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ABSTRACT
OF THE THESIS

Roa Ramzi Akhdar for Master of Science

Major:Pure Mathematics

Title:A Method For Studying Zeros of Partial Sums of Some Entire Functions

We present in this paper a method of Edrei for studying the distribution of zeros
of partial sums of entire power series. We then apply it in a class of L-functions of
order less than one, with prescribed asymptotic behavior of the maximum modulus

of the function.
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

1.1. Introduction

Let F(Z):Z;ozo a,z" be a given entire function and let S,,(z) = ZZL:D akzk be a
partial sum or section .

In this thesis , we study the distribution of zeros of the normalized sections S,,(R,,w)
for large values of m ( w is a complex number such that |w| < 1 and {R,,},, is a
sequence of positive real numbers to be determined later ).

Historically, the first such study involved the partial sums of the exponential function
by Szego, Iverson, and later by Neumann and Rivlin who showed the existence of a
parabolic region in the complex plane C, free of all zeros of all the sections of exp(z).

In this thesis, we follow a method of Edrei to study normalized sections of
L-functions, of order less than one , satisfying the asymptotic condition :

log M(r) ~ By’ logr

with M(r)=maz|, -, | F(2)| and B; a positive number.

The method involves obtaining a connection between the normalized sections and
an error function using a major result of Hayman on the so called "admissible
functions”. The L-functions under consideration are first shown to be admissible.
This, in its turn gives precise information about the Maclaurin coefficients a,,, which
in turn leads to information about the sections, and ultimately about the zero
distribution of the normalized sections.

The main result in this thesis is the following theorem due to Edrei, Saff and
Varga :
Lo _ 1 m— 00 2
(1+ (G) 2O THE ()Y S Bon(1+ (55)7Q)) = 3¢ erfe(Q)
uniformly on every compact set of the (— plane.
Because of the technical nature of this result, we shall break up the proof into

sections, where each section will carry the main result of that part, with the
technical details left to a later appendix.



1.2. Definitions

1.2.1. Definition 1

Let F be an entire function. For r > 0, the maximum modulus M(r) of F, is defined
by:
M(’/’) = max|z|:r|F(Z)|‘

It can be shown that the function M(r) is analytic except at isolated points so that
we can define the two functions a(r) and b(r) by:

- M) =g
a(r) = SYOR b(r) =ra(r).

The order of F is a non negative real number A given by:
. log(log M (r
A = limsup e % .
Later on, it will turn out that M(r)=F(r) and this will make it possible to define

a(z) and b(z) as functions of the complex variable z by setting:

- FQ®) _
a(z) = ) b(z) = za (z).

1.2.2. Definition 2

An entire function F is called an L-function of genus zero if :

1. Its order is less than 1.

2. All its zeros are real and negative, so that it can be expressed as:

F(z)=F(0) l_[Zil(l + i) = Zﬁoajzj )
where x;, > 0 ,F(0) > 0 ,z,jili < 0.
3. log M(r) ~ Br’ logr , with B; a positive constant.

Note that the asymptotic relation log M (r) ~ Blfr’)‘ log r can be replaced by a
different asymptotic relation such as:

Blrk, Blr)‘(log r)*(a real ) | Blr’\(log r)* (logy r)**...(log, r)**

where q;ls are real and log,; r denotes the iterated logarithm log, r = log(logj_1 r) .

We also define the counting function of the zeros of F by : n(t) =) _ 1 (t>0).

T <t



1.2.3. Definition 3

[3] An entire function f is said to be Admissible in the sense of Hayman if :
1. f(r) is real and strictly positive for (r > 4 > 0).
2. b(r) » o0 as r — 0.
3. There exists some function d(r) defined for r > ry such that 0 < 6(r) < 7, and

f(re') ~ f(r) exp(ifa(r) = 36°0(r)) (r = o)

uniformly for |#| < 6(r) , and

F(re®y = o(f(r)) () (r - o0)

uniformly for §(r) < |0| < 7.

We recall that the complementary error function er fc is defined by:

0o —¢2

erfc((’)=\% c € di

where ( is a complex number .

We note that throughout the thesis, (z) will denote a new error function each
time. However, the reader will be informed when 7 is changed.



CHAPTER 2

ASYMPTOTICS

In this chapter, we study the asymptotic behavior of n(t) , logF(z) , a(z) and b(z)
using only the information given about the asymptotic behavior of log M (r).

The functions a(z) and b(z) will be needed to approximate the Maclaurin coefficients
of S, (z).

Through out our work , we will restrict ourselves to the sector A which is defined
to be:

Ale) ={z=re’:|0| <7 —c,,r >0}

where 0 < £y < m and ¢, is otherwise arbitrary .
We notice that on A ,

—;8 ;8 .
|t +z| = |te 2 +re'?| = (t+r)cos(g) > (t+r)sin(5F) = (t+7r)n.

We shall need this inequality to bound some special integrals.

2.1. Approximating log I'(z)
Let F be an L-function, then by Valiron’s formula [2]

log F(2) = 2 L;)O n(t)

t(t+z)’

Since n(t)=0 for ¢ < x; where —x; is the first zero of F, then

log F(z) ==z L:o )

1 t(t+z)"

Since a; > 0, log F(r) = log M (r) and therefore log F'(r) ~ B,r logr.

It then follows from Valiron’s tauberian theorem [5] that :

Bisin(m\)
-

n(r) ~ fyr)‘logr (r—>o00);y=

Therefore , given ¢ such that 0 < € < = | exists ro(e) = ro > 1 + a7 such that

2 )
r > 1o implies

n(r) = v log(r)(1 +m(r)) with | (r)] < e.

We will now prove that:



log F(z) = By log 2z + E(z) = Bz log z (1 +n(2))

with ()| = |5 525

| = 0 uniformly as z — oo.

Indeed IOg F(Z) = 5 J’OO n(t)— 'yt 10g(t)+’yt log(t)dt

t(t+z)
_ 0 n(t)- 'yt log(t) log(t) zy ¢ log(t)
=z le t(t+2) dt +y [z (t+z) dt -z [ (t+2) — At =

I’“O n(t)—yt* log(t)dt+ I°° 'yt log ()1 (t)

zy log(t)
T t(t+z) t(t+z) dt

(t+2)

dt+7012 +Blz log z — vzj’

= B2 ogz + E(2)

with
ro n(t T lo, o A
|E(2)| < |2 [ ﬁdthhz[xft (t+zg)(t)dt|+|75 2 Tj)(”dt|+7c1|z |+ e,
T1+2 A lo
< n(ro) log(22) +n(ro) | 10g(22) | +yes | 2| +7¢l 2 [5° S22t + ey |2+,

(¢1, ¢ and ¢3 are positive constants illustrated in the appendix)

As z — 00 and then as ¢ — 0, | | = 0 uniformly.

m
2.2. Approximating a(z)

a(z) = ZF’(z) — Zd (log(F(2)) = Z IOOO n(t) dt IOOO n(t) g

F(z) t(t+2) (t+2)?
_ 00 n(t)- 'yt 10g(t)+'yt log(t) 70 n(t)—'yt log(t 00 n(t)— 'yt log(t) 00 'yt log(t)
=z, o dt =z |, L Ldt+z j L e /s Tt
However,

ITO n(t)—yt> log(t)dtl < |2y Izl t)‘log(t)d t + | ITO n(t)—~t* log(t)dtl

0 (t+2)? 0 (t+z)2 (t+7)>2

x log( r T lo,
< o J 28] 4 )2 n(rg) [0 st + | 2oy [0 s )

r r ro t o (t)
= YCa + |'YT TO) ‘[’Bl (t+r)2 | + |F7 J’xl (t+§)2 dt'

where ¢4 is a positive constant(illustrated in the appendix).

and
00 n(t)—yt log(t) r (% n(t)—~t log(t) r [ A-2
= et = 15 [ st < 15 [ et los(t)dt|

< csr where c5 is a positive constant obtained from integration by parts



and

00 lo, A A
z Io "’t(Tg)(zt)dt = BiAz" log(2) + yeg2

(c¢ is a positive constant illustrated in the appendix).

Therefore , a(z) = ByAz" log(2)(1 + n(2)); (new n)

with |n(z)] == 0 uniformly.

2.3. Approximating b(z)

d(z) = (Bl)\Qz’\_l log(z) + Bl)\z)‘_l)(l +n(z)) + Bl)\z’\ log(z) n'(2)

A— z
= By 2 log(2)(1 + n(z) + Iog(z) + l;\g((z))) + A2 (2))

0 n(t)—~t" log(t)dt J'°° n(t) =yt IOg(t)dt +,-YCGZ/\)

— 1 T
HOWGVGI’, 77(2) - Bl)\z)‘log(z)( IO (t+2)2 (t+2)?

Then, using basic calculation, we can deduce that z7'(z) — 0 uniformly
as z — 00.

Therefore, b(z) = za'(2) = ByA>2" log(2)(1 + n(z)) with |n(z)| converges
uniformly to zero as z — 00. Note that n here denotes a new error funciton.



CHAPTER 3

THE PARTIAL SUMS

In order to study the distribution of the zeros of the normalized partial sums
S (R,w), we put :

S (Rpw m —j
Qum(w) = amR(m—me = ijo b_j (m)w !

where w is a small complex number such that {w;|w| < 1-¢€ (0 <e < 1)} and
{R,,},. is a sequence of postive real numbers that satisfy the equation a(R,,) = m.

We express @, as a difference,Q,,(w) = U,,(w) — G,,(w) where

U, (w) = 284 20 Gm(w)=z;i1bj(m)wj

am, Rm Map™m

This chapter will be divided into two parts.In the first part,we estimate the radius
R,,, and the coefficients a; and b; where b;(m) = %Rm] (j = -m).
In the second part, we study the functions U,, and G,,.

3.1. Calculating {R,,},,, a; and b,

3.1.1. Calculating {R,,},,

By Hadamard Three Circle Theorem, a(r) is a non decreasing function of r.Therefore, as
a(r) is non decreasing, non-negative, continuous and unbounded, there exists a uniquely
defined, positive, increasing, unbounded sequence {R,,},, which satisfies the equation
a(R,,) =m withm =1,2, ...

a(R,,) = B1 A Rm/\log (Rn) (1+ n(Ry))=m
log Fz'mA A = o
= (5 ) log (R) = 5y

=R, = exp(XVVO(1E31(1+—n(1w2m))))7

where Wy in the principal branch of the Lambert W function.

Also, we notice that b(R,,) = X m (1 + n,,! (R,,)) where n,,/(R,,) 2%, 0 uniformly.

10



3.1.2. Calulating a; and b,

Having obtained the asymptotic behavior of a(z) and b(z), we shall use these to
prove that F is an admissible function, and thereby obtain the asymptotic behavior
of a;

j

3.1.2.1. Proposition 1

An L-function F of genus zero is admissible in the sense of Hayman. [4]
Proof. 1. F is entire and transcendental.

2. F(r) = F(0) [T (1 + ka_) is real and positive.

3. Asr = 0o, m — 00 since m = By A R, log(R,,) (14 n(R,)).
Therefore, b(r) — o0 as r — 00.

. . 152
4. Proving F(re®) ~ F(r) e(0a(r)=30°0(r)) ¢ equivalent to proving that

log F(re”) ~ log F(r) + ifa(r) — %QQb(r).

However, for all § such that |0] < L,

log F(re") ~ Bir*e™ log(re”) ~ Bir (1 + X0 — 25 (log r + i6)
~ Blr)‘ logr + iBer)\Q logr — ’\;92317“)‘ log r

~log F(r) + ifa(r) — %sz(r) uniformly (r — 00)

5. Proving F(re”) = o(F(r))(b(r))™* (r — 00) uniformly
F(re”)(b(r))'"”

is equivalent to proving that lim, _, o, () =0
. i0 12 . (i8a(r)-%6%b(r))
lim, _, oo Fre ;Eigr)) = lim, P@r) e RO = ( uniformly for all

0 such that || < 7
]

3.1.2.2. Theorem 1 (Hayman’s fundamental Theorem) [4]

Let F(z)=) .. a,z", be admissible and define a,, = 0 for n < 0.

n=0
Then as r — oo we have uniformly for all integers n,

a, " = 20 { exp [——(G(T)_”)Q] + n(r,n) } withn(r,n) -0
" 27rb(r)% 2b(r) ’ ’ '

Moreover , from this representation of a,,r" , Hayman draws the following simple
consequences which we will use later :[4]

> j<a(r) ajr] ~ % F(r)asr - oo

Y a(r)<jaj7"j ~ % F(r) asr — oo.

11



Applying Hayman’s theorem on our L-function F | and replacing r by R,,, , we
get that :

n _ _ F(Ry) _ (a(Ry)-n)*
aan - {27rb(Rm)}% {exp[ 2b(Rm ) ]+ n(Rman) }

However, noticing that a(R,,) = m and b(R,,) = Am(1+17'(R,,)),we get that :

a . m+j 2 ~ . -
bj (m) = sl exp(5;=) +1;(m) with 7;(m) - 0 as m — oo.

amRmm

We also note that , b; (m) = 1 as m — oo for every fixed j.

3.2. Studying U,, and G,,

3.2.1. Studying G,,(w) :

As bj(m) = 1, then G,,(w) converges uniformly to == (m — o).

Also,

|G (0) | < = Y52, 4R’

am Rmm
but

m __ F(Ry)

P |
Yaty< @7 ~ 5 Flryasr—oco and  anRy (2mb( R )} 2

then,

G, (w)] < {20A m}2 (Juw| <1, m > my ).

3.2.2. Studying U,,(w)

3.2.2.1. Step 1:

It can be proved that for a non-zero complex number z, such that F(z) # 0
throughout the disk |z — 2| < %|20| ,

_ _ . Flzo) ﬁ F"(20) _ F'(z0)
log(F(ZO + 3)) lOg(F(Zo)) =S F(z) + 2 ( F(z0) [F(20)]2 )+ E3(ZO7S)

12



: 1
where s is a complex number such that |s| < ;|z| and

-21 513 10
1By0r )] < 1= Py laCo(1+ 206))]

For our thesis, we set 2z, = R,,, and s = (w — 1)R,, .So,

_ F'(Rp) | (w=1)Rpn)* ¢ F"(Rn) _ 1 F'(Rim) 72
lOg(F(me)) - log(F(Rm))"'(w_l)Rm F(R,,) + 2 (F(Rm) _[F(Rm)] )

. F'(R,, 2 F"(R, F'(R,,) 12
However, b(R,,) is equal to R,,a (R,,) = R, ﬁ + RmF((Tm)) - [Rmﬁ]

on one hand, and to A m (1 +n,,! (R,,)) on the other hand.
Therefore, F(wR,,) = F(R,,) exp[(w — 1) m+@()\m(1+n:§1)—m)+E3 (R,,,(w=1)R,,)].

with | B3Ry, (w = 1) Ry, )| < o Mg | 2o (o( 20 ) Y)

1+log(H(m))+1) 1+log(H(m)+1)
_ _Bi A2’ _ m
where ¢ = =555 H(m) = 5 omny-

1
Taking w =1 + (%)QC , where ( is a complex number such that |(| < B < oo

we get that |F3(R,,, (w —1)R,,)| = 0 uniformly as m — oo.

3.2.2.2. Step 2:

Using Taylor expansion on log(w)
u%m = exp[—m log(w)] = exp[m (1 — w) + m% (1-w)® = mwA (1 -w)’].
where w is a complex number that satisfies |w| < 1, and A is a positive contant.

Moreover,

R = —LE) (14 (R _ F(Rn) L4 0 (R m)).
! s ) = o 1 (B )

The results of the above two steps give that :

U, (w) = {2rAm}? (1+n,,) exp[ ““'2”2 (A (1 + 1, ))=mwA (1 = w)*+ By (R, (w = 1) R,y)]
= {2mwm}? (14 ) eop[ S O (14 40)) + By (Ryn, (w = 1) R,)1.
Taking w =1+ (ﬁ)%‘ , |Ey(R,,, (w=1)R,,)| = 0 uniformly as m — oo.

13



1
Then , finally , U,,(1 + (%)2() - {271'/\77’1}% exp[¢°] as m — oo.

Note that to prove our main theorem, we will only be concerned with w of the
1
232
form 1+ (=)°¢.
However, a straightforward consequence of the Enestrom-Kakeya theorem tells
that @Q,,(w) has no zeros in the annulus |w| = 1 .Therefore, we are allowed to choose
1

¢ such that |w| = |1+(ﬁ)5§| < 1. Also note that we can choose ¢ such that |(| < B
( B a positive arbitrary bound ) .

14



CHAPTER 4

THE MAIN THEOREM

This theorem describes a more precise behavior of our normalized partial section
S, (R,,w) in terms of the complementary error function er fc(¢).

4.1. The Main Theorem

Given an L-function F , such that log(M(r)) ~ Byr*log(r) , the behavior for large
values of m of the normalized section S,, , is described as follows :

m—00

(14 (2)70) ™ {F(Rp)} S (Bn(1+ (2)70)) 255 L e pe(c)

uniformly on every compact set of the (— plane .

Proof. For easier representation , we define €2,,({) to be :

0,(¢) = (1+ (& )C)'m{F(Rm)} LS (R (1 + (35 )C))

In view of Vitali’s theorem it will be sufficient to establish the value of the limit for
¢ real, positive and 1 < ( =z < B.

4.1.1. Step 1:
In the previous chapter,we proved that |G,,(z)| < (mAm)?  (Jw] < 1,m > my)
Since Qu(2) = Upy(2) = Gp(2) , then :
(27T)‘m)_§|Qm(1+( =k 20)] < (2mAm) 3 [|U,, (1+(5%)? C)|+|Gm(1+( =)? Q)]
<20l 4 2 < 2(exp(B®) +1)

Noticing that

(2mAm) 2 Q1+ (2)7¢) = 0 (C)

we can deduce that

15



Q,,(¢) are uniformly bounded on every compact set of the (_ plane .

4.1.2. Step 2:

1 2 . 1 m—>00
(2mm) (" L5 enpl=(o+ —Lp)’h = Qu(1 + (55)2a)] 75 0
a) We introduce the integer
%
L(m) = [—2——
(m) = L T oo
where 7,,I is defined in the subsection 3.1.1
We observe that
L(m)m® = ———— = H,, — 00 (m — o)
71| 3 +log(m) ™"
and
2 m m 1
L= (m)|nnal = [ Tt < T Hnatl = mina =

I 2
= _1 =
(I3 +log(m)™")? |7 11| 3

b) We now estimate with some precision the formula of the coefficients b_;(m)
and their behavior as m — ©oo.

Using the approximation of b; in chapter 3, we obtain that
2 - . -
b_;j(m) = [exp(=) +i1j(m) + n(Rym = )11+ n(Ry,m)] ™

.2
J i Ry,) ) _ 1|.

with |77_](m)| < |e$p(2/\m (1+n(R:m))

It can be proved now that for |j| < L(m)

.2

b_j(m) = exp(3L=) + Bn(=J)
where uniformly in j ,

m—00

|ﬁm(_j)| < ﬁm' ) Bm’ — 0.

and for |j| > L(m),

16



0 < b_y(m) < [exp(S= n) 47 im) + n(Rpm = )11+ n(Ryp,m)]™ < Bl

with 5,11 22%0.

From the above two cases , and noticing that L(m) < m for large values of m ,
we can deduce that :

m _ m _.2 .
|Qun(w) = Y5 eap(Z Y| = | T by (m)w™ = TE eap( 2 yw |
= | X [ (m) = ewp(Z5)] w ™ + X boy(m) w7

< |07 B+ Xy Bulll < (Bt + B (] > 1)

c) Lett1ngw-1+( )2x>1 we get that :

(2mAm)® Qm(1+( )2 ) = (2mAm)? Y5 exp 2Am)( (ﬁ)%w)_j

+w0(Bl + Bul)Br?  (m > my)

However, using Taylor expansion on (1 + ( )2x) 7 we can deduce that
(2mAm)® Q,u (1 + (l)%)

= (27 m) 26" SHM (1 4 By e~ + VY 4 w(B, + B, Br? .

(2)\m )

d) Let A,,(z) be :

Ap(z) = 2mAm) 26" FE capl{—(a + )

We can show that
1 1
{A(x) = (2mAm) 2Q,,(1 + (ﬁ)Qx)} —> 0 asm — 00

uniformly on the interval 1 <z < B.

17



4.1.3. Step 3:

Obviously , Z 0 Y eaxp(— e ) <1+ Io €xp(——)dt -1+ (7r,\m)2

So, using the following elementary inequalities :

exp{— (x+( 1)}<J’j exp{— (a:+ 1)}dt<e:€p{ (z +

r)’}

(2)\ )2

we conclude that:

0< ZL(m) exp{—(z + -)’) - IMm)H exp{—(x +

t 2 —x2
dt <
(A)* p)ydt<e

(22m)2

-1

However, since L(m) = H,,m 2

L omm) [P erp{ (o 4 —L)?
|A,,(2) — e (27Am) .[0 exp{ (a:+(2/\m)%) bt |

N =

< (27r)\m)_% + e$2(27r)\m)_ I;o e exp{—(z + =) }dt.

(2>\ )2

So, using the change of variable o = x + #, we show that :
2Am)2

2 1 2 1 2 1 2
A, () —e" 772 I;o e’ do|<2rdm) 2 +e" 72 fogml e’ do

(232

m—00
However, H,, —— 00 , then :

22 —1 ro0 _g

(2mAm)~ Qm(1+( )237)—>e T QLC e ‘do = éerfc(x)

uniformly for all z € [1, B].
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APPENDIX 1: ASYMPTOTICS

1.1. Some Special Integrals

IOg(t)(it

(t+2)

1. Calculating 2 Jo

We start by calculating Io (tiog)(t) dt, r > 0.

Make the change of variable t=sr where s is real positive number, to get :

0o " log(t) " log(s) s log(r)
o ril) e At = Io (5+1) ds + 1" I Gey 08

A-1

=+ log(r) Io (+1)d o’ + - ( vl *Mog(r)

0 skfllog(s)d

with ¢; = |, )

oo A1 log(t)

rrres dt is analytic.

Confining z to A, we observe that h(z) = z

On the other hand , g(z) = ¢;2” +
region as that of h.

— (M)z *log(2) is also analytic in the same

log(t)dt

It follows that h( )=g(z) by analytlc continuation i.e.z Jo (o)

=2 + - Mog(z) = 2" + 2 z *og(z).

(7r>\)

>. Bounding [ 2=t r > 0

Confining z to A, | [;" 2 Lg)(t)dﬂ < ;ﬂj o I (tiig) ) g

Suppose x; > 1, then

e |2 log(t)] tlog(t) tlog(t)
Io [ dt = - I0 (t+r) dt+J (t+) dt

= [y (P log(D[L - 5Dt = fy 7 log(t)de + [} 2 gy

19



ol t” log(t) 1 X1 x log(t)
= |, Lt — Jo £ log(t)dt + [ r (W) dt.

" A1y B " o
So, [l LeWlgy < o [ log(t)dt| + [ 1t £ log(t) gy

(t+7) (t+7)

1

T t*’llog(t) _
< |710gt —Jo )\tdtl + Wdt—Cg.
0
o, | I tlog;(t)dﬂ is bounded from above by a positive constant c,.

Similar argument if z; < 1.

. o n(t)
. Bounding z . t(Hz)dt

ro n(t) z 7"0
< le t(t+z)dt < n(ro) I o t(t+z) ”(TO)I (t+z)]dt

ZI+Z)

=n(ro)log(3*) + n(ro) log(

rot+z

log(t) dt

(t+2)

. Bounding zI 0 £

T lo, /\71
|2 1" S0 1| < maa{ | log(an)1. [og(ro) [} J° L]

s A A
< maa{] log()1. | 1og(ro) = | = csl .
. Bounding Io L tloggt)dt r>0
Suppose z; > 1,
tlog 1 (71 t>‘|log(t)|
| -I (t+z S 7 Jo (t+7)?
J'l“l s |10g(t)|dt <I s log(t)dt+ J’xl % log(t)dt
0 (t+7)? o’

1 " log(t) I " log(t) % " log(t) ¢ " log(t)
= IO (t+r)? dt — IO 2tr dt + IO 2tr dt +I (t+ (t+r)? dt

1 242 Al * log(t)
< Jo syt 1og(t)dt+jo log(t)dt + ;' r ey dt

20



[} 2= og(t)dt < [ 22t log(t)dt

0 2t(t+r)?
So, | f £ log(t)dﬂ is bounded from above by a positive constant c;.

“tr2)?

Similar argument if x; < 1

t* log(¢)
(112)? dt

. Calculating z Jo

o o
We start by calculating r J’O t(tif)(é)

Make the change of variable t=sr where s is real positive number, to get :

TIOOt log(t) dt = IOOO s log(s)d + IO s log(r)d

0 (t+r)? (1+s)2 (1+s)2
00 A1 _ 1 s Ry _ 1
0 (s = (%) + Jo ° By (1+s)2d8 .[0 (1+s)2d8
0

% log(t) 0o g log(s) bV A
Then , r Io )2 dt = Io (re)? ds + o log(r).

Away from the negative real axis,we observe that:

00 lo
h(z) = Jo t(Hg)(;)dt is analytic.

On the other hand , g(z) = 2 J'oo S(llf:ggg)d s+ sin)\(7;\7r) 2 log(2)

is also analytic in the same region as that of h.

It follows that h(z)=g(z) by analytic continuation i.e.

0 7 log(t 00 s log(s T A A AB; A
IO (t+§)(2)dt JO (1+g( )d + -n/\(/\ﬂ.)z 1Og(z) = Cgz +TIZ log(z).
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APPENDIX 2 :THE PARTIAL SUMS

1.2. Maclaurin Coefficients of the Partial Sum

1.2.1. a(r) is an increasing function

Theorem 2. (Hadamard Three-Circle Theorem)
Let f(z) be an entire function and let M(r) be the mazimum of |f(z)| on the circle
|z| = r. Then, log M(r) is a convex function of the logarithm log(r).

Applying the theorem on our L-function F , we get that (M(e”))is a convex
function of z. However, M(r) = F(r) since F is an entire function with positive

coefficients .
= log(F(e"))is a convex function of x
= (log(F(e")))" >0

= d(e") = ("2D) = (log(F(e" ) > 0

= a(r) is increasing .

1.2.2. Calulating Maclurian coefficients a; then
deducing b; = %ij

Applying Hayman’s theorem on our L-function F, we get that :

n o _ F(Rp,) (a(Rm)_n)21|
4R, = U oxp |l [+ (Ry,.n) ]

However, noticing a(R,,) = m, we get that :

. m F(R,,)
forn=m, a,,R = —{an(Rm)}% (1+ n(R,,m))
i R = _E(Em)
and for n=m+j , a,.;R pEay— (exp( 2b(R -~ ) + n(R,,,m+7j))

1

Therefore, b; (m) = am”R 7= exp(2b(R )) + n(R,,,m+ )1 +n(R,,,m)]
but b(R,,) = Am(1 +n"(R,,)), then
by (m) = exp(2) + iy (m) + 0(Bysm + 7)1+ (R )1
with 7;(m) — 0 as m — oo.
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2 _2
Indeed , %P(Zb(,ém) ) = exp (m) = exp(5— m) +1; (m)

- _ 2
with 7; (m) = exp (55— (Hj n"(Rm))) exp( 5t m)

2.2 .2
_ =3~ +5 (R ) =3 Ry )
2b(R ) ) = erp ( 22 m (1+ nM(Ry,)) )

So, exp(= exp(3; m)

= eap( =i Yeup(LWBm) Yy _ oqp( =i
p 2\ m rp 2)\m (1+ 9 R,,)) p 22 m

2 .2 R,,
= exp(5=)[ exp(m) -1l

j277”( R, ) )

2am (1+ 9(Rm))’ 1| =0 as m — oo (for fixed j)

then 7, (m) | < Jeap(

Therefore , b; (m) = 1 as m — o0o.

1.3. Studying U,,(w)

1.3.1. Calculating F(R,w)

Let n be a real number such that 0 < 7 < %, and 2z, a non-zero complex number.
n and 2, have to be chosen such that F'(z) # 0 throughout the disk |z —zq| < 2n|z|
Since all the zeros of F are real and negative , we choose 2, to be real positive and
7 to be i.

Let s be a complex number that satisfies |s| < n|z| = }l|2’0| :
( therefore (zy + s) € disk |z — 2| < 2|z = %|ZO|)

F'(z §2 F'(z F(z
Then: log(F(ZO + 8)) - lOg(F(Zo)) =S F((z(?)) + ?( F((ZOO)) [F((z 0%2 ) + E3(207 )

where |FE3(2g, s)| <

21513 0
2(1_2n)77 |%| max@ |a(zo(1 +2776 ))| °

Proof:

let g(s) = log(22),9(0) = 0

23



g(s) = g(0) + (s = 0)g'(0) + 22 6"(0) + £=00"(5) with 4 € (0, 5)

_ _ JFlz) , ¢ F'(%) F'(z0) (8) n
S0 log(F(ZO + 8)) lOg(F(Zo)) - SF(ZO) + 2 ( F(zo) [F(z ] ) + ) (5)7

3
By(z0.5) = G4"(5) = 5 [o ey e

where the contour C is chosen to be C': ( = 277206i9(0 <6 < 27)

s0 F3(z,8) = = Izﬂ g(anoe ) Mnzpe b

2mi IO (2n20€i)° (2020 —s)
|y (z0,5) | < EE 27 [1og (© Zopt(?fzoe 2) el e o
= %m‘w@ | log(F(ZOS(ZTw)) o I2n20|3|‘2?2z:7)lo|—|8||
= i( n||sz|o|)3m““"9 “Og(F(ZO(Fl(Z?)]e ! )” T 15l < nl=l
< () mazy| log (K| [ ag
T B4 )] # (=) mas 1o 222 )
But, |log(% |Izo(1+2ne )%dﬂ _ |Jvzzoo(1+2neiw) @dﬂ

2 0
< s gnmaxg la(zo(1 + 2ne™))]

Indeed,
a(z) is a non-constant harmonic function so by maximum principle
a(z) attains its maximum on boundaries of disk of center z, , radius 2n|z|

and log(z (1 + 2776”)) —log (29) =log (1 + 2new) = log (1 + 2ncosv + i2nsin))

= log(\/(l +2ncost)? + (2nsine)?) + i arg(l + 2ncos + i2nsin )

= log (v/1 + 47> + 4ncos 1)) +zlig;zﬁw

| log (/1 + 4n% + 4ncosth) + leg::()fwl

_ 2
= \/logz(\/l + 41 + 4ncos )+ (ﬁg::ofw)
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< \/logQ(\/l + 4n? + 4ncos )+ (13727::0?1/;) lp =7 (forn= i)

= \/log2(\/1 +4n? — 4n) = \/log2(1 —2n) =log(1 —2n) < lf—g

n

It’s time to set zp = R,, and s = (w — 1) R,,, with w a complex number such that
w € {w;|lw—-1] <1 and |w| < 1}.

Replacing zy & s by their values we get that:

! _ 2 1] !
log(F(wR,,)) = log(F(Ry,)) + (w = 1) Ry, Ffed 4 Q=) (L) _ [ Eln) 12)
+E3(Rm7 (w - 1)Rm)

F(wR ) = F(R ) e;cp[(w — 1)G(Rm) + (w— 1) (Rm 1;((;:?)) [R F' (Rm)]Q)
+E5(R,,, (w—1)R,,)]

_ ! _ F’(Rm) 1 F(Rm> F'(Rm) F'(Rpm) 72

- F(Rm) | p2 F'(Rm) _ F(Bm) 72
= B Ty + By~ i F(Rm>]

On the other hand , b(R,,) = Am(1 + n)

. 2 F'"(R,, F'(R,,) 12 I F'(Rom,
Then , by comparison , Rmﬁ - [Rmﬁ] = )\m(l + nm) - R, F((Rm))

=)\m(1+77:1)—m

So F(wR,,) = F(R,,) exp[(w —1) m+@()\m(1+ngn)—m)+E3 (R, (w—=1)R,,)]

1
(w—1)Ryp, (3 2H(m)+1 2H(m)+1  \%
| E5 (R, (w = D)Ry,)| < e === 1+log(H(m))+1)log(2(1+log(H(m)+1)) )

_ _BiA2y? = =
where ¢ = (1-21) H(m) T Bi(1+ n(Rm))

1.3.2. Deducing U,,(w)

Step 1 :

25



R =L (14 (R = F(Rm) 1+ n(R .
! Tt ASRKACLLL) alerwrrvmrrn o ASRRACLUC)

Nl

Step 2:

log(w) =log(1-1+w) =log(1-[1-w]) = = (1 - w)—% (1-w)+wA(l-w)’
(11— w| <3)
then

wlm = exp[—m log(w)] = exp[m (1 — w) + m% (1-w)® = mwA (1 -w)’].

Step 3:

The restrictions (1 —2n) R,, < |z| <2R,,, z€A
together with the facts that :

1) a(R,) = By A R, log (R,,)( 1+ n(R,))

)\ m
2) Ry, = exp (Wol 5 yy))

2m 1

7_'_
3) Wo( o) < log( oo 2i ]
) 0( Bi( 1+ U(Rm))) g(l"’lOg(m

. m _ A
1)) since m = )\Rm ZOg(Rm)

and AR, log(R,,) is real and positive for large m

imply that :

la(2)] = |a(2R,)| = By A 2R, og (2R,,)( 1+ n(2R,,))
< B A2Y'R, Mog (2R,,)

Jun

2m 2m

A+1 —7m+1 —m+1 X .
N e i) log(2( 1 Pt piml ) ) with m > my
+Hog(5rrtv wmmy T +Hog(—5rr1v iy Y

So |E5(z,5)| < _2|i|3m@9€9 la(zo(1 + 277€i9))|

1
2(1-2m)

2m 2m +1

1 =253 M1 B @) L Bi( 1+ n(Rm))
n =" BiA2 - +1)log(2( m

S
—201-2) 20 Llog( 5 5@ Llog( g @y +1)

The results of the above steps all together give that :
(w-1)°

F(Ry) exp[(w=1)m+ Y2 Oun(1+4n7, ) =m)+ B3 (R (w=1)R,,)]
Um(w) = F(Bm)(+ n(Rm,m) w™
1

[ 27Am (1+nm(Rm)) 12

26
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wim {27r)\m}%(1+77m) exp[ (w—1)m+ @ ()xm(l + n;'n)—m)+E3 (R, (w—1)R,,)]

Q2rAmYE (1 + 1) eapl 25 (1 + 1)) + (w = 1)m —m (210

+m(1 = w) + 2(1 - w)? = mwA(l = w)* + By(R,,, (w = 1)R,,)]
= (2mam)? (1+1,,) exp| % (m (1 +mp,))=mwA (1 = w)® + B3 (R, (w = 1) Ry,)]

= {2mAm}? (1 +1,,) exp[ &=L ()\m(1+77m)) + Ey (R, (w = 1) R,)]1.

By (R, (0= 1) Ryy) | < [mwA (1= w)* | + | B3 (R, (w = 1) Ry,) |
1
< [mwA (1= w)* | + |e(Jw = 1) (i) 0g (2 =) )

~ |mwA (1 =w)* |+ |m (1 =-w)*|.
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APPENDIX 3 :THE MAIN THEOREM

1.4. Step 2 :Approximating (,,(¢() by a summa-

tion
1.4.1. Approximating b_;(m)

Case 1: |j| < L(m)

) ni(R,y,) m|n, M3
[7-5(m)] < |€xp(2)\m (1+77H(R y ~ U < lear(G sy ) — 1

K
< |€$p(>\(1+n"(R )))) B ll

So ,

b_y(m) = eap(L) + Bu(=4)

where uniformly in j ,

m—00

|ﬁm(_j)| <ﬁm' ) B I — 0.

Case 2: |j| > L(m)

0 < b_;(m) = [em%) i (m) + n(R,m = )1 +n(R,m)]™"

< [exp(S= n) 47 sm) + n(Rym = )L+ n(R,m)]™ < B0

with 3,11 2Z%0.

1.4.2. Special value of w

1
Letting w =1 + (ﬁ)ix > 1, we get that :
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NJ\»—\

(27Am) Q1+ (2)22) = (2mAm) = Y EV (1 + (2)20) Teap( 2

2 m )

+w(6m' + 6771”)371—_?1 (TTL > mO)

However, using Taylor expansion ,
(1+ (—)296) 7= exp (log[(1 + (= )Qx)_]])
= exp (—j[(5= )2x—w( 2)2’]) = (1+ % QW Jexp(=j(5 )2 )

> (1+ 22 ey cp(—j(2)

N[ =

z)  (Jol =1)

S0,(2mAm) ® Quu(1 + ()2 2)

T ) + w(ﬁm' + /gm")Bﬂ- 2

L(m wB~ logm
> (2rAm)® Z ( )(1+2/\Tg)€ p(Q,\m (2/\ )2

= (2mam) Zeap(a®) L5 (1 + 2B yeap(~(a + j(2Am) 7))+
w(Byl + B B2 .
Let A, (x) be :
A,() = (2mdm) " 2eap(a®) YA eap(—(a + j(27m)2)?)
A () = (20Am) 3 Q1 + (2)72)]
< [2mam) Feap(a®) L5 (EER yeap(—(a-+(2Am) %))+ (B4 B ) B |

, -1
< km ™ 'log(m) ZJL:%”) e:vp(—2f\—m) + (B, + B,,) B2, where k is a constant .
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