 100 Eg
80 80
60 60
40 40
20 20
0 - - - - 0 - - -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) sqp algorithm (b) interior-point algorithm

Figure 4.16: D and D, for h = % with Dy =random vector and 7" = 128.
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Figure 4.17: D and D, for h = 1—16 with Dy =random vector and 7" = 128.
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Figure 4.18: The absolute Lq error: ||D — D,||2 for all meshes for Dy =random
vector and T = 128.

Based on all the figures of this case, it’s clear that when A is smaller, D, and
D are getting close to each other and the absolute error |[D — D,||, is smaller
in interior-point. While in sqp, D, and D coincide in the first 2 meshes and
the absolute error decreases in general when h increases. Also, By comparing
the figures 4.18a and 4.18b, we can observe that in the 2 meshes (h = i, %) the
absolute error is the smallest when applying sqp while it’s the smallest when
applying interior-point in the remaining mesh (h = %) Noticing also that D
and D, are both decreasing functions in all figures.

4.3.5 Analysis of the Results

According to the observation of all the figures and tables, either starting by 0
or a random vector in the first 3 meshes for 7' = 1 and the first 2 meshes for
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T = 128, we conclude that by an acceptable number of iterations, the sqp method
achieves the best convergence in both relative and absolute norms comparing to
the interior-point method.

Now by taking the last mesh in the cases 1, 3 and 4, the interior-point method
gives a much better convergence in both norms than that in the sqp method and
also uses an acceptable number of iterations. While by taking the last mesh in
case 2, and by an acceptable number of iterations, the interior-point method
gives a slightly better convergence in both norms than that in the sqp method.
Furthermore, we conclude that the fastest algorithm in terms of time needed to
find the minimum is sqp .

Hence, in both cases, one should apply for h = % with 7" = 1 and for h = %

with 7' = 128, the interior-point algorithm to fmincon while apply the sqp
algorithm to fmincon for a bigger A in the two end times.
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CHAPTER 5

CONCLUSION

In this thesis, we studied the direct and the inverse problem of a time-dependent
partial differential equation on one-space dimension [0, zr| with Dirichlet and
mixed boundary condition.

First, we handled the theoretical and numerical study of the direct problem.
In the theoretical part, we have reformulated the problem using a semi-variation
method and shown the existence and uniqueness of its solution. As for the nu-
merical part, we have discretized the problem in time and space and proved the
existence and uniqueness of the obtained discrete system. Following that, we de-
veloped an efficient and fast solver using MATLAB for the direct problem and test
it with generated data. This solver has given us convergence and while analyz-
ing the results, we have concluded that taking At = O(h) is the same as taking
At = O(h?), noting that At = O(h) will be the efficient choice.

Second, we have studied the numerical part of the inverse problem. For that,
we have introduced fmincon, the MATLAB function, and two of its algorithms.
Hence, we have used this function for the implementation that has recovered the
diffusion coefficient Deog 4ir and hence recovered all the D, ’s. After the analysis
of the obtained results, we have concluded:

For the 3 meshes h = }1, %, % with 7" = 1 and for the 2 meshes h = }1,% with
T = 128, applying the algorithm sqgp to fmincon gives the best performance in
terms of time, relative and absolute norms, and number of iterations.

On the other hand and in terms of the same factors, for h = % with T' = 1,
applying the interior-point method to fmincon yields slightly better perfor-
mance than that in the other method when Dy = random vector and a much
better one when Dy = 0.

And for h = % with T" = 128, the best performance is obtained while applying
the interior-point method to fmincon for both initial vector guess.

And in all the cases, we have seen that the obtained Dcog i is a decreasing

function and so are all the D,’s.
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Future work may be another method of discretization in time for the direct
problem like the Crank-Nicolson scheme. Also, it may be the theoretical study
of the inverse problem and the existence and uniqueness of its solution.
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APPENDIX A

MATLAB CODES

A.1 Function NODES

o0 o© o o° O° A A° A° A° O O o o° o°

this function generates the vectors z, iB, t and the number m which takes
as input:

H: the uniform partition size

a: first position in space

b: last position in space

dt: the partition for time

T: the end time

outputs:

z: vector of the space points

iB: is a boundary condition identifier, if index i correspond to Dirichlet
boundary then iB(i)=1, otherwise iB(i)=0 needed to identify the knowns and
unknows of the system

m: number of meshing point for time

t: vector of time points

function [z, iB,m,t]=NODES (H,a,b,dt,T)

t=
m=length (t);
7=

O0:dt:T;

a:H:b;

iB=zeros (length(z),1);
iB(1)=1;
end
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A.2 Function COEFFc

this function generates the matrices M and K of the system which takes as
input:

h: vector of length n-1 with entries the distance between consecutifs z;'s
(h(i-1)=z(i)-z(i-1))

n: number of meshing points and n-1 intervals

F: constant needed in the generation of matrix K

outputs:

M and K: nxn sparse matrices (without taking into consideration that

z1 1is given)

function [M,K]=COEFFc (h,n,F)

I=zeros (3*n-4,1);

J=zeros (3*xn-4,1);

MIJ=zeros (3*n-4,1);

KIJ=zeros (3*n—-4,1);

o° o° o o° o° d° d° o oP

pt=0;
for i=2:n-1
pt=pt+1;

I(pt)=1i; J(pt)=i-1;
MIJ (pt)=h(i-1)/6; KIJ(pt)=-F/2;
pt=pt+1;
I(pt)=1i; J(pt)=1i;
MIJ(pt)=(h(i-1)+h(i))/3;
pt=pt+1;
I(pt)=i; J(pt)=1i+1;
MIJ (pt)=h(i)/6; KIJ(pt)=F/2;
end
pt=pt+l;
I(pt)=n; J(pt)=n-1;
MIJ (pt)=h(n-1)/6; KIJ(pt)=-F/2;
pt=pt+1l;
I(pt)=n; J(pt)=n;
MIJ (pt)=h(n-1)/3; KIJ(pt)=F/2;
M=sparse (I,J,MIJ);
K=sparse (I, J,KIJ);
end

66



© W N O s W N =

Wow oW W W oW W W oW W N NN N NN NNNN 2 e e R e e e e e
© »®» I D AR X W R O ©®© W N0 R W N R O ©® W N U W N = O

A.3 Function COEFFv

this function generates the matrices A and S of the system which takes as
input:

h: vector of length n-1 with entries the distance between consecutifs z;’s
(h(i-1)=z(i)-z(i-1))

n: nomber of meshing points

Da: vector of length n with entries diffusion coefficient Da (i) at
position z (i)

outputs:

A and S: nxn sparse matrices (without taking into consideration that

21 1is given)

function [A,S]=COEFFv (h,n,Da)

I=zeros (3*n-4,1);

J=zeros (3*xn-4,1);

SIJ=zeros (3xn-4,1);

AlJ=zeros (3*n-4,1);

o o° o° o o° J° d° A° o oP

pt=0;
for i=2:n-1
pt=pt+1;
I(pt)=i; J(pt)=1i-1;
AIJ(pt)=(-Da(i)-Da(i-1))/4;
SIJ(pt)=(-Da(i)-Da(i-1))/(2xh(i-1))
pt=pt+1;
I(pt)=1i; J(pt)=
AIJ (pt)=(Da(i-1)-Da(i+1))/4;
SIJ(pt)= (Da(i—1)+Da( ))/(2*h(i—1))+(Da(i+1)+Da(i))/(Z*h(i));
pt=pt+1-
T(pt)=1; J(pt)=1i+1;
AIJ(pt) Da (i) +D (l+l))/4;
SIJ(pt)= ( Da (i) -Da(i+1))/ (2xh(i));
end
pt=pt+1;
I(pt)=n; J(pt)=n-1;
AIJ (pt)=(-Da(n-1)-Da(n))/4;SIJ(pt)=(-Da(n)-Da(n-1))/(2xh(n-1));
pt=pt+1;
I(pt)=n; J(pt)=n;
AIJ (pt)=(Da(n-1)+Da(n))/4;SIJ(pt)=(Da(n)+Da(n-1))/(2xh(n-1));

A=sparse(I,J,AIJd);
S=sparse (I, J,SI1J);
end
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A.4 Function DirectPb

at

i.
M

H:
a:
b:

T:

V:

0 0 o° o O O O A A A° A O A o o oe

v0:

dt:

input:
Da:

position z (1)

e value of p(l,7)

and K: n*n spareses matrices
the uniform partition size
first position in space
last position in space

the partition for time

the end time

Gf, fl, Maf and F: constants
outputs:

nxm matrix with entries the concentration p¢ at all
positions of z (i) and t (7j)
function[V]=DirectPb (Da,v0,M,K,H,a,b,dt,T,Gf, fl1,Maf,F)
n= (b

-a) /H+1;

[z,1iB, m]=NODES (H,a,b,dt,T);
h=zeros (n-1,1);

h(l:

v3=1/6xGEfxz (2)—(Da(l)+Da(2))*(1/ (2*z (2))*«fl+1/4xMaf)-F/2;

vli=z

n-1)=z(2:n)-z(l:n-1);

(2)/6;

B=zeros(n,n); B(n,n)=F;
[A, S]=COEFFv (h,n,Da);

S=fl

*S;

A=MafxA;

VNK=

find (iB==0) ;

V=zeros (n,m) ;

v(1,
Vli=z
V3=z

:)=v0;
eros(n—-1,1);
eros(n-1,1);

AG=M+dt * (GE«M+S—K-A+B) ;
AA=AG (VNK, VNK) ;
[L,U]l=1u(AR);

M=M (VNK, VNK) ;

for

end
end

j=1l:m-1
V1(1,1)=(v0(3+1)-v0(3))*vl;
V3(1,1)=(v0(3+1))*Vv3;
RHS=M*V (VNK, j) -V1-dt*V3;

V (VNK, j+1) =U\ (L\RHS) ;

this function generates the matrix V which takes as
vector of length n with entries diffusion coefficient Da (i)

vector of length m with entries is pg
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A.5 Function InversePb

this function generates the scalar V which takes as input

D: vector of length n with entries D(i) diffusion coefficient of gas
CO02,air at position z (i)

n: number of meshing points for space, m number of meshing point for time
alpha: a vector of length 1 that denotes to a specific gases

Ug: nx(l*m) matrix with entries the concentration p¢ for the

1 gases given the diffusion coefficient Dag

v0: vector of length m with entries is p%™(j) i.e

value of p(1,y)

M and K: n*n spareses matrices

H: the uniform partition size

a: first position in space

b: last position in space

dt: the partition for time

T: the end time

Gf, f1, Maf, F and cf: constants

outputs:

V: the scalar which is the value of the objective function consedering
the the concentration of the 1 gases at end time

function V = InversePb(D,n,m,alpha,Ug,v0,M,K,H,a,b,dt,T,Gt, f1,Maf,F,cf)
l=length (alpha);

Dac=zeros(n,1l); % Dac: nxl matrix with entries diffusion coefficient computed
using Dco2,4ir and Dac(:,j) represents entries of diffusion coefficient
for alpha(3j)

o0 o0 o0 0 O O O O O A A A A A A A o o° o°

o
°
)

°

Dac (i, j)=alpha (j)*xcf*«D(1i);

end
Uc=zeros (n,lxm);% Uc: nx(lxm) matrix with entries the concentration pg
% for the 1 gases given the computed diffusion coefficient Dac
for j=1:1
Uc(:, ((j—1)*m+1): (j*m))=DirectPb(Dac(:,j),v0,M,K,H,a,b,dt,T,Gf, f1,Maf,F);
end
E=zeros(n,l); % E: n*l matrix with entries the error of the initial and computed
% concentration for the 1 gases at the end time T
for j=1:1
E(:,3)=Ug(:, J*m)-Uc(:, j*m) ;
end
N=zeros(l,1); % N: vector of length 1 with entries the square of the Ly norm

[)

% of the error E of each gas

for j=1:1
N(1l,j)=norm(E(:,3))."2;
end
V=sum (N); % summation of all entries of N over all the gases
end
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A.6 Code for Section 3.4

%the constants:
£f=0.2;f1=1/1f;
Maf=f1+(0.04%9.8)/(8.314%260);
G=10+0.03;Gf=f1+G;
F=200+485;
% the domain space [a,b]:
0;b=1;
b-a;
1; % end time T
=32; % end time T5
=128; % end time Tj
r=[1/8,1/16,1/32,1/64];
zc=(0:r (1) :b)"'; % common points between the 4 meshes
lc=length(zc);
e=length(r);
C=zeros(lc,1);
El=zeros(lc,e);
E2=zeros (lc,e);
$ for dt= order h®: (section 3.4.1)
for o=1l:e
H=r(o); % H: is the uniform partition size
dt=H."2; dt: is the partition for time
n=L/H+1; n: number of meshing points
[z,iB,m, t]=NODES (H,a,b,dt, T);
h=zeros(n-1,1);% h: vector of length n-1 with entries the distance between
% consecutifs z;'s needed in generating the four matrices A, S,M,K
h(l:n-1)=z(2:n)-z(1l:n-1);
[M,K]=COEFFc(h,n,F); % generating matrices M and K

[

vO0=zeros(l,m); % v0: vector of length m with entries is pgmﬂj)
% i.e value of p(1,))
for j=2:m

v0 (3)=2*(t(3))."(1/4);

end

o
°
o
)

Da=zeros(n,1l);% Da: vector of length n with entries diffusion coefficient
% Da(i) at position z (i)
f=Q@(z) ((0.02-200) /b*z+200) ;
for i=1:n

Da(i)=f(z(1));
end
[U]=DirectPb (Da,v0,M,K,H,a,b,dt,T,Gf, f1,Maf,F); % generating the nxm matrix
% U i.e the concentration pf at all positions of z (i) and t(J)

for i=1l:1c

C(i)=find(z==zc (1)) ;

end

El(:,0)=U(C,m);
end
% for dt= order h: (section 3.4.2)

70



48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87

for

end

[

o=l:e

H=r (o); % H: is the uniform partition size

dt=H; % dt: is the partition for time

n=L/H+1; % n: number of meshing points

[z,1iB,m,t]=NODES (H,a,b,dt,T);

h=zeros(n-1,1);% h: vector of length n-1 with entries the distance between
% consecutifs z;'s needed in generating the four matrices A,S,M,K
h(l:n-1)=z(2:n)-z(1l:n-1);

[M,K]=COEFFc(h,n,F); % generating matrices M and K

v0=zeros(l,m); % v0: vector of length m with entries is p2"(j)

o)

% i.e value of p(l,7)
for j=2:m
vO (3)=2%(t(3))."(1/4);
end
Da=zeros(n,1l);% Da: vector of length n with entries diffusion coefficient
% Da(i) at position z (i)
f=@(z) ((0.02-200) /b*2z+200) ;
for i=1:n
Da(i)=f(z(1));
end
[U]l=DirectPb(Da,v0,M,K,H,a,b,dt,T,Gf,fl,Maf,F); % generating the n*m matrix
% U i.e the concentratio pf at all positions of z (i) and t(j)
for i=1l:1c
C(i)=find(z==zc (1)) ;
end
E2(:,0)=U(C,m);

% the errors:

errl=zeros (4,e-1);
err2=zeros (4,e-1);

for

end

j=l:e-1

errl(1l, j)=max(abs(El1(:,3J)-El(:,e)));

errl (2, j)=max (abs(El(:,J)-El(:,e)))/max(abs(El(:,e)));
errl (3, j)=norm(El(:,Jj)-El(:,e));

errl (4, j)=norm(El(:,3j)-El(:,e))/norm(El(:,e));

err2(1l, j)=max (abs(E2(:, J)-E2(:,e)));

err2 (2, j)=max (abs(E2(:, J)-E2(:,e))) /max (abs(E2(:,e)));
err2 (3, j)=norm(E2(:,j)-E2(:,e));

err2 (4, j)=norm(E2(:,J)-E2(:,e))/norm(E2(:,e));
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A.7 Code for Section 4.3

%$the constants:

f=0.2;fl1=1/1f;
Maf=f1%(0.04%9.8)/(8.314%260);
G=10+0.03;GEf=£1%*G;

F=200+485;

% the domain space [a,b]:

a=0;b=1;

L=b-a;

T=1; % end time for sections 4.3.1 and 4.3.2

=128 % end time for sections 4.3.3 and 4.3.4
r=[1/4,1/8,1/16,1/32]; % meshes for sections 4.3.1 and 4.3.2
$r=[1/4,1/8,1/16]; % meshes for sections 4.3.3 and 4.3.4
e=length(r);
p=L/r (e)+1;
x0=100+rand (p, 1) ;
optionsl = optimoptions ('fmincon',

'Algorithm', "sgp', ...

'"TolFun',1e-08, ...

'MaxIter',10000, ...

'MaxFunEvals',300000); % input for fmincon
options2 = optimoptions ('fmincon',

'"TolFun', 1le-08, ...

'"MaxIter',10000, ...

'MaxFunEvals',300000); % input for fmincon
err=zeros (1,2);
Err=zeros (2, e);
for o=l:e

o\
—
=~

)
)
[

°

H=r(o); % H: uniform partition size
n=L/H+1; % n: number of meshing points
dt=H; % dt: partition for time

[z,1iB,m,t]=NODES (H,a,b,dt,T);
h=zeros(n-1,1);% h:
h(l:n-1)=z(2:n)-z(l:n-1);

[M,K]=COEFFc(h,n,F); % generating matrices M and K

[)

vO=zeros (1l,m); % vO:
% i.e value of p(1,j)
for j=2:m

vO0 (J)=2*(t (J))."(1/4);
end
Da=zeros(n,1);% Da:
% Da(i) at position =z (i)
f=@(z) ((0.002-100) /b*z+100) ;
for i=1:n

Da(i)=f(z(i));
end

cf=0.5; %constant
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alpha=[1,2,3]; %the alpha gases

l=length (alpha);

[

Dag=zeros(n,1l); % Dag: nxl matrix with entries given diffusion coefficient

o)

% Dag (i) at position =z (i)
for j=1:1
for i=1:n

Dag (i, j)=alpha (j)*xcf*Da(i);

end
end

Ug=zeros (n,l*m); % Ug: nx (lxm)

o)

for j=1:1

Ug(:, ((j=1)*m+1) : (j*m))=DirectPb(Dag(:,3j),v0,M,K,H,a,b,dt,T,Gt, £f1,Maf,F);

end

o)

s p2 for the 1 gases given the diffusion coefficient Dag

% D0: initial Dco2.4ir which is a vector of length n

DO=zeros(n,1l); %for sections 4.3.1 and 4.3.3
% DO0=x0(1l: (p-1)*h/L:p); %$for sections 4.3.2 and 4.3.4
AA=[]; bb=[]; Aeg=[]; beg=[];ub=[];nonlcon=[];% inputs for fmincon

[)

lb=zeros(n,1l); % input for fmincon:

o)

tic

[D1, fvall,exitflagl, outputl]=fmincon (@ (D) InversePb (D, n,m,alpha,Ug,v0,M, K, H,
a,b,dt,T,Gf, f1,Maf,F,cf),D0, AR, bb,Aeq, beq, 1b,ub, nonlcon, optionsl);

toc
tic

[D2,fval2,exitflag2, output2]=fmincon (@ (D) InversePb (D, n,m,alpha,Ug,v0,M, K, H,
a,b,dt,T,Gf, f1,Maf,F,cf),D0, AR, bb,Aeq, beq, 1b,ub, nonlcon, options2);

toc

D=zeros (n,2);
D(:,1)=D1;D(:,2)=D2;
for i=1:2

Err(i,o)=norm(D(:,1i)-Da);

err (i)=norm(D(:,1)-Da)/norm(Da) ;

figure();
plot(z,Da, 'b',z,D(:,1),
legend('D_g','D")
end
end
figure();
plot(r,Err(1l,:),'c")
figure();
plot(r(l:e-1),Err(l,1l:e-1),'c")
figure();
plot (r,Err(2,:),'c")
figure();
plot(r(l:e-1),Err(2,1l:e-1),'c")

'r')
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lower bound for D (i)

(D (1)

matrix with entries the concentration

> 0)

% finding Dco2,qir by minimizing the objective function created "InversePb":
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