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An Abstract of the Thesis of

Nizar Hafez Ajeeb for Master of Engineering

Major: Electrical and Computer Engineering

Title: On the Capacity of Linear Additive Channels with the Noise Spanning

Hermite Functions

We consider a linear additive noise channel where the input is average-power
constrained and the noise probability law is not necessarily Gaussian, but is rather
in the finite span of even Hermite Functions. We study the nature of the capacity
achieving input distribution of such a channel.

It’s well known, by Shannon’s Theorem, that the capacity achieving distribu-
tion of the described channel is of a continuous type, namely Gaussian, whenever
the noise is Gaussian.

In our study, we present some sample case analysis and develop a general pro-
cedure that proves the discreteness of the capacity achieving distribution when-
ever the noise is in the finite span of even Hermite Functions with the exception

of the Gaussian.

Keywords: Capacity, Linear Additive Channel, Gaussian Channel,

Non-Gaussian Noise, Hermite Functions
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Chapter 1

Introduction

1.1 Overview

In his 1948 paper, Shannon [1] proved that the capacity achieving distribution
of an average power constrained AWGN channel is of a continuous type. In fact,
the optimal input distribution is Gaussian distributed.

Later, Smith [2] provided necessary and sufficient conditions to be satisfied by
the optimal inputs . Shamai and al. [3] extended the work of Smith to complex
Gaussian channels, Abou-Faycal and al. [4] considered a non-deterministic aver-
age power constrained Rayleigh-fading channel and adapted the techniques used
by Smith to their problem. Recently [5] investigated non-linear AWGN under
even moment as well as finite support constraints and concluded that the input
capacity achieving distribution is discrete.

In most of the papers cited above, the authors investigated channels where
the noise is assumed to be Gaussian distributed.

In fact, the noise of an additive linear channel was historically modeled with
a Gaussian Probability Density Function ( pdf ) for mainly two reasons. First,
the Gaussian distribution maximizes the entropy of a random variable with fi-

nite variance constraint. Second, the noise resulting from multiple independent



sources asymptotically approaches a Gaussian distribution due to the Central
Limit Theorem ( CLT ).

However, research results and studies assured that modeling the noise as Gaus-
sian doesn’t always really capture the noise characteristics especially in cases
where the noise is impulsive. J. Lin and Evans [6] showed that the RF noise in
wireless communication systems is too complicated to be modeled as Gaussian
distributed. The author argues that modeling the noise as a mixture of Gaus-
sian Distributions, i.e. a weighted sum of Gaussian PDFs with zero mean and
different variances leads to a better performance and models more accurately the
impulsive nature of the noise.

Thus, channels where the noise is not assumed to be Gaussian distributed turned
out to be more practical in some settings and need to be further investigated.

In his paper, Tchamkerten [7] derived certain conditions or criteria on the
noise distribution that guarantees the discreteness of the capacity-achieving dis-
tribution under input-amplitude constraint. Das [8] investigated average power
constrained non-Gaussian additive noise channel and showed that the capacity
achieving distribution has bounded (resp. unbounded) support when the noise
PDF decays at a rate slower (resp. faster) than a Gaussian.

This study is concerned about the nature of the capacity achieving input
distribution of a linear additive channel Y = X + N where the noise pdf is in the
finite span of even Hermite Functions and the input is average-power constrained.
This setup is different from that of [8] and [7]. In [7] the input is assumed to be
amplitude constrained and the problem of average-power constrained is suggested
as an interesting problem that hasn’t been solved. Also, the noise distributions
we consider don’t satisfy the conditions in [8] and the characterization of the

optimal input we seek is more exhaustive than the result in [8].



1.2 Problem Definition

We are interested in studying the capacity of linear additive noise channels mod-
eled as Y = X + N where X is the input, Y is the output of the channel and N

is the noise which is independent of X and absolutely continuous with pdf:
pN(TL) = [Oé(]H(](n) -+ O[2H2(n> + OZ4H4(72,> + ...+ a2kH2k(n)] 6_n2/2,

where k € N* | ag, g, ..., 0 € R and Hg(.) is the probabilist’s Hermite poly-

nomial of order k; defined as:

22 g2
e
For example,
HO(:E) - 17
Hl(x) = T,

We exclude from this study noise pdfs, py(.), that satisfy:
Juwy € R s.t. pN‘f(wo) = pN‘/F(wO) = pN|;(w0) = 0 for technical reasons that
will appear shortly in this study.

In addition, we impose on the input an average power constraint :
E [X 2} <a,

where a is a positive fixed parameter. We also assume, without loss of generality,
that the noise is O-mean.

Note that for py(.) to be a valid pdf then the following two conditions should



hold:
k
/Zagiﬂgi(n)e_"Q/z dn = 1
1=0
k
ZaziHQi(”) > 0 VneR,
1=0

and we assume in the remainder of this thesis that the «; ’s are chosen accordingly.
For example, if £ = 1, then a necessary and a sufficient condition to guarantee

pn(n) >0 VneRis:

0<ar <ag

1

and oy = is necessary and sufficient in order to have: / pn(n)dn = 1.

5



Chapter 2

Sample Case Analysis

2.1 Noise in the span of ¥y and )

In this chapter we will investigate in detail a particular example where the noise
is given by:

pn(n) = [BiHy(n) + B1Ho(n)] e,

The input is subject to an average power constraint:

E[X?] <a.
“+o0o

where a is a positive fixed parameter, and 3; is chosen so that / pn(n)dn = 1.
—00

Since,
400 5 ) +00 400 ) 400 )
/ n2e 2 dn = —ne" — / —e "2 dn = / e "2 dn = V2r;
—00 — 00 —00 —00

1
we choose 1 = —

Nors

Before proceeding we determine the first and second moments of the noise:

+o0o 1

- —oo V2T

n3e™""/2 dn, = 0.

E[N]



+o0 1

—n
—oo V2T

4e=m*/2 gp — 3.

E[N?] =

KKT Conditions

Since the channel transition probability density function is given by:

1 —(y—z
pyix(ylz) = E(y — z)2e” W2, (2.1)

given X, Y is an absolute continuous random variable with pdf (2.1) . One
can establish that for any probability distribution Fly on X , Y is also absolutely
continuous and has a pdf denoted by py (y; Fx).

Using the theory of convex optimization it can be shown that an input random
variable X* with CDF F* acheives the capacity C' of an average power limited

channel if and only if there exists v > 0 such that,

5 p(ylz)
e = a)+ C = [ plyia) i By >0, (2:2)

for all z, with equality whenever x is a point of increase of F* .

Substituting the expression of p(y|z) in (2.2) we obtain,

1 Foo 1 2
2 —a +C’+—ln27r—/ In(y — ) ——(y — x)%e W 27/2g
( ) 5 - (y — ) %(y ) y
1 [T 1

w3 ] ey / plyle) np(y; F*)dy >0, (2.3)

where we assumed that the various integrals exist which is formally proven in the

following lemma.



Lemma 1.

+oo 1 2 T 2
In(y — )2 ——(y — x)%e" W92y | ——(y — x)te W2 g
/_OO (v — =) m(’y ) v f \/%(y ) y

and /p(y]x) Inp(y; F*) dy exist.

Proof.

+oo 1 2 too 1 2
In(y —2)?——(y — 2)%e 02724y = / In (u?)——ue /2 du
| m—ar - v= [ mo=

which is independent of x and thus it remains to prove that this integral con-
verges to a constant value and doesn’t diverge.

400
In fact, since In (u?)u?e~*"/? is even , it’s enough to prove that / In (u?)u’e "/ du
0

is finite. Note first that by L’hopital’s rule , we have:

lim [ln(u2)u26_“2/2} =0
u—0
lim [ln(u2)ue_“2/4} = 0.
U—00

Thus, given any € >0 Juy s.t. )ln (u2)ue*“2/4‘ <€ Yu>ug

Thus,

2
\ 2T

2

o0
In (u?)ue /2 du
| we) .

uo “+o00
/ In (uQ)uQe’“Q/2 du + / In (u2)u2€’“2/2 du
0 u

0

IN

400
+ / In (u?)ule™/? du

uo

ug
/ In (u?)ue ™"/ du
0

|

2 [
V2m
The first integral is finite since the function In (u2)u?e=*"/2 is continous and

since the interval [0, ug] is compact, then it’s bounded over that interval by some



constant A.

2

+o0
— In (u)uZe /2 du <
—=|/ me)

+o0
/ In (u?)ue™*ue=""/* du

AUO -+

|

uo

2
N
< 2 Aug + /+OO ‘ln (u2)ue*u2/4’ ’ue*u2/4‘ du}
T Vor | uo
< i Aug + 6/+OO ue v du]
T Ver | o
< \/% _Aug + 6(267“3/4)}

In conclusion,

—~

oo 1 )
In(y — 2)*——(y — x)%e”W=27/24
/_oo Y, U Y

is equal to a constant which is denoted by 3 (& 1.8) hereafter. ]

When it comes to the second integral in (2.3), it’s finite and equal to:

1 [T 1

2 oo V2T

1 [T 1

2 oo V2T

(y—a)le =2 dy = (u)te™ ("2 dy =

DN W

Finally, the third integral is finite by Lemma 2 of [9]. Substituting in (2.3) we
get:

1 3
y(z* —a)+C — B+ §ln27r+ 3 —i—/p(y\:v) Inp(y; F*)dy >0 (2.4)

Theorem 1. The optimal distribution of the input of the channel described above

1S even.

Proof. I(X;Y) = I(—=X;=Y) because py|x = p_y|-x. Also, I(=X;-Y) =
I(—X;Y) since the mapping from Y to —Y is bijective . In conclusion, I, =
Ir_, and since the mutual information is concave in the input distribution then

the optimal distribution is even. O]



Theorem 2. The optimal output distribution (induced by the optimal input dis-

tribution) is even.

Proof.

py(y; F™) = /pY|X(y‘37)dF*(37)

- 75 Jum e
py(—y; F*) = \/%/ y — )’ e AR (x)

= / y + x)2e” W2 g (1)

- m/ e (~a)

— o= [—ape AR )

= py(y; F7)



Now, since Inpy (y; F*) is a continuous function in y and integrable w.r.t.

2 . . . . .
e~¥"/2 then using Fourier Hermite Series Expansion:

In py (y; F) chHn

n=0
Thus,
(y — z)%e W= 2 Inp(y; F*) dy
(y_$2 ~(y—z) /QZCn
u)e” /2ch (u+z)d
w)2e=( /chnz( > S H, () du

n

k)xk / [Hy(u) + Ho(u)] e~ ™2 H, . (u) du

/p(ylx) Inp(y; F*)dy =

— — — —

E\H E\H 51~ 8-

ng
M:

o

S |l

B B
M
o
o
3
=
(=)
VRS

i
3 o
Bl
Il

J?k (6n—k + 2511_]6,2)

I
()¢
o

3
PR
> 3
~—

3
I
o
il
o

n—2

I
(]
3
&3
+
()¢

n(n —1)c,z

3
I
o
3
||
o

[
WE

ot 0+ D0+ 2)ensa] o

3
Il
)

where we interchanged integral and sum by Fubini’s Theorem.

10



The same expression can be deduced using Parseval’s Theorem. In fact,

/ p(ylz) Inp(y; F*) dy = / jﬁ Haly — )+ Holy — o)) e~ 2 1np(y: F*) dy
= / \/12? [Ha(u) + Ho(u)] e~u?/2 Inp(u+ z; F*) du

o0}

-/ = o)+ Ho(w)] /2 Y e () d

n=0

- /FHQ u) + Ho(u “/27;)cnz<)xﬂnk u) du

= /[Hg( )+ Ho(u {chw Hy( )+;<ni2>cnx”_2H2(u)+..}
= chx +Z (n—1)cpa”

n=0
= i {cn +(n+1)(n+ 2)cn+g] "

n=0

Substituting the above expression in (2.4) we get:

1 3«
7(:1:2_a)+C’—ﬁ+§ln2ﬂ+§+2[cn—l—(n+1)(n+2)cn+2}x":0 (2.5)
n=0

= —yr? 4 7a—C+ﬁ——1n27r——} Z{cn—i- n+ 1)( 7'L+2)Cn+2:| ,

whenever x is a point of increase of F™*.

Extension to Complex Domain

Assume the points of increase of Fy have an accumulation point. Then the

following points hold:
e cquality in (2.5) holds on a set with an accumulation point.

e cxtending the function to the complex plane, yields an analytic function

zero on a set with accumulation point.

11



e identity theorem implies that the function is zero everywhere.

In solving (2.5) for the coefficients ¢,, we will distinguish between the two cases:
n is even or n is odd.

Case 1: n is odd

Cn+ (n+1)(n+2)cpe =0 Vn, and hence,

—C —C —C3 c (1)
cy3 = = cs = == ... Cp = C]~——

2%x3 3l 4%x5 5

where n is odd. Finally,

1 2
¢i=—— [ In e W2 4y = 0,
| ¢§R/ waﬂy y

since py (y) is an even function according to theorem 2. In conclusion, cop1 =
0 VkeN.

Case 2: n is even

Now,
1 3
co+2c = 'ya—C+ﬁ—§ln27r—§
o+ (B x4d)ey, = —vy
hnt+(n+1)(n+2)cpe = 0, when n>4.
Thus,
—cy —cg  cy4! cy(—1)k4!
cg = cg = =— ... Cop = ,
T 5x6 *T7x8 8 2" (2k)!

12



where k > 2.

Also,
A~ 1 3
co = 260, where A:7a—0+5—§lﬂ2ﬁ—§
2B— A
co = B—34cy, where B=—-y &= T—i_co
Cop = (k)] , where k > 2
Thus,
A— Co >
Inpy (y) = coHo(y) + Hy(y) + [2B — A + ¢ Z H% (2.6)
k=2
But,
. 2k ) ext—t2/2 + e—xt—t2/2 ,
Z 2%)! s Hoy () = even(e™™ /%) = 5 =e /2 {cosh xt]
k;:O

Setting t> = —1 , then we get:

A —
Inpy(y) = coHo(y) + 5

— —3B+ A+ By’ +[2B — A+ cgl[e? cosy]

1
O H,y(y) + 2B — At colle? cosy = 1+ (v = 1)

= 3y+A—y +[-27 — A+ colle? cosy]

In summary,

py(y,F*) — KeK’COSye*’YyQ’ (27)

where K = ¢34, K’ = [-2y — A 4 ¢o][e?] and it remains to check whether
py (y; F*) is inducible by an input pdf px(.). We start by examining possible

values of ~.

13



Theorem 3. The value of 7y in the expression of py (y) (2.7) satisfies: 0 <y < 3.

Proof.
1 2 2 2
My (w —w)| = —— |1 —w?le 2 < d(1 +w)e 2 < d(1 + |w|)2e v /?
| My (w)] pn| 2 (—w)] \/ﬁ\ | < d( ) < d(1+ [wl)
|My ()| = [Mx(w)] x [My(w)] < [My(w)| < (1+ |w|)2e "2
py(y) = Kefeovem" <™ < (14 Jy])%e

By the extension of Hardy’s theorem [10], [11] we get:

(>

)

(AN VAN
DN — | —

Theorem 4. py (y; F*) is not inducible by any input pdf px(.).

Proof. By Appendix[B] , there exists a sequence a, and a sequence of input

distributions each with accumulation point F), s.t. lim a, = 0 and F}, converges
n—oo

to 0 in the weak sense.

Now,

(s Fy) = / prly — ) dFy(z)

Fixy e R:

[rr-0ib@) — [ovty-o)ir@)
= [evty-2)0)

= pn(y),

14



where we used weak convergence and the fact that py(y — x) is continuous and
bounded .
Thus,

py (y; Fn) — pn(y)

/ 1 2
& Kpefneosvegmmy® s 27V 2.8
Nori (2:8)
pointwise Vy € R.
Evaluate (2.8) at y =0: KneK; — 0 asn— oc.
KneK;L

Thus, given an € > 0, dng € N* s.t. <€ Vn > nyg.

Evaluate (2.8) at y = 2 : K,efne 4™ \/%7;26—%2 >(0asn — 00.
But,

/ _ 2 /
0 < K, efne 4™ < K, efn

Thus, by the sandwich theorem,

/
. _ 2
lim K,efne™ 4™ =,
n—o0

which is a contradiction. Thus, our assumption that the points of increase of
F% have an accumulation point is invalid. Thus, the input capacity achieving

distribution is discrete. O

15



Chapter 3

Limitations of the Described
Procedure and Proposing

Another One

Motivation

The procedure of decomposing In py (y; F*) over Hermite polynomials described

in Chapter 2, i.e. writing Inpy (y; F*) = chHn(y), and seeking to determine
the corresponding coefficients ¢, turns outn?o0 be cumbersome when the noise pdf
is in a large span of Hermite functions.

In fact, as the span of Hermite functions increase, the recurrence relation involving

the coefficients ¢,, gets more and more complicated. To elaborate on this, we will

consider the following example.

Example 1.

pn(n) = Kz [Hi(n)+6Hs(n) + 3Ho(n)] e/

2
— K2n4€ n /27

16



where K5 is a normalizing constant.

Using the same procedure as in Chapter 2, we get the following recurrence rela-

tion:

i {(n +1D)(n+2)(n+3)(n+4)cpnia +6(n+1)(n+2)chi2 + 3¢, | 2"

=7(2* —a)+C—p

It’s clear that solving this recurrence relation is very difficult. Thus, another
approach should be investigated. Note that the proof of the discreteness of the
capacity achieving distribution whenever the noise is in the span of Hy(.), Ha(.),
and Hy(.) is provided in the Appendix.

Using the theory of convex optimization and writing the KKT expression as

in the previous chapter, we get the expression of (2.2):

2 p(y|x)
Y(@® —a)+C — /p(ylw)lnmdy > 0,

for all z, with equality whenever x is a point of increase of F™.

This is equivalent to:

Y(a? —a)+C — /p(ylw) Inp(yl|z) dy + /p(ylx) Inp(y; F*) dy > 0,

for all z, with equality whenever x is a point of increase of F™.
Now, /p(y|x) In p(y|x) dy exists and is finite since it’s the entropy of the noise,
denoted by H. Thus,

s(z) =v(@® —a) +C — H + /pN(y —z)Inp(y; F*)dy > 0, (3.1)

for all z, with equality whenever x is a point of increase of F™* .

Lemma 2. h(x; F*) = /pN(y —x)Inp(y; F*)dy has an analytic extension to

17



the complexr domain, i.e. the mapping

h(;F):C— C defined by

s b F) = [ paly = 2) (s Fdy (3.2)

1s analytic.
Proof. We refer the reader to Lemma 2 of [9]. O

However, instead of decomposing In [py (y; F'*)] over Hermite polynomials as
before, we propose to take Distributional Fourier Transform after extending s(x)
to the complex domain.

Extending s(x) to the complex domain,
s(z) =9(* —a) + C = H + /pN(y —2)Inp(y; F*) dy

yields an analytic function by Lemma 2.
Assume now that the points of increase of F* have an accumulation point,

then by the identity theorem [12], s(-) is identically null . Thus,

S(@) = (e —a) + C— H + / pa(y — ) ply; F*) dy = 0,

for all # € R. Recognizing that 2* = [y*pn(y — ) dy — 0%, this is equivalent
to[]

0=[C—H—~ya— oy + /pN(CU — ) Inp(y; F*)dy + ’Y/?/sz(y —x)dy

=K+ /pN(y —z)In [ewzp(y; F*)] dy

=k +pn(=y) xIn [67y2p(y; F*)]

Y
T

where k = [C'— H — ya — yo%]. Taking the distributional Fourier transform on

18



both sides, we get

o] p(—w) < In [ p(ys )] | o (w) = —ro(w) (3.3)

To prove the last assertion, we note that In [e“’yQ p(y; F *)} is a tempered function,
insured by the upper bound on —Inp(y; F), see (Lemma 2 of [9]) , and hence its

Fourier transform exists. We need to distinguish between two cases:

Casel: pN|]_.(w) = My(—jw) # 0,Vw € R.
If this is the case, we proceed as follows:

Equation ( 3.3) is equivalent to:

> . —ro(w)
In [ew p(y; F )} | F(w) = My (0) (3.4)
Taking the inverse Fourier transform of equation (3.4) yields,
ply; F*) = e e, (3.5)

Equation (3.5) shows that under the assumption that the optimal input has an
accumulation point, the output PDF, p(y; F*), of the channel must be necessar-
ily Gaussian which is not possible unless the input X* and the noise N are both
Gaussian according to Cramer’s decomposition theorem [13, Th.19, p.53]. There-
fore, unless the noise is Gaussian, F™* has no accumulation points and therefore
it is discrete. It remains to investigate the nature of the capacity achieving dis-

tribution when the Fourier transform of the noise has zeros.

Case2: Jwy e R: pN|f(w0) = My(—jwo) = 0.

If this is the case, we proceed as follows:

19



Since py(.) is in the finite span of even Hermite functions, it’s in the form of:

where r(n) is an even polynomial of some degree 2k.

Thus, pN|f(w) is of the form of:

pN{f(w) = ry(w)e ™72,

where 71(w) is an even polynomial of the same degree 2k.! Thus, the zeros of

pN| ~(w) are isolated and finite in number. Let’s denote by:

Z = f{w € Ripy|,(w)=0}

G(w) = In[e”p(y; F")]

F

Now, using (3.3) we have the product of two functions, an unknown function G(w)
that needs to be determined and py| »(w) which is a known Schwartz function
with zeros such that its product with G(w) is d(w).
Thus, G(w) is zero almost everywhere. In fact G(w) = poé(w) + f(w), where
f(w) = 0 except possible on the set Z and p is a constant. 2

We will deal with the case f(w;) = p;0(w —w;) ,w; € Z, and we will prove in
Chapter [5] that the only possibility for f(w;) among functions/distributions that
are supported at one point is being a . Thus, this assumption together with the

fact that In [6792 p(y; F*)} is a real and even function and thus In [6792 p(y; F*)} | (w)

'Fourier Transform of a Gaussian is another Gaussian and multiplication by polynomial
corresponds to differentiation in frequency domain.

2The case G(w;) < coVw; € Z is not sensible as a distribution since it’s the same as the
all-zero distribution.

20



is real and even give us:

G(w) = pd(w) + k16(w — wq) + kad(w — wo) + ... kpd(w — wyy,)

+ k10 (w + wy) + kod(w 4+ we) + . .. kpd(w + wyy,),

where ki, ks, ...k, € R; wy,ws, ... w,, € Z; 2m is the cardinality of Z.
Now, we will use Inverse Distributional Fourier Transform, weak convergence as
well as other techniques to reach a contradiction and prove that py (., F*) is not

inducible by any input pdf px(.). This will be the subject of the next chapter.
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Chapter 4

Proof of the Invalidity of the

Output Law

As discussed in Chapter 3, after extending the KKT expression to the complex
plane, assuming that the points of increase of F* have an accumulation point,

taking Distributional Fourier Transorm and determining G(w) we get:

G(w) = pd(w) + k16(w — wq) + kad(w — ws) + ... kpd(w — w,y,)

+ k10(w + wy) + kad(w + we) + .. k(W + wyy,),

where ki, ko, ...k, € R; wy,ws, ... w, € Z and 2m is the cardinality of Z.

Now, taking Inverse Distributional Fourier Transform:

1 1 1
G(y) =In [e%ﬂp(y; F*)} =+ 5/61 cos (w1y) + 5]@ cos (way) + . .. §km cos (wmy)
Thus, this yields:

p(y,F*) — K06K1 cos (w1y)+ K2 cos (way)+... K, cos (me)€77y27 (41>
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where Ky = e, K; = %,z =1,...,m.
Now , using the same procedure as in proof of Theorem 4 and taking a sequence

a, = %, we get:

py(y; Frn) — pn(y)

)
PN Kn,OeKn’l cos (w1y)+Kn,2 cos (way)+...Kn,m cos (U)my)e MY PN (y)
_ 2 2
o Kn,OeKn’l cos (w1y)+Kn,2 cos (way)+...Kn,m cos (wmy)e Yny r(y)e y?/2 . asn — oo,

(4.2)

pointwise Yy € R, where r(.) is in the finite span of even Hermite polynomials.

Now, (4.2) is equivalent to:

_ 14,2
Kn,(]eKn’l cos(w1y)+Kn,2 cos(way)+...4+Kn,m cos(wmy)e( 'yn+2)y T(y) . asn — 0o

(4.3)

4.1

We will split the zeros in Z into two categories: the rationals and the irrationals,
and we will denote by m their total number.

Let wy, wy, ... w1 be the rational zeros; and let n = {wy, w41, ..., Wy} be the
irrational zeros.

Define ¢ to be the Least Common Multiple(LCM) of wil, w%, R

Theorem 5. There exist A, yi, ..., Ym € R such that

GK"’]“ cos(wryk)+-..+Kn,m cos(WmyYm) A . asn — 0o
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where

A#0
cos(WrYk), - - -, COS(WinYm) # 0
and

lim K,,; <oo V 1<i<m, whenever1 <|n <m.

n—oo

Proof. We will proof the above theorem by induction over the cardinality of 7

and we will split the values of the range of ¢ into two categories.

1. Fork<i<m:
Base Case: m =k, i.e.|n| = 1.
Now evaluating (4.3) at y; = 47wbit, yo = 27byt ;,where b; is some integer value

to be determined later, and taking the ratio we get:

Kn’k[cos(wk47rb1t)fcos(wk27rb1t)]e(—’yn—i-%)[(47rb1t)2_(27rb1t)2] N T(4Wb1t)

¢ r(27ht)

Now,
7, is increasing(being the slope of C' versus a) and 0 < v, < 1 | thus the limit
of v, exists.

Let

lim v, = 7z
n—oo
A = 7"(47Tb1t) 1
T r(27byt) (e +3)I(Embit)2—(2mbit)?]
1
yp = — arccos [cos(wpdmbit) — cos(wy2mht)]
Wy,

Thus, we have:

efnrleostworyll 5 4 as n — 00 (4.4)
Note the following:
e A #£ 0 and finite for some integer values b; . This is the case since the
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number of zeros of r(.) are finite , while the possible choices of b, are

infinite.
e cos(wyk) # 0, since wy and w; are relatively irrational.

— Suppose it’s zero, then:

wpy1 = FLwpys + 2pw
1 1 1
wg 2n(2+ 1) LCM | —, —, ..., — = 2pm
w; W2 Wi,
We _ P
w1 q7

Contradiction since wy and w, are relatively irrational .

So, the setup of the problem is satisfied.
Taking the logarithm on both sides of equation (4.4), the result follows.

Inductive Case:

Now, assume the proposition is true for [n| =1 —k, (m =1 — 1), and we prove
it for |n|=1—k+1(m=1).
Let w, = maz{w : w € n} .

Let:
Y1 = mwhit — -

Yo = whit + -,
where b is an integer value to be determined later.
Now, cos(wy;) = cos(wyz) for w = wy, ..., wi_1 (the rational zeros).
Also, cos(wyy1) = cos(w,ys).

Evaluate (4.3) at y1,y2 and take the ratio:

enkleos(wryr) —cos(wry2)] 4. +Knu—1(-) +Enut1 (- )+ Kn tcos(wiyr) —cos(wiy2)] A,
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where we let:

A = (Y1) 1
r(y2) e+ =(v2)2]

y; = — arccos [cos(w;yy) — cos(w;ys)], where
wj

j = k)'-',u_l,u+1,...,l

It’s clear that A # 0 and finite , through choosing smartly b, that satisfies

r(y1) # 0 and r(y2) # 0 .
Now, suppose cos(w;y;) = 0, then: w;y; = w;ys + 2pm where p € Z.

o 1.

Wiy = —w;y2 + 2pm

2b1wj7rt = 2p7T

p

w.it = —

J bl
wio_ P
wy qbl7

Contradiction since w; and w; are relatively irrational .

o 2.

ot = 2pm
Wy
wu

w .
Contradiction since — < 1, recall that w, = maz{w : w € n} .
Wy

Note that the assertion above —p > 1 is justified since 0 ¢ Z and all

w's € Z are positive.

In conclusion, the problem reduces to |y| = [ —k and we found A, yx, . .., Yu_1,
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Yusls - - -, Y € R, such that :

e nk cos(Wryk)+-+EKyp iy cos(wiyr) s A

and

A#0
cos(WryYk), - - -, cos(wy;) £ 0
Finally, by the induction step, we get :

lim K,,; <oo, j=kk+1,...;,u—1Lu+1, ...,

n—oo

Evaluating (4.3) again at two values and taking the ratio, since all the coeffi-
cients have a (finite) limit, we get:

lim K, ; <oo, k<j<lI

n—oo

This proves that lim K, ; < oo V k£ < ¢ < m, and it remains to prove that

n—oo

lim K,,; <oo V1 <i<k—1.

n—oo

.For1<i<k—1:

We use the fact that, as proved above, lim K,; < oo V k <37 <m . Also,
n—oo

we use induction as before and we choose:

_ T _ 7
yl o Wirr Way
_ .
y2 o Wirr + Wy
where wj,, is a real number that is irrational with the rational zeros wy, ..., wg_1

such that 7(y;) # 0 and 7(y2) # 0 and where w,, = maz{wy, ..., w1} .
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We define :

A = (Y1) 1
r(y2) o1+ 3)W1)2—(v2)?]

y; = — arccos [cos(w;yy) — cos(w;ys)], where
wj

7 = 1...,u—lLu+1,....k—1

It’s clear that A # 0 and finite.
Now, suppose cos(w;y;) = 0, then: w;y; = tw;ys + 2pm where p € Z.

o 1.
Wiy = —w;y2 + 2pw
2w,
et R 2pm
Wipy
w.
= = p,
Wirr

o 2.
Wiy = Wiy + 2pm
w.
21— = 2prm
Wy,
Wy
— = P Z ]-7
wu
w.
Contradiction since —% < 1, recall that w, = max{wi, ..., wg_1} .

Wy
In conclusion, the problem reduces to |Z —n| = k — 2, Z — n is the set of

rational zeros, and using the induction step we get :

lim K,; <ooV 1<i<k—1.

n—oo
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Now, we will prove that the convergence in equation (4.3) is impossible.

Evaluating (4.3) at y; = 7 (5—; + t) and yo = 7 <k/ t) and taking the ratio,

w1

we get :

6Kn7k[cos(wkyl)fcos(wkyg)}Jr...+Kn7m[cos(wmy1)fcos(wmy2)}e(—'yn—&—%)(y%—y%) . T(yl)

r(y2)
Thus,
lim eKn,k[cos(wkyl)—cos(wk.yg)]+...+Kn,m[cos(wmyl)—cos(wmyg)]e(_7"+%>(27rt)(21:1;) _ r(z/l)
(4.5)

Now, the R.H.S. of equation (4.5) is a ratio of polynomials in k" of equal degree
and thus :

lim T(y2)

) =1 (4.6)

However,

1 1
Assuming v < 3 for the moment ; we treat the case vy, = — later in (4.2.1); and

using Theorem 5 we have:

lim K,; <oo VE<j<m

n—aoo

= lim {K, [cos(wryz) — cos(wryr)] + . .. + Ky m [cos(winya) — cos(wyy1)]} < oo

n—-oo

and hence

/

1) 2 2k

lim lim eK;m[cos(wkyg)7cos(wky1)]+...+Kmn[cos(wmyg)fcos(wmyl)}e( v +2)( ) wy
k' —so00 00

!
_ 1 2k
= lim 6( 7L+2)(27rt)( “’1) lim eXwnlcos(wryz2)—cos(wryr)]+...+ Kmn[cos(wmyz) —cos(wmy1)]
K —o0 n—7>00

=00 (4.7)

Equation (4.6) and equation (4.7) yield a Contradiction.
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4.2 Remarks

In this section we will address the different possible scenarios that were left out

in Section(4.1) . We prove that a contradiction arises under all such possibilities.

4.2.1

What happens if :
1
vy = lim v, == 7
n—o0 2

Then (4.2) is equivalent to:

Kn,OeKnJ cos(w1y)+Kn,2 cos(way)+...+Kn,m cos(wmy) —_— T(y) , asn — oo (48)

Well, Theorem 5 proves that lim K,; <oo V1<j<m.

n—aoo

Now, one argues that L.H.S. in (4.8) is bounded in y while the R.H.S. is a poly-

nomial in y which is impossible.

4.2.2

What happens if :
In| =0, (all the zeros of r(y) are rational)?

Lemma 3. Let f,(x) be a sequence of functions that is periodic with period T.

Then the limit function f(x) is periodic with the same period T .
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Proof.

fulz +T) = fu(x) ¥neN.
flx) = lim f,(z)

= lim f,(z+7T)
n—oo
= flx+T)
O
We have:
KneKn,lCOS(wly)JrKnﬂ cos(way)+...+Kn,m COS(wmy)ei’ynyQ — r(y)eiy /2 y asmn — o0

This is equivalent to:

_1),2
Kn,OeKn’l cos(w1y)+Kn,2 cos(way)+...+Kn,m cos(wmy) r(y)e(vL 2)y as 1 — 0o

Now, the L.H.S. is a periodic function Vn € N. Thus, using Lemma 3 the limit
function should be a periodic function with the same period; however, the R.H.S.

is not periodic.

4.2.3

What happens if all the zeros of r(y) are irrational ¢

The same reasoning in the above theorem can be used to prove that:

lim K,; <oco V1<j53<m

n—aoo
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In fact, instead of choosing

U1 :’/Tblt—wlu

Y2 = ﬂ-blt + wluv

where w,, = maz{w : w € n} .

We choose:
Y1 =015 — -
Yo =015+ -
A = r(y2) 1
(1) (-7 +3)12)2 1)’
1
y; = — arccos [cos(w;ys) — cos(w;yr)], where
wj
j o= 1,...,u—lLu+1,...,m

Suppose cos(w;y;) = 0, then: w;y; = fw;y, + 2pm where p € Z

o 1.
Wiy = —w;Ys + 2pw
27Tbl’LUj
— = 2pm
3 P
3
w; = b—p, Contradiction: wj is irrational
1
° 2.

wiyr = Wy + 2pm

—2r— = 2pm
Wy
wj .. .
— = —p, Contradiction: w, is the max
Wy
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Thus, the problem reduces to |n| = m — 1 and using the induction step we prove
that lim K,; <oo V1<j<m.
n—ao0

Once we establish this, we proceed as in Section(4.1) to prove that the conver-

gence in equation (4.3) is impossible.

4.3 Conclusion

Based on this exhaustive study which covers all the possible cases, the conver-
gence of p,(y) described in (4.3) is impossible and thus the capacity achieving

distribution is discrete.
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Chapter 5

Addressing the assumption of

deltas in Chapter 3

As discussed in Chapter 3 ; after writing the KKT expression, extending it to
the complex domain, assuming the points of increase of F** have an accumulation

point and taking the Distributional Fourier Transform; we have:
pN}f(—w) x G(w) = —krd(w) (5.1)

where

(w)

G(w) =In [6”‘”219(?;; F*)} .

Since the zeros of py]| +(w) are isolated and finite in number , then G(w) is zero
almost everywhere. In fact G(w) = pdé(w)+ f(w), where f(w) = 0 except possibly

on the set Z and p is a constant.

Theorem 6. Suppose that 5,6 ,6",...,60) are the only functions or distributions
whose support is only one point.
Assume w.l.0.qg. that w = xwy are the zeros opr|F(w).
Then,
G(w) = pé(w) + C[d(w — wp) + 0 (w + wy)]
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This is equivalent to:
f(w) = C[d(w — wp) + 6(w + wy)],

where C is a constant.

Proof. g(y) =1In [ew2p(y; F *)} is a real and even function since py (y) is even by
Theorem 2. Thus, G(w) is real and even being the Fourier Transform of a real
and even function.

By the assumption we get:

G(w) = pd(w) + agd(w — wp) + agd(w + wp)

+ a0 (w —wp) + a1 (w + wp)

+ and™(w — wp) + and™ (w + wy),

where ag, ay, ... a, € R and we used the fact that G(w) is even.

Taking Inverse Distributional Fourier Transform, we get:

9y) = In [V p(y F)| = 427 an(—j)y cos (wey)

= pu+ Q(y_) cos (woy),

where ¢(y) is a real even polynomial of degree IV using the fact that g(y) is even.

Thus,

ply; F*) = et ed(y) cos (woy) , =7y

Now, since p(y; F™*) is a pdf then ¢(.) is of at most degree 2. Otherwise, p(y; F**)

doesn’t integrate to 1 and p(y; F*) — +oo as y — oc.
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Thus,

G(w) = po(w) ~+ apd(w —wp) + apd(w + wy)

+ asd’ (w —wp) + asd’ (w + wo)

Now, it’s easy to prove that as = 0 given the fact that, as stated in the problem
formulation, the case where Juw, € R s.t. pN‘F(wO) = pN‘/f(wo) = pN‘;(wo) =0
is excluded.

Since pN‘f(wo) = 0, then pN‘/F(wo) # 0 or pN‘;(wo) # 0. Let’s assume

P |7 (wo) # 0.
/ | (w)G(w)S(w) dw = S(0) ¥ S(.) being Schwartz.
Also,
[ o) TGS do = TS 0)| = 50) v T € B

0

Thus,
/G(w)pN‘f(w) (1—e"") S(w)dw =0
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Now,

/G pN‘}. ( ’J“’T) S(w) dw

= / [M(F(w) + agd(w £ wp) + asd (w £ U)g)i| pN‘F(w) (1—e7"") S(w) dw
= aopN‘;(’wo) (1 - efjon) S(wo) + aopN‘f(—wo) (1 - ejon) S(—wo)

(—w) (1= &™) S(~wp)

—|—a2pN‘;(w0) (1 — e‘ijT) S(wo)

+ 2a5 pN|,F e 7T S(wp) + 2as pN‘]: —wp) (§Te’T) S(—wo)

) (4T
+ 2ay I?N|;T ) (1—e7h) s "(wo) + 2az pN‘;(—wo) (1 —eot) S'(—wo)
+ay pN‘;(wo [(1—e7"T) S w)}n + as pN‘;(—wo) [(1—e7vT) S(w)}ﬁ

wo —wo

= 2z pw| (o) (GT) S(wo) = 2a2 piv| 1 (wo) (GT) S( =)

= 20T puv| - (wp) [S(wp) — S(—w)]

where we choose T' = and used the fact that pN| F ) is odd . O

Thus,
202§T piv| 1 (wo) [S(wn) — S(—wp)] = 0

Since this is true for all Schwartz functions, we choose a Schwartz function S(.)
that is not even. This yields ay = 0.
Note that if it’s the case that pN‘/f(wo) = 0 while pN’;(wo) # 0, then we proceed

as above to prove that a; = 0 through choosing T'= 7

Also, suppose that p N’ Fw ) has more than two zeros but finitely many. Let’s
assume there are 2k zeros which exist in pairs: twy, ..., Fwg_1 .

Then, since the zeros are isolated we can write G(w) as :

Gw) = mé(w)+ f(w)
= mo(w) + ho(w) + hi(w) + ... + hy—1(w)
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where supp h;(w) € {+w;} for i =0,...,k — 1.

Now, from equation (5.1) we have:
pN|]_.(—w) X G(w) = —krd(w)
Thus,
pN‘F(w) Xhi(w)=0VvVi=0,...,k—1

In each of the above equations, the same procedure as in the proof of Theorem 6

can be used to yield:
k-1
G(w) = mo(w) + > Ci[6(w — w;) + 6(w + w;)]

1=0

This justifies the assumption in the above theorem that the zeros of pN| #(w) are:

:|:’w0.
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Chapter 6

Conclusion

We have proved in this study that the capacity achieving distribution of an
average power constrained linear channel is discrete, whenever the noise is in
the finite span of even Hermite functions. However, we have the intuition that
this result will still hold even if the noise PDF is in the infinite span of Hermite
functions. It might be the case that through some modifications to our suggested
approach, we can generalize our result to the case of the noise being in the infinite

span of Hermite functions. We plan to investigate this problem soon.

The major millstone that we faced in our approach was to rigorously prove
the intuition that the only possibility for G(w) is being a combination of shifted
deltas, one centered at 0 and each of the others centered at one of the zeros of
pn|#(.). This was a challenging task and we were able to prove that intuition
through making use of the fact that py(.) is even which leads to G(w) is even.

That result in a sense establishes the following theorem.

Theorem 7. If F|r X G| = §(w), where the zeros of F|x denoted by w; # 0 are
isolated and countable and G|r is even, then G|r(w) = cd(w) + Z cio(w —w;) .

The question that arises is whether the same result that G(w) is a combination

of shifted deltas still holds when G(w) is not even. The setup of this problem is
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in a sense complementary to Weiner’s Tauberian Theorem [14] since in Weiner’s

theorem we have:
(a) The convolution of the two functions is zero.
(b) The Fourier Transform of F' has no zeros.

However, in our problem the convolution of the two functions is zero (we know that
G(0) = d(w) so we can cast the problem as the product of the Fourier Transform
of the functions being zero instead of §(w)) , but the Fourier Transform of F' has
zeros. Thus, by the Tauberian Theorem [15] the translates of F' are not dense
in £5(R) which makes the problem harder to solve. Our next objective is to
investigate this problem further and determine whether the above theorem can

be generalized to such scenarios.
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Appendix A

Noise is in the Span of v , ¥»
and Yy

In this chapter, we will prove that the capacity achieving distribution is discrete
whenever the noise is in the span of ¥ , ¥ and 4. In particular, the motivation

example discussed in Chapter 3 falls in this category.

Since pn(.) € span of {¥o(.),¥2(.),¥4(.) } , then px(u) is given by:
pn () = (aut + Bu? 4 y)e "/

Now, taking the sequence a,, = % which in turn will generate a sequence of input

distributions or random Variables X,,, we get:

py(y; Fr) = /pN(y —z) dF,(z)

Using Proposition ?? and the fact that py(y — ) is continuous and bounded, we

have:
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Fixy e R:

[osty-n1ah@) — [ty 0)dF()
= [ sty -2)36)

= pn(y), as n—
As in Chapter 3, let’s denote by:
Z = {twy, tw; € R: py|(fw1) = pn| (Fw) = 0}
Using equation (4.1) we get:
ply; FY) = K, 1n cos(wiy) + Kz, cos(wzy) = my?
Thus, we have:

KneKL" cos(wiy)+Kz,n COS(wa)eivnyQ — (ay4 + ﬁyQ + ’7)671}2/2, as n — o0
(A1)

Assume that w;, and w, are relatively irrational.

Choose:
()
v = 7w ———
(15) w1

(o)
Y = 7| —+—
w1 w9

Notice that this choice of y; and ¥y, yields:

o cos(wiyr) = cos(wiyz)

o cos(wayr) = cos(ways)
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Thus, choosing [ = 1 and evaluating (A.1) at y; and y, and taking the ratio :

ays + Bys + v

o) (u3-s2) _, | )
7 (ot + By +7)
( )
( )

D) () (35) (i + B+

w1

, as m— o0 (A.2)
ayi + Byt +7

1
We know that, 0 < v, < 5 and that ~, is increasing. Thus, lim ~, exists and is
n—oo
denoted by 7.

1
Casel: lim 7y, < =

n—00 2

The left hand side of (A.2) increases exponentially with k& while the right hand
side is a polynomial in k, which is a Contradiction.

In fact,

lim lim e(_%ﬁ%)(%) (%)
k—o00 n—00

= i () () ()
k—o0

= 00
On the other hand,

lim lim 6(77’#%) <%> (1277;)
k—o00 n—00

B (ays + Bys +7)
= 1 2
k—o0 (a% + Byt + 'Y)

=1

1
Case2: lim v, = -
n—o00 2

Then, (A.1) is equivalent to:

KneKl’" cos(w1y)+Ka,n cos(way) - (ay4 + ByQ =+ ”y)’ as n — oo (A3)
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It’s easy to prove that nh_>r1[01o K, <oo,and 7}1—{20 Ky, < oo. Thus, the left hand
side of (A.3) is bounded in y while the right hand side is polynomial in y.

Thus py (y; F*) is not inducible by any input PDF px(.). So, our assumption;
that the points of increase of Fy have an accumulation point; is invalid. Thus,

the input capacity achieving distribution is discrete.
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Appendix B

Continuity of Optimal dist in a

In this chapter, we will prove that if the capacity achieving distribution satisfying
E[2?] < a is continuous in a. Also, we claim that there exists a sequence of
continuous distributions F,, s.t. Ep, [z%] — 0 as n — oc.

Fix a > 0. Let ¢, denote the input distributions satisfying E [z?] < a and let
Fy € ¢, denote the optimal distribution.

Property 1. If F. — F in the weak sense and I has an accumulation point xy,

then 3 a subsequence that has an accumulation point.

Proof. F, — F in the weak sense, thus:
lir% / fdF, = / fdF ¥ fbeing continuous and bounded
e—

Now, fix 0 > 0 and consider the interval [ = (xg — 9,9 + §) and let suppf = I.
Then,

lim deE:/de >0
e—0 I I

Thus, 3 a subsequence F.r s.t. F, has an accumulation point and € = 0.

45



Now, consider the sequence of CDFs :

F = 25(33) + (1 - f) F

a

Then F, € (,_.. In fact,

/deR - /x2§d5(:c)+/x2 (1—2) dF*(z)
= (1—2)&261—6

Also, F, — F} in the weak sense as € — 0 . In fact,

lim/f dF, = /lirr(l)dee = /de;‘ V f being continuous and bounded,
€E—

e—0

where we interchanged limit and integral by DCT.
Now, assume F has an accumulation point, then using property 1 there 3 a

subsequence of CDFs F. € (,_, s.t. F.» has an accumulation point and ¢ — 0.

Now, consider the sequence :
G, =€F,+ (1 - €/> )

Then, G is a sequence of CDFs where each has an accumulation point. Also,

/3:2 dG, = /I2€/ dF.(x) —1—/1‘2 <1 —el) i(x)

= €(a—€)—0

Thus, G, — 0 in the Mean Square sense. Thus, G, — 0 in distribution and

since we are working on R convergence in distribution implies weak convergence.
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Finally, we claim that F™ is continuous in a. We present below the main steps
of the proof.
Elements of the proof of the claim:

1. I(F) is continuous.

2. J =]I(F*)=C—6,C+4[is open
3. V = inverse image of .J is open

4. VN (,_. # for some € > 0.

5. Iy eV
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