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ABSTRACT
OF THE 'THESIS OF

Fatima Jamal Berjawi for Master of Science
Major: Pure Mathematics

Title: Monge-Ampere Equation

In this work, we focus on studying the Aleksandrov solution of the Monge-
Ampere equation. Initially, we develop the notion of a normal mapping and discuss
its properties through proving concepts from convex analysis. Moreover, we define
the Monge-Ampere measure over a Borel sigma algebra as well as proving the maxi-
mum and comparison principles of this equation. We conclude our study with solving
the homogeneous and non-homogeneous Dirichlet problems for the Monge-Ampeére
operator.
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INTRODUCTION

The Monge-Ampeére equation has received a great deal of attention in recent years
due to its significant implications in various fields. It is classified as a fully non-linear
degenerate elliptic partial differential equation. Its classical form is given by

det D*u = f(x,u, Vu) in Q (1)

where (2 C R” is an open convex set, u : {2 — R is a convex function, and f :
QxR xR" — R" is given.

This equation was initially introduced by the French mathematician Gaspard
Monge in 1784 and later by André-Marie Ampere in 1820. Although it has been
studied for a long time ago, it is still an active area of research which arises in many
important problems in analysis, geometry, and physics. One of its interesting ap-
plications in differential geometry is the ”prescribed Gaussian curvature equation”
where the Gauss curvature K (x) of the graph of a function u on R™ at (z,u(z))
is given by (1) with f = K(z)(1 + |[Vu|?)*2/2 [1]. The Monge-Ampere equation
also arises strongly in Optimal Transport. Given p and p* measures with compact
support, consider the optimal map minimizing [g, |7'(z)—z|*du(z) over all measure-
preserving maps T from p to p*. It turns out that T exists and is given by the subdif-
ferential of a convex function u in R™ such that u satifies (1) with f = g(x)/h(Vu(z))
where dp = g(z)dx and dp* = h(y)dy [2]. Another field where the equation appears
is atmospheric sciences, in particular, meteorology. In fact, the semigeostrophic
equations can be reformulated as a coupled Monge-Ampere/transport (MA/TR)
problem after suitable changes of variables [3].

Moreover, as we hope for a smooth function u to solve (1), the Russian math-
ematician A. D. Aleksandrov introduced a notion of weak solutions to the Monge-
Ampere equation called Aleksandrov solutions (or generalized solutions). As a con-
sequence, the study of smoothness of such solutions has become a center of interest to
many researchers. This notion is defined as follows: to a convex function u : 2 — R,
one associates a measure Mu in ) that will be defined later in Chapter 3, and u is
called an Aleksandrov solution to (1) if Mu has density f. In practice, it is useful to
consider a Borel measure as the right hand side of (1) in order to prove the existance
and uniqueness of solutions. So given a nonnegative Borel measure p inside €2, we
call u an Aleksandrov solution of det D*u = p if Mu = p in Q.

In this thesis, we are interested in the study of convex Aleksandrov solution



to the Dirichlet problem

(2)

det D*>u=p in Q
u=gq on 02

where ¢ : 0€2 — R is a continuous function. We begin our work in Chapter 1 with
some preliminaries concerning covex sets and convex functions. Chapter 2 then
presents the notion of a normal mapping du : 2 — P(R"™) of a function v : Q@ — R
and discuss its related properties in convex analysis.

In Chapter 3, we define a Borel o — algebra on €2 to a continuous function u that
contains subsets F such that du(E) is Lebesgue measurable. We then introduce
the Monge-Ampere measure Mu associated to u in 2 where Mu(E) = |Ou(E)|. If
u € C?*(2), we proved that Mu is a measure with density det D?*u which asserts
the notion of weak Aleksandrov solutions. After that, in Section 3.3, we discuss
an interesting property of the Monge-Ampere measure that is the stability under
uniform convergence which will imply the closedness of Aleksandrov solutions under
uniform limits. In Sections 3.4 and 3.5, we consider the maximum and comparison
principles that are fundamental in the study of Monge-Ampeére operator.

Finally, in Chapter 4, we solve the homogeneous Dirichlet problem and then
prove the existance and uniqueness of a convex Aleksandrov solution u to (2).

Our research is based on the classical book The Monge-Ampére Equation by
Cristian E. Gutiérrez [1]. We also rely on the book Conver Analysis by R. T.
Rockafellar [5] as well as on the book Functions of Bounded Variation and Free
Discontinuity Problems by L. Ambrosio, N. Fusco, and D. Pallara [0] for the measure
theoretic results.



CHAPTER 1

PRELIMINARIES FROM CONVEX
ANALYSIS

1.1 Convex Sets and Supporting Hyperplanes

Definition 1.1.1. A set Q C R" is convex if and only if for every x,y € €1, the
straight line (1 — t)x + ty € Q whenever t € [0, 1].

Definition 1.1.2. A set Q C R” is strictly convez if and only if for every z,y € €,
the straight line (1 —t)x + ty € Q° whenever t € (0,1).

Proposition 1.1.3. Intersection of convex sets is convex.

Proof. Let €1 and Qs be two convex sets. Let z,y € Q3 Ny and t € (0,1). We
have z,y € Q; with (1 — t)x 4+ ty € Q since 2 is convex, and z,y € )y with
(1 —t)x + ty € Qy since €y is convex. Thus (1 —t)x + ty € Q1 N Qy. O

Proposition 1.1.4. Interior of a convex set is convex.

Proof. Let Q be a convex set. Let z,y € Q° and t € (0,1). We claim that z =
(1—t)x+ty € Q° Asy € Q° Ir > 0 such that B(y,r) C Q. We show that
B(z,rt) C Q and thus z € Q°. Let u € B(z,rt) and write v = y + 1(u — z). Hence
v € B(y,r) € Q and u = (1 — t)z + tv. Since Q is convex with z,v € Q, then
u € . O

Proposition 1.1.5. Closure of a convex set is convez.

Proof. Let Q be a convex set. Let z,y € Qand t € (0,1). There exists (z,,), C Q and
(Yn)n € Q such that lim z, =z and lim y, =y. As Q is convex, (1 —t)x, + ty, €

n—oo n—oo

Q Vn € Nwith lim ((1—t)x,+ty,) = (1—t)z+ty. Therefore (1—t)z+ty € Q. O
n—oo

Proposition 1.1.6. If Q is a convex set with nonempty interior, then for every x
in the interior of Q and y in the closure of ), the line (1 — t)x + ty € Q° whenever
0<t<1.



Proof. Let x € Q°, y € Q, and t € (0,1). We claim that z = (1 — t)z + ty € Q°.
As x € Q° Je > 0 such that B(xz,e) C Q. We first show that ¥y € 2 and 2/ =
(I—t)z+ty, B(z, (1—t)e) C Q. Let u € B(2/, (1—t)e) and write v = z+ 1= (u—2').
Hence v € B(z,e) C Q and u = (1 — t)v + ty’. Since 2 is convex with v,y" € Q,
then u € €. Now, consider the ball B(y, %e) Asy € Q, 3y € QN By, %e), and
we write z = (1 —t)x +ty' + t(y — ¢'). Then z € B(2/, (1 —t)e) C Q as we proved
before, and thus z € Q°. n

Proposition 1.1.7. If Q is a convex set with nonempty interior, then Q° = (Q)°.

Proof. We have
NCO = Q°C(Q)°

Suppose now y € (Q)°. Je > 0 such that B(y,e) C Q. Let € Q° with x # y and
0 <6 < Weobtain z =z + (1+6)(y —2) =y +d(y —x) € Bly,e) C
We can write y = (1 —t)x +tz with 0 < ¢ = ﬁ < 1. Hence, by Proposition 1.1.6,

y € Q°.

m
Proposition 1.1.8. If Q is a convezx set with nonempty interior, then 0Q = 0.
Proof. This is a direct result from definition of boundary and Proposition 1.1.7. [

Definition 1.1.9. A hyperplane I1 in R™ is given in cartesian coordinates as follows:
{reR":p-x =10}

with p a non-zero vector in R™ and b an arbitrary real constant.
A hyperplane 11 divides R™ into two closed half spaces:

It={reR":p-z>0b} and 1" ={x € R":p-x <b}.

Definition 1.1.10. Given a set Q C R", and xo € 0N2. We say that the hyperplane
IT supports Q at xq if and only if xo € II and €2 is contained in one of the two closed
subspaces T1*.
To elaborate, here 11 passes through o, so there exists p (normal) such that 11 is
given by:
p-(z—x9) =0.

If 11 supports ) at xq, then
QC{x:p-(r—x9) >0} or QC{z:p-(r—x9) <0}
We can replace p by —p and get the following definition.

Definition 1.1.11. Given Q C R", and xq € 0. Q has a supporting hyperplane
at xg if and only if there exists p € R™ \ {0} such that for every x € §, we have
p-(z—x9) > 0.



Theorem 1.1.12. Given 2 C R" a closed convex set. For each xoy € 0S), there
exists a hyperplane 11 supporting 2 at xy.

Proof. Take xq € 0f).
Case 1: ) is bounded

Step 1. As zy € 09, Ve > 0, B(zg,€) N O £ (. Hence Vk € N, Jy, €
B(x,1/k) N Q. We claim that for each k € N, there exists a unique z; € dQ such
that d(yx, Q) = |yx — xx|.

Starting with the definition of the distance, we have d(yx, Q) = inf,eq lyx — x|,
and 0 < d(yg, Q) < |yr — 2| < oo for some z € €. By definition of infimum, ¥n € N,
Jx,, € Q such that

1
d(yr, Q) < |y — zn| < d(ys, Q) + o

which implies that lim |y, —z,| = d(yx, Q). Moreover, |y, —x,| < d(yg, Q)+1 Vn €
n—oo

N. Then z, € B(yk, d(yx,2) +2) ¥n € N obtaining (z,), is a bounded sequence.
By Bolzano-Weierstrass Theorem, (z,), has a convergent subsequence, say without
relabeling that

Ty — Tk

with zj, € Q as Q is closed. Therefore lim |yx — x,| = |yx — x|, and by uniqueness
n—oo
of limit, we get d(yg, Q) = |y — x|
Now, we show that x;, is unique. Suppose there eXilsts x). € (1 such that ), # xp
and d(yx, ) = |yx — 2}|. As Q is convex, we have % € ), and thus

= = Q).

/
Y — Ty,

2

Ty, + ),
Ye = 75

Yk — Tk
2

This implies that
[k — T Ay — 23] = |ye — 28] + lye — 2.

Squaring the equality, we get

<yk — Tk, Yk — $§g> = ’Z/k - $k”yk - 5132;|

which is equivalent to (y; — ) and (yx — z},) being linearly dependent. We obtain
(Y — ) = My — ) for some A € R. However, we know that |y, — x| = |y — 2],

yr ¢ Q and % € Q. Therefore A =1 and =), = 7.

To end this step, it remains to show that x; € 9. Since y; ¢ €, then d(y, 02) <
d(yk, €?). Similar to what we proved before, for 02 is a closed set, dz} € 02 such
that

= 0 which is a contradiction since

d(yr, 0Q) = |yr — 2},

Suppose now zp ¢ 09, so |yx — x}| < |yr — zx| which is a contradiction since
\yr — x| = infeq |yx — x| and 2z}, € Q.



Step 2. We show that the hyperplane passing through x; with normal (z5 — yy)
supports ) at xy.
Consider the plane

II: (2 —yx) - (x —x) = 0.
It is sufficient to show that (z) — yx) - (z — x) > 0 Vo € Q (see Definition 1.1.11).
Suppose 3 ' € Q such that (zy — yx) - (2’ — 2x) < 0 and take the line
C:0(t)=(1—t)a, +ta', teR

We know that £(t) € 2V t € [0, 1] since Q is convex. Also,

e — €)= lyk — x — t(2" — z) > = |y — @] — 26(yp — @) - (2 — ) + 2" — 23]

We notice that it is an equation of parabola with minimum (£, £(£)) where

(Yp — 1) - (2" — 71

> 0.
|x" — xp|?

{=

Then 30 < t; < 1 such that t; < £ and |y; — £(t1)| < |yx — €(0)| = |yx — 21|. This is
a contradiction as £(t;) € Q and |y, — zx| = d(yx, ).

Step 3. We claim that 32 € R" such that the hyperplane passing through z
with normal (xy — z) supports Q at xo.

Since €2 is bounded in this case, then there exists a ball B containing ). Let z
be the intersection of the ray from z to y, and the boundary of B. We first want
to show that

d(z, Q) = |z — x|

For the same reasoning as in Step 1, there exists a unique zj € 0 such that
d(zx, Q) = |z — x}|. Suppose x} # x. From Step 2, we know that the hyperplane
passing through x} with normal (z} — z;) supports €2 at .. Hence (2}, — 2x) - (x5 —
x) > 0 as xp € Q, and by Step 2, (zr, — yx) - (2}, —xx) > 0 as ), € Q. This gives
that (zx — z) - (¢}, — %) > 0 since (zy — 2i) is collinear with (zj — yx) with same
direction. However, we obtain

(), — z) - (2 — 23) = — (2 — 23,)° — (2 — 2) - (2], — 24) <O

which is a contradiciton.
Consider now the sequence (y;)x C B(xo, 1/k)NQL. Since |y — 20| < £ Vk eN,

SO klim yr = . Moreover, we have the sequence (zj)r C 92 with Q closed and
—00

bounded, so (zx)x is a bounded sequence. By Bolzano-Weierstrass Theorem, (xy)g
has a convergent subsequence, say without relabeling that x;, — x. But
lim |y, — zx| = lim d(yx, Q) = d(z0,2) =0,
k—o0 k—o0
then klim 7 = 1. Also, the sequence (z; ), C B is bounded, hence again by Bolzano-
—00

Weierstrass Theorem, (z;); has a convergent subsequence, say without relabeling

9



that z; — z. As we have d(z, Q) = |z — zx| Yk € N, we apply limit both sides and
obtain d(z,Q) = |z — xg|. Therefore, as we proved in Step 2, the hyperplane passing
through g with normal (z¢ — 2) supports €2 at xy. This ends the proof for this case.

Case 2: () is unbounded

Let B be a closed ball of center xy and radius r. Then B N €} is closed bounded
convex set by Proposition 1.1.3. From Case 1, there exists a hyperplane I supporting
BN Q at xy which means there exists p € R™ \ {0} such that for every z € BN Q,
we have p - (z — xg) > 0. We want to show that II supports 2 at x.

Suppose 3z, € BE N Q such that p - (1 — x9) < 0. We have (1 — t)xg + tz; €
Q Vt € (0,1) since € is convex, and 3 ¢’ € (0,1) such that 2’ = (1 —t)xo+t'z; € B.
Therefore 2 € BN Q and hence p - (2 — z) > 0. However,

p- (@' —x0)=p - (1 =tNwo+t'x1 —20) =t'p- (11 —19) <0

which is a contradiction.

]

Corollary 1.1.13. Given 2 C R™ an open convex set. For each xq € 02, there
exists a hyperplane 11 supporting Q0 at xq.

Proof. Let zo € 0Q. We have x4 € Q with Q is a closed convex set by Proposi-
tion 1.1.5. Consequently, by Proposition 1.1.8 and Theorem 1.1.12, there exists a
hyperplane II supporting 2 at xy. Hence it supports €2 at xg.

O

Corollary 1.1.14. If Q is an open convex set, then for every x,y in the boundary
of Q, the line (1 —t)x +ty € Q whenever 0 <t <1 or (1 —t)z +ty € O whenever
0<t< 1.

Proof. Let x,y € 9. We have (1 —t)z +ty € Q Vvt € (0,1) as Q is convex by
Proposition 1.1.5. Hence for each t € (0,1), (1 —t)x+ty € Qor (1 —t)x +ty € ON.
Suppose I t1,ty € (0,1) such that z; = (1—t1)z+t1y € Qand 2z = (1—ty)+tay € ON.
Then, by Corollary 1.1.13, there exists a supporting hyperplane II to Q at z, i.e.
Q C IT" and thus Q° = Q C (IT7)°. This implies that p - (21 — 2z3) > 0 as z; € Q.
Now, we write

p-(z1—2z)=p-(x—2z)+tip-(y—z)=(1—t1)p- (x — 22) + t1p - (y — 22).

Moreover, z; € II and zy belong to the line (xy), then either (zy) C II or (zy)
intersects I at zy. If (zy) C II, then p- (z — z3) = 0 and p- (y — 29) = 0. We obtain
p-(21 — 2z2) = 0 which is a contradiction. If (zy) € II, then we will have z € II* and
y € II™ that is also a contradiction. O

Corollary 1.1.15. If Q is an open convex set with @ C R™, then Q C R™.

10



Proof. Suppose Q = R". Since Q C R", then there exists z ¢  with 2 € R* = Q
obtaining z € 9€). By Corollary 1.1.13, there exists a supporting hyperplane II to €2
at z. This implies Q C II* and Q C II*. Hence, R C II*, that is [IT = R” which
is a contradiction. O

Corollary 1.1.16. IfQ is an open convez, then § is equal to the intersections of all
the upper closed half-spaces formed by the supporting hyperplanes to it at boundary

points, that is
= +
= ﬂ ﬂ Hﬂco,p
20 €0 peN (z0)
with
N(zo) ={p:|p| = 1,1L,,, supports 2 at xo}.

Proof. We know that Q C IIF  Vp € N(wp),Vrg € 9Q. This implies that Q C

Zo,p

[T}, Vp € N(xo), Voo € 09 since 1T is a closed set (see Definition 1.1.10). Thus

o €N pEN(aZo)

Suppose now y ¢ Q. By Corollary 1.1.13, and as we proceed in the proof of Theorem
1.1.12, 4 g € 992 and unit normal vector p = =2=% such that the hyperplane

|lzo—yl
[yop : p- (# —x0) = 0 supports Q at . Hence Q C IT}  with y ¢ I} . Therefore

ve () () I,

20 €0 pe N (x0)

1.2 Convex Functions in One Dimension

Definition 1.2.1. Let f : (a,b) — R a function with a,b € R. f is said to be convex
iof and only of

f(A=tz+ty) <A =0 f(z)+tf(y) Vtel0,1],Vz,y € (a,b).

Theorem 1.2.2. Let f: (a,b) = R. f is convex if and only if for all s,t,u € (a,b)
with s < t < u, we have

1) = f(s) o fw) = f(s) _ fw) = f()),

t—s uU— S8 u—t

(1.1)

Proof. Suppose f is convex, and let s,t,u € (a,b) such that s < ¢ < u. Then
3r € (0,1) such that ¢t = (1 — r)s + ru with

f@) = f(s) _ A=r)f(s)+rfu) = f(s) _r(f(u) = [f(s)) _ flu) = f(s)

< = p—
t—s — (1—r)s+ru—s r(u—s) u—s

11



and
Fw) = £(0) _ F) — (L=r)f(s) = rf(u) _ (1=)(f(u) = F(s)) _ flu) ~ f(5)
> ) .

u—t u—(1—=r)s+ru (1—=7r)(u—s) u—s

Conversely, suppose f satisfy (1.1). Let z,y € (a,b), and consider without loss
of generality that x < y. Let r € (0,1) with ¢ = (1 — r)z + ry, then x < t < y.

Hence we get
1) = ) _ F) = )
t—x y—t

IN

This gives that

f((A=r)z+ry) = flz) _ fly) = f(1=7r)z+71Y)

<

r(y — ) (1 =)y —x)
which implies (1 —r)f(1 —=r)x+ry) — (1 —7r)f(z) < rf(y) —rf((1 —r)z + ry).
Therefore f((1 —r)z+ry) < (1 —7)f(x) +rf(y) and then f is convex. O

Proposition 1.2.3. Let f : (a,b) — R a convex function, then f is bounded in any
closed subinterval.

Proof. Let [¢,d] C (a,b). For every x € [¢,d], 3 t, € [0,1] such that x = (1 — t,)c +

t.d. By convexity of f, we obtain

f(@) < (1 =ta) f(c) +taf(d) < (1 —ta) max(f(c), f(d)) + - max(f(c), f(d)) = max(f(c), f(d)).
[

Theorem 1.2.4. Let f: (a,b) = R be a convex function then f is continuous.

Proof. Let xy € (a,b). Then zy € [zg — 6,20 + ] C (a,b) for some § > 0. Take
0 < h < 1 such that VA < 8. We have 2o < 29 + h < 2o + V'h. Thus Theorem 1.2.2
implies the inequality

f(zo+h) — f(xo) <f($0+\/ﬁ)—f($o)
h - Vh ’

that is f(xo+h) — f(2z0) < Vh(f(zo+vh) — f(x0)). However, by Proposition 1.2.3,
f is bounded on [z — 8, 2 + 6] and thus f(zq+h) — f(20) < M~/h for some M > 0.
Now apply limit superior both sides, we obtain

lir}rllsup(f(:vo +h) = f(z0)) <0.
—0

Similarly, with zg — Vh < 2y < xg + h and Theorem 1.2.2, we get

J(zo+h) — f(xo) >f($0)—f($o—\/ﬁ)
h - Vh '




This implies that f(xo+h) — f(z0) > Vh(f(x0) — f(xo — Vh) > —M~/h. Applying
limit inferior both sides, we get

liminf(f(xo + h) — f(z0)) > 0.

h—0

Hence we obtain }lLiIr(l) (f(xo+ h) — f(xo)) = 0 and thus f is continuous at xy with
H

xo is arbitrary in (a,b). Therefore f is continuous on (a,b). O

Proposition 1.2.5. Let f : (a,b) — R be a real valued differentiable function. f is
convex if and only if f' is increasing.

Proof. Suppose f is convex, and let s,t,u € (a,b) such that s < t < u. By Theorem

1.2.2, we have
FH) = () _ F) = £ls) _ flw) = ()

t—s - uU—Ss - u—t

Let t — s™ in the left inequality and ¢ — u~ in the right inequality implies respec-
tively that

sy < T =19 F0) =) _

and
u—s u—s
Therefore we get that f'(s) < f’(u) and f’ is then increasing.
Conversely, suppose f’ is increaing. Let s,t,u € (a,b) such that s < t < u. f
is differentiable, then by Mean Value Theorem, there exists z € (s,t) and y € (¢, u)

sueh that £ — £(5) Flu) — £
SN SN < _ N I\
L= ey < piy) = T
as f’ is increasing. Therefore, by Theorem 1.2.2, we obtain that f is convex. O]

Proposition 1.2.6. Let f : (a,b) — R be a twice differentiable function. f is convex
if and only if " > 0.

Proof. Direct result from Proposition 1.2.5. [

Theorem 1.2.7. Let f : (a,b) — R be a differentiable function. If fis convez, then
fy) = f(z) + f'(x)(y — z) for all z,y € (a,b).

Proof. Let z,y € (a,b).
If x < y: let ¢ € (a,b) such that x < ¢ < y. Then, by Theorem 1.2.2, we have

)~ f@) _ S~ (0
y—xr T —Cc
Letting ¢ — x™ both sides gives

This implies that f(y) > f(z) + f'(x)(y — z).

13



If x > y: let ¢ € (a.b) such that y < ¢ < z. Again, by Theorem 1.2.2, we get

flx) = flo) o f(@) = fy)
r—c T -y
Letting ¢ — x~ both sides implies that
iy > 1@ = 10)
r—y
Therefore f(y) > f(z) + f(x)(y — 7).
If x = y: the inequality holds, obviously. O

1.3 Convex Functions in Higher Dimensions

Definition 1.3.1. Let Q be an open convexr subset of R™ and u : Q0 — R. u is said
to be convex if and only if

u((1 —t)x +ty) < (1 —t)u(x) +tu(y) Vtel0,1],Ve,y € Q.

Definition 1.3.2. Let Q) be an open subset of R™ and u : Q — R. We define the
graph of u to be the set

G(u) = {(z,u(z)) e A xR : 2z € Q}.
We define the epigraph of u to be the set

epi(u) = {(z,y) € QxR :y >u(x)}.

Proposition 1.3.3. Let €2 be an open convex subset of R™ and u : 2 — R. u is a
convez function if and only if epi(u) is a convexr subset of R

Proof. Suppose u is convex. Let (z1,y1), (x2,y2) € epi(u) and ¢t € (0,1). We claim
that (1 —¢)(x1,y1) + t(xe, y2) € epi(u). We have u((1 — t)zy + tz2) < (1 —t)u(xr) +
tu(xg) by convexity of u. Also, u(x;) < y; and u(zz) < yo since (x1,y1), (T2, y2)
€ epi(u). This implies u((1—t)x+tzs) < (1—1t)y; +tys. Hence ((1—t)xy +txs, (1—
t)yr + tys) € epi(u).

Conversely, suppose epi(u) is convex. Let z1,zo € ©Q and ¢ € [0, 1]. We have
(x1,u(xq)), (22, u(x2)) € epi(u) and thus (1 — t)(x1,u(xq)) + t(zg, u(zs)) € epi(u)
since epi(u) is convex. We get u((1 — )z + txe) < (1 — t)u(xy) + tu(xs). O

Proposition 1.3.4. Let €2 be an open convex subset of R™ and u : 2 — R conver,
then u is bounded in any compact subset of €.

Proof. We show first by induction that if u is convex on the hybercube [—1,1]", then
u(e)] < max(fu(Eeq)],- - [u(Fen)])-

If n = 1, then we proceed as in the proof of Proposition 1.2.3 to get that |u(z)]

<
max(|u(—1)[, |u(1)|). Assume the result is true in dimension n—1 with w : [—1, 1]" —

14



R convex. Notice that the restriction of u on each face of the cube is convex and by
the induction hypothesis bounded. In fact

sup  |u(z)| < max(fu(Ler)], -, [u(£en)]).
z€d[—1,1]"
Take z € (—1,1)", and consider the line L, from a vertex, say e; = (1,0,---,0), to

x. It will intersect the boundary of the cube at a point P,. We have that u restricted
to L, is a convex one variable function, then Proposition 1.2.3 implies that

u(@)| < max(lu(eq)], [u(Pr)]) < max(|u(e)],- - Ju(Fen))]

Let € C Q open, and u convex on €Y. Let xq € ' then there exists a closed
hyper-cube Qs = {z : ||z — 20|l < 0} C . Rescaling and translating above
argument, we get that u is bounded on @)s.

More generally, for K C 2 compact, we take €' open such that K C ' C 0 C Q.
By compactness of K and since )’ is open, then K can be covered by finitely many
closed hypercubes QQ1,Qs, - , Qn, contained in €2'. Hence by above part for every
r e K,

K

Ju(@)] < sup(ju(@1)], -+ 5 [u(@ng)]) < 00
[

Theorem 1.3.5. Let 2 be an open convexr subset of R™ and u : Q@ — R. If u is
convex then u is continuous.

Proof. Let xy € Q. There exists ¢ > 0 such that B(zg,¢) C Q. From Proposition

1.3.4, u is bounded on B(zg,¢), say |u(z)| < M. For x € B(xg,¢), let z, be the
intersection of the line from zy to x with 0B(x¢, €). .-, is a one variable convex
function, then from Theorem 1.2.2

(22) — U(-’Bo)|

U\xr) — ulx r —XT — T — To]|.
0) = |x ()| 0] = c 0

Switching the roles of z and xy, we conclude that for every x € B(xo,¢)

2M

ju(2) — ()] < =|w = o).

Hence u is continuous at zg. ]

Theorem 1.3.6. Let 2 be an open convex subset of R™ and u : 0 — R be a
differentiable function. If u is convez, then u(y) > u(x) + Vu(z)T (y — x) for all
x,y € €L

Proof. Suppose u is convex. Let x,y € Q, and define on [0, 1]

f@t) = ulz + iy — x)).

15



Clearly, f is differentiable as it is a composition of two differentiable functions. We
claim that f is convex. Let r € [0, 1] and ty, t; € [0, 1]. Replacing x with (1—r)x+rz
and applying convexity of u, we obtain

FU1—=r)to+rty)

u((L=7)(z+to(y — ) +r(z + iy —2)))

(1 —r)u(z+to(y — ) + ru(z + t1(y — x))
(L=r)f(to) +rf(t1)

and hence f is convex. By Theorem 1.2.7, we have f(1) > f(0) + f(0)(1 — 0).

Substituting f(1) = u(y), f(0) = u(z), and f'(t) = Vu(x + t(y — 2))" (y — z) in the
inequality, we conclude that u(y) > u(z) + Vu(z)" (y — ). O

IN

1 —
1—

Theorem 1.3.7. Let ) be an open convex subset of R™ and u : 2 — R be a twice
differentiable function. If u is convex, then its Hessian matriz is positive semi-
definite, that is D*u(z) > 0 for all x € Q.

Proof. Suppose u is convex. Let x,y € Q, and define on |0, 1]

ft) = u((z +t(y — ).

f is twice differentiable as it is the composition of two twice differentiable functions.
Similarly, as we proved in Theorem 1.3.6, f is also convex. Therefore, by Proposition
1.2.6, we get that f”(t) > 0 for all ¢ € [0, 1]. This implies that

(y — )" D?*u(x +t(y —2))(y —x) >0 Vtel0,1].

In particular, for ¢t = 0,
(y — )" D*u(a)(y —2) > 0 (1.2)

and this is true for any z,y € 2. Now, let A be an eigenvalue of the Hessian
matrix D?u(z), then there exists a unit eigenvector w # 0 corresponding to A, i.e
(D?*u(x))w = Aw. Since €2 is open, then there exists 7 > 0 such that B(z,r) C Q.
Letting y = z + rw, we substitute in (1.2) and obtain that A|w|? > 0 which implies
A > 0. Therefore, D*u(z) is positive semidefinite. O
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CHAPTER 2

NORMAL MAPPINGS

2.1 Definitions

Definition 2.1.1. Let Q) be an open subset of R™ and u : 2 — R. A vector p € R"
is a subgradient of u at o € Q if and only if u(x) > u(xg) +p - (x — xy) Vo € Q.

Remark 2.1.2. Suppose 3 p € R" a subgradient of u at xo. Then we get that
y>u(z) > u(ze) +p-(x—x0) Y(x,y) € epi(u). This implies that

(P, =1) - ((z,9) = (zo,u(20)) <0 V(z,y) € epi(w).

Thus the plane
H: (p,~1) - (2,y) — (20, u(o)) = 0

is a supporting hyperplane to epi(u) at (zo,u(zo)) (See Definition 1.1.10).

Remark 2.1.3. Suppose 4 p € R"™ a subgradient of u at xo. Then we say that
the affine function L(x) = u(zo) + p - (x — xo) is a supporting hyperplane to u at
(20, u(xg)).

Definition 2.1.4. Let Q) be an open subset of R™ and u : 0 — R. The normal
mapping of u is a set valued function given by

ou: Q — P(R™)
such that for each xo € Q, Ou(xg) is the set of all subgradients of u at xy, i.e
Ou(xg) = {p € R" : u(x) > u(zg) +p- (x — x) Vo € Q}.

Ou(x) is called the subdifferential of u at g
For a set E C ), we define

ou(E) = U ou(x).

zelE
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2.2 Properties of subdifferential

Proposition 2.2.1. Let Q be an open subset of R™ and u : 2 — R. The subdiffer-
ential of u at xg € Q) 1s a conver subset of R™.

Proof. Let py,pa € Ou(xg) and ¢ € [0,1]. We need to prove that (1 — t)p; + tps €
Ou(xy). In fact, for z € Q,

(1 =) (u(zo) + p1 - (x — 0)) + t(u(zo) + P2 - (T — 20))
(1 —t)u(z) + tu(x)

u(x

u(zo) + (1 —t)p1 + tp2) - (x — o) 1
1

IN

~—

]

Theorem 2.2.2. Let ) be an open subset of R™ and u : Q — R be a continuous
function. If K C Q is a compact set, then Ou(K) is a compact subset of R™.

Proof. Let K C Q compact. We will show that du(K) is compact using sequential
compactness definition.

Take a sequence (p,), C Ou(K). First, let’s show that (p,), is a bounded
sequence. We have p, € Ju(K) = J,cx Ou(x). Therefore, for each n € N, there
exists z,, € K such that p, € du(x,). We get

u(z) > u(z,) +pn - (r—x,) Vrell (2.1)

Now, for 0 < § < 1, we define K5 = {z € Q : dist(z, K) < ¢}. We have

i) K; CQ CR™

ii) Ky is closed: Letting g(x) = dist(x, K), then K5 = g~*([0,]). So it is an inverse

image of a closed set under a continuous function.

iii) K is bounded: As K is compact, then there exists R > 0 such that K C B(0, R).

Thus, by definition of K5, K5 C B(0, R+ 46). Hence, K is a compact subset of R™.
Now, let y € R™ such that |y| = 1. Then z,, + dy € K5 Vn € N since dist(z, +

oy, K) < |z, + dy — x,| = 0. Moreover, by substituting in (2.1),

u(x, +0y) > u(z,) +0p, -y VYn eN.

If p, #0, take y = Ii_ZI' We get

max u(x) > u(x, + 0y) > u(x,) + d|p,| > minu(x) + 0|p,|.
zeKg zeK

As w is continuous with K and K are compact, max,e s, u(x) and mingex u(x) are
finite, obtaining that

max,ex, w(r) — minge g u(z)

J

This implies that (p,), € Ou(K) C R"™ is a bounded sequence. By Bolzano-
Weierstrass Theorem, (p,), has a convergent subsequence, say without relabeling
that p, —— po.

n—oo

Ipn| < Vn € N.
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It remains to show that py € du(K). Also (x,) C K, then by sequential com-
pactness property of K, (x,) has a convergent subsequence, say without relabeling
that x,, —— x¢ with xy € K. As u is continuous, applying limit as n — oo in (2.1)

n—oo

implies that
u(x) > u(xg) +po- (x —x9) VreQ
C

concluding py € du(xy) C Ju(K). O

Theorem 2.2.3. Let Q) be an open convex subset of R™ and u : 2 — R. u is convex
if and only if Ou(xg) # O for all xy € Q.

Proof. Suppose u is convex in Q, and let xy € Q. Then (x,u(xy)) € G(u) C
Jepi(u) (See Definition 1.3.2). Proposition 1.3.3 implies that epi(u) is a convex
subset of R™™! since u is convex. Hence, by Theorem 1.1.13, there exists a supporting
hyperplane to epi(u) at (zg, u(zg)), i.e there exists p € R\ {0} such that

- (2, y) = (zo,u(z0)) 2 0 V(z,y) € epi(u)

(see Definition 1.1.11). Let p = (p, pny1) with p € R™ and p,1; € R. Also, let € > 0
and take x = x¢ with y = u(zg) + €. Hence (x,y) € epi(u) and

0< (p7pn+1) ’ ($ — Zo,Y — U(l"o)) = (p7pn+1) : (076)'

This implies that ep,+1 > 0, i.e p,o1 > 0. Suppose now that p,.; = 0. We then
obtain that p - (z — x¢) > 0 for all x € Q. However, Q is open with zq € €2, thus for
0 > 0 small enough we have x; = xg + de; € ), and x5 = z¢o — de; € ). Hence, we
get op-e; > 0 and —dp-e; > 0, and so p - e; = 0 for every i concluding that p = 0
that is a contradiction. Therefore, we get p,.1 > 0 and we can write

(p, 1) - ((z,y) = (x0, u(w0))) = 0 V(x,y) € epi(u).

Thus p - (x — o) +y — u(xg) > 0 V(z,y) € epi(u) which is equivalent to y >
u(zo) +p- (x —x9) VY(z,y) € epi(u). In particular, for y = u(z), we reach that

u(z) > u(zg) +p- (xr —x9) Va el

Hence p € du(xg) and du(zg) # 0.

Conversely, we suppose that du(zg) # 0 for all g € Q. Let x1, x5 € Q with o =
(1 — t)xy + tae. Then x5 € Q as Q is convex, and du(zg) # 0. So there exist p € R™
such that u(z) > u(xg)+p-(x—x0) Vo € Q. In particular, u(zy) > u(xo)+p-(x;—x0)
and u(z2) > u(xg) +p - (x9 — x9). We obtain

— t)(u(xo) +p- (x1 — x0)) + t(u(zo) + p - (22 — 0))
—t)u(xo) +tp - (xo — x2) + tu(zo) + tp - (x2 — x0)
=u(zg) = u((1 —t)zy + tas).

(1 —t)u(xy) + tu(zy) > (1
= (1

Therefore u is convex. ]
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Theorem 2.2.4. Let Q2 be an open convex subset of R™ and u : 2 — R be a convex
function. If K C Q is compact, then u is Lipschitz continuous in K with Lipschitz
constant C(K,u) = sup{|p|,p € ou(K)}.

Proof. Let z,y € Q. By Theorem 2.2.3, we have du(z) # (0 and du(y) # 0. Let
p1 € Qu(z) and py € Qu(y). Then u(z) > u(x)+p1-(z—x) and u(z) > u(y)+pa2-(z—y)
for all z € Q. In particular, u(y) > w(x) +p; - (y — ) and u(x) > u(y) +p2 - (z —y).
This implies

u(y) —u(x) Zp1-(y— ) = =Ipfly — 2|
and

u(@) —u(y) = p2- (x —y) = —|pallz —yl.
Now, let C' = sup{|p|,p € Ju(K)}. C is finite as du(K) is compact from Theorem

2.2.2. We obtain
—Clzr —y| <wu(z) —uly) < Clr —y|

which is equivalent to
u() = uly)| < Clz —yl.

Therefore, u is Lipschitz continuous in K. n

Theorem 2.2.5. Let ) be an open, bounded, and convex subset of R™ and u : 2 — R
be a convez function with u <0 on 0. If p € du(xy) for some xq € €2, then

Ip| < < __—ulzo)
= dist(x, 09)

Proof. Let p € Ou(zg) for some zy € 2.

First, let’s show that u(x) < 0 for all z € Q. Let x € Q. From properties of €2, we
know that there exists z1, 9 € 02 and ¢t € (0, 1) such that x = (1 —t)x; +txe. But u
is convex with u(xy),u(xs) < 0. Therefore, we get u(z) < (1 —t)u(zq) + tu(xz) < 0.

Now, if p = 0, then

—u(o)
~ dist(xzg,00)
and we are done. If p # 0, we know that u(z) > u(xg) +p- (x —x9) Vo € Q as
p € Ou(xg). Let 0 <1 < dist(xo, 092) and take x = o + 7. We get [z — x| =7 <
dist(zo, 02) obtaining € Q and 0 > u(x) > u(zo) + r|p|. Letting r — dist(xq, 0N2)
implies that
p| < d._uﬂ-
ist(xo, 02)
[

Theorem 2.2.6. Let €2 be an open convexr subset of R™ and v : Q@ — R. If u is
convezx in Q and differentiable at xy € Q, then du(xg) = {Vu(zo)}.
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Proof. Let xq € €.
First, as u is differentiable at xy, Theorem 1.3.6 implies that Vu(xy) € du(xo)
Now, let p € Ju(zg). Then

u(z) > u(xo) +p- (x —x9) Vel (2.2)

As Q is open, z( € 2, and for h > 0 arbitrary small , we have by (2.2), u(xo+ he;) >
u(zo) + hp - e; and u(xg — he;) > u(xg) — hp - ¢; for all 1 < ¢ < n. We write
p = (p1,D2, .., Pn). Therefore hp; < u(xo+her)—u(zo) and —hp; < u(zog—her)—u(xo)
for all 1 < ¢ < n. This means

u(zo + he;) — u(zo)

- <
Pi = h
and
u(zo — he;) — u(xo)
Pi =2 ~
for all 1 < i < n. Letting h — 0, we get p; < g—;(:vo) and p; > g—;(xo) for all
1 <4 < n. Therefore p; = g—;(xo) V1 < i <n and thus p = Vu(zo). O

Theorem 2.2.7. Let ) be an open conver subset of R™ and u : Q@ — R. If u is

convez in 0 and Ou(xg) = {p} for some xy € Q, then u is differentiable at xo with
p = Vu(zy).

Proof. Let zo € Q with du(zg) = {p}.

Step 1. Suppose h : (a,b) — R with a,b € R a convex function such that
h(t) > 0 Vt € (a,b) with A(0) = 0 and 0h(0) = {c}. We claim that h is differentiable
at t =0 and h/'(0) = c.

Let h)
t) = —=.
s(t) =
Let 0 < t; < ty. As h is convex, Theorem 1.2.2 implies that
hta) = h(0) _ hlts) — h(0)
th—0 T ta—0 7

that is s(t;) < s(t3). Therefore s is increasing in (0, 00) with s(¢t) > 0 for t > 0,
hence m = inf{s(t) : t > 0} = lim s(t) exists with m > 0. Now, let t5 < t; < 0.
t—0

Again, as h is convex, Theorem 1.2.2 gives that

h(0) = hitz) _ h(0) — h(t1)
0 — 29 - 0—1

which means s(t1) < s(t3). Then s is increasing in (—oo, 0) with s(t) < 0 for ¢t <0,
thus k = sup{s(t) : t <0} = lim s(¢) exists and k < 0.
=0~

o

We get s(t) > m Vt > 0 which gives h(t) > mt ¥t > 0. Moreover, h is always
positive, then h(t) > mt Vt < 0. Therefore, we have h(t) > mt Vt € (a,b) and
h(t) > h(0) + m(t — 0) Vt € (a,b) obtaining that m € Oh(0). In addition, s(t) <
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k ¥Vt < 0i.eh(t) > kt Yt < 0. Again, as h is always positive, we get h(t) > kt Vt >0
and so h(t) > h(0) + k(t — 0) Vt € (a,b) obtaining k& € Oh(0). This implies that
m = n = ¢ which means

lim @: lim @:c.

t—0t ¢ t—0— ¢
Therefore, h is differentiable at ¢ = 0 with A'(0) = ¢ which completes this step.

Step 2. Suppose g : Q — R is a convex function such that 0 € Q, g(z) > 0 Vz €

Q, g(0) =0, and 9g(0) = {0}. We claim that g is differentiable at 0 with Vg(0) = 0.
Fix x # 0 in € and let

h(t) = g(tx).
First, as {2 is convex, (1 — )0 + tz € Q Vt € [0, 1]. Hence h is well defined on [0, 1].
Next, we show that h is convex. Let t1,t5, A € [0, 1]. Since g is convex, we have

h((1— Nty + M) = g((1 = Nty + Ma)z) < (1— Ng(tiz) + Ag(tax) = (1 — Mh(t:) + A(t).

Also, we have that h(0) = g(0) =0, and h(t) > 0 Vt € [0, 1].
Now, to use Step 1, it remains to show that Oh(0) = {0}. Clearly, 0 € 0h(0). Let
c € 0h(0), then h(t) > ct Vt € [0,1], i.e g(tx) > ct Vt € [0, 1]. Take the line

0:{(tx,ct), t € R} CR"!

so ¢ supports h at t = 0. By construction of h and convexity of g, there exists a
plane II containing ¢ supporting g at 0. Since II is passing through the origin, we
write Il : y = ¢ - x for some ¢ € R"™. Also, as II contains ¢, we obtain ¢t = ¢ - tx
which implies that ¢ = ¢ - . However ¢ € dg(0) = {0}, therefore ¢ = 0 obtaining
0h(0) = 0. By Step 1, h is differentiable at ¢ = 0 with A’(0) = 0. We get

and this is true for each z # 0 in €.

Proceeding in the proof of differentiability of g at 0, we let 6 > 0 such that
[—0,d]" C Q. Let v; be vertices of [—§,]". The convex hull of the vertices equals
[—0,d] and is identical to the set of all their convex combinations. Let x be such
that |z| = d. Thus, we can write z = 3.1, Ay with S8 A =T and 0 < \; < 1.
By convexity of g, we get

g(tx) _ Q(Z;C:l Ai(tvi)) < Zf:l Aig(tvi) < Zf:l g(tvi)

t t - t - t

and this is true for all x such that |z| = J. Set now

hi(t) = g(tvy).

Hence

i
sup g(tx)
=5t

hi(t)

t

k
<

=1
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But we proved above that h; is differentiable at ¢ = 0 with h}(0) = 0 Vi. Then

im0 _ gy
t—0
which implies
t
lim sup g(t) =0.
t—0 |x|:5

Finally, let y be such that |y| < §. We write

0

with ﬁ = ¢. Therefore

Using what we proved above, we get

lim M =0
v= 0 |y

and thus g is differentiable at 0 with Vg(0) = 0. This proves our claim.

Step 3: Back to our main claim, we need to show that u is differentiable at xq
with Vu(xg) = p given that du(zg) = {p}. There exists r > 0 such that B(zq,r) C Q.
Define a real valued function g on B(0,r) such that

g(z) = u(zg+ ) —u(xg) —p - .

First, we show that g(z) > 0 Va € dom(g). In fact, as p € Ju(x), we have
u(y) > u(xo) +p- (y—xo) Yy € Q. In particular, u(z + x¢) —u(zg) —p-x >0 Vo €
dom(g) which gives that g(x) > 0 Va € dom(g). Also, by convexity of u, g is convex
with g(0) = 0. In addition, we can see that dg(0) = {0}. Obviously, 0 € dg(0). Let
q € 09(0). We have g(x) > q-x Vx € dom(g) obtaining u(xg + x) — u(zg) —p-z >
q-x Vx € dom(g). In particular, u(y) > u(xg) + (p+ q) - (y — o) Yy € 2. Hence
p+ q € 0u(0) then p + g = p which gives that ¢ = 0.

Now, by Step 2, g is differentiable at = 0 with

tim 2 _ g

z—0 |:(:| o

This implies that
u(zo +x) —u(zg) —p-x

lim =0
z—0 |J}|
Le.
i W) —ulwo) —p-(z—a0) _
) |z — o]
This proves that u is differentiable at xy and Vu(xy) = p. O
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2.3 Examples

Example 2.3.1. Consider u: R — R defined by u(x) = |z|.

Obviously, u is convex in R. Thus Theorem 2.2.3 implies that du(x) # 0 Vo € R.
When x > 0 or x < 0, we know that u is differentiable at x. Hence, by Theorem
2.2.6, Ou(x) = {Vu(x)} = {1} when z > 0 and Ju(z) = {Vu(z)} = {—1} when
x <0.

Now, for x =0, we let p € Ou(0). We have |y| > py Yy € R. Taking y > 0, we
obtain p < 1. Taking y < 0, we obtain p > —1. Hence 0u(0) C [—1,1]. Conversely, if
we let p € [—1,1], we get pxr < |z| Vo € R which implies that p € u(0). Therefore,
ou(0) = [—1,1].

Example 2.3.2. Let Q2 = B(xzg,r) C R", the ball of center xqg € R" and radius

r > 0. Let u be the function defined on Q whose graph in R" is the upside-down
right cone with vertex at (xo,0) and base on the plane x,.1 = h for h > 0. We write

_h

u(z) = ;\x — o).
First, u is conver in Q. Indeed, let x,y € Q and t € (0,1). We have
h h h
u((I=t)z+ty) = —|(1-t)(@—20)+t(y—20)| < (1=t)|r—zo|+t -|y—zo| = (1-t)u(z)+tuly).
Hence, by Theorem 2.2.3, we get that du(x) # 0 Vo € Q.
If © # xg, we have 0 < |z — xo| < r with u is differentiable at x. By Theorem

2.2.6, we obtain Ju(x) = {Vu(x)}. Now, let’s calculate the gradient of u at x.
Writing

h n
ufz) = — Z(xz — To;)?
i=1
then %(ZL‘) _ h%i—%o; Obt(M’ﬂng that VU(ZL') — h z—=z¢

7 Jz—wo] T [z—=z0|"
Now, if © = xy, we let p € Ju(xg) such that p # 0. So u(x) > u(xg) +p - (x —
xg) Vx €, that is

h
;|:1c—a:0|2p-(:17—x0) Vo € Q.

Take v = mo + kpr with 0 <k <r. As |v — x| = k <, then x € Q and Ip| <
Therefore Ou(zy) C B(0, h/r). Conversely, if p € B(0,h/r) and x € Q, we have

3|

h
u() = u(z) = ~|z — 2ol = lplle = ol 2 p- (2 — 20)

thus p € Ju(xy). We conclude that du(xy) = B(0,h/T).

Therefore, we reach to

{Ppmi} ifa £ @
Ju(x) = :
B(0,h/r) ifr=xg
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CHAPTER 3

MONGE-AMPERE MEASURE

3.1 Legendre Transform

Definition 3.1.1. Let Q an open subset of R™ and v :  — R. The Legendre
transform of u is a function v* : R™ — R U {oc0} given by

u*(p) = sup(x - p — u(x)).
zeN

Proposition 3.1.2. Let Q) be an open bounded subset of R™ and u : 2 — R be a
bounded function. Then u* is finite and convex in R".

Proof. Let p1,p2 € R™ and t € [0, 1]. Then

u (1 —t)p1 +tp2) = ilelg(ﬂf (I =1t)p1 +tp2) — u(w))

< (1= t)sup(z - p1 — u(z)) + tsup(a - pa — u(z))

= (1 —=t)u"(p1) + tu*(p2).

U

Proposition 3.1.3. Let 2 be an open bounded subset of R™ and u : Q — R be a
bounded function. Let xo € Q and py € R™. py € Jul(xg) if and only if u*(py) =
xo - po — u(xo).

Proof. Suppose py € du(xg). Then u(x) > u(zg) + po - (x — xp) Vo € §, that is
x-po—u(z) < xo-po— ulwy) Vo € Q. We get

sug(x “po—u(z)) < xp - po — ulxp)

re

thus u*(po) < xg - po — u(xg). However, by definition of u*, zg - po — u(zo) < u*(po).
Therefore u*(pg) = o - po — u(xo). Conversely, suppose u*(pg) = o - po — u(xo). This
gives that z-po—u(x) < xg-po—u(zg) Vo € Q which implies u(z) > u(xg)+po-(x—x0)
Vo € Q2. Thus py € du(xy). O
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Proposition 3.1.4. Let ) be an open bounded subset of R™ and u : 2 — R be a
bounded function. If N(x) = {p € R" : u*(p) =z - p — u(x)} then Nu(x) = Ju(x).

Proof. Direct result from Proposition 3.1.3. [

Proposition 3.1.5. Let Q be an open, bounded, and convex subset of R™ and
u : Q — R be a bounded function. If u is convexr and differentiable in €2, then
u*(Du(x)) = x - Du(z) — u(z) for each x € Q.

Proof. Asuis convex and differentiable, Theorem 2.2.6 implies that Ou(z) = {Du(z)}
Vx € Q. By Proposition 3.1.3, we get u*(Du(z)) =« - Du(x) — u(x) Vo € Q.
[

Proposition 3.1.6. Let 2 be an open bounded subset of R™ and v : Q@ — R be a
bounded function. Let xo € Q and py € R"™. If py € Qu(xy) then xo € du*(po).

Proof. Let py € Ou(xg). We claim that zo € Ju*(po), that is u*(p) > u*(po) + 2o -
(p — po) Vp € R™. By Proposition 3.1.3, we proved that u*(py) = o - po — u(xo).
Hence, it is sufficient to show that u*(p) > zo-p —u(xo) Vp € R™ But by definition
of u*, the inequality is verified. [

Proposition 3.1.7. Let Q be an open, bounded, and convex subset of R™ and
u : 0 — R be a bounded function. If u,u* both convexr and differentiable, then
Du*(Du(z)) = = for each x € Q.

Proof. Since u,u* are both convex and differentiable, Theorem 2.2.6 implies that
ou(z) = {Du(z)} Vo € Q and du*(p) = {Du*(p)} Vp € R". Since p = Du(z) €
OJu(x), Proposition 3.1.6 gives that € du*(p). Therefore x = Du*(p) = Du*(Du(x)).

[

Proposition 3.1.8. Let ) be an open, bounded, and convex subset of R"™ and u :
Q — R be a bounded function. Then (u*)*(z) < u(z) for each x € Q.

Proof. By definition of u*, we have z - p — u(x) < u*(p) Vo € Q, Vp € R, that is
p-xz—u*(p) <u(x) Vo e, Vp € R". We conclude that

(u)*(z) = seuﬂg(p rx—u(p)) Sulx) Voell

[]

Proposition 3.1.9. Let 2 be an open bounded subset of R™ and u : Q — R be a
bounded function. Let xog € Q. If Qu(xg) # 0 then (u*)*(xo) = u(xo).

Proof. Assume Ou(xg) # (). Then there exists pg € R™ such that py € du(x). By
Proposition 3.1.3, we have u*(py) = o - po — u(xy) which implies

u(wg) = 0 - po — u*(po) < ;;Rli(ﬂﬁo p—u'(p)) = (u)"(xo).

Hence, using Proposition 3.1.8, we get (u*)*(zo) = u(zy). O
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Proposition 3.1.10. Let Q be an open, bounded, and convex subset of R" and
u:Q — R be a bounded function. w is convex in Q if and only if (u*)*(z) = u(z)
for each x € €.

Proof. Suppose u is convex. By Theorem 2.2.3, du(x) # 0 Vo € Q. Hence, by
Proposition 3.1.9, we get (u*)*(z) = u(z) Vo € Q. Coversely, suppose (u*)*(z) =
u(z) Vo € Q. (u*)* is convex in 2 by Proposition 3.1.2. Therefore u is convex in
Q. O

Proposition 3.1.11. Let 2 be an open, bounded, and convexr subset of R™ and
u: ) — R be a bounded function. Let o € Q) and pg € R". If u is convex in (), then
Po € Ou(xo) if and only if xg € Ou*(po).

Proof. The necessary condition is always true by Proposition 3.1.6. Suppose now
zo € Ou*(po). By Proposition 3.1.3, we get (u*)*(x¢) = po - o — u*(po). Also, by
Proposition 3.1.10, we obtain u(zg) = po-xo—u*(po), that is u*(po) = o - po —u(zo).
Again, Proposition 3.1.3 implies that py € du(xy). O

3.2 Monge-Ampere Measure

Lemma 3.2.1. Let €2 be an open convex subset of R™ and u : Q2 — R. If u is convex
in ), then u is differentiable a.e. in €.

Proof. The proof follows from the fact that u is locally Lipschitz, see [5]. O

Notation. |- | denotes the Lebesgue measure.

Theorem 3.2.2. Let Q) be an open subset of R™ and u : Q@ — R be a continuous
function. The set

{peR" :Jx,y € Q,x #y and p € du(x) N u(y)}

has Lebesque measure zero.

Proof. Case 1: ) is bounded

Assume u is bounded in Q. Let pg € du(x)Ndu(y) for x # y in Q. By Proposition
3.1.6, this implies that x,y € du*(py). But = # y, thus du*(py) is not a singleton.
Hence, by Theorem 2.2.6, u* is not differentiable at py. Therefore, we get {p € R™ :
dr,y € Q,x #y and p € Ju(x) Nou(y)} C {p € R : u* is not differentiable at p}.
Now, Proposition 3.1.2 gives that u* is convex. So using Lemma 3.2.1, u* is differ-
entiable a.e.. By monotonicity of the Lebesgue measure, we reach that

HpeR":3z,y € Q,x #y and p € du(z) Ndu(y)}| = 0.

Case 2: 2 is unbounded
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As Q is open, we can write 2 = J,—, 4 with (Q4); is an increasing sequence of
open sets such that €2, are compact. By continuity of v in €2 and Case 1, we obtain
that for each k € N the set

N, ={peR":3z,y € W,z #y and p € I(u|g,)(x) NI (ula,)(y)}

has lebesgue measure zero. Now, we show that N = {p € R" : Jz,y € Q,x #
y and p € Ou(z) N du(y)} € Upe; Ny and then by countable subadditivity of
Lebesgue measure we conclude that N is Lebesgue null set. Let p € N, then
Jz,y € Q, x # y, and p € Ju(z) N u(y). Since ) are increasing subsets of
2, so 3k € N such that z,y € Q and u(z) > u(z) +p-(z —x) Vz € Q and
u(z) > u(y) +p- (2 —y) Yz € Q) obtaining p € Ny. O

Theorem 3.2.3. Let 2 be an open subset of R" and u : Q — R a continuous
function. The class

A={FE CQ:0u(E) is Lebesgue measurable}
15 the Borel o—algebra in €.

Proof. We prove that A satisfies the three properties of a c—algebra.
First, we let (E,), C A and claim that | J -, E,, € A. We write

ou <U En> = U ou(Ey)
n=1 n=1

which follows immediately from Definition 2.1.4. Moreover, we have | J -, E, C Q

and Ju(E,) is Lebesgue measurable Vn € N. This implies that (J -, Ou(E,) is

Lebesgue measurable which proves our claim.

Secondly, we show that 2 € A. Given €2 open, it can be written as a countable
union of compact subsets (write Q = (J7”,({z € Q : dist(x,00) > +}NB(0,n))). By
Theorem 2.2.2, we have Ju(K) is Lebesgue measurable for K any compact subset of
2 obtaining K € A. Then (2 is a countable union of elements in .4 and then 2 € A.

Thirdly, we let E € A and claim that Q\ E € A. Let’s write

u(Q\ E) = (0u(Q\ E)Nou(E)) U (0u(Q\ E) \ ou(E)).

However, p € (Ou(2\ E) \ Ou(F)) if and only if 3z € Q\ E such that p € du(z) and
p ¢ Ou(FE) which is also equivalent to p € (Ou(2) \ Ju(FE)). Thus

Ou(Q\ E) = (u(Q\ E) N ou(E)) U (9u(Q) \ du(E)).

Moreover, Theorem 3.2.2 implies that [0u(Q2 \ E) N du(E)| = 0 obtaining that
Ou(Q2\ F) N ou(FE) is Lebesgue null set and hence du(2 \ F) N ou(E) is Lebesgue
measurable. On the other hand, we have Q, E' € A, so 0u(£2)\Ju(FE) is also Lebesgue
measurable. Therefore, we get Ju(2\ E) is Lebesgue measurable and thus Q\ F € A.

Now, it remains to show that A is Borel. As A is a 0 — algebra, it is sufficient to
show that it contains all open subsets of €. Let O be any open subset of ). Similarly,
as we proved in the second step, O can be written as a countable union of compact
subsets and thus O € A. O
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Proposition 3.2.4. Let Q) be an open, bounded, and convex subset of R" and u :
Q) — R be a bounded function. If u is convex in €2, then for each Borel set F' C R"™,
the set

(Ouw) M (F)={z € Q:0u(x)NF #0}

15 Lebesgue measurable.

Proof. Let I be any Borel subset of R™.

We first show that

(Ou) ™1 (F) = 0u*(F).

Let x € (Ou)"'(F). Then du(z) N F # @ i.e. Ip € R™ such that p € du(z) N F. By
Proposition 3.1.6, we get € Ju*(p) with p € F which implies that x € Ju*(F).
Now, let € Ou*(F'). So Jp € F such that x € Ju*(p). As u is convex, Proposition
3.1.11 implies that p € du(z) obtaining du(x) N F # @ and z € (Ju) ' (F).

Now, u* is convex by Proposition 3.1.2, and thus continuous by Theorem 1.3.5.
Then for u* € C(R™), Theorem 3.2.3 gives that the set

A" ={F CR": 0u*(F) is Lebesgue measurable}

is Borel 0 —algebra in R™. But F is a Borel subset of R”, then F' € A’. Hence Ju*(F)
is Lebesgue measurable which means (Ju)~!(F) is Lebesgue measurable. [

Theorem 3.2.5. Let Q) be an open subset of R™ and u : 2 — R a continuous func-
tion. Consider the Borel o —algebra A = {E C Q : Ou(E) is Lebesgue measurable}.
Then the set function
Mu: A—R
defined by
Mu(E) = [0u(E)|

is a measure, finite on compacts, that is called the Monge-Ampeére measure associated
with the function wu.

Proof. We show that Mu satisfies the two properties of a measure.
1) Mu(0) = |0u(D)| = |0] = 0.
ii) Let (E,), be a sequence of disjoint sets in A. We claim that

Mu <U En) = i Mu(E,)

neN

that is
du (U En> = [ou(E,)|.
neN n=1

From Definition 2.1.4, we have 0u (U, oy En) = U, ey Ou(E,). We then let F, =
Ou(E,) for each n € N and write

UF.=RUE\R)UFB\RUR)U(EN\NFBURUR)U...

neN
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By the o—additivity of Lebesgue measure, we get

U

neN

=> |F\F,mqUF, U . UF|.

n=1

On the other hand, we write

F,=(F,N(F1UF, 2U..UF))U(F,\ (Fo1UF, 2U...UF))
Again, by oc—additivity of lebesgue measure, we have

|Fol = |Fo N (Fhoi UF, o UL UF)|+|F,\ (Froi UF, 2 U ..U FY).

Since E;NE; = () for i # j, Theorem 3.2.2 implies that |F;NF;| = |0u(E;)NOu(E;)| =
0. Therefore |F,, N (F,—1 U F,,_oU...U F})| = 0. Thus, we end with

We conclude that

[JouE) =1 F =) 1P\ (Fia UF, 2 U UR)|[ =Y |F]=)_|0u(E,)
neN neN n=1 n=1 n=1

which ends our claim. Hence Mu satisfies i) and ii) which implies that Mu is a
measure.

Now, it remains to show that Mu is finite on compacts. Let K be any compact
subset of 2. We have by Theorem 2.2.2 that du(K) is compact subset of R™, then
K € A and Mu(K) = |0u(K)| < oo. O

Theorem 3.2.6. (Sard’s Lemma) [7]
Let Q2 be an open subset of R™ and f: Q — R a C* function in Q. If Sy = {z € Q:
det f'(z) = 0} then |f(So)| = 0.

Theorem 3.2.7. Let 2 be an open convex subset of R™ and u : 2 — R a C? convex
function in . The Monge-Ampere measure associated with u satisfies

Mu(E) :/EdetD2u(x)dx

for every Borel set E C (.

Proof. Since u € C?(Q) convex, then by Theorem 1.3.7, we have D?*u(z) > 0 for
every x € (). Define the set

A={z € Q: D*z) >0}

First, we claim that Du is injective on A. In fact, Let x1,25 € A such that
Du(zy) = Du(xg). Since u is convex and differentiable in €, Theorem 1.3.6 gives
that

u(y) > u(x) + Du(z) - (y —z) Va,y € Q.
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Hence, applying the inequality for x = x; and y = x5 then for x = x5 and y = x4,
we get u(xg) > u(xy) + Du(xy) - (x2 — 1) and u(zy) > u(za) + Du(zs) - (1 — x2).

But Du(z1) = Du(xs), then we obtain that for every x1,z5 € A
u(zy) — u(zay) = Du(xy) - (1 — x9) = Du(xs) - (1 — x2).

Now, define
gA) =u((1 = N)ze 4+ Axy), A€ [0,1].

As u € C*(Q), then g € C?([0,1]). Notice that, from the chain rule

d(A) = Du((1 — Ny + Azq) - (21 — x2)
g"(A) = (D*(1 = N)wy + Azy) (22 — 1), (22 — 27))

Recalling Taylor’s Formula,
1
o) = 9(0) + g0+ [ "B~ 0yt
0

hence plugging the values of g, we get

u(zy) = u(za) + Du(zs) - (21 — x2)

+ /0 (1 — t){(D?*u(xg + t(zy — 29)) (22 — 11), (22 — 11))dL.

Comparing (3.1) with the above equality, we get

1
/ (1= £)(D?u(s + t(x1 — 2)) (5 — 1), (22 — 21))dt = 0.
0
Moreover, since u is convex, from Theorem 1.3.7

(D*u(xq + t(zy — 29)) (22 — 11), (22 — 21)) >0

(3.1)

(3.2)

Also, as u € C?(), we obtain that the integrand is continuous and non-negative in
(3.2) . Thus (D?u(zs)(xy — 2), (x1 — x2)) = 0. But since x5 € A then D?*u(xy) > 0

concluding that x; = x9. Therefore Du is injective on A which ends our claim.

We next apply Sard’s Lemma, Theorem 3.2.6, with f = Du and
So = {x € A:det D*u(z) =0} = Q\ A,
and get |[Du(Q2\ A)] = 0. Now, let £ C Q be any Borel set. We have
Du(E) = Du(ENA)UDu(E\ A).

As Sy is closed, EN A and E \ A are also Boret sets. We know that the Monge-
Ampere measure associated to u is defined on Borel sets and it is 0 —additive. Then

we obtain

Mu(E) = Mu(E N A) + Mu(E\ A) = |Du(E N A)| + |Du(E \ A)| = |Du(E N A)|
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Finally, we have Du is a diffeomorphism on the open set A, then by the change
of variable formula [3], we get that

|[Du(ENA)| = / | det D*u(z)|d.
ENA
Therefore, since det D*u = 0 on Q \ A that has measure zero, we obtain

Mu(E) = / det D*u(x)dz = / det D*u(x)dz.
ENA E

This ends our proof. O

Proposition 3.2.8. Let ) be an open convex subset of R™ and u : @ — R a
continuous function. For ¢ > 0, we have M(cu)= " Mu.

Proof. We show that d(cu)(E) = cOu(FE) for E C Q any Borel subset.

p € O(cu)(E) <= Jzg € E such that p € d(cu)(xp)
< cu(z) > cu(zg) +p- (x —x9) VYo e

= ¢= % € du(zo) with wo € E
<= p € cou(F).
Therefore
M{ew)(E) = |9(cu) (B)| = cdu(E)| = ¢"|0u(E)| = " Mu(E).
]

Example 3.2.9. We complete this section with an example where we recall the
following result in linear algebra: If A is an invertible n x n matriz, and x,y are
two n-dimensional column vectors, then

det(A+zy") = (1 +y" A x) det A.

19

We have u is the cone of Example 2.5.2. We want to calculate the Monge-Ampére
measure associated with u of any Borel set E C ).
If xg ¢ E, u is twice differentiable on E and thus by Theorem 3.2.7, we have

Mu(E):/EdetDQU(x)dx.

In Ezample 2.3.2, we calculate $%(z) = 2721 Hence

r |z—zo|
82u 7) — é 51 _ (.TZ — .’13071')(.1']‘ — 3307]') _ h 5o — (iL‘Z — .73071')(.’13']‘ — .1'07]')
0z ,;0x; r \ |z — x| |z — x| rle — x| \ Y |z — x0|?

32



0 it
where d;; = {1 Z 7&‘7 . Hence
1=

Dufz) = — (In I Gkl “’O)T)

N rlz — x| |z — x|

where I, is the identity matrix. Using that fact recalled at the begining, we get

det D*u(x) = <L)n (1 B O G IO)) — 0.

rlz — x| |z — x0|?

Therefore, Mu(E) = 0.
If xg € E, we have

Mu(E) = Mu(E N {xo}) + Mu(E\ {zo}) = Mu({zo}) = [Ou(zo)| = [B(0, h/7)]

where the latter equality follows from Example 2.3.2.
We conclude that
Mu=|B(0,h/r)|ds,

where ., is the Dirac measure.

3.3 Weak Convergence of Monge-Ampere Measure

Lemma 3.3.1. Let Q be an open convex subset of R". Let (uy)r be a sequence of
real-valued convex functions in 0 such that

Ug, k—> u uniformly on compact subsets of €.
— 00

(i) If K C Q is compact, then

lim sup Oug (K) C du(K),

k—o0
and by Fatou’s Lemma

lim sup |Qug (K)| < |Ou(K)|.

k—o0

(i) If U C 2 is open such that U C 0, then

Ou(U) C liminf Qug(U)

k—o0

for almost every point in Ou(U), and by Fatou’s Lemma

|0u(U)| < lilgninf |Oug(U)].
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Proof. (i) Let K C 2 be a compact set. We first claim that

lim sup Jug(K) C du(K). (3.3)

k—o0

Let o w
p € limsup Juy(K) = ﬂ U Oun(K)

ko0 k=1n=k
Then VEk € N, Iny > k, such that p € Juy, (K) = U, cx Oun, (), that is Vi €
N, dny > kand z,,, € K such that p € du,, (z,, ). We obtain the sequence (z,, ); C
K. Hence, by sequentially compactness of K, (z,, ) has a convergent subsequence
to a point in K, say without relabeling that

Tny, — Xy
k—o00

with zy € K and p € Ju,, (z,,) Vk € N. Thus
Up, (T) > U, (2p,) + D (x—2y,) Ve eQ VkeN.

By uniform convergence of u,, , we get u(z) > u(xg) +p- (x — z9) Vo € 2 obtaining
p € Ou(xg) with zy € K. Therefore p € Ju(K') which proves our claim.
Now, we show that
lim sup |Qug (K)| < [Ou(K)|.

k—o0
First, we claim that
our(K) C B(0,C(K)) VkeN

where C'(K) is a constant depending only on K. Let k € N and p € duy(K). Then
Jzp € K such that p € dug(xp). Thus

up(z) > ug(zo) +p- (x —x9) Vo e Q.

As K is compact and € open, we can always find V open such that K C V C V C Q.
Let 0 < r < dist(x, V) and take in particular x, = o + i So |z, — x| =7 <
dist(x, 0V') which implies z, € V' C Q and uy(x,) > ug(xo) + r|p|. We obtain

| (2p) | + [ur(20)]

Ip| < :
.

Knowing that u;, is uniformly convergent sequence on V with u;, bounded in V since
ug are continuous by Theorem 1.3.5; then u; are uniformly bounded in V. Hence
3C4(K) a constant dependeing only on K such that

pl < 2,

r

Letting r — dist(xg, V), we get

Ipl = dist(zg,0V) = C(K)

34



and then p € B(0,C(K)). We then have

lim sup |8uk(K)] = lim sup/ dr = lim sup/ Xauk(K)dx.
Oug (K) B(0,C(K))

k—o0 k—o0 k—o0

However Juy(K) are Lebesgue measurable sets by Theorem 2.2.2 and thus Y Bup ()

are Lebesgue measurable functions. Besides, Xoux) < 1 with [ B0.C(K)) ldx =
|B(0,C(K))| < oco. Therefore, by Fatou’s Lemma

k—o00 k—o00 k—o0

lim sup |OQug (K| §/ lim sup Xy, (K)dx g/ lim sup X, (K)dx.
B(0,C(K)) g n *
Moreover, using the fact that

hgl_ilip X@uk(K) = Xiim sup Ouy, (K)

k—oo

and (3.3), we conclude

lim sup |Oug(K)| < X ou(xydx = [Ou(K)|.

k—o0 Rn

(ii) Let U C Q be an open set such that U C Q. Let
S={peR":3x,yecQz#y and p € Ju(x) N du(y)},
hence S is a Lebesgue null set by Theorem 3.2.2. We claim that

ou(U)\ S C li]gninf Ouy(U).
—00

Let p € Ou(U) \ S, then there exists a unique zq € U such that p € du(xy) and
p & Ou(zy) Vo, € Q, x1 # m. Let 1 € Q with x; # 5. We have u(z) >
u(zg) +p - (x — xo) Vo € Q. In particular, u(xy) > u(zg) + p - (r1 — xo). Suppose
u(xy) = u(zog) +p- (r1 — x0), then u(x) > u(xry) —p- (r1 —2z0) +p- (xr — xp) Vr € Q
obtaining u(z) > u(z1) + p- (r — 1) Yo € Q. This implies that p € du(x;) which is
a contradiction. Therefore

u(xy) > u(zg) +p- (v1 —x0) Vo, €Q, x5 # 2. (3.4)

Case 1: U is bounded
Consider the line

(x) = u(xg) +p- (z—x0)

and
0 = minf{u(z) — l(z) : x € OU}.

0 is the minimum of a continuous function over a compact set, thus ¢ is attained in
OU. However, as xp € U, (3.4) gives that u(x) — ¢(z) > 0 Vo € OU and hence 6 > 0.
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By uniform convergence of u on compact subsets of (2, 3 kg € N such that Vk > ko,
vz € U, |ug(z) — u(z)| < 2. Now, for k > ko, let

Or = max{l(x) — up(x) + g cxeU}.

0y is the maximum of a continuous function over a compact set, so d; is attained in

U. Thus 3 2, € U such that 6 = £(z3) — up(z) + g. With xg € U,

(=%}

) )
Ok > U(zo) — up(xg) + = = u(xo) — up(xo) + 3 > ) + 5= 0.

\)

Suppose now x € OU. We get § < u(zg) — £(z) that gives

J b 0
O = L(wy) — wlze) +ulze) —up(ar) + 5 <=0+ 5+5=0
which is a contradiction. Thus x; € U. Next, we show that p € Oug(x). We have
ok = u_(xo)—l—p-(xk—xo)—uk(xk)+% and by definition of 0y, ux(x) > ug(xg)+p-(r—xk)
Va € U. Since uy, is convex in €2 and U is open, ug(x) > up(xp) +p- (x —xp) Vo € Q
obtaining p € Ouy(xy) with x € U which means p € Juy(U). But this is true for all

k> ko, thus p € Uy _; Ny, Qur(U). Therefore
p € liminf Ou (U)
k—ro0

which completes the proof for this case.
Case 2: U is unbounded )

Since U is open, we write U = U;’;l U; with U; open and U; compact. Then,
from Case 1,

ou(U) = U ou(U;) C U li’ggfauk([]j) a.e.in Ou(U).
j=1 j=1

However, Ouy(U;) C Jug(U) Vj € N which implies
liminf Ouy(Uj) C liminf Qug(U) VjeN
k—o0 k—o0
obtaining

U lim inf Ouy(U;) C liminf Ouy (U).
o1 k—o0 k—o00
Therefore, we get

Ou(U) C liminf Oug(U) a.e.in ou(U).

k—o00

Now, we continue to show that

|0u(U)| < |liminf |Qug(U)].
k—o0
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We have

0u(U)| = / dA = / X@u(u)d)\ < / Xliminf@uk(U)d)\'
du(U) R™ Rn k—oo
On the other side, we know that
Xl}crg inf Oy (U) = h,gggﬁ X oup ()
So we get
Qu(U)] < /R i X, A

However, as U is open, dug(U) is Lebesgue measurable (see Theorem 3.2.3), and
hence Y Duy, (1) L€ non-negative measurable functions. Therefore, by Fatou’s Lemma,
we get

|ou(U)] < hm 1nf/ (@A = lim 1nf/ dA = liminf |Ou(U)|
which completes our proof. [

In the following lemma, we used some techniques from [0].

Lemma 3.3.2. Let Q be an open subset of R". Let (ug)x and p be Borel measures
in 2 that are finite on compact sets. Suppose that

(a) limsup pg(F) < p(F) for each F C Q2 compact, and

k—o00

(b) lilgn inf i (G) > u(G) for each G C 2 open.
— 00

Then
e — u weakly,

/Q £ (@) — /Q f(@)dp

for all f continuous with compact support in Q (or for all f continuous and bounded
in Qif pk () and w(Q) are finite).

Proof. Initially, we work on case f > 0 with f continuous on compact support in

Q. We first claim that
hmmf/ fdu, > /fdu

x):/o X{f>t}(x)dt
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In fact, for z € Q, 37 > 0 such that f(x) = r. This implies that

1 0<t<r

Xipn(t) = {o >0
and thus - ,
/0 X (pony(@)dt = /0 dt =r = f(z). (3.5)

Moreover, since 2 can be written as a countable union of increasing sequence of
compact subsets with pu; in ) finite on compact subsets, we obtain that uy is o —
finite in €. We then apply Tonelli’s Theorem for non-negative measurable functions
in © x (0,00) and get that

Afdﬂkz/§2</0wx{f>t}dt) d,uk:/ooo (/QX{f>t}dﬂk) dt:/ooouk({f>t})dt

Note that ¢t — pur({f > t}) is decreasing and thus Lebesgue measurable. Similarly,

we have / . / i

hm mf fd,uk = hm mf/ pe({f > t})dt > / lilgn inf g ({f > t})dt
0 —00

Now,

using Fatou’s Lemma as pu({f > t}) are non-negative measurable functions. On
the other side, f is continuous, then {f > ¢} is open in 2, and by the given property
(b), we get

liminf p({f > t}) = p({f > t})

imint | fao. > / u(ts > it = | s

To end this case, it remains to show that

limsup/fdukg/fdu.
k—oo Q Q

Since f is non-negative continuous function with compact support, then there exists
B > 0 such that 0 < f < B, and similar to (3.5) we can write

0= [ Xyl

Again by Tonelli’s Theorem, we have for each k € N

B B
/Q Jdu, = / s Jdpy = /0 ( s X f>t}duk> dt = /0 p(suppf NA{f > t})dt
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and similarly
/ Fdp = / (suppf N {f > t})dt (3.6)

Now,

k—o0 k—o0 k—o0

B
lim sup/ fdpy, = lim sup/ fdpy, = lim sup/ pr(suppf NA{f > t})dt
suppf 0

By the given property (a), we know that

lim sup g (suppf) < p(suppf) < oo

k—o00

since suppf is compact in €2 and p is finite on compact subsets of 2. Hence, the
sequence is bounded above, and we have

pr(suppf N {f > t}) < pe(suppf) <M Vk € N

for some M > 0 with fOB Mdt = M B < oco. Thus, we can apply Fatou’s Lemma to
obtain

k—o0 k—o0

B
limsup/ fdpy, S/ lim sup . (suppf N {f > t})dt
Q 0

But again using property (a), as (suppf N {f > t}) is compact, we have

limsup i (suppf O {f > t}) < p(suppf N {f > t})

k—o0
obtaining
B
limsup/fdukg/ u(suzopfﬂ{fzt})dtZ/fdu-
k—o00 Q 0 Q

More generally, for f any continuous function with compact support in 2. We
can write f = f* — f~ with f*, f~ > 0 and for each k € N,

/Q Fi = /Q Fdp — /Q Jdp
/Q fdp = /Q Frdp - /Q fdp

Since f* and f~ are bounded functions with compact support, then we can apply
Case 1 on f* and f~ and get that

lim/fduk: lim/f+d,uk— lim/f_duk:/f+du—/f_dM=/fdﬂ~
k—oo [ k—=oo Jq k—oo Jq Q Q Q

and
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Theorem 3.3.3. Let 2 be an open convex subset of R™. Let (uy)y be a sequence of
real-valued convex functions in ) such that

Ug, k—) u  uniformly on compact subsets of €.
—00

Then, the associated Monge-Ampére measure Muy, converge to Mu weakly, that is,

Muyp —— Mu  weakly.

k—oo

Proof. This directly follows from Lemmas 3.3.1 and 3.3.2. m

3.4 Aleksandrov’s Maximum Principle

Lemma 3.4.1. Let 2 be an open bounded subset of R™. Let u and v be real-valued

convex functions such that u,v € C(). If u = v on IQ and v > u in Q then
0v(2) C Ju(Q).

Proof. Let p € 0v(Q2) and xy € Q2 such that p € dv(zg). Thus

v(z) >v(xe) +p- (x—x0) Vel (3.7)
Let

A = sup{v(zo) +p- (v — ) — u(z)}.

e

We have A > v(zg) — u(zo) > 0 since v > u in Q. Also, A is attained in Q as it is
the supremum of a continuous function over a compact set. Hence

A=v(xg) +p- (v —29) —u(x;) for some x; € Q.

Now, we show that v(z) 4+ p- (z — x9) — A is a supporting hyperplane to u at some
point in 2. From the definition of A, we have for every x € ()

u(z) > v(zg) +p-(xr—x0) —A=u(z1) +p- (x — 7).

If 1 € 2, then p € Ou(zy) C Ju(Q2), and we are done. Otherwise, if x; € 052, since
u = v on Jf2 then from (3.7)

A=v(xg)+p-(x1 —x0) —ulzy) =v(x0) + - (X1 — 209) — V(27) <O,
Thus A = 0 and for every z € )
u(z) = v(wo) +p- (x — x0) = ulxo) +p- (¥ — o)
obtaining that p € du(zg) C du(S). O

Theorem 3.4.2. (Aleksandrov’s Maximum Principle)
Let ©Q be an open, bounded, and convex subset of R™ with diam(2) = A. Let u be a

real-valued convex function such that u € C(2). If u =0 on 0%, then
(—u(z))" < C, A" dist(z,00) |0u(Q)| Vz € Q,

with C,, 1s a constant depending only on the dimension n.
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Proof. Let xy € 2 and let v be the convex function whose graph is the upside-down
cone of vertex (zo,u(xp)) and base © with v = 0 on 0f.

Step 1. We show that dv(Q2) C 0u(Q). In fact, we have v = v = 0 on 012, and
notice that also from the construction of v and the convexity of u that v < wv in €.
Indeed, let x € Q and (z,v(z)) € G(v) (see Definition 1.3.2) with v is a cone. Then
Jz € 9Q and t € [0, 1] such that

(z,0(z)) = (1 = t)(w0, v(20)) + 1(2,0(2)) = (1 = #)(wo, u(x0)) + 1(2,0).

However (xg, u(xg)), (z,0) € epi(u) (see Definition 1.3.2) with epi(u) is a convex set
as u is a convex function by Proposition 1.3.3. Hence, (z,v(z)) € epi(u) and thus
v(x) > u(z). Now, applying Lemma 3.4.1, we conclude that dv(€2) C du(f2).

Step 2. Let’s show that Jv(f2) is a convex subset of R". In fact, we show that
0v(2) = Ov(xp) which is convex by Proposition 2.2.1.

Let p € 0v(Q2), then Jz; € Q such that p € Jv(xy), that is

v(z) >v(x)+p- (x—x) Voel (3.8)

If 21 = o, we are done. If z1 # zy, we claim that v(zy) +p- (r — x1) is a
supporting hyperplane to v at xg since v is a cone. It is sufficient to show that
v(zy) = v(xo) + p- (1 — xo). We have from (3.8) v(xg) > v(z1) +p - (xg — x1) and
then it remains to prove the reverse inequality.

Since (x1,v(x1)) € G(v) with v is a cone, then 3z € 92 and 3t € [0, 1] such that

(x1,v(z1)) = (1 —t)(xo,v(z0)) + t(2,0(2)) = (1 — t)(wo,u(z0)) +t(2,0).  (3.9)
From the continuity of v on Q, (3.8) extends to x € Q which implies that
(P, —1) - ((z,v(2)) = (@1,v(21))) <O Vz € Q.

In particular for z = z and from (3.9):

(p,—=1) - ((2,0) = (1 = £)(wo, u(z0)) — (2,0)) <0,
that is
(1 =1)(p, —1) - ((2,0) = (o, u(z0))) <0,
concluding that
(p,—=1) - ((2,0) = (z0, u(x0))) < 0. (3.10)
On the other hand,

(P, =1) - (2o, (o)) = (x1,v(21)))

= (p, =1) - (w0, (o)) — (1 = ) (o, v(w0)) — 1(2,0))
t(p, =1) - ((xo, v(20)) — (2,0))

>0 (from (3.10)).

v(r1) —v(T0) +p- (o — 1) =

Therefore, v(zy) >
implies that v(z) >
step.

v(xg) +p- (x1 — x0) and thus v(z1) = v(zg) + p - (x1 — ). This
v(xo) +p- (z—x9) Yo € Q and p € Ov(xy) which completes this
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Step 3. We prove that 3¢y € Ov(Q2) such that

—u(zo)

0] = dist(xg, )

We know that dist(z,01) is attained in 02 as it is the infimum of a continuous
function over a compact set, i.e dx; € 02 such that

|z — xo| = dist(zg, 092). (3.11)

Corollary 1.1.13 implies the existence of the supporting hyperplane II,, to € at
r1. We claim that the hyperplane H C R™"! containing IT,, and passing through
(xo, u(zo)) supports v at (zg, u(xg)). We start by proving that z; — x¢ is normal to
IT,,. We write the equation of the line passing through z; in II,, having a slope p:

L,:x(t)=x+tp teR.

Let v(t) = |z(t) — x/?, t € R. From (3.11), v(¢) has minimum at ¢ = 0, and so
7'(0) = 0. We have

v (t) = 2(x(t) — zo) - ' () = 2(x1 +tp — x0) - p

then 7/(0) = 2(xy — ) -p = 0. Therefore (z1 —zo) L L, for every line in II,, passing
through x; which implies that (z; — x¢) is normal to II,,. Now, let’s move and find
the normal to H, call it ¢ = (q1, 2, .-, Gn, Gn+1). By definition of H, we know that ¢
must be orthogonal to (21 — o, —u(xy)) and to L, for every line in II,, with slope p.
Take § = (x1 — g, gn11). We have from above ¢- (p,0) = (21 —x¢) - p = 0. It remains
to find ¢, 1 so that §- (z1 — zg, —u(xg)) = 0, that is |x; — z0|* — ¢ur1u(z) = 0 which
implies

- zo|?
qn+1 = U(ZEO)
Therefore,
q= (a:l — X, M) normal to H.
u(zo)
We obtain

(H):q- (& — (vo,u(w0)) =0 withi € R"™,

Bach to our claim, we need to check that H supports v at (g, u(z)). It is sufficient
to show that
G- ((z,v(x)) — (x0,v(x)) >0 Vr e (3.12)

(see Definition 1.1.10). However, due to the geometry of v, we know that for each
(z,v(x)) € G(v), Iz € 9Q and t € [0, 1] such that

(z,v(x)) = (1 = t)(xo, v(x0)) + t(2,v(2)) = (1 — )(wo, u(xo)) + £(2,0).
Hence, it is sufficient to show that

G- ((2,0) — (zo,v(x0))) >0 Vz € Q.
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But

|21 —I0|2

(20 = Gan o)) = (1 =0, LB - o )

= (21 — x0) - (2 — 20) — |71 — 20|
= (21 — ) - (z — 1)
>0 (by definition of II,,)

Now, it remains to find ¢y. Writing,

g= (g =g, ol ool (nm w4

To — T1

we let

qo = m(u(%))-

From (3.12), we get (o, —1) - ((z,v(x)) — (2o, v(z0)) < 0 Vax € Q. This implies
v(x) > v(xo) + qo - (x — x0) Vo € 2 that gives gy € Jv(zy) with

—Uu\x
’CIO’ = —( 0) .
|21 — o]

This ends this step.
Step 4. We claim that B <0, Lm) C 0v(92).

(
A
Let p € B (o, %) then
—v(zo) > |p|A >p- (2 —x9) Vze€ .

This gives
v(z) =0>v(z) +p- (2 —x) Vze (3.13)

Take z € ). As v is a cone, 3z € I and t € [0, 1] such that
(z,v(x)) = (L = t)(wo, v(w0)) + t(2, v(2)),
which implies from (3.13) that
v(z) = (1 —t)v(zo) + tv(2) > v(ze) +p- (t(z — 20)) = v(x0) + P (z — x0)
obtaining p € dv(xy) = v(12).
Step 5. From Step 3, |qo| > #, thus qo ¢ B <0, %) . Now, let H be the
convex hull of B (O, #) and qg, hence

=0 (F40)
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with C,, a constant depending only on the dimension n. However, as dv({2) is a

convex set containing B (O, %) and ¢o (from Step 2, 3, and 4), then

H C ov(Q).

Therefore
|H| < |0v(Q)] < [0u()|  (from Step 1)

C, (_“f(’))n_l (%) < |0u(Q)].

(—u(z))™ < C,, A" dist(xg, Q) |0u(Q)]

which implies

We finally obtain

with xy arbitrary in €2. O]

3.5 Comparison Principle

Lemma 3.5.1. If A and B are symmetric and positive semi-definite n x n nmatri-
ces, then
det(A + B) > det A + det B.

Proof. First, we consider the case when det A > 0. A is diagonalizable by orthogonal
matrices, i.e. there exists O orthogonal matrix and D diagonal matrix such that
A = ODO7'. Let A\i, A\, ..., \, be the entries of D, and let C = OvDO™! where
VD is the diagonal matrix with entries v/A1, v A2, ..., vV An. C is symmetric since

¢’ =0 M"(VD)'o" =0vVDO = C

as O is orthogonal (O~' = OT) and /D is diagonal. Also, C' is positive definite.
Indeed, as A is positive definite, then \; > 0 Y0 < ¢ < n which implies v/A; >
0 V0 <17 < n. Moreover,

C? = OvVDO *OVDO™ =0DO™ ! = A.

Now, we write

det(A+ B)
det A

However, C~'BC~! is positive semi-definite. This follows from the fact that B is
positive semi-definite and C~! is symmetric. Indeed, for x € R*, 27 (C~'BC 1)z =
(C7'2)TB(C~'z) > 0. Letting Bi, B, ..., B be eigenvalues of C~*BC~!, we get
B; > 0 V0 < i < n. Therefore, we can say that

= det C ' det(A + B)det C~' = det(CPAC™" + C'BC™") = det(I + C'BC™Y).

det(I+C'BC™Y) = (1+ 1)1+ Ba)...(1+ B) > 1+ B1Bo... B = 1 +det(CBCO™).
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We obtain

det(A + B)
det A

N det B det A+detB
(detC)2 det A

>1+det(C'BC™!) =1

This implies that det(A + B) > det A + det B.

Now, if det A = 0 and det B = 0, then det(A + B) > 0 since A + B is positive
semi-definite.

Finally, if det A = 0 and det B > 0, we then apply the first case on B and get
that det(A + B) > det A+ det B = det B. O

Lemma 3.5.2. Let Q be an open, bounded, and convex subset of R". Let u and v
be a real-valued convex functions such that u,v € C(2). We have

M(u+v) > Mu+ M.

Proof. We start with case u,v € C%(Q). Since u and v are convex functions, Theo-
rem 1.3.7 implies that D?*u(z) and D?v(x) are positive semi-definite matrices Vo € Q.
Also, as u,v € C%(Q), then D?u(z) and D*v(x) are symmetric matrices Vo € Q. By
Theorem 3.2.7, and Lemma 3.5.1, we conclude that for any Borel set E C ),

M (u+v)(FE) —/Edet(DQ(uij)(x))d:cZ/

E

det D*u(x) da:—i—/ det D*v(z) dv = Mu(E)+Muv(E)

E
Now if u ¢ C?*(Q) or v ¢ C?(2), we can approximate u and v by sequences

ug, v € C*(Q) convex functions respectively converging uniformly on compact sub-
sets of  [10], that is,

ur — u, v, — v uniformly on compact subsets of 2.
k—o0 k—o0

This gives uy + vy —> u~+ v uniformly on compact subsets of 2. Theorem 3.3.3

implies that Muk,ka and M (uy + vg) converge weakly to Mu, Mv and M(u+v)
respectively. Equivalently,

/QfdMukm) Qfal]Wu, /Qfdek /fde /fdM Ugp+v) —>/fdM u+v)

k—o0
for all f continuous and bounded in €.

Let E C Q be open, we show that there exists a sequence of positive bounded
continuous functions {f,}, such that

Jn o X
Construct the sequence of sets {F), },, such that F,, = {z € Q| d(z, E°) > +}. Notice
that {F,}, is an increasing sequence of closed sets with E = U2, F),. Define the
function f, : Q@ - R
d(x, E°)

fulx) = d(z, E¢) +d(z, F,)’
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Clearly , 0 < f, <1 Vn € N. Also, since E° and F,, are disjoint closed sets in {2,
then f, is continuous on 2 for all n € N [11]. Besides, {f,}. is increaing sequence
of functions. Indeed, let x € Q. F,, C F,,; implies d(z, F},,) > d(z, F,11) Vn € N
obtaining f,(z) < fu.11(x) ¥n € N. Moreover,

lim fo(z) = Xp(z) VoeQ.

n—oo

To see this, let z € Q. If x € E°, hence f,(z) =0= Xy(x) Vn € N. If z € E, then
there exists ng € N such that z € F,, Vn > ngy. Thus d(z, F,,) = 0 ¥n > ny which

gives that
d(x, E°)

lim f(z) = Ao, B 1= Xp().

Therefore, we obtain an increasing sequence {f,}, of positive, bounded, and con-
tinuous functions. Applying the first case on u; and vy, we get

det(D*uy(z) + D*vy()) > det(D?uy(x)) + det(D?*vi(z)) Vo € Q.
Besides, Theorem 3.2.7 implies for any f > 0,
/ fdM (ug, 4+ vg) = / f det(D*uy + D*vy,)dx
Q Q

> / f det D*uydx + / f det D?vydx
Q Q

:/QfdMuk—i-/Qfdek.

Hence, we have

/fndM(uk—i—vk)z/fndMuk+/fndek Vn € N.
Q Q Q

By weak convergence, letting k — 0o, we get

/andM(u#—v)Z/andMu—i—/ande Vn € N.

Now, we let n — 0o, and by monotone convergence theorem we obtain

/Q X pdM (u + v) > /Q X pdMu + /Q X pdMv

which implies
M(u+v)(E) > Mu(E) + Mv(E)

with £ C ) any open set.
More generally, if E C €2 is any borel set. Let G C 2 be any open set containing
E. We showed that

M(u+v)(G) > Mu(G) + Mv(G) > Mu(E) + Mvu(E) (3.14)
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and by outer regularity of M (u + v), we have
Mu+v)(E) =inf{M(u+v)(G) | G 2 E,G is open in 2}.
Therefore, taking infimum on (3.14), we get

G%lg M(u+v)(G) > Mu(E) + Mv(E)
G&ﬁn
obtaining
M(u+v)(F) > Mu(E) + Mv(E).

]

Theorem 3.5.3. Let Q2 be an open, bounded, and convex subset of R™. Let u and v

be real-valued convex functions such that u,v € C(S).

If
|Ou(E)| < |0v(E)| for every Borel set E C Q,

then

min{u(z) —v(z)} = min{u(z) — v(z)}.

e x€0Q

Proof. Since u,v € C(Q) with Q and 99 are compact sets, then both minimums are
finite numbers. Let
= mi - d b = mi - .
a Ecnels%l{u(x) v(x)} an ire%%{u(a:) v(x)}

First, notice that a < b. Suppose a < b, thus the minimum over € is attained for
some g € €2, i.e. a = u(xy) — v(xg). Take § > 0 small. Let

b+a

w(z) = v(x) + 8|z — x0|* + 5

and B
G={reQ:ulx) <wx)}.

We have zy € G. In fact, ¢ € Q and

b+a a-—0
u(zo) — w(wo) = u(x0) — v(0) — 6TO — T0|* — 5 =5 < 0.
Moreover, if x € 09, b < u(z) — v(z) and
w(z) = v(x) + 8|z — x0|* + HTCL < u(x) + §(diam(Q))* + CLT_b < u(x)

with assumption on § that §(diam)? < ¢, We obtain that w(z) < u(z) Vz € 9.
Therefore, G C Q and 0G C {x € Q : u(z) = w(z)}. Hence, G is a bounded open

set with u,w € C(G), v < w in G, and v = w on JG. So Lemma 3.4.1 implies that

dw(G) C du(G). (3.15)
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On the other hand, we have

ow =0 (v + 8|o — o|* + b—i—Ta) = 0(v + d0|a — xo]?).

The latter equality follows from the following. Let p € dw(x) for some x € 2, thus
w(y) > w(z)+p-(y—x) Yy € Q which implies

b+a b+a
v(y) +0ly —wo* + = 2 v(@) +olr —w + = +p-(y—x) Ve
Subtracting HTC‘ both sides of the inequality gives that

v(y) + 0y — ol* > v(z) + 0z —xo[* +p- (y —z) VyeEQ

obtaining p € d(v + |z — zo|?)(z). The converse follows similarly.
Using Lemma 3.5.2, we get

[0(v + 8|z — o) (G)| = |0v(G)| + 98]z — 20 *)(G))]

with
10001z — 2o|2)(G)| = /GdetD2(5|x ~ o) d = /G(26)"dx el

by Theorem 3.2.7. Therefore, we obtain using (3.15)
0u(G)| = [0w(G)| = [0v(G)| +10(8|z — zo[*)(G)] = [0v(G)| + (26)"|G| > |90(G)]
which contradicts the given. O

Corollary 3.5.4. Let €2 be an open, bounded, and convex subset of R™. Let u and

v be real-valued conver functions such that u,v € C(£2).

If
|Ou(E)| = |0v(E)| for every Borel set E C Q

with uw = v on 0L, then u = v in €.

Proof. Applying the comparison principle, Theorem 3.5.3, with the fact |[Ou(E)| <
|0v(E)| implies
min{u(z) —v(#)} = min{u(z) —v(z)}.

But v = v on 09, hence we obtain u(x) > v(z) Vo € Q. Similarly, applying
comparison principle, Theorem 3.5.3, with the fact |0v(E)| < |0u(FE)| implies
v(z) > u(x) Vo € Q. Therefore, we get u(zr) = v(z) Vo € Q. O
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CHAPTER 4

ALEKSANDROV SOLUTION

4.1 The Homogeneous Dirichlet Problem

Definition 4.1.1. Let €2 be an open convex subset of R™ and p a Borel measure in
Q. A convez function u : Q — R is called an Aleksandrov solution (or generalized
solution) to the Monge-Ampére equation

detD*u =
if the Monge-Ampere measure associated with u equals to p, i.e.
Mu = p.

Theorem 4.1.2. Let Q be an open, bounded, and strictly conver subset of R™ and
g :0Q — R a continuous function. There exists a unique convez function u € C(Q)
Aleksandrov solution of the problem

D?u = in )
{det u=0 1in (41)

u=gqg on 09
Proof. Let
F ={a(z) : a is an affine function and a < g on 0Q}.

We have F # (). In fact, as g is continuous on compact a set, g is bounded and
lg(z)| < C Vx € 09. Letting a = —C — 1, we have a € F. Now, define

u(z) = sup{a(z) : a € F}.

Step 1. We show that u is convex in 2. We have u is a pointwise supremum of
affine functions, then u is convex in 2. To see this, let z,y € Q and t € [0, 1]. Since
a is affine, we have for every a € F

al(1 = t)a + ty) = (1 — a() + taly) < (1 - t)u(x) + tu(y).
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Thus taking the sup over all a we get
w((1 =tz +ty) < (1 —t)u(x) + tu(y).

Step 2. We prove that u = g on 99Q. First, as a(z) < g(x) Ya € F Vz € 09,
then u(x) < g(x) Vo € 0.

It remains to show that u(§) > g(&) V€ € 0. Let £ € 09 and let € > 0. By
definition of continuity of g on &, there exists 6 > 0 such that Va € 011,

[z =&l <o = [g(z) —g(E)] <e

Since 2 is convex, Corollary 1.1.13 implies the existence of a supporting hyperplane
IT to 2 at £. Let P(x) = 0 be the equation of II. Assume @ C II* i.e. Q C {z:
P(z) > 0}. We claim that there exists n > 0 such that

S={xeQ:P(x)<n}C B(9I).

Suppose Vn > 0, )
{z€Q:P(x) <n}n(B(0)) #0,

then for every n € N, there exists

yn€{z € Pla) < %} N (B(E,8))°.

(Yn)n is a bounded sequence. By Bolzano-Weirstrass, it has a convergent subse-
quence, say

We obtain a sequence (y,), C Q with P(y,) < 1 and |y, — €| > 4. As Q is bounded,

Yy —— Yo

k—o0

with yo € Q. Besides, P(y,,) < 1, then P(yo) < 0. However, yo € Q C {z :

P(x) > 0}, hence P(yo) > 0 which implies that P(yo) = 0. Also, |y, —&| > 9, then
lyo — &] > 6 > 0 which means yy # . We obtain yg, & € Q with yo # &, and with Q
open and strictly convex, we get
(1—tyo+tEeQC{x: Plx) >0} Vte(0,1).
But, as P plane and P(yy) = P(¢) = 0, we have for ¢ € (0, 1),
P((1 = t)yo +1€) = (1 = 1) P(yo) +1P(§) =0

which is a contradiction. This ends the proof of our claim.
Now, we let
M = min{g(x) : x € 0Q and P(x) > n}

and take

a(z) = g(§) —e— AP(x) (4.2)
where A is positive constant. We have a < g on 0. In fact, if z € 92N S, then
r € 0NN B(E6) and |g(x) — g(&)| < €. Therefore,

g9(x) > g(§) —e = g(&) —e— AP(x) = a(x).
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If x € 9Q NS¢, hence P(z) > n and

o) = M = a(z) + M — a(z) = a(w) + M — g(€) + ¢ + AP(z)
> a(z) + M — g(§) + €+ An.

Taking
AZmaX{M,O}, (4.3)

we get

g9(x) > a(x)
in this case. Therefore, we have a is an affine function with a < ¢ on 02, thus
a€ F.

Since u(§) > a(§) = g(§) — ¢, letting € — 0, we end with u(£) > ¢(£) and thus
u(§) = g(&)- )

Step 3. We claim that u € C(2). Actually, as we proved that u is convex in {2,
then u is continuous in {2 by Theorem 1.3.5. It remains to show that u is continuous
up to boundary 0.

Let & € 99 with (z,,), C © be such that

Tn —§

n—o0

We prove that
w(an) —— u(§) = g(&).

n—oo

We first show that
lim inf u(z,) > ¢(&).

n—o0

Let € > 0 and consider a(z) as in Step 2 (see (4.2) and (4.3)). We proved that a € F
obtaining u(z,) > a(z,) Yn € N; so

liminfu(x,) > liminf a(z,) = liminf(g(§) — e — AP(x,)) = g(§) —e — AP(§) = g(§) — €.
n—oo n—oo n—oo
Taking € — 0, we reach our goal.
Second, we show that

lim sup u(z,) < g(§).

As ) is convex, there exists a harmonic function h in € such that h € C'(£2) and
h = g on 08 [12]. Now, we let a € F, so a is affine and a < g on 99Q. Thus a is
harmonic in €2 and a < h on 0. We obtain a — h is harmonic in €2 since ) open
with a — h < 0 on 0€2. By the maximum principle, a — h attains its maximum on
09Q. This implies that @ — h < 0 in €, that is, @ < h in Q. But this is true for any
a € F, thus by definition of u, we have u < h in Q. Hence, u(z,) < h(z,) ¥n € N.
Therefore,

lim sup u(x,) < limsup h(z,) = h(§) = g(&)

n—oo n—oo
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as h is continuous on €. We reach that

lim u(z,) = g(§) = u(§)

n—oo

and so u is continuous at & for every & € 0f2.

Step 4. We show that the Monge-Ampere measure associated to u is equal to
zero in Q, i.e. Mu =0 in Q. Actually, if we show that Mu(£2) = 0, by monotonicity
of Mu we obtain that Mu(FE) = 0 for all Borel sets £ C 2, and thus Mu = 0 in €.
We know using Theorem 3.2.2 that the set

N={peR":3z,y € Qx#y and p € du(z) N du(y)}

is Lebesgue null set. We claim that 0u(2) C N to conclude our claim.
First, as u is convex, then du() # () by Theorem 2.2.3. Let p € du(f2), thus
there exists x¢ € € such that p € du(z), and so by continuity up to 92 we get that

u(z) > u(zo) +p- (v — ) V€ (4.4)

Let

a(z) = u(zo) +p- (z — xo).
Since u = g on 92, we have g > a on 92. Suppose that g > a on 9§, then there exists
n € Nsuch that g > a+ £ on 9. We obtain a++ € F and u(z) > a(z)++ Va € (.
In particular, u(zo) > a(z¢) + = = u(zy) + + which is a contradiction. Therefore,
there exists £ € 0€) such that

9(&) = a(§).

Now, since 2 is strictly convex, then (1 — ¢){ + tzg € Q Vt € (0,1). Let z =
(1 —t)& + txg for some t € (0,1). By convexity of u, we have

u(z) < (1 —t)u(é) + tu(xg).
But u(§) = g(&) = a(§) and u(xg) = a(zy), thus
u(z) < (1 —1t)a(§) + ta(zo) = a(z).

Hence
w(z) =a(z) =u(ze) +p- (2 — xp).
From (4.4), we get

uw(x) > u(zg) +p-(x—2)+p- (2 —20) =u(z) +p- (v —2) Vo e )

obtaing that p € du(z). Therefore, we have xg, z € Q with x¢ # z and p € du(zg) N
OJu(z), and thus p € N which ends the proof of this step.

Step 5. From Steps 1,2,3, and 4 we obtain that the convex function u € C(Q)
is an Aleksandrov solution to the Dirichlet problem (4.1). To end the proof, it
remains to show that u is unique. Suppose there exists a convex function v € C(Q)
Aleksandrov solution to (4.1) with v # u. We get that Mu = Mv =0 and u = v
on 0f). By Comparison principle 3.5.3, we obtain that « = v in 2. Therefore u is

unique. ]
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4.2 The Nonhomogeneous Dirichlet Problem

Definition 4.2.1. Let € be an open, bounded, and convex subset of R™ and g :
00 = R a continuous function. Let p a Borel measure in ). We define the set

Flu,g) ={v e C(Q):v is conver in Q, Mv> p, and v =g on IN}.

Remark 4.2.2. Assume § is strictly convex and F(u, g) # 0. We have all functions
in F(u,g) are uniformly bounded from above and we can define

U(z) = sup{v(z) : v € F(u,9)}-

To see this, we let v € F(u,g). By Theorem J.1.2, there exists a unique convex

function w € C(Q2) Aleksandrov solution to the problem

(4.5)

detD*w =0 in
w=g on O

Hence, Mw =0 < u < Mv. By Comparison principle 3.5.3, we get that

min{u(r) - (@)} = min{w(@) - o(@)}.

But w =v =g on 09, then w(x) —v(x) > 0 Vo € Q. This implies that

v(z) <w(z) <suplw(x)|=M Vel
z€Q

where M is positive constant since w € C(Q) with Q compact. Therefore,

supv(z) < M.
€N

Lemma 4.2.3. Let Q be an open, bounded, and strictly conver subset of R™ and
g : 00 = R continuous function. Let p;, pu be Borel measures in 0 and u; € C(Q)
convex real valued functions such that:

1. For each j, u; is Aleksandrov solution to the problem
detD*u; = p; in Q
uj =g on 09
2. pj — p weakly in Q.
3. 1j(Q2) < B Vj € N where B is a constant.

Then (u;); has a subsequence that converges uniformly on compact subsets of § to

a convex function u € C(QQ) Aleksandrov solution to the problem

{detD2u =pu in € (47)

u=gqg on 09
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Proof. We show that there exists a subsequence (u;, )i that converges uniformly on
compact subsets of ().

Step 1. We show that the sequence (u;); is uniformly bounded in €. First,
notice that u; € F(u;,¢g) for each j € N. From Remark 4.2.2, we have u;(z) <
w(x) < M' V€ Q,Vj € N. Therefore u; are uniformly bounded from above.

We claim that u; are uniformly bounded from below. Let £ € 02 and e > 0. Since
Q is convex, Corollary 1.1.13 implies the existance of a supporting hyperplane II to
Qat £ Let P(z) = 0 be the equation of II. Assume Q C IT*i.e. Q C {z: P(z) > 0}.
Take

a(x) = g(€) — e — A'P(x)
where A’ = max{A, B} and A is the constant given in the proof of Theorem 4.1.2
(see (4.3)). We showed in the proof of Theorem 4.1.2 that

a(x) < g(x) Yz € .
Set
vj () = u;(x) — a(z).
We have v; € C(€) and v; are convex in Q. On 99, u;(z) = g(x) by (4.6), and hence

vj(x) = g(x) — a(x) > 0. We consider now the following two cases.
If vj(x) > 0 for all x € Q, we get

u;(z) > a(x) > ;Ielgf) a(x).

Hence u; are uniformly bounded from below.

Now, if 3z¢ € Q such that v;(z9) < 0, let G = {x € Q : vj(x) < 0}. We
have G # (), compact and convex. Moreover, 0G C {z € Q : v;(z) = 0}. Letting
Ay = diam(G), since v; € C(G) with v; = 0 on 0G then applying Aleksandrov’s
maximum principle 3.4.2 on GG, we obtain

(—v;(2))* < C, ATV dist(z,0G) Mv;(G) Vx € G,

where (), is a constant depending only on the dimension n. However, G C €2, then
letting A = diam(2)

(—v;(x))" < C, A"V dist(x,00) Mv;(Q) Va € G.

We have Mu;(2) = p;(2) < B by given properties 1 and 3 with u; = v; + a. Using
Lemma 3.5.2, we get from Theorem 3.2.7

B 2 MU](Q) 2 M’UJ(Q) + MG(Q) = M’Uj.
This implies that
(—v;(2))" < C, A" dist(z,00) B Vz € G,

which is equivalent to

3=

—v;(z) < (C, A" 'dist(z,00) B)» Vzx € G,
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that is )
vi(x) > —(C, A" N dist(z,00) B)» Vz € G.

We obtain

3=

ui(r) —a(z) > —(C, A" ' dist(x,00) B)» Vz € G.
Also if z € Q\ G, we have vj(x) > 0, i.e. uj(x) —a(x) > 0. Thus the inequality
holds for any x € 2. We get that
uj(z) > a(z) — (C, A" ' dist(x, GQ)B)% Vo e Q (4.8)
g(&) —e — AP(z) — (C, A" Vdist(z,00)B)» Vxe Q.  (4.9)

With P(z) < sup,eq P(z) := P. Finally, since dist(z,dQ) < diam(Q) = A, we
obtain . )
uj(z) > g(§) —e — AP - A(C,B)» Yz e Q.

Therefore, u; are uniformly bounded from below in 2. Thus u; are uniformly
bounded in 2.

Step 2. We show that u; is an equicontinuous sequence in compact subsets of
(2. Since u; are convex in €2, Theorem 2.2.4 implies that for K C ) compact, u; is
Lipschitz continuous in K with constant

C(K,j) =sup{|p| : p € Ou;(K)}.

We claim that C(K,j) is uniformly bounded in j. Let p € Ou;(K). Then there
exists 1 € K such that p € Ju;(z). Thus

uj(z) > uj(zy) +p- (r—x1) Voel

Let 0 < r < dist(x1,09), and take in particular z, = x; + ri- So |z, — x| =7 <
dist(z1,08) which implies z, € Q and w;(z,) > w;(z1) + r|p|. We obtain

ipl < [ (2p)] + |uj(z1)]
r

Knowing that u; is a uniformly bounded sequence in €2, we get

Ip| < —
.

where C' is independent of j and x, and letting r — dist(z1, 02), we have

2C

< ——F—.
Ipl < dist(zy,00)
Moreover, we have dist(x1,00) > dist(K,0Q), hence

2C

< =
Pls G o)

%)



and this is true for any p € du;(K). Therefore,

2C

Kj)<-—"
CED) = G, o0)

We get that wu; is Lipschitz in K with constant

2C

ClK) = dist(K, 0Q)

Then Ve > 0, 36 = % such that

lz —yl <6 = |uj(z) —uj(y)| <e Vr,ye K.

Hence, we obtain that u; is an equicontinuous sequence in K.
Now, by Arzela-Ascoli, there exists a subsequence of (u;); that converges uni-
formly on compact subsets of €2, say without relabeling that

Uy — U.
j—00

Step 3. Define u = g on 0f2. We claim that u is convex in Q and u € C(f).
Convexity of u follows directly from the fact that it is the uniform limit of a sequence
of convex functions. Also, this implies that v € C(£2). It remains to show that u is
continuous at points in 0f).

Let £ € 0. From Remark 4.2.2, we have u;(z) < w(x) Vj € N where w € C({Q)
is a convex Aleksandrov solution of problem (4.5). Besides, from (4.9) and the fact
that dist(x,00) < |z — &|, we obtain Vj € NVz € Q,

w(z) > uy(w) > g(§) — e = AP(x) — (C,LA" 'B)nlz —&l=. (4.10)
Letting j — oo, we get
w(z) > u(z) > g(€) — e — A'P(x) — (CLA" ' B)sle — [+ Vo e Q.
But

lim w(z) = w(g) = g(£)

T—E€

as w € C(Q), and

lim(g(€) — e — A'P(x) — (CLA" ' B)|x — €|7) = g(€) —e.

r—E

Letting ¢ — 0 and by Squeeze theorem, we obtain

lim u(z) = g(§) = u(f)

r—E

and thus u is continuous at &.
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Step 4. To end the proof, it remains to show that u is Aleksandrov solution to
problem (4.7). Now, since

u; — u uniformly on compact subsets of €2,
Jj—o0

Lemma 3.3.3 implies that

Mu; —— Mu weakly.

J]—00

However, from given properties 1 and 2, we have

pj = Mu; —— p weakly.
j—00

Hence
Mu = p.

This ends the proof. O]

Lemma 4.2.4. Let € be an open, bounded, and strictly convex subset of R™ and
p a Borel measure in 0 with p(€2) < oo. Then there exists a sequence (i), that
converges weakly to p such that ux(Q2) < B Vk € N and for each k € N,

Ny,
k
Hie = § a; 61:;“
Jj=1

with xf € ) and af > 0.

Proof. Since € is bounded, there exists N > 0 such that Q C [-N, N|* := Q.
Fix k € N, divide @y into cubes with disjoint interiors and with diameter % Call
them Q%, Q% ..., Q?Vk and let Qf = Qf N ) while removing ones with empty interior.

Therefore, there exists a disjoint family {Qf}jvjl of Borel subsets of 2 such that
diam(Q¥) < 1 and

Ny
Q=Jok
j=1
Now, take z¥ € QF and let
Ny
k=Y ()3
=1

As pu(92) < oo, we have

wue(Q) = Zku(ﬂf) =u(Q) <oo VkeN. (4.11)

Moreover, let f be a continuous function with compact support in 2. Let ¢ > 0.
From uniform continuity of f, there exists 6 > 0 such that Vz,y € €,

lz -yl < = |f($)—f(y)’<m-
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Consider ko € N such that % < 6. Therefore, Vk > kg, we have

Ny

o |55 (o )

J=1

<3 /Q 7))l

€ il
< dy
1+ () ; /Q;

<Ee.

Hence

/Q [ — / f(@)dp

k—o0

which ends the proof. O

Theorem 4.2.5. Let 2 be an open, bounded, and strictly convex subset of R™ and
g : 0 — R continuous function. Let p be a Borel measure in Q with p(£2) < oo.

There exists a unique convez function u € C(Q2) Aleksandrov solution of the problem

detD*u = p in
u=gq on 0f)

Proof. First, we know from Lemma 4.2.4 that there exists a sequence (), that
converges weakly to p such that px(Q2) < B Vk € N and for each k € N,

Ny
k
= a<5 k
M § §xk
Jj=1

with 2% € Q and af > 0. Hence, if for each k € N, we show that there exists a unique

convex function u; € C(€2) Aleksandrov solution of the Dirichlet problem

D?*uy, = in )
{det Up = [ N (4.12)

U = g on 02
then the theorem follows from Lemma 4.2.3.
Therefore, we may assume without loss of generality that

N

= Z aidﬂﬁi

=1
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with T; € Q and a; > 0. We show that there exists a unique convex function
U € C(Q2) Aleksandrov solution of the problem

detD*u=p in Q
u=g on 0f).

Step 1. We prove that F(u, g) # () where from Definition 4.2.1
F(p,g9) ={v e C(Q) :vis convex in Q, Mv> p, and v = g on 9Q}.

Let
N

fa) = 5> aF o —

Wr =1

where w,, is the volume of the unit ball in R™. Clearly, f is convex with f € C(R"),
and thus g — f : 02 — R is continuous. Consider the following homogeneous
Dirichlet problem with data g — f:

D?u = n
{det u=0 1 (4.13)

u=g—f on 0

By Theorem 4.1.2; there exists a unique convex function u € C(Q2) Aleksandrov
solution of (4.13). We claim that v = u + f € F(u,g). Initially, it is obvious that

v is convex in Q with v € C(Q) as u, and f are convex and in C(2). Moreover, on
00, u =g — f and hence v = g. It remains to show that Mv > p in 2. We have
Mv= M(u+f)
> Mu+ Mf (by Lemma 3.5.2)
=0+ Mf (from (4.13))

1 o 1
:M< IZa{‘|x—xi|>

Wr i=1

N
1 1
= —M( E al|r — xz|> (by Proposition 3.2.8)

Wn i=1

1 & )
>—) Malr—z in by L 3.5.2).
2 o 2 MiaTle = i) (again by Lemma 35.2)

However, from Example 2.3.2 and Example 3.2.9, we have

3=

1 1
M(al |z — z;|) = |B(0,a]")|6z, = |a] B(0,1)|d,, = a;w,0,,.

i

We obtain

N
My > Zaiém = .
i=1

99



Therefore, v € F(u,g) and F(u, g) # 0.
By Remark 4.2.2, we can now define

U(z) = sup{v(z) : v € F(u,9)}-

Step 2. Let u,v € F(u,g) and define ¢ on Q such that ¢(x) = max{u(z), v(z)}.
We claim that ¢ € F(u,g). First, ¢ is convex in €. To see this, let z,y € Q and
t € [0, 1]. Since w and v both are convex in {2, we have

u((I =t)z +ty) < (1= thu(z) +tu(y) < (1 = 1)¢(z) +te(y)
and

v((I =tz +ty) < (1 =tho(z) +to(y) < (1= 1)(x) + to(y).
Hence

O((1 = t)z + ty) = max{u((1 = t)z + ty), o((1 = ) + ty)} < (1 =)o (z) + te(y).
Also, ¢ € C(Q). This follows from the fact that ¢ can be written as
(u+v) + |u— |
2

given u,v € C(Q). Moreover, ¢ = g on 9. Let x € 9Q, as u(x) = v(x) = g(x), then
¢(r) = max{u(z), v(z)} = g(z).

It remains to show that M¢ > u to prove our claim. Consider the sets

o=

Qo={ze€Q:ulz)=v(x)}

M ={reQ:ux)>
Qo ={z e Q:ulz) <v(x)}.
Let E be a Borel set. If E C €, then 0¢(FE) 2
Ja’ € E such that p € du(a’) i.e.
wa) >u()+p-(x—2") Vee.

But on E C Qy, ¢(a’) = u(z’). Thus, we obtain

u(
¢(x) Z u(r) 2 (') +p- (x—a') VoeQ

which implies p € 0¢(F). Similarly, we show that if E C s, then d¢(E) D Ov(E).
Also, if E C Qy, so 0¢(F) D Ju(E) and d¢(E) D ov(E).

More generally, let E C 2 any Borel subset. We write £ = (ENQy)U(ENQ;)U
(E'NQy) and obtain by countable additivity of M¢ and u that

MO(E) = MO(E N Q) + MO(E N Q) + MO(E N Q)
> Mu(E N Q) + Mu(E N Q) + Mu(E N Q)
> W(ENQ) +p(ENQ) +u(END) (a5 w0 € Flyug))
= w(E).
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Step 3. At the end of Step 1, we defined

U(z) = sup{v(z) : v € F(p, 9)}-

In this step, we show that for each y € 2, there exists a sequence v,, € F(u,g)
converging uniformly on compact subsets of Q to a function w € F(u,g) with
w(y) =Ul(y).

From Step 1, F(u,g) # 0. Let vy € F(u, g) and y € Q. From definition of U(y),
there exists a sequence v}, € F(u, g) such that

) —— Uly).

Consider now v, on Q such that v,,(z) = max{ve(z), v, (z)}. From Step 2, v,, €
F(u,g) Ym € N. Hence v],(y) < vn(y) < U(y) Ym € N. Letting m — oo, we get

vm(y) —— U(y). (4.14)

m—r0o0

From Remark 4.2.2, we have v, (z) < W(z) Vj € N where W € C(Q) convex
Aleksandrov solution of problem (4.5), that is v,, is uniformly bounded above. Also,
V() > vo(z) > infqup(z) = M Vo € Q¥Vm € N as vy € C(Q). This implies that
Uy, 18 uniformly bounded in 2. Hence, for the same reasoning we have in Lemma
4.2.3, Step 1, we obtain that v,, is an equicontinuous sequence in compact subsets of
Q2. By Arzela-Ascoli, there exists a subsequence of (v,,), that converges uniformly

on compact subsets of €2, say without relabeling that

Uy —— W.

m— 00

(4.14) implies that w(y) = U(y). Define w = g on 9€2. We claim that w € F(u, g).
First, the convexity of w is a direct result as it is the uniform limit of convex

functions. Also, as v, € C(f2) and w is the uniform limit on compact subsets of €2,
thus w € C(Q). To show that w is also continuous on 052, we let £ € 092. We know
that

vo(z) < vp(z) < W(x) Vo el

Letting m — oo, we get
vo(z) <w(z) < W(x) Vo el

However,

limvg(z) =v(§) =9(§) and  limW(z) =W(E) = g(¢)

r—E r—E

since v, W € C(Q). By Squeeze theorem, we conclude that

lim w(x) = g(£) = w(§)

r—E€

which implies that w is continuous at ¢ with £ arbitrary in 9. Therefore w € C(Q).
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It remains to show that Mw > p. Consider K C §2 compact. Lemma 3.3.1 implies
that
Muw(K) > lim sup Mv,,(K).
m—o0
But Mv,,(K) > pu(K) ¥Ym € N. Thus Mw(K) > p(K) for any K C £ compact.
More generally, let £ C Q any Borel set. We have Mw(E) > Mw(K) > u(K) for
any K C FE compact. This implies that

Mw(E) > sup p(K).
KCE
Kcompact

Hence, by inner regularity of u we get
Muw(E) > p(E).

Therefore, we conclude that w € F(u, g). This ends this step.

Step 4. We show that U € F(u,g). U is convex in  as it is the pointwise
supremum of convex functions in €. To see this, let z,y € Q and ¢ € (0,1). We have
v((1—t)r+ty) < (1 —t)v(z) + tv(y) for any v € F(u,g). Taking the supremum
over F(u, g), we obtain

U(l—t)x+ty) < (1—1t) e@;p )v(x) +t esjru(p )v(y) =1 —-t)U(z) 4+ tU(y).

Moreover, U = g on 052 since v = g on JS for every v € F(u,g).

Besides, U € C(£2). Continuity on €2 follows from the convexity of U and Theorem
1.3.5. To show that U is continuous up to the boundary 02 we proceed as follows.

Let & € 012, we have v(x) < W(x) Vo € Q Vv € F(u,g) which implies that U(z) <
W (z) Va € Q. Hence we get

v(z) <U(z) < W(x) Vxe.
But
lmo(e) = o() = g(€)  and  limW(z) = W(E) = g(€)

T—E€ z—E

since v, W € C(Q). Hence

lim U(z) = g(&§) = U(£)

r—E&

concluding that U is continuous at ¢ with & arbitrary in 0f2.
It remains to show that MU > u. Recall that

N
W= Z ;0.
i=1

We first claim that MU({z;}) > a; V1 <i < N with z; € Q and a; > 0. Fix 21 € Q.
By Step 3, we proved that there exists a uniformly bounded sequence v, € F(u, g)

62



converging uniformly on compact subsets of 2 to a function w € F(u,g) with
w(xy) = U(zy). We have Mw > u, then Mw({x1})) > p({z1}) = as.
We show that dw(z1) C U (). Let p € Ow(z1), so

w(z) > w(w) +p-(x—z1) Vo€ Q.
But U(z) > w(z) Yz € Q and U(z,) = w(z1) obtaining that
Ux) > Uzy) +p- (z —21) Vo € Q.
Thus p € QU (). Therefore, we get
MU{z1}) = [0U({z1})| = |Ow({z1})| = Mw({z1}) = a1

which proves our claim.
More generally, let £ C Q any Borel subset. If x; ¢ E for all 1 <i < N,

w(E) =p(En{zy,...,zn}) =0 < MUE).
If Jip € {1, .., N} such that z; € E,
W(E) = p(E 0 {1, o2 }) = a1y < MU({2i,}) < MU(E).

Thus we complete this step.
Step 5. In this step, we conclude our work and show that U is a convex Alek-
sandrov solution of the problem

det D*u=p in Q
u=gq on O

In Step 4, we proved that U € F(u, g). It remains to show that MU < p. We first
prove that MU is concentrated on {zy,...,xy}. To see this, we let xy € 2 such that
xo # x; V1 < i < N. Clearly, we can find r > 0 such that B(xg,r)N{z1,...,zxy} =0
and B(zg,r) C Q. By Theorem 4.1.2, there exists a unique convex function v €
C(B(xo,r)) Aleksandrov solution of the problem

det D*v =0 in B(xg,r)
v=g on OB(xg,T)

We define the lifting w of U as follows

w(z) = {U(x) in Q\ B(zo,7)
v(x) in B(xg,r)

and we claim that w € F(u, g). We have w € C(Q) since U € C(Q), v € C(B(zo,7)),
and v = U on 0B(zg, 7). Also, w(z) = U(z) = g(z) Vz € Q. Now, we show that w
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is convex in Q. We have MU > 0 = Mv in B(xg,r). Hence by Comparison principle
3.5.3, we get
min {v(z) —U(z)} = min {v(z)—-U(x)}.

z€B(xo,r) x€0B(z0,T)
But v = U on dB(zg,r), thus

v(x) > U(zx) Vo € B(xo,r). (4.15)

To study convexity of w, we will consider three cases.
Case 1: Let x,y € B(xg,r) and t € (0,1), then (1—t)x+ty € B(xg,r) since B(xg, )
is convex. By convexity of v in B(xzg,r), we get

w((l=t)z+ty) =v((1 —t)x +ty) < (1 —t)hv(z)+to(y) = (1 — t)w(z) + tw(y).
Case 2: Let z,y € Q\ B(xg,r). We will study convexity on two different parts of

the segment between x and y. On {(1 —t)x +ty : t € (0,1)} N (Q\ B(zo, 7)), we
have by convexity of U in (2

w((l—tz+ty) =U((1—-t)x+ty) < (1 —t)U(z) +tU(y) = (1 — t)w(z) + tw(y).

On {(1—-t)z+ty:te(0,1)}NB(xg, 1), we consider £, & the points of intersection
of the segment and 0B(zy, ). Thus we can write (1 —t)z+ty = (1 —\)& + A& with
& = (1—=X)x+ My and & = (1—Xy)x+ Aoy for some A, Ay, Ay € (0, 1). Substituting
the last two equalities in the first one gives that t = Ay — A\; + A9, By convexity
of v in B(xg,r) (as v € C(B(xg,7)), convexity of U in 2, and equality of U and v
on 0B(zo, 1), we obtain

w((l =tz +ty) = v((1 =)z +ty) = v((1 = A& + A&)
< (L= XMo(&) + (&) = (1 = NU(&) + AU(&)
< (1 =M =AM)U(x) + MU(y) + A1 = A)U(x) + AU (y))
(1 =X+ AN = 2M)U(2) + (A — AN+ 2N U(y) = (1 —)U(x) + tU(y)
(1 = Hw(x) + tw(y).
Case 3: Let x € Q\ B(xo,r) and y € B(xo,r). On {(1 —t)z+ty:t € (0,1)} N (2
B(z,7)), we have by convexity of U in 2 and (4.15)
w((1=t)z+ty) = U((1-t)z+ty) < (1-t)U(z)+tU(y) < (1-t)U(z)+tv(y) = (1-t)w(x)+tw(y).

On {(1 =tz +ty : t € (0,1)} N B(xo,r), we let £ be the point of intersection
of the segment and 0B(xg, ). Then we write (1 — t)x + ty = (1 — N\)& + Ay with
€= (1—X\)z+ \y for some A\, A\; € (0,1). Combining the latter equality with the
former one, we get t = A\; — A\; + A. Therefore, from (4.16) and convexity of v and
U, we obtain

=v((1 -tz +ty) = M )£+Aw
1—

(

(I=A)U (1’) + MU( )+ Av(y)

(1= A)U(2) + Mo(y) + do(y) = (1 = 1)U (z) + to(y)
(



From Cases 1,2, and 3 , we get that w is convex in Q.

To show that w € F(u,g), it remains to show that Mw > p in Q. Let E C
B(zg,r) a Borel subset, then ow(E) C 0v(E). In fact, let p € Jw(E), so there
exists x € E such that p € dw(x). Thus w(y) > w(x) +p- (y —x) Yy € Q which
implies that v(y) > v(z) +p- (y — ) Yy € B(xg,r). Thus p € Ov(E). Hence

Mu(E) = |dw(E)| < |9u(E)| = Mu(E) = 0.

Let £ C Q\ B(xg,r). We show that OU(F) C Jw(FE). For p € OU(F), there
exists x € F such that p € OU(z). Hence U(y) > U(x)+p-(y—=x) Yy € Q. This gives
that w(y) = w(z) +p- (y —x) Yy € Q\ B(xo,7) and w(y) = v(y) = U(y) > w(z) +
p-(y—x) Yy € B(xg,r) (from 4.16). Therefore, w(y) > w(z) +p- (y —x) Yy €
obtaining p € Ow(E). Thus

Mu(E) = |0w(E)| > |0U(E)| = MU(E).
Generally, let E C Q any Borel subset. Then

Mw(E) = Mw(E N B(xg,r)) + Mw(E N B(zg, r)°)

=0+ Mw(E N B(xg,1)°)

> MU(E N B(zg,7)°)

> u(E N B(xg,r)°) (as U € F(p, g) from step 4)

= u(E) (as B(xg,r) N{x1,....,an} =10).
~ We conclude that w € F(u,g). Thus, by definition of U, we have w < U in
Q2. However w = v > U in B(zo,r), so v = U in B(xg,r). Therefore, MU = 0 in
B(zg,7) with B(xg,r) any ball in  such that B(zg,7) N {z1,....,an} = 0.

Moreover, to show that MU is concentrated on {zi,...,zn}, we consider the

following. First, let K C € compact such that KN {xy,...,xx} = 0. For each y € K,
3 ¢, > 0 such that B(y, ¢,)N{x1,...,zx} = 0. Then we know that {B(y,¢,) : y € K}

is an open cover of K which has finite subcover, say K C B(y1,€y,), ..., B(Yn, €, )
Hence by countable subadditivity,

MU(K) < Zn: MU(B(yi, ,,) = 0.

More generally, let E C € any Borel subset such that EN{xy,...,xx} = (). For each
K C E compact, MU(K) = 0 from first case. Thus by inner regularity of MU,
MU(E) =sup{MU(K) : K C E compact} =0

We conclude that MU is concentrated on {z1, ..., xx}. However, MU > p, hence we
can write

N
i=1
with \; > 1forall 1 <i<N.
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To end this step with proving that MU = pu, we claim that \; =1 V1 < < N.
Suppose A; > 0 and without loss of generality consider ;7 = 0. Choose r > 0 such
that B(0,7) N {xa,...,ax} = 0. We have MU = \ja10y in B(0,r). Since OU ({0}) =
oU(0) is convex set (by Proposition 2.2.1) and [0U({0})| = MU({0}) = Aia; > 0,
then there exists py € OU({0}) and € > 0 such that B(pg,€) C OU({0}). Define v on
Q such that

v(x) =U(z) —po - .
We have v(z) — v(0) = U(z) = U(0) —po -z, but U(z) > U(0)+p-x Vo € QVp €
B(po,€). Thus v(z) > v(0)+ (p—po) -« Vo € QVp € B(py, €). The latter inequality
extends to B(py, €) from continuity of v on 2. Apply above inequality for x € € and
P =Dpo+ e% obtaining that
v(x) > v(0) + €|x|.

Choose a a constant number such that v(0) < o < re + v(0) and define on
o(x) = v(z) — a.
We have 9(0) < 0 and
0(z) —0(0) =v(z) —a—v(0) + a =v(x) —v(0) > €|z| Yx € Q.
Hence, if |z| > %(0) then 9(z) > 0. Thus

i(z) <0 —> |a| < _i(O) a0 (4.16)

Consider now
if o(z)>0

o(x)
w(r)=4q _1 :
A mo(z) if o(x) <0
We show that w € F(u,§) where § = 9|sq. Clearly, w € C(Q) as © € C(Q). Also,
on 08, w = 0|gn = g. Besides, w is convex in . On the set {v(z) < 0},

A (z) > i(x) (4.17)

since A; > 1 and we have v is convex in €2 as U is convex in {2. To study convexity
of w, we consider the following three cases.

Case 1: Let z,y € {o < 0} and t € (0,1). By convexity of ¢ in §2, we have (1 —t)x +
ty € {0 <0} and thus

w((1=t)z+ty) = AT 5(1=t)atty) < AT (1—8)5(2) AL "t (y) = (1—t)w(z)-+tw(y).

Case 2: Let x,y € {0 > 0}. We work on two different parts of the segment between
rzandy. On {(1 —t)z+ty:t € (0,1)} N {o > 0}, we get by convexity of ¢ in

w(I—t)x+ty) =0((1 —t)x+ty) < (1 —t)o(x) +to(y) = (1 — hw(x) + tw(y).
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1
On{(1—-t)a+ty:te (0,1)} N{v < 0}, we obtain from the fact that \; " <1 and
convexity of v

-

w((l =tz +ty) =X "0((1 =)o +ty) < (1 —1)o(z) + t0(y) = (1 — hw(z) + tw(y).
Case 3: Let z € {o >0} and y € {0 <0}. On {(1 —t)x +ty:t € (0,1)} n{v > 0},
we have from (4.17) and convexity of ©

w((l=t)z+ty) =0((1—t)x+ty) < (1 —1t)0(x)+ t)\l_%@(y) = (1 —t)w(z) + tw(y).

On{(1—-t)z+ty:te (0,1)} N{0 <0}, we get

w((1=8)z+ty) = A7 5((1—t)z+ty) < (1—8)5(2)+ A 5(y) = (1—t)w(z)+tw(y).

Therefore, w is convex in 2.

Now, it remains to show that Mw > p to obtain that w € F(u,g). Let E C
{v > 0} C Q a Borel subset. We have 00(F) C dw(FE). In fact, let p € 90(E) then
Jz € E such that p € 00(x). Hence 0(y) > 0(x) + p- (y —x) Vy € Q. This implies

that w(y) > w(z) +p-(y —x) Yy € {v > 0} and

w(y) = A "o(y) > 0(y) Zw(@) +p- (y—x) ¥y € {0 <0}
Thus w(y) > w(z) +p- (y —x) Yy € Q obtaining p € dw(E). Note that Mo = MU
by Theorem 3.2.7. Therefore

Mu(E) = |ow(E)| > [05(E)| = Mi(E) = MU(E) > u(E).

Let E C {0 < 0} then d(\; "0)(F) C dw(FE). To see this, let p € I(\; "0)(F), so
T
there exists © € F such that p € 9(\; "0)(x). Then

1

A mo(y) = A o) +p-(y —x) Yy € Q.

Hence w(y) > w(z)

+

p-(y—x) Yy € {v <0} and

w(y) = 5(y) > N, ") = w(x) +p-(y — ) Yy € {5 0},
This implies that
Mw(E) > MO "8)(E) = AL M3(E) = AT MUE) = A™"Maibdo(E) = a16o(E) = u(E)

since £ C {0 < 0} C B(0,r) (see (4.16)) and using Proposition 3.2.8. Consequently
w € F(u, g)-
Moreover,

O(x) =U(x) —po-r— «
=sup{v(z) :v e F(u,g9)} —po- v —
=sup{v(z) —po-x—a:veE F(ug)l

67



Define
V() =v(r) —po-x — .

We show that v' € F(u,g) <= v € F(u,g). Clearly, v’ € C(Q) <= v € C’( Q)
and v’ is convex in ) <= v is convex in ). Also, if Mv’> p then Mv= Mv' > p
and if Mv > p then Mv’ = Mv > p. Let x € 0Q. If v/(x) = g(x) then v(x) =
G(z) +po-x+ . But

9(x) = |ga(r) = U(x) —po -z — a,
so v(z) = U(z) = g(x). Conversely, if v(x) = g(z) then

Vz)=g(x) —po-r—a=U(x) —py-r—a=g(x).
Therefore,
0(x) = sup{v'(z) : ' € F(p,9)}-
Thus w(z) < o(x ) V€ Q as we proved that w € J’:(u g). In particular, w(0) < 9(0)
with w(0) = A; "9(0) since 9(0) < 0. Hence A; "9(0) < ©(0) which implies that
1

A; " > 1 obtaining a contradiction to the fact that A; > 1. We conclude that \; =1
and thus A\; =1 V1 < ¢ < N. Therefore

N
MU= Zai&ﬁi =u
i=1

Step 6. We show that U is unique. Suppose there exists V € C(2) convex
solution to the problem

Mu=p in €
u=gqg on 09

By Corollary 3.5.4, we directly get that U = V in Q and thus U is unique. [
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