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AN ABSTRACT OF THE THESIS OF

Fatima Kamel Mroue for Master of Science
Major: Mathematics

Title: Mathematical Analysis and Numerical Simulation of the Bidomain Model
Used in Cardiac Electrophysiology

The bidomain model describes the cardiac electrical activity. It has been

considerably used in studies investigating cardiac arrythmia such as ventricular fib-
rillation. Recently, the well-posedness of the model was studied by Bourgault et al..
Their analysis was based on a formulation of the problem as a system of coupled
parabolic and elliptic PDEs for two potentials and ODEs representing the ionic
activity. The main idea was to reformulate the parabolic and elliptic PDEs into
a single parabolic PDE by the introduction of a bidomain operator. A proof of
existence, uniqueness and regularity of local in time strong solution was
obtained by a semigroup approach. This approach applies to fairly general ionic
models. The bidomain model was then reformulated as a parabolic variational
problem, through the introduction of a bidomain bilinear form. A proof of exis-
tence and uniqueness of a global in time weak solution was obtained using
a compactness argument, this time for an ionic model reading as a single ODE
but including polynomial nonlinearities. The hypotheses behind the existence of the
global weak solution were verified for three commonly used ionic models namely the
FitzHugh-Nagumo, Aliev-Panfilov and McCulloch models. In this thesis, we prove,
using Galerkin approximations and classic regularity results on elliptic Neumann
problems, and under some assumptions of regularity on the initial data and the
source terms, that the weak solution is actually uniformly bounded and regular
enough. This means that the global in time regular weak solution is indeed a global
in time strong solution.
Moreover, we present numerical simulations of electrical wave propagation done us-
ing finite differences and finite elements in one and two dimensional spaces. In
particular, we generate, using the monodomain and bidomain models, spiral waves
that model electrical disorder in cardiac activity.
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Notations

() is an open subset of R™.
e C() ={u:Q — R|u continuous}
e C(Q) = {u e C(Q)|u is uniformly continuous on bounded subsets of Q}
o C*(Q) ={u:Q — R|u is k-times continuously differentiable}

o CF(Q) = {u € C*(Q)|DYu is uniformly continuous on bounded subsets of 2,

for all |o] < k}.
e C°(Q) ={u:Q — R|u is infinitely differentiable} = N2 ,C*(Q).
o C(Q) =NE,C*Q).
e D(Q) = {u e C®(Q)|supp u is compact}.

o [7(Q) = {u:Q — R|u is Lebesgue measurable, |[u||r) < 0o}, where

1/p
|u||r@) = (/Q |ul? dm) (1<p<o0)}.

L>(Q) = {u : Q — Ru is Lebesgue measurable, || =) < 0o, where

||| Loe () = ess supg|ul}.

LP

loc

Q) ={u:Q—Rjue LP(V) foreach V CV C U}.



Introduction

The “bidomain” model has been recently used in advanced electrocardiol-
ogy studies investigating the electrical behavior of the anisotropic cardiac tissue.
Despite its discrete structure, the tissue is represented at a macroscopic level by a
continuous model [5]. The proof of the well-posedness of the model was presented
mainly in two references: Colli-Franzone and Savaré’s paper [5] and Veneroni’s re-
port [17]. However these approaches were restricted to particular cases of ionic
models that do not include the widely used Aliev-Panfilov [13] and McCulloch [15]
models. An interesting result of existence and uniqueness of a global strong solution
of a simplified version of the bidomain model called the monodomain model has
been obtained by Coudiére et al. [6] using a famous technique based on invariant

regions.

The aim of our thesis is to study the results published in a very recent paper
of Bourgault et al. [3] where the existence and uniqueness of the solution of the bido-
main model have been proven under some assumptions on the ionic models which are

satisfied by both Aliev-Panfilov and McCulloch models. Indeed, the proof has been



based on a formulation of the model as a system of coupled parabolic and elliptic
PDEs for two potentials and ODEs representing the ionic activity. The parabolic
and elliptic PDEs are reformulated into a single parabolic PDE by the introduction
of a bidomain operator, which has been properly defined and analyzed. Then a proof
of existence, uniqueness and regularity of a local in time strong solution
is presented based on a semigroup approach. The strength of this proof is that it
applies to general ionic models. Next, the problem is formulated in a variational
form and a proof of existence and uniqueness of global in time weak solu-
tion is obtained using a Faedo-Galerkin technique, some energy-like estimates and

a compactness result.

Although there are numerical experiments and intuitions that the solutions
are bounded functions, the problem of regularity of the solutions has not been ad-
dressed in Bourgault et al. paper [3]. In this thesis, we prove, using Galerkin ap-
proximations and classic regularity results on elliptic Neumann problems, and under
some assumptions of regularity on the initial data and the source terms, that the
solution is actually uniformly bounded and regular enough (u(-,t) € H*(Q), Vi)

to get a global in time strong solution.

The thesis is sketched as follows:

e Chapter 1 presents an overview of cardiac electrophysiology and modeling. It

also includes the derivation of the bidomain model and some ionic models.



e Chapter 2 presents the mathematical tools used in the different proofs of Chap-

ters 3 and 4.

e Existence and uniqueness of local in time strong solution and global in time
weak solution, along with some examples, are presented in Chapter 3. This
chapter is mainly based on Bourgault et al. paper [3]. However, a proof of

stability of the solutions with respect to the data is added.

e Chapter 4 presents our contribution in proving regularity of the weak solution

that leads to the existence and uniqueness of the global strong solution.

e Chapter 5 presents numerical simulations of electrical wave propagation done
using finite differences and finite elements in one and two dimensional spaces.
Also, we simulate the generation of spiral waves that lead to ventricular fib-

rillation.



Chapter 1

Physiology and Mathematical

Modeling

1.1 Introduction

Sudden cardiac death is the number one health problem in the developed
countries, as announced by the World Health Organization report in 1985. Most of
these deaths are caused by electrical activity disorders, visible through the mechan-
ical deficiency of the heart. This organ is divided into two halves (left and right)
by the interventricular septal wall. It consists of four major chambers (two in each

half) which are the left and right ventricles and the left and right atria [16].

Mechanical contraction of the heart is caused by the electrical activation
of myocardial cells. The beats are initiated by the heart itself on a regular ba-

sis. In other words, the heart is self contained and can continue to beat even after
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Figure 1.1: Schematic of the activation sequence (Berne and Levy, 1988).

being removed from the body. Actually, the initiation of electrical activity is ac-
complished by the pacemaker cells which exist in various locations throughout the
heart. The sinoatrial (SA) node contains the pacemaker cells with fastest rate of
electrical activity. Hence they control the activity of the entire heart. Action poten-
tials, generated in the SA node, propagate from cell to cell through firstly the right
atrium then closely to the left atrium, until they reach the atrioventricular (AV)
node. The slower conduction rate in the AV node gives enough time for the atria to
contract and pump blood into the ventricles. From the AV node the electrical prop-
agation continues through the bundle of His which divides into left and right bundle
branches. The branches continue to subdivide into a complex network of Purkinje
fibers spreading through the ventricular myocardium. The bundle and the Purkinje
fibers are fast conducting so that the entire myocardium is excited simultaneously

16].



At the level of the cell, the plasma membrane is viewed as a capacitor. It
separates the intracellular and the extracellular electrolytic solutions and serves as a
permeability barrier that allows the cell to maintain an interior composition different
from the composition of the extracellular fluid. The potential difference across the
membrane is known as the transmembrane potential V,,. Changes in this quantity

are given by

where C,, is the membrane capacitance, and the I;,, are the various ionic currents
flowing across the membrane. The latter are mainly caused by the flow of sodium
(Na*), potassium (K™), and calcium (Ca®") through individual ion channels in the
membrane. These channels have been profoundly studied by molecular biologists
and mathematical models have been formulated. The first description of ion chan-

nels was developed by Hodgkin and Huxley (1952) for the squid axon [16].

In the resting state, the transmembrane potential is about —80mw. This
is the phase during which the heart is passively filling with blood. Once activated,
the cell membrane becomes rapidly depolarized (phase 0) due to the opening of
sodium channels and the resulting inward sodium current. Then a short period of
repolarization (phase 1), largely due to the closure of sodium channels, is followed
by a plateau (phase 2) which in turn is maintained by the inward calcium current.
Finally, the potential decreases again (repolarization - phase 3) until the resting

state is achieved. This sequence of changes in potential from the activation point

9
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Figure 1.2: Stages of the ventricular action potential (Katz, 1992).

to the resting state constitutes the action potential. Clearly, the action potential is

due to the superposition of many ionic currents [16].

1.2 Cardiac activation modeling

More than a 100 years ago, the electrical activity in the torso was directly as-
sociated to the heart beat [6]. The entire cardiac electrical state was first represented
as a dipole in an infinite homogeneous medium. This simple representation does not
model the propagation of an action potential, but it describes the integrated effect
of cardiac electrical activity by interpreting voltage-time diagrams (which show the
difference in potential between various extremities as a function of time). And these
are still in use as the basis of standard electrocardiogram (ECG) analysis. Later
models, known as empirical models describe localized electrical activity by discretiz-

ing the heart into a large number of cells (not the same as the biological cells). Each

10



cell has a number of properties which describe the conductivity, fiber direction, the
transmembrane potential, and other static or dynamic properties. The activation
process at each point is modeled, and the state of the heart can be defined at a
given time [16]. But these models are no longer appropriate because they disregard
cellular processes.

As experimental techniques and computer power have improved, cellular
electrical activity has been better understood and more detailed models have been
made computationally tractable. However, due to computing resources limitations,
a particular level of detail has to be considered sufficiently accurate. The subsequent
section discusses the development of the Bidomain model, which flexibly includes

any given model of the ionic processes.

1.3 The bidomain model: Mathematical deriva-

tion

The bidomain model describes current flow through the cell membrane in a
volume-averaged approach. It averages the electrical properties over a length scale
which is appropriately chosen to ignore the effect of cell junctions on propagation
[16]. Since the resistance of these junctions is comparable to that of the intracellular
medium, the cardiac tissue can be considered as a continuum, see [5]. In this frame-
work, two domains are defined: the intracellular domain (given the subscript “i”)
is the region inside the cell, and the extracellular domain (given the subscript “e”)

is the region between the cells. These two domains coexist at every point in space,

11



i.e. the properties and the state of the tissue have separate components related to
each domain (e.g. conductivity in each of the domains).

At a point, let ¢; and ¢, represent the volume-averaged macroscopic poten-
tials in the intracellular and extracellular spaces respectively. The transmembrane

potential V,, is the potential difference across the cell membrane

Vin = (bz - ¢e- (11)

All the values are measured in mV.

There is a local material coordinate system defined at every point with axes
aligned with each of the local fiber, cross-fiber (sheet), and cross-sheet directions.
These material axes are defined to be orthogonal, and they are used to determine
the principal directions of propagation [16]. In such a coordinate system, the con-
ductivity tensors are diagonal. As previously stated, there are two conductivity
tensors corresponding to the intracellular and extracellular domains which are A;
and A, respectively, with units (Qm)~!. The conductivity tensors in the global co-
ordinates are denoted o;, and o, respectively. The latter have the same eigenbasis
Q(x) = (q1(2),...,qa(x)), d =1,2,0or 3 in R?, which reflects the organization of the

muscle in fibers, [3]. Therefore we have

Oje = Q(Q])AZ”@Q(I)T

where
A= diag()\,},e(x), s )\ﬁe(:v)).
The intracellular and extracellular current densities J; and J, (with units Am™")

12



are derived by Ohm’s law as

Ji = —\;V¢ (1.2)
Jo = AV, (1.3)

The change in current density between the two domains is equal and opposite, since

the current leaving one domain crosses the membrane to the other domain. Hence
-V -J=A,1,—1,=V-J, (1.4)

where A, (unit m™!) is the surface-to-volume ratio of the cell membrane, I,,, (unit
Am™?) is the transmembrane current density per unit area and I, (unit Am=3) is

an externally imposed source current per unit volume. Ignoring I, we get
V- (ANVe) = Ay, (1.5)
V- (AVO) =—Anln (1.6)
From equations (1.5) and (1.6), and by using equation (1.1), we write
V- (Aigi) = =V - (AVe) (1.7)
V- (AiVg; —=AiVoe) = =V - (AeVe) = V- (AiVe). (1.8)
We get the following conservation of current equation
V- (AVVi) = =V - (A + A) V) (1.9)

The transmembrane current [, is given by the sum of a capacitive current due to the
change in transmembrane potential and an ionic current governed by ionic models

for cardiac tissue thus

oV,
[ = —_—
m = Cn ot

13

+ Lo (1.10)



where C,, is the transmembrane capacitance per unit area (unit pF.mm=2), and
Lion is the nonlinear function representing the transmembrane ionic currents (unit

Am_Q). There are many possibilities to define [;,, as will be seen in the next section.

Now, multiply (1.10) by A,, and use (1.5) to get

oV

+ Lion) — I (1.11)

and use (1.1):

oV,

V . (szvm) + V : (A2v¢e) - Am(CmW

+ Lign) — 1. (1.12)

Equations (1.9) and (1.12) are the bidomain equations.

If the extracellular space is assumed to be highly conducting (i.e. A, is
effectively infinite) or if A; = c¢A. where ¢ is a constant (i.e. the domains are
equally anisotropic), we get from (1.9) and (1.12) a single equation known as the

monodomain equation:

oV,

+ Iion) - Is

where A = A;.

Since the intracellular domain is self-contained, no flux boundary condition

is assumed at all points where it is required i.e.

99

8n:O

where n is the outward unit normal to the domain boundary [16].

14



1.4 Ionic current models

The framework of the bidomain model is based on the existence of mathe-
matical models describing the flow of ionic currents across the membrane. Ideally,
these models would describe each of the individual ionic currents whose sum defines

the ionic current I,,,.

There are two main approaches to the construction of an ionic current
model. The first is to build a biophysical model which attempts to describe spe-
cific actions within the cell membrane. Such exact models are derived either by
fitting the parameters of an equation to match experimental data or by defining
equations that were confirmed by later experiments. Moreover, they are based on
the cell membrane formulation developed by Hodgkin and Huxley for nerve fibers

16].

The second approach consists of producing simpler models which replicate
certain key features of activation and recovery. They can be used in large problems
because they are typically small and fast to solve, although they are less flexible in
their response to variations in cellular properties such as concentrations or cell size

16].

15



1.4.1 Beeler-Reuter model

As an example of a biophysical model, we consider the Beeler-Reuter model.
It was developed in 1977 to describe the mammalian ventricular action potential. It
considers only four ionic currents: a sodium inward current (iy,), a calcium-based
inward current (iy), a background potassium current (i, ), and a plateau potassium

current (iy,) [1]. The result is the following ionic current:
Lion = ing + 15 + iKl + 'iX1'

There are two main problems with the biophysical approach. Firstly, the ionic
processes are not fully understood. Secondly, the models produced are large and
complex, making prohibitive the computational time required to solve the resulting

system of equations [16].

1.4.2 FitzHugh-Nagumo model

One of the most popular simple models of activation-recovery was developed
by FitzHugh, Nagumo and Bronhoffer and it has become known as the FHN model.

In this model, the transmembrane potential is normalized using the relation

Vm - V;"est

U= -
%lateau - V;“est

where u is the normalized potential (this potential will be adopted in the rest of the
report), Vies: is the potential at rest ( — 80mwv), Vyjatean is the plateau potential and

V., is the transmembrane potential.

16



Voltage (mV)

The ionic current is given by

Lion(rany = cru(u — a)(1 —u) — cow

where ¢; and ¢y are the excitation rate and excitation decay constants respectively,
« is the activation threshold value (0 < a < 1/2).

The recovery variable is governed by the equation

dw

i b(u — dw)

where b and d are the recovery rate and recovery decay constants respectively [8].

40— . . T T T ‘ T . 1
b\ J 08 N\ w

ok S . . 1 0.6 |-

20 F i 04 - “J" ‘\
40 + - > 02 ’,““ “‘
| / “
N L il = | e

Value
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1 I I 1 I I ! 1 0.4 L L L L
0 50 100 150 200 250 300 350 400 450 500 0 100 200 300 400 _ 500
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Figure 1.3: Left: Beeler-Reuter action potential. Right: Action potential generated

by the FHN model and shape of the recovery variable time course (Sands, 1998).

Other models have evolved from the FHN model in order to represent more
realistic shape of the cardiac ventricular action potential. Rogers and McCulloch,

[15], have extended the model by rewriting the ionic current as:

Iion(RC’) - Clu(u - Oé)(l - U) — CQUW.

Aliev and Panfilov, [13], have defined I;,, by:

Lion(apy = —ku(u —a)(u — 1) — vw.

17
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They have also updated the recovery variable as

dw

i e(u,w)(—w — ku(u —a — 1))

where

e(u,w) = ¢y +
( ) 0 MIU+M2

with €g,p1,02 and k are constants.

1.4.3 Karma model

This model was proposed by Karma in 1993 and it has several properties
that are not in the FHN model. For instance, it generates a repolarization period
which is much longer than the fast depolarization period.

The ionic current in this model is given by

Lign = =V, + [A — (%)M} [1 — tanh(V,, — 3

V2
|5
where A = 1.5451, M and npg are constants with typical values M = 30 and ng =
0.507. Actually, M controls the wavefront sensitivity and ng controls the action
potential duration of an isolated pulse. The change in the recovery variable n is
given by

on

T HV,—-1)—n

where H(x) is the standard Heaviside step function [16].

18



Chapter 2

Preliminaries; Tools from

Functional Analysis

2.1 Sobolev spaces

Notation: We will call a function ¢ belonging to D(Q2) a test funtion.

1
loc

Definition: Suppose u,v € L, .(2), and « is a multi-index. We say that v is the

a'"-weak partial derivative of u, written
D% =,
provided
/uDo‘qb dr = (—1)l / v dx (2.1)
Q Q

for all test functions ¢ € D().

Fix 1 < p < o and let k£ be a nonnegative integer.

19



Definition. The Sobolev space

Whe()

consists of all locally summable functions « : €2 — R such that for each multiindex
a with |a| <k, D*u exists in the weak sense and belongs to LP(£2).

Remark: If p = 2, we usually write
HY Q) =W*2(Q) (k=1,..).
Definition: If u € W*P(Q2), we define its norm to be

o 1/p
(zla\ﬁk Jo | DYul? dx) (1<p<o0)

HUHW’W(Q) :
Zm\gk ess supg|Du|  (p = 00).

Theorem 1(Sobolev spaces as function spaces) [7]. For each k=1,... and 1 < p <
o0, the Sobolev space W*P(Q) is a Banach space.
Theorem 2(Trace Theorem) [7]. Let 1 < p < co. Assume Q is bounded and OS2 is

C. Then there exists a bounded linear operator
T : WHP(Q) +— LP(05)
such that
1. Tu =, ifue W(Q)NC(Q), and

2. | Tulron) < |ullwie), for each u € WHP(Q), with the constant C' depending

only on p and €.

Definition: We call T'u the trace of u on 0.
Proposition. Let HY/2(0Q) denote the image of H'(2) by the trace map T. Then

20



HY2(08) is dense in L*(09).
Theorem 3 (Poincaré-Wirtinger Inequality) [4]. Let Q2 be be an open connected
subspace of R™ with C* boundary, and let 1 < p < oo. Then there ewxists a constant

C such that

1
v — | < C||Vullpp Yu€ WH(Q) with u = @/u
0

2.1.1 Sobolev inequalities and embeddings

Theorem 4 (Gagliardo-Nirenberg-Sobolev) [7]. Assume 1 < p <n. Then

WP(R™) C LP*(R™) where p* = P ,
n—p
and there ezists a constant C' = C(n,p) such that

HUHLP*(R'VL) S CHVUHLP(R?’L) Yu € Wl’p(Rn).

Corollary 1. [4] Let 1 <p <n. Then
WHP(R") — LY(R") Vg € [p, p]
with continuous ingjection.
Corollary 2. [4] We have
Wh™(R™) — LYR"™) VYq € [n, +o0)
with continuous ingjection.

Theorem 5 (Morrey). Let p > n. Then

WHP(R") — L®(R")
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with continuous ingjection.

Moreover, Yu € WHP(R™) we have
u(z) —u(y)] < Cle —y|*[Vullr a.e 2,y R

witha =1—2 and C = C(n,p).
Corollary 3. Let Q be a bounded open subset of R"™, and suppose O is C*. Let

1 <p<oo. We have

if 1<p<mn, then WM (Q)— LP*(Q) where px = el
’Lf p=n, then Wl,p(Q) — Lq(Q> vq S [p7 —|—OO)’
if p>n, then WhP(Q) — L>(Q),

with continuous injections.

Also, if p > n we have Yu € WHP(Q)
u(z) —u(y)| < Cllullwirlz —y[*  a.e 2,y €Q

with o =1— "% and C' = C(%, p,n). In particular, Wr(Q) c C(Q). [4]
Theorem 6 (Rellich-Kondrachov). Suppose that Q2 is bounded with C' boundary.

We have

if p<mn, then WW(Q)C L) Vq € [1,p*x) where p*x = e
if p=n then WW(S)C LH(Q) Vg€ [1, +o0),
if p>mn, then Wh(Q) cC C(Q),

with compact injections [4].
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2.1.2 Spaces involving time

We introduce now some other sorts of Sobolev spaces which comprise func-
tions mapping time into Banach spaces. These are essential in the construction of
weak solutions to parabolic PDEs as will be seen in Chapter 3.

Let X denote a real Banach space with norm || ||.
Definition: The space

LP(0,T; X)

consists of all measurable functions u : [0,7] — X with

4 1/p
oo o= ([ Taep ar) " < o0
0

for 1 < p < oo, and

|ul| Lo o, x) = ess sup|lu(t)]| < oo.
0<t<T
Definition: The space
C([0,77; X)

comprises all continuous functions u : [0,7] — X with

Jualleoryx) = ma [u(®)] < <.

Definition: Let u € L'(0,7; X). We say v € L'(0,T; X) is the weak derivative of

u, written



provided
T T
| otnwya=- [ otvio a
0 0
for all test functions ¢ € D(0, 7).

Definition: The Sobolev space
WP(0,T; X)

consists of all functions u € LP(0,7T; X) such that u’ exists in the weak sense and

belongs to LP(0,T; X). Furthermore,

1/p
(o I + @) de) " (1< p < o0)
HUHWLP(O,T;X) =
ess sup([lu(t)[| + [[w'(¢)]) (p = 00).
0<t<T
Remark: H'(0,7;X) = W40, T; X).

Theorem 7. Let u € W'?(0,T; X) for some 1 < p < co. Then
ue C([0,T]; X)

(after possibly being redefined on a set of measure zero) [7].

2.2 Duality

Let X denote a real Banach space.

Definitions:

1. A bounded linear operator u* : X — R is called a bounded linear functional
on X.
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2. X™ denotes the set of all bounded linear functionals on X. It is the dual space

of X.

3. Ifu e X, u* € X* the symbol <, > denotes the pairing of X* and X. Also,

< u*,u > denotes u*(u).
4. A Banach space is reflexive if (X*)* = X.

Theorem 8. Fuvery Hilbert space is reflexive.
Theorem 9. Fvery LP space ,with 1 < p < oo, is reflezive.

Theorem 10.

(LP)* = L% V1<p<+oo with ;+ =1,

(LY)* = L.

Theorem 11. X is reflexive iff X*is reflexive.
Definition: A metric space is separable if it has a countable dense subset.
Theorem 12. If (X*, || - ||.) is separable then (X, || - ||) is separable.
Theorem 13. LP(Q) is separable V. 1 < p < 400.
Note: The converse of Theorem 12 is not true. For instance, L! is separable but
(L')* = L is not separable.
Theorem 14. (X, || -||) is reflezive and separable iff (X*,|| - ||«) is reflexive and
separable.
Definition: We say a sequence {uy}72, C X converges weakly to u € X (written
up — u), if

<u up >—<ut,u >
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for each bounded linear functional u* € X*.
Theorem 15 (Weak Compactness) [7]. Let X be a reflexive Banach space and
suppose the sequence {ur}se, C X is bounded. Then there exists a subsequence

{ur, }521 C{ur}ie, and u € X such that
Uk, — U.

The following proposition will be used in Chapters 3 and 4. For the convenience of
the reader we include a proof.
Proposition. Let ) be an open subset of R". Qr denotes (0,T) x Q and V denotes

the space H'(SY). Then

IP(Qr) N A0, T V)| = I7/(@r) + L0, T5 V).

Proof.

o Letu € LP(Qr)+L*(0,T;V"), s0u = u;+uy, where u; € LP (Qr), and uy €
L0, T;V").
So uy : LP(Qr) — R and uy : L*(0,T;V) — R are linear and continuous.
Therefore, v : LP(Qr) N L*(0,T;V) — R is linear and continuous and u €
@010, 7)) e 17(Qe)+ 20, T3V') € [12(@n) N 120, T3 V)]
o Let u € [LP(QT) N L*0,T; V)]/, ie. u: LP(Qr)NL*0,T;V) — R is linear
and continuous.
By continuity of u and density of LP(Qr) N L*(0,T;V) in LP(Qr), u can be
uniquely extended to LP(Qr). Let u; be its extension. Similarly, let uy be its
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extension to L2(0,T; V).
Now let @ = “32 € [P (Qr) + L*(0,T; V). We have @|1o(Qpnr20.1v) = U-
Thus, u = @ € LP (Qr) + L*(0,T; V).

/
Therefore, | L*(Qr) N L*(0, T V)| € L¥(Qr) + L*(0,T;V"). O

2.3 Spectral theory

Definition: A linear operator A : X — Y is called closed if whenever u;, — u in X

and Aup — v in Y, then

Au = .

Definitions: Let A: X — X be a bounded linear operator.
1. The resolvent set of A is

p(A) ={n e R|(A—nl) is one-to-one and onto}.

2. The spectrum of A is

a(A) =R —p(A).

Let H denote a Hilbert space, with inner product ( , ).

Definitions:

1. If A: H — H is a bounded linear operator, its adjoint A* : H — H satisfies
(Au,v) = (u, A*v)
for all u,v € H.
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2. A is self-adjoint if A* = A.
Definition: A bounded linear operator
K:X—->Y

is called compact provided for each bounded sequence {uy}32, C X, there exists a
subsequence {ug, }72, such that { Kuy, }52, converges in Y.

Theorem 16 (Eigenvectors of a compact, self-adjoint operator). Let H be a sepa-
rable Hilbert space, and suppose K : H — H is a compact and self-adjoint operator.
Then there exists a countable orthonormal basis of H consisting of eigenvectors of
K [7].

Theorem 17. [4] Let V, H be two Hilbert spaces such that V. C H with com-
pact injection. And let a(-,-) be a symmetric and cercive bilinear form. Then the

eigenvalues of of the problem

YoeV, a(u,v)= Au,v)
form an increasing sequence

O< A< <. <\,

with A, — +00. Moreover, the corresponding eigenvectors 1, form an orthonormal

Hilbert basis for H such that

YoeV, a(,,v) = \(Un,v), n=12 ..
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2.4 Parabolic problems

In this section, we investigate the existence, uniqueness and regularity of

the solution of the nonlinear equation

du
%%—Au:f(t,u), t >ty

U(to) = Ug-

Hence we introduce the notion of sectorial operators and fractional powers of oper-

ators as in Dan Henry’s monograph [10].

2.4.1 Sectorial operators and analytic semigroups

Definition: Let X be a Banach space. The linear operator A : D(A) C X — X
is called a sectorial operator if it is a closed, densely defined operator such that,

for some ¢ in (0,7/2) and some M > 1 and real a, the sector
Sas = {A¢ < larg(A —a)l <m, A #a}

is in the resolvent set of A (p(A)) and

(A=A < VA€ Sug.

A —al
Note: The angle opening of the section S, 4 is 2m — 2¢ > 7.

Proposition: If A is a bounded linear operator on a Banach space, then A is
sectorial.

Proposition: If A is a self-adjoint densely defined operator in a Hilbert space, and
if A is bounded below, then A is sectorial.
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Proposition: If A is sectorial in X, B is sectorial in Y, then A x B, is sectorial in
X x Y, where (A x B)(u,v) = (Au, Bv) for u € D(A), v € D(B).
Definition: An analytic semigroup on a Banach space X is a family of continuous

linear operators on X, {T'(t) };>¢, satisfying

1. TO0)=1,Tt)T(s) =T(t+s) fort >0, s >0,

2. T(t)u — uwast — 07, for each u € X,

3. t = T(t)u is real analytic on 0 < ¢ < oo for each u € X.

The infinitesimal generator L of this semigroup is defined by

Lu = lim M)
t—0t t
and its domain D(L) is defined by
T(t)u —

D(L) = {u € X|lim U exists in X}

t—0t+

We usually write T'(t) = e’

2.4.2 Fractional powers of operators

In what follows, A is a sectorial operator on the Banach space X.

Definition: Suppose Re o(A) > 0, then for any a > 0

1 o0
A= —— / to e At 4t
I‘(a) 0

Examples:
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1. If A€ R*, then A~® is the usual (—«a) power of A.
2. A!is the inverse of A.

Definition: A® =inverse of A=* (a > 0), D(A) = R(A™®); A° =identity on X.
Proposition: If a > 0, A% is closed and densely defined.
Proposition: If a > 3 then D(A%) C D(A”).

Definition: For each o > 0,

X% = D((A+ al)?)

with the graph norm

[ullo = [I(A+aD)*w)],  ue X,

where a is chosen so Re o((A + al)®) > 0.

Theorem 18. X* is a Banach space in the norm || - ||o for « >0, X° = X, and
fora > B3>0, X% is a dense subspace of X” with continuous inclusion. If A has

compact resolvent, the inclusion X* C XP is compact when o > 3> 0 [10].

Theorem 19. [10] Suppose 2 C R™ is an open set having the C™ extension property,
1 < p < oo, and A is a sectorial operator in X = LP(Q) with D(A) = X' C W™P(Q)
for some m > 1. Then for 0 < a <1,

X*Cc WkP(Q) when k—n/qg<ma—n/p, q>p,

X*CC¥(Q)  when 0<v<ma-—n/p.
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2.4.3 Local existence, uniqueness and regularity

Now we consider the nonlinear equation

Qo Au= f(t,u), t>to,
(%)
u(to) = ug
where A is a sectorial operator so that the fractional powers of A + al are well
defined and the spaces X* = D((A + al)®) with the graph norm ||u||, are defined
fora > 0. Let U CR x X®. We assume f: U — X, 0 < a < 1, is locally Holder

continuous in ¢ and locally Lipschitzian in u on U. In other words, V(t1,u;) € U, 3

a neighborhood V' C U such that for (t,u) € V, (s,v) € V,
£t u) = f(s,0)]| < L[t = s|” + [lu—v]la),

for some constants L > 0, ¢ > 0.

Definition: A solution of the Cauchy problem on (g, t1) is a continuous function w :
[to, t1) — X such that u(tg) = ug and on (g, t;) we have (t,u(t)) € U, u(t) € D(A),
du(t)exists, t — f(t,u(t)is locally Hélder continuous, and ftzﬁp | f(t,u(t))] dt < oo

for some p > 0, and the differential equation (x) is satisfied on (to,t).

Theorem 20. Assume A is a sectorial operator, 0 < a <1, and f:U — X, U an
open subset of R x X, f(t,u) is locally Hélder continuous in t, locally Lipschitzian
in u; then for any (to,uo) € U there exists T = T (to,up) > 0 such that (x) has a

unique solution u on (to,to +1') with initial value u(ty) = ug [10].
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It has been shown that a certain degree of smoothing occurs; if the solution
is bounded in X?, then it is bounded in X” with o < 8 < 1. Also with initial
value in X* = D((A+ al)*), 0 < a < 1, the solution is in D(A) at any later time.
We state the following theorem in order to show the expressions of this smoothing

action precisely.

Theorem 21. Assume A is sectorial, f : U — X is locally Lipschitzian on an open
set U C R x X, for some 0 < o < 1. Suppose u(-) is a solution on (to,t1) of

d
T Au=f(tu), ulto) = u

and (to,up) € U.
Then if v < 1, t — %(t) € XV is locally Hélder continuous for ty <t < t;, with

dt

du
—|, < t_t a—v—1
151, < Ot = to)

for some constant C' [10].

2.5 Elliptic problems
In this section, we investigate the solvability and regularity of uniformly
elliptic, second order partial differential equations of the form
Lu=f, in Q

where Lu = a"(x)D;ju + b'(z) Dju + ¢(z)u and a¥ = a’".
H denotes a Hilbert space with norm || || and inner product (, ).
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Theorem 22 (Lax-Milgram) [7]. Let
B:HxH—R

be a bilinear, bicontinuous and cercive mapping. And let f : H — R be a bounded

linear functional on H. Then there exists a unique element u € H such that
B(u,v) =< f,v >

forallv e H.

Theorem 23 (Regularity for the Neumann problem) [4]. Let  C R™ be an open

set with bounded, C* boundary T. Let f € L*(Q2) and u € H'(Q) verify

/QVUV¢ +/Quqb—/gf¢ Vo € H'(Q).

then v € H*(Q) and ||u|lgz < C||f||2 where C is a constant depending only on Q.

Moreover, if Q is C™2 and f € H™(), then
we H™2(Q) and  ||u|lgmiz < C||f]zm.

In particular, if m > %, then u € C*(Q).
Finally, if Q is of class C* and f € C*(Q), then u € C>=(Q).
We have the same conclusions for a general elliptic second order operator, in other

words if u € H'(Q) verifies:

[Sesgege= [ 16 woem@.
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In this case, we get

feL?) and a;; € CHQ) = u€ H*Q),

feH™Q) and a;; € C™H(Q) = ue H™(Q).
Theorem 24 (Schauder). Let L be a uniformly elliptic operator with ¢ < 0 and
coefficients in C*(Q) in a C** domain Q. Let Nu = yu+ 3- Du define a boundary
operator on 0S) such that v(B-v) > 0 on 02 if v is the outward unit normal on OS).

Assume that vy, 3 € C»*(9Q). Then the problem
Lu=f in Q, Nu=¢ on 0f)

has a unique C**(Q) solution for all f € C*(Q) and ¢ € CH*(9Q) [9].

2.6 Useful Inequalities

Young’s Inequality. [7] Let 1 < p,q < o0, % + % =1. Then

ppa
ab< T+ (a,b>0).
p q

Young’s Inequality with e. [7]
ab < ea”® + C(e)b? (a,b>0,e>0)

for C(e) = (ep) /7",
Gronwall’s Inequality (Differential form). [7] Let n(-) be a nonnegative, absolutely

continuous function on [0,T], which satisfies for a.e. t the differential inequality

n'(t) < o(t)n(t) +o(t),
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where ¢(t) and ¥ (t) are nonnegative, summable functions on [0,T]. Then

n(t) < el 7 4 (0) + / (s) ds

forall0 <t <T.
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Chapter 3

Existence and Uniqueness of

Solution of the Bidomain Model

The content of this chapter is a replicate of the paper of Bourgault et al.

[3], but some proofs are added for convenience.

In this chapter we investigate existence and uniqueness of solutions of the

bidomain equations in the framework of the FHN model.

3.1 The bidomain model as an initial value prob-

lem

Consider a bounded subset Q of RY, (d = 2,3), representing the my-

ocardium. The model is usually written as two degenerate parabolic PDEs with
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boundary condititons, coupled to an ODE, and some initial data:

% + f(u, 'LU) -V- (Uzvul) =g; in (0, —|—OO) X Q, (31)
ou .

s + f(u,w) + V- (0.Vu,) = —s. in (0,400) x £, (3.2)

88—1: + g(u,w) =0 in (0,4+00) x €, (3.3)

u=1u; —u in (0,+00) x Q, (3.4)

oiVu;-n=0, o.Vu.-n=0, in (0,+00) x 0%, (3.5)

u(0) = ug, w(0) =wp, in . (3.6)

The unknowns are the functions u;(¢,z) € R, u.(t,z) € R and w(t,z) € R,
which are respectively the normalized intra- and extra-cellular potentials and the
recovery variable. The variable v denotes the normalized transmembrane potential
and n is the outward unit normal to 0f).

The tensors o;.(x) are conductivity matrices in the global coordinates.
These are functions of the space variable € Q with coefficients in L>*(Q2) and
uniformly elliptic. In other words, the assumption is made that there exist con-

stants 0 < m < M such that
m|é]? < oy & < M|E|?, for each &€ € RY, (3.7)

for a.e. x € (). As stated in Chapter 1, these symmetric matrices have the same
eigenbasis, and for x € 99 the normal n(x) to 99 is an eigenvector of both ;(z)
and o.(x):

oic(z)n(x) = X (2)n(z), ae. z€ 09, (3.8)

i,e

with MY (z) > m > 0.
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The fact that no current flows out of the myocardium in an isolated heart is repre-
sented by the boundary conditions (3.5).

The other data f : R xR~ R and ¢g : R x R — R are functions representing the
ionic activity in the myocardium, and s;. : (0,400) x {2 — R are external applied

current sources.

3.2 A new strong formulation

In order to overcome the degeneracy in the temporal derivative, we use a
reformulation of (3.1) and (3.2) as a parabolic PDE coupled to an elliptic one. So

u; is substituted by u + u, in (3.1) to get:

n + f(u,w) — V- (0;Vu) = V- (6:Vu,) = s; in (0,+00) x Q. (3.9)

Now substract (3.2) from (3.9):
V- (o;Vu+ (0; + 0.)Vue) = —(s; + s.) in (0,+00) x 2 (3.10)

Equation (3.3) remains unchanged:

o o) =0 in (0, +00) x (3.11)

Also, substitute u; = u + u, in the first equation of (3.5) and add them together to
get:

oVu-n+o;Vu,-n=0 in (0,+00) x 0 (3.12)

oiVu-n+ (0;+0.)Vu.-n=0 in (0,+00) x 09 (3.13)
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and

u(0) = ug, w(0) =wy in . (3.14)

The problem consists now of finding u, u. and w verifying (3.9-3.14). The
regular solutions of (3.1-3.6) are naturally the same as those of (3.9-3.14). To further
reduce the problem, equations (3.9) and (3.10) are reformulated in a single equation
by introducing a new bidomain operator A. In this approach, u,. in (3.9) is replaced
by the solution of (3.10) with boundary conditions (3.12) and (3.13). So the system
consisting of Equations (3.9-3.14) becomes a Cauchy problem for a single parabolic

equation with unknowns v and w, which reads

% + f(u, w) + Au = s, (3.15)
%—I; + g(u, w) = 0, (3.16)
u(0) = ug, w(0) = wy, (3.17)

where A is an integro-differential second order elliptic operator accounting for bound-
ary conditions (3.12) and (3.13) and s is a modified source term, both given formally
by

Au= -V - (o;Vu)+ V- <O'Z'V({V (i +0) VI (V- JiVu))>,
s=35—V-(6;V{V-(0;4+0)V}y (s + 50))).

Afterwards, u; and u, are recovered with
U = U+ U, Ue=1{V(0;+0)V} (—=(s+8.) —V-0;Vu). (3.18)

The unknowns u; and u,. are defined up to an additional constant.
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Note that s; + s, must have a zero mean value, due to the physical fact that there is
no current flowing out of the heart as expressed by the boundary conditions (3.12)
and (3.13). In other words, integrating equation (3.10) over €2, and using Green’s

formula we get:
/(SZ(IK) + se(x)) dx =0. (3.19)
Q
Lemma 1. Suppose that Q has a C* boundary 02, Q(x) and A;.(x) are C°(Q2). For

functions u,u. € H*(Q), the conditions (3.5), and the conditions (3.12) and (3.13),

and the homogeneous Neumann conditions
Vu;-n=0, Vu,-n=20, in 0f)

are equivalent.
Proof. Conditions (3.5), (3.12), and (3.13) are linear combination one of the other.

Now, 0;.(z) being real and symmetric, we have

Oie = Oi,e = Oie
So Vu;,. -n = 0 implies

Vuw : )\f{en =
then

Vuive * 04N = 0
SO

Vi, - Ugen =0
hence

ai,eVu@e -n=0.
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Similarly, we get from (3.5) the above Neumann conditions. [

3.3 The bidomain operator

Now we need to study the bidomain operator that was previously intro-

duced. Hence, we study the system
—V - (o;Vu) =V - (0;Vu,) = s;, in Q, (3.20)

V- (0:Vu+ (0; + 0.)Vue) = —(8; + 8e), in Q, (3.21)

with the boundary conditions (3.12) and (3.13), given conductivity matrices o; ()

and data s;.(x) such that [,(s; + s.) = 0.

3.3.1 Variational formulation

Equations (3.20) and (3.21) with the homogeneous Neumann boundary con-
ditions (3.12) and (3.13) have solutions (u, u.). The nonlinear term determines u in
H'(Q) but u, is defined up to an additive constant. Weak solutions will be found
in H'(Q)/R, using a bilinear form in H'(Q)/R x H'(2)/R, that is extended to
H'(Q) x H'(Q) in order to address the bidomain equations.

Given a Banach space X of functions integrable over €, its subspace X/R
is defined as X/R = {u € X, [,u =0} C X and it is a Banach space with the
norm |jul|x/r = ||lu||x. Also note that for any u € X, [u] = u — ﬁ Joue X/R.

The spaces involved are V = H'(Q2), H = L*(Q2) endowed with their usual norms,

42



and U = V/R. So we have the following continuous embeddings
UCH/R=(H/R) CU,

DQ)cVCcH=HCcCV

and the injections V — H and U — H /R are compact. We can define on U the norm
luly = ( o |Vu|2>é, which is equivalent to the norm on V by Poincaré-Wirtinger
inequality. An element sin H/R or H is identified to the element s € (H/R)" (or H’)
by < s,v>= [,sv Yv € H/R (or H). An element s € V' is identified to an element
of U’ by just restricting the duality product < s,v >:=< s,v >y to functions
v in the subspace U of V. Conversely, an element s € U’ can only be extended to
the whole space V' independently of the value v — [v] using a special condition like
<s,1>=0.

Given a regular solution u € H%(Q2) and u, € H?*(2)/R, we obtain a varia-
tional formulation by multiplying equation (3.20) by a test function v € U, equation

(3.21) by v, € U and integrating over )

—/V~(01~Vu)v dx—/V~(aiVue)v da::/siv dr in Q

Q Q Q

/ V- (o;Vu+ (0;+0.)V - u v, de=— /(Sz + S¢)ve dx in .
Q Q

Now we integrate by parts the second order terms and the boundary terms disappear

due to (3.12) and (3.13). So we get

/O'Z'VU'VU dx+/aiVue~VU dx:/siv dr in €
Q Q Q

/[aiVu + (i +0e)V - u] - Vo, dx = /(Sz + S¢)ve dx in .
Q Q
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Adding above equations we obtain

/ o;Vu-Vv dr + / o;Vu. - Vv dz + /[UiVu + (0;+0.)V - u| - Vo, dx
Q Q Q

:/siv dm—l—/(sﬁ—se)ve dx.
Q Q

For simplicity, we introduce the bilinear forms a; .(-,-) on U x U which are defined

as
a;(u,v) = /QO’Z'VU Vv dz, ac(u,v) = /QaeVu Vv dz, Y(u,v) € U x U.
The resulting variational problem reads: Find (u,u.) € U x U such that
a;(u, ) + a;(te, V) + a;(u, ve) + (a; + ) (Ue, Ve) =< 84,0 > + < 8;+ Se, Ve >, (3.22)

for all (v,v.) € U x U, where s;, (s; + s.) € V' are given source terms.
Under hypothesis (3.7), the bilinear forms a;.(+,-) are symmetric, continuous and

uniformly elliptic on U. Again, we define on U x U the bilinear form
b((ua ue)a (U7 Ue)) = ai(ua U) + ai(u67 U) + ai(u’ Ue) + (ai + a€)<u€7 Ue)'

We have
Lemma 2. The bilinear form b(.,.) is symmetric, continuous and uniformly elliptic
on (U x U) x (U xU) for the norm |(v,v.)|uxv = max(|v|y, |ve|y)-

Proof. (Detailed) b(.,.) can be rewritten as

b((u, ue), (V,0e)) = a;(u+ te,v) + a;(u, ve) + a;(te, Ve) + ae(te, Ve)
= a;j(u+ te,v) + a;(u + Ue, V) + ae(Ue, V)

= (U~ Ue, U+ Ve) + Ge(Ue, V).

44



Since a; (-, -) are bilinear and symmetric, obviously b(-, -) is bilinear and symmetric.
We have the estimate
S0 s < el el < 51w s ()
Proof of (x):
lu+ucly + [uelly < [IVul*+2 [ Vu-Vu.+2 [ |[Vu|?

< [IVuP 424/ [ [Vul2y/ [ [V +2 [ [Tu ]

2
= (luly + luelu )+ el

< 5 max(fulf; uelf)

= 5|(U, Ue)|2U><U'

Analogously, we get

ot uel? + ul? > [ |Vul? - 2\/f |V“‘2W Ve + 2 [ |V |?
= (July - |ue|U)2 + |ue|2
> 5 max([ulf; [uclf)

= 3l ue)lf o

Now,
[6((u, we), (0,ve))] = |ai(u + ue, v+ ve) + ac(ue, ve)|
< M|V(u+ue)l[ 2@V (v +ve)ll2@) + M|Vl 2@l Vel 2@
< M{(IVullzz@) + Vel z2@) (Vo 2 (@) + Vel 220)

Vel 29[ Vel 2 0) }
= M(||Vullz@o)[[Vollz2 ) + IVull 2@ | Vvel 220
+| Vel 2@l Vol L2y + 2| Vel L2 @)l Vel 22 o
< 5M max(|u|y, |ue|v) max(|v|y, |velv)
= SM|(u, ue)|uxu|(v, ve)|uxuv-
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Similarly, we get

b((uv ue)v (u7u€)) Z |(u7u6)‘%]><U'

SE

Hence, b is continuous and coercive. [

Theorem 3. Let s;,s. € V' and u € U be given. The variational equations

(a; + ae)(te, ve) = —a;(u, ve), Vv, € U, (3.23)

(a; + ae) (e, Ve) =< 8; + Se, Ve >, Vv € U, (3.24)

have unique solutions ., u, € U. For any u,v € U, we can define the mappings

a(u,v) = b((u, i), (v,0)), <s,v>=<5;,0> —a;(U,v). (3.25)

The mapping a is bilinear, symmetric, continuous and uniformly elliptic on U x U,
and the mapping s is linear and continuous on U. Equation (3.22) has a unique

solution (u,u.) where u is also the unique solution of

a(u,v) =<s,v>, YveUl, (3.26)

and ue = U + U, where U, U, are the solutions of (3.23) and (3.24).
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Proof. Clearly,

b((w, ue), (V,0e)) =< 85,0 > + < 83+ Se, Ve >, V(v,0.) € U x U (3.27)

< b((u,ue), (v,0)) =< s;,v >, YoeU (3.28)

b((u,ue), (0,0e)) =< 8; + Se, Ve >, Vv, € U (3.29)

< b((u, ), (v,0)) =< s;, v > =b((0,4), (v,0)), YveU
b((u, ), (0,ve)) + b((0, ), (0,v.)) =< 8; + Se, Ve >, Vv, € U

Ue = Up + Ue

& b((u i), (v,0)) =< s;,v > —b((0, @), (v,0)), Yo €U (3.30)
b((u, 1i,), (0,0.)) = 0 Vo, € U (3.31)
b((0, 1), (0,0:)) =< ; + 5,00 >, Vv, € U (3.32)
U = 1, + 1 (3.33)

The last equivalence results from the fact that ., u,. are solutions to (3.23) and
(3.24).

Equations (3.31) and (3.32) are exactly equations (3.23) and (3.24), respectively;
and equation (3.30) is exactly (3.26) with the notations (3.25).

Note that the mappings
Usve — ai(u,v.) €R
USv, — < 58;4 Se,ve >ER
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are linear and continuous. Hence knowing that (a; + a.) is bilinear, symmetric,
bicontinuous and ceercive,(3.23) and (3.24) have unique solutions by the theorem of

Lax-Milgram. We also have
mluly < lai(u, )| = [(a; + ac) (e, u)| < 2M iy |uly,
2mlielf; < (a; + ae) (de, ) = |ai(u, )| < Mlulylielv,
and
2mlie]f < |(aitac) (e, de)| = | < sitse, e > | < [[sitsellv ey < Clielullsitsello

where C' is the constant of Poincaré-Wirtinger inequality. Hence we get

m

M C
2M|U|U < el < %|U|U7 ||y < %Hsi + Sellur (3.34)

Obviously, the mapping s defined in (3.25) is linear and continuous since
cCM
e, | <s,v>|< (Cllsillor+ 5 s+ sellor ) Iolo-

It remains to prove that a is bilinear on U x U, continuous, uniformly elliptic (coer-

cive) and symmetric. Knowing that

d(u, U) = b((u’ u~€)7 (U7 0))7

and b is bilinear, then a is bilinear. Also, considering the function v, € U constructed

like 4, as the solution of b((v,.), (0,v.)) = 0 Yu. € U, we get

a(u,v) = b((u,te), (v,0)) = b((u,ue), (v, 7))

= b((”? U~6)7 (u7 de)) = b((v7 66)7 (u7 0)) = C_L<U= u)

48



Moreover, continuity and ceercivity of a follow from the following inequalities

_ M _ m m
la(u, v)] < 5M(1 n %) alololo,  a(u,v) > 3(1 + W) ul?.

By straightforward computation, one can show that (3.22) and (3.26) are equivalent

given that 4, and u, are the solutions of (3.23) and(3.24). O

Remark 4. Conversely, let u be the solution to (3.26) and u, = 1, + @, be given
by (3.23) and (3.24). The space U does not contain the space D({2), but for any
v € D(2), we have Vv = V[v] and [v] € U. We must impose the extra condition
< 8+ Se, 1 >= 10 to get < 8; + S, v >=< 8; + S, [v] > . In that case u, = U, + .

can easily be proved to verify
V- (o;Vu+ (0; 4+ 0¢)Vue) = —(si + s.), in D'(Q).

Additionally, if u, u, € H*(2), then the equation is verified a.e. in £ and the bound-

ary condition (3.13) holds a.e. in 0.

In order to state the full bidomain problem the operator a is extended to
VxV.

Definition 5. The bidomain bilinear form a is defined on V' x V' by
a(u,v) = a([u], [v]), V(u,v) €V xV.

Given s;,s. € V'’ such that < s; + s.,1 >= 0, the source term s is extended to a

linear form on V', (denoted s), by

< 8,0 >=< 8,0 > —a;(tUe, [v]), Yv eV,
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where 1, is given by (3.24).

Theorem 6. The bilinear form a(-,-) is symmetric, continuous and positive in V,
VueV, alluly < alu,u)+ allullf, (3.35)

Va,v €V, a(u,v)| < Miullvllolly, (3.36)

_m m _ M : : :
where o = 3 (1 + W) and M = 5M<1 + %) There exists an increasing sequence

0=X <..<\ <..in R and an orthonormal Hilbert basis of eigenvectors (1;);en

such that for all t € N,; € V and
Yo eV, a(i,v) =N, v). (3.37)
Given s;, 8. € V' such that < s;,1 >=< 8., 1 >=0, if u € V is a solution to
a(u,v) =< s,v>, YveV, (3.38)

and u, = U, + u, € U is given by (3.23) and (3.24), then (u,u.) is a weak solu-
tion to (3.19), (3.20) with the boundary conditions (3.12), (3.13). If additionally,

u, u. € H*(Q), then they verify (3.19),(3.20) a.e. in Q) and (3.12), (5.13) a.e. in ON.

Proof. Clearly, a(-,-) is well-defined and symmetric. Using the proof of theorem 3,

a(-,-) verifies (3.35) :
lau,v)| < 5M (1 + 25 [ully o]l

1
= 50 (14 22) (Jully = Il (ol — llol3)

< 5M(1 + M)HquHva

NI
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and (3.36):
a(uu) =3 (1+ 5 )l

= a([lully — llull).

Since the injection V' — H is compact (Rellich-Kondrachov theorem) and
the bilinear form a(-,-) is symmetric and positive, the spectral results become evi-
dent by Theorem (17) in the previous chapter. In this case, we have Ay = 0 because
a vanishes only for constant functions.

The equivalence with the strong formulation and the boundary conditions is a clas-

sical result, stated partly in Remark 4, and easily deduced from Definition 5:

b((u7u6)> ([U], O)) =<8,V > Vo € V7
a(u,v) =<s,v> &
b((u,ue), (0,ve)) =< 8; + Se,v > Vv, € U.
The second equation is equivalent to (3.23) and (3.24) to define u, from [u] € U
and the first equation is obviously the weak form of (3.19). (Note: These have been

explicitly done in the proof of Theorem 3.) O

Remark 7. The two conditions < s;,1 >=< s.,1 >= 0 are needed for the solution
u € U = V/R of (3.38) to be interpreted as a weak solution in V' of the PDEs (3.19),
(3.20) with the homogeneous Neumann boundary conditions (3.12) and (3.13).

For the full nonlinear bidomain problem, only < s; + s.,1 >= 0 will be required
with no zero-average condition on s; and s, taken individually. Definition 5 requires

only that < s; + s.,1 >= 0.
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3.3.2 Weak operator

The variational process can be handled through weak operators defined from

U onto U’ or V onto V'. By duality, 4;. and A are defined as:
< Ajeu,v >= a;(u,v), < Au,v >=a(u,v), V(u,v) €U x U.

They are all one-to-one continuous mappings from U onto U’, with continuous in-

verse (from Lax-Milgram theorem).

Lemma 8. Given s;, s, € U’, the source term s € U’ defined in Theorem 3 is such
that

s=s; — Ai(A; + Ae)_l(si + 8e) = —Se + Ac(A; + Ae)_l(si + Se),

and we have

A= A(A+ AT A = (A7 + ATH T

Proof. (3.23) and (3.24) can be rewritten as
(Al + Ae>d€ = —Aiu, (Az + Ae>d3 = S; + Se-

Substituting 4. and . in (3.25), we get
< 80> =< 8,0 > —a;(Ue, v)
=< 8,0 > — < Ay, v >
=< 85,0 > — < Aj(A; + A) 7 (s + 8e), v >

=< 55 — Ai(Ai + Ao) 71 (si + 8e), v >,
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1.e.

S =S5; — AZ(Al =+ Ae)_l(si + Se).

But
s—5=8;+ 8¢ — (A; + A)(A; + A) 7 (55 + o),
SO
s=8;— Aj(A; + A) T (814 5e) = =8¢ + Ac(A; + A) (s + se).
Now,
< Au,v > =a(u,v) = ai(u,v) + a;(te,v)
=< Aju,v > 4+ < A, v >
=< A, v >+ < —Ai (A + A) A, v >
=< (A; — Aj(Ai + A) P A, v >,
so that

The second equality defining A comes from
(A7 4+ ATH P = A(A+ A) A, O

Lemma 9. Define J :u € V +— [u] € U and its transpose J* : U — V'. For any
Si, Se € V' with < s; + 8., 1 >= 0, the source term s € V' and the bilinear operator

a giwen by definition 5 are such that:

s=s8;— JUA (A + A) (55 + 50) = =50 + JTA(A; + A) 7 (s + se),
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and

a(u,v) =< Au,v >, Y(u,v) €V xV, with A=J"AJ:V -V’

Proof.
a(u,v) = a([u], v]) = a(Ju, Jv) =< AJu, Jv >=< JTAJu,v >, Y(u,v) €V x V.

Concerning s we have:

<sv> =< 8,0 > —a;(tU, [v]) =< s;0 > — < Ai(A + A7 s + se), Ju >

=< SZ'—JTAi(Ai—FAe)_l(SZ‘—l-Se),’U> g
3.3.3 Strong Operator

Now we want to see A; and A, as operators in H/R. Hence we suppose

that Q has a C? boundary 9 and that ;. have C'(Q) coefficients. Using the
regularity results of Chapter 2, for all f € H/R we have u = A;elf € H*(Q)/R, or

u=(A;+ A.)"'f € H*()/R. As a consequence, we have
V- (0iVu) = f a.e. inQ, 0ieVu-n=0 ae. in 05,
V- ((o;+0)Vu) = f a.e.inQ, (0,4 0.)Vu-n=0 a.e.in oS
With Lemma 1 in addition, unbounded operators in H/R, still denoted by A;, A.
and A; + A., are defined on domains D(A;) = D(A.) = D(A; + A.) = D(A)/R by
Au=V - (o;Vu), Au=V-(0.Vu), (Ai+A)u=V"-((0;+0e)Vu), (3.39)
with
D(A) = {u € HX(9), Vu-n=0aein aQ} c H. (3.40)
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Lemma 11. (detailed) The operators A;, A., A; + A, are mazimal monotone in
H/R and self-adjoint. They have compact inverses in H/R.

Proof. The operators A;, A, A; + A, verify, for all (u,v) € D(A)/R x D(A)/R,
<A u,v >=a;(u,v), < (A + Au,v >= (a; + a.)(u,v).

Maximality follows from the theorem of Lax-Milgram applied on the operator I+ A,
and monotonicity and symmetry result from the positivity and symmetry of a;..

The inverses
(A7) : H/R — H/R (A;+A)™": H/R — H/R

are compact operators since their range is D(A)/R and the injection D(A)/R —

H/R is compact. Actually, let (u,)n,en be a bounded sequence in H/R and let
U, = Aifelun Vn.

Then (v,) is a bounded sequence in D(A)/R. Now, by the theorem of Rellich-
Kondrachov, the injection D(A)/R — H/R is compact. Hence, there is a convergent
subsequence of (v,) in H/R and A; is compact. [

Definition 12. Given s;. € H such that s; +s. € H/R, we define the strong

bidomain operator A : D(A) C H — H and the source tem s € H by:
Au = Aj(A; + A) T Afu], Yu € D(A), (3.41)

s=8;— Aj(A; + A) (s + 8e) = =50 + Ac(A; + A) " H(si + se). (3.42)

Theorem 13. Consider s;, s € H such that s; + s. € H/R. the strong bidomain
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operator A of Definition 12 is self-adjoint and mazimal-monotone. We have
V(u,v) € D(A) x D(A), (Au,v) = alu,v),

and the source term s € H of Definition 12 can be identified to the source term
s € V' of Definition 5 through the identity < s,v >= (s,v) for allv eV C H.
The sequence (\;)ien and the orthonormal Hilbert basis (¢;)ien of eigenvectors de-

fined in Theorem 6 are such that ¢¥; € D(A) for alli € N and

D(A) = {u € H, Y N(u)’ < oo}, Au = 3N (u ). (3.43)

>0 >0

For uw € H, we have
Au=s and u. = (A; + A) ' ((si + s.) — Aju) € D(A)/R &

(u,ue) verify (3.19) and (3.20) a.e. in  and the boundary conditions (3.12)and
(5.13) a.e. in O

Proof. For uw € D(A), Au € H/R C H is well defined. Consider the solutions
to (3.23) and (3.24) which can be written as 4, = —(A; + A.) ' A;[u] € D(A)/R
and u, = (A; + A.) '(s; + s.) € D(A)/R. By simple computation we get Au =

Ailu] — Ai(A; + A.) 7P Ay[u] for all w € D(A) and then for all v € D(A),

(Au,v) = (Aifu], [v]) + (Aide, [v]) - = ai([u], [v]) + ai(de, [v])
= b(([u], @), (v,0)) — a(u,v),
(s,v) = (s4,v) — (A, [v]) = (84,v) — a;(t, [v]) =< 5,0 >.
The remaining results follow from Theorem 6. By positivity and symmetry of a, and
by equation (3.35) A is maximal-monotone and self-adjoint in H. The eigenvectors
Y; € V = HY(Q) are such that Ay; = Ny in V' and then ; € D(A) (regularity
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result). As a consequence Av; = \j¢y; in H and (3.43) is valid. The equivalence is
true because if u € D(A) C H*(Q) then Ay =5 & q(uv)=<s,v> WweV
and u, = (A; + A) (i + se) — Aju) = 1. + 1w, where 4, and 1, are the solutions

to (3.23) and (3.24). O

3.4 Strong solutions

The existence and uniqueness of strong solutions for (3.15)-(3.17) is es-
tablished in the framework of analytical semigroups as presented in Section 2.4 of

Chapter 2.

3.4.1 Specific assumptions and notations

In order to apply the definition and lemma from Section 3.3.3, we assume
that 2 has a C? boundary 99 and that o;. have C1(Q) coefficients. The recovery

variable w will be searched in a Banach space B™ = B X B... X B where
e cither B = L>(Q)

e or B =C"(), 0 < v < 1. This last choice will be needed to establish the

regularity of the solutions.

The integer m can be chosen as large as one wishes.

The functions f: R x R™ — R and g : R x R™ — R™ are:
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e locally Lipschitz continuous functions on R x R”™ when assuming B = L*°((Q),

hence covering a wide range of physiological ionic models,

e C?(R x R™) regular functions when assuming that B = C”(Q).

Lastly, the functions s;, s. are assumed to be locally v-Holder continuous

in time, s; . € C}.([0,400), H) for some v > 0:
V[ti,ta] C[0,+00),3C >0, /81,09 € [t1,ta] = [[8ie(d1) = 5ie(d2)]|m < C|01 — 62"
(3.44)
Consider Z = H x B™, with the norm ||(u,w)| 7z = max(||u| g, [|[w||z=). Tt

is a Banach space. We introduce the unbounded operator A in Z defined by
A:DA) CZ—Z, Az=(Au,0) € Z, for z=(u,w)€ Z,

with D(A) = D(A) x B™; and the source term S : ¢t € [0,+00) — (s(t),0) € Z

where A and s(t) are given in Definition 12.

Lemma 14. The unbounded operator A : D(A) C H x B™ — H x B™ is a sectorial

operator.

Proof. Since the operators A : D(A) — H and w € B™ +— 0 € B™ are self-adjoint
and bounded below, they are sectorial. Thus A is sectorial being the Cartesian

product of two sectorial operators. [J

Lemma 15. If s;. : [0,+00) — H are locally v-Hélder continuous functions with
si(t) + se(t) € H/R for all t > 0, then S : [0,400) — Z is locally v-Holder
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continuous.

Proof. Consider [ty,t5] C [0,+00), and the constant C' > 0 such that (3.44) holds.

If 61, 6 € [t1, 2], then
5(01) — 5(02) = 5i(01) — 8:(82) — Ai(Ai + Ae) " (5:(61) — 5i(02) + 5c(01) — 5c(02))-
Since A;(A; + A)1 : D(A)/R — D(A)/R is bounded, we get
15(61) = s(02) |l < C'|61 — 62",

and the result follows.

Our next problem is to define the mapping
F (u,w) €7z (f(u7w)7g<u7w>> €Z

To get rid of that difficulty, we introduce the fractional powers A% and the interpola-
tion spaces Z® = D(A%). For a > 0 the unbounded operator A% : D(A%*) C Z — Z
is defined by:

7% = {u € H, Z)\?a(u, )? < oo}, A% (u, w) (Z)\a Vi), )

i>0 i>0

The spaces Z¢, with the norm ||u||, = ||u + A%u||z, are Banach spaces. Moreover,
for any 0 < o < 3, we have the continuous and dense embedding Z°? C Z¢. These
spaces form a sequence of decreasing functional spaces composed of functions whose

regularity increases from Z (a = 0) to D(A) C H*(Q) x B™ (a = 1) ([10], p 29).
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Lemma 16. (Case B = L>*(Q2)). For B = L>*(Q), f, g locally Lipschitz continuous

on R x R™, we have
. d
Z C L*(Q) x B™ zf1<a<1,

and in that case, F': z € Z* — F(z) € Z is locally Lipschitz continuous.

Lemma 17. (Case B = C*(Q)). For B = C"(Q), f, g C? functions on R x R™,

and o < 1, we have
ZCC"(Q) x B™, if 0<v<2a—d/2,

and in that case, F: z € Z* — F(z) € Z 1is locally Lipschitz continuous.

Proof. Since the operator A is sectorial, we use Theorem 19 of Chapter 2 with m =
2, p=2,n=d, g=o0 and k=0, for lemma 16, and m =2, p =2 and n = d for
lemma 17.

A locally Lipschitzian function f : R — R induces a locally Lipschitzian function
[ L®(Q) — L>(Q), so that F' can be extended to a locally Lipschitz continuous
function F': Z% — Z.

A C? function f : R — R induces a locally Lipschitz function f : C*(Q) —
C"(Q2) for (0 < v < 1). The mapping F' can be extended to a locally Lipschitzian

function F : Z7¢ — Z. O
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3.4.2 Existence and uniqueness of local in time solution

The strong local in time solution is defined as follows:
Definition 18 (Strong Solution.) Consider 7 > 0 and the functions z : ¢ € [0,7) —
2(t) = (u(t),w(t)) € Z and u, : t € [0,7) — u(t) € H. Given (up,wy) € Z, we say

that (u, u.,w) is a strong solutions to (3.9-(3.14) iff,

1. z:[0,7) — Z is continuous and z(0) = (ug, wp) in Z (that is (3.14)),
2. z:(0,7) — Z is Fréchet differentiable,

3.t € [0,7) — (f(u(t),w(t)),g(u(t),w(t))) € Z is well defined, locally v-Holder

continuous on (0,7) (for 0 < v < 1) and is continuous at t = 0,

4. for all t € (0,7), u(t) € H*(Q), ue(t) € H*(Q)/R, and (u,u., w) verify (3.9)-
(3.11) for all ¢ € (0,7) and for a.e. = € €2, and the boundary conditions (3.12)

and (3.13) for all t € (0,7) and for a.e. x € 0.

Condition (4) in the above definition can be easily replaced by the following char-

acterization.

Lemma 19. The functions z = (u,w) and u. are a strong solution to (3.9)-(3.15)
iff conditions (1)-(3) of Definition 18 and condition (4’) below are satisfied:
(4") u(t) € D(A), u.(t) € D(A)/R, and z wverify Vt € (0,7)

(1) + A=) + P((0)) = S() in Z (3.45)

using the previous definitions of A and F', while u, is given by
ue(t) = (As + Ao)(si(t) + s0(t) — As[u(t)]) € D(A)/R. (3.46)
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Theorem 20 (Local Existence and Uniqueness). Consider 0 < a < 1 defined by
Lemma 16 (case B = L*(R2)) or Lemma 17 (case B = C”) such that F : Z* — Z
is well-defined and locally Lipschitzian. Then for any (ug,wo) € Z<, there exists
T > 0 such that the problem (3.1)-(3.6) has a unique solution on [0,T) in the sense

of Definition 18.

Proof. This theorem is a direct application of the local existence and uniqueness

theorem in [10] ( or Theorem 20 in Chapter 2) since:

e there always exists 0 < a < 1 such that F' extends to a function F': 2% — Z

locally Lipschitzian, for d = 1, 2, 3.
e A is sectorial (Lemma 14),

e ¢ +— S(t) is locally v-Hdlder continuous for some v > 0. O

3.4.3 Regularity of the solutions

Let 0 < v < 1. Throughout this subsection, we will assume that B = C"(2)
and that the reaction terms f and g have C? regularity on R x R™. Also, we will

assume that the boundary 90 has C**” regularity, and that o; . have their coeffi-

cients in C7(Q).

The operator A has a smoothing effect on the solutions of (3.45): for an
initial data ug € D(A%), the solution satisfies u(t) € D(A) for ¢ > 0. This is due
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to the following elliptic regularity result [9]:

Lemma 21. Let o be a uniformly elliptic tensor on ) whose components belong to
C™*(Q) for some v > 0. We also assume the boundary 9Q to have C**" regularity.
If u € D(A) satisfies V - (cVu) € C*(Q), then u € C*T(Q).

Moreover, some regularity in time takes place ([10] p71):

Lemma 22. Let 2z : t € (0,T) — z(t) € D(A) = Z' be the solution of the Cauchy
problem (3.25) giwen by Theorem 20. We have Z' C Z¥ for any v < 1, and the
solution moreover satisfies: t € (0,T) w— z(t) € Z" is continuously Fréchet differen-
tiable for any v < 1.

The above two lemma imply that the solutions for (3.45) are classical solutions pro-

vided that the initial data wy for the second variable w is smooth enough.

Theorem 23 (Regularity of the strong solution). Consider d/4 < a < 1 and 0 <
v < 2a —d/2, and assume that s; . : [0,+00) — H are locally v-Hélder continuous
and such that s;.(t) € C*(Q) for all t > 0. For zo = (ug,wg) € Z the unique

solution z of (3.45) defined on [0,T) for some T' > 0 satisfies furthermore:

e Given any v € Q, the function t € (0,T) — z(z,t) is continuously differen-

tiable in t,

e Given any t € (0,T), the function v € Q w u(x,t) is twice continuously

differentiable in x, i.e. u(-,t) € C*(Q).
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Proof. Using Lemma 22 ensures that the solution ¢ € (0,7) — z(t) € CY(2) x
(C¥(£2))™ is continuously (Fréchet) differentiable. This implies that (¢, x) € (0,T) x
QO z(t,z) = (u(t,z),w(t,x)) is continuously differentiable in t.

To prove the second assertion, let us show that Au(t) € C(2) for t € (0,7T). Indeed,
Au(t) = —2(t)— fu(t), w(t))+s(t) and f(u(t),w(t)) € C*(2). Also du/dt € C*()
thanks to Lemma 22. Now s(t) = —s.(t) + Ac(A; + Ac) 7 (s:(t) + se(t)) and (s; +
s¢.)(t) € C(2) by assumption. By Lemma 21, the function (A; + A.) " (s;(t) +s.(t))
belongs to C*™(Q) and then s(t) € C¥(Q). Consequently Au(t) € C¥(Q) for
te(0,7).

Observing that Au(t) = —A(A; + Ac) ' Aj[u(t)] and using Lemma 21, we get
A7 Au(t) € C*17(Q), and therefore (A; + A.) At Au(t) € C¥(€). Lastly, we obtain
by the same Lemma [u(t)] = —A; ' (A4; + A) A7  Au(t) € C?*7(Q). This implies that

z v u(t,r) € C*Q) for t € (0,T). O

3.5 Global solution based on a variational formu-

lation

The existence of weak solutions for (3.9)-(3.15) is established by a Faedo-

Galerkin technique.

3.5.1 Specific assumptions and notations

Minimal regularity assumptions are required for the existence of a weak
solution: €2 has a Lipschitz boundary 02, o;. have L>(2) coefficients, and s :
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[0, +00) — V' have zero mean value, i.e. < s;(t) + s.(t),1 >= 0 for a.e. t > 0, in
order to use the bilinear form a and the source term s : ¢t € [0,4+00) — s(t) € V'

as in Definition 5. For the sake of simplicity, we assume that m = 1, i.e. w(t,z) € R.

In order to write (3.9) in V' and (3.11) in H' = H, we need assumptions
on f,g:R?* — R so that (u,w) € V x H — (f(u,w),g(u,w)) € V' x H' is well-
defined. We assume that f and g satisfy some structural and growth conditions.
More precisely, we suppose:

(H1) the Sobolev embedding V' = H'(Q) C LP(Q) holds: p > 2 if d = 2; or
2 <p<6ifd=3 [see Section 2.1.1];

(H2) the functions f and g are affine with respect to w:

flu,w) = fi(u) + fo(ww,  g(u,w) = gi(u) + gow, (3.47)

where fi : R — R, fo : R — R, g; : R — R are continuous functions and ¢, € R;

(H3) there exist constants ¢; > 0(i = 1...6) such that for any u € R,

|fiw)] < er+ eolulP, (3.48)
| fo(w)] < e5+ ealul ™, (3.49)
lg1(w)| < 5 + cglul, (3.50)

(H4) there exist constants a, A > 0,b,¢ > 0 such that for any (u,w) € R?,
Auf(u, w) + wg(u, w) > alul’ — b()\]u|2 + |w|2> —c, (3.51)
Using hypothesis (H1), we are in the framework

VCIP(Q CH=H cLV(Q) cV. (3.52)
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In particular, an element u € H' or u € (LP(Q2))’ is identified to an element u € H

or u € LF(Q) by < u,v >= [, uv.

Lastly, we use the classical spaces L(0,7;X) (1 < ¢ < oo) of measurable
vector valued functions f : ¢t € (0,T) — f(t) € X where X is a separable Banach
space (X alternatively is U,U’, V.V’ or H here) [see Section 2.1.2]. The derivative

o.f or % of this function is taken in the space of vector valued distributions from

(0,T) onto X. A distribution f and a function f € L7(0,7; X) are identified if

< fip>= /0 F(®)6(t) dt (in X) Vo € D(0,T).

Recall that if f € L'(0,7;X) and 0,f € L'(0,T;X), then f is equal a.e. to a

function in C°([0, T}, X) [7].

Lemma 25. Under hypotheses (H2) and (H3), the mappings (u,w) € LP(Q) X
H — f(u,w) € L¥(Q) and (u,w) € LP(Q) x H — g(u,w) € H are well-defined.

Specifically, for any (u,w) € LP(2) x H, we have
/ / 2 /v
1f ()l ) < AL+ Agllul g + Aol (3.53)

2
lg(u, w) i < BiQ2 + Byllullte, + Bsllwla, (3.54)

where the A; >0 (i =1,...,3) and B; > 0 (i = 1, ...,3) are numerical constants that

depend only on the ¢; (i = 1...6) and on p.

66



Proof. For (u,w) € R? we have from (H2) and (H3)
[flu,w)] < er+ealulP™! + eslw] + eqlwlful?* 7,
lg(u,w)] < Bi+ BoluP/? + Bylul,

with exactly, By = ¢5, By = ¢g and Bz = |ga].

If p # 2, using Young’s inequality we get

(p/2-1)5'
|wHu|p/2fl < |w| + |u|

g g

Whereﬁ:§>1and%+%:1.

—_
~—
&)
<

Il
—~
N3

|
[a—y
N—
(\]
l\')|)—l

Since (& — = p— 1, we have

2

|Fuw)] < e+ (e + )l ™ + caleo] + 5 !w!ﬁ-

o4

But 8> 1 and |w| < |w| + F’ then positive constants A;, Ay and Az can be found
such that

|f (u, w)| < Ay + AgfulP~" + As|w|”.
If p = 2, this inequality is still valid with A; = ¢, Ay =cy Az = 3+ ¢4.
Now for (u,v) € LP(Q) x H, we can write
1f(w,0)[ ey < 1AL+ AolulP ™" + Azlw]?|| 1 o,
< Al g oy + 1Azl o oy + 1Azl oy
< AV + Asllull g, + Asllwlli”
because (p — 1)p' = p, Op = 2, and similarly,
lg(w,w)|[r < || Br + BalulP? + Bs|wl||a,

< 1IBillm + 1 BalulP? [l + || Aslw]|| s,

IN

B[Q|Y? + Bylul|Pg + Bsllwl|m. O
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3.5.2 Existence for the initial value problem

Definition 26 (Weak Solutions). Consider 7 > 0 and the three functions u : ¢t €
0,7) — u(t) € Hy ue : t € [0,7) — u(t) € Hyw:t €[0,7) — w(t) € H. Given
(uo,wy) € H, we say that (u,u.,w) is a weak solution to (3.9)-(3.14) iff, for any

T € (0,7),

1. w:[0,T] - H and w : [0,T] — H are continuous, and u(0) = ug, w(0) = wy

in H, (that is (3.14);

2. for a.e. t € (0,7), we have u(t) € V, u.(t) € V/R, and u,w € L*(0,7;V) N

LP(Qr), where Q7 = (0,T) x €;
and (u, u., w) verify in D’(0,7):

L(u(t),v) + [0V (ut) + ue(t) - Vo + [, fu(t), w(t))v =< s;(t),v >,

%(w(t), v) + fQ g(u(t),w(t))v =0,

respectively for all v € V' and for all v € H, and

/aiVu(t)-Vve—i-/(Ui—i-ae)Vue(t)-Vve =< 8;(t)+5¢(t),ve >, Vv, € V/R. (3.55)
0 Q

Remark 27. The weak derivatives of w : t € [0,7] — H and w : t € [0,T] — H
identify to functions dyu € L(0,T; V') + LP (Qr) and dyw € L*(0,T; V') + LP (Qr).
Indeed the following equalities are true in D’(0,7) :

<Ow,v> = L(ut),v) YveV=VNLQ),

< Ow,v> = L(w(t),v) VoveH.

Naturally we have the following lemma:
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Lemma 28. The functions (u,u., w) are a weak solution to (3.9)-(53.14) iff condi-
tions (1)-(2) of Definition 26 hold and (u,w) verify in D'(0,T):
L(u(t),v) + alu(t),v) + [, fult),w(t)v =< s(t),v> YveV,

“ (3.56)
E(w(t),v) + [o(ult),w(t)v =0 Yve H,

dt

where a(-,+) and s € V' are given in Definition 5. The function u. is then recovered

from (3.55).

Lemma 29. Any strong solution (u,u.,w) on [0,7) is a weak solution on [0, ).
Conversely, if 0Q is C* reqular any weak solution (u,u.,w) on [0,7), such that

u(t), ue(t) € H*(Q) for a.e. t € [0,7), is a strong solution.

Proof. This proof is added here because it is important.
Clearly, one can easily get the first assertion of the lemma. Now, assuming that OS2
is C'! regular and (u,u., w) is a weak solution such that u(t), wu.(t) € H*(Q) for a.e.
t €10,7), we get Yu € D():
< Opu, v >+ < o V(u(t) + ue(t)), Vo > + < fu(t), (w(t)),v >=< s;(t),v >,
= < O, v > — < V- (;V(u(t) + ue(t)), v >+ < fu(t),w(t)),v >=< s;(t),v >,
= < O — V- (o;V(u(t) +ue(t)) + f(u(t),w(t)),v >=< s;(t),v >,
= O — V- (o;V(u(t) + ue(t)) + f(u(t),w(t)) = s;i(t) in D'()
Since s;(t) € L*(£2), the above result is true a.e. in €. Hence,

Ou—V - (o;V(u+u.)) + fu,w) =s; ae. in (0,7) x €.

Similarly, one gets
Oyw + g(u,w) =0, a.e.in (0,7) x £,
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and

V- (0;Vu+ (0; + 0.)Vue) = —(s; + s¢) a.e. in (0,7) x Q.

Now, in order to get the Neumann boundary conditions, we multiply by v € H(Q)

and integrate the following equation:
Ou—V - (o;V(u+u.)) + flu,w) =s; a.e.in (0,7) x Q,

and using Green’s theorem we obtain:

/@uv—/ az-Vu-Vv—F/ JiVue-Vv—/ (oiVu-n+aiVue-n)v+/ f(u,w)v:/siv.
Q Q Q 89 Q Q

Comparing with the original weak formulation, we get:
/m(JZVu n+ o;Vue -n)vdo =0 Yv € H(Q).
But by the trace map v : H'(2) — L*(99Q), v(H(2)) is dense in L*(9N2). Hence
o;Vu-n+o;Vu,-n=0 a.e.in (0,7) x 0.

Similarly, one gets the other boundary condition. [

Theorem 30 (Global existence of a weak solution). Let €2 be a bounded open subset
of RY with Lipschitz boundary 00, and let o;. be uniformly elliptic conductivity
matrices with coefficients in L>($2). Suppose that hypotheses (H1) to (H4) on f,g
hold for some p > 2. Let there be given ug,wo € H and s;,s. € L*(R™; V') such that
< 8i(t) + se(t),1 >= 0 for a.e. t > 0. Then the system (3.9)-(3.14) has a weak
solution (u,ue, w) in the sense of Definition 26 with T = +00.

Proof. Using Lemma 28, it is given in the next subsections, in three parts:
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e construction of an approximate solution using the Faedo-Galerkin technique;
e a priori estimates on the approximate solution;

e compactness results, and convergence of the approximate solution towards a

weak solution. O

Construction of an approximate solution

In the following subsections, we will use the orthonormal Hilbert basis (in
H) (¢;)ien of eigenvectors defined in Theorem 6. For m > 1, we define V,, =
span(ty, ..., ¥m) C V. We are looking for a couple of functions ¢t +— (u,(t), w, (%))
with

=0 1=0

where (w (1), Win (t))i=o..m are real valued functions solutions of

%uzm(t) + Nt (1) + /Q J (U (), Wi (8) 0y =< s(t), s >, (3.57)
im0+ [ altent),wa(®) =0 (3.5%)

for + = 0...m, and with initial data

Um(0) = Umo, W (0) = Wipo. (3.59)

Since ug and wy are in H, we can take u,,o and w,,o to be the H orthogonal projec-

tions of ug and wg on V,, :

|tmo — wollgr — 0, ||wmo — wol|lg — 0, asm — oo. (3.60)
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Equations (3.57) and (3.58) make sense because w,,(t) € V. C LP(Q),w,,(t) € H
so that f(um(t), wn,(t)) € L¥(Q) C V', glum(t), wn(t)) € H (from Lemma 25),
Y, €V .C LP(Q) and 9¢; € H. Also, one easily observes that the last three terms in
equation (3.57) and the last term in equation (3.58) are continuous functions of w;y,
and w;,,.

The initial value problem composed of the 2m + 2 differential equations (3.57) and
(3.58) with initial data (3.59) has a maximal solution defined for t € [0,t,,) with
Ui and wy,, in C* (theorem of Cauchy-Peano) [18]. If (uy,,w,,) is not a global
solution (i.e. t,, < 400) then it is unbounded in [0, ¢,,). It will be shown in the next

subsection that (u,,,w,,) remains bounded for all time, namely ¢,, = +o0.

A priori estimates

The following lemma establishes uniform bounds for any 7" € (0,¢,,), on the
sequences Uy, and w,, in L>(0,T; H), then on the sequences u,,, u,, respectively in
LP(Qr) N L*(0,T;V) and its dual L” (Qr) + L?*(0,T; V'), and on the sequences w,y,,
w!, in L*(Qr). We use the norm || - || .o@pnrzorvy = max(|| - | e || - 122075))

and the dual norm [ull Lo ) 4 220,707 = fuzuy 4us (HMHLP’(QT) + HUZHLQ(O,T;V’))'

Lemma 31.(A priori Estimates). The maximal solution of the Cauchy problem
(8.57)-(3.59) is defined for any t > 0; and for any T > 0, there exist positive

constants Cy, Cy, C3,Cy such that

Ml @ONF + lwm@)IE < C1, Yt € [0, T, (3.61)
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||Um||LP(QT)nL2(o,T;V) < (%, (3.62)

||ulm||LP/(QT)+L2(07T;V/) < (3, (3.63)
w2 (@r) < Ci, (3.64)

where ul, (t) = Y0 b, (0, wh (t) = Y wh,(E); are the derivatives of wy,

=0 “im

[0,400) — V and w,, : [0, +00) — H.

Proof. Multiplying (3.57) by A, (A > 0 defined in hypothesis (H4)), multiplying

(3.58) by Wiy, and summing over ¢ = 1...m yields, for any ¢ € [0, ,,),

%A%HUmH% + %% |wm||%1 + )‘a(uma um) + fQ(Af(uma wm)um + g(umv wm)wm)
=A< S8, Upy > .
Using the properties of a(-,-) from Theorem 6 (positivity and continuity) and hy-

pothesis (H4), we have for any t € [0,t,,) and for any £ > 0,

L4 (MmO + lwn(®) ) + aMun @I +a fo lun ()
< 34 (Mm@l + lwm (@)1 ) + A0, wn) + @i (1)
SNttty ) + Wna gt W) + fo Bt ()2 + [0 (8)[2) + €l
<A< syt >+ (8 + lom(DIF) + 2 + afum(8)]%
< (b @) (Mum (O3 + lwm (B)13 ) + el + Alls(®) vl (8l
< 0+ a) (Mm@ + lwm(®I3) + el + Es@12 + §lun @

where we have used Young’s inequality in the last line. Choosing & = a)\, we have

L4 (Mm@ + lwm(®)13) + S lum(®)3 + @ fo lun P

< (Al (B3 + lom (I ) + el + 5 5@

(3.65)

73



with b= b+ a.
We know that ||, (0)||lg < ||wolla, [|wm(0)]|r < ||wollm, 2 is bounded and
Si == [y |Is(T)||}, dr < +oo. From Gronwall’s inequality there exists a constant

C1 > 0 that depends only on o5, f, g, ug, wo, §2, s; c and t,,, such that
0<t <ty = Mun®)|H+ wn®)3 < Ch.

Now, for any fixed 7" > 0, we have found a constant C; > 0 such that (3.61) is valid.
Actually, the estimate (3.61) is the bound in L*°(0,T; H) for u,, and w,,; and one
can easily derive from it the bound for w,, in L*(Qr). Consequently, u,,, w,, cannot
explode in finite time, and the solution is global.

Coming back with C} into (3.65) we immediately have the estimate (3.62) of Lemma

31 with

crmm((5) ()"

ax a

where
1 , N\ - 1
Cr = 5(A||uo\|H + ||w0||H> +HTCy + CTIQ| + 5 Sr.

/
m?

To obtain the remaining estimates on u, ,w! , we consider the projection: P, :

V' — V' defined for u € V' by

Pu = i < u, P > ;.
i=1

It is equivalently defined as the unique element of V,,, such that < u,v >=< P,u,v >

Vv eV, Forany v eV and any t > 0, remark that
fium(t),0) = (u, (), 0) =< up, (), v >,
Jo [ (U (), win (£)v =< f (Un(t), win(t)), v >,
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because v/, (t) € Vi, C V' and f(u,,(t), wn(t)) € LP (Q) while v € V C LP(Q). And

then equation (3.57) reads
Vo € Vi, Vt >0, <u,,(t),v >=— < Aup(t) + f(um(t), wn(t)),v >+ < s(t),v >,

so that

Vt >0, (t) = —Po(Aum(t) + f(um(t), wm(t)) — s(t)), (3.66)

where A is the weak operator associated to the bilinear form a(-,-) on V x V| as
defined in Lemma 9.

For T > 0 fixed, we have from (3.62) and the continuity of A,

T 5\ /2
[Aunllzory <M( [ lun(0l})” < MC:
0
and from (3.61), (3.62) and Lemma 25,

1 / 2 /
1 s )l iy < || ALIQMY + Aallum DIy + Aslhom (1) 37

LP' (0,T)

’ / 2 /
< AT + Agllun 20 + Asllwnl 2,

< A(|QIT)VP 4+ A,CPP + Ay(CLT)V?.
It remains to bound the projection operator F,,. First, remark that the restriction
of P,, to V can be viewed as an operator from V onto V (since P,,(V’') C V;, C V),
given by

m

VueV, Puu=» (u)r

i=1

For u € H, P,,u is the orthogonal projection of w on V,,, and || Phullg < ||u||x. The

transpose P of P,y identifies with P,, : V' — V' (simple computation), and then
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we have || Py | zovviy = | Prllzevvy- For u € V' we can compute

a(Ppu, Ppu) = 35 N(Pryu, 03) (P, ;)
= it Ailu, ¥)(u, )
<2 Al )P
= a(u,u).

As a consequence, for all u € V,
al|Puully < a(Ppu, Puu) + o Puullf < MlJullf, + allullf < (M A+ a)|Julff.

It shows that P, is uniformly bounded in V': || Py v vy < (1 + %) 1/2, and we
have

| P (At ) || 20,177y < (1 + %)MCQ,

P Ctms )|y < (14 28) (A (IQIT) + A3CE™ 4 Ag(CiT) ),

| Pnsllz2o.rvry < (1 + %) 15/l 20,177
The bound (3.63) is a consequence of these estimates and of (3.66).

In a similar way, equation (3.58) reads
YoeV, CH, YVt >0, <w, (t),v>=— < g(un(t), w,(t)),v >,

so that

V>0, w, () = —Po(g(tum(t), wm(t))), (3.67)

where the operator P, can be restricted to the orthogonal projection P, g, in par-

ticular || P, || oo,y < 1.
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For T' > 0 fixed, from (3.61), (3.62) and Lemma 25, we have (3.64):

[winllzz@ry < [lg(tm, wm )l L2@r)

2
S HB1’Q|1/2 +BQ||um( )HZQ(Q + B?’me(t)HH‘ LQ(OT)

2
< Bi(QD)Y2 + Balluml?o,) + Bsllwnllr2n)

< Bi(|Q|T)Y? + Ba(Co)P/? + B3(CiT)Y? := Cy. O
Convergence towards a solution

It is easy to see that LP (Qr) + L?(0,T; V") c L (0,T; V") since p’ < 2 and
LY () C V', by the Sobolev embedding theorem. Hence the sequence (u/,) remains
in a bounded set of L' (0, T; V') while (u,,) remains in a bounded set of L*(0,T; V).
It follows that (u,,) is bounded in H'(Q7) C L*(Qr) (with compact embedding).
So it has a subsequence that converges in L?(Qr).
As a consequence, we can construct subsequences of u,, and w,,, still denoted by

Uy, and w,,, such that

1. Uy — u weakly in LP(Qr) N L?(0,T;V) and u/, — @ weakly in L (Qr) +

L2(0,T; V"),

2. w,, — w weakly in L?(Qr) and w! — 1w weakly in L?*(Qr), and from the

compactness result,

3. U, — u strongly in L*(Qr), and then a.e. in Qp, where v € LP(Qr) N

LX0,T;V), we L2(Qr), and @ € LY (Qr) + L2(0,T; V'), @ € L2(Qr).
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For i > 1 fixed and ¢ € D(0,T), we naturally have
—Jo Jatiid = f fgumtid' — f fyuind

- foT fQ Wy, = foT fg Wi — fOT fg w; @,
because ;¢ € L*(Qr) N LP(Qr) N L*(0,T;V). As a consequence, we have in the

space D'(0,T) of distribution on (0,T),

d d -
dt( ( ) 2/)2) - (t)vwl >, %(w@)?wz) =< w@)awl > (368)

Since a(+, ) is bilinear and continuous on V' x V and ;¢ € LP(Q7) N L*(0,T; V) for

any ¢ € D(0,T), we have

T T
¥ e DOT), [ alun(®).600) di— [ atut). o)) dt
0 0
Concerning the nonlinear terms, we use hypothesis (H2) to write

S (U, W) = f1(Um) + fo(tm)Wm = fi(um) + (fo(tm) — fo(u))wm + fo(u)wp,

(U, W) = G1(Um) + G2Wn.

Now, we have u,, — u a.e. in Q7 and f; is continuous, so that fi(u,) — fi(u) a.e.
in Qp; and f;(u,,) is uniformly bounded in L* (Qr),
L1 ()| 1 oy < Nt + caltm P o o,y < 1 (IQIT)Y +02||Um||§QIZQT

Knowing that L (Qr) is reflexive (6/5 < p’ < 2), there exists a subsequence f; (ty,)

which is weakly convergent. Hence fi(um,) — fi(u) weakly in LP' (Qr):

T
7 DOD), [ (@) 0000 @t — [ (e, o000
0
Similarly, ¢; is continuous and then ¢;(u,) — ¢1(u) a.e. in Qr; and g¢1(u,,) is
bounded in L*(Qr),

2
191 (um) l22(@r) < lles + colum P | r2ir) < s (IQAT)? + e lluml T,
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and then g;(u,,) — g1(u) weakly in L?(Qr),

Vo € D(0,7), / (91 (tm(£)), S(t)1) dt — / o1 (u ) dt.

Since w,, — w, weakly in L?*(Qr) we naturally have

Vo € D0, T), / (9o (8), B(t)s) dt — / gaw(t), B(t)bs) dt

As fo(u)d(t)w; € L*(Qr) from hypothesis (H3), the weak convergence of w,, in

L*(Q7) also implies that

Vo € D(O.T), / (Falw)wn(t), $(6):) di — / (Falw)w(t), d(t)e) di

The remaining term in f is such that

[ o) =ty 0ote)s dect] < Ao =)o oy a2

[ (f2(um) — fZ(U))QMDiH%?(QT) =< (falum) — fo(u))?, (90:)* >
the duality product on the right hand side makes sense because (¢1);)? € Lr/ 2(Qr)

and fo(um)? and fo(u)? are bounded in L?(Qr) where 3 > 1is given by 2 + 2 = L:
1/p
1f2(n)?llzo@r) < lles + calumP*Hlzo@r) < es(RAT)Y? + callumll g,

because (p/2 — 1)3 = p. Again we have (fa(u,,) — fo(u))? — 0 weakly in LP(Qr).

Consequently,

Vo € D(0,T), [[(folum) — fo(u)ovill 2@y — O

Since ||wm || r2(@,) is bounded, we finally have

V¢ € D(0,T), /0 ((f2(um(t)) = fa(ul(t)))wm, p(t)ii) dt — 0.
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Gathering all these results, the functions u and w verify, for any ¢ > 1,

a(u(t), n) + alu(t), )+ < flult), w(t), b >=< s(t),v; >

(W), ¥i)+ < g(u(t), w(t), ; >=0,

in the space of distributions D’'(0,7), for any ¢ > 0. Since (¢;);>0 is dense in V/, this

is exactly the desired result (Lemma 28).

3.5.3 Continuity

We have v € L*(0,T;V) N LP(Qr), w € L*(Qr) and their weak deriva-
tives Jyu and d;w are respectively in L2(0,T; V') + LP (Qr) and L*(Qr) (by(3.68)).
Therefore, the function u : t € [0,7] — u(t) € V is weakly continuous, and the
function w : t € [0,T] — w(t) € H is continuous.

But having the following identity in D'(0,7):

< pu(t), u(t) >= %%HUG)H?{’
we get:
%%Huwllif = —a(u(t), ()= < flu(t), w(t)), u(t) > + < s(t), ult) >,

so that t — ||u(t)||% is H*(0,T), and then it is continuous from [0,7] to R. As a
consequence, the function u : ¢t € [0, 7] +— u(t) € H is continuous. Since u,,(0) — ug

and w,,(0) — w in H, we easily prove that u(0) = ug and w(0) = wy.

3.5.4 Uniqueness

Assume that (uq, ue,,w1) and (usg, ue,, ws) are two weak solutions of (3.9)-
(3.14) with the same initial data u1(0) = u2(0) = ug and w;(0) = wy(0) = wy. For
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any v € L*(0,T;V)N LP(Qr) and w € L*(Qr) with duu € L*(0,T; V') + L* (Qr)

and dyw € L*(Qr), we have in D'(0,T) that
<Ou(t),ut) >= s llu@®)llf, < dw(t),w(t) >= 5 —[w(®)|lz.

As a consequence, one can easily prove that

1d

5@““1 — |7 + aluy — ug, uy — uz) + /Q(f(ubvn) — f(ug, w2))(uy — uz) =0,

and
1 — wsll?s + / (g(ur, wr) — gluz, ws)) (wy — wy) = 0.
Q

With a linear combination of these two equations, we will be able to conclude using

Gronwall’s inequality if we can bound below

(I)(ulv wy, Uz, w2) - /

)= a, 02) (1= 2) (g, 00) = g, 02) (w1 =) |

for some p > 0. Consider the function F : R? — R? defined by
F(u,w) = , V(u,w) € R?

and denote by z € R? the vector z = (u,w)? € R?. Then we have

D (uy, wy, ug, we) = P21, 29) = /Q(F(Zl) — F(22)) * (21 — 29) dux,

where - denotes the inner product in R?. Here F is continuously differentiable, so

that Taylor expansion with an integral remainder implies that Vz;, 2, € R?

F(z1) — F(z) = /0 (VF(29)](21 — 25) d6
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pOuf - Oy f
where zp = 62z + (1 — )220 and VF = . Now, let Q(z) =

Qg Owg
(VF(2)T + VF(z)) be the symmetric part of VF for z € R?, and denote by

N =

A1(z) < A\o(2) its eigenvalues. We can complete the proof under the hypothesis that
JC €R, C <0, Yz €R? Ny(z) > \i(2) > C. (3.69)

In that case, we have for any z;, 2o € R2,
B(21,20) = [y Jo (21— 2) [VF(2)|(21 — 22) dOda
> O [, fo |21 — 2 doda
> Cmax(L o) (pllus = walffy + ooy — o).
Taking Y'(t) = <uHul(t) — ua(1)[I7 + [lwa(t) — wz(t)H%), we get:
%Y’(t) < —Cmax(1, Y)Y (1), (3.70)
for any t € [0, 7). Now using the lemma of Gronwall, we obtain the result.

Theorem 32. If the condition (3.69) is satisfied, then the solution obtained in

Theorem 30 is unique.

3.5.5 Stability with respect to the data

This part was not done in the article of Bourgault et al.
In this section, we prove the stability of the solution with respect to the data.
Theorem 33 (Stability with respect to the data). Assume that there exist numbers
>0, d >0, such that
() = Fw) ) (=) + (9(u,w) = gl w)) (w = w')
> —di(plu =P+ jw— ) Vu, v, w, w €R. (%)
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Assume that s;. € L*(0,T; L*(2)).

Let (uk, w*) be solutions of (3.9)-(3.14) with respect to data s uk, wh, (k=1,2),

respectively.

Then there exist numbers C > 0 and D > 0, which depend only on p, di and m

such that:

pllu (2) = () + (1) — (1)
< (e =0 (Iskt) = SOl + 11sHe) — s20)) (371)

e (pllud — Bl + = w313, ).

Remark. (x) is satisfied for instance if f and g satisfy global Lipschitz conditions.

Proof. Set U = u! —u?, W = w' —w?, and similarly for U; and U,. Using equations

(3.9) and (3.10), one can easily prove that:

/UtUJr/ (ut, wh) — f(u2,w )>U+/aiVUZwVUiJr/oeVUe-VUe
Q Q

— /Q(s —S)U+/Q(s — 52)Ue.

Since m|z|? < 2T0; .2 < M|z|?>, (z € R?), then
Jo UtU+fQ< ul, wh) — f(u2,w2))U
—m [(|[VU? + |[VU|?) + [o(st = sH)U + [,(si + s — 57 — s2)U..
Using Poincaré’s inequality, we have [ |VU;.|* > ¢o||U;.||¥. This implies:
Jo U + fo (flal wh) = f(u2,w?))U
< —meo(IUely + Uil + s — silallUlle + (s — silla + llse — sella) 1Uellu

2
s (st = 21+ 115t = 5211) ()

< st = sllallUle +

Similarly,

/QWtW + /Q <g(u1,w1) — g(uz,wz))W =0. (% * *)
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Then () and (*%) yield:

S (O, + W)

2
ullst = 2l Ul + s (Ist = sl + st = 2l )+ da(ullU 3 + 1W13)

4mco

IN

IN

VE(llst = 52l + l1st = 821l ) /i[O, + TG,

2
s (st = 52l + st = s2lar)+ da (U1 + W)

4dmco

2
(st — sl + st = 52l )+ (du + )@ + [WIR).

— 4dmco

Set z = p||U||> + ||[W|?, then 2’ < Az + B, where

A= 2dy + p,
2 1 )
b= ”1;3; “(”35 — 8¢ lla + llse — S§I|H> , (3.72)
and
2(0) = pllup — ud||% + lwh — W% =: 2. (3.73)

Therefore, by Gronwall’s inequality we obtain:

-B B
< - At .
2(t) < + <z0 + )e : (3.74)

and the theorem follows. [

3.6 Examples

In this section we check conditions (3.51) (see (H4)), (3.69), and (*) in three typical

situations.
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3.6.1 FitzHugh-Nagumo
The FitzHugh-Nagumo model reads as
f(uaw) = u(u - a><u - 1) + w, g(uaw) = _E(ku - w)>

with 0 < a < 1,k,e > 0. The functions f and g are obviously of the form (3.47)

with f1, f2, g1 continuous and g, = €. Using Young’s inequality, we have

hﬁg%WP+é|Mggﬁ+;\M§%¥+; (3.75)
and then (H3) holds with p =4 (and ¢, = 0):
AW = Juw=a)(w-1)| < 2a+30+a)+ (Sa+2(1+a)+ 1) ul,
|o(w)] = 1,
@] = eklul < ek + Leklul®.

Consider the function F(u,w) = ekuf(u,w) + wg(u, w) defined in R?. We have
E(u,w) = eku* — ek(1 + a)u® + ekau® + ew® > ek:<|u\4 -1+ a)|u\3>.

with Young’s inequality, we find a constant v > 0 such that

Jul*

L+l < 5

+ 7.
Consequently,

E(u,w)+ eky > %|u|4,
which is exactly (H4) with A = ke, a = ke/2,0 =0 and ¢ = key.

Regarding the uniqueness of the solution, we verify condition (3.69) to apply Theo-

rem 32. One easily calculates

p(3u? = 2(1+aju+a)) p
VF(z)=

—ek €
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Taking © = ek, we get rid of the antisymmetric part in the quadratic form (i.e.

ek(3u* —2(14+a)u+a) 0
Qz) = ), and we bound the eigenvalues (A\;(2) =

0 €
ek(3u? — 2(1 4+ a)u + a), Xa(2) =€) by C = emin(k(a — (1 4+ a)?/3),1).

Now we show the stability of the model by applying Theorem 33. Hence, we verify
(x). We have;
w(u—a)(u—1) — o'W — a) (' — 1)
= fult +0(u— ) (u— ), (6 € (0,1))
_ {(ue — a)(ug — 1) + ugug — 1) + ug(ug — a)}(u — )
= {3u2 +up(—2a —2) +a}(u— ).
Then
u(f(w,w) = fla ) ) (=) + (glu,w) = g, w) ) (w = )
= {30 + (=20 — 2) + af(u— ' + plw — ') (u = ') = eh(u = ') (w = )
e(w —w)
> it = 4 ol =),

where the last line follows because 3uj + ug(—2a — 2) + a is bounded from below.

3.6.2 Aliev-Panfilov

The Aliev-Panfilov model is
flu,w) =ku(u—a)(u—1) +uw, glu,w)=elku(u—1-—a)+ w),

with 0 < a < 1,k,e > 0. the functions f and g are obviously of the form (3.47)

with f1, f2, g1 continuous and g, = €. Using the inequalities (3.75), we get (H3) with
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p=4(and ¢s, = 1,¢c5 =0):

A@] = k(- a)(u= 1] < 2ka+ 5h(1 +a) + (Ja+ 21+ a) + 1) Kluf,
|fo(w)] = lul,
()] = ek:|u(u—1—a)|§%ek(l—l—a)—l—(%(1+a)+1>ek|u\2.

Now, we consider the function E(u,w) = Auf(u, w) + wg(u, w).It is

E(u,w) = Mku — Me(1 + a)u® + Mkau® + (N + ek)u*w — ek(1 + a)uw + ew?. (3.76)

With A = ek, we write

3 4/3
1+ a)u®| < Z<a|u|3> n

o] < £ () + 1 (
-2 2

1 1
luw| < §|U|2 + §|w|2,

for any @ > 0 and 3 > 0, and then

E(u,w) > (61{32 — ekQ%a‘l/?’ — ekﬁ2> Juf*

(3.77)

(3.78)

(3.79)

4
—Lek? <M) — kg |wl* — ekt ul® — ek e w|* + elw]? + ek*alul*.

«

Taking 2043 = 1 and lek? = ek3?, we get (3.51) with
4 2 1

3.6.3 McCulloch

The model introduced by McCulloch is

flu,w) =bu(u —a)(u — 1) +uw, g(u,w) = e(—ku + w),
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with 0 < a < 1, and b,k,e > 0. The functions f and g are obviously of the form
(3.47) with fi, f2, g1 continuous and g, = €. Using the inequalities (3.75), we get

(H3) with p =4 (and ¢4 = 1,¢3 = 0):

[fi(w)] = blu(u—a)(u—1)] < Zba+ 3b(1+a)+ <%a+§(1+a)+1>b|U|3,
|fa(uw)] = |ul,
gr(w)] = eklul < Lek + Leklul®

Using again (3.77)-(3.79), we have this time

E(u,w) = Xbu' — \b(1 4 a)u?® + Nbau? + Muw — ekuw + ew?

> (b 20t - 5t l<m)4Ab

4 «

— s Awl? = Glul? = Flwl? + efw]? + Abalul?,

and (3.51) holds if we take

3 4 1 1. B
Pt =2 and b=
1 gr MV T
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Chapter 4

Regularity of the weak solution

In this chapter, we study the regularity of the weak solution of the bidomain
model.

By Chapter 3, the weak solution (u,u.,w) verifies for a.e. t € (0,7):

d

E(u(t),v)—|—/§20Z-V(u(t)+ue(t))-Vv+/ﬂf(u(t),w(t))v = /Qsi(t)v Vv e HY(Q),

(4.1)

2 (w(t),v) + /Q glu(t), w(t)v =0 Vo e LA(Q), (4.2)

/ o;Vu(t) - Vo, + /(O‘i + 0¢)Vue(t) - Vo, = /(sl(t) + 50(t))ve Vv, € HY(Q)/R.
Q Q Q

(4.3)
Here we assume o;, € C1(Q), s, € L*(0,T; L*(Q)) and the following conditions

that were obtained using Lemma m apter 3 with p = 2) on f and g:
hat btained using L 25 in Ch 3 with p=2) on f and
1F (u, w) 220y < AdQUY + Asflull 2y + Asllwll 2, (4.4)

lg(u, w)llza@) < Bil"? + Bllullra@) + Bsllwl 2. (4.5)
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Remark. The above inequalities are satisfied for instance if f and g are quadratic
polynomials. However, such an assumption is too restrictive for the models discussed
in Section (3.6). Equations (4.4) and (4.5) would also follow if we could show that

the weak solutions that have been obtained in Chapter 3 belong to L®(Qr).

The existence of a global weak solution was proved in the previous chapter
using Galerkin approximation. Indeed, we used the special orthonormal Hilbert
basis (in H) (¢;)ien of eigenvectors defined in Theorem 6 of chapter 3. For m > 1,
we note V,, = span(vy, ..., ¥,) C H'(Q2). The approximate solution is the couple of

functions t — (u,(t), w,(t)) with

=0 =0

where (w (1), Win (t))i=o....m are real valued functions solutions of

,,,,,

dtulm(t) + N (t) + /Q J (U (8), Wi (8)) s =< s(t), 1 >, (4.6)
G (®+ [ glun(®). ) =0, @.7)

for i = 0,...,m, and with initial data

Um(0) = Umo, Wi (0) = Wy, (4.8)

where u,,0 and w,,o are the orthogonal projections of wy and wg on V;,, and s(t) is

given by Definition 5 of Chapter 3.

Proposition 1. There exists a constant ¢ > 0, depending on ), o;, and o., such
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that

lue @ < e(llsilt) + el + IVuB)l3ae), V€ (O,T),

Proof. Equation (4.3) reads:

/(O‘i + 0.)Vu.Vu, = /(sZ + S¢)Ve — /OZVUVUE, Vv, € V/R,
Q Q

in particular for v, = u, we have:

/(0i+06)|vue|2 = /(si—l—se)ue—/aiVuVue.
0 0

Now using ceercivity of o; and 0., continuity of ¢; and the fact that its coefficients

are in L>(2), and Cauchy-Schwarz inequality, we obtain:
| Vue)lz2@) < llsi(t) + se(®)llra@llue(®) 2@y + MIVu®) | 2@ Vuet) [ 12,
by Young’s inequality for some appropriate € > 0 we have:
VD)) < =it +500) gy +elae D)l By + (1) By +Mel Vet D)

So,

1 M
1| Vue(t)] 2y < EHSz(t) + 5e(t)|72(0) + ?”VU(t)H?ﬂ(Q)-
Now using Poincaré-Wirtinger inequality, we get:
1 M
eIy < —llsi() + se(B)llz2(0) + —IVu®) 72,

hence

e @ < e(llsi(t) + se@llEey + IVut)[3aq) ), ac. t. O
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The next theorem follows from a simple regularity result, see for instance

([4], Th.IX.26 and Rem 25, p.182).

Theorem 1. Let f € L*(Q) such that [, f dz =0, and o a matriz in C*(Q) which

1s uniformly elliptic. Let u be the unique weak solution of

/0Vu~Vvdx:/fvda:, VUE{UEHI(Q): /vdx:O}.
Q Q 0

Then w € H*(Q)/R, |Jullpz@) < c||fllrz@) and oVu-n =0 on 0Q.

Corollary 1.

o Ifue H*(Q) with o;Vu-n =0 on 09, then 1. (solution of equation (3.23))

is in H*(Q)/R, ||te||nz)r < c|lullaz@) and (0; 4+ 0¢)Vie - n =0 on 9.

o Ifs;+s.€ L*Q)/R, then u. (solution of equation (3.24)) is in H*(Q)/R,

el 200y m < clsi + Sellr2) and (0; + 0c)Viie - n =0 on 0.

o [fue H*(Q) and s; + s. € L*()/R, then u, = @, + . € H*(Q)/R and

[ell 2y < elllullmi@) + llsi + sell2@)-

Proposition 2. If v € H?(Q) such that o;Vu-n =0 on 9 and v € H'(Q2), then

the bilinear form a(-, -) defined in Chapter 3 (Definition 5) is such that
la(u,v)| < Cllullz@)llvl2@), where C = C(0;,,Q).
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Proof.
a(u,v) — AQVM-WM+/JJ%,VM

Q

— / o Vu - Vo + / o Vii, - Vv (4.9)
Q

Q
__—/Vmwmv—/VWN%%v
Q Q
So,
a(w,0)| < (IV@V0)le) + V(o) 2@ ) ol

< Ci(llullaz + [laell m2)l|v]| 22

Now, [|te|l g2 < cll[ullln> = cllu — allm> < cl|ull> + |[alla2).
But [[allse = all2 = @l < |22 f, ful dz < 0 ull»
Hence ||tc|| gz < dul|gz. O
Theorem 2. Assume ug, wg € H'(Q), s;. € L*(0,T;L*)). Suppose also
(u,w) € L*(0,T; HY(Q)) x L*(Q7) with (v',w") € L*(0,T; (H'(R2))") x L*(Qr) is the
weak solution of (3.9-3.14). Then
we LX0,T; H*(Q)) N L>(0,T; H'(Q)), « € L*0,T; L*(Q)).

If in addition uy € H*(Q), s;, € L*(0,T; L*(Q)), and

[ fuu, )l L2y < G+ Collull2(@) + Csllwl 2@, (4.10)

for some positive constants Cy, Cy, and C3, then

u € L0, T; H*(Q), o' € L>(0,T; L*(Q)) N L*0,T; H'(Q)).

Proof.

Step 1. We multiply equation (4.6) by u;,(t) and sum over i = 0, ..., m:

5 ()220 + @t (£), 203, (8)) + (f (i (£), win (£)), 203, () =< (2), 20, (8) > -
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Now, employing Cauchy-Schwarz and Young’s inequality consecutively, we obtain:

5 (0720 + 5 0 (m (E), (1))
< cls®lfeq) + 2elunOlla @) + € 1f (wm(), wm(®)1Z2q).

After integrating over (0,t) and considering the sup over 0 < ¢t < T, we get:

T
1
| 0y it + 5 500 ot (0.0 0)

/ <t<T
< §a(um(0), um(0))

T ls@)ll7- ) 1 (e (£), w (8)) |2
+/0 (%(Q) + 2€luy,, (0)I72(0) + L (Q)> "

€

Taking € = ;11:

T
| 1 Ol + 50D alun(2) (1)
0 0<t<T
T
< aun(0),un(0)) + 8 / (1) 122(0 + 11 (tm (), (D) 32y )
T
< Mun(0)f3 +8 / (150 2q) + 1 on(8), w0 (8)) 22 )
Knowing that fOT ||5(t)|]%2(9)dt < +o00 and using equations (4.3) and (3.61), we can

bound the last two terms of the above inequality by a constant C;. Moreover, we

have by equation (3.35):
T
/ i (B[220t + a sup [Jum (0]} < M (0)IF + o sup [t (8) 720 + Ch,
0 0<t<T 0<t<T

Since 1y, (0) = u,,0 which is the projection of uy € H'(2) on V,,,, we have M]||u,,(0) H%I(Q) <
Mluoll31(q) < Co- And by equation (3.61), we get sup [[un(t)[|72q) < Cs. As a
0<t<T

result, we obtain:

T
| 1 @llaydt + a sup fun(®)e < C
0 0<t<T

Hence, u,,, € L>°(0,T; H'(Q)) and u/, € L*(0,T; L*(Q2)).
Therefore, there exists a subsequence u/,, weakly convergent to some z € L*(0, T; L*(Q)).
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But u/, — « in L*(0,T; (H'(Q))) D L*(0,T; L*(Q?)). So «' = z € L*(0,T; L*(Q)).

Similarly, u € L>(0,T; H'(Q2)). By Proposition 1, it comes out that u, € L>(0,T; H'(Q)).

Step 2. The weak solution (u,u.,w) satisfies

%(u(t),v)#—/ﬂaiVui(t)~VU+/Qf(u(t),w(t))v:/Qsi(t)v Vv e HY(Q), (4.11)

%(u(t),v)— /Q 0.V (t)- Vot /Q Flalt), w(t))o = — /Q s Yo € HY(Q). (4.12)

Using v’ € L*(0,T; L*(92)), Equations (4.11) and (4.12) become

/Q o Vu(t) - Vv = /Q <si(t)— f(u(t),w(t))—u’(t))v (4.13)
/Q oV (t) - Vo = /Q (se(t) + Fu0). () + (1)) (4.14)

for all v € H'(Q2) and in particular for all v € H*(Q)/R. Therefore by Theorem 1,

we conclude that u; and wu, are in L?(0,T; H*(Q2)/R), and we have

lui ()l 2 () < llsit) — f(u(t), w(t)) — o' ()] 2@ (4.15)

e (@)l m2i) < llse(t) + f(ult), w(t)) + o' ()] 2. (4.16)

Consequently v = u; — u. € L*(0,T; H*()) and we have for a.e. t € (0,7)

lu()ll 520y < llsi()llz2@) + Ise()ll L2y + 20LF (wt), wt)lr2@) + 20w/ (D) ] 2.
(4.17)
Step 3. If ug € H*(Q), sj, € L*(0,T; L*(Q)) and f, satisfies equation (4.10), we
continue the proof as follows.

Differentiate equation (4.6) with respect to ¢:

Ui (£) 4 At (8) + (V f (i (£), i (£)) - (i (8), 0], (£)), 3) =< 8'(1), ¥ >,
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then multiply by w},,(¢) and sum over ¢ = 0, ..., m to get:

(7 (£), 1 (£)) + @, (2), 1, (1))
= <8 (), up(t) > =(Vf (um(t), wim(t)) - (g, (£), wr, (1)), iy, (1))

Now using equation(3.35), we get:

st [ (D172 + @l (D170 g
< < S0, up (1) > =(Vf (um (£), wm(£)) - (g, (), w5, (8)), 1 (1) + el ()12

Integrating and using Cauchy-Schwarz then Young’s inequalities, we obtain:

1 T
3,50 (0O + @ [ (Ol o
0<t< 0

T

T
SOy + (1 +) / e (8) 22y + 2 / 1512200
T 2 / 2
2 / (181, 010)) 2y + 11 a8, 10 (8)) ) ).

IN

now using the assumptions on s}, and f,, (note that f,, = fa(u) as in (H2) and by
(H3) with p = 2 it is uniformly bounded above), and the first part of this theorem,

we have:

1 T
5 sup [lug, (11720 +ﬁ/ i ()5t < Cy+ Collur, (0)] 72
0

20<t<T

Step 4. We have:
[t () 220y + @t (t), 1 () + (f (i (8), win (8)), i, (8)) =< 8(8), up, (t) >

Then using proposition 2,

lu (DlZ20) = < s(),up(8) > = (f (um(t), wm(t)), up, (1) — alum(t), 10, (1))
clls®1Z2) + 2ellurn (O1720) + el f (), wn () 1720

+%”um<t)”%{2(ﬂ) + Cllug, )72y

IN
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Since s,s" € L*(0,T;L*(Q)), s € H'Y(0,T;L*()). So s € C([0,T]; L*()) and
sup ||s(t)]z2(q) < co for some ¢y > 0. Also, we can easily get

0<t<T

sup || f (tm(t), wn(t))||L2() < ¢ for some ¢; > 0. Now, take e = Cy =

0<t<T

[um(Dll720) < 2+ esllum) ), YOSE<T
In particular for t=0,

17 (0) 1220y < €2 + callm (0) Iz

Also, [[um(0)|12(q) < lluoll7r(q) and [luoll%2q) < c3 by assumption. As a result, we
get:

0<t<

sup It O+ 7 [ I 0 < .
Hence, v/, € L>(0,T; L*(Q2)) N L*(0,T; H'(Q)).

Consequently, by the same argument as in step 1, we get

' € L=(0,T; L*(Q)) N L*(0, T; H'()).

By Equation (4.17) we obtain u € L*>(0,T; H*(Q)).

This ends the proof of the theorem. [
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Chapter 5

Numerical Simulation of Cardiac

Electrical Activity

5.1 Finite Difference

5.1.1 Monodomain model

First of all, we start by numerically solving the monodomain equations using finite

differences. The continuous equations read as follows:

(

LV (oVu) + flu,w) =0 in Qx(0,7),
%+ g(u,w) =0 in Qx(0,7),

u(z,0) = ug(x), w(z,0)=w(z) in €,

oVu-n=0 on 0 x (0,7).
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One dimensional case

In the one dimensional case, we use a forward difference at time ¢, and a second

order centered difference for the space derivative at node x;. Actually, we have:
V- (oVu"); ~ @[O—l(u?—i-l —uy) — o (uf —ui ),

and we get the discrete recurrence equations:

.
u?'H:u?—AtV-(Uvun)i_Atf(u?vwzn)v V1<i<N, Vn,
Wit = wp - At gluug), Y I<i<N, Vo,

7

n __ n n _ n
Uy = Uy, Unyq = Un_q, vVn

ud = ugp(x;), wd=wo(x;), ¥V 1<i<N,
\

Figure 5.1 represents the propagation of the action potential along a fibre of 70

—u
——=y

i — J—

Figure 5.1: The action potential obtained from the 1D monodomain model.

units long. To generate such an action potential, we use the FitzHugh-Nagumo

model with parameters:
e=01 (=1, =05 o=1.

Note that in this simulation we have: Az = 0.35, At = 0.01.
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Two dimensional case

Similarly, using a forward difference at time ¢,, and a second order centered difference
for the space derivative at node (z;,y;) we obtain the discrete system in the two

dimensional case:
4

uftt =, — AtV - (oVu); — At f(uly,w?), ¥V 1<i,j<N, V n,

©,J ,J

1 .o
wZ";r =wp; — At g(ufj,wiy), V 1<i,j<N, Vn,

n _ n n _ n >
Uy = Urjs UNt1; = UN—1,4s Vn, V1<j<N,

n o _ ,n n _.n .
Uiy = Uiy, Uiy = Uiy_y, V1, V 1I<i<N,

W = up(zi,y), wd; =wolwiyy;), ¥V 1<i,j<N

where
n 1 n n n n
V- (oVu )zy ~ A2 [O--Ti,j (Uz‘+1,j - uzy) — Oz (u” - uifl,j)]
1 n n n n
a7 [0y, (Ul —uity) — oy (U — )]

o, O
and o = . Figure 5.2 represents the propagation of the action potential

0 oy

in a square [-30,30]x[-30,30] with Az = Ay = 0.6 and At = 0.05. To generate such

an action potential, we use the FitzHugh-Nagumo model with parameters:

€e=02 pB=1 ~=05 o,=1 o0,=05.

In order to initiate a spiral wave, we reset one half of the mesh to the minimal value
of the action potential after the plane wave has propagated some distance. The

remaining half of the plane wave then curls up and forms a spiral wave.
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Figure 5.2: Spiral wave generated from the monodomain model by resetting half of

the mesh to the minimal value of the action potential.

5.1.2 Bidomain model

Now, we will approximate the solution of the bidomain equations. One more equa-

tion is involved and we need to find another unknown which is wu., by discretizing

an elliptic equation. The system to be solved is:

(

% — V- (0intVu) = V- (050t Vue) + f(u,w) =0
V (it Vu + (Oint + Oext) Vue) = 0,

% 4 g(u,w) =0

u(z,0) = ug(x), w(z,0)=wy(z)

Oint VU N+ 05y Ve - n =0,

Jintvu "N+ (Jint + O-ext)vue n= 0,
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where 0;,; and o.,; denote the intracellular and extracellular conductivity matrices

respectively.

One dimensional case

The one dimensional problem is treated in the same way as in the case of the

monodomain problem. We obtain the discrete system:

(

ultt = u — AtV - (05 Vu); — AtV - (05 Vul); — At f(ul, wl),
V1<i<N, Van,
witt = w? — At g(u?,w?), V¥V 1<i<N, V n,

utt = A7F,

ud = up(x;), wd=we(x;), V 1<i<N,

where A is a tridiagonal N x N matrix given by:

Aiic1 = Ointy  + Ocat; 4
Aiiv1 = Oint, + Ocat,
Ai,i = _[<0_zntl + O—EZ‘ti) + (O—inti,1 + O-(ixtifl)]a

and F' is the vector given by:
Fy= -1’V - (05 Vu™);, where h= Axz.

Similar to the one-dimensional monodomain simulation, we used for the one-

dimensional bidomain model the FitzHugh-Nagumo ionic model with parameters:

e=01, (=1, =05 o, =0.=1
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Figure 5.3: The action potential obtained from the 1D bidomain model.

Figure 5.3 represents three snapshots of the propagation of the action potential along

a fibre of 70 units long with Az = 0.35, At = 0.01.

Two dimensional case

Similarly, the two dimensional case results in the following discrete system:
(
UZ;_l = qu — AtV - (UmtVu")m — AtV - (UmtVuZ)i,j — At f(uzj, w{fj),

Y1<ij<N, ¥V n,

1 ..
wln;“ =wp; — At g(up;,wiy), V 1<i,j<N, Vn,

ut = A7F,

n J— n n J— n y
Uy; = Ui, Uyip; =Un_1; vn, VI1<j<N,

n _ n n _.mn .
Uiy = Uiy, Uiy = Uiy_y, VN, V 1<i<N,

n  _ ,n n _n :

ueZ,j — uel,j’ u6N+1,j - ueN_Lj, v n, v 1 S ] S N’
no _ ,n n _ . n ;

u€z‘,2 - uei,1’ uei,N+1 - uein,lﬁ v n, v <1< N,

u(‘)j = UO(xhyj)a ng = w0<xiayj)> V1< 1] < N.

In this case, when solving for . , we had to re-index by considering k = (j — 1)n +

i, i.e. we considered the points column by column. As such, the matrix A is a
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pentadiagonal N? x N? matrix given by:

A = —[(Oint, + Ocat, )i + (Tinty + Ocat, )i-1j + (Umty + Uexty)i,j + (Uinty + Uexty)i,j—l]a
A o1 = (Tint, + Oeat, )i-14s

Ak i1 = (Cint, + Oeaty )i

A=~ = (Cint, + Ocat, )ij—1,

A irn = (Cint, + Oeat, )ijs

and F is the N? vector obtained using the relation:
F(k) = _h2v ' (O-intun+1)i7j, where h = Az = Ay

Again, we used the FitzHugh-Nagumo ionic model in the two-dimensional bidomain
model in order to simulate the propagation of the action potential in the square [-
30,30]x[-30,30] with Az = Ay = 0.6 and At = 0.05. The following values for the

parameters have been used:
€ = 02, ﬁ = 17 Y= 05, Oint, — 1, Uinty = 05, Oext, — 1, Uexty =1.

A spiral wave has been initiated by resetting one half of the mesh to the minimal
value of the action potential after the plane wave has propagated some distance.
The remaining half of the plane wave then curls up and forms a spiral wave similar
to the one obtained with the monodomain model. However, we can see that the
plane wave generated with the bidomain model is slower than the one generated
by the monodomain model. We noticed this behavior also in the one-dimensional
models. Figure 5.4 illustrates a sequence of snapshots of the plane wave before and

after initiation of the spiral wave.
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Figure 5.4: Spiral wave generated from the bidomain model.
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5.2 Discretization by the finite element method

In this section, we numerically solve the two-dimensional monodomain and bidomain
models by finite elements using the software Freefem-++ [11]. We initiate spiral
waves by the same technique as in the previous section. The domain © = [—30, 30] x

[—30, 30] has been meshed using Delauney triangulation, see Figure 5.5.

Figure 5.5: The triangular 2D mesh.

5.2.1 The 2D monodomain model

We semi-discretize in time the monodomain model given by the continuous equations
of section 5.1.1. The nonlinear terms are considered in explicit form, we get the

following system:

—hV - (oVu"™ ) +u" = u" — hf(u", w"),
(5.1)

Wt = wt — hg(u, ),
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where h = At. The weak formulation corresponding to system (5.1) reads as follows:

h/ oVu"t . Vv dr + / u"ty dr = / <u" — hf(u”, w"))v dz, (5.2)
Q Q Q
n+1

w" = w" — hg(u",w"). (5.3)

We proceed in two steps. First, we solve equation (5.2) for «™™! using finite elements

with elements of type P,. Second, we compute w™"! from equation (5.3).

Figure 5.6: Spiral wave with the monodomain model using the finite element
method. The snapshots correspond to the following iteration numbers: 100, 400,

600, 800, 1000, 1200, 1400, 1600, 1800.

Figure 5.6 illustrates snapshots of the propagation of a spiral wave using
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the FitzHugh-Nagumo ionic model with the same parameters as in section 5.1.1 (the

2D case).

5.2.2 The 2D bidomain model

Analogously to the monodomain case, we semi-discretize in time the bidomain model
given by the equations of section 5.1.2. The nonlinear terms are considered in explicit

form, we get the following system:

—hV - (o;Vu™ ) + u™ =" — hf(u", w"™) + YV - (0;Vul),
—V - ((0; 4 0.)Vu"*!) = V - (0; V"), (5.4)

n+1

w"t = w™ — hg(u™, w").

The weak formulation corresponding to system (5.4) reads as follows:

/(hUiVu”Jrl Vo +u"h) do = / <u”v —hf(u",w")v+ ho;Vul - Vv) dx, (5.5)
Q

Q
/(ai + 0 ) VUl Vo dr = / o;Vu"t! - Vo dr, (5.6)
Q Q
w"tt = w" — hg(u", w"). (5.7)

1 and second we

We proceed in three steps. First, we solve equation (5.5) for u”
solve equation (5.6) for "™ using finite elements with elements of type P,. Finally,

we compute w™™! from equation (5.7).

Figure 5.7 illustrates snapshots of the propagation of a spiral wave using
the FitzHugh-Nagumo ionic model with the same parameters as in section 5.1.2 (the

2D case).
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Figure 5.7: Spiral wave with the bidomain model using the finite element method.

The snapshots correspond to the following iteration numbers: 100, 400, 600, 800,

1000, 1200, 1400, 1600, 1800.
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