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PEEFACE

Wis s o dotelled emndnetion of e topiotn medovel
Islendo oaputetionsl methols, It deals nefnly with o gwmeral method of
extrooting the neth Toot of & posttive muber Aeplrye? in the swmne
gosimal notetion,

The toplo was ongpested ty 2o work of the Comen nethane
tiolm P. Imokey (4. 1999), vhose peper "Dle fussidumg der neten
Tuwsel w2 der Mnonteche Lewete Sn dor Sslantoshm Vethanetdk™ is
@ of o series of dmportt oantributions made Yy him to the history
of Tsloslo methenstics. It in e pleamwe to ssinorledge sleo thet
extansiwe use hes bom made of Inokey's prper I0 the mysbolimn end
presentation of the present study. '

Athough this work mnd that of ‘molkey have mwoch in comm
. they ty 1o nemne cover the sme ground. The soape of luckey's Sa, n
sovers]l smnaon, oconsidesvhly broeder then that of the presmt ane.
fie conpezren Islemio vith Hindn end "uropesn wozk, @) compares eleo
the so=enlled RfPind-'oimer method of wiving polynomdsl ematicns
by the binodal coefficiat method, M elmost all of the paper oited
he canfines hineelf to decimals,

The peecent study, @ the other hand, decls emalusively
with sexngesimels, lowoower, it is not coperative; it treats anly the

“
L feo Lok in Mbliogreply.



work of & single individund, CMEth ed=iln Jemada ad-iRctd, (o, 2990-3438),
@ Irenten nethmetiolen ond sotwonomer ©, (e of his wosks, “The Kay of
hrithatio® (MPSh al=ifsh), is omposal of five tweatices, cech cav
tatning sovessl cheptors.” Chepter Pive in the Thisd Trestfse of this
book is hewein trmaleted into inglish snd comented uwpan in rether
minuts detedl.

Thip stuly sezves a gmewnl tigvwe-fold cbjootive:

1. To meke the saurve swellahle for /redio-meslking spesialists in
the history of matheanatics in o foms s olose to the original as possidle.
flnoe o fecsimile yeprodustion of the sourve is given,

2. To rmesent o trensietion of the samve Into a Survpem lenguege
for the banefit of specislists who comot yeed Arwbio, 'th this 8o
wmind en opposite-pege nglish tremeletion 12 also presanted,

8. To make it possible fur noespecisliste to undersbenl the
satherial without s doop exiininetion of the nawwe, Tt is sommed of
the resder thet his methemeticsl backmomd in e losst thet of
seoondazy-ochool level mnd thet he s fenilisr vith the sewngosimal
ayetan of writing muhers,

e thesis is cupmised in thwes parts:

I, Freparetion. This includes Chepters T md IT.

II. Temt, uhich is contained n Chepter IIT, i

III. Comemtexy, which is covered ty Chepters IV, V, o? a conclusion,

1. fee Mja‘l, p. .u.wmaru
2. ™4, p. @), fow “mmﬂﬁ'ﬁ%
a, nu.m 6 = 11, for the conwentions ond beslo theosy of the sexe-

!

aqyatan,



The fivet chepter decle with the Appel nystem of writing
mubers, snd vith the caneept of plase in §te two~f0ld meming as wns
upeld ty our arthor end contemporazy methmustiofens,

The seond chapter is devoted to setting up o theoretionl
baokground, snd to the presentation of the Puffind-lomar method for
mrrozineting real roots of polynodels.

The thind chepter conteins a focsinilie repsodiotion of
Clupter Pive in the Thind Trestice of the "Sgg", togotiwr with its
trmngletion into Fnglish,

The fuurth chepter is 2 kind of introduotion o some
omoepts vhich our euthor uses either with or without definifon.

And the lest chepter desoribes the method snd wierlying
hd“h“.ﬁd’nm

A conclusion 0 the effect that the so~gelled Muffini-llomer
mothod was in ves Defore either Maffini o lomnar lived i glven at the
end of the comentaxy.

A bidldograply of the references uee? in this wk,
voosbulazy of somo temns used in the trwnsletion, md a sexsgesimal
maltiplication talile sye slso given st the end of the thesis,
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sn sbestract of a Thesls Entitled
" The Extraction of the n-th Root
in the Sexagesimal Notation *

by
Abdul-EKader Dakhel

. Chagpter ¥ : The Jummal system and the concept of place

M In the Semitic order of the Arablc alphabet
there sre twenty-eight letters given in the following paseage
from right to left :
hed Be et pdae WS s pa ol
The first nine letters, from | ¢to0 § , are used for
the unita. The next mine le{tars, from

to s are used
for the tems, the third mine letters, from © fo 5 , for
the lunireds, ani the 1wt letter, ' , for ons thousand.

These letters are used, elther separate or combined in

descending order, to demote all nmumbers., If the thousands are
more tham ome, thelr musber is writtem before the -§

ER %Eo‘ggm - gH; g:ggu : Combinming the Jummsl system
86 Xxage 1 place~-value system, only 59 letters, from |
to = » andi the zero ambﬂl. T y are needed.
In this system we remark that :

a) Places are higher from left to right, the converse of
our use im moderm notation,

b) No sexasgesimal point 1o used; thus the comcept of the
place of a mumber is necessary to eliminate this ambigui ty.

undreds’ place, ete, decime The comcpenziq
places in the sexagesimal notation are the degrees' Hlace, first
elevater' place, second elevates' place, etc., Thas series of
places called " the ascending series * and ie (in the sexage-
simal-Jummngl system) to the right of the degrees' place. On the
other side of the legrees' place is the so-cdled * descending
series " whc.® places are se of wimites, seconds, thirds, ate,



b)rorth-m-nnagotrlm wve note that 1f im a

nuzber we know the plsoce of one of glts, say the lowest

place, the others are determined. o E% # P I}ﬂ gi*
If the place 18 as B~

n T zeTo, the places in the asceniiag series
associated with posi tive integers, and those in iescend-
ing sories assoclated with the megative integers, them the

piber whose lowest place 1g gs
14 %o A0S bave the place-number

This second meaning of place served the sase purpose as
does the sexagesimal point in moderm usage.

Chapter IT : Thooretical basis for the extraction of roots

First a proof 12 given for the tinacy of the long-
Wvision algorism in the speclal omla the divisor is of the
form z-m, them an explanation of how its steps csm be tel
in this special ocase %o obtain the so-called * synthetic Mwvi-
siom " algoriss,

'D 0L T Sk 8 _IO0 ¢ X UAsSILOoNn o at : Tf we
have an ecquation xX) = 0, and rie any v or wich
£ (z) =0, then M mimiohing the roots of £ (x) = O by = nmeans to
carry the treneformation X' = x - m, or g = x ¢ into f (x)=0
such that the transformedl ecuatiom f] (x ) = 0 eaticfies £ (r-a)

= 0,
™e transform can be found by two methods :
a) By expanding £ (2 + w) = O and collecting ke terss,

b) By the wse of division. The asuation f(x)= 0 s Mvided
by x - m and the remsinder taken, agoin the quotient s divided
by x = m gnd the secand renainder takem, and so on, Thus the
successive remaginders are the coefficlents of the transform in
the reverse order., Synthetic divisiom i35 usually used and the
matho! 19 called * the Ruffimi ~-Horner method *,

m In the synthetic division slgoris used
for finiing clents of 2 transformedl equation whem
1iminishing by a comnstant, Lf the ations of multiplication
and adiition are perforued arately and the rosults only writtem
down, the so-called " tri ar Hormer's scbexe " for the special
@ le at hand 16 obtalned. The muwsbers alomg the hypotenuse
of triangle are the coefficlents of the transfors,



The general Hormer's scheme 1s uwsually displayed im @
double-subscript form in which the nmumbers in the first row and
first colwm are glvem by :

g, " o, %,3 - g (1, § = 0,1,3,...,n),

m; are the coefficieonts of the given ecquation. The resainig
aumbers” are computed according to the recursiom expression :

%" i thga (YIbdd e

Then the numbers ag p.y (1 = 1,2,3,...n), along the hy-
pothnuse of the triangular scheme are the coeffioients of the
tranaformed equation.

lytieally : [T : De
ooontuehly 1t meana to increase (or decrease 1f 0<m < 1)
all horisontal dimensions of the graph of £ (x) the faotor
®, leaving vertical dimensions unchanged, hence the naxe,

In the equation

f(x)"n...x."t1 l‘.,'*......‘l' ag = O

stretohing £ (x) by m ylelds an emaation whose roots are m times
as large 23 those of f(x).

Thue, 1f we 3‘. seeking = rogtl x , of an equation f(x)=0
and we know that 1,0°< x, < 1,0 s, then we streteh (or
here compress) the fumctiom f£(z) by 1,0~K in order to obtain
another equation f; (x) = O whose root ry, satisfies 1 € 2 < 40

W ™ s is a methoi for sppro-
ximating real roots a polynomial ecuatiom f(x) = 0, Tts
essential ateps are :

1. To ate a root, hib.m successive powers of 1,0 1.e
1' \( '. < 1l° L

3. To stretoh f (x)hw).o'khobtd.u fl(x)-oml-n't&
has 1ta first digit in the degrees'® place,

%. To locate '1 between successive digl te.

4. To Auinish the roote of £3(x) by the lesser Higit to odtaln
fa (x) = o,

5. To streteh £,(x) by 1,0 obtaining an equation £ (x) = ¢
whoso root ,rs,m {u first digit in the dq}m) place,



(x) = 0 between successive
T3 15 the cecond dMgit of x,

7. To diminish the roots of £, (x) = 0 by the lesser Melt,
stretoh the new transform 1,0, then locate the root of
the equation obtained betweem sucoessive ilglts, thue
obtaining the third digit of X5+ The cycle is repeated to
find as many dglts of Xg a8 may be requlred.

8. ‘blnatothmtn(orf
dlgite, The firet alglt of

Chapter IIT : Source and tramslation

the Third Treatiee of al-Kas ® the Key of Arithwetioc *
(nrti; al-fls@b) 12 givenm, ther with a faceimile reproduce
tion of 1t taken from the Princeton manuscript, It deals with
the extraction of the n-th root of 2 mumsber expressed in the
Sexagesimal motation. The following two Cchgpters contalnm a
detalled commentary on this Chap ter,

A 11 teral opposi te- p&i. translation of Chapter Mive in
8
toge

Chapter IV : Freparatory

In this chapter are given :

a) Comnents and explanations of some terme whioh Kashi
uses without explanation, and

b) Facts givem or explained by M= previously in the
" Key * and which he reestablishes here,

Among the ice dealt with in are (1) perfeet powers,
(11) perfect pl.ﬂ::f a:u! (111) cyel.u..) . e




Obhgpter V : The extraction of roots

Here 1o prmt.dan?rlnof root extraction in
general, together with justification of ite steps,

The process ie eummarized as follows, Let a mumber
q be givem and 1t 18 required o extract its n-th root.

Ssparate the mumber into cycles, them find the largest
dglt, g whoss n-th power Can be subtracted from the firet cyole
on the left. This 1o the first Mgit of the root,

Now, as & preparation for finding the next Mels, B,
of the root, certalnm cyclioc processes are performed on the Mgl¢
and the results of these processes are transposed by ome, twe,
:Era, etc., places to the right, them the second and later M-
glts are located subject to certain sisdlar condi tlome.

Kashi gave the description of the n-th root extractionm
in gemeral and wi thout reference to any particular exasple, In
the commentary an example 1s givem to Clarify the explanation.

Kietdl them givesa special exmmple to dieplay Ms method.
He proposes to oxtr-c% the square root of 10, 9, 49,30,

At the ond of the translated extraet of the * Key -,
our author glves two worked examples. The ome dieplaye the
extraction of the cube root of 18, 53; 58, 43, 51, 28, and the
other shows the extraction of the Gth root of 3, 59, 1, 7, 14
2‘.1&.3.47, 37; 40. The latter is the one we used in connection

general method,
EP*Q i. In the sequel, 1t ia seem that Kishi, whem finding
L rooor;mhn,fonondth-mnop-um«

the Ruffini-Hormer method,

Els separation of the number into cycles and consi dering
the firet cycle onm the left correspond im the Ruffim -Horner
mathod th. ating the root of the firet -givem equation be tween
Successive powers of 1,0 and stretehing (here compressing) the
rélated function by the lesser power. '

Kashi's finiing of the diglt o whose n-ﬁq-urm
be subtracted from the rat cyole corresponds to locating the
mtlummmmuutl (z) = 0 between suocessive

perforsing the set of processes on & and tranaposi
the results corresponi to Mwinishing the roots of fy (z) =0
and stretobing the mew transform f.(x) = 0 by 1,0



: Thus recalling that XKashl (f1. 1410 4.0) used the
slgorism a long time mutmmnntlm-m)u

Horner (1768 - 1837) lived, we say that the latter are not
the to invent the method and use 1t. !tmuﬂn&y
known used by oriental umathematiciame, whom Ksshi e

only one, at lesst four centuries before Ruffimi snd Hormer.



Hata So She Jeeder, T the semel

a. lawpders inside perentivess refor to exwessions: oguetions,
inemalition, forma, tadlen, ebe..

b, Tawhers without perenthesss refer usmclly to seetions. “ume of
the pexugrerhs, howoves, ore slno mmbered so thet reference
om be madeo t0 them vhere there is no neel to refer to the whole
seotion,

e M1 the myiders that comwr tn s woak, emoopt those given i 1,
are to bo uwndarstood s exreassd in the sangosimel notetion,

I 3, hovever, the decinmel noteficn is uged in comeotion with
the Jppgl wyotes beomee the latter in related in i8s dasic ides
to the fommar. FPogewsmbars md the mybere of seoticns and
expresaions eve slso in the dsctmal notetion,

4. A vibidogreply of the works used is given ot the end of the thoets.
Footnote referewes to the Mbdliogragly il de YWy asthore® namos.
e only emseption is Bail’s "M Ty of Arithmetic”, wirich is
referved to bty the letters P, I, or I scconding es 4t is the
Princeton, the Indle Offics, ar the lLeldm oqy which is veferwed
0.
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1 Do Jusee). swsben of vEiting mubens Tis scotien is

fntended for reslers who wiil use the Amido soumoe om Sn faot,
modiovel ‘rdbic nethamstiosl meusoripts M gmnesel, It mey be
auittel ty ey who fotend 0 res? anly the Mnglish tvensletion,
Feodlieadty with the Aifferant foms of the Arvbic chapecters is
cosmed, i.e. the fom a letter takes vhen written sepeveboly or
vhan atteched ot the beghming, in the ndddle, or st the end of
a word,

In the Amido alphebet there ave twantp-elght lotters *
mhhmﬂﬁﬂhﬁgmuﬂﬂ-nﬂh

. " . N A = . 2 | '
Lbﬂ aS G peas—  OGE ab LD g

The firet nine lettern, from \ %0 | , exv used %o

1. Soe B, p, 68,
% Teve the meoimt Smmitic order s uwed which hes no Jemma ( -.°),



ode

lettarm over than th the woer 1ine,

e nest nine lettors e used for the tans, thus:

S S J ¢ O o E O oo

0 W M © 90 6 W 0 0 .

Dodoteof U, (7, o pmt T avocuitted, the O g
durtemed to ” in onder 0 dlstinguish 8t fyon the 7 , emd
vhen single is witten sidomys, 5.

™ wite muibers canposed of tens md unity, their
corresponding letters sre cabdned, pubtting the tens first,
RG 39 1o witten &) o which J meme 30 e > memne 9 3
thelr oxbinetian nems 3. Balesly 47 10 - » 68 1n .,
$21s._+,, 80 4s g.na i, ota,

e thixd nine lottars axe used for the hundreds

N I R
10 20 0 400 SO 60 YO 80 000 ,
e the loot Jetter ¢ Lo used fur 2000,

o srite mybers composed of one thousmyl, hmdveds, tma,
end wmite, the leSters yeprosmnting the thousmd, hmiveds, bens
e wite ofe cxibined fn the desomiing esder. g 438 te
-i.-g"'.mhu.ﬂh b, 2608 8a .t , end 3080
o K.

¥ the muber of thousmds ia nove then e, the lebter
Mw*hmhht &. g 4000
fo witben <5, , S8 g0 oaf, 900 20 LEL,

bmmhmmmm—



weion,
gy e Aoy

O 0 2 wo O 000 ¢
2 v o 5 o v

s 7 o J 0 o

s > ® ¢ o -

8 & 80 o S0 O

e > e v~ ﬂf,

v w ¢ wo

8 ¢ o © 00

9 b 90 o’ 900

Here ore sme ammplon #0 ohow how thene lottars mre

®
| o
18
n L
a Y
m U

THIE
'l:.ﬁ-’%',ir v



Re ssmecslocl-tapel saben I the Juwel aystes is
conbined with the sewngesime) plece-velue gystem, them only
mubers fram | ®0.b), L. from 1 %o 50, aypeer. Tor the
sero the gubal ( 7 ) is used,

In this new systam, the sexsgesimel-Jumel sywbam, the
following things exe to be remanberwd:

& Flaoes sre higher fyom left to right, the cawerse of
our use in modem notetion, Rg 1, 12, B 1s wittm ) o |

b. No pezagesimel point is used. Tims the muiber JJ(JJ
ey meen Just 36,840,504, or it may mesn  36340,58, or 36,40,54,0,0,0 ,
or in general 1,0%, 36,40,54, vhere k may be sy dnbeger, positive,
negative, or sevo,

™ eliminate this mbiguity, however, n skilful devioe was
used. Thet devioe 1s based om the eonoept of place which will be
wat-l\ﬂn

e omeert of plaps, Toehi used the tenm "plsce” (martsbe)
in tw meenings. They ave not completsly differet; in faot, the
e is oo extension of the othar, e shall give the firwt mesning
as the euthor defines 1%, then we give the second meming which
ho ygeg Without e gpecisl definition!,

Then the muthor fivet defines pleces, be does it for the
Nindw-decinel wysten in his Firet Treetise. He says? ¢ “Mhe

1. ™ Faje's, pp. Hhh“n“&ﬂ.‘ﬂ!“
4y

v



Mmmm«h—-ﬂummmu
1eft in the yow (OF. 3). They (Lo methemticims) colled the
firet posttion the wnite’ plage the one oo ts left $ho Sene’
2legy the me on the left (of this) ghe ndvefis’ ploge, ote?
Then, for the semgenimal gystem in his ™hird Treatise he
st "o there (1., in the Mnda ayeten) the Piret places of
whole medbers ere called ynits heve Jopreen 1o the neme of the
plase, mad ss the meries of places there is ane®, hove axe Swo
sevion «= thes ane 1s in the ascending side end the otber is &n
the desomnding side, md the Sagrees’ (plece) 1n omtrel betwem
the two serdes. ®
6 Tus the degreos’ plase in the enthor's sexagesimel




notation as we use it,

Thms we note that the places In this gysten inoreass,
opposite to modern usege, from left to right (Of, 3), end that,
if in o muiber we know the place of ane of its digits, than the
places of the other digits ere detemmined, L. g. if in the
mrber _ L
12,23,56,7,41,35,18,28,47,59 = b » J £ I L o p 3 o
we know that the degrees® place is that of 35 = - , then 59 = L
1s in the place of fourths, m-{hhthaplmorm
41 = b:lsinﬂnplnoofﬂm‘lmg.%-[hhﬂn
place of fourth elewates, ete., snd the nmiber is written in
modern notetion in the fom 12, 23,56, 7,41, 55518, 28,47, 59.

We ere now going to give the gogond neening of place
In the above-mentimed exsmplo, the lowest place, 1.e, thet of
59 = b, 1s the place @F fourths, Then this place is given,

the others ere them determined. JFp goosk of £he plage of &

mmber as its lowegt plage, Tims we sy that the place of the
previous nuiber 18 fourths, or more simply, that the masber is

fourths, TFor exmuple, when we sy ér’r(f'J scoonds we
mosn the mmber 30,17,28345,58 ; vhan we say b L L 5 thiva
elevates we mom the muber 5,19,41,51,0,0,0, In general, 1f,
with the places of ...., fourths, thirds, gseconds, mimutes,
degrees, first olovetes, secund elovetes, thind slovates, eto.,
we sssoodate the Integers ...., =4, =3, -2, =1, G, 1, 2, 3, ete.,
respestively, eny mmber vhose place, m, is given om be



interpreted oncily in modem notetion. The we gov thek the
Slemnbex of e dvm mabar lo i 2.0 9%10 fourthe
is then the mmber 10", 20,20 d&&niﬂ‘mun
mxber 1,0°, 50,3,19, md their plecowmmsbers ave o4 and §
rocmrtively,

This socoond meming of place was used to Mulfil the seme
purpose as dogs the semsgesimal point in modewn use,



In sotting dom the theovetics) besis for Keshi’s
extreotion of the n-th oot of & muber, we neod firet to
emplain oerteln terme and gparetiona. Thene are given in
0 = 22 dellow,

9 e dividden, Pollowtng is o proof of the JadSinecy
of the long diviston algorden’ for o specisl onss, .6, Afvisian
of a polynonial in x Yy the nonowinl * ~m, vhese m 48 &
pocitive ar negetive ocosbant,

long divisdan s defined es the inverse operetion of long
miltiplicetion, If we hewe the polynamial
() l-*f#.""oof.v..u.'s
dn“hbx-n“n“ﬂﬂ-“d
the fomn
(2) q-.ofo.lt"'ov".o.....oc,
end o renaindew, B, b that shen (2) fs miltiplied Yy wey, end
the resuldt odded to K, wo get pxvolsely (1), f.e (em)0+ R8N

- g G s o ey e e

of sl~ihesmrisd ({]. 690 AR ), m Isludo netheticten end astyonaner,



The long division algorism is displayed below, it
being assumed that the reader is familiar with it.

The Quotient-' u.x""c@gmq)x""'[q+m(q+mq)] ,‘!("-J+ winr ve wro g Qi {umﬁm @”g. e (q*mq) ; ')H

The Diyisor The Div Jl_ dend
Xx-m 1 ax +qX" g X"  «qX” eeowa@
i emal

(@+ma) X ax ra X +q,
~(@+ma) X" m(a, « ma) X"

[@+ma+maj x* ax™ .q

-[q +1m(a+ ma)] X" " mlq + m(q » ma) x"* |
{a +mlq~m(@ - ma)f X, v,

-3

The Remqinde r-a+m {dn_t+m {q'_l +m (q o ) (qua))”




Tms the qotient is
Q= o™ ‘ﬁ‘o”’""i“'x‘ei"‘

Bl g

and the rensinder is

Bu g mig, e ﬁ.o‘éu * nlaye my).... )”

For the Atvision %0 Yo velid wo should hewe (¥ = M)k & D, L.

s elay e o cale, ey ] #5.....

(@ c-d{ ‘[q., :‘{'.:;Zu " "\::: )Hj
RS-y oos b |
hMﬂ#“LMmm

q{q, dn‘-o)] q'I". -
B S

- :.Wﬁ. o mtg way) )}]

which is precisely the right-hen’ side. Thus the comeotnoss of
the reeult is established,

dasbetio divigian, e omn telescope the stepe of the
peooese of long vision, in the spocisl ceso ghven in O, to cbiain
the so~called "gmthetie divisim® slgorim,

Ir the qutiet is of the fomm (3), el slnee it is of e
dogroe lese then the dtvidend (1), wo must hewe:



)  Comdlag™ s o™ 0™ ... 0 q ) o2
T e L N,
Le

(s*) --.JI.'IO =ma P8 . ., sosme,  Jude,. eneme
v -.,.-..‘ﬁ:".,r-......:,"?....,,. -
A theorms fn the theory of egetions states thet X:

“If tw polynamials ere fdmtioally omal, their corresponding

eoefficients ew ogual.”  Thus wo cbtadn the relotions (8) ma (8°)

N"% % =%
ﬁ.&‘* ﬁ.ﬁ’“
Qoo O "oy *mmy
(.) --------- ‘-‘ “" esssnssne
‘3..’-~“ .‘..”.“
L Tl Y Roog+m,
. In the chove we note:

a hﬁ“dhmwu‘-’
(=3 & ...am), hMo‘. (122 9 ....., 0=d),
chwmmmwumm
" oy e cma, .

b The coefficient of the Mghest pover of x o the
Mh‘b“d’ﬁm"clhﬁ
Gtvidend, 1.0, op =g

R YA R e W W
1, Fing, p. 90,



e. ﬁ*lhﬁﬂl-so“.

4. The degree of the gotient polynonial s one less then
thet of the dividend,

e. In perforning the cperstion of division, the ='s om
be enitted without altering the legitinmeny of the procsss; ealy
osre ghould be tshen that the cosfficients be sewenged in
Gesomding orden, end that sevoe 111 fn the plases of lacking
powars, if eny.

If use de madle of the yemarks in g « ¢ sbove, the trimgaler
arvay (3) cen bo telescaped into the S-vowed yectengulsr srrey

o LY
n

% ﬁ' \9-° ?ﬁ“-lu.. .‘. .‘-H. ”M

dnnMﬁMc,dﬁmm
end the yeosinder R, The quotient polynomis]l emn now veadily be
written dom. Rg todvide & -0 + M e x+ Wiy x- &
w write




L A Sladndeh te pecta of 0 eustlan W o aRtmt, “iven

the erustion
{e) fh)-ffqlrioo.f"O.........‘-o 5
1t 15 remiral to trmnafoem this equetion o es to dindnish ite
ootz Yy m, vhere m is e pocitive ar negntive constent.

This meens thet if r ia ey wnlue of 2 for which f(») = 0,
thn in the trenefumed emetion £(x*) =G, shave x* s x = m,
wo have £,(r~m) w0

oo’ axen thmxex® +n Abstitating this valne
of  in (8), v dbtatn:

“) "”J’ﬁh"‘)ﬁ’ooto--o- ’% =0,
14, The tswafuam, os o palynosial in 2', cmn Yo fond YWy two
methods?

uke o

a ym(ﬂumf\m e Fuge Giuindch
the roots of the emation
{x0) el eMased
W

¥ mbotitute x* + 2 for x in (10) to get

(*s2)’s2xs0)’ s 0 s0) =520,

Expending: s 1 s 8 e’ 20 e M-S0,
Collecting 1ike temms, wo get finally:
) s s s W,

1, This nethol lackey oalls The "Rmeddsmmce MHethod®, lonckey, p. 296,



b. The seoond method of cbtaiming the trmsformed eguation
vhon diuinishing (8) by & constant m is Yy division, This method
1s chorter then the first (OF. 14). It mey be illustreted with
the shove exemple (in 14).

Sinoe %' = x » 2, the transformed equation (11) is the
smme thing as
(22) (x=2)°+8(x-2% Mx=-2) + 7o,
which is emivelent to (10).

Pyom the form of (12) it is sem that the coefficients
27, 27, and 8 can be obtained In swccvssio by viding (12), or
ite equivalent (10), 2y x = 2 end talting the remsinder, sgein
dividing the guotimt by x = 2 end tsking the second remeinder,
and g0 an tine obtaining the coefficimats of the trensfomm in
the reverse order. In this process gmthetic division is
umally used (Of. 10 - 12). Thus in the emmple (10) we write

2|1 2 v -3

1 S LB eeeccassansa sooon remeinder

This second method is called “The Ruffini-fomer Hethod®
{cr. 25 below).



ummm-.w“.m
exaple. In general, hwewer, the ssme process cen be applied
for sy polynanial whetever,

Benec’s sohane ™ (13) Jet us porfum the cperstims
- of mltiplication end addition seperutoly md write down the
results culy, thus cbtaining the so-oslled Srimamler Homer's
_(M)Mﬂlhmm

2 1 2 k4 -8

1 & 1B 7
(14) 1 8 =
S
_ 1
The mmibers elong the hypotemuse of the trimgle swe the
cosfficients of the trmaform,

T note that esch mmiber in this schewe (14) is dbtefned
Ty miltiplying m = 2 by the nwber which is on 1ts left md
efding the resmult to the masber which is over it., Lg. the 8
hl.lolnl.ﬂ-llh!.GOV-ﬂ.h.mﬂh
2. 15 + (=3) = 29,

n-w.u-.um-uamau
following dauble subseript form:




O  soee | csccssssecnscnsassascesasssanse

e

1. The mubars cutside the right trimgle ere given as
follown:
(18) 8y =0 @202 % ....p 0)

0,3 "% (3=0 3 % ....o n).

Tms in the wpenwost ror these stnd the cosffieients of
the given eqation, md in the first colum pewos.

3, T™he ressining mxibers ore cosputed accamding to the
recursdon expeonsion

R e R L E o 2

Then the mubers oy 4 (2 =3 % ... n), sleng the
lypotause of the trimgelor schene, are the coefficimts of the
tranaformed emuation,



dSxetalog a Sngtlan ™is seotion deals with o type of
trmafoemetion different fyom thet used for dlmdniching soots

(or. 13). Mis trenafommetion we coll o ghoetch  Ihe malvtic
Satindtion of o streteh in the xetlo n is the Sernafometion

(18)
dee a0,

'..-.

Consdder o fmetion £(x) vhooe greph i the eantdnmuous
ouve in the figwe, Iy the treafomction x° = my, this geph

is teensfommed into the
dotted greph. IF P(my)
is = point on the ovigin-
ol ewve, then P*(um,y)

]
,rf
o3 Sl
-7 e 4
- N ’
- \“ ’(

s a point en the

-

- T
- \ ’
- \
v ,r_{ % P
- -
L S

In particulan, if r is o indevoopt of the firet grwh,
thm o s =n intevvept of the transfowmed greph,

Sow the reason for the teminclogy s ovidmt, gince e
offect of the treneformetion is ¢0 inoweeso oll horisontal
dimenatons by the fector iy leawing vertical dtmansicne un-

chrrged,

On the other hend, hod wo started with the Actted gwwph,
we oonld hawe trenafomed it into the contbmous-line greph by
the trensforstion = »m's® = = . Two lv this twe of

Ienaoneiden e sl Ao ollier dawtchel oX coresas) o



How conedder the polynomial equation
(19) flx) sagf +a ™ Lsgias. . ...oq =0

™ stvetch fx) Wy = is Yy (28), to wite x* »mx or
xsda'in (19); there veoults

f’fi‘ ..c. ...... +9,=0
() off sam.qpn PP . eqf e

The roots of (20) are then m times os lswge as those of
(19). Rg tobe the equation
() flx)= 32" +38y® «2,22® oz « 2,8 =0

T™his euation hes & positive yoot botwesn 2 emd 3, e
nay be verifiod g mbetitution. Ve stwetch £(x) ta () W 2,0
tedntng:

(22) 2*+2502"<2200"-2%0002-21140000=0
vitieh hos & ponitive yoot Detwem %0 md 50,

Nove gmerslly, stretching f(x) #n (2) by 1,0° yiedds the
eqmntion
(29) af+2. 2022, 052"« 2,0z, ,0® g,
wiooe positive oot lies betwem 2 . 3,05 md 8, 3,0° .

Thus wo note in (23), with the trencfoemetion x* = 1,0
thet the j+th cosffictet, oy of the origined emsticn (M) te
mtipliad by 1,05 in orfer to obtain the carrespaniing ecefficdent
of the trmsfom (25); 0 othar words, the ewsgesimel podnt of
8y should be shifted by Jk placos elther to the rigt or left



enconiing oo XD 0, or k<0 Rg IfMm(B)wetks2
we obtedn:
(25°) P 95,0,0% 2,2,0,0,0,0e% 3,0,0,0,0,0,08 = 234,0,0,0,0,0,0,0,0:0,

Aprdn sotting k » =1, wo dbtains
(25") 3uts 0320~ 052, 2¢°= 050,02x = 050,0,2024 = O,

The dove omalusions have boan dvesn with vegesd €0 o
peaific emetion, In fact, lowever, the sme remerks om be
spplied to ey polynonis) emation whose cosfficlemts are smm-
go simals.

he motivetion for intvoduckng this knd of trenoforetion
to thet "2al, in extzeoting the yoots of e specdal cese of (19),
firet compresees the fmotion suffielently thed 1f » is o oot
of the trenafomel emotion, 1t sstisfies the fnowelity
(28) 1{m W0
f.0. the firet digit of » Pfalls in the dagresa’ plese.

T 1f sn eguation £{x) = 0 has o positive yoot mg which
W sesk, end which we Inow satiafies the relmtien
(28) 20 mp < 202
than we stweteh (or more exsotly if k ) O wo copress, G£.17)
e £ wnotion iy 1,0 in order to dbtein sother Amotion,
fy(x), vhose woot, ®y, setisfies (24).



R ffini-tooer netted, e eve nov realy to desoribe
the soronlled faffind-lomer method for spproximsting resl roots

of  polynoaisl eqation,?

The essentinl steps of this method may best bo emplained
in cumeotion with en emmple.
Bumple: Tl to two smmgesimal places the positive root x,
of the emation
(28) (=) = = 32,02 = 2,0,508 ~ 4,35,4,40 = 0.

Lot xy be cmposed of the somagesinel Aigits (s 2 s Y seee
20 that

(29) % -QO/}OYOJOG Besass .K'A’ﬂ.-ooo
1, It o cosily be verificd Yy sbetitution thet a

positive yoot, X 1ies betwem 3,0° md ,0° Le
20° < =y ¢ 20

or ¥g is of the fomas ‘
(27°) B * X 0080 € peeeee

% Tms sccomiing %o 22, stwetch the Amotion #(x) W
13,67 %0 got
(38) £y(x) » x" 22,Nx" 030,2,0,00x = 050,046,448 = G
#3000 TOOL
(29) n 20y =300 ) 0 0eeee
hes its fimt 8igit ¢ in the wnits plece,

is misleadng, The method wes alvendy wsed by Isdsde
methenaticims lang before eithar Affind or omer
Of. Iuchey's pepen, end Styudk, p. 96,

|



S, Logabe ®, botwem two muccossive digits (OF. 3 below).
It fo fond to 10 between 2 end 5. Thus the fivet alglt of x,
is & =2,

4. Vov &minich the Toote of £ (x) in (20) W2 = 2
(cf. 13 « 16) to cbtetn:

(30) £.0x) = =% 3558,%0x% 3;53,50,50,20¢ ~ 036,8,6,54,48 = O,
whose ook

(m) Tpoemy =X 203 oY o] 0eees o

1iss botwem O ed 1,

8. To tring the firet digit 3 of m, to the unite place, the
fimotion fy(x) fs stretched by 3,0 (OF. 23) to cbtain:

(38) £,0x) = x" 3,50;20" 3,55,59550,108 ~ 6,8,055,4,40 = G,
whose root

(s3) g e BOwyef3Y,d,€0....

hes it firet digit 40 the wnits plese,

6. loocste g betwemn suocessive digite (CF. 3 delow). It
is fomd t0 lie detwom I md 9; thewefore the scomnd Aiglt of
the yoot =g of egution (38) 4a 5 = 1,

L A MU.'(?-I&“:

(30) £,0n) » 2% 2590 4,2,5557,208 ~ 2,20,12;30,54,48 = 0,
whoso yoot
(2s) 2= 2=l 2 ®Ysd 0€puee
1iee bobwom 0 end 1.
8. Stawtch the fmotion fi(x) in (34) eleo Yy 2,0 wo thet



the firet Gigit, |, of the root

(s8) ®y = 20w, nT]J.E Pesve

of tho now trensfomed emetion

() ggx) = 2% 42,2067 + 4,2,59,57,20¢ ~ 2,20,12,35,54,48 = 0
falls in the degrecs’ plsoce.

9. lecste the yoot By of the twenaform (37) betwesn
mccossive digits, tins dbteining the thisd digit, Y, of xp .
I this exmple | is found o be 32 (Of, M delow).

This qyele of operetions, nerely Jogddod Sainldios
end gipetoling, is repested, eech aycle giving m additimal
algit of the root xg of equetion (96); el the prooses om be
cerriel on wmntdl thw deaived degree of scouragy is dbiained, In
thie emenple two move Migits aro 0 = G, € = 43,

W note of this point thet the fivwt, scoond, md thisd
digits of X, namely s 34 @ Y, hewe bom fomnd vhen loosting
“dhmq.ydt'mm”
digits. In gmarel, oo nay reailly be gemerulised, the neth
aigit, U , of xy 1o found when loceting, betwom mwososive
mhmrucﬁmmf“w-t

%o note aleoy fyam (20), (M), (33), (35), ma (36), thw
relatims



(s8) e L0 w

e may them, Yy exsvining (38), gemerelise md give the
two following resursion relations (39) for finding =, efter
mm-‘mv

m LR 4 - 7 ‘. ‘.-oo.
i ® aea whewe (s, .Y..j
r =30p

neq 3
hﬁmd““mw‘ﬁm

famed erpation, f“w-&iﬁuwmtmlh
if the root tums aut to de an integem, i.0. r._a-'v.ti-
the provess is stopped forthmith, end the yoot of (38) hes bem
fomd emetly. For tha, sccording to (309), I'-UI..'-V =0
.-".'M-. ...... = 0 el the remining Aigits ese sl
DATOS,

How for the sexasgesimel podnt, 1t should be plssed in
sach fas hion thet the fnoquality (35) holde, namely 2,0°<x < 2,072,
In the given emssple wo have Q-“m 0 two ommagesinal
plecoa,

This nellnd slso has bom showm Yy e exmmple. The
prvoces, howover, is the seme in finding o ot of ay polynadeld
euation whotever,



=, Pinding the positive neth oot of o mubeny g is only
a specisl cese of the prddian of finding the xots of a
polynomial emeoticn of degree n. For, we may wite
(e0) Leqni
ad than we hewe S0 find the positive oot of (40).

B, oo ¥411 be soen in the somel, when finding the
neth oot of o mwiben, followed the seme sbeps oo those of the
Poffind-fiomer mathod ss aplained sbove. This, howswves, is not
mmn—h“&-wmuw‘

0, fpivile cooditdeng fox Joontlig Koot Of polvoaaiolo
iet us now get down melytio coniitions fur the steps inwolved in
the ffini-ilomer wethod es dlsplayad in 25 - 38,

If the function f(z) 1o monetondc inoveening for = ) G
md 42 £(0) { 0, then the eqation £(x) = 0 hos ot wost ene
positive root. This is the cese in extrecting the n-th positive
foot of a positive mmber o 4.0, in finding the positdve »oot
of equettion (40). I this cose the fullowing inoguelities (41)
involve necessary conditicns for loceting the yoots of the
emetions tutl)-ﬂ.“n-l.'.&.....(ﬂ.ﬂ.

i Eg oo Junesy p. 1290; Fine, p. 458; Griffin, p. 554,



™o Mgite X ef3o 8 covee o900 Do fomd muh thebs
fa(?) S0 {g(2s2),
r'(ﬁ)$0<f,(ﬂon.
(@) fB5(Y) S0 <glYen),
!M(v ) K K4 I'M(vo 1).
Theoe Inomalitios whon usol laber, i)} be somembet
cheng od In fomm In ovder 90 £1¢ the puspons of hand,

ieesiing the et J3ait of o zock of m ommtien, T
usuil method of locating & yoot, 1 of m emetim, £(z),
betwom sucoensive digite is by trial mbotitution, loweven,
@ does not heve to txy Windly ell the eixty Aigits iF he s
working with sezagesinels,

In eppronimeting s fxvetionsl yoot of = equetion £{x),
e, ctariing from the second diglt, 3, of the oot (29)
“mu“hnﬂﬂﬂtc.hﬂam
not for fyan the requived ene, by the gothod of trlsl ddvieas
I tedef the method 1s S Sivdic the ematnd Semn of the Jash

$ematumed exakione with it sl clengel W the cocfCiciat
£33 Tor emwple, in locsting vy tn (33), 1t ts sem frem (32)

thet dividing 6,8058,4,98 Yy 5,55,65390,10 yields s meber
botvom 1 end 2, Trying those two digite shows thet thay ave
Sunotly the digite betwem which ®, 1tes, md the [S=1



(Ses 23 step 6). Agein in loesting x, in (36) e om see in
(37) thet &ividing 2,10,1% 36,54,48 Yy 4,1,55,57,10 yields a
muiber betwem 352 and 33 . Taying these two mubers sssures
thet the root 1ies detwoen them, end Y = 32 (step 9 in 23),
T™he omme gpplies in loceting later digits,

This is tentemomt to sseming thet the polynomial
r._lt:). (ce. 28), behaves linesrly in the neighborhood of
the oot, sd that the contribution of higher powers of x to
the yemlt is negligible.

This method emnot be trusted to give the firgt digit of
%mmmmwm(m. ™ may
sonetimes give some indiestion as to what that digit is. M
(28), however, no indicstion whatever is given,

Oocesinally the method may fall to give corveotly even
the gogond diglt, 3 4 of X3 Mmﬁ.mﬂnm'
mmber will not be fer from the ane found, and 0 the muber of
trisls is ocnsidersdly reduced.

Mnmnbnﬂuﬂmhmtmlt
tut MGl g ives no Indlontion as to vhether he mede use of 1%
or not,

1. Imchey, p. 208,
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n this pawt we give a literel cppocito=page trensletion
of Chegter Pive Mo the Thlxd Tyestise of the "Fay”, together with
e feonbnile reoeoduotion of pagos 80-068 of the “rinoetan eopy.

In the preparetion of this stuly, miaufilus of thwee
memocvdot coples of the “Soy® hevo bom ot hend, Thoss awe:

1. The Princeton ooy,

2. ™o Indis OPfice ooy, end

3. Te Leldm cow.’

' For convenianoe, these coples wAll be refareed % an
Py % =i L rospootively.

Some relstiane es o depaxiens my) dnting of those
t#woe coplen vl o list of fourtom other nmwooriyts of the
"Way" ewe given in Mes faje"s *s thosls.

1L Seo the bidllcogreply.
2. %o faja’l, yp. SO-GL.



iata to %o zoadar, "tdle resling this chapter tho
following thinge ehould be kept in mind:

o Farent hoses enclose ma insewted wond or plemee. Thie S0 dones
(1) to clarify or explein vogne wands or $dons,

(12) to caplete ar corvect the meming vhen necessany,

(112) o Indicete the nemes to whilch some pzonouns rofer, md

(2v) to Indtvoduge oo mgrbols to vhich later refarences eve
made,
b Sgmeve tewchots indicete perts laoking or incorwect in P end
veptored fron ofther ano o both of T nd .. Tootnotes awe
given to otote frum which copy it 4o yestowed,
o To noske *......" d;mote thet theve is a verdmt among ¥, L
and I, Footnotes sbete vhed the werimt ia,
l.h-mdm-bnﬂl
(2) Mphedotion]l supersswipts with s % & .... Those yefer
%o the footnotes o tho bottom of the page.

(32) Homerice) sporscripts. Thope refor to the muders in
the commtery vhare the corvercanling 1dces are dsveloped
o commanted upon,

e. In the tvonelletdon, the comective articls 2 Jolndng two
ombences is owoided vhen posxidleg md a now sanbtence is
otrrtad.

f. The tzanglation is mede line-fy=-line to fecilitabte csves~
reforaee detwom the ‘webio and the nglish versiong. Idnes



of the tvwalation bear the sae madbors on the cosvegponding
onos of the Sed,

g Al the mybers are trmocribed in the teenclation into the
moden Hindo-/rebic grdols and the order of ddgits has bem
rovarpel., In ceses vhme o vinle wwrny of suoh mydbers in
fovolved, the tememdiption (ss to orfer) fomme e miswor
fmage of the originel,

Beomwe of this differawe in notetion, it Sremently
hegpens thet vhewe the mthor sgne "right” the omwecd
dGiveotion in cur notation $s "10f%", md vico vares., I such
ceses, the passege los bem tranalated literally without
clangs, but & note is inowmrded 4o rendn? the seador to yoverse
his ddzection,

h. & wooddulary of Secimical tomns end various other womds uped
in the trmalstion is given ot the and of the thesis.
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=l PaPs 83

l= 2 one-Hgit (nusber), anl we subtraoted tbc!u:\:t from what e
a8 in

TP PP TSPV

1l=-

1%

13-
1
15-
16~
17-

opposite L1t sccording to what

sacond forn
colwmm;

then 1t became 49,722 ,

o tr
the 1
qaglity

72 found 4t (to be) 20 , :und we

put 1t

ovur the perfact (place) of the

third

1t by one place
ani we demandet (unother tlm’
st one=dipgl ¢
(ma:ber) with the sbove-rentioned

cycle, an! (alse) under 1t l

%0 the right of 22 , By 1t

the [ rocess, anl there remained
o7 the nmumber 27
secends, as in ¢
That which befell over the !
degraes 1s dogrees , =l
W2 extracted in our book "On the [
Cf rounference® roots wlth muny w
eite (of musbers of mmmy parte

(53),

€0
ae two forms .

and Lt 1o 41,

==
EE |

i
2

48 4

=

f
{ |
I i

_ The first
form

ani we erployed in it odl tricks. He who wants theot,let Mn refer

to 1t .,

T™h*n we presented here un oxmﬁl’e for the extruction of the cube
for ¢ axtraction

roct, =nd snother ex
of the first root of ¢
not deal with the expleonpstion®

le

cube-cube(i.e., B=th power) , -ni(we) M4
of the rrocess lest

the bodk becowe long, and thet is epsy for he who recazlla the
proecess in Indlan

nuserals sccording to what nreceded in the Pirst Treastise . ronder

on the exarple and the two exgples are these,

83%S83% | The row | The row of The rowof | An
=3 o.g =
E of the square the number fexample
S35TcS - theroot Janditisthe second |assuming that] of the
SRR L of thenumber it is a cube jcube root
sz 222w
38 _;:f‘g..g & — Ao g
gg-é;— _3_;:" ;Iggl >0 dn o [en oL,.,S;;S:%Sdesree
D ::.;g =3 I J— - w
I~ g E""-Q' o nafnapalwnkn  en (=151 2 ©
fsgoig e[ e 3 owel @
égé"\g E‘g { rofre ey =fon — & - wbs minute
Q;€=§= :—1 L AN —cfe | oeopn b
= _37FE w — tion s ral
ggg.___g- ; b m:ro N o
szoaia 5 35 | g8
FRE’F3 8 = == ok
e in T and L. b. in¥ and L. e, Lacking in ¥,
4. in . e. The suthor should have said lefg in ke
eystem, Tn modern use it is L int, in L.
g. From T and L. h. n L. i. in 1, in L.
. in ¥k k. From L, 1. in 1 and L.
m, in L. n. in T and L. 0. in I and L.
Pe inT and L.
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PART 1In
CONNBETARY

Mh.muhﬂ.ﬁ*
‘l—d‘-. It is mnde oelf-econtainad,
h—‘u“ﬁmhmmm
%o the tent. Those who widh to follow the text
w1l find, in the trenslatdon, referance mrbors
hﬁ—ﬁhhﬂ*ﬁ-ﬁ-m
ing idens are dovelopal or eplotned,



o e

Gptar Five fa the Thisd Trectise of the “Egy” desls
with the extawotion of the neth soot of o mubear egpressed
In the seseposdmel notation,

I ocommnalng o cevmantey on this words, e now ghve:

1. Commts end eplmstions of ome temp wdoh the mtioe
uses without emplenetdon (30-90),

2 Mﬂ--mwh—-pﬂﬂh
hs ook and whdch he svesteblidwn in £ho trmaletod axtraot (a0-aa).

RO . IR S0 DEEE, e tew 3@l i ‘webio
maems gide o gaflalla - Pl gdalla i reens g chieot whdoh
keagidon ™ plane pecmetwy 1t memns polvann, |

Teltovel fred methematioimns usel the ewwession "the Fipwt
&l of the iglla 55" to mom “the neth xoot of & muber”, L,
if o ombbemy, @ s put in the fom q » %, than = S5 the Fized
Al of the guislla .

luchey teenclstes the vord gialls into Gamam by
Soagitatan, ™ this theols wo uoe the tewmm pover to smve the
PuEpORe.

Widantly the ‘rebdo namenalobime 95 based on o goonabeio



omoapt. b!ﬂﬁ“mdn-q & in epivnlant

ogare oot 1a 7. 42 1 o perfect cubs, for its aube oot 4s O,
n&&&&%&ﬂhamnm Br its 5-th wot
13 0, Tut nomo of these thwee muie s 46 & parGact S-th poven,
B nme of than has m Integar 4-4¢h root,

Imclay reads 1t inocerectly md trenalates 4t by sukicnal,
lle trenalates (gaam) W (Q.l_;p.!-r



%8 for the ssoond nemning of perfect, i.o. poxfect nloaces
omngidor o mybaor repmomted in the stmagesinmel notation, end
vhigh is thonght of as beling en n~th pouns f.e. wo wmt %o

extrect e neth root, tham the pexfogt plaged 0 the KecEmamR-
st oo Dege plecen shose aabacn (Gf..0) bave the S it
shexe ks s Snbogami the othex places. oo Jworfont, Tt ie
2ot neoess any thet the power be pesfest in the sanoo of 35 dhove.
E g omaifer the meher

(a2) q = 16,8 1,0, R ale Widy H17, 33,5512

as belng o 4~th poveny, .0, 2 = 4, then fron 1aft %0 right the
pexfect plaoes ere those of the digits 1, 31, md 32 respavtively,
hmmmmﬁanﬂ-&“u'
oll of the fom 4, with k eu integes:, The remndndng plecos ene
Irparfoot,

If the mpber is thought of an bolng o by, 1.0, 0 = §
then the pewfect plases eve thoge of 16, 6, B, 17, el 19, for
thefy ploce-mubers respoctively mw 6, §, O -5 m? -8, vhich ave
all maitiples of 5. Again, vhen n = §, the porfect ploses ewe
those of § 3, and 53, o place-nrdore respeotively are §,
G = -8,

b 4 Proe enother point of vien, s place whooe muber o n, is

L Bere glsog fe in the fiwet weming, COF. 5.



parfoot in all powers which are feotoms of n, Tus in the
muber (42), the degrece’ ploce, thet of tiv digit 30, whose
mabor is swo, is pefect in oll povars, L0 frn =9 & ...
the plenes of to flret clevetos ool ndnaben, thooe of & i §
vhoao mybers avo 1 ad -1 yospootively, - ese perfeot in no powmrs
the plspes of the esnond elovelen sd poconds, thoso of the dAigits
2 and 5 vhose mupbarn vespeotively axe 2 end -8, are parfoot in
opeves anly, .0 whaan = 2 The plece whose muber i 2 19
is perfect in 19-th povare, G-th powesrs, 4-~th powems, cubes, and
opareny end 50 on for other powers.

Gwilgs A comoespt usel Yy the suthor is thet of guoles
(adiip stvg. don)-

2 s beid povem e oot cqualatdai of e il lang
i ned. dopexfect ploges oo s Jlofle AL mw, da colled o cudler
Tus 4 40 (42) wo oot n = 6, then the qyules firam left to right
are vespootively

s ,
B3 6 %3 4 A ,
ol 4 5 MW, 2, 5 2 .

e note thet the flvwt qyole on the left oonslets slaply
of 18, for the plaoe of 18 is parfect ml theve are no digits an
Sto loft.

I coch qyule, the lowest plece is the pesfest oo, and the
othere eve luposfeot,



Yiomovery 17 the muber of frectiowwl pleoes ia not o
miltiple of n, wo 111 in sevon %o complete the lest frectioel
ayole, Hg if the muber

19, 34,6, 51,42, 5831, 59, 30, 7, 36,13
is voparded e & S-th pouem, the gyeles frum leoft to dMght ave
m, %,
G WM, 43, 88 ,
1, 53, 18, 22 ,
md .1, 06 0.

n the rightetend gife of & mwben, hossvenywe om ol ao
neny more qyoles so wo 1ike, filling in their plegee with seros,
without chenglng the value of the meider o0 long oo the sases
geadnel point ranstine in e plage. W.g., if the nwber

16, 1,43, 17, 29, 11, 50, 13; 5 50 172
fe thought of oo & Seth powey 5t oen bo written in the fomm
16,1, 4% 1%, 213,50, 1335 1% G G G Rl WG GGt
i the gyoles fyon loft to Higt eae thans
W 3 48,
7, 25 1, 56 25 ,
5 %% 13 O 0,
6 6 6 6 O
md G & 06 6 0.

Dewalecnent of ooxtaln omemia I this seotion, 40-04
wo give the mthor's dens n modem temminclogy, with psvofs



Jstifying his s tatanatsa,
Telte & ano-digit nubew, sy o of placo-mber p (Cf, 8),
. .-I-lduuu-ﬁ.!ﬂ'. and weite 1ts suooossive
pomre in o line
(s3) a = R
In the exmplo thooe poware espectivoly are
() =0 oafd® o, aino™....
Than the muben, o 5 oslled o fizet oot (Q) with
vompeot ©0 sy one of those powars (OF. 38).

Sinee the place-msiber of a 4o py then thet of o” = aa fa
pepefp that of o 2 o0 o +p » Op, end thet of
Codlats(llprpemp. Rg, inas 23,00 e place
maberof o® o2+ 2wl et of &® Sn 4+ 2 = G, ot

Tuos the plase-aiarp of tlw gaocecelve powers of o owe
resactivaly
(24) P P*P WP .o Apep.....

This is n foct = applicetion of the law of expenents
(45) . P P,
vheve have 1 o m o ay integurs, positive, negetive or sese,
el 2 is sy temminating sexogesimal.

In the low of aponante, 1 ond & axo aided algdwedeslly,
i.0. their shaolute wnlues are alded 90 each othew vhen thay are



of the smw sign, o are sibtreoted fron esch other vhen thy e
of awosite signe. The suthor spesks of the planes of the two
mltdplices es Deing oo the seme side of the degyees’ plene or

an opposite sides vheme we would sry thet thely plapo-mibers
have the smme or opposite signe (Cf. B).

The mrbars 0 (48) oould equally well te citatnod Yy
maltiplying p the plase-mwber of o Wy the exponmbs of the
corvecpending powatn, 1.e. (44) nay Do witten in the fom
(42; P ® B ceee mWp .

I feot, this is the sme s (44), only maltipliostion
¢ shes the ploce of addition. Om wo noy coy this s en

epplication of the lew
(o) [y ol

The author renseis aleo thet tho plecowmadber of oy e
of the powmws, if $8 4s not sewo, S0 divigihile YWy the exponent of
the pover or ip egual to 4%, i.a. np is divigihie YW n, md thad
the guotiant, py, is the placemwber of the firet (.o neth)
oot o

Mistsfet trveooomubmup =0, forn=1, § 3 ...



CGRAPTER V
TIE EXTRACTEN OF FOODS

In this chpter ve presmt m salgardan of root extreotion
in gmesal, together with Justificetion fur ite obeps. Yaeil
stotep the prooess for the ganarnl coony wthout pwoofs, !
vAthout referace 0 sy pertiailor eswple. le thm epplice the
ganarel 50thod to en aeaple of guare oot artrsotion. Heve we
episin the gmerel algorim ty mems of o particuler ezsplo.

e ene chosm s olso given ty the athom, but without aplmetion,
ot the end of the trensleted part. Sec page 57,

Essosmntion £ She extanciion of She peth gt mmde
Pind the O«th oot of the meber
(40} a » 30,00,2, %14, 56, 90, 5,47, M0 ,
o in algdeeic foum, find the postitive soot of the epation
() 2 =P = qos’ - 30,00,,%1454,30340,500 «0 .
Tirite the mmber ot the top of a folxly lerpe dhoot of ppor
(90e page 37). '
Ir the les -t quale on the ¥t is oot copleba, 111 1t in
with smop (OF, 30). I the eumple, five sexos wo put (or comwed)
fn fyont of 40 0 omplete the last qyole; tns it Yecomes

40 0y O G 0.



Detemdno e pexfect places in the mybew (0£,38). Twoe
are the pleves vhoge nusbers eve of the fumm ikt « Ok 4.0, 13, 6
6“6 .... I the exayple, these ave the places of ¥, W, ma
o lsot oo oo the vight.

Iresy o horigontal ldne over the medan, ond vertionl 1ines
slong the shoet swporeting the digits thooe on the ¥Mght of the
parfect placos are nade douldble in anlew %o Motinguish the qyolen
fyom ane snothew, Time the qyuies In e exmple from left to
rigt evo

%M, W 7,
4 08 25 58 %W,
ol M 6 6 6 5 0.

&7 Divide the shoet ty Lorisontal lines in%0 n = 6 parts, oalled
ZEn the given muben, .6 the rellomd, deing st the top of the
Mgheot ane. Theoe youp ave naped in oo wps, s desondbed o the
Pirst Trootics of the “ey”.)

1) I the et wmy, e lowemost row is called "W’ yow
of the zoot", the one overr 48 is “the yow of the spae®, the nowt
"the row of the oube”, m 0 on wntil the higheet one ip “the mow
Cﬁlﬂmﬁ.‘w—".

(12) B tho other my, the Mghoet rov io celled "o wow
of the nxber”, the ane balow it fa “the yow of the sevond o the
muber®, the nowt beldw "the row of the thivd of the muber”, i =

LBpN



an il the yow of the ot ds "the 1ow of the nwih, have the G-th,
of the muber”,

e nemon of the rowe mre writtan, in both wyn on thelr
1aft side, eo chown on page 57,

Over tw nader loewve o line for the yemlt end onll it
“the line of the remt®,

Sextdns the sdwetion of e neth Foct. loodklog S
izt Gigds, Newing omplistel the prepermiions alted in the
m“-ﬂ"mb““mﬂﬁ
axtrection of roota.

e ghould first leve tobleos of gppetan, ocubes, oF 0., W
bﬁ&h“m‘\hmml“.n“
thgy om de escily looked up.

Lot the digits of the woob fran 1eft to right bo demotel
Wots 3 oY wevees

In the t:dle of neth, howe G-ith, powess soek the lasyest
aigit, o) s vhooe neth poner con be sbtvsoted from the fimt oyele
an the left 4.0 fyom 56,00,2,7. T eplain this wo lewe to vefer
beck 0 the ides of = gimghch (OF. 2%-28),

Stwetaling #{x) i (40) Wy 20 » 3,02 (or. 22) wo gote
m0) B o = g o - NMLNILILINYM T, = 0,
vhavo (OF. 90)

(=) o = 20 @ = 5,00,2,9524,50,30,5,4%, 7,0 .



fiow we nobe that the integer pert of q, is preeisely the
firet qrole an the left. Tus the stetenent "to seck the lempost
aigit, o » Whooe G=th power om be mibtEnobed from the last qyele
o the 16ft” mama $0 seck tho A4gdt  vhich sedisfies the relation
(=) ¢ acen® .

Demnlity (92) 1s emivelant to the fivet conditian in
(22), nemely £y ) < 0 <Mylore 1), whiiah 4o bawe
031$0<(a¢f-q.

o is famd to Do 34

Bomme of $he Sk Slgls, Pt the myder (= 34 fn the
1ine of the vemit Just chove the perfoct plaspe of the chove-nwuntioned

ayole, nmely Just sbove ¥ (See p. 37).

Wite aloo the mybear = 34 of tho botéam of the josemost
mon 1.0 the yow of the sool, md wite the sucosssive powars of O/ »
to 222838 0P8R0 ..coweee » W™ s oF = 0000
ot the Yottoms (Jee H1 below) of their corvesonding roms. Th: the
ath powem, hove 0° = 30,853,530, fa put et the top of the vow of
the neth pover Juot undor the myder fn oxder that it cm do mib-
treotold fron it.  After abdtreoticn, the ressinder
(s9) Qe a = o * %80500,00,95,8,47,37,40
is cbteined fn the row of the mwbes.

A1 these mrders mro witten in thelr corresponding yows
4n mch fenhion thet their flmt Aigitd on the wight fall in the
o cdums of the pesfoot place 7, 4.0, in tie colmm whewe 0«04 wos put,



-3 It ia %0 Yo noted thet the author wonks fn the souws fyom the
Yobton wpumnds, vhere he eoild eqelly well 4o the opposite, L.o.
wite the mubove an the tops of the yom mi vl Sowwmada. Wy
ho doos 60 wo d0 not Inow, Inskyy olafms’ thet this S Gus to the
infinence of andetsbleo veciundng vhasve the canpoter werites sone
mber in the s, porfosms omme cpasetion on 1%, thm mibe %
cut in owder to yeplooo 56 ly €he vomit,

59 eilie cooRtiana o te Ciowt Glgit, Tov thewe coour severwd
ayolie prooesses of addition end multfpliostion. They ere d siedler
in fomm end alll sttt frem the yow of tho Toot, differing onily In
the st age at shich thy ore dlsontiwed. Tw evthor uses the
following temdnolony in nemdng tham,

Wi Do oy "00 W 0 e Tow of the sseend of the mubert,
ho soens thet what ho is going %0 pesfum, L.e. s process will
be cmwled an starting from the ¥ow of ti@ root, going up until its
last cbops eve perfommed In 4o xow of the seaond of the mpber.
idkevios "“noe wp to the row of the thixd of the nnber” moss thet
the psooess A1l bo eawlel an witdl ito lat sdops aro efomed
fn the yow of the thisd of the mubex, nd o on,

The mubor O/ » 34, put in the 1400 of the vesalt, wo shell
eall “the wper”, sl the ono put In the Yo of the S0t wo onll
“the louwmr”,

1. Inchey, pp. 200-099,



53 %o begin the pEoosss ™Moo wp to the ¥ow of the second of
o mrbar”, heve wp to the Tow of ¥w S~th pone,

208 "o upper® = 14 to “the lower” (L= 34 which s in the
sowof the yoot, The mm 2 X = 90 is witten dhove X = 38 In the
Yo of e Toot, after dresfing o strobe over the latter dn cmler to
comodl 16}  How muitiply “the wper® O e 14 Yy 3% 98 contained
fn the row of the Yoot md add the jrolot 20,0 » 6,39 to the
a? = 5,36 lying et the vexy Dottan of the yow of the smare. The
am 507 = 9,08 s sleo mdtiplied Yy "the wper® /= 36 md thely
protuct 30.° = 2,17,12 1 oo to the > = 5,88 slveady b the
Potton of the Yo of the ado. The now eum 4 0> = 5,538 i3 e
midtipited by O = 3 end the profaot edded to vhet is in the yow
over i8, This prootss continuos witil the yow of the ssocnd of the
siben, have the ¥ow of the Seth povem, 1o vesched, whewe 50°, o/ =
50° = 19,95,00,40 4o alled to the ¥ = 3,90,90,48 slvesdy ot the
totton of the sow of the Swth powsr in orier to cbtefn 0% » 24,80,28,98
Mis proocoas, "noe up to the ror of the seound of the mubar”, s
now camlote,

54 Than etert the Enoess "hoe wp t0 the row of the thim of
the ouder”. "The wper” (= 14 4o sdded to the 2 I = 20 which s
o the vow of the woot, md the sm 3 = 48 i witten over the
20, = 28 after o 1900 fe Grem over the letter o oxfer %0 cmodl 28,
Wis 5 X« 42 S0 now miltdpiied ty "the wper® Y= 34 end the

1. Accor ding %0 Inokqy, this ia the notholdl of the smi-tehile compuber. OF. 51,



proluot 302 = 5,40 is aided to whet 1o elrenly In tho Yow of the
AP0, A0y OQ'-“ The new sm Ool'-”l--'b
ultislied ty o ® 34, e the motuot 607 = 4,548 1e silel to
uumna-&am.—gw’.m
Agein, the s 3003 = 7,37,90 fe miltiplied by e 36 md the
groluot aiiled t0 what s slzeedy tn the o dove 1%, md oo @
antil the yow of $he thisd of the muben, have the vow of the 4-th
poven, 45 Toochel, vhave 107, #2090 = 2,46,42,40 3o adled
o the 5% = 53,7,90 elveedy in the yow of the dwth pow, md
the poeult 1800 = 2,80,40 i now the Mgheot mubar in the vow
of tho G-th power, The pEootss “(noo up to the Tow of the thisd
of tho muber” is also camplote,

mm&:--ﬁ-lwhﬁmdh
ot of the nuber”, tha “Guoe wp to the Yow of the S«ih of the
—-ﬂﬂn-ﬂﬁm'ﬁ.qhﬁ—dﬁ
(oel)eth of the maber”, f.0. the rouw of e spiars is comploted.
hﬂ--hﬁhnlmhﬁlmdhm.&“
are rempectively 9005 = 15,440 ma 1507 » 45,0, o last
gtop is to a2 Mﬂhbﬂh'ﬂhﬂnmdﬁm
“hh”lmmﬂﬁlﬂm-x.m.ﬂt-h&
hhw*hﬁwdﬁ* g, S0 smemiing,
—“mwﬁumhmmwhﬂm
of tho neth, have Geth, of the mubes”.

Sow $he following mubers sppoer of the tops of the
a=1 = J Joww D



0‘"“‘“ »

250" = 200,40 ,

2% 15340 ,

180? - @0,

and 86X » .9 .

duatiliontian o e sedulsNees, © aplein dy
these prucacses eie performed, let us write dom the 'kamee’s schome

for this enmplo fn the fomm (OF, 18)

AP 8 o @ o o oa
L aas  das of-q.n o:‘m a?-nn.-.u -
Lo sl oty R

s soet2 wmnmm

(00 |1 as08  20Ve,40 200A15,24,40

S0/, 30 35:a40,0
Fm
=y =y S0 Ip 7324y e 3 5 87 W, 0
“gm =T, %Ay T304 e Wh S 47, I, D
The wpar 1ine inside the right trimgle & (58) dbove pives,
et for the fimt mxbar I s the lsot nuber =y » o0 mooousivo
powrs of 0«34 which are put of the Dottoms of the Bl = § loww
Tom. The loot maben ~qp g In ebsolube voluo, tho Fansinder
(53) 10 v vov of the mudes.




The prooses “Onoe Gp to the Tow of the geoond of tw muber®
revely twings the mebers n the nel © § Jower yown to vhet s glwam
hhmhdﬁmm.nn
20sm8 30%ene e’engam sotesamm
605 o 34,86,90,90 . Tor,the stebanent Mmtiply the wwen O .
Wy vhat is In the sow of the (J = 1)=th pover nd ol $ho pwoloot
0 whet s alveady Sn the yow of the J=th poner” S5 proctecly the
Gpantion usel for chtedning ay 4 0 the egwecsdn (c2. (37)).

e i A Rl sy

Ondy the muber 040 o 34,55,20,9, wWidh 45 o the wow of
e secand of the mebeny has renchol it Mnal foma; all €y other
saxibare in the ne8 = 4 Jowr vous WAl ot131 bo doclt with Sn the
folloming rwnoesses,

nilesly, the ;3yosess "Moo wp 0 € he Tow of Be thisd of
Wiyl af the mubar” brings the mebers 4 the 28 = ¢ lows
Toun 0 vhet fo given o the thind 1fne of the teimgle (58) dhove,
nanaly

samas 02cimm W lanmm % 3ae0
The last mmber in this vou neely 150% » 2,60,40,0, W22 now
hawe seachod its fined fomy the others ere a8413 %0 bo Soalt with
in ladber pavessces.

fgafin the procces "Moo wp 0 the Yo of the G4l 6F the
muiber” twings the meber o the o3 = 3 Jover yom 20 whet g
v in the 4=th 1ine of the trimgle (58); md w0 S the ywosess



"tnos vp 0 the Yow of the S-4h of the nuber”, the mubers fn the
851 lowe yom ere bronght o the values given in the corsemonding
S~th 2no of (54).

"han o1l the n = 1 procesecs ere conplote, the mmbers ab
tho tope of the ¥om ave rrecdadly those slong the hynotenuce of
the telengnlie sohame (54). Those ave than the confficiews of the
freefumed enction chtatne] vhan Medndddng the woobe of dw
ceiginel ogution f(x) » & « g « 0 In (80) vy ', (0. 2328),
1.0 the trmafomed eqwtio is
(s8) fﬁ-n‘ow'o'&‘owowo&-s

o3 + 2,008 + @0 + 150,008 + 300407
+ 1y 50, 2% e = T, T, 51314 By A, 3y 97, W, 40,0 = O,

-h s for wo hove fomnd e flest digit = 14
of the mot. Tho next Mgit, £, vhon fond fren (55), w22 be n
the minutes’ plece (OF. 6), f.0. o freotion. o twing 1t to the
degwoen’ pleoe, stwetch (05) W 1,0 (of. 23). Tus (55) beoaws
(98) fglx) = & + 2,0.005 + 2,08350%" « 2,0° NP » 2,00 20403
01.'.‘1.!-&"
= + 008 + @ma00d « M@0
+ 00,4 0000,0e% + 14,50, 23, 94,0,0,0,0,0n
= B M 52N 5 MW,IMW 0.
W note 4n this stwetch thet the cosffioiante of (35), which
o precisly the mubers ot the tope of the n = 6 yomm, amowpt the



coafficiant of & vhich s unity, eve multiplied fyan laft to
Pt vopootivaly ty 20 260" 5 30° .... 20 a2, =
cellar to cbtaln the coefficients of (98) (02, 20). Tme 4o the
achane on page 3V, in oxdar o0 sccomt for this change, the fullow
e tvenapoaitions e pepfEmeds

Plaplece the 60° = 34,50,20,98 stenitng tn the sow of the
mtomd of the muber Yy gng place to the vight, the 150%s 2,40,4,0
S the vow of the thind of the saber Yy fup pleose, the
20 36,30,40 Y Shen plases oto., wti) the 6Q= 3,96 S0 dlo~
Pleced by f2de § places 80 o right moh thet it lent Mgit,
90, comes in the eclum of tle Smpesfect place of 47, Just of the
left of the pewfect place of . (9ee p. W),

e rencinder In the row of the meber 1a now
(om B ® L0g, = Byl MOl TR B IN0
vhope intener digits are cantadned in the Miret fgp qyoles m the
e,

Ten = 1 = 8 places to the right of the Meplened muber
6% . 3400,9090 in the row of the S-th pover are to be concldered
se filled with sesos. Tho seme thing eprlies o the other sows 1.0,
amelder thet four pewos 111 the foxr epty plwes to the rigt of
tho Slspleced 1507 = 2,40,4,0, thet Ghweo sevos FI1Y the ety
Plocos 0 the vight of the dlplaced 200” = 15,3400, ma w o

low, after theos tewnsposttione end Mlling in of sevos me
perfomed, the firet dizits oo the wight of &1 the mebews in the



voms full in the pewfect plese of 3, now to beo omaldarel ss the
daproan® plece,

Insofer oa the cogpwutetion ie cowemad, all the gpessddiong
-n-hy“-u(aﬂhhwﬂ-. Thewe
s no neotesity sotunlly 40 111 in the sewos =0 long eo digite of
ke pleces fall in the seme colugm, end this has Dom tehen cewe
of Wy the tymapositions,

In enticipetdon of futuze cparmiions it is mantioned of
this point thot, after ssch sdditional qyole of prooopsSs, =
sdditionsl soh pet of tremepositions will be cervied out, the
dhjeotive sgain belng to put digite of 1ike places wnder ench othaw.
The yesson is sindlexdy to bwing the nexh digit of the root to the
dagreos’® plase, end to heve the mydbowrs which will be dealt wAth

in the nem$ progesnes in the psupayr gyole.

The psvoesats omn be contimed thaungh se nany qyoles as
mgy be romived to find the desived myher of simificent digite.
hether the digits were frectiondl or not malwe no dfference in

the caputationel schane,

leoctine She oeosd JAaMh ol 108 200k, e now proosed to
find the next digit, [}, of o yoot,

Suppose fivet thet 7 bas bom debémuined, Then odd 5 to the
60 A= 3,90,0 which is in the sow of the soot, Hns dbisining the
nmier 6,00+ 3= 1800 . Tow miltiply this mm ty £ end odd the



produst, ({60 +[), to the 350,007 tn tho rov of the smare
cbtaining 35,0002 ¢ 0 (6,004P ); mitiply this ty A end il the
vomitt, [ (38,0007 o5 (B0 o0)] o o the :0,0,000° e
rou of the abo; miltiply the am sleo by end odl the vomdt S0
whet s dn the newd yow over 1, =a? 00 on WSl the last vecult
= ¢ [a0aaac® 4(1860008 ¢imaao® Hsaod
oplewor«0))))]

is obtednod vhen miltiplying the am o the yow of the (ped)=the
pover, 1.0, the »ow of the second of the mudew, Y .

Dut (3 bas 50t yot bom debemutned. o havo %0 dstemuine ¢
gach thet the musber dhteined fyem (58) cm Yo sbireoted fran
o W0y T 2y Oy T B 47, TV

This s oqiwlent to the comresgonding condition #n (M),

oty
glr) € 0 < gg(fer),
which om be witten have es
(s9) flfleag { @ < Blfrd) v gy

Tor the left mmber of (30) is oguimaient to (58), as may De sem
W omparing 1t with (50). Tho sidlle naibor is the ressinder
Qg = T lle 1y Sy 25, H A% M40 10 the yow of the nusber as
given & (97). The right nader is whad the 100t neder beconss
wham (is incwossed iy L

Thoe mthor refers to this pparty es "the sbove-mmtioned
@ality®. It wes nentionod tyhdm 3o the Piret Treatise of the "Rey”.}

LBp 3



B s found o bo 0. (ce. m).

Exosss o with the ssoond Gigls, Seving fomd 0, we begin
2 seoor? serles of pwosesnon pReparing for the detemsination of the
newt igit, 1.

¥ will explatn the following procosses in genernl, .0, oo
1f [ wave 21fforest fron seve.

frite (= 0 fn the 1ine of the remlt Just chove the perfect
plage of the aigit 57 (see p. 97). Than perfumm the cparetions
cited tn ! 56, wtil e exweesion (38) o cdtained. diawet this
fron qg I the 3ow of the muber (oee (37)) to chtatn
() qrq -P[Ioo.ﬂ. ‘0(&0‘-'0&;0{1.6.-.! o200 2284 ﬁ(Wﬂ)]@

Ve note #n this special ewmple thet nothing hes bem changed

fn a1l the voun, Ondy (= O has bemn witten Sn the 1ine of the
remilt. Thie is Gon, ovidmtly, to the feot thet [lo swo ma dl
the produots dbtained when multdpiying Wy 1t ore elso sevo.

flow stert the prosess “Onoe up to the row of the ceoond of
the mmber”, A3 P to the B,00+33a the yow of the oo, Fultiply
the am G0%+ 2/ g3 end il the ywoduot {600+ 25) to shet is
slzendy in the yow of the egueme, Maltiply e new mm by [ ed
old the profuet %o whet 1s in the yow over it, e 0 o wtdl &n
the row of the seooyd of the meibem, hore the row of the S-th powen,
the apression

0. oclap (1ot 30t P 10 (oo 1))

in dbtndned,



“mmmﬁn.hhmdﬁﬂnd
the mubor”, o 80 an for the other processes wntil the last one s
morely the aAdition of 1 %o vhet has beoome Yy now In the vov of the
»oot, n-@hmmmnhucu
Seth poven, 4=th powen, oube, oquaro, ad voot e terpectively:
:.M.ﬁ(:.Mm{a.Mv [200% %430, 0200 ]} s0s 30, 20 I Q0B o
2o danclop fa o %o (20300 (207 287)] § * BDLHBHAO o

(@) 2,0 205 (2,0% % (3,0%+ 20p)] » WM BBAO »
2,0%. 35%p (3,0.300+ 35p) = 000 o
0%+ 81 = 1,050 .

Thes, with =g, given in (00), are the eofficiente of the
tronafomed emation, £,4(x), dbtained vhan dlmintshing the woobs of
£5(x) tn (88) W P= O (OF. 33~ 25).

Yo agein renmk thet, sinoe (° happened to be sewo, in this
pertiouler aumrple, thess (E0ossess chaged nothing o dl the rous.
This mems that the epmetion £4(x) is 1imticsdl with fyix) given in
(86). Dowsven, the procehwe is statod for the geeswl oase, whare
$o rocessns @ perfemel secossively, similarly to 55 o ovder
0 foms the lines of lomer's tvimguler scherme (CF. 16).

The genewnl echemo, f.e. vhan f/A0, Sa dlgpleped an tho nest
pege in (03).



goa  is00d 200000 1500006 600000x  -16y,

gon+g 150000 vagooed) 10200 +p(10-150 w0 @] 105’y Faoal sl sl oo o] T T
cone2s 1soonoaizon -39 102dsgfidsonsaonsad] 1l afidaontalicasdpionesy T
coas 15000 wafiaans6d) 18-200loafi Ot srivadcomiog] 1 a3t safidiseadsatt o 15))

souedg 1500005(24,0 +108) 16 200301.8 (1 20

C0R+50 1500043500 +159) T =160 0150 a1 8200 o i 150 v 0n -s)]})
60148 T--10q.qdex s G’ a i 20 15t ﬂ]})]

T1d e sp(ids0n’saf1 S 18 <6 (Gooave)

The numbers along the hypotenume of the triangular
scheme (83), which are identical, except perhaps for sign,
with the numbers in (8l1) and (80), are then the coefficients
of the transformed equation

f‘(x) = fs(x) = x8 + 1'0,3ax5+1'o?15a3,11.0?mgi+1,d15333

5 5 €
+1,0 . 84x - 1,0

8 5 4 3
= x+ 1.34, OXx + 49,0,2,0: + 185,14,40,0,0,0x +

- 7.38’51’1"5‘.23|3’47'37;‘0 - 0 .
Let us, for later purposes, denote the coefficients of

(63) by by, ba, By ....... by Tespectively.



B A ool aawies of SEEesnciiiiue, or tronepooe T
e ot the tops of the voue shiflssly to 07, nawly tewmaose
whot fo 2 the yow of the S-th poweny L.6. the yow of the cecond
of the muiden, Y gug place to the right, vhet io tn the wow of
the d-th power Y S50 pleces, end 20 on until whet 4o 40 the wow
of ¥w oot is trensposed Yy pel o § placos to the vight,

Tt is to be noted hawe clog, oo fn 57, thet theso trens-
positins, if seroe arv cxncidered as fi1ling the pleces beftwe t ¢
myhere in the thimd gyole, are omivelmt to otwedcdng (63),
nemely

totn) o eml e ngf ongl o ng® e ngmany

by 20 (0F, 37 - 22). Yo than cbtadn

. f,h)-’oxowtw.wow

(02) o s L9008 + maodnad + 15,3440,00,0000°
* 240,450,000 0 QG0 G 0n" + 34,50, 28, 30, 0, 0 G 00 GNP
- T, 00,00, 14, 56, 35, 5,4%, ,40,0,0,400 = 0.
The vesainder i1 the sov of e mrberfis %o be considered now
a8

(@8) g = 10 q » %0050, 1 5 3% H4%, W40 QKBGO .

c2 Iensddoe, She el SAS of e rock ol smemnlizeticn, How
2% s roquized %0 find the not Sigit, ¥, which hae e cwme gropesty
os Yt of  amplsiced In 505 nasaly, 1t is yeguived %o £ind the
lexgest Aigit,Y » such thet the uentity



0 2t [y (2o T )

o bo mibtwoted fwum g u (05) .
T™is contition s emivelmt to tho corremonding emetin in

(@), nanedy

£(7) < o < glyaa)
viich om bo witten e
(o7) t.(no..g g < fglYed) v g5 -

For, the 1aft naber of (07) 1o the o as (06), oo my o cem
ty comering (07) with (63) end (8), end the Hight nadorls vhet
the 1eft nader doomes vhan Y +1 io mibstitubed for .

¥ 4o fomd to be 30 (of. J).

Heving fomd tivee digits of the 1oty Ny W olop the
m—.m“uwmmhm—h eax? loosbe
0 somegeelml pofnt of the voot suh thet the Snemsltty (35)
hols, This fneguility in aw emmple is

20 { m < W0
and the soot $o ono samgendmad pleoe is
%, = Mp B0 .

¥ t¢he semult is to Do nore somowde then this e sew
procadure, 1.0, the qyele of loveting perfoming processon, end
m-wwhfh!--.mmg-h
ocizel or wtil o poro perainder is dbtedned fn the sow of the
rayihes,

m‘.q&dmmﬁ“h%m
parden”, oeening to £ind nowe frectioel oesapocdeni plooos



1P the soot tumne out t0 bo = intepem, then the mmber e
powfoot; otheruise, it is imporfect, and tho root hes been fumd
> soinetely.

It is to Yo notoll thet the plscoaumben in, of ey parfest
plage in the msber ¢ when 2ivided Yy the emonet, n, rives the
plesownmben, %k, of the digit in the wemlt 1dne put Just shove o6,
Eg.s over the 7, vioee plegosasbor is 6, camos 34 whone pleoo-
suder is 1; the degress’ &igit, O, cues over the dagrecs’ plece;
the Aizit 30 vhooe pleoswxmber da =1 comen ovar the serfest pleoo
vhooe myber ia =83 m siailely for other places,

In the mthor's gysten, beosuse ho used no semegeeinel point,
{ce. 3), it wme necessesy %0 menticn the pleocsemsbers of the digite
in the remilt, or of Jesot ane of than, I oodem notetion theve So
20 need for this, slwe the semgeeinal podnt tells whet tho plaocse
oxe,

T adbor's ssaEle, The esthor gwo the rEeceiing descrip
tion of the n~th root extreotion in genoral, and without refwwicg
%0 oy pertiouler emeple, The axmyple we geve corved to lerify
the esplanation,

How the wthor gives a speoial emanpls to displey his method,
Tie peopoote to extiect the squere rood of 10,0,46, 30,
e procodure is the some as tied of ouwr emsmple shove,



a6 2rite the maber s showmn on tap of page 55, The gyeles
from Jeft to right ere wespeotivaly 10,0 el 46,20, e perfect
plsoes exe then © and 20,

MW&.MM”M*M“
e ayolen tring doubiled.

There ere hare only tuo youwn: the rov of thoe mpbem, the
omare, end the sow of the zool., A hordsontel 1ine sy Yo drem
.wh(&hﬁMhﬁﬂahﬂm’L

60 e sttor gives two fomms of pwocadare (Soe top of p. 38).
{a) In the one the multipdication i porforued as we modems do.
fufhes be multiplice 46,41 by 41 and put; the yeosult 35,16,1 wier the
myder; then ho sdtreots. o olaine that this fomm of paccedare fe
his om Swenticn.  (b) T the other fum, the miltigliestio to
parfome? oo wes usuel with nathewdicisns ab his tise, 70 wiltiply
45,41 Yy 4, bhe Mt sultiplies 40 ty 43 end abtrects the romds
52,40 fromthe meban, efter witing digits of lide pleces under
oach ofthow, then bhe meltiplics 41 Wy €1 i ouddyeots the remit
251 fron vt remcdned of the nrder after the previons mbtyeotion.

° tow in e tdddo of smares look up the lewpest digit,o ¢ WHoee
omare io loce then or equal %0 15,0, It is fomd %o be 24. ™is
is witton fa the 1line of the vemit over the pesfect plece of the
Qlgit 9, od aleo In the ame cilam all the wmy dom in the sow of
the root.

1. Tochkey, p. 238,



Then miltinly the uwper (+08 Wy the lower X «0% end the
o)t J.“umma; the fimt ayole oo the
left. The yenainder 35 is %o be thought of eo weplecing the 30,0
tn the mrbar.

208 the upper «/ =08 t0 the lower (<88 md trenepose the
vemit 94wi0 Yy gug pleoe to ¢ he right. It fulls &n the colam
of the aiglt 40 S the mmbem, od io then %o bo cmsiderel s
having & sewo in fyont of 3% much thet its walue is 9,0 O/ =86,0.

It 4o now somived to find the lamgest digit 0 whdch hao the
property that, If eddel to the 45,0 md the mm 46 wiltiplied
Ty [ » o peoduot is 1oes then or el to 3H,4R0. Lo, 4t o
roqived to find the algit $ ouch thet
(08) flamo o) $ 38,3 < (Pa)0 +3+ 2.

Iy the method of triel dtvisce (CF. 3), [ fo found to bo &

wite [ »fl over the perfuot plece of the digit 90, end
aleo $n the yow of the oot to the right of the slvendy written 45,

Maltdsly 40,41 by (=il md mibbeect tho vemd$ 35,16,3
foon 35,40,%0, There yemits 335,19,

The suthor goos en t0 find sn alditional pleve, o adds
[ =8 to the 6,4 in the rov of the yoob. The remlt, 3%
1o trenmposes 'Y gug Pleee t0 the rigt. Tha ho sedks the
Langost Qlght, Y o vhih 5f put to the ¥ight of 475, S fuming
0,77 , ond thm the vemdting nmber mudtiplied Yy , the
pEoduot will be less then or emal to 35,1000, Lo, melyticslly



£t 19 romived thet
(90) 708,250 +3 ) < SRIB00 < (Yea)(e0,250 +V+ 1) .

Ty the method of 33, 7 4s fomd to be 40,

Fut Y =80 dn the oo of the vemlt, in the colum vhooe
placemader ia -2 as chown inthe tap figure of poge 30, = o dn
feant of 45,78 to form 405,20,40. This 1o miltdplied Yy 40, eod the
voolt, 3505640, mbtmoted fras 55,10,0,0 to chitein 95,55,20,

The provgese e be yepanteld to find ey mwiber of new plasen
tut e enthor discortinues the worl, nd the result to cne semn-
gocinsl plece is 95,41340. The resalinder fn the vow of the muber
1n 75558, 20,

The degress® digit, 41, folle over the Segroes® digit o
the myden, 1.0 over 90. Jor the other Sigite of the woot, the
u&ﬁ“am"huﬂhhmﬂn
plase-mmiber is in = & (OF, 88),

ifter this exmple the mthor mentions his book “in the
Crowtarece” (aleigdgival))s which wmo not avnilshle to the editor
of tho time of this study.

Than he gives two worked exwples. The ene Mspleys the
extenotion of the cube root of 36, 5% 56,43,50, 95 fourthe, 4.0,
of the muber 18, 5255% 4% 61,26, md the other shows the ewtweotion
of the G=th root of 34, 50, 1,7, 14, 54 75, 5,47, 7, 40 slinuten =
54,50, 2 7, 14, 54, 23, 3,47, W;340. The lattor axsrplo has bom Ales
cusoel in detall in comection with the neth root estweotion in
gmeral (OF. 46), ond we leowe the former for those vho wish %o
réeotise finding roobe.



Conclugign, !eving rwewentad both the Iuffind-iener
nethod of loostding voots of polynanial emations fn 20=08, end
BT s nothod of extwvoting the neth zoot of e mahaer, in 40-66,
we ave now in e position t0 ompere thens two methods, of lesst in
e speoisl case,

Az wap mantioned in 95, finding the positive a~th voot of a
oebeny ¢ io o spoeisl cooe of the ypeohiem of finding the reots of
o polymantial emetim of Sagree n, I this cuse the emetiam e
i) s P =gel

Bal's secaretion of the numdber q 140 aveles end his
congidering fizut the lsst aqyole en the left (0f. 48) covwesponds
in the uffini-fiamer methodl to loosting the woot of flx) = 0
ot ween sucossaive powars of 1,0 end stretohing (or hewe conresaing)
o fmctien P(x) Yy the lescar powar of 1,0 (Of. steps 3 =i 2 of
23).

#2003 %s finding of the Aigit, of o whove neth pouwsr om be
sittrecting from tho lest cyole corvespards to loseting the Foot wy
of the stwetched ometion €;(x) « O detwom suocessive digite, in
stapo 3 of 95 of the FufTind-flomney method,

Witing the powers of  , snd thmperfomming the seb of
prosesses given in 40 - 58 corvespond to fomming thw [mer's schame
used fn Gleindshing the roote of the stvetched emetiom £(x) Wy o/
to cbtsin Pylx) e a sbep & of 29,

Agedn, the tyenspositiong eited in 57 with cormying the wonk



hhmq‘tdﬁ-*g#h“lhﬂ 1.0,
o stvetching the new twensfumed eqstim folz) = 0 Wy L&

ind the ayole of loceting, perfoming #ODcasos, =i trenos
posing (Cf. 08) is precissly the saso thing e the cycle of lconting
Stedndebing, md stwetching in the Mfrint-lomer method (of. 98).

nd lastly, this "shove-aentione? quality”, desoribed tn 58
ol 63, which Beid statos tn words, corvemponds %o the mslytie
conditions (41) for loceting the yoots of polyncmiel emetions (CF.30).

Fow, wessiling thet Bal¥ (£1. 3410 A.7.) uged this method,
shich he 334 not hinmeelf fwent, foxr emturies bofure edther Ruffind
u--um---m--m:mi----a-.
although the latter two invented the slooris indeendently of esch
othar sl of other pswvious Snwentors’, thay were not the Sing to
work 48 out end 0 nues 86, Th faot, Coolidge olsims® thet the method
o discovered bty the Chinese sege (h'in (Mdn “heo who lourished
aroond 1947 A0, T sy ovent 1t wos certoinly Imowm and usel Wy
oriantol methewetiofens, emong vhom Baill $s only ane, of lemst Tour
ewturion tefore ufPint ol Tmar, '

1. Coolidge, pp. 199-108.
2 Mmaa, p. 38,
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