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ABSTRACT
OF THE 'THESIS OF

Elena Boutros Bou Aoun for Master of Science
Major: Mathematics

Title: L-series of Harmonic Maass Forms

We introduce Harmonic Maass forms and present some of their analytic properties.
We continue to define their related L-series by using Laplace transform, and prove
their functional equations. Our primary objective is to develop a converse theorem
for these L-series in both integral and non-integral weights. This became achievable
through the definition of the mentioned L-series on a broader class of test functions.
To illustrate the idea, we first present an outline of the special case of weakly holo-
morphic modular forms on SLy(Z) and then extend it to Harmonic Maass forms.
Subsequently, we consider an example of using the converse theorem.
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CHAPTER 1

INTRODUCTION

The analysis of holomorphic modular forms and Maass forms is often guided by
the study of their L-series. Specifically, a connection has been established between
L-series and a particular category of harmonic Maass forms known as weakly holo-
morphic modular forms, leading to interesting findings. Despite these achievements,
the investigation of this L-series has not been as thorough as that of the modular
objects. Additionally, the definition of L-series has not been extended to all har-

monic Maass forms.

In this thesis, we define the L-series of harmonic Maass forms using the Laplace
transform and prove their functional equations. With this definition, we succeed in
establishing a converse theorem. To illustrate the idea, we first outline the special

case of weakly holomorphic modular forms on SLy(Z).

The first chapter introduces some basic number theoretic functions and their
properties. These functions will be needed in later chapters. We define modular
forms on the full modular group and give their related properties. We also intro-

duce Hecke operators and show that the L-series associated with Hecke eigenforms



have a product expansion. The second chapter serves as a comprehensive intro-
duction to harmonic Maass forms in both integer and half-integer weights. Their
transformation properties characterize them under the modular group and specific
harmonic conditions. Additionally, in the same chapter, we define the raising and
lowering operators that play a crucial role in changing the weight of these forms.
In the context of half-integer weights, harmonic Maass forms are characterized by
their action under I'g(/V) and Dirichlet characters. Also, it provides insights into
their Fourier expansions, ensuring absolute convergence. In chapter 3 the main goal
is to prove the functional equation of the L—series L;(¢) when f is a harmonic
Maass form. Finally, chapter 4 discusses a converse theorem for L—series of general

harmonic Maass forms.

1.1 Definitions and Basic Properties

In this section, we introduce some elementary number theoretic functions needed

for our work in later chapters.

1.1.1 Whattaker Functions

Whittaker functions are special functions that represent solutions to a particular
second-order ordinary differential equation.
Whittaker’s normalized differential equation is the second-order ordinary differential

equation

0? -1 k %—VQ
7o+ (T 45+ 45 o =

for smooth functions G : (0,00) — C and v ¢ Z!N. We have two solutions Mj, (y)
and Wy, (y) with different behavior as y — oo :

F(l+21/) 61 _k

My, (y) ~ ——— =7 o3y
kv (Y) F(§+u+k)2



and

1. _
Wk,V(y) ~e 2y k,

1.1.2 Definition and Properties of Gamma Function

Definition 1.1.1. The Gamma function is defined by the integral formula

I'(z) = /000 e 7 dt. (1.1)

1. The Gamma function is analytic in the Region Re(z) > 0.

2. The Gamma function satisfies I'(s + 1) = sI'(z), so it can be extended for all

s except the negative integers and zero.

Note that these are some of the many properties of the Gamma function.

Proof. Regarding (1), first, we split the integral, so:

F(z):/ e '* 1 dt
0

1 (&%)
= / e dt + / ettt
0 1

Now,for 0 <t < 1 knowing that e™* < 1,

1 1
‘ /m e—ttz—ldt‘ S /m tRe(Z)_ldt
1 1

< oo



And

o0

e*ttRe(Z)fldt

/ ett21dt‘ <

< e~ 3ldt

T~

IA
Do
Q\

[
3

this tends to zero as n — oo, giving uniform convergence. Hence we get that the
Gamma function is analytic for Re(z) > 0.

The equality in (2) is easily done by integration by parts:

F(z+1):/ tPetdt
0

= [—tze_t]go—i—/o 2t et

= / 27 e tdt
0

= zI'(2).

The incomplete Gamma function is defined as:

(r, z) ::/ e ‘" tdt. (1.2)

When z # 0, I'(r, z) is an entire function of r. We note the asymptotic relation for
reR

[(s,z) ~2° e (1.3)

as |r| — oo. In this chapter, we will also be using the following formula for the



incomplete Gamma function

[(n+1,2) =nle %e,(2). (1.4)
where
en(2) = R (1.5)
k=0

1.1.3 The Legendre-Jacobi-Kronecker Symbol

Let p be an odd prime, then for any a € Z the congruence

2* = a(modp)
can have no solution (a is a quadratic non-residue mod p), one solution if a =
0(modp), or two solutions(a is a quadratic residue mod p).

Define the Legendre symbol (%) to be

/

—1 if a is quadratic non-residue,

(%) =q0ifa=0, (1.6)

1 if a is a quadratic residue.

\

Proposition 1.1.1. 1. The Legendre Symbol is multiplicative,

OO-C)

In particular, the product of two quadratic non-residues is a quadratic residue.

2. We have the congruence



p—1

3. There are as many quadratic residues as non-residues modp, i.e. 55=.

Theorem 1.1.1. Let p be an odd prime. Then:

and

2. If q is an odd prime different from p, then we have the reciprocity law:

(-

Now, we will extend the definition of the Legendre symbol.

Definition 1.1.2. We define the Kronecker (or Kronecker-Jacobi) symbol (%) for

any a and b in Z in the following way.

1ifa==+1,
1. If b=0 then (&) =
0 otherwise.

2. For b # 0 write b = [[ p, where p are not necessarily distinct primes (including

p=2), orp=—1 to take care of the sign. Then we set

(7)-11(5)

where (5) 1s the Legendre symbol defined previously for p > 2, and where we

(a) 0 if ais even,
I B a2—1
(=1)" s if ais odd.

define



and also

a 1ifa>0,
)

—11ifa<0.

From the properties of the Legendre symbol, one has the following properties of

the Kronecker symbol.

Theorem 1.1.2. 1. (%) =0 if and only if (a,b) # 1.
2. For all a,b, c we have

and

()= () (E) 2o

3. b > 0 being fixed, the symbol (%) is periodic in a of period b # 2(mod4),

otherwise it is periodic of period 4b.

4. a # 0 being fived, the symbol () is periodic in b of period |a| if a = 0/1(mod4),

otherwise it is periodic of period 4|al.

5. Let p and q be positive odd integers not necessarily prime, we have:

and



1.1.4 Dzirichlet Character

Definition 1.1.3. Let G be a group. A character of G is a group homomorphism
X : G — C*, where C* is the multiplicative group of non-zero complex numbers. The

set of characters of G is written G.
Lemma 1.1.1. If G s finite, then G is also a finite group.

We define the Dirichlet character of modulus m where m is a positive integer by

the function y : Z — C such that for all a,b € Z we have:
1. x(ab) = x(a)x(b), x is multiplicative.
=0if (a,m) > 1
2. x(a)
#0if (a,m) =1
3. x(a+m) = x(a), x is periodic with period m.
We denote the trivial /principal character by xo, and it is equal to
0if (a,m) > 1

Xo(a) =
Lif (a,m) = 1.

One can easily see that property (1) implies that

and from property (3)

if a = b(modm), then x(a) = x(b).

11



In addition, if x and x’ are two characters for the same modulus, so is their product

/

XX

The principal character is an identity

0x0=x(a)if (a,m)>1
Xxo(a) = x(a)xo(a) =
x(a) x 1 = x(a) if (a,m) = 1.

Primitive Dirichlet Characters

Given a Dirichlet character x; of modulus m; dividing ms, we can always create a

Dirichlet character yo of modulus msy by defining

= x1(n) for n € (Z/msZ)*
X2(n)
:= 0 otherwise

Provided ms is divisible by a prime p that does not divide m;, the Dirichlet char-
acters x1 and ys will not be the same. In the same process, we can create infinitely

many characters that differ from x; in the same way. We will distinguish between

the characters that do and do not arise this way:.

Definition 1.1.4. Let x1 and x2 be Dirichlet characters modulus my and mso re-
spectively, with my|mq. If x1(n) = x2(n) for n € (Z/moZ)*, then xs is induced by

X1-

Definition 1.1.5. A Dirichlet character is primitive if it is not induced by any
Dirichlet character other than itself. Dirichlet character is called principal when it

is induced by 1(and is primitive <= x =1)
It is important to note that every Dirichlet character x is induced by a primitive

12



Dirichlet Character y that is uniquely determined by Y.

Definition 1.1.6. Let x be a character mod q. We say d is a quasiperiod of x if
x(m) = x(n) whenever m = n(modd) and (mn,q) = 1. The least quasiperiod of x

15 called the conductor of x.

Lemma 1.1.2. Let x be a Dirichlet character mod q. The conductor of x s a

divisor of q.

Proof. Let d be a quasiperiod of x, put g = (d,q). We must show that g is also a
quasiperiod of y.
Suppose

m = n(mod d) (1.7)

and (mn,q)=1. Using (1.7) and g = (d, q), by Euclid’s algorithm, there is =,y € Z

such that m —n = dx + qy. Thus

Thus g is a quasiperiod of y. m

Definition 1.1.7. A Dirichlet character x mod q is called primitive when is has

conductor q.

Orthogonality of Dirichlet Characters

Proposition 1.1.2. Let a(modq) be a reduced residue class. Then

¢(q) if n = a(modg)

xong 0 otherwise.

Where G is a group formed by the set of Dirichlet characters mod q.

13



First note that

Let ¥ be a character in G, and note that x varies over all the characters in G, so

does 1x. Therefore

Y(na™) Yy x(na™) =3 d(na x(na) = Px(na”l) =) x(na')

X€G X€G X€G X€G

Hence either - o x(na™") =0 or ¢(na™") = 1.
It erg x(na™') # 0 then 1(na™!) = 1 which implies that na™' = 1(modq) so,

n = a(modgq). Which clearly implies that our sum is ¢(q).

Proposition 1.1.3. Let ¢ € N. Then

o(q) if n =1 mod q

xmod g 0 otherwise .

?(q) if X = xo
n=1,(n,q)=1 0 ZfX 7é X0,

Proposition 1.1.4. Let q be any natural number and let x(modq) be a Dirichlet

character. If x and v are two characters (modq) then

e =
S amam =4 "

n(modq) 0 if not.

Using (proposition 1.1.3) for the character xv, we immediately get our desired equal-

14



1ty.

we say that y(a) is real if all its values are real (they must be 0 or £1). x is real

if and only if x? = yo. Real characters are Kronecker symbols.

1.2 Modular Forms.

Denote H to be the upper half plane, i.e H= {z € C,J(z) > 0}.

Definition 1.2.1. The full modular group s

a b
(1) = SLy(Z) = where a,b,c,d € R,ad —bc =1
c d
11 -1 0
It is generated by S = and T = . Which means that every
01 0 -1

matrix A € I'(1) can be expressed in the form A = 7" ST"S...ST".

Note that the full modular group I'(1) = SLy(Z) acts on H by:

a b a b b
For z € C, e I'(1), z= i
¢ d ¢ d cz+d

Definition 1.2.2. The principal congruence subgroup of level N of SLs(Z) is given

a b a b 10
I'(N) = € SLy(Z) :
c d c d 0 1

(modN)

Definition 1.2.3. Let I' C SLy(Z) be a congruence subgroup of SLs(7Z).

A fundamental domain §y, of I' is an open subset of the upper half plane such that :

e No two distinct points of §, are equivalent under T'.

15



e Fvery point in the upper half plane is equivalent to some point in the closure

of v under T
Definition 1.2.4. For each A € T'(1), we define the FEichler length [(M) of the
matriz A by:

[(A) = mm{%l +|ng+ oo+ g + kM =TSMTS™T... TS},

And I(I) := 0.
Theorem 1.2.1. The standard fundamental domain of the full modular group I'(1)
15 given by the open set:
1
To) = {z e H:|z| > 1,|Re(2)| < 5}
Definition 1.2.5. An automorphic factor j is a map

j: Maty(R)) x C— C

(M, z) = j(M,2) =cz+d

a b
Where M= with a,b,c,d € R

c d

Definition 1.2.6. Let I' be a subgroup of I'(1) with a finite index.

The multiplier is a function v : I' — C such that |[v(M)| =1,VM € T.

wik

We can easily verify that v(—I) = e™* v(I) =1, v(T) = €2, and v(S)=¢e7 .

A modular form of weight k is a function F' satisfying the transformation law:

F(Mz) =v(M)j(M,2)"F(z2)

16



Definition 1.2.7. Let k € 27Z. A modular form of weight k is a function f : H — C

such that:

1. f is holomorphic on H.

2. f(28) = (cz+d)*f(2),V “ € SLy(Z),z € H.

cz+d
c d

3. [ has Fourier expansion of the form: f(z) =3 o a(n)e* "
4. f(2) is bounded as Im(z) — oo.
Note that modular forms are of even weights since for
0 k
I= 2 €C, f(2) = f(=1z) = (=1)"f(2)
0 -1
If ¢(0) = 0, the function f is called a cusp form.

Definition 1.2.8. Let k > 2, we define the Eisenstein series of weight k,
Gp : H — C such that Gp(2) =>_,.cz > nez 1
(m

m#(0,0) MY

Its Fourier expansion is given by:
o (27-”)k G 2minz
Gr(z) =2¢(k) + 2—(k Y n%l or—1(n)e

Note that Eisenstein series are entire modular forms of weight k, for k£ > 2.

Theorem 1.2.2. If f € Sy, with f(z) = > 7, c(n)e*™™, then the Fourier coefficient
of f satisfies c(n) = O(n").

17



Proof. The series f(z) = > 7 c(n)e*™™ converges absolutely if |z| < 1.

Since ¢(0) = 0 we can remove a factor x and write:

o0

Z c(n)z"

n=1

(S
< el Y le(n)[le]"".
n=1

[f(2)] = ||

if 2 € §r(1) then z = u + iv where v > \/Tg > %, thus

2] = e

_ |627ri(u+iv)|

— | 627Tz'u—27rv |

—27w|
)

: 1 :
= |6 smce v > 5 we obtain

< le7™|

combining (1) and (2) we obtain:

@) < J2] Y le(n)]|2]"!
n=1
< || Z le(n)]|e™™ "V since |z| < e
n=1
< Alz|, where A = Z |le(n)]e~™=D)
n=1

— A€—27rv

Hence,

[f(2)[0" < Avte®

18



a b
. Now, define g(z) = 1|z — z| = v, where z € H. Then for A = e I'(1),

2
c d
1 - 2
g(Az) = 3|Az — Az| = |ez + dg(2),

SO

g*(Az) = |ez + d|7*g"(2),

and the product
o(2) = |f(2)g"(2)

is invariant under transformations if I'(1), since

#(Az) = |f(2)lg"(Az)

= (cz+ d)?*kf(2)|ez + d|7*g(2),

Furthermore, ¢(z) is continuous in §r(), and tends to zero as v tends to infinity.
Thus, ¢(z) is bounded in Fr(;). Being invariant underI'(1), we conclude that it is

bounded in (H), so let’s say
o(z) < M,Vz € H.

= f(2)] < MvF.

By Cauchy’s residue theorem, we have

c(n) = /01 flu+ i)z ™" du

19



S0,

1
] < [ 17+ i) du
0
le(n)| < Mu™*|z|™ = Mv™%e*™™ Yo > 0
When v = £, we get [¢(n)] < MnFe™ = O(n"). O

It is important to mention that:

The only entire modular forms of weight zero are the constant functions.

e Every nonconstant entire modular form has weight £ > 4, where k is even.

If £ is odd, if £ < 0,or k = 2, the only entire modular form of weight k is the

zero function.

The only entire cusp form of weight < 12 is the zero function.

Theorem 1.2.3. Let k € 27, and let F' : H — C be a function satisfying the two
relations:

F(z+1)=F(z),

for all z € H. Then, F satisfies

F(Mz) = j(M,2)FF(2)

for all z € H and all M € I'(1).

Proof. Each element M € I'(1) can be expressed in the generators S and 7" of I'(1),
and has an Eichler length. We will make an induction argument in the Eichler length

to prove the theorem. Consider first the case where [(M) = 0. This implies that

20



M =1 and F(Mz) = j(M, 2)*F(z) simplifies to
F(z) = F(Iz) = 1"F(2).

Suppose that F(Mz) = j(M,z)*F(z) holds for all the elements M’ € I'(1) with
Eichler length [(M') < m for some m € N. Now we consider an element M € I'(1)
with Eichler length [(M) = m. Since I'(1) is generated by S and T', we know that

M can be written as at least one of the following three cases:
M=MSM=MS"'M=MT,

where M’ has a smaller Eichler length. Assume M = M'S for some M’ € T'(1) with
[(M") <m — 1. Hence

F(Mz) = F(M'Sz) = j(M',S2)*F(Sz)
= j(M',52)"j(S, 2)*F(2)
= j(M'S, 2)FF(2)

= j(M,2)"F(2).
The other two cases M = M’S™' and M = M'T follow by the same argument. [J

1.2.1 The Mellin Transform

Definition 1.2.9. Let f: (0,00) — C be a Lebesque-integrable function. Its Mellin

transform is defined as

M(f)(s) = / O
for all s € C.

Now, let k£ € 2N, and F' € Si(I'(1)). The cusp forms F' has a Fourier expansion

21



of the form:

= Z a(n)e*™™* ¥z € H. (1.9)
n=1

The Fourier coefficients a(n) satisfy the growth estimate:
) as n — 0. (1.10)

We associate with F' the L-series of F' given by:

L(s) =Y a(n)n™*, Re(s) > A (1.11)

2
neN

Definition 1.2.10. Let k € 2N, and let f € Si. Define the completed L-function

A(f,s) of f by taking the Mellin transform of f along the upper imaginary azis

A(f,s) :/0 fliy)y*tdy, Vs € C.

Lemma 1.2.1. A(f,s) is well defined Vs € C.

Proof. Consider the following integral:

/ y* F (iy)dy.
0

Splitting the path of integration by 1, and then substituting y by i, we get:

e’} 1 0
/ y* " (iy)dy = / ¥ F(iy)dy + / ¥ F (iy)dy

0 1
/ y T F(iy dy+/ y* F(iy)dy
1 1
/ Y T F iy dy+/ Y F(iy)dy
1 1

— [ e R

22



This integral exists since F(iy) = O(e™¥°) as y — oo for some ¢ > 0. Thus

A(fs) = / " F(iy)dy

exists Vs. O

Theorem 1.2.4. We have

L(f,s) (1.12)

for R(s) > 1+ %, where

[(s) = / e Yy~ tdy (1.13)
0
1s the Gamma function.

Proof. Let s € H with Re(s) > 1+ £. Since, f € Sy, , we have a(n) = O(n?), thus

we can apply the dominated convergence theorem.

ML) = [ fa iy
0
:/ Za(n)e—Qﬂ'inyys—ldy
0 n=1
—/ Z(any)_se_TTS_ldy
0 n=1

= (2m)° i &7(72) /OOo e T dy

[]

Lemma 1.2.2. The function A(f,s) of the cusp form F extends holomorphically to

the complex plane and satisfies the functional relation

A(f.k—s) = (=1)2A(f,s),Vs € C (1.14)

23



Proof. First recall that

And that F' is invariant under the map z — ’71, and acts on the upper imaginary

axis as y — i So applying this substitution on A(f, s), we get:

M) = [ Pty
0
S |
:_:/ F(—)y' "y ?dy
o 1Y
= / (iy)* F(iy)y ' dy
0
Iﬁ/‘Fﬁwﬁls@
0

= i"A(f, k — s).

IS

Now, since i* = (—i)* = (—1)2, we get our desired equality:

A(f.k —s) = (~1)2A(f, 5).
]

Proposition 1.2.1. let F' € Si(I'(1)) be a cusp form of weight k € 2N. Then the
L-series defined by L(s) == >

wen a(n)n=% converges absolutely for Re(s) > £. And
its L-function A(f,s) = fooo F(iy)y*~'dy extends to a holomorphic function on C

and satisfies the functional equation A(f, k — s) = (—1)§A(f, s).

Definition 1.2.11. Let a,b € R such that a < b, and let ¢ : {s € C: a < Re(s) <

b — C} be a holomorphic function satisfying the asymptotic estimate

o(s) — 0 uniformly as |Im(s)] — oo

24



+7,oo

We also, assume that the path integral f o(s)|ds exits for every c with a+ 9§ <
c < b—0.(arbitrary but fized 0)

The inverse Mellin transform s defined by

c+1i00
M (@) (z) = L/ ¢(s)x*ds, x > 0.

270 Jeino

Lemma 1.2.3. Let L(s) = > _ya(n)n™® be an L-series that is absolutely con-

vergent on the half-planeRe(s) > % + 1. Assume that its associated L-function

A(f,s) = (2m)~*T'(s)L(s) is a holomorphic function on the same half-plane.

Then, the function f : i(0,00) — C on the upper imaginary azis defined by f :=
“YA(f, s)) satisfies:

= Z a(n)e ™ y > 0.
n=1

Proof. Using Stirling’s estimate of the I'—function:

ID(s)] < Coe 2 [t]"%,Cy > 0.
We find an upper bound of A(f,s),

IA(S,8)] = [(2m)T(s) L(s)|
= (2m)?[L(s)[[T(s)]

< Cy(2m)~ (Z|a U>6_2|

for s = o + it with ¢ > £+ 1 bounded, [t| > 2, and C> > 0.Now, since L(s) is

convergent absolutely for Re(s) > £ + 1, we have a(n) = O(n 2). So, we can apply

25



the inverse Mellin transform to A(f,s). Taking ¢ > 1+ £, we get:

— 1 c+ioco .
1 c+i00 - )
" 2mi i (2m)7°T'(s)L(s)y °ds, Yy > 0
1 c+ioo - -
T omi ) (2m)7T(s) Y _a(n)n~*y~*ds
neN
1 c+i00
- a(”)%/c_m (27ny)~°T'(s)ds
neN
= a(n>6—27rny
neN

we get the last equality since we know that
I'(s) ::/ e Yyt = M(e7Y)(s), Re(s) > 0.
0

]

Lemma 1.2.4. For k € 2N, let L(s) be an L-series that is absolutely convergent
on the half-plane Re(s) > % + 1. Assume that its associated L-function A(f,s) =
(2m)~*T'(s)L(s) extends to a holomorphic function on C and satisfies the functional
equation A(f,s) = (—1)2A(f,k — s). Then the function f : i(0,00) — C on the

upper imaginary axis defined by f = M7 (A(f,s)) satisfies:
(iy)"fliy) = f| — ).y > 0.
iy
Proof. We already have:

i) = MG = 5 [ A

270 Jeino

for y > 0. Now, applying the functional equation A(f,s) = (—1)§A(f, k—s), we
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get:

c+1io00
) == [ AU )y ds
211 ~
-1 g c+ico »
:(27rz / - A(f k= s)yids
B _(_1)§ /kcioo -

k

_ D /°° 0
=Y 2’7TZ koo A(f7 S) Y dS

for all y > 0.
The integral on the right-hand side is again interpreted as the inverse Mellin trans-

form, integrating along the path (k — ¢) = iR instead of ¢ + iR. Hence, we have:

»

i = G [ a (B) s

_ <—1>5y—’fM<_AC;€1)

Y

2

for all y > 0. And, since k is even, we have —1 = i™%, so we get:

Fliy) = (iy)’“f<_.—1)-

vy
[

Lemma 1.2.5. Let f :i(0,00) — C be a function given by the Fourier expansion

fiy) =) a(n)e ™,y >0

n=1
such that the series > - a(n)e *™¥ converges absolutely for all y > 0. Then f
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extends holomorphically to a function f :H — C given by

f= Za(n)e%m, z € H.

n=1

The function f satisfies f(z+1) = f(2),Vz € H.

Proof. Using the triangular inequality, we get the following inequality:

o0

Z a(n)e*™*

n=1

(9]
<> la(n)e>™,
n=1

where z = = + iy € H with real z and y > 0. Since ) .~ converges absolutely
for every y > 0, we see that the left-hand side of the above inequality converges.

Therefore:
f:H—C
z— f(z) = Z a(n)e®™*
n=1
is well defines and forms a holomorphic function on H. The periodicity of f is clearly

got from the Fourier expansion using e?™" = 1. O

Collecting the results of the previous three Lemmas we get the following converse

statement.

Proposition 1.2.2. For k € 2N, let L(s) = > .ya(n)n™ be an L-series that is
absolutely convergent on the half-plane Re(s) > % + 1. Assume that its associated
L- function A(f,s) := (2r)~*T'(s)L(s) extends to a holomorphic function on C and
satisfies the functional equation A(f,s) = (=1)2A(f,k — s). Then the function f :
H — C defined by:

() =3 a(myer

n=1

is a cusp forms of weight k with trivial multiplier on the full modular group.
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Proof. According to Lemma 1.2.3 f = M™(A) is well defined on the upper imag-
inary axis and has the required Fourier expansion. And Lemma 1.2.5 shows that f
extends holomorphically to H and satisfies f(z) = f(z 4+ 1) for all z € mathbbH.
Also, Lemma 1.2.4 shows the relation (T, 2)¥ f(z) = f(T'2) for all z € i(0, 00) on the
upper imaginary axis. This relation holds for all z € H since f is holomorphic. Now

using theorem 1.2.3, we have that f satisfies the required transformation property

f(Mz) = j(M,2)*f(2) for all z € H and all M € T'(1). Hence, f € Si(I'(1)). O

1.3 Hecke Operators

One should note that Fourier coefficients provide information about the behavior of
a modular form under the action of Hecke operators, and can be used to study the
L-functions. However, in the next chapter, while studying Harmonic Maass forms

this won’t be the case. First, let’s define the slash operator,

(fledM)(2) = j(M, 2)7" f(Mz)

where f is a meromorphic function on H, and k a real number.

Lemma 1.3.1. Let k € 2Z, and f : H — C. We have,

(fleM) )V = flMV

VM,V € GLy(R).
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Proof. We have

((fledM)V) (2) = 5V, 2) ™ (f1eM) (V 2)
= (V. 2) (M, V2) " f(M(Vz))
= j(MV,2) " f(MVz)

= (flgeMV)(z),Vz € H.

Let n € N. We define the set R, of finite linear combinations of elements M aty(Z)

with integer coefficients. n

Definition 1.3.1. Let f be a meromorphic function on H and k be a real number.

We define the slash operator of weight k on R, by

f|kZa,M E:CLZ (M, z) kf(Mz))

Definition 1.3.2. Let k be an integer and let f : H — C. For n € N, we define the

Hecke operator of index n by

(T =t Y ()
. (1.15)

k 1f| Z

dln b

Il
o
S Aals
QL (-
N—
—~
N
~—

If n =p prime:
1

(TF)(2) = 4 f () + Z(”b)

=0

Theorem 1.3.1. If f € M(I'(1)) and has the Fourier expansion

00
§ C 27rzmz

m=0



then T, f has the Fourier expansion

where
ym)= ) d’“C(Z—T)
d|(n,m)
Proof.
nz + bd
dn
And
f(Z) _ Z c(m) 27rzmz7
m=0
Thus
nz + bd > rimnEtbd
() = S etme
m=0
Therefore

nz+bd
( Z k 1§ :d k§ : 2mm

dn
00 — d—
Sr it
m= dn :

- i > (g) . c(m)e”’%

m=0d|n,d|m

o0 k—
- Z Z (g) c(qd)e g , (d divides m so m=qd)

q=0 d|n

= Z de_lc(%) g?miadz ( we replace d by g)

q=0 d|n

_ i Z dk—lc(%> e?m’mz‘

q=0 d|n
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a
Notice that letting A = with determinant n = ad, (2) can be written as

0 d

(=0t Y dRfAn =S Y (A,

a>1,ad=n,0<b<d a>1,ad=n,0<b<d

Which can also be defined as

%Zakf(Az). (1.16)

A

(T f)(2) =

Theorem 1.3.2. In every equivalence class of I'(n) there is a representative trian-

a
qular form , where d >0
0 d

Theorem 1.3.3. if Ay € ['(1) and V} € T, then there exist matrices Ay € T'(n), and V, €

[’ such that
AVi = Va A,
o; B a; B
Also, if A; = , and, fori=1,2 then we have
0 4 Yi 0

Cl1(’72AQZ + 52) = az(%z + 51)

o fp
Theorem 1.3.4. If f € My and el then
v 0

(Tnf)(Vz) = (yz +8)"(Tnf)(2)

Proof. We use the representation in (3) to write:

() = S abf ()

Ay
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a; by

where A; = . Replacing z by Vz, we obtain:
0 dy
1
(T f)(Vz) = ﬁZa’ff(Aﬂ/z). (1.17)
Ay
. . az by ay o
By The previous theorem, there exists € I'(n) and € I such
0 d2 2 52
that
A1V = ‘/QAQ
and

a1 (72422 + 62) = as(yz + 0).

Thus,

arf(A1Vz) = aif(Vads2)
= a¥(yp Az + 65) f(Az2) (since f is an entire modular form)

= a3 (2 +6)" f(Az2).

Hence, (4) becomes:

(T)(V2) = 3 ab(rz + )£ (452)
Aq

1

n

(yz + 6)* Z ab f(Agz)
Ay
= (v2 4 8)"(Tnf)(2).
]

Theorem 1.3.5. If f € My, then, Tnf € My. Furthermore, if f € Sk then, Tnf €
Sk-

33



Definition 1.3.3. A non-zero function satisfying a relation of the form

Lof = AMn)f

for some complex scalar \(n) is called an eigenvalue of T,,. If f is an eigenform so
is cf for every ¢ # 0. Furthermore, if f is an eigenform for every Hecke operator
T,,n > 1 then f is called a simultaneous eigenform. A simultaneous eigemform is

said to be normalized if (1) = 1, where f(z) =Y o= e*"m=,

Definition 1.3.4. Let k € R be a constant and {a(n)}nen be a sequence of complex

numbers satisfying the growth estimate
c(n) = O(n*), forn € Z,

the function

n=1

is called the L-series of (a(n))p.

Note that, Hecke found a connection between each modular form with Fourier

series f(z) = ¢(0) + > 7, ¢(n)e?™™*, and the L-series L(s) = > >~ ¢(n)n~* formed
with the same coefficient except for ¢(0). If f € Sox, then c¢(n) = O(n*), and, if f €
Moy, then c¢(n) = O(n?*~1). Thus, the L-series is convergent absolutely for Re(s) >

2k when f € Msk since

[e.9]

<
n2k—1
< Feqe Where A is a constant.
A o
= —Re(s) 2k i1 which is convergent for Re(s) > 2k.
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Similarly, the L-series is convergent absolutely for Re(s) > k + 1 when f € Syk.

Theorem 1.3.6. If the coefficient c(n) satisfies the multiplicative property

c(mye(n) = Y d%—lc(%) (1.18)

d|(m,n)

the Dirichlet series will have an Euler product representation of the form

1
L(s) = , 1.19
() 1;[ 1—c(p)p=s +p*~'p=> (119)

absolutely convergent with the Dirichlet series.
Proof. Since the coefficients are multiplicative, according to ([!], Theorem11.7),

when the Dirichlet series converges absolutely, we have

Lis)=Y" Cf;l) =11 {1 +3 c(p")p"s] . (1.20)

Now, (1.18) with ([2], Theorem6.13) implies

c(p)e(p™) = c(p™™) + p*le(p™ ) (1.21)
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for each prime p. Using this we get

[e.e]

O—dmx+ﬁk15(ﬂ% @ﬂﬂ>

c(p™)x™ —e(p ch )z + p*hT 1x2Zc(p )

n=1

Il
—

Mh

=1—c(p)z+p*a® +

n=1

1
—1_ c(p)a? _|_p2k—1x2 + Z C(pn)ZEn + ka—1$2 Z c(p")x" _ Z[C<pn+1) + ka—lc(pn—
n=1 n=1 n=1
=1 —c(p)z + p* 2% + c(p) x—l—z )" 4 p?hT 1x220(p Zc B
n=1 n=1
_ g kel Z C(pn—l)xn—i—l
n=2
=1
(1.22)
for all |z| < 1. Now taking x = p~*, we see that (1.20) reduces to (1.19).
O
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CHAPTER 2

HARMONIC MAASS FORMS

Bruinier and Funke [3] wrote an important paper on the theory of geometric theta
lifts. In their paper, they defined the notion of a harmonic Maass form. The
nonholomorphic modular forms constructed by Zwegers turned out to be weight 1/2
harmonic Maass forms. This coincidental development ignited research on harmonic
Maass forms.

Harmonic Maass forms are functions that satisfy certain transformation proper-
ties under the modular group, combined with certain harmonic conditions. They
are generalizations of classical modular forms and have recently been related to
many different topics in number theory: Ramanujan’s mock theta functions, Dyson’s
rank-generating functions, Borcherds products, and central values and derivatives
of quadratic twists of modular L-functions.

In this chapter, we recall the definition and basic properties of harmonic Maass

forms, while also defining they Fourier expansions ensuring absolute convergence.
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2.1 Properties of Harmonic Maass Forms for Even Weights

Definition 2.1.1. Let k € 2Z. A twice continuously differentiable function f;H —
C s called a weak Harmonic Maass form of weight k and trivial multiplier on the

full modular group T'(1), if it satisfies the following three conditions:

1. f(Mz)=j§(M,2)kf(2)Vz € H and M € T(1).
2. f(z) = O(e) as Im(z) = y — oo.
3. Apf =0.

Where

0? 0? 0
A —_ 2 . . , -
g Y (8:62 * 8y2) * Zky@a:

is the hyperbolic Laplace operator of weight k.

Note that Axf = 0 explains the word Harmonic in the name weakly Harmonic
Maass forms since the functions vanishing under the Laplace operator are called

harmonic functions.

Lemma 2.1.1. Let f be a weak Harmonic Maass form of weight k € 27Z. Then f

has a unique decomposition into two functions fy and f_, such that:
f(2) = f+(2) + f-(2).

Vz € H where there is suitable n_,n, € Z such that:

f+(z) = Z a(n)e’™,

neZ,n>n4
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and

fo(2)=a_(0)Im(z)""+ Y a_(m)T(1 -k, —4rnIm(z))e’™".

neZ,n<n_ n#0

Definition 2.1.2. Let k € 2Z. We define the subset H," = H; (T'(1)) of Hi(T'(1)) by f €
H; if and only if f € Hy and [ satisfies the condition:

There exists a nonpositive number n € Z and a polynomial:

Pr= Y ci(n)q"e€Clg"],

ny<n<0

where ¢ = > such that:
f(Z) . pf<€27riz) _ O(efclm(z))

as Im(z) — oo for some ¢ > 0.

Such harmonic Maass form f has a Fourier expansion of the form:

f(2) = i (2) + f-(2)

= ) ar(m)e™™+ > a (n)I(1 -k, 4dx|n|Im(z))e’™ .

neZ,n>ny neZ,n<0
Vz € H. Note that the expansion of f_ only contains terms with negative index n.

We denote the space of real analytic functions f on H satisfying the following

transformation property
F(Mz) = v(M)j(M, 2)" f(2),

39



Definition 2.1.3. We define the raising and lowering operators of weight k by:

0 k
Rk Zaz+y,
and
0
Ly = —2iy*—

with z = x + 1y € H.

The raising and lowering operators Ry and Ly raise and lower the weight k of
real analytic functions f on H that satisfy f(Mz) = v(M)j(M,2)*f(2) to k+2 and

k — 2 respectively.

Lemma 2.1.2. For k € 27, we have:
Ly : Ap(I(1)) = Ap—2(I'(1))

and

Proposition 2.1.1. Let k € 27Z. The differential operator & given by:

(& f)(2) : = Im(2)* Ly f(2)
= R_,Im(2)*f(2).

defines an anti-linear mapping
&+ Hy(D(1)) — My, (D(1))

Proof. We have
0 k
Ry = 2i— + —
Jdz y
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S0,

Ry ) = 2052 (04T ) + — 70

+((5) o) o5 -

T F( 0
= Im(Z)k_QLk;f(Z), since Lk’ = —QZyzy
z

Note that, restricting & to the space H; (I'(1)), we have the map:

& - HY (T(1)) = Saga(T(1)).

2.2 Properties of Harmonic Maass Forms for Half Integer

Weights
Let k € %Z, let Ay denote the weight k& hyperbolic Laplacian on H given by

J 0 0
e /a2 et —
Ag = —4dy 92 95 + 2@ky82 (2.1)

where z = z +iy with z,y € R.  For k €  +Z. We define the action |, of Iy(N),

for 4| N, on smooth function f: H — C as follows:

Xk

(fley)(2) = (g)eflk(cz +d) " f(yz), for all v = ] € I'o(V). (2.2)
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Where (g) is the Kronecker symbol, and for an odd integer d, we set

1if d = 1mod4,
€q — (23)
1 if d = 3mod4,

so that €3 = ().
0

vt
Let Wy, = for M € N. We have

VM 0
(F1sWar)(2) = (FliWa' ) (2) = f(Warz)(—iv/Mz) ™" (2.4)

For a € R, we have

(frk 0 b )(Z)=a"“f(z;ba>- 25)

Now, we state the definition of Harmonic Maass forms.

Definition 2.2.1. Let N € N when k € %—l—Z. Let 1) be a Dirichlet character modulo
N. A harmonic Maass form of weight k and Dirichlet character ¢ for T'o(N) is a

smooth function f : H — C such that:
x *

1. For all v = € I'o(N), we have flyy =(d)f.
d

2. Ak(f) = 0, which means the f is an eigenfunction of the hyperbolic Laplacian

with etgenvalue zero.

x ok
3. For each vy = € SLy(Z), there is a polynomial P(z) € Cle™* ], such

c d
that

f(y2)(cz+d) ™ — P(2) = O(e™¥) as y — oo, for some e > 0.
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Let Hy(N, ) denote the space of Harmonic Maass forms with weight k& and char-
acter ¢ for I'g(N). To describe the Fourier expansions of the elements of Hy (N, 1),
recall the incomplete gamma function (1.2) and its asymptotic behavior (1.1.2).

Thus, now we can state the following theorem,

Theorem 2.2.1. Letk € Z. Each f € Hi(N, ) has the absolute convergent Fourier

exTpansion

f(z) = Z a(n)e*™ + Z b(n)[(1 — k, —4mny)e (2.6)

n>-—ng n<0

for some a(n),b(n) € C, and ny € N.
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CHAPTER 3

L-SERIES

In this chapter, we define the L-series for general harmonic Maass forms. Sub-
sequently, we introduce the renormalized partial derivative and its corresponding
L-series, which will be utilized later in proving the converse theorem. Following
this, we present the integral form of the L-series and define the twisted function,
enabling us to derive the functional equations Ly and Ls, . With this, we succeed
in establishing a converse theorem that does not appear to have been formulated

and proved before.

let L be the Laplace transform mapping each smooth function ¢ : R, — C to

(L) (s) = / ettt (3.1)

for each s € C for which the integral converges absolutely. And let f a weakly

holomorphic cusp form of weight k € 27 for SLy(Z) with expansion

flz)= Y a(n)e™, (3.2)
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Define F; to be the space of test functions ¢ : R, — C such that

[e.9]

> la(m)I(LIg])(2mn)

n#0
converges. Then, define the L-series map Ly : Fy — C by

[e.o]

Li(¢) = Y a(n)(Le)(2mn). (3.3)

n#0

We will state the converse theorem in the special case of weakly holomorphic
modular cusp forms for SLy(Z). Thus, the statement and proof for all harmonic

Maass forms will be given in the next sections.

Theorem 3.0.1. Let (a(n)),>—_n, be a sequence of complex numbers such that a(n) =

O(eV™) as n — oo, for some ¢ > 0. For each z € H, let

n=-—nog,

n#0

Suppose that the function Ls(¢) defined for each compactly supported smooth ¢ :
Ry — C by (3.3), satisfies:
Ly(¢) = i*Lys(9). (3.4)

olx) = w’“%e)-

Then f is a weakly holomorphic cusp form of weight k € Z for SLy(Z).

where ¢ is given by

The next theorem is an example of the way the functional equation and the
converse theorem can be used.
The main application of our construction is a summation formula for harmonic lifts

via the operator &_j. This operator maps a 2 — k£ harmonic Maass form f to a
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weight £ holomorphic cusp form

5, Of
o f = 2iy? k?
Z
where z = = + 1y.
The operator &_ is surjective [1], and finding a preimage for a given cusp form

is a fundamental problem in the theory of harmonic Maass forms. Despite its sig-
nificance, it remains an open question concerning the explicit computation of the
holomorphic part of a harmonic Maass form g when a holomorphic cusp form is
already known.

In the following theorem, we state in the special case of level one and even weight,

and then in the following sections, we will state it and prove it in general.

Theorem 3.0.2. Let f be a weight k € N holomorphic cusp form with Fourier

expansion

f(z) = Z a(n)e*™ "

n=1
Suppose that g is a weight 2 — k harmonic Maass form such that & g = f with

Fourier expansion

g(z) = Z ct(n)erm s 4 Z ¢ (n)I(k — 1, —4mny)e*™ "=,

n>—ng n<0

Then, for every smooth, compactly supported ¢ : Ry — R, we have

S et [t (e i Yy

n>—ng

k2

—— (k= 2)! o

_ Zza(n) (( 0 ) (47Tn)1k+l/ 6727myyl¢(y)dy

=0 n>0 : 0

2l+1 _ 9]
+ 7 1(87m)7(k2+1> / ey ST G(y) M,k ko1 (2ny)dy,
— 0 2Th 3
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where My, (%) is the Whittaker hypergeometric function.

This is one of the first times where the summation formulas have appeared in

the study of harmonic Maass forms.

Now, we will establish the relationship between our L-series and the classical

L-series of holomorphic cusp forms. For s € C, let

I(x) = (QW)SxS_lﬁ. (3.5)

Then, for v > 0 and Re(s) > 0,

(e 9]

(L)) = [ eI ()t

S—

[e.9]

1
e " (2m)5 5T ——dt

S—

o I'(s)
0 [ e
-5 /0 s (3.6)
_ @n°T(s)
[(s) u*

VR

21\ °

)

Let f be a holomorphic cusp form for T'o(V) of weight k € Z with Fourier expansion
F(2) = 3% a(n)e?™™=. Since a(n) = O(n"z *9), for any s € C with Re(s) > kL
[2], we have I, € F; and

Ly(l) =) aln) (3.7)

is the usual L-series of f, i.e, for the holomorphic cusp forms, the L-series is the
usual/classical L-series.
However, in the case of weakly holomorphic cusp forms, f can be expressed as

F(2) = 20y mzo @(n)e*™% where ng is the largest integer such that a(ng) # 0.
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Their L-series is defined by: for any fixed ty > 0

a(n)l'(k — s, 22)

7t0

(27n)k—s

sy 8 S B

n>no,n#0 n>no,n#0

(3.8)

for all s € C, where I'(s, x) is the incomplete gamma function (1.2) which continues

entirely as a function in s € C for x # 0.

For fixed T' > 0, we define the characteristic function

1 when z > T,
]lT(l’) =
0 otherwise

Then, with I defined as in (3.5), we have, for t; > 0 and u > 0.

L(I,1,,)(u) = /0 e L)y, (D)t

2m)s [
(2m) / e “t57ldt, letting & = ut, dx = udt
F(S) to

S o0 s—1
= (2r) / o 1dav
I'(s) Juty U U
— (QW)SL /OO efxxsfldl,
F(S) u® uto

_ (2m)* (s, utp)
w T(s)

(3.9)

The incomplete Gamma function has an analytic continuation giving an entire func-

tion of s when u # 0. Thus, we interpret L(I1;,)(u) as the analytic continuation of

[(s,uty).

Now, by the growth estimate of the Fourier coefficient a(n) and the asymptotic

behavior of the incomplete Gamma function, we deduce that, for any ¢, > 0,

Li(I1y) = Z MM
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converges absolutely.

The construction of the L-series on a broader class of test functions than on
{Is1; : s € C} makes a converse theorem possible. The dependence on the test
function goes through the Laplace transform. As a result, both ¢ and ¢ belong to
the domain of absolute convergence of the L-series L;. This cannot happen in the
case of standard L-series of holomorphic cusp forms because there is no value of s

for which both I, and I, belong to the same domain of absolute convergence.

3.1 L-series Associated with Harmonic Maass Forms

Let C(R, C) be the space of piecewise smooth complex-valued function on R. Recall
(3.1) the notation for the Laplace transform of the function ¢ in R, where the
integral is absolutely convergent.

Now, for s in C, we define

and note that for s =1, ¢; = ¢.

Let M be a positive integer and k € %Z. For each f on HI,

fz)= D aln)e ¥ + Zb(n)F(l — K, _Zﬁ&ny)ew (3.10)

n>—ng n<0

is the absolute convergence series, where the convergence is obtained by the growth
estimates of the Fourier coefficients a(n) and b(n) and by the asymptotic behavior
of the incomplete Gamma function.

Let F¢ be the space of functions ¢ € C(R, C) such that the integral defining (L¢)(s)

and (Lpa_i)(s) respectively converge absolutely for all s with Re(s) > —2mng and
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Re(s) > 0. The following series converges:

> lamiceloh (37 ) + X o (‘””)M [ ;ygj;"—”%.

n>>-—ng n<0
(3.11)

Definition 3.1.1. Let M be a positive integer and k € %Z. Let f be a function on

H given by the Fourier expansion (3.10). The L-series of f is defined to be the map
L¢: Fy — C such that, for ¢ € Fy,

Lo = ¥ awee(57)

n>>-—ng
- ) (3.12)
4 1-k o0 Lo 2mn(2t+1)
+Zb ™m / (Lpy—p) (5 )dt.
0 (1+ 1)k
n<0

To prove the converse theorem for non-holomorphic elements of Hy (N, 1), we

will need the renormalized version of the partial derivative in terms of z:

(1)) = 22 () + S (=), (3.13)

where z = x+14y. This operator will be used to ensure the vanishing of the eigenfunc-
tion I’ of the Laplacian, since it is not enough to show vanishing on the imaginary
axis, it is also required to have ‘Z)F =0.

So, now recalling the Fourier expansion (3.10), we have:

) = 510+ 3 ol (FHZ)
+2_b(n) (27;\?2>F<1 —k, _‘%&”y)e%}”,

(3.14)

Now, we will assign a class of function Fj, ; and an L-series map Fj, ; — C to it.
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Let Fj, s be the set of functions ¢ € C(R, C) such that the following series converges:

27 Z |na(n)|(Leps) (2]7(;)

n>>-—ng

B (3.15)
_4rn o0 (L¢2_k)(M)
+ 27 nb(n ( ) / M dt.
; | 0 (141)k
We let Ls, ¢ be such that for ¢ € Fy, ¢,
k 27 2mn
L= g0~ 37 3 natmiren(%7)
= - (3.16)
4 L=k roo ([ 2mn(2t+1)
+2—W2nb(n) i / (L) (57 )dt,
M M 0 (1+1)k

converges absolutely.

Lemma 3.1.1. Let f be a function on H as a series in (3.10). For ¢ € Fy, the

L-series L¢(¢) can be given by

=Amﬂwwwmy (3.17)
Similarly, for ¢ € Fs, 5,
Los0) = [ Gun) oty (3.18)

where O f is defined in (3.13) and Lg, 5 in (3.16).

Proof. From (3.10), we get

n>—ng n<0
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We multiply both sides by ¢(y) and then integrate over (0, 00), we get:

| stiwe = [7 3 atme  stay

n>-—ng
> _47Tny —2mny
+ b(n)I'| k—1, e M dy.
[ (k1 S ) oy

Now, since ¢ € F, we can interchange the order of summation and integration, we

get:

n>—ng
> dmny \ —2rny
+Z/O b(n)l“(l—k:, 7 ) (y)dy
n<0

n>—ng n>—ngo
- ¥ amea(57)
M
n>-—ng
For the non-holomorphic part, using
o] efzt
I'(a,z)=z2%"" ——dt
(a,2) /0 (1+1t)t-e
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for Re(z) > 0, we get

S [ wtr(1- 5 =) olay

n<0

-3 b(n)/o r<1 K, _i&”ﬂeg&wsb(y)dy

n<0
R [ () )
n<0 0 M ; (1 = t)
Z b( )/OO (—47Tn)1_k 1—k 27ny qb( )/OO €4W]Zyt dtd
B ! y e M ¢y y
" 0 N o (L+t)k

/°° /°° (_47m)1kq5 ) LSO 1 IR
- _ e
0 o M 2—k y (1 +t) y

1

_ (—47m) e Ly, k(%)dt
0 (1

Hence

= Y a(n)(Lo) (2%‘) +Zb(n)(_j§”>lk /0 N L‘”’éﬁ%.

n>—ng n<0

We proceed similarly for Ls, .(¢), having (3.14), we get:

2mn —2mny -2 —4mn —2mny
(0rf)(iy) = = f(iy)+ Z na(n ( y) an < y)F(l—k, i y)e M

n>-—ng n<0
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We multiply both sides by ¢(y) and then integrate over (0, 00), we get:

/O Oo(ékf)(iy)¢(y)= /O ok Fliy)o(y)dy (3.19)
+/OOO n;m ”“<”)(_2]\Zny)ew¢(y)dy (3.20)

[ (e (1 ) et
(3.21)

We just proved above that

| Sty =510

As before, we can interchange summation and integral,

27Tn —2mny —27T > —27Tny
M dy = —— M d
|73 a (Z ) st =27 X nat [ oty

n>-—ng n>-—no
—27T > —27ny
= na(n) Pa(y)e 1 dy
0
n>—ng
=27 2mn
n>—ngo

Finally, regarding (3.18),

/ 3 nb(n <27my>r(1—k, _iany>e$w¢(y)dy

n<0
_2 > —4 —27ny
= 7 >_nb(n) / r(l — kL, &”y) o(y)dy
0

n<0
=27 —471n 1=k roo L¢ (M)
+— b / 2k M dt.
M ;M”)( M ) ; (1+tF)
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Hence

k —27 2mn
n>-—ng
9 _4rn 1-k o0 L¢ (—27rn(2t+1))
e b —_ 2k M dt.
L nZ@n(n)( M ) /0 (14 tF)
This is our desired result. O]

Our goal in the next theorem is to state and prove the functional equation of the
L-series L;(¢) when f € Hy(N,v).

Let f be a function on H with Fourier expansion (3.10) where M =1

flz) = Z a(n)e*™ 4 Z b(n)l' (1 —k, —47my) e?minz (3.22)

n>-—ng n<0

Define the generalized Gauss sum for a Dirichlet character y modulo D and n € Z

Te(n) == > x(w)e*™ "D, (3.23)
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Then we define the twisted function f, as

I
=
S
~

RS
I
|+
IS

N———

v mod D
u mod D n>ng n<0
_ Z Z 27rana 27r7,nD + Z ZX 2mnDb F(l — k, _47rny)627rin%
u mod D n>ng uw mod D n<0
= Z a(n)7g(n)e*™ D + ZTX (1 — k, —4mny)e*™ .
n>ng n<0
(3.24)
Then the L-series for f, is
2mn
L) = ¥ mmazo) ()
n>-—ng
1-k 0o 27mn(2t+1) (325)
+ ZT Amn / L¢2 k( M )dt
X D 0 (141t)k
n<0
and for dy fy
k =27 2mn
Lan (@)= 5nl0) + 57 3 nntmatn) (i) ()
n>-—ng
- _ (3.26)
=27 —4A71n 1-k o L¢ (M)
— ()b e M St
) UL 0] oy B e
n<0 0
for ¢ € Fr N Fop(py)- For a € %Z, M e Nand ¢ : R, — C, We define:
1
W, = (Mzx) | — |,Vx > 0, 3.27
(@iVr) o) = (M) 0 37 ) v (3.27)
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0 M '
where Wy, =
v M 0

Also, define the set S.(Ry) of complex-valued, compactly supported, and piecewise
smooth functions on R, which satisfy: for any y € R, , there exists ¢ € S.(Ry)
such that ¢(y) # 0.

Now, we are ready to prove the functional equation of L;(¢) and its twists.

Theorem 3.1.1. Fix k € %Z. Let N € N, and let 1 be a Dirichlet character modulo
N. when k € %+ Z, assume 4|N. Suppose that f is an element of Hy(N, ) with
expansion (3.10) and that x is a character modulo D with (D, N) = 1. Consider the
maps Ly, Loy @ Fry N Fsupy — C given (3.25) and (3.26). Set

g := flxWn

and Fpg = {d € Fr N Fory : PlaxWn € FyN Fs,,}. Then Fpy # 0 and we have

the following functional equations. For each ¢ € Fy,4. if k € Z,

Lyolo) = XD (oo, (3.25)
Loun0) = XD 1 (olamathi). (3.29)

For each ¢ € Fyq4, if k € % + Z,

(=N)p(D)

Lin(9) = (=1 Fn(N)E— 22 Lo (04 W), (3:30)

D 2

Ls, 1x(¢) = ¢D<_1)k%¢D<N)%LWWX¢D<¢|21€WN)> (3.31)
D 2

Where p(N) = (%) is the real Dirichlet character modulo D.

Note that in this theorem, we denote by F; the space of compactly supported

functions.
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Proof. First, by the definition of S.(Ry) we see that it is contained in Fy and Fiyy,
so Fy4 non-zero. Also, for ¢ € S.(Ry), with Supp(¢) C (c1,c2) where ¢q,¢2 > 0,

then for all z > 0

Ley00,0 e

Using the growth estimates of the Fourier coefficients of a(n),b(n) we deduce that
(3.11) converge.

Since the Dirichlet character is bounded, we have that 7y(n) is bounded, using it
with Ls,(¢), we get that for ¢ € Fy, then ¢ € Fy, for all x.

In order to prove the functional equations for Ly, (¢) and Ls, r,(¢), we will take two
cases.

Casel : k € Z.

Using the identity

1 u 1 U
W [ VP VP wyt=wit [PV !
0 VD 0 VD
(3.32)
1 v
N N R
e i N

valid for u,v € Z with (u, D) = 1 and Nuv = —1(modD), with the definition of
g = f|xWn, we get that

LleWn = x(=N)p(D)gx. (3.33)
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we have

Liy(6) = / " hin)dly)dy

= /0 Ix (Niy> (b(N_y) N ty—1y—1dy by change of variable

Note that
(LW (iy) = f (W (i) (VNiy) ™
:fx(%g)(m i)+
Al
Thus

fx (N—y) = (f [k Wn)(iy) NziFyk (3.34)

SO,

L) = [ <fx|kwN><z‘y>N5ikyky—ZN—lqb(Niy)dy
— kv (_ 51 > ke (L
= i"x(=N)¢Y(D)N /O 9x(1y)y ¢(Ny)dy

Fx(=N)y(D) [ 1
- X Jf( ) /0 gx(iy>(Ny)k‘2¢(N—y)dy by multiplying by

k—2

NEk—2

= IXEND) bl W),

Which gives us the first functional equation (3.28).

Regarding the equality (3.29) we apply the operator J; to (3.33), we get:

BURINE) = (bW () + 2 (b))

= X(=N)¥(D)(dkgx)(2)

(3.35)
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where

(fulsWn)(2) = (VN2) " £, (Wiz)
—k _1
- A (1)

z) = E z z2 z)7" _—1
BTG = S + o5 (VR (52)) -
= ((OuSx|eWn)(2)-
We get
(Orf W) (2) = X(=N)Y(D)(0rgx) (2)- (3.37)

We deduce that the differential operator §; and the action of Wy via |; almost
commute with each other.

Proceeding as before:

o

Lo, 1x (¢ (Orfx)(
(3.38)

We know that

s (i) = f(N—y) (VN (i)~

So
f(N—y> = (FOlWa)(ig) N ity
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Applying the operator d; to both sides we get

(15 ) ) = Bty

= (1S )W) (iy) N 2"y by (3.37)
Therefore

1
Loy (@ / Ok L) W) (i) N 2 iy cb(N—)N_ly_Zdy

| XM i - ay
D) ok [ i Ny ) x v
= x( < wa | (Guax)liy y Ny y

= X~ N)(D)iF N / (6190 (i) (Dl W) () dy

0
= OX(—NW(D)Z%NP%Lakfx(¢’2—kWN)-

(3.39)

Which is our desired result.

Moving on to case two where k € £ + Z, according to ([°], Lemma 3.4) we have

a2+ )+ = vl (S ) () )

= vt (5) (ot

since a =d (mod 4),ad =1 (mod (—bN)) and —bc =1 (mod d).

(3.40)

Again according to ([5], Proposition 5.1) , we have

X(LWD)QWD)(Z)-

(3.41)

R( 2 ) VR = (- - ()
Now, we proceed as in the first case to get our desired functional equations. [
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Recall that ¢4(z) = ¢(x)z*~t. We will show that for y > 0 and s € C with

Re(s) > 3, we get

D=

(LI6u)(y) < (L<|¢P><y>)y—’%<s>+é<r<2Re<s> N (3.42)

Proof.

(LI6:)(y) = / " v, ()t
= [ ol

0

e yt yt 1
_ / e 16(8)]e % |5t
0

< ( / (e?|¢(t)|)2dt> ( / (e?yts—ly)zdt> By C.S inequality
0 0

we know that

Lo - [ S e o) de

0

And
/ (e%t |t8—1 Dzdt _ / €_ytt2Re(s)_2dt
0 0
0o x 2Re(s)—2 1
= / e ™ (—) X —dx letting x = yt
0 ) Y
> 1
— —x . 2Re(s)—2
/0 e x y2Re( )—2+1 dx
_ y—2Re( )+1/ e—erRe( )—2 dr
0
— ¢ 2B+ (2Re(s) — 1)
Therefore we get our desired inequality (3.42). O

Now, for a given function f on H with series expansion (3.10) with M = 1,
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consider ¢ € Fy. We have that

> |()|<<L|¢| <27m)> 5 o ( 47m>1_k/0°° (<L|¢2_k|(21)(+#)) "

n>>-—ng n<0
(3.43)

NI

converges. Then with (3.42) we have ¢, € F; for Re(s)>

L\')l»—\

Theorem 3.1.2. Let k € Z and f € Hi(N,v). Set g = flxWn and ng € N be such
that f(z) and g(z) are O(e*™Y) as y = Im(z) tends to co. Suppose ¢ € C(R,C) is
a non-zero function such that, for some € > 0,¢(x) and ¢p(x~') are o(e?(M0FIT) gg

x — oo. We further assume that the series (3.43) converges. Then the L-series

L(s, f,¢) = Ly(¢s) (3.44)

converges absolutely for Re(s) > %, has analytic continuation to all s € C and

satisfies the functional equation

L(s, f,¢0) = B AR *L(1—5,9,0l1-sWn). (3.45)

Note that the test functions for which the series L;(¢) and the integral fooo fly)o(y)dy
converge are different. And having that the integral converges for any s € C gives

analytic continuation for L;(¢) for any s € C.

Proof. Due to the growth of ¢(y), we deduce tht L(|¢|*)(y) converges absolutely for

y > —2mngy. This combined with the note before the proof we get that ¢, € F; for
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Re(s)>

N[

L(s, f,¢) = Ly(¢s)

/ f(y)os(y
/(MyS%

:/0 Fliy)y " o(y) dy+/ fliy)y*~ oly)dy

In the first integral we let y = =, and in the second, we let y = x, we get

o ) 1 1 1 o
L(s, f,¢) = /} f(NLx)gb(N_x) A % xsﬂd:wr/} fliz)* p(x)de  (3.46)

using

(57 ) W) i) (V) = gl

N =

and (3.27), with a = 1 — k, we get for Re(s) >

L(s, f, ) = / (i)t N 52 (0] W) (2) (V) ]$ slﬂdﬁ / (i (s
VN VN
= z'kN;Hs/ g(iz) (|1 kW) (z)z~*dx +/ fliz)z* tp(x)dx.

(3.47)
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Now,

L(1—s,9,¢01-Wn) = (( Ik Wn)1-s)

/ 9(i9) (0 W )1 (y)ds

0

/Ooog (D)W (y)ds

:/m TPl )(y )d8+/¢lﬁ 9(iy)y~* (D11 W) (y)ds
(3.48)
where
/Ojﬁ g(iy)y_5(¢|l_kWN>(y)dS:/}f(i> N _k¢< >( y) Ty Ty

[

= i_kN2_1+s/ fliz)¢(x)r* tdx
.

And letting y = x in the second integral of (3.48), we get

o0

L(1 = 5,9, 6l Wy) =i "N2 1 Oof(ix)¢(f€)ﬂf“dl’+/ gliz)x™(dl1x W) (x)dz

e
ﬂ

:i_kNEk*l_s/ g(iz)z ™% (P|1_Wn)( de+/ fliz)p(z)x* tdx.

EH

(3.49)

Hence, we got our desired equality (3.48). O
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CHAPTER 4

THE CONVERSE THEOREM

We will first state and prove the converse theorem. Then, we will demonstrate
that it is possible, in the case of integer weights, to formulate the converse theorem
using primitive characters. As an application, we will state and prove a summation

formula for the holomorphic part of a harmonic lift of a given cusp form.

Theorem 4.0.1. Let N be a positive integer and 1 a Dirichlet character modulo
N. For j € {1,2}, let (a;j(n))n>_n, for some integer ng and (bj(n)),<o be sequence
of complex numbers such that aj(n),b;(n) = O(“VYN) as |n| — oo for some con-
stant C' > 0. We define smooth functions f; : H — C given the following Fourier

expansions associated to given sequences:

filz) = D aj(n)e”™ + Y " bi(n)D(1L — k, —4wny)e”™ " (4.1)

n>—ng n<0
for all D € {1,2,....N? — 1}, gcd(D, N) = 1, let x be a Dirichlet character modulo

D. For any ¢ € S.(Ry), for any D and x, we assume that, if k € Z

pX(=N)P(D)

Ly () =i Lyog(@la-xWh), (4.2)
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and

Lskiy(0) = ZkX(_]ifvg)ipr)L&kf?x(¢|2—k:WN)- (4.3)
Ifkes+Z
Liny(®) = (-1 F XD @), (4)
epN~1T2
Lo (0) = (-1 3upM I o 0o a). (49)
D 2

Here ¢¥p(u) = (%) belongs to Hy(To(N),v).
Then the function fi is a harmonic Maass form with weight k and Nebentypus

character 1 for To(N) and fo = f1|xWhn-

There is a freedom of choice of the test functions in this theorem. We reduce the
size of the set of test functions, so we assume that our functional equations hold only
for the family of test functions ¢,(z) = 25 '¢(z)(s € C) for a single ¢ € S.(Ry). In

this setting, we will be proving the converse theorem.

Proof. Using the growth conditions of a;(n),b;(n), and the asymptotic behaviour
of I'(s,z) , we can see that the smooth function f;(z) given by (4.1) converges
absolutely to a smooth function of H for j € {1,2}. Since the form of the Fourier
expansion of f; and f, is similar to one of harmonic Maass forms, we can directly
say that f; and f, satisfy conditions (2) and(3) of definition (2.2.1). Similarly, for

any Dirichlet character y modulo D, the twisted functions

Fix(2) Z Ta;(n yerinz/D ZTX I'(1 — k, —4wny/D)e*™™*/P  (4.6)

n>—ng n<0
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converges absolutely for j € {1, 2}, since x is also bounded. So is the operator

Sl0(E) = 20 ) 1+ g o),

= 5fj<z) + Z aj<n)627rmz/D$ + Z b](n) Wll)nzl‘(l o k?, —47Tny/D)€27TmZ/D-

n>-—ng n<0

for j € {1,2}.

Note that for any s € C , and ¢ € S.(Ry),¢s(y) = v* 'o(y) € S.(Ry). In
fact, since ¢ € S.(Ry), there is 0 < ¢; < ¢g, and C' > 0 such that Supp(¢) C

[c1,¢9], and |¢(y)| < C for any y > 0. Thus for j € {1,2} and n > 0, we have

2mn 2 oy
alzlod (25 =l [ .l
—lyml [ ey o)y
(4.7)
<lajw)] [ CeB 0y

< C’|aj(n)|e_27£>ncl maz{cPOt O e, — o)),

Using (4.7) , the boundedness of 7(n) and a;(n), and the convergence of (L|¢;|) (2%"),

we get :

> rTX<n>r|aj<n>\<L\¢s”(2m>

D
- ezl (%) + > oo ()
< o0.

for any s € C and for any Dirichlet character y modulo D.
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Likewise, for n < 0, and ¢t > 0 :

—2mn(2t + 1 2 27rn(2t+1)y
(L@st1-k) (%) =/ e |ps+1-x(y)|dy
c1

Cc2
=/ ¢ | () dy
C1

g (J/ 2 ewy}ze(s)—kd(y

Cc1

27n(2t+1)cq R kR
<e D mazr{q e(e)- ,626(8) }.

Thus,
Z|T )15 47m / (L|pst1- k:|)(27m—2t+1)) di
x(
n<0 D (1 + t)
47m A 1 27n(2t41)e; Re(s)—k _Re(s)—k

< ()| [b(n - Ay 7 ma z{c! e }

n<0 0

Z | ||b 47‘(”)’& L=k /OO 1 64“7’glt+2”gcl max{CRE(S)—k CRe(S)—k}
= T ru— )

— xl D Jy (4t ! ?
— max{cRe(S)fk CRB(S)*]Q} /OO ;647r75c1tdt Z ’Ti(n)Hb(n)’ 4in 1 6271'”61

1 ) &2 0 (1 + t)k X J D

n<0

converges for any s € C, and for any Dirichlet character y modulo D. So, ¢, satisfies
(3.11) for f;y, hence it belongs to F1, N Froy. Hence by Weierstrass theorem , we
conclude that Ly;,(¢s) is an analytic function on s € C.

Now, using the Mellin inversion formula, we have

MM (fix(iy)d(y))) = Fix(iy)d(y)
Where
M(fix(ty)o / fix(iy)o(y)y™ tdy = Lyjx(9s),
And

MLy 0) = 5 [ Lot
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Thus
1
Fn()o) = 5 [ Londonyds (48)

for all o € R. Now, similar to the work done above, we can conclude that Lskfjy)(¢s)
is analytic for any s € C and for any Dirichlet character y modulo D. Again, using

the Mellin inversion formula, we deduce the following

. 1 .
5%WW@:%/WWWMd& (4.9)
Using integration by parts, we get

zmx@wz/mﬁgwwxw@

u/a Six (i) o(y)y> ' dy (4.10)
- £ flx(zym(y)K - [ e g,

since ¢ is compactly supported, it vanishes at 0 and co. Then

|MuWM—W—1/m@@&Qﬂ2

_H/ '3f1x2y y)

— 0 ,as |[Im(s)] — 0.

ysdy‘

e dy (4.11)

Similarly,

I(r(r109(y))
dy

Loy 19 (¢5) < s ‘/

— 0 as Im(s) — 0.

.
(4.12)

We can see that Lf1,)(¢s) converges uniformly to 0 as [Im(s)] — 0 for Re(s) in

any compact set in C. Hence, we change the line of integration from Re(s) = o to
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Re(s) =k — o, so
| 1 .
(o) =5 [ Loy ds

then change the variable s to k — s, we get

Fini)ols) = 55 [ Lrndén-sy s

Similarly, we get:

S @)(@)0) = 5 [ Livig(Gn-y* s

To proceed we have two separate 2 cases:
1. keZ,
2. ke +1Z

Starting with case (1), using (4.2) with (4.13),

fix(iy)o(y) = L/Lf1><(q25k_s)y_k*'sals

27 J,

pX(=N)P(D) 1

=1 —_/Lf2x<¢ks|2kWN)yk+Sds

N5-1 271
We have that ¢p_s|o—xsWn € Fr1y N Frag, and for each y > 0:

1

(Grsa W) (9) = (Ny)* 20 (N—y)

o))

:4Nw8%<iﬁ
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So, we get

Log(r—s|o—£Wn) = /OOO Joxg (1) (Pr—s|2—x W) (y)dy

_ /Ooofzx(iy)(Ny)s%(Niy)dy

Again, using the Mellin Inversion formula,

1 _
L (m) Ay) =5 )

1

1
./Lf2>z(¢k—s|2—kWN)ysd3-

Therefore, using (4.15) and (4.18), we get

—N)y(D
Six(iy)o(y) Zik%;z/%zx(% sl W)y *+ods
—N)y(D 1 —1
= ik%y%ﬁﬁx (M) ¢(y)
_axX(=N)(D) -1
=1 NE fzx(iNy)¢(y)'
Similarly,
Lsi( fox) (P—s|o—Wn) = N (0k (o)) (1) (Dh—s 2= Wi ) () dy

Using (4.1) and (4.14),

Or(fix) (iy)o(y) =

By the Mellin inversion,

Vo) (s

0

e

(0r( f2x (iy)(Ny)* 1¢< 1y)d3/-

g

0w = (55) [ Lavsaton- iy
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(4.17)
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(4.19)
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Therefore,

: ik 2X(=N)Y(D) s
sutrtinoty) =+ D) (D)o )

MBS

Since ¢ € S.(R,), so for y € R, such that ¢(y) # 0, thus the following relations

are true for all y > 0

) = G XENYD) (-1
Jix(iy) = Ni f2x(iNy> (4.24)
e X(EN)Y(D) N
st in) = XD o g (), (4.25)
Now, define
F\(2) = fix(2) = X(=N)Y(D)(fox e Wy ') (2)- (4.26)

Notice that

Fy(iy) = fiy(iy) — x(=N)O(D)( fox kW ') (i)

_ ikML);}(D)y_kaX (%) — X(=N)(D)(—VNiy) ™ for (];_;Z)

(4.27)

Where (—i)7% = (=1)"%* = (1/i*)7%~* = i*  and using the renormalized version
of partial derivative we get = F, (iy) = 0.

Since f1, and foy are defined as the Fourier series of e*™"# and I'(1—k, —4mwny)e*™"*.,
they are eigenfunctions of the hyperbolic Laplacian. Therefore F) is an eigenfunction
of the Laplace operator. The vanishing of F, and a%Fx on the imaginary axis implies

that £\, = 0 ([0], Lemmal.9.2), thus
Fix(2) = X(=N)¥(D)(foxk Wy ') (2). (4.28)
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Note that for D =1,
_ Z X(u)e%rin% -1
u=1

80, fix(2) = f1(2), fax(2) = fa(2) and (D) = 1 so we get
fi = faliWy'

Applying the slash operator to (3.24), then using (3.32),

JoslkWy'(2) = x(v )<f2| I Wy )( )
) UI;D k( \/5)

= <f2|kW &
v mod D 1+guv

(v,D)=
—Nuv=1 (modD

1
_ ( 75
'l()deD 1+Nuv 0

—Nuv=1 (mod D)

Now using (4.28),

fix(2) = X(=N)Y (D) (foxk Wy ') (2)

D _
— (=MD Y X <f1|k ( ! )
v mod D —N’U 1+ Nuv
(v,D)=1 D

—Nuv=1 (mod D)

- D —
I D] !
v mod D —NU #

(v,D)=1

—Nuv=1 (mod D)
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Since x(—=N)x(v) = x(=Nv) = x(u™") = x(u).

We know that

using (4.31), ([7])

S ml(z;“): S x(we(D)

u mod D u mod D
- D —Uu Lo
x> x(hl PP (z)
v mod D —Nv # 0 \/E
(v,D)=1
—Nuv=1 mod D
which is equivalent to
fi(z) = Z Z V(D) filk
u mod D v mod D —Nv #
(v,D)=1
—Nuv=1 mod D

Taking the sum over all characters modulo D, we see that for each u, v such that

—Nuv =1 mod D, we have

D —u
fl(z) = ¢(D)f1|k N (4-32)
Which is equivalent to
1+ Nuv U
T = (D) fi. (4.33)
Nv D

So we have proved that f; satisfies condition (1) of Definition (2.2.1).
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Moving on to case (2), using (4.4) with (4.8),

Fii) () = — / Ly (62)y~"ds

" 2mi
1 —N)y(D) 1
:wD(_l)k_2¢D(N>%%/ULfZX¢D(¢s|2—kWN)y_SdS

(4.34)

As we proceeded before, having Loy, (¢s) converges uniformly for Re(s) we change
the line of integration from Re(s)= o to Re(s)= k — 0. then we change the variable

s to k — s, we get,

. 1 —N)y(D) 1 a
Fuipot) = on(—1)* b0 XU [ a0y
(4.35)
Using (4.16), we get
Loxpp (Br—s|2-xWn) = / Joxwn (1) (r—sl2-1 W) (y)dy
. . (4.36)
_ . s—1 .
= [ snlin @i 5 )
And the Mellin inversion formula gives us
1 -1 1
Nf%wD (m) o(y) = 9 /U Logyp (Pn—s|o—c W)y ds. (4.37)
Therefore,
1 —N)y(D) 1 —1
P i)6(w) = vo(=1 (XD L o (_) 9(y)
epN~1H2 N iNy (4.38)

o 1yk=L X(=N)¥(@D) . (-1
R e TR oy P}

Since ¢ € S.(R,), so for any y € Ry, ¢(y) # 0, thus the following relation is true
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for all y > 0,

iy XENRD) (=1

= @/JD(—l)k_%?ﬂD(N)MN%?J%J%WD (%) (4.39)

(frzwnlsWy") (iy).
Using (4.5) with (4.14).

(=N)y(D) 1

or(fix) (iy)o(y) = wD(—l)kéi/JD(N)XGDNHg ﬁ/aLék(ﬂwD)((ﬁkSIQkWN)ySde

Where the Mellin inversion formula gives us

—N"0( foxwn) <%>¢(y) = % / Lok v (Dh—sl2-6Wn))y*ds. (4.40)

Therefore,

5 )000) = (-1 (W) s (%)qb(y) (4.41)

Since ¢ € S.(R), so for y € Ry, such that ¢(y) # 0, thus the following relation are

true for all y > 0,

() (i) = —op(— 1) b () XD

GDNZ

Now, we define

Fy(2) = fi(z) — ¢D(—1>k_%¢D(N>X<—N)¢(D)€BI(f2>z¢D|kWJ§1)(Z)~ (4.43)

As before, F,(iy) = 0 and £ F,(iy) = 0. We also know that F} is an eigenfunction

of the Laplace operator, so we have shown the vanishing of the general eigenfunction
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of the Laplacian, F) = 0, thus

Fix(2) = ¥p (1) 29p(N)x(=N)(D)ep! (Foxyn Wy ) (2): (4.44)

Similarly as in the previous case, we have

_ D U 1w
i@ =vd) > xWhl VPV () s
v mod D —NU D 0 \/D ( ’ )
(v,D)=1
—Nuv=1 (mod D)

Taking the sum over all characters modulo D, we deduce for each u, v such that

—Nuv =1 mod D, we have

D —u
f1(2) = (D) filx . (4.46)
Which is equivalent to
1+ Nuv U
T =¥(D) f1. (4.47)
Nv D

So we have proved that f; satisfies condition (1) of Definition (2.2.1).

]

Corollary 4.0.1. With the notation of the previous theorem, let (a;(n))p>—n, for
7 = 1,2 be sequences of complex numbers such that j = 1,2 be sequences of com-
plex numbers such that aj(n) = O(eV") as n — oo, for some C > 0. Define the

holomorphic functions f; : H — C by the following Fourier expansions:

HE =Y ame. (1.48)

n>-—ng

For all D € 1,2,...,N* — 1, ged(D,N) = 1, let x be a Dirichlet character modulo

78



D. For each D,x and any ¢ € S.(R,), we assume that,

_ ax(=N)9(D)

k
N2t

Loy (pl2 — kW) (4.49)

if k € Z. Then, the function fi is a weakly holomorphic form with weight k and
character i for Uo(N), and fo = f1|xWh.

Proof. The proof is the same as the proof of the previous theorem except that we

do not need the equations of Ls, (5, y(¢) due to the holomorphicity of f; and f,. [

4.1 Alternative Converse Theorem for Integral Weight

We will state and prove the converse theorem so that only primitive characters are
required in the statement. Recall the following notation of the Gauss sum of a

character y modulo D :

()= > x(m)e™b. (4.50)

When x is primitive, we have 7(n) = x(n)7(X).

Theorem 4.1.1. Let k € Z, N € N and v a Dirichlet character modulo N. For
Jj € {1,2}, let (a;j(n))n>—n, for some integers ny and (b;j(n)),<o be sequences of

c In\)

complex numbers such that aj(n),b;(n) = O(e as n — oo for some constant

C > 0. We define smooth functions f; : H — C given by the following Fourier

expansions associated with the given sequences:

fiz) =Y am)e®™ +Y " b(n)D(1 — k, —dwny)e’™ . (4.51)

n>-—ng n<0

For all D € N,(D,N) = 1, all primitive Dirichlet characters x modulo D and all
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¢ € S.(Ry), we assume that,

—N)yY(D
Lynn(0) = XD (),
and
Lskpix(6) = _ik%Lékﬁx(kaWN)'

Then, the function f; belongs to Hi(T'o(N), ).

Proof. In the previous theorem, we got

Fix(2) = X(=N)U(D) (forkWx')(2)

(4.52)

(4.53)

(4.54)

without depending on the character xy whether it is primitive or not, and since the

other assumptions of the theorem are the same, we deduce:

(fixkWn)(2) = X(=N)P(D) fax (2)-
Now, let f;,(2) := ijX(Dz) for j=1,2,

FixliWapa(2) = (DVNz) ™ fi (W pe2)
= (D\/NZ)_kflx (—_1 )

OV, ()X

- (f1x|kWn) (Dz)m

(4.55)

(4.56)

This coincides with ((5.13)-[%]) where we can say if ¢(r) is any function of the non-
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zero residue classes modulo D such that " ¢(r) = 0, we have

D —r 1 & 1 5
> cr)gl Pl= ) gl | ” (4.57)
r mod D, —Nm S 0 1 r mod D, 0 1
(r,D)=1 (r,D)=1
Then
D —r 1 & 1 &
> ) Pl= Y ey P (4.58)
r mod D, —Nm S 0 1 r mod D, 0 1

(r,D)=1

mod{? , where (2 is the annihilator of g. If D is prime, we take ¢ to be 1 on the

residue class of r, —1 on the class of —r, and 0 elsewhere. Then by matrix operation,

we get
D —r 1 25’" D r
[ - u(0)] - —u(D). (459)
—Nm s 0 Nm s
and
D r s —r 1z D —r 1z
{ - ¢<D>} ’ ’
Nm s —Nm D 0 1 —Nm s 0
(4.60)
D —r 1
= { ¢<D>} ’
—Nm s 0
Let
9= folxy — (D) f2, (4.61)
r
where v = . And g satisfies g = g|p M which is clearly seen by (4.59) and

Nm t

1 2r
b is an elliptic element of infinite order with

(4.60), where M =
t 3 Dt
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fixed point

1 4 4\ 2 —3Dt + 4+ ANmr
|4 — 4+ 24— ) —4
2x%[ Dt \/( +Dt> ( Dt

(4.62)

= ;(1 — Dt /1 — D(2+ Nmr)t + D*?),

DmN
!/ /
Now, define g, := fol
Nm t
D 1
Nm t 0

with D' = a — u'Nm, r' =

proceeded before, we get g | M; = g1 where

elliptic matrix with fixed point

—u a b 1

— (D) fa, where

—v

1 Nm d 0 1

—av + W'vNm + b —u/'d and a = d — Nc. Then as we

27/

1 o .

is an infinite order
—2Nm 4
t 3 + D't

1
ﬂ(l — Dt £ /1 — D2+ Nmr)(mN +t) + D2(mN +1)). (4.63)
m
Also,
D 1 —u a b 1 —v
falk = folk
Nm t 0 1 Nm d 0 1
a b 1 —wv
= fali (4.64)
Nm d 0 1
D r
= folk
Nm t
Since
a b 1 w D r 1 v
= , (4.65)
Nm d 01 Nm t 0 1
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where D =a —uNm,s =d —vNm, and r = —av + uvNm + b — ud. and

a b 1 u D r 1 v
falk = folk
Nm d 01 Nm t 0 1
(4.66)
D r 1 v
= foli
Nm t 0 1

which is equivalent to

a b 1 —w T
folk = folk
Nm d 0 1 Nm t
Thus, we get

D r

g1 = f2|k: —%U(D)fz
Nm t
g1 =4

Therefore, g is invariant under two infinite order elliptic matrices that do not
have fixed points in common, therefore g is constant (Theorem 3.11-[9]). And Hence

g = 0. Thus, we have

D r
falk =(D)f,
Nm s
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Hence

T 1 v
folk = folk
Nm D Nm s 0 1
1 v
= (D) falk (4.67)
0 1
:w(D)ﬁ

=1(a)fs, since D =a (mod N)

So fo satisfied the third condition of a Harmonic Maass form, and as before from
the form of its fourier expansion we have the other two conditions satisfied. Hence

fo € Hi(70(N), 1), then so is fi. O

Example of using the converse theorem
Using the previous two theorems, we will give an alternative proof of the following
statement: if £ € N and f is a weight 2 — k& holomorphic cusp form, then the (k—1)

derivative of f is a weakly holomorphic cusp form of weight k.

Proposition 4.1.1. Let k € 2N, and let f € S, for SLo(Z) with Fourier expan-

sion (3.2). Then the function f, given by

filz) = ) a(n)(2mwn)tle> (4.68)

n#0
is an element of S..

Proof. Since f € Sy ,, n*la(n) = O(e®V") as n — oo for some ¢ > 0. For ¢ €

Se(Ry), we have

o0

Ly(¢) = Y (2mn)"a(n)(Le)(2mn), (4.69)

n#0
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And

Where

Now using (4.1.8 [10]) and ¢ being supported in (¢, cz) C Ry, we have :
(LO*D)(u) = u* "1 (Lo)(u) — u*26(0) — u*2¢/(0) — ... = u* "' (Lo)(u).

Then
a(¢)

ol(¢)(w) = L7 (u" (L) (w) (x).

= L7 (u" (L) (u) = L7 (Le" V) = 7Y,

thus, a(¢) € Fy. Using theorem (3.1.1), we get

And,

We claim that

L1(9) = L(a(9)) = 7 L(al() [k W1)-

L1 (¢la—eWh) = Ly(a(p|a—Wh)).

(o)W1 = —a(@|2—xW1),

which is equivalent to

" (L(BlakWh)) (1) = L(ca(¢la1W1))

= L(=a(¢)[xW1)

= —L(a(6)sW1) (u).
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(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)



So it is enough to prove (4.76) for u > 0 since both sides are holomorphic.

Let pi(x) = 2!, for | € Z,1 > 1. By ([10}-4.2.3) for u > 0, we have

l_l!(Lpl)(U) = poi-a(u) =u” (4.77)

Using (4.71). we get
¢(x) = L7 (u™" (La(9)))(2) (4.78)

(4.79)

And

8

=

>

[\

L

=

g
Il

Il
S
Ex
S
<
VRS
8|
Q)
:
QU
S

h /0 "1 = t2)20(6) (1) dte—" dx
h /0 (1= 05 %a(9) <3> L gt gy

Tr )T

e 1 —t)k2 L) L oty gy
[ oato)(3 ) e

" éa(qﬁ) (%) </01(1 — t)’“—Qe—“”dt) dx

Il



Using the fact that

1 1
v (a, z) = Ta) /o t* te~*'dt, Re(a) > 0, (4.80)
we get
1 g
v (k—1,—uz) = / tr2eurt gt
I'k—-1
(k . ) o (4.81)
= =1 /0 (1 —t)f2emreurt s,
Then,

L(6l V1) = —— /OOO L) (1>r(k S etk — 1, —uz)da

(k —2)! x x
now using )
7 (a,z) = %’y(a, z), (4.82)
we get:
Lola) = g [ 30l0)(5 )= e x S 1 —une
= G _1 I /0 Ea(gb) (i)( ux) "Fe Ty (k — 1, —ux)da
And with
y(n+1,z2) =nl (1 —e” Z—'> (4.83)
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we obtain:

o) = g [ o) (3) (= 2 (1 - Z =)o
_ /OOO ia é (i)(—um)lke (1 —e j;(_;‘f) )d
— /OOO ia ¢ (i) (—uz)~Fe " de + /OOO];Z: (_;L'x)j éa@) <£)( uz)' Fdx
(4.84)
where

And
I O M O
_ 10 ““Zﬂ ' /0 0 (0) (2)de
(4.86)
Thus,

k=2 (—u)itlk oo

L6os?) = (-0 *Lla@)) @) + Y T [Tt a(o)alar,
jio (4.87)

For j € [0,k — 2], by using integration by parts and the fact that ¢ is compactly
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supported, we get

/000 o) (v)r!dx = /000 o*V(x)addr =0 (4.88)

Thus,
L(¢lo-1W1) = (—u)' ™" L(a(9)[W1) () (4.89)

since k is even, it is equivalent to
~u* T L(Glok W) = L(a()|xW1) () (4.90)
Therefore, we have proved (4.75). Combining this with (4.73) and (4.74), we have

L1(8) = #*Ly(alé) V)
= NI
= —iszLfl (¢’24€W1)

= " L1(pla—rWh).

(4.91)

Which implies by the previous corollary that f; is a weakly holomorphic form with
weight k for SLy(Z). O
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