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AN ABSTRACT OF THE THESIS OF

Sarah Tarek Khankan for Master of Science
Major: Computational
Sciences

Title: Well Balanced Central Schemes for the Two-Dimensional Shallow Water
Equations

We aim to develop a new class of well-balanced non-oscillatory second-order accurate
central schemes for the approximating solution of general two-dimensional hyperbolic
systems, and in particular to approximate the solution of shallow water equation
systems (SWE) on Cartesian grids. The base scheme evolves the numerical solution on
a unique Cartesian grid and avoids the resolution of the Riemann problems arising at the
cell interfaces thanks to a layer of ghost staggered cells implicitly used while updating
the solution.

The system of shallow water equations

h h hv 0 "
9 hu +i hu2+lgh2 +i huv = —gha—
af, | ox 2 oy . ox

v huv hv * +Egh2 —gh@

oy

represents a good mathematical model for the hydrodynamics of coastal oceans,
simulation of flows in channels and rivers, study of large-scale waves and vertically
averaged regimes in the atmosphere and ocean. Here h denotes the water depth, (u,v)
represents the flow velocity, g is the gravitational constant, and b is the function that
models the water bed topography. b vanishes in the case of a flat riverbed and the
resulting system becomes a hyperbolic system. Most numerical schemes fail to maintain
the steady state constraint of shallow water equation problems and generate numerical
(nonphysical) waves and storms. In this project, we shall investigate several approaches
that could be coupled with our numerical base scheme in order to ensure, when
necessary, the steady state condition of SWE systems.
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1. INTRODUCTION

Numerical solutions of hydrodynamic problems allow us to predict the behavior of water flow and
other fluids in real life situations. The shallow water equations model the propagation of distur-
bances in incompressible fluids. The equations are derived from depth-integrating the Navier-Stokes
equations, in the case where the horizontal length scale is much greater than the vertical length
scale.

The independent variables are the time ¢, and the two space coordinates x and y, while the depen-
dent variables are the fluid depth h, and the two-dimensional fluid velocity field (u, v). The system

of shallow water equations is given by [13]:

h hu hv 0

0 0 0

o hu | + I hu® + 1gh? | + oy huw =1 gh (—%)
hv huv hv? 4+ 1gh? gh (—g—;)

where z(z,y) is the riverbed function and g is the gravitational constant.

In the recent years, many papers were devoted to treat the numerical solution of the shallow wa-
ter equations using Riemann solvers [1,2,3,4,9,10,11,13,14,17,18,20,21,22]. The discretization of the
source term was the focus point of a considerable number of authors [3,4,5,6,7]. In [17], a parallel al-
gorithm for the solution of shallow water equations, which is based on Arakawa and Lamb’s scheme
[18], is developed. One of the issues associated with the numerical solution of the Shallow Water
Equations is how to treat the non linear advective terms [19,20]. In [21], the two-stage Galerkin
method, combined with a high accuracy compact approximation of the first derivative is used.

Multi-layer problems are considered in [22], in which the derivation is performed by averaging the
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governing Euler equations over each layer. Numerical base schemes for general hyperbolic systems
were developed in [13,15,23,24], whose multidimensional extensions on Cartesian grids (squares
or cubes) or unstructured grids (triangles or tetrahedrons) were intensively and successfully used
to solve problems arising in aerodynamics [24,25], astrophysics and magnetohydrodynamics [26,27].
Galerkin methods for the shallow water equations were discussed in [31,32,33]. In [28], well balanced
central schemes on staggered grids for the Saint-Venant model is considered. The schemes are called
shock capturing schemes since the shocks are identified by the regions with large gradients. Among
shock capturing schemes, the most commonly used are finite volume methods, in which the basic
unknowns represent the cell average of the unknown field. High order central schemes on staggered
grid for conservation laws have been derived [29,30]. In case of the SWE, the crucial balancing
between the flux gradient and the source term leads to very accurate and robust numerical schemes
[8,9,10]. In [8], the conservation property is directly connected with steady solutions. As in the
one-dimensional case derived in [10] and based on the finite volume method, the main advantage of
our two-dimensional scheme is simplicity and accuracy by avoiding the time-consuming process of
solving Riemann problems arising at the cell interfaces and by evolving piecewise linear numerical
solutions. In this thesis, we construct, analyze and implement a new class of unstaggered, nonoscil-
latory, second-order accurate central schemes for the one and two-dimensional system of Shallow
Water Equations. Our two-dimensional scheme is an extension of the one-dimensional method
presented in [10]. The main two features of our scheme are the well-balancing of the source term
with the flux divergence, and the proper discretization of the water height according to the Surface
Gradient method discussed in [11] which is based on an accurate reconstruction of the conservative
variables at cell interfaces. The numerical base scheme evolves the numerical solution on a single
Cartesian grid, but implicitly uses ghost staggered cells to avoid the resolution of the Riemann
problems arising at the cell interfaces.

Based on [10], two one-dimensional central schemes for the shallow water equations will be devel-
oped. The first consists of balancing the source term with the flux divergence, and will therefore be
called ”the Well-Balanced Central Scheme”. As an extension of the well balanced scheme presented

in [10], it discretizes the source term not only using the MinMod limiter, but also the MC-6 limiter
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by introducing the central difference for the derivatives. The adaptation of the one-dimensional
scheme, called the ”Interface-type scheme”, goes further by discretizing the water level instead of
the water depth, following the Surface Gradient Method introduced in [11].

This work aims to extend the discussed one-dimensional schemes to the case of two-dimensional
shallow water equations. The two-dimensional well balanced scheme and the interface-type refor-
mulation that will be developed follow the same strategy used for the one-dimensional case. The
resulting scheme maintains the steady state condition by using the Surface Gradient method [11],
where the riverbed features discontinuities or challenging irregularities.

The robustness and efficiency of our central scheme are confirmed by solving several two-dimensional
Shallow Water problems. Our numerical scheme is capable of maintaining the steady state con-
dition and the numerical results are in good agreement with corresponding ones appearing in the

recent literature.



2. ONE-DIMENSIONAL CENTRAL SCHEMES FOR THE SHALLOW WATER
EQUATIONS

2.1 Well-Balanced Central Scheme for the SWE

In this section, we consider the one-dimensional hyperbolic balance law system

U + 0, F(U)=SU,x),U=U(z,t), 1€ QCR,t>0 21)
2.1

U(z,0) = Up(x)

In order to ensure well balancing and the steady state condition, an appropriate extension of the
central NT scheme should be constructed. Several possible approaches are given in [12], in which
central N'T schemes are extended to nonhomogenous systems and applied to thermodynamics.
The discretization of the source term that depends on the particular balance law ensure the good
accuracy of the numerical scheme we develop.

We apply the nonstaggered central NT scheme [11] to the one-dimensional shallow water equations

h hv 0
% aﬁ _ (2.2)
hv x hv? + %gh2 gh (—&)
where h = h(z,t) is the water depth, v = v(z, t) is the water velocity, ¢ is the gravitational constant,

and z = z(z) is the bottom topography function.

The crucial property we want to satisfy is the exact C-property [8] in which the steady state

of the quiescent flow (h + z = const, v = 0) is exactly preserved. Since in this case, the balancing
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will be done between the flux gradient and the source term, we refer to the developed scheme by

the ”Well-Balanced Scheme”.

The computational domain (2 is discretized using the subintervals C; = [Ii_% T +%] centered at
the nodes x;. The cells C; are the original cells of the scheme while the ghost staggered dual cells
are D; 1 = [, zi41] centered at x;, 1, endpoints of the original control volumes. The unstaggered
central scheme evolves the numerical solution on a unique grid and avoids the time consuming

process of solving the Riemann problems arising at the cell interfaces.

1 . z, .3
Ti—1 w2 Zi i3 Ti+1 A

C; Cit1

Tit2

D, s Dyys D3

Fig. 2.1: Original control volumes C;’s and staggered control volumes DH_% ’s.

We assume that the solution U;* is known at time ¢™ on the control cells C; and we integrate

equation (2.1) over the rectangle R” 1= = [wi, @iq1] x [t 7]

which results in: ffR" [U:+ F(U).]dR = ffR" , S(U,z)dR

+3

and applying Green’s formula: [ fR (— — —) dxdy = de (Pdz + Qdy)

with %—g = F(U), and B—P = —U, we obtain:

fory | (F(U)dt ~ Udr) — [ [ S (U, @) dadt

T2
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g+l

¢

1
T; it3 Tit1

Fig. 2.2: The integration domain R?+l.
2

Expanding the integral to the left hand side, we obtain

tn+1

/+ [F (U (2, %)) dt — Uz, t")da] + /t [F (U(@i11,8)) dt — Ulzisr, £)da]
—l—/mi [F (U(z, t"*)) dt — Uz, t""")dz] + /:1 [F (U(z;,t))dt — U(z;,t)dz]
= " /IPrl S(U, z)dzdt

tn

Rearranging the integrals, we thus obtain

g+l pnt1

Ti41 Ti41
—/ U(x,t”)dx—l—/ F (U(xit1,t)) dt+/ Uz, t" ) dx —/ F (U(x;,t))dt
T tm x tn

tn+1

:/w

Ti41
/ S(U,z)dzdt (2.3)

Since the solution U(z,t) is assumed piecewise linear defined at the cell centers, the Mean-Value

theorem gives [ U(z, t"t!)dx = ACCUZ:_Jr]l and [ U(z, t")dx = AzU]
i 2 K 2
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Equation (2.2) becomes

tn+1 tn+1

7ALEUZR+% +/ F(U($i+1, ))dt + Al‘Un+1 /t” F(U(Iz,t)) dt

tn n+1 -
/ / S(U, x)dxdt
tn

The solution at time ¢"*! on the dual cells D, 1 can be calculated as follows

. L[ -
UZJ:L: = Ui~ Az [/ F(U($i+17t))dt_/tn F Uz, 1)) dt

1
2 tn
g+l

Tit1
/ S(U, v)dudt (2.4)
in
The flux integrals are approximated using the midpoint rule: f::ﬂ F (U(z;,t))dt =~ F(U:+%) <At
and ft" F(U(ziy1,t))dt = F( fo) At, where U," 3 approximated using Taylor expansion

in time and equation (2.1)

a1 At
Uit = UM 50U
At

The partial flux derivative is calculated using the chain rule to obtain

n+4 A ' 57 S 1
U, *=U+ ﬁ (—Fi -|—SZL~A.’L‘) with F 57 * Ay and ( )x A with z

Equation (2.4) becomes:

g+l

At Tit1
n+1 __ n n-T3
U’ =Ur— — U. — F U
i 1 i N:L‘|: ( i 1) ( /tn / S( .’L‘t .’L‘))d%‘dt
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The integral of the source term is approximated using a second order quadrature rule as follows:

tn+1

Fitt n+ n+ 3
/ S(U(z,t),x))dedt ~ At - Az - S(U; " 2,U;,17)

t?’l
with

0

i i = n+2 n+2
hz+1 +h _ Zif1—%i
g Ax

Thus the numerical scheme summarizes as follows: starting with U;*, we first obtain the solution

at the intermediate time "*2 as follows

n At !’
Uttt —un Ao (—Fi S Ar) (2.5)

next the solution at time t”*! on the staggered dual cells calculated as follows

n n At n+2 n+g n+2 n+yg
Ui = i1 T AL [F( i) — FU )|+ AS(U; 2, UL, 7) (2.6)

where the projection of the numerical solution on the original and staggered grids are obtained

using Taylor expansions in space as follows:

1 A
z'n+% =3 (UP +U) + SCC (U U ) (2.7)
ot = () + 5 (00, - U) 28)

In contrast with the scheme constructed in [10] where S was defined using the MinMod limiter, in
this work, we propose a new formulation in terms of the MC-6 limiter that leads to sharper capture
of discontinuities as follows:

with,
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1—s; 0
T =i 61(2*51‘) )
npzi—Zi—
—ghi0=7x—
1+s; 0
Tr=s 9 “(2—si) »
npHri+l—=2i
—ghi' 0=
Sic = Si—(Si i 1)6(& b ’
gy ez

As for the parameter s; in the i*h cell,

—1 ifhy

1 ifh;
S; —

0 ifh,

2 ifhy

it is defined by:

RE—hT . .
= 0——%*, ie, backward difference,
hi —hi . .
= -5, ie, forward difference,
= 0 5
— P e central diff
= 51, ie, central difference.

and garantees that z, and h; are discretized in the same way (1 < 0 < 2).

Definition: (Quiescent Flow)

Applied to the Shallow Water Equations, the quiescent flow case represents the steady case of the

water, ie., when the surface of the liquid is initially at rest, corresponding to an initial velocity of

zero. In the quiescent flow case, the shallow water equations are such that:

h 0
U= ,F= , 8=

0 %gh2

0

gh- (= %)
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Theorem:

For a quiescent flow, equations (2.5) and (2.6) respectively reduce to:

+1
Ut =ur (2.9)
[ ]
Ui’f%l =Ul\s (2.10)
Proof:
o If h; is discretized using the backward difference, ie., s; = —1,
0 0
S::‘L: ,S,;n;R: ,andS:fC:
—gh?ﬂizlzgz’l 0 0
Therefore,
S = S+ Slc+ SR
0
—ghpozg
But,
+1 At /
U =00+ %(*Fi + 5i'Ax)
0 , 0
and in the quiescent case, F' = so F, =

1gh? ghi - h;

(2
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Therefore,
ntl A 0 0
Uttt = ur+ % |+ Az

. —ghi'h; —ghP 0= 5+

At 0

= Uit ang :

T\ —ghplh 4 0(z — zim0)]

At 0

o 2Azx

—ghi0(hi + zi) = O(hi1 + 2i-1)]

But since h; + z; = H = constant for all ¢ then 8(h; + z;) — 0(h;—1 + z;—1) =0

leading to
yrte — pgn
1 1
1
In a similar way, we show that Uin tr o U]' remains valid if s; = 0,1, 2.
n+1l __ n
Now we show that Ui+% =Ua

UZ’:; is calculated using equation (2.6) as follows:
2

At +1
Ul = U, - S F

n+% n+% n+%
it+1 i+3 7 Ax )= F(u; ?))+AtS(u; *,U; %)

+1

where the source term is discretized using the formula

0
n+% n+%
S(Ui 27Ui+12): ntd ontd
h; +higy _ Zi41—Zi
g 2 Ax
In the case of a quiescent flow we have U = and F = , therefore
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0 0

1
+1 ) and F(U:L+2) = +1
n+ = n41
%g(hi+12 )2 %g(hz 2)2
Equation (2.6) becomes:

n+%
F(Ui+1 ) =

, At 0 0
1 | IR S I
§g(hi+12) §g(hz %)
0
+At ntdntl

Basic algebra operations give

At 0

its i+3 Ag 1 nt+i

U?L+1 _ n
29 [(hiys® + h?+§) (h?:f +2it1) — (h?+§ + Zz)H

But since h}' + z; = H = constant for all i then (A} + 2;) — (b, ) + zi11) =0

According to relation (2.9),

n—&-% _ n
Ut =
means
TL+% n
+ |
(hv);"* (hv)i!

Therefore, (h] "2 + 2;) — (W]} + 2i41) = (B + i) — (h'y + 2i11) = 0,

leading to

n+1 __ n
Uiy = Uity

which means that if the steady state requirement was satisfied at time ¢™, it will remain as such at

time "1,
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2.2 Balanced Central NT Scheme: The Interface Type Reformulation

Due to the fact that the riverbed function and the water level are continuous on the original cells
but not on the staggered ones, the steady state is not properly maintained in case of variable or
discontinuous riverbeds. A new reformulation of the scheme, will be developed to handle such cases.
The Interface Type reformulation [10] is a modification of the Balanced Central NT Scheme derived
previously. The bottom topography is defined at the interfaces of each cell, ie., z;, 1 is defined at
Tig 1. z(x) is therefore approximated over the whole control cell C; centered at x; using linear

interpolation:

1
Z((E) = Z; + E(ZH_% — Zz_%)(x — (Ez)

and, at the cell centers, we define

Zi+% + Zi_

1
2
Zy =
2

The interface type reformulation follows the scheme derived previously by using the formulae:

1 At /
n+2 _ n el S n
U, fUZ+2M( FZ+SZAx)
and,
n n At n+i n+x n+i n+1
U = ULy — 5o [FURSS) = FUI™)| + ats )3, 0l

Nevertheless, it differs from the previous scheme in the way it moves the numerical solution
from the original control cells to the staggered dual cells and vice versa. In the interface type re-
formulation, the components of UZZ% and Ui"'H are computed differently, taking into consideration
the non-linearity of the water height and the riverbed function over the staggered dual cells.

The hv component is computed by using exactly the Well-Balanced Scheme derived previously
(equations (2.5) and (2.6)). The reformulation of the new version of the scheme is based on a

special approximation of the water depth h at each step of the algorithm.

1

A2 and R+l are computed using equations (2.5) and (2.6). Nevertheless, in order to approximate

i il g
2
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n
hi+§

and A1) relations (2.7) and (2.8) need to be updated using the Surface Gradient Method
discussed in [11], in which the water level H is first updated, then the water height & is calculated
according to the relation h + z = H.

Using the unstaggered central scheme, the water height h and the bottom topography z are con-
sidered to be linear inside each original control cell C;.

In this interface-type reformulation, the linearization of the water height is made indirectly by first
linearizing the water level H(x), then using h(x) = H(z) — z(z).

H(z)=H; + H;(x — x;) for all z € C; with H; computed using a slope limiting procedure on the

cell values: H; = h; + z;, which will lead to:

T
ie., using the cental difference,
, / 1
h; = H; — E(ZH% - Zi—%) (2.11)
Applying relation (2.7) to h results in:
1 A$ ’ ’
?4.% = §(h?+h?+l)+?(hi7hi71) (2.12)
Equations (2.10) and (2.11) lead to:
n 1., n Ax ;o Bl T 21 / Zitd T Zigd
i+1 = 3 (hi' + ki) + Y [(Hz - QAggz) - (HiJrl N (2.13)
which in the quiescent case reduces to:
1 1 zi + Zit1
=g 00+t + g (g - ) (214)

Remark:
In the quiescent flow case, H(x) = constant reduces H' to zero.

In addition, z; 1 —z; 1 =2(z11 — ) and z 3 — 21 = 2(2i41 — 2,_1)
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As for the target solution h?“, it is approximated as follows:
On the original control volumes, the relation H; = h; + z; applies.
Similarly, over the staggered control volumes:
Hips =hips +%,1 (2.15)

H, +1 and z; 1 are defined differently due to the fact that the riverbed bottom z(x) is linear inside

the original control cells C; but not inside the staggered dual cells D, 1

n
z; Zit1
z(x)overce; T)overciti
r. 1 r. 1 T., 3
T2 T ity Tit1 i+3
C; Cit+1
Di+§

Fig. 2.3: The bottom topography z(x) is linear on each original control volume, but NOT linear on the
staggered control volumes.

Therefore, define 7, 4188 follows:

Zi + Zit1
(z% - T*) (2.16)

[N
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The numerical dericatives can be calculated now as follows:

it+g i+1 T %t
thus we obtain
! ’ 1
hivy =Hi s — E(%’ﬂ - 2i) (2.17)

The discrete derivatives H ,, are derived from the staggered values H; 41 using a slope limiting

z+%

procedure.

Using relations (2.14) and (2.16) in (2.15) leads to:

Hivp = hipy+2i4y
1 1 Zi + Zit1
= hit+hin) =3 <Zi+% - —> + 2y
1
= i(hz +hiv1 +2i + 2ig1)
1
= 5(Hi+ Hiw)

which, in the quiescent flow case, results in I:Ii +1 = constant for all grid points since

H; = H;;; = constant.

Finally, using relation (2.17) in (2.7) for h results in:

1 A.Z‘ ’ ’
+1 +1 +1
Wt =3 (W) 4 S (g = hiay)
and thus
1
1 +1 +
mrrt =g (b )

Az / Zi T Zi—1 ! Zit+l — %
— | H, -—— — H, _ 2.1
(- e (2.18)
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Thus we conclude that the interface type procedure, when applied with the unstaggered central

scheme, ensures the quiescent flow requirement.



3. CENTRAL SCHEMES FOR THE TWO-DIMENSIONAL SHALLOW WATER
EQUATIONS

3.1 Well-Balanced Central Scheme for the Shallow Water Equations

In this chapter, we extend the one-dimensional Well-Balanced central scheme presented in chapter

2 to the case of two-dimensional hyperbolic balance law system

U + 0, F(U) + 0,G(U) = S(U,x,y) (3.1)

We apply the unstaggered central scheme discussed in [13] to the two-dimensional system of shallow

water equations defined with

h hu hv 0

0] 0 0 .

ot hu | + e hu? + %gh2 + 3y huv =1 gh (*370) (3.2)
hv huv hv? + %gh2 gh (fg—;)

where h = h(z,y,t) is the water depth, v = u(z,y,t) and v = v(x,y,t) are the water velocities in

the x and y directions, g is the gravitational constant, and z = z(x,y) is the water bed function.

The C-property of the numerical solution that was proven to be satisfied in the one-dimensional

case is also meant to be satisfied in the two-dimensional case.

We discretize the computational domain using the rectangles C; ; = [xi_%,xi +%] X [yj_%,yj +%]
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representing the original control volume centered at the node (2,y;), and D1 j 1 = [2, Ti41] X
[y, yj+1] representing the staggered control volume, centered at (z;, 1441 ), corner of the original
cell C;. As in 1D, the developed scheme evolves the numerical solution on a single grid but avoids
the time consuming process of solving Riemann problems arising at the cell interfaces by implicitly

using the staggered dual cells.

(zi—19Yj+1) (@i, Yj+1) (Tit14Y5+1)
I I I

t 7S t X t
(NCINER LTS DR NCIEE AN
1 1 1

(@i-p>y5) (zi4y5) (Zity,¥s)
1 1 1

)
1

: (l‘i_% yj_%) : (IH.% Y

(Ti—11yj—1) (@i, 45-1) (Tig1qyj—1)

Fig. 3.1: Original control volumes C; ; and staggered control volumes DH%JJF% ’s.
We assume that the numerical solution U}"; is known at the time " as a piecewise linear

numerical solution defined at the center (x;,y;) of the cells C; ;. We integrate equation (3.2) over

R" Di+%,j+% X [tn,tn+1]

i3ty
J[].  werwo.cewyr=[ [ [ swrpan

i+5.it+% i+t
and we apply the divergence theorem to the flux integral, thus we obtain
U.dR +/// [F(U)s + G(U)yldR

. _

i+ 5.0+ i+5.0+3

:/// S(U,z,y)dR

i+1+d
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($i»y_7+1) (IHI»ZI.HI)
| |
| |
: (T, 1,9;,1) :
I % I
| |

n+1
t | |
| |
| |
| |
(zidys) I¢> (zit+l,95)
: (zipys+1) (@irf, yj+1)
T
|
| ,' X
¢ | / (zi+l1yj+l)
Iy
Iy
17
&
(®i,y5) (Tit1,95)

Fig. 3.2: The integration domain R}, 1 ., 1 X [t ¢,
27 2

/:m /;“ (Un+1 7U") da:dy+///n [F(U), + G(U),)dR

‘ ! ityatd
= /// S(U,z,y)dR (3.3)
R:L+%,j+%
But fyy]j”l f;’“ Uz, y, ") dzdy = AyA:xUZf%l’j_‘_%
and f?;yjj+1 f;fl U(z,y,t")dzdy = AyAx zﬁr%,j—k% (Mean-Value Theorem).
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Therefore, using the divergence theorem, equation (3.3) becomes:

n+1 _
AxAyU 141 = AxAyU!" vl 4l
g+l
(U) - ny,dAdt
tn 6DLJr 1 it+3 1
g+l
(U)y - nydAdt
tn 6D G+l
2

/// v S(U,x,y)dR

with Ry = [, Tig1] X [y, Y5+1]

where n = (nz,n,) is the unit normal vector to the boundary of Dii1 1

(i yj+1) \”’2 (@it1,Yj+1)
] ——
ns (13
(zi,v5) ny  (@i1,95)

Fig. 3.3: Di+%,j+% and mormal outer vectors n1 =< 1,0,0 >, na =< 0,1,0 >, ng =

ny =< 0,—1,0 > to its boundary.

Equation (3.4) is therefore equivalent to:

gl
Un—l—l

_ n
it5.gts UZ+273+2 () - npdAdt

AxAy n D141
t71+1

n, dAdt
A.Z'Ay tn aD ) Y

+%

vons |/ / SR

+3.0+3

(3.4)

< —=1,0,0 > and

(3.5)
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tn+1

Let’s approximate the flux integrals: A= [, [, F(U)-n.dAdt
Ty

and B = ft,,:m faRmy G(U) - nydxdydt

A is equivalent to four integrals over the four vertical sides of the cube R, FPTNE

g1

A = / FU"2) - nydady
tn OR.,
gl

Yi+1 N
/ F(U(zis1,5,"4)) - (1,0,0),dy
Yj

tn+]

)
t’VI,

tn+1

Yji 1
+/ / F(U(xi7y7tn+§)) +(=1,0,0).dy
tn y

i+1

tn

/ F(U(Ivyj+1vt7L+%)) : (07 170)Ed*73
Tip1

n41

t Tit1
+/ / F(U(x7yj7tn+%)) : (07 _15 O)a:dx
tm xT;

Each of these integrals is approximated using the midpoint rule:

A = AtAy F(U(wit1,y5,t"12)) + F(U(xi+1,yj+17tn+§))]
2
_aeny | POt 2) & FU @ i, "))
2
n+i n+1 ntl L
= AtAy F(Ui”'lvzj) + F(Ui+1,2j+1) - F(Uivj 2) — F(Ui,j+21)
2
and similarly,
tn+1
B = G(U) - nydxdydt
tn 6Di+%,j+%
n+1 n+i nal il
= AtAx G(Ui,571) + GUia541) = GU; *) — G(Ui)

2
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The update of the numerical solution at time ¢**! is now as follows

n+1 _ n
Uz+2,g+z - Uz+27j+2
At n+2 n-‘rz n+%
oA [ (Uis1y) + F(Uia %) — FU; ;) — F(U, ,]+1)}

At nT3 n 2 " 2 ” 2
_ZA |:G(U1]-:-1)+G( 1+J’i]+1) ( + ) ( Z+-1,j:|

Aa:Ay///n . S(U,z,y)dR (3.6)
+3.0+3

Now we discretize the integral of the source term using the midpoint quadrature rule with respect

to both time and space:

/// S(U7$7y)dR2AtAIAyS(U('xz+%ayj+%7tn+%)7x1+%ayj+%)
+1 541

with

ntg gty gty ot _ n+3d P
S (Uu Ui U 55U ) = g- hH;jJr% (%)

n+% dz
9 Ml ( dy

Finally, equation (3.3) becomes:

n+1 _ n
Vipary = Uigars

At n+3 nt3 nt [
—on [FULE) + PR ) = POl = P )]
At ntd it n+2 TR
~5ay [CWUILA) + G ) — GUIT™ — G|

a8 (Un U oL Ul L) (3.7)
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with
0
n+2 ’n‘+2 n+% n+% _ 1 h; +hi i zi11i—2i 4
S (U Uip 5 Ui Ui ) = 5| 9T
o higtithig zir1—2iy
9 2 Ay
0
1 P U
+= _chigr il Zigr i1 —Zig4
g 2 Ax
_ bttt Zid11 =z
g 2 Ay
Zit1,j — Zij . 0z
where 2T Z0d approximates 9 along the layer y = y;
x T

oz

Zi41,54+1 — Zij+1 .
and ——————>—— approximates —gZ along the layer y = y;;

Az

As for U , it is approximated using Taylor’ expansion:

"+2 n At n
Ui; 2 =U+ 7815(U1- )
and the system of equations, Uy = —F(U), — G(U)y + S(U, z,v)
leading to,

nt1 At
UM =ur 4+

i,J ,J 7 [_F(Ui,j)x - G(U ) + S( »J’xhyj)]

Using the chain rule, F(U};), = (g—g)?j- B;J and G(U;)y = (%)j aU with A’; and Ay

approximating respectively the partial derivative of U with respect to = and y at time t" leading

’
"+2 n At Fij G n i Ti.j
tolU,; * =U + 5 ( Ay — Ay + 50, | with F aU Ao and G aU - B
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with
0 S1
Sii=| —ahi;E | = | S
—gh; Ss
with S; =0,

Sy =S+ S2.c+ SR
Define S 1, S2.c, and Sa g as follows (1 < 6 < 2):

21—Si

Zij — %1,
— o2 92— i —gh™.0 2] =10
Sos = st @2 o) (om0 )

(Si + 1)(81 — 1) Zi+1j — Zz'flj
=§— 2 — 8 _ hn > 5
S0 =s 6 2=si) ( —ghi; =55,

1+ s; Zit1,j — Zij
SZ,R = S,? B) (2 — Si) <_ghzl’j9]A.Z‘])
with

-1 ifh,=20 (%) , ie, backward difference,

0 ifh, =0,

S; =

. hi , —hD. . .
1 if hy =0 (%) , ie, forward difference,

. AT, —h™ie1,j

Similarly, we define S3 as follows (1 < 6 < 2):

S3 =851 + S3,c + S3,r

with
1—1t;

Zig — Rgj—

1)t —1 o Zijel — Zig—
SS,C:tj—(] )6(] )(Q—tj) (—ghi,j”HQAy” 1)
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1445 n pZi g4l — Zij
s&R:t? J(thj) <ghi7j0“+1“>

2 Ay
with
-1 ifh, =96 (%) , ie, backward difference,
0 ifh, =0,
tj =
1 if hy =0 (%) , ie, forward difference,
2 ifh, = h?.fﬂz—;;“j—l

Therefore, we obtain

n Zi,j —Ri—1,j : _
—ghP T i s = 1,

Az
. 0 ifs; =0,
y =
—ghﬁje% ifs; =1,
—ghp ;2 Zimld if 5 =2,
—gh%@%ﬂj’j‘l ift; =-1,
< 0 ift; =0,
4 =
—ghﬁje%j” ift; =1,
_gh;ﬁj% ift; =2.

Thus the well balanced unstaggered central scheme summarizes as follows: starting with U

ij° we

obtain the solution at the intermediate time "2 as follows:

nal At F. G,
nty _pmo 2V T4 g n.
Uig " =Ui T35 ( Ar Ay *%) (3.8)
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next we obtain the solution at the next time t"*! as follows

n+1 _ n
Uz+2,g+2 - Ul+27j+2
At n+ n+ n+3
N [ (Uiga) + F(Ui%540) — F(U;; 2) = F(U 7]+1):|
At n+i n+ n+ n+
~5ay (UL + GULYL) - G - GWTL)
n+ n+1 n+i n+1
AL s (U8R UL UL A UL ) (3.9)
where U" , . , is calculated using linear interpolants:
i+35,J+35
U . _ U} ul Ul
i+ig+s T 7 (U7 + Ulrj + Ul + Ul )
1
+1g Gig + 041 = ivrj = dit1je1)
1
+1g (@i = i1+ Tivrg — Tivrga1) (3.10)
and the projection of the solution at time t"*! on the original grid is obtained as follows
npt 1 urtl o+t +UR o UG
i T g\ it itg.0—3% i—%.+3% i+5,0+3%
1
16 mdumd + 0 g~ Oigny ~Oigany)
1
T (CRAEE AETERSE SERIEESE NERIY (8.11)

Equation (3.10) is derived as follows:

Linear approximation in 2D:

g 0
fam) = fah)+ 5 e+ -y
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Given U};, we can approximate the solution U™ (z,y) at the cell C; ; as follows:

o s 9ij 0i,j
Vg, (@y) = Ul + (@ —w) 53 + 0 =) 5

We then compute the solution values U™ ;

i+1,j4+1 using linear interpolants:

n 1 n
Ulsgey = Ucu, (@it ala,y; + BAy,t")
1
+ZUC’L+1,j ($i+1 - OéA:L’, Yj + ﬁAya tn)
1
+ZUC@,;+1 (.%', + aAr, Yj+1 — BAY, tn)
1
+ZUCH1J+1 (Tit1 — @Ax, Y1 — BAy, ")
with a € [0; 3] and 8 € [0; 3].
But ,
Uc, (@i + oAz, y; + Ay, t") = Ug,  (z; + aAz,y; + BAy)
n 0ig
= U+ (zi + aAr — xi)Az
O'iy‘
+(y; + BAY — y;) A;
UC’i,j (x, -+ OéA.%’,yj -+ ﬁAy, tn) = U,;Lj -+ adi,j —+ ﬂO’iJ
Similarly,

Uci ; (Tig1 — @Az, y; + BAY,t") = Ul j — adip1j + B0t
Uc, ;i (i + oAz, yj1 — BAY, ") = Uiy + adijy1 — Boij

Uiy (Tiv1 — @Az, yj1 — BAY, t") = Uty j11 — @6it1,j41 — BOit1,5+1
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Replacing in Ui+%7j+%, we obtain:

n 1 n
Ulysjey = 7 Ul +adi;+ Boij)
1 n
+7 (Ufha; — adigag + Boiga )
1 n
+Z (Ui7j+1 + adi 1 — 5Ui,j+1)
1 n
+t1 (U1 js1 — @0ig1 g1 — Boig141)
" 1
Uz+2,g+2 = Z( 7«+1]+U]+1+U+1]+1)
«
+4 (5 i T 0; i+l — (51‘4_17]‘ — 57;+1,j+1)
B
+7 (15 = i1 + Oit1j = Tivrg41)

Setting aw = 3 = 1 ensures second order accuracy in space [13].

1
Ulirgry = 7 WU+ Uk, + Ui + Ul i)
1
+75 (6i,5 + Gij+1 — Git1,5 — Gi1,5+1)
1
16 (0ij — Oij+1 + Tix1,5 — Tig15+1)

Equation (3.11) is derived using a similar strategy.

The discretization of the source term, along with relations (3.8) and (3.9), will lead to the fol-

lowing relations in the quiescent case:

”+% _71m
Uij " =Ui; (3.12)
and,
urtt o =U", (3.13)

Z+2a]+2 z+2’]+2
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Quiescent Flow as defined in [10]:

In the case of Shallow Water Equations, the quiescent flow represents the steady state of the water,
ie., when the surface of the liquid is initially at rest, corresponding to an initial velocity of zero,
it remains at rest at any later time. In the quiescent flow case, the unknown U, the flux and the

source term vector reduce to:

h 0 0 0
0 0 1gh? gh-(~5)

Let’s prove that for all values taken by the parameters s; and t; relation (3.12) holds:

According to relation (3.8),

nt3 At Fy Gy
gtz e L 20 [ T4 Yid | gn
o = VT ( A Ay

o fors;=—1andt; = —1

S1 0
= Sz | = —gh?ﬂ.@%
Sa.1, —gh 2t
For a steady state we have:
h 0 0
U= 0 , F = %th ,G = 0
0 0 %ghQ

with h; j + 2;,; = H = constant
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0 0
Therefore, F, ; = ghyhe|r; | and G, = 0
: on il

where hy|}; and hy[7'; denote the derivatives of the water height h with respect to z and

1y, respectively.

Equation (3.8) becomes:

0 0
i | 7 R I
0
—gh 0y
0
= o G | e (B omizaa)
—ghiy (" 0
and since s; = —1 and ¢; = —1, then,

hally =0 (b~ i)

hy

By =0 (i = i)

] 4,51
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Replacing h[}; and hy[}'; by their values, we obtain:

0
+l At B X PP .
Upj? = U+ 5 | —ohrs6 (h izl o 2 ;;*“)
0
:U?T.;_g —agh™. (R, . Y= (R s L
i,j 2 9N i Az [(hij + 2i5) — (hic1j + 2zi15)]

—ght 2 [(hig + 2i5) = (Rij—1 + zijj—1)]

But h; ; + 2;; = H = constant for all (z;,y;), therefore,

0
n+l n At n
Uij " =U;+5 | 0| =U
0

1
e In a similar way, we show that UZ-T,L;_2 =U}"; for any value of s; and t;.

For all values of the parameters s; and ¢;, i.e., whether we are using the backward, forward, central

differences, or zero derivative to the case of quiescent flow, the numerical scheme leads to

1
Ut —pyr.

4] %,J
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Proof of relation (3.13): Ug_glj_‘_% = U;L+%’j+%

According to equation (3.9):

n+1 - "

i+ .5+% i+3.0+3
A ety ¢ FUIE ) - FOIT - Ul
“9As Uigay) + FU2504) — FU; 5 2) — F(U; 343)
At nt i nt i nti n+3
2 2 2 2
*Ey [G(Uz‘,jH) + G(Ui+1,j+1) - G(Ui,j ) - G(Ui+17j):|
n+% TH-% n+% n+%
+AL-S (Ui,j i1 Ui i Ui
with
0
”""% "+% ”J"% "+% _ 1 hig1,j+hij zit1,j—2i 5
S (UM Ui Ui 0 Ui 541 ) = 5| 9 A
hi jr1+hij zij41—%ij
2 Ay
0
+§ _g z+1,]+12 i,j+1 Z1+1»J+A1 Zi,j+1
xr
o hivigithigag Zid41— 21
Y 2 Ay

For a quiescent flow, the shallow water system is such that

h 0 0
U= 0 7F: %ghQ 7G: 0
0 0 Lgh?

We assume that at time ¢ = t”, the steady state requirement is maintained,

ie., h;; +2;; = H = constant



3. CENTRAL SCHEMES FOR THE TWO-DIMENSIONAL SHALLOW WATER EQUATIONS 39

e Consider the second component:

?++%l,j+%\z Uity +3.5+3l2
() - () + ) - (it
LAt RO | i1y = %ig
2 2 Ax
o s
,E hi+12:j+1 + hi,j+21 « Zit1,j4+1 — Zi,j+1
2 2 Ax
- Uzn+2,3_+ 32
[ ?ffz m i - wi )]
o [+ IR, 4~ 0]
zlAAtg [ foj n+2)(2i+1,j - Zm‘)}
fAti { :L++12]+1 + hzg+1)(zl+17j+1 Zi7j+1)}
= Uiy ZLAAtZ [(h;ff] + hnﬂ)(hﬁlzg - hn+2 + Zit1; — Zm)}
élAAti {(h?‘jfj“ * hfjfl)(h?jl%j-&-l - h?;rél Tt Zit1,541 — Zi,j+1)}
= Ui
fAtg {(h?ffj n+2) [(hlﬂj +zi415) — (hi ) nt3 +Zm)”
*z—ti {(h;i—l%j—kl + h?;rfl) [(h;:: i1 T Zi41) — (h?;_%l + Zi’jH)H

But A7, + 2i,; = H = constant for all 4, j, and since Uznj_

1
2= Ui’}j thus

n—+1 _ n
U+2,J+ |2 U

7 27]+ ‘2
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e And similarly for the third component:

f+§1,j+%|3 = Ulijeil
o () = () () - ()]
+% - h?jfl ;LhMZ . Zm'+1A* Zig
Y
- ntl ntl
ﬁ hi+1?j+1 + hi+12,)j " Zi41,54+1 — Zi41,5
2 2 Ay
= Uf‘l’z,];’ s
- [ 73121 W - )]
- [ hrrm(h?:éjﬂ )
—fAtg {( :L;Lfl )(Zi,j+1 - Zm‘)]
fAtZ { 7-:12]-1-1 + h‘z+1 ])(zz+1,3+1 - Zz+1,y)}
= Ulije1, 4%?; [(h;jﬁ + hn+2)(h2jé1 - hZﬁ + Zij41 — Zm‘)}
—fAt”Z {(h?:éjﬂ + hﬁli)(h?:l%jﬂ - h?jl%j + Zig1,541 — Zz'+1,j)}
= U +Li+dls % [(h?;:ﬂ n+2) [(hfjﬁ + 2ijy1) — (h?j% + Zzg)”
*ithg/ {(h?—:—éj+1 + h:':‘_fj) [( it g1 T Fi1) — (h:fi + ZiH,j)”

1
But h}'; + 2i; = H = constant for all 4, j, and since U:;FQ =

n+1
Ul+2 J+3ls

So we conclude that, in the steady state,

n—+1
UH‘ 2 73+2

— n
U1+2,J+ 3

n
Uz+27j+2
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3.2 2D Balanced Central NT Scheme: The 2D Interface Type Reformulation

As in 1D, the Interface Type reformulation is a particular adaptation of the Balanced Central NT
Scheme. The bottom topography is defined at the interfaces of each cell C; ;, ie., z; ISP is defined
at (xi+%7yj+%)-

At the cell centers, we define

Zi-1-3 T Zi-3.+3 Y -1 T 54l
4

Zig =

The interface type reformulation is a particular adaptation of the well balanced central scheme
derived previously. Assuming that for a quiescent flow, the numerical solution U satisfies the
steady state requirement at time ¢™, the numerical solution Uln;r ! is calculated as follows:

First we calculate the solution at the intermediate time ¢"+2:

1 At . G .
UL =0+ = ( e +S;fj>

2 Az Ay

where

0

LC— n Oz
SZ’] h i,j Oz

_,hn Oz
g ,j By

and, next we calculate the solution at time ¢"*! on the staggered grid as follows

n+1 _ n
Uz+2,]+2 - Uz+271+2
At n+2 n+2 ’I’L+%
QA [ (Uz+1])+F(Uz+lj+l) F(Ui,j ) ( 7]+1):|

At n+3 "+z "+z ”+2
~5ay |G + W) Wi —awi)]

n+s o ontd n+ n+3
+At- S (U 2 U1+12]7U ]+21’Ui+1»2j+1)
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with
0

n+% n+% n+% n+% _ 1 hi+1 +h; i Zit1,j—Zi,j

S(Uij Uipjp Uigio Uil ) = 5 | -t 2=

o higtithig zir1—2iy

9 2 Ay
0
+= _ i thi g ziga g —2i g0
g 2 Ax

L hivigpathigag Ziga 41— 21y
9 2 Ay

The adaptation of the surface gradient method or the interface type reformulation is based on a
particular projection of the numerical solution on the original grid and on the staggered one.

The hu and hv components are computed by using exactly the Well-Balanced scheme derived pre-
viously. However, a special approximation of the water depth h at each step of the algorithm is
required.

hz;r% and h;f;j Ly are computed using equations (3.7) and (3.8). Nevertheless, in order to ap-
?+%7j+%
Gradient Method discussed in [10].

proximate h and h?jl, equations (3.9) and (3.10) need to be updated using the Surface
Using the two-dimensional unstaggered central scheme, the water height A and the bottom topog-
raphy z are considered to be linear inside each original control volume Cj ;.

In this interface-type reformulation, the linearization of the water height is made indirectly by first
linearizing the water level H(x,y), then using h(z,y) = H(x,y) — z(z, y).

H(x,y) = H; j+ Hy); j(x —x;) + Hyj; ;(y —y;) for all (z,y) € C; ; with H, and H, computed using
a slope limiting procedure.

n o _ pmn o
Hiy=hij+ 2

This will lead to:
hal

no__ n o
i,j*Hm‘i,j Zxli,j

and

hymj = Hng — 2ylisj



3. CENTRAL SCHEMES FOR THE TWO-DIMENSIONAL SHALLOW WATER EQUATIONS 43

ie., using the cental difference,

1 (zij+zig1,;  Zi-1j+ 2
hx|i,j—Hm|i,jM(” 21 L= j2 ”)

hy|i,j = H,

o L( Zij + Zij+1 _ Rig—1 + 255
YAy 2 2

Applying relation (3.10) to h results in:

1
hiviivs = 3 (R + ity g + B + hi 1)
alz
t— (hafig + Pafigar = Pajivry — hafivr41)
BAY
A (ylig = hyligen +Pylivr; — hyliva i)

4

(3.14)

(3.15)

(3.16)



3. CENTRAL SCHEMES FOR THE TWO-DIMENSIONAL SHALLOW WATER EQUATIONS 44
Equations (3.13), (3.14) and (3.15) lead to:
n _ 1 (hn + hr + hn + hr )
i+ dg+d = 7 Vg T Rivng TR0 g
T R T s e P B Pis
an " - 2 2 5 2 2 2 2 5 2 2
4 z|i,j Az
N N e R T e e
aA:L, Hn N _ 2 2 5 2 2 2 2 5 2 2
4 zlij+1 Az
aAz P ke N P A T
o= Hn o 2 2
4 z|it+1,j Az
A Fipdgei T3 43 Fidarl TPl aed
_anr HY. 2 — 2
4 zli+1,5+1 Ax
BAy Ziod i TPt el Zid o3Pl -4
+ =g lij — 2 2
4 Yivg Ay
Pipla+iTRr3a4d Fieda-iTRied -1
+6Ay n - o 2 2 5 2 _ 2 2 5 2 2
4 yli+1,j Ay
BA Ficl 43 TFird 8 Fimlari TRl g
P2y fgn 2 2
4 yli,j+1 Ay
BA 33 54808 Fardari T g el
= Hi g - 2 2 (3.17)
4 ' Ay

The water depth h?;rl at time "1 on the original grid is approximated as follows:

We first note that on the original control volumes, the relation H;; = h;; + z;; applies, while

on the staggered control volumes, a similar relation holds

Hipr vt = hips jrd T 241 541

(3.18)
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where H, 41441 and z; 1 500 are defined differently due to the fact that the riverbed bottom
z(x,y) is linear inside the original control volumes C; ; but not inside the staggered control volumes
Di+%,j+% .

Therefore, define Z; 114 88 follows:

- . _ 1 _ Zigtzip1g t Zigen + 214 (3.19)
Zitg.g+s = Fikgats T g \ fitsats 1 :
Hiy1 41 will be defined accordingly; leading to:
n+1 _ sn+l s
Ry ey = Wit gg — % g ey
The partial derivative can be now calculated as follows
Fid -3 TPt el Fimda-dtiodaed
- _ 2
hi+%,j+§|z =Hii1 41 Az (3.20)
and
FioyaryTPiedard  Ficga-d Vg a-g
_ _ 2 2
hivtiviw = Hivg i Ay (3.21)

The discrete derivatives H;, 1 ; 1), and H;, are derived from the staggered values H; ;1 ;, 1

Li+ily

using a slope limiting procedure.
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Finally, using relations (3.19) and (3.20) in equation (3.11) for h:

1

1 n+1 n+1 n+1 n+1
Pt = = (R hir hi RV
s R R B TAT B
oAs T S W o P e aT WEY|
n+1 2 2
; 1 . 1
4 zli-5.0—3 Az
aAz FiclgiTFedarl FimgariTRiola4d
n+1 _ 2 2
4 zli—g,j+3 Az
oAa whidTiegoy  Fedadtiedad
o n+1 o 2 2
4 eli+3.i-3 Az
oAz Pipdard TFa sl Aolard Rl
_ = n+1 _ 2 D)
4 wlitg,i+5 Az
A Fiopo-dthiogord | Fioga-gtiioge-d
+ Y n+1 2 2
4 yli—%,j—% Ay
BA Fipd =11l a4l Figly-3tTRigl -1
+ Yy 7L+11 L - 2 2
4 yli+5,9—35 Ay
8A Ficdg4d oL g4s Fiodg-3tEoLel
_PaYy gl _ 2 2
4 yli—3.0+3 Ay
BAy ) R e I e T R RE
n-+ 2 2
1 | Tyliraes Ay (3:22)

Proposition:

The 2D Interface-Type (equations (3.7), (3.8), (3.17), (3.22)) maintains the Steady State Condition

in the way it moves from the original cells to the staggered ones, and vice versa

Proof:

In order to prove that the transformations between the original and the staggered grid main-

tain the steady state condition, we will use the following two relations (3.17) and (3.22) from the
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2D-Interface-Type reformulation.
The main idea consists in replacing relation (3.16) in (3.21) by using the fact that in the steady

n+1 _1n . .
state, hi+%,j+% = hi+%,j+% as proved in equation (3.12).

e Simplify equation (3.22) in case of a steady state:

Let A be the term involving the x-derivatives and B the terms involving the y-derivatives

in equation (3.22).

The reduction of A and B uses the fact that in the steady state,
H,=H,=0.

alAzx

A = m[_(zi—é,j—é+zi+§,j—%)+(zi—%,j—%+Zi—l,j—%)}
alAx
+owang |Gt + o)+ g + o)
alAzx [

2*4Aac
aAzx
Y AAT [ Zied g+t T 2irgged) — By g +Z¢+%,j+%)}

1ot T zipa 1) — (11 +Zi+%,j—%)}

et
-3 {Z%* B S T N T LI ]+%i|
a
g [Zitha-t T A gaod T arbard T A g
a
T Fisi-3 T 2it15-1 T2 +d T 5L+l

«
) [zi,%ﬂ-,% T2t j-1 T AL s +Zi+%,j+%}

Q

= < (4zic1; +4zip1; — 8z j)

Q oo

= o (21, + 2415 — 22i5)

[\
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b= 25?21,[ (Zimg -t T 2ig44+3) T (2 zn,J,,szi,%’jf%)}
—l—% {—(ZH%,J;% 21 gea) F(zipr s +Zi+%,j7%):|
+23Tyy |:(Zi+%,j+% g1 gys) = (zip1 1 +Z‘+2J+%)]
= 8 [ama s s ]
+§ [Zz——,y+l +zl__]+a —i—zz+ 4l +Zz+ HJ
p

B
= g (42’1*7]‘_1 + 4Zi,j+1 - SZI‘J‘)

= 3 (2i,j-1 + 2ij+1 — 22i5)

For a = # = %, equation (3.22) becomes:

1 n+1 n+1 n+1 n+1
L AP e e R ey
1
+§(Zi—1,j + Zit1,j + zig-1 + Zig+1 — 42i5)
which leads to

But according to equation (3.13), h"+1 =hy,

J+s T Nk
Ty % -3 ' Vit3d-3 —3.J+3 z+2,y+2
1
+2(Zic1g + Zivny + Zigo1 + Zig — 42i) (3.23)
8
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e Simplify equation (3.16) in case of a steady state:

In case of a steady state, H, = Hy = 0, so we obtain:

1
" = —(hr. no n. no
hi+%,j+% Ty (hw + hz+173 + hw+1 + hz+171+1)
aAx T R T N P B Pis
2 2
+ —
4 Ax
Zipl it 1 548 Zi_14itE_1 508
aA:L‘ 2 2 2 2 2 2 2 2
2 2
4 Ax
Zir3 -1 3541 Zipl o1tz 501
an 2 2 2 2 __ 2 2 2 2
2 2
4 Ax
z +z . z +z
aAx it+3 ;+%2 i+5.0+8  Citga+g _ i+3.0+3
4 Ax
ﬁAy Zi-1 J+%+21+% ity Zi-l J—%Jrzwr% j—3
2 2
+ —
4 Ay
+z . z, +z.
ﬁAy i+ J+%2 i+3,+1 H—%,]—lQ i+3,5-1
+ —
4 Ay
z,_ 1 ..3%z 3 z +z
BAy z—§,a+72 it3.9+3 z—%,a+%2 itg.ity
4 Ay
z. . +z. . +z.
ﬂAy 1+%,J+%2 ’1r+%yj+§ ) J+%2 1+% J+%
4 Ay
But
Zitlj-3 T Eirdgty Fli-i T A-Lgvl o (Zitdi=s e
2 - 2 - 2 Y]

AR TAS Blcas s WGt The Uit an DY (iian AR SANGAR AR
2 2 - 2 S

Zig3j-1F i34l Zigpl 1t Zigl g1 _y Zigl -1t il 41
2 - 2 o\ T 2
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Zivdg+d T A+80+8  Firda+d T E+da+d

and

Zictg+s TErlgrl A

_ Zitda+d T A4 La+d
2

B Tt Bl Tt WD it s Wailiian an SN
2 2 2 I

Gityats VEGars  Fbda-y TEga-y o (Fkdars TEgaes
- = T Aitlj
2 2 9 i+1,

Rt TAR Bilias Ths WGt s Sliian Pan S
2 - 2 A

Zip L4323 543

s FAs Milies HA 2| Zit1,541 —
2 2 B

Fimgaty T Ay ey
2

Zipd g+t T %4l
2

50
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Therefore,

n
hi+

5.0+

1 n n n n
1 (Rt + by + R + by )

a | Zipd j—1 +Zi+lﬁj+l
4= 2( 2 2 2 2 — 2

4 2

a [ o (Fitha+s T Rirdi+d
Z - 2 — Zij+1

al Ziglj-1 T il g4l
+Z 2 Zi+1,j7

+

2
+g _2 Zitli41 — Zitdg+d tEivdi+d
4 |7\ 2

HE <Zi_%7j+% s Zﬂ>]

[ Zitdj+d T Fd i+
+é _2< 2:JT3 2J 2_Zi+1,j

2
[ Zicd gt T Eirdivd
+é 2 (Zi,j+1 _ 2)J T3 2:JT3

2
[ Zipd g+t T i3 4l
2| Zit1,5+1 — 5

+
A~

n n n n
Rty hity R R )

+
—

N RN R e Ho RN o)

(2215 + 220541 + 22k + 22i41,541)

T

_|_

22i5 + 2215 + 2Zi 41 + 22i41,541)

223 vy 421514 +2Zi+%,j+%)



3. CENTRAL SCHEMES FOR THE TWO-DIMENSIONAL SHALLOW WATER EQUATIONS 52

g1
Fora= (=g,
bty g g Tl TR R
1
+Z (2ij + Zit1,5 + Zij+1 + Zit1,5+1)
! 4
T \MFdary TRy T Ay T A irgith)
= H

8 (4Zi+%,j+% MG TR AL TS SUR S REY +Zi+%vf+%> (3:24)

with H = h; ; + 2; ; for all 4, j.

Slmllarly,
@ é’ﬂ é 8 i_%7j_% i_%’j_% zl_é’J+; zi_gvj ; Zi ;’j ;
n 711 - = 4Z 1, 1 +Z 1 3+Z' 1,51 +Z 1 +Z 3 1
i+%7j7% 8 it+5,0-3 it+3,0— 3 i+5,0t3 i=3.7 ; i+5.0-3
i—%,j-ﬁ-% S Zi—%,j-i—% Zi—%,j—% Zi—%,j—‘—% zi—%,j-ﬁ-% Zi-ﬁ—%,j—&-%

n
_lvh- 1, 1
5 tt3.0—3%

h

e Replace h;‘_% i 1 iranh ; by their values in equation (3.22):
) 2 2 2

n
it3.0+
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1
n+1 _
iyt = J(H+H+H+ H)

1
Pl G R R T

s (amdm + o hamg A F A gand Ao
L1
4%8 2
1

(4Zi+%,j7% T 24— T Zitd g+l T 2454 +Zi+%,jf%)

ti s (4%7%%% R N e N T Bk T R e Vs

1
3 (Fimrg 2z + zigo1+ zige — 42iy)
1
= H— (i1 +2iv + zig1 + Zige +42i5)
8
+35 (FimL + 2 + 2z + Zigen — 4%)
= H-—z;
_ n
= fLI-J—I—zU Zij
_ n
hi;
Zi_loaoitzi1 o o1tz 11tz 1 1
3 . — 2’ 2 2’ 2 2° 2 2’ 2 n Jp—
(using: z; ; = T and h; + 25 = H)

We finally prove that I]Iz +1+1 is maintained constant in the quiescent case:
Using equations (3.19) and (3.24) in equation (3.18) we obtain:
Hipig01 = Piygjges 241541
1
= H-g2 (4zi+%,j+é t gl -1 Y2t T EoL 4 +Zi+%,j+%)

1 Zij + Zix15 + Zijr1 T Zig1,41
TZirdg+d — 5 (Firdg+l T 1

= H

End of Proof
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Concluding Remark:

The Stability condition is defined as in [15] by: At = min(Aty, Ats),
with Aty = CFLx* m and Aty = CFLx* m where LF and LG are the matrices
containing respectively the eigen values of g—g and %.

In our computations, we considered a CFL number equal to 0.485.



4. NUMERICAL EXPERIMENTS

4.1 One-dimensional numerical experiments:

4.1.1 Toro’s problem

This first example features a constant riverbed (z(x) = 0) with a discontinous initial condition as
discussed in [13]. The computational domain [0,40] is discretized using 600 gridpoints and the final
solution is calculated at time ¢t = 2 using the interface-type reformulation. The initial condition for
h is given by

25 Lif17.5 < x < 225,
h(z,0) =

0.5 , otherwise.
with initial velocity v(z,0) = 0.
The water height is shown in figure 4.1 and compared to the one returned by the numerical base
scheme derived in [13]. For this problem, the numerical base scheme is capable to generate the

exact profile without additional treatment, since the source term is set to zero.

4.1.2 Dam Break over a rectangular bump

The second example features a rapidly varying flow over a discontinuous bottom as discussed in
[10]. The computational domain is [0;1500] discretized using 600 grid points. The computations

are performed at ¢ = 15s.
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Base Scheme & Interface-type using MC8 for tf = 2

141
— Riverbed

10} Interface-type
— — — Base Scheme

0.2

Fig. 4.1: Toro’s problem: Water height at ¢ = 2 using the MC-0 limiter for the Base scheme and Interface-
type reformulation.

The discontinuous riverbed is given with

8, if [ — 50 < 150

z(x) = 7

0 , otherwise.

The initial water level is:

20 ,ifx <1800,
H(z) =

15 , otherwise.
with v(z,0) = 0. The nonphysical oscillations returned by the well-balanced algorithm at the points
of discontinuity of the riverbed disappear whenever the interface type reformulation is considered
(figures 4.2, 4.3) showing, numerically, that the interface-type reformulation eliminates the non
physical oscillations whenever the riverbed is discontinuous.

Figure 4.4 shows a comparison of the numerical results returned by the interface type reformu-
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Balanced VS Interface-type using MC6 for tf = 15

— Riverbed
——— Balanced central NT
‘ — — — Interface-type

20 I

|
15+ K—Q;/‘W

0 500 1000 1500

Fig. 4.2: Dam Break problem: Water height at ¢ = 15 using the well-balanced algorithm and the Interface-
type reformulation

Balanced VS Interface-type using MC® for tf = 15

— Riverbed
231 ——— Balanced central NT
— — — Interface-type

22

21

20

200 250 300 350 400 450 500 550 600

Fig. 4.3: Dam Break problem: Water height using the well-balanced algorithm and the Interface-type
reformulation (zoomed)
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lation using two different limiting procedures: MinMod and MC-6 (6 = 1.5). As expected, MC-6
returns sharper results, showing that our extension of the discretization of the source term from

the MinMod limiter to the MC-6 limiter resulted in less diffusive solutions.

MinMod vs MC-#6 for tf = 15

—— MinMod
— — — MCtheta

20 A

500 1000 1500

Fig. 4.4: Dam Break problem: comparison of the limiters for § = 1.5

The validation of the method is made by finding the numerical solutions for different grid

spacings: Az, %, and %. Considering the solution returned for % to be the most precise
solution, compare the two other results to it. Concluding that our numerical solution does not

depend on Ax results in the validation of the method used.

4.1.3 Quiescent flow over an irregular riverbed

We consider the case of a gradually varied flow. The riverbed is defined through a set of points
in [14] and in section 3.1 of [10]. The computational domain is [0,1500] and the computations are
performed with Az = 7.5. The water is initially at rest with a height of 12m. The right boundary
condition is v(1500,t) = 0.

Figures 4.8 and 4.9 show the numerical results returned by the interface-type reformulation
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151

Height using different grid spacings with MC-8 limiter for t = 15

riverbed|
©odx

- - —du2

o4

I
500

I
1000

|
1500

Fig. 4.5: Dam Break problem: validation of the method. Water height for different grid spacings with

Ax =5

231
22~

21

Height using different grid spacings with MC—0 limiter for t = 15

18

16

15F

200 300

Fig. 4.6: Dam Break problem: validation
Az =5 (zoomed)

400

of the

500 600

method. Water height

700

for different grid spacings with
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Height using different grid spacings with MC-6 limiter for t = 15

21

1951

10f

100 150 200 250 300

Fig. 4.7: Dam Break problem: validation of the method. Water height for different grid spacings with
Az =5 (more zoomed)

compared to those returned by the well-balanced algorithm. The nonphysical oscillations showed
by the well-balanced algorithm at the right boundary are treated by the interface type algorithm,
proving that the modified scheme maintains the steady state condition, even when the riverbed is

irregular.

4.2 Two-dimensional numerical experiments

4.2.1 Toro’s problem

This first two-dimensional example features a non variable riverbed (z(x,y) = 0) with a discontinous
initial condition as discussed in [13]. The computational domain [0,40]x[0,40] is discretized using

100% gridpoints. The initial conditions are u(x,y,0) = 0, v(z,y,0) = 0, and

25 Lif17.5 <z < 225,
h(z,y,0) =

0.5 , otherwise.

Figure 4.10 shows the profile of the water height at the final time ¢ = 4.7s obtained using the

Interface-type reformulation; and figure 4.11 shows a plot of the height h along the line y = 10
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Balanced VS Interface-type using MC-# for tf = 100

10k —— Riverbed
——— Balanced central NT

— — — Interface-type

0 500 1000 1500

Fig. 4.8: Quiescent flow: comparison of results for ¢ = 100s using the MC-6 limiter for the well-balanced
algorithm and the interface-type reformulation

Balanced VS Interface-type using MC-9 for tf = 100

15+
1451
14
135} ——— Riverbed
—— Balanced central NT
131 — — — Interface-type

125} M —

12———=— _—_ - = = -

900 1000 1100 1200 1300 1400

Fig. 4.9: Steady state problem: comparison of results for ¢ = 100s using the MC-@ limiter for the well-
balanced algorithm and the interface-type reformulation (zoomed)
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obtained using the base scheme (solid line) and the well balanced and interface-type scheme (dotted
line). The results are in good agreement with the ones shown in [13], in which the two-dimensional

shallow water equations are numerically solved using the base scheme.

Toro’s problem with zero source term using MC-0 limiter att = 4.7

Fig. 4.10: Two-Dimensional Toro’s problem at t=4.7s, 100x100 gridpoints, MC-6

2D Toro’s Dam Break problem: Solution at t= 4,7, section a\ong y=10
0.75 T

T T
Base Scheme
Well-Balanced & Interface-Type Scheme

Fig. 4.11: two-dimensional Toro’s problem: comparison of the Interface-type scheme with the Base scheme
for y = 10, 100x 100 gridpoints, MC-6
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4.2.2 Dam Break over a rectangular bump

This second problem is a two-dimensional extension of the rapidly varying flow over a discontinuous

bottom discussed in [10].

The computational domain [0;1500]x[0;1500] is discretized using 600x11 gridpoints and the com-
putations are performed at the final time ¢t = 15s.
The discontinuous riverbed is defined by

. 1500 _ 1500
8, if |$ -5 |1 <=1,

0, otherwise.

The initial water level is defined as follows:

20, ifx <1500,
H(z,y,0) =

15, otherwise.

with u(z,y,0) =v(z,y,0) = 0.

The nonphysical oscillations returned by the well-balanced algorithm at the points of discontinuity
of the riverbed disappear whenever the interface type reformulation is considered (figure 4.13),
showing that the derived two-dimensional interface-type scheme reduces the oscillations returned
at the discontinuities in case of a discontinuous riverbed.

The method is validated by comparing it to the one-dimensional interface-type reformulation derived
in chapter 2, which was also derived in [10]. The cross sectional result of the water height returned
by the two-dimensional interface-type scheme in figure 4.14 is in great agreement with the water
height obtained from the one-dimensional scheme, validating the two-dimensional extension of the

scheme.
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Dam Break over a rectangular bump using MC-6 limiter at t = 15

500 1000 0500

Fig. 4.12: Two-Dimensional Dam Break over a Rectangular Bump at t=15, 600x11 gridpoints, MC-0

Balanced VS Interface-Type: dam Break over Rectangular Bump Balanced VS Interface-Type: dam Break over Rectangular Bump
17
|
]
20 165
'
' 16
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Fig. 4.13: Two-Dimensional Dam Break problem: Well-Balanced VS Interface-type
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Interface-Type reformulation: 1D VS 2D
25 T T

riverbed
-=-1D
2D y=0

151
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Fig. 4.14: Dam Break problem over a rectangular bump: Interface-Type, 1D VS 2D

4.2.3 Dam Break over a flat bottom

This problem is meant to prove the validity of the two-dimensional interface-type scheme by com-
paring the numerical solution obatined by our scheme to the reference solution returned by the
Riemann solver CLAWPACK. It is of a great benefit to compare our scheme, which avoids Rie-
mann prolems, to a solver that is based on the strong Riemann procedure.

The computational domain [-5, 5]x[-5, 5] is discretized using 600x 11 gridpoints and the solution is
computed at the final time ¢ = 2s. The riverbed function is set to zero and the initial water level
is defined by:

3 ,ifz<0,
H(z,y) =

1 , otherwise.
with zero initial velocities. The Interface-type solution is computed using the MC-6 limiter and
represented for y = 0 (figure 4.15).
The two solutions agree, with a relatively small relative error (figure 4.16) confirming the ef-
ficiency and the potential of the Non-Riemann Interface-type scheme, compared to a Riemann

solver.
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‘Comparion with the CLAWPACK solution for the DamBreak Problem at t=2

Clawpack solution

— — — 2D interace-type solution at y=0|

Fig. 4.15: Dam Break problem over a flat bottom: reference solution (solid line) obtained using the CLAW-
PACK solver and the numerical solution using our scheme (dashed line) through the line y = 0
using the 2D Interface-type scheme at t=2 using the MC-6 limiter

x10° Relative Error of the Interface type solution compared o the CLAWPACK solution
T T T T T

Fig. 4.16: Dam Break problem with zero source term: Absolute error of the interface-type solution compared
to the clawpack solution at t=2 using the MC-6 limiter
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Grid Size || |E|3 | On,(E) || Time Step || [E[3 | On, (E)
100x100 || 0.8848 - at 0.0055 -
200x200 | 0.3771 1.23 0.0038 1.3
400x400 0.1257 1.6 0.00261 1.7

HENES

Tab. 4.1: Interface-Type Scheme, Dam Break problem: L2 norms of the errors of the numerical solution
compared to the reference solution with respect to space (n=800) and time (&)

4.2.4 Continuous water level over a flat bottom

In this problem we consider a continuous water level problem over a flat bottom. The computa-
tional domain [0;1500]x[0;1500] is discretized using 600x11 gridpoints and the numerical solution
is computed at the final time ¢ = 2s. The initial velocities are set to zero, and the inital water level

is defined by

20, if z <500,
H(z,y,0) = ¢ —{Z- + 25, if 2 < 1000,
15, otherwise .

This problem was used to study the numerical accuracy of our scheme in time and space. Taking
the numerical solution returned using the finest grid (800 gridpoints) for the Dam Break problem
as the exact solution, a simple variation of the number of gridpoints proves the quadratic numerical
accuracy of the scheme. Similarly, considering the solution returned for smallest time step At to
be the exact one, variations of the time step prove the quadratic accuracy of the Interface-type
reformulation with respect to time; although this quadratic accuracy is theoretically maintained
due to the fractional time step used in the base scheme. The scheme is also proven to be not
dependent on the number of gridpoints or the time step used (figures 4.17, 4.18). Figures 4.17 and
4.18 show the superposition of the solutions returned by the Interface-Type scheme for this problem
for different number of gridpoints and different time steps, respectively.

According to figures 19 and 20, showing the L2 norm of the error with respect to the grid size and
the time step on a LOGLOG scale, the numerical accuracy of the scheme is O(1.6) with respect to

space and O(1.7) with respect to time.
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Interface-type for different grids
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Fig. 4.17: Continuous water level over a flat riverbed: solutions returned for different grid sizes compared

to the finest grid using the MC-6 limiter at t=2

Interface~type: solution for different time steps
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Fig. 4.18: Continuous water level over a flat riverbed: solutions returned for different time steps compared
to the smallest time step using the MC-0 limiter at t=2

4.2.5 Dam Break over a discontinuous riverbed

This two-dimensional problem features a rapidly varying flow over a discontinuous bottom. The

computational domain [0;1500]x[0;40] is discretized using 600x 11 gridpoints and the numerical so-

lution is calculated at time ¢ = 15s using the MC-6.
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L2 norm of the error VS number of gridpoints on a LOGLOG scale

Log(L2 norm of the error)
=

Log(gridpoints)

Fig. 4.19: Dam Break problem with continuous riverbed: LOGLOG: L2 norm of the absolute error of the
solutions returned for different time steps compared to the smallest time step using the MC-6
limiter

L2 norm of the error VS time step on a LOGLOG scale

Log(L2 norm of the error)

Fig. 4.20: Dam Break problem with continuous riverbed: LOGLOG: L2 norm of the absolute error of the
solutions returned for different time steps compared to the smallest time step using the MC-0
limiter
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The discontinuous riverbed is defined by

8, if 700 < z < 800,

7, if 600 < x < 700, or 800 < x < 900,
6, if 500 < 2 < 600, or 900 < x < 1000,
5, if 400 < < 500, or 1000 < z < 1100,
2(z,y) =
4, if 300 < z < 400, or 1100 < = < 1200,
3, if 200 < z < 300, or 1200 < < 1300,

2, if 100 < = < 200, or 1300 < z < 1400,

1, otherwise.

The initial water level is defined by:

20, ifz <80
H(z,y) =

15, otherwise.

and the initial velocities are set to zero.

The whole purpose of such a problem is to challenge the interface-type reformulation in case
of multiple discontinuities. Our scheme showed a great performance in such a case; figure 4.21
represents the water height returned by the new reformulation, not showing any oscillation at the

discontinuities.

4.2.6 Quiescent flow over an irregular riverbed

We consider the case of a varying flow over the riverbed shown in figure 4.22. The problem is an
extension of the one-dimensional example discussed in section 4.1.3 and in [14]. The computational
domain [0,1500]x[0,1500] is discretized using 2002 grid points and the solution is calculated at the

final time ¢t = 0.5914. The water is initially at rest with a height of 90m.
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Interface-Type: Dam Break over a discontinuous riverbed using MCtheta limiter at t = 15

2—] /40
20

0 500 1000 0500

Fig. 4.21: Interface-Type scheme: Dam Break over a discontinuous riverbed at t= 15

Figure 4.22 shows the steady state of the water height at time ¢ = 0.5914s. Figures 4.23 and 4.24
show the water height returned by the interface-type reformulation compared to that returned by
the well-balanced algorithm. The nonphysical oscillations showed by the well-balanced algorithm
at the right boundary are erased by the interface type algorithm, thus confirming the high potential
and efficiency of the scheme and its capability to maintain the steady state of the water even when

an irregular riverbed is considered.

4.2.7 Two Rarefaction waves over a zero riverbed

We consider the problem of two rarefaction waves propagating in opposite directions as presented

in [16], where the initial conditions are given with H(z,y,0) = 2 and

~5.0,7 < 25,
u(z,y,0) = v(z,y,0) =
5.0,z > 25.

with non variable riverbed (z(z,y) = 0).

The solution consists of two rarefaction waves, presented at the final time ¢ = 0.3s. The profile
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Tidal Wave over Iregular riverbed using MC- 6 limiter at t = 0.5914.
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Fig. 4.22: Two-Dimensional quiescent flow problem: Steady State at t=0.5914, 2002 gridpoints, MC-
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Fig. 4.23: Two-Dimensional quiescent flow: Comparison of results obtained at ¢ = 0.5914s using the MC-0
limiter for the well-balanced algorithm and the interface-type reformulation.
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Fig. 4.24: Two-Dimensional quiescent flow: Comparison of results obtained at ¢ = 0.5914s using the MC-6

limiter for the well-balanced algorithm and the interface-type reformulation (magnified).

of the water height is shown in figure 4.25 and a cross section along the line y = 0 is presented

in figure 4.26. The obtained results are in good agreement with the corresponding ones presented

in [5], showing the validity of the two-dimensional interface-type reformulation whenever non zero

initial velocities are considered.

Two rarefaction waves with zero source term using MC-8 limiter at t = 0.3

Two rarefaction waves with zero source term using MC-8 limiter at t = 0.3
5

0.5

Fig. 4.25: Two-Dimensional Interface-Type Scheme: Rarefaction waves problem at ¢ = 0.3 and a cross

section for y=0 using the MC-6 limiter



5. CONCLUSION

In this work, we presented a class of one and two-dimensional well-balanced unstaggered central
schemes for the approximation of the solution of balanced laws with geometrical source terms.
The schemes are first applied to the one-dimensional shallow water equations and then extended
to the two-dimensional case. The one-dimensional shallow water equations are first numerically
solved using the well-balanced central scheme and an adaptation of the surface gradient method,
the interface-type reformulation, both extensions of the work discussed in [10]. They focus on
discretizing the source term according to the flux divergence, aiming therefore at balancing the
shallow water system in the case of a quiescent flow. The interface-type reformulation, adaptation
of the well-balanced scheme, is based on a particular discretization of the water height by first
linearizing the water level, in which case the quiescent flow is maintained. The method is then
extended to the case of two-dimensional shallow water equations, which is the main objective of
this thesis. As in the one-dimensional case, the method guarantees well-balancing by discretizing
the source term according to the flux divergence using some parameters based on the MinMod and
the MC-0 limiters. Furthermore, the proposed method maintains the steady state by following the
Surface Gradient method discussed in[11], according to which the water depth is discretized using
the water level. This last feature assures the well performance of the schemes in cases of quiescent
flows. The computations performed on several test problems show very good results in both steady
and unsteady flow cases, as well as in discontinuous and irregular riverbed cases, and thus confirm
the high potential and efficiency of the proposed methods.

As a future work one could investigate the extension of our method to the case of unstructured
grids by applying the well balanced scheme and the interface-type reformulation to triangular grids

instead of rectangular ones. The treatment of the dry state is also of great importance whenever it
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comes to shallow water systems. In some problems, the falling of an important water dam might
cause the dryness of the riverbed, leading in most cases to negative water height or even to the

divergence of the numerical schemes.
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