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Abstract

The purpose of this study is to investigate how triadic dialog promotes generalization of
growing figural patterns during classroom talk in multilingual classrooms and crucial
linguistic terms that the teacher and students draw on in their home language, as they
engage in pattern generalization. Ten sessions in two classrooms in grade 7 were
videotaped. A mixed quantitative-qualitative approach was adopted to analyze the
videotaped sessions. At a macro-level analysis, the sessions were mostly hybrid
including various generalization level episodes. At a micro-level analysis, triadic dialog
was the dominant mode of interaction during classroom talk. Nuances in the discourse
structure of triadic dialog were associated with shifts between generalization level
episodes in each session. Classroom talk involved deployment of colloquial Arabic
to refer to linguistic means that influenced the processes of generalization. The study
presents and analyzes representative excerpts of classroom talk during various gener-
alization level episodes to demonstrate the findings. The selected episodes show the
details of classroom interaction and provide evidence how triadic dialog involved the
use of crucial words in home language to promote various levels of generalization.

Keywords Classroomtalk - Triadic dialog - Figural pattern generalization - Home language
- Colloquial Arabic - Multilingual classrooms - Levels of generalization

Introduction

Quality mathematics education is particularly challenging in complex multilingual

societies such as the case of several countries in the Middle East (e.g., Lebanon).
Students in those countries have not been performing well in mathematics assessments
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such as TIMSS and PISA, and there is a need to enhance the quality of mathematics
education and to study challenges as well as opportunities in such multilingual envi-
ronments. Recent work in sociolinguistics of multilingualism and in mathematics
education on multilingual classrooms discusses the diversity of language use in mul-
tilingual contexts as a resource for meaning-making (e.g., Barwell 2018; Planas 2018).
In multilingual societies, ways in which local and international languages are employed
are essential to support meaningful students’ learning. However, emerging multilingual
students are especially challenged to engage in classroom discussions in the language
of instruction (Tshabalala and Clarkson 2016).

From a socio-cultural perspective, classroom talk (CT) is central in learning and
teaching (Alexander 2008), particularly in mathematics (Adler 1999; Khisty and Chval
2002), since it plays cognitive, cultural, and social roles. While CT plays a central role
in shaping the social life in a classroom, the teacher plays the role of a mediator of
social and academic language (Mortimer and Scott 2003). One would expect that
teachers might have instructional strategies to involve students in CT in a variety of
manners. However, findings in previous studies (e.g., Mercer 1995; Mortimer and Scott
2003; Lemke 1990) report that CT involves a turn-taking structure that follows an
initiation-response-feedback pattern of interaction. Lemke (1990) calls this pattern of
interaction the triadic dialog (TD). It is a dominant style of CT (Alexander 2000).
Several research studies (e.g., Lemke 1990; Zevenbergen 2001) argue that interaction
practices in TD, as part of CT, may lead to teacher traditional instructional approaches;
however, not all researchers in mathematics education agree that the TD does not lead
to meaningful learning. Variations in the forms and functions of TD influence the
quality of teaching and learning within the ubiquitous TD (e.g., Mortimer and Scott
2003; Nassaji and Wells 2000; Salloum and BouJaoude 2019). Researchers in math-
ematics education have argued that there is a need for further investigation into TD,
specifically in multilingual classrooms, where language plays a fundamental role in
learning and teaching of mathematics (Adler 2006; Barwell 2016; Moschkovich 2002;
Planas and Setati 2009).

The purpose of the present study is to understand how TD promotes generalization
of growing figural patterns during CT in multilingual classrooms. Figural patterns are
formed of objects that convey positions in structural relationship and resemble each
other in some way (Rivera 2011). For example, the figural pattern in Fig. 1 consists of a
representation with a structure that can be configured as follows: the number of squares
in the bottom row is equal to the figural step number, whereas the number of squares in
the top row is equal to one more than the figural step number. Consequently, the
number of squares in figural step » is equal to n + (n + 1).

Pattern generalization is well researched in mathematics education, since it is seen as
a route to develop students’ algebraic reasoning (e.g., Dorfler 2008; Kaput 1999;
Mason 1996; Radford 2008). It involves students in a variety of perspectives, strategies,
and ways of thinking (e.g., El Mouhayar 2018a, 2018b; Jurdak and El Mouhayar 2014;

Figural steps Step 1 Step 2 Step 3 Step 4
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Fig. 1 An example of a growing figural pattern
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El Mouhayar and Jurdak 2015; Author 2017a; Healy and Hoyles 1999; Radford 2003,
2008; Radford 2010b; Rivera and Becker, 2008; Rivera, 2010; El Mouhayar and
Jurdak 2013; Stacey, 1989). However, there is a relative lack of research on the
influence of TD on the process of generalization in multilingual classrooms. There
has been no study that explored how TD deploys home language, as a resource for
meaning-making, in order to promote various levels of generalization during CT.

Studying CT in multilingual classrooms in the context of pattern generalization is
essential, since language is one of the essential semiotic means of objectification in
which there is no direct connection between a subject (e.g., teacher or student) and an
object of knowledge (Radford 2002). Various languages are usually used in multilin-
gual mathematics classrooms. In particular, crucial linguistic terms are deployed during
objectification of levels of generalization. For example, Radford (2000, 2003, 2008)
distinguishes between various linguistic terms that are used during generalization of
figural patterns. He classifies categories of words based on their semiotic functions for
expressing generality. In particular, Radford (2000) distinguishes between adverbs of
generative action function and a deictic function. Adverbs of generative action function
are linguistic mechanisms used to express actions whose singularity is that it has a
repetitive characteristic, which is essential for generalization. “Always” is an example
of this function. Another category involves deictic terms, which are linguistic units
used to refer to objects (e.g., top). Deictic terms depend on the context and have a
specific function in a particular dialog. In addition, they are used in colloquial speech
and they indicate something visually attainable (e.g., this) (Radford 2003). Radford
(2002) distinguishes between two forms of deictic words in relation to the mode of
reference between the indicative (deictic term) and the referred object. One of the types
occurs when deictics are deployed to refer to objects in the perceptual field of students,
whereas the other type is deployed when pointing gestures are used to refer to objects
that are not visibly apparent. Whatever is the type of deictic term, the referent to which
a deictic word refers is captured by the contextual circumstances “the contextual nature
of deictic terms renders their referents context-bound” (Radford 2002, p. 18). Several
studies in multilingual environments (e.g., Barwell 2014; Moschkovich 2008; Prediger
et al. 2016) have reported about deictics as resources that are used in multilingual
classrooms. How do those linguistic resources come into play in the objectification
process of various levels of generalization in TD?

This study is conducted in Lebanon where mathematics is taught in a foreign
language based on a policy that dates to the early twentieth century. This study
extends previous research on CT in multilingual classrooms. Very little research
investigates mathematics classroom interactions in contexts where English is the
language of mathematics instruction and the spoken language is colloquial
Arabic. The research questions guiding this study are:

*  How does TD promote generalization of growing figural patterns during CT in
multilingual classrooms?

* How does TD draw on crucial words (e.g., deictics and adverbs of generative action
functions) in home language, to promote the generalization of growing figural
patterns during CT in multilingual classrooms?
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Theoretical perspectives
Dialogicity and TD during CT in mathematics classrooms

In light of Bakhtin’s dialogic theory and Vygotsky’s socio-cultural perspective, research
on CT in mathematics education focuses on the influence of CT on students’ learning
(Kazemi and Stipek 2009; Truxaw and DeFranco 2008; Wells 1999; Wertsch 1998)
including their procedural and conceptual reasoning (e.g., Kazemi and Stipek 2009;
Salloum and BouJaoude 2019; BouJaoude and Jurdak 2010). For example, Kazemi and
Stipek (2009) found that students’ extent and quality of engagement in mathematical
activities during CT were influenced by their interaction with their teacher. In particular,
the teachers shaped CT around conceptual reasoning when they consistently asked their
students to describe and verify their thinking. In contrast, conceptual CT became limited
in classrooms in which the focus of discussion was on procedural thinking.

TD creates tensions between univocal and dialogic discourse (e.g., Mortimer and
Scott 2003). Several studies (e.g., Barwell 2018; BouJaoude and Jurdak 2010; Salloum
and BouJaoude 2019) suggest that univocal discourse hinders conceptual understand-
ing, whereas dialogic discourse supports it. The concept of dialogicity is based on
Bakhtin’s (1981) theory of language, which perceives language as dialogic. Univocal
discourse occurs when a classroom focuses only on producing a communication in
which the student receives the “exact” message that the teacher expects for the student
to get. In contrast, dialogic discourse is manifested when CT involves dialog as a
process for reasoning (Wertsch 1991). Distinguishing between univocal and dialogic
discourse in CT is not a dichotomy but rather a continuum. For example, Truxaw and
DeFranco (2008) differentiate between three models of CT based on the extent of using
dialogic versus univocal discourse. In classrooms in which the talk was relatively
dialogic, the teacher involved students in connecting ideas and developing conceptual
understanding. In contrast, in classrooms in which univocal talk was dominant, the
teacher transmitted the knowledge to students. A third model tended to univocal CT
with fewer indicators of dialogic talk. Along the same line of research, Nassaji and
Wells (2000) distinguished between different roles that the teacher can play during CT
and between the different moves of initiation and feedback within TD. The moves and
roles lead either to a tendency in dialogic teaching or to univocal approach. Within the
initiation and feedback moves, the teacher can play the role of primary knower—the
one who knows and thus evaluates students’ responses—or secondary knower—the
one who requests justification or clarification from the students. The former role leads
to dialogic discourse, whereas the latter role provokes univocal discourse (Nassaji &
Wells 2000).

Language as a resource for meaning-making in multilingual mathematics
classrooms

In the last two decades, shifts in the perspectives of conceptualizing language devel-
oped from language-as-a-problem to language-as-a-right to language-as-a-resource
(Planas and Setati-Phakeng 2014). Conceptualization of language as a resource of
meaning-making (Barwell 2018; Planas 2018) makes explicit the different relations
between not only languages but also other multimodal resources for meaning-making,

@ Springer



Triadic dialog in multilingual mathematics classrooms as a promoter... 91

such as gestures and representations (Prediger, Clarkson, & Bose, 2016). In this study, I
identify meaning-making as the meaning and understanding expressed by the teacher
and students through various resources including languages, gestures, and figural
representations. Meaning-making is not necessarily limited to developing one meaning.
Participants, including the teacher and students, may develop various meanings and
interpretations of the same mathematical object.

The use of multiple languages in CT is perceived as a resource for meaning-making
(Adler 2006; Barwell 2018; Moschkovich 2002; Planas and Setati 2009). This per-
spective is based on Bakhtin’s theory of language, which sees language as dialogic.
This signifies that meaning develops via the relations that rise between utterances
(Barwell 2014). Barwell (2016) further argues that mathematical meaning emerges
through locally produced, situated dialogic relations between multiple discourses,
voices, and languages in mathematics classroom interaction.

A common perspective between various studies views that meanings of utter-
ances in multilingual classrooms are situated (Moschkovich 2008; Barwell 2018;
Planas 2018). In addition, those meanings are influenced in ways students per-
ceive figural representations (e.g., Moschkovich 2002, 2008). Within the same
vein, Barwell (2018) argues that “meaning-making is locally emergent and situ-
ated” (p. 160). It is not situated in one utterance but rather it emerges and develops
from relations between and within utterances. Barwell further argues that mean-
ings do not exist in the words that a student or a teacher pronounce. In contrast,
various meanings exist in relations between utterances, which incorporates rela-
tions between voices (e.g., teacher voice, student voice). Meaning-making is also
relational in the sense that meaning emerges and develops based on its relation
with other aspects of language during interaction.

Theory of objectification and Radford’s levels of generalization

Radford (2003, 2008, 2010b) characterizes the hierarchical nature of the levels of
generalization using students’ embodied and discursive activity as level indicators.
Radford’s approach involves an analysis of semiotic means of objectification—that is,
gestures, body, posture, and other embodied signs and resources (e.g., language,
writing, tools) in presymbolic and symbolic generalizations. Radford’s taxonomy is
specific to forms of algebraic thinking, and it distinguishes between pre-algebraic and
algebraic generalizations. Table 1 presents Radford’s levels of generalization: abduc-
tion, arithmetic (Radford, 2008), factual, contextual, and symbolic generalization levels
(Radford 2010b).

Algebraic generalization of patterns is a “shift of attention that leads one to see the
general in and through the particular” (Radford et al. 2007, p. 525). This shift of
attention involves objectification: “Making something visible to the view” (Radford
2003, p. 40), and to arrive at it, students rely on the use of various types of artifacts that
Radford (2003) identifies as semiotic means of objectification. Radford’s taxonomy is
used in this study, since the generalization levels report ways in which the students
make visible new relationships and objects that they refer to in their generalizing
activity. The taxonomy was used to divide the sessions into episodes, which correspond
to different levels of generalization. Further details about the classification of episodes
are illustrated in the “Method” section.
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Table 1 Radford’s taxonomy

Hierarchical levels of Description of each level
generalization

Pre-algebraic generalization levels

Abduction Grasps a local commonality observed on some steps of the pattern.
Arithmetic Extends a commonality to subsequent terms of a pattern without the ability to
generalization (AG) come up with a rule that determines any term of the pattern.

Algebraic generalization levels

Factual generalization Goes beyond the first several steps of the pattern to determine any particular step
(FG) of the pattern (e.g., step 9). FG applies to objects at the same concrete level
(e.g., numbers) and involves various types of semiotic means of objectification
such as spatial positional linguistic terms (e.g., “the next”), adverbs (e.g.,
always), thythm and movement (e.g., 142, 2+3, 3+4, 4+5 ...), and bodily
gestures in particular steps of the pattern.

Contextual generalization ~Goes beyond the realm of specific figures and deals with generic objects (e.g.,
(CG) “the figure,” “each figure,” and “the top row”) that cannot be perceived by our
senses.

Symbolic generalization =~ Expresses the generalization through alphanumeric symbols, which bypasses the
(SG) positioning problem to produce nonspatially based symbolizations.

Dialogicity, meaning-making, and objectification

The constructs dialogic teaching and meaning-making are based on Bakhtin’s (1981)
theory of language (Salloum and BouJaoude 2019; Mortimer and Scott 2003). In
conformity with Bakhtin’s work on dialogism, any utterance attempts to react to former
utterances and foresees other ones. Meaning-making, which involves development of
understanding, is dialogically formed by an active interaction of utterances (Salloum
and BouJaoude 2019). In alignment with these criteria, Alexander (2008) specifies
crucial elements that incorporate dialogic teaching and meaning-making. These ele-
ments are as follows: (1) collective, where the teacher and his/her students manage
tasks together; (2) reciprocal, where the teacher and students listen to each other, share
ideas, and take into consideration different perspectives; (3) supportive, where students
share ideas without fear of incorrect ways of thinking; and (4) cumulative and pur-
poseful, where the teacher and students build on each other’s ideas to develop an
interrelated way of reasoning, which is facilitated by the teacher based on purposeful
planning. These elements were adopted in the teaching and learning of figural patterns,
as I will illustrate further in the “Method” and “Findings and discussion” sections.
Objectification is a social process of gradually becoming aware of something (e.g., a
figure) and at the same time giving it meaning. Semiotic means of objectification rely
on the idea that to study the acquirement of knowledge requires paying attention to the
use of several objectifying means, such as words, gestures, graphics, and artifacts. In
order to increase students’ awareness of the meaning of an object and their familiarity
with the targeted cultural mode of mathematical thinking requires that “mathematical
certainty does not come from within mathematics only, but also from the relationship
between the knowing subject and the object of knowledge, as mediated by social
activity” (Radford, 2008, p. 90). In this study, the social activity takes place during CT
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in a multilingual mathematics classroom, which constitutes the learning community—
“the social space in which the student elaborates this reflection, defined as a common
and active relation with his/her historical-cultural reality. It is here that the encounter
between the subject and the object of knowledge occurs” (Radford, 2006, p. 15). Thus,
objectification of knowledge is not an individual process but a social one. This
fundamental characteristic is not limited to interaction. Rather, sociability signifies a
process of development of consciousness which requires construction of knowledge
with others, hence meaning-making and dialogic teaching.

Thus, the purpose of this study is to investigate how the concepts of dialogicity and
meaning-making in a multilingual classroom talk come to participate in the objectifi-
cation process in the context of figural pattern generalization. CT is defined from a
dialogic perspective. It is “about encountering otherness and the multiplicity of voices,
discourses and languages that can be used to make mathematical meaning” (Barwell
2016, p. 343). Two of the crucial linguistic means, specifically deictic means and
adverbs of generative action, which prove to be central to the process of objectification,
are addressed in the study.

Method

For this study, Bakhtin’s dialogic perspective, Barwell’s meaning-making perspective,
and Radford’s theory regarding semiotic means of objectification were needed to
investigate multilingual CT during episodes of various generalization levels. The aspect
that is adopted regarding a dialogic teaching approach is that the teacher accepts various
perspectives and encourages students to discuss them in an exploratory manner. Such
an instructional approach leads to the development of students’ understanding (Mercer
& Sams, 2006; Mortimer and Scott 2003). Therefore, my assumption is that adopting
dialogic teaching approach in TD will develop meaning-making in the context of
figural pattern generalization and thus will lead to objectification of various levels of
generalization.

Setting and participants

Lebanon’s educational system is diverse in terms of the languages taught in schools
(which include Arabic as the first language and English and French as the second and
third languages, respectively) and in programs offered in schools which include the
Lebanese program which is offered in most schools, the French Baccalaureate program,
and the American program which leads to a high school diploma. The language of
instruction of mathematics and science in all Lebanese public and private schools is
English or French.

Most private and public schools in Lebanon follow the national mathematics
curriculum that is content oriented and in which algebra constitutes a major part of
the curriculum and the reformed school algebra curriculum emphasizes involving
students in algebraic activities that go beyond symbol manipulation and simplifying
expressions to focus on quantitative reasoning and reasoning with real-world situations.
According to the official Lebanese curriculum, the syllabus for the mathematics
curriculum is content oriented and covers seven areas: arithmetic and algebra,

@ Springer



94 R. El Mouhayar

geometry, measurement and statistics for all grades and probability, calculus, and
trigonometry for secondary grades. Three processes that are closely related to pattern
generalization span the arithmetic and algebra curriculum for all grades starting from
grade 4 (age 9): generalization, representation, and modeling. The Lebanese curriculum
indirectly exposes students to pattern generalization through their exposure to algebraic
concepts such as variables, equations, and algebraic expressions in grade 7 and to
functions and their representations starting from grade 9.

In Lebanon, like many countries, the curriculum does not have an explicit emphasis
on pattern generalization; however, relations, functions, and their representations
constitute a core in the algebra curriculum (in the Lebanese curriculum, for example,
proportionality is dealt with as a table of values with functional and graphical repre-
sentations). Consequently, I assume that students in the middle school (grades 7-9)
have an indirect experience with pattern generalization as a result of their learning of
variables, relations, functions, and their representations. Specifically, grade 7 involves a
transition period between arithmetic reasoning and algebraic reasoning, and students
(age 12) in this grade had no direct experience in generalizing growing figural patterns.

In this study, data was collected from two intact seventh grade middle school
classrooms in a private school serving a middle socio-economic status community.
Mathematics was taught in English. The participants were the teacher (same teacher in
the two classrooms) and his students (24 in each class). Fifty-five-minute lessons were
audio and video recorded and later transcribed verbatim for analysis.

The author has chosen teaching of pattern generalization in grade 7 because algebra
is first introduced in grade 7 and since it is implicit in algebraic reasoning in general
and, particularly, in concepts such as functions and variables. Specifically, pattern tasks
that involve the students in determining near (e.g., figural step 9) or far generalizations
(e.g., figural step 100) or figural step n are new for the students.

The data analyzed for this study were collected in grade 7 in a moderately sized
private school in a suburb in Greater Beirut area serving middle socio-economic
background students as judged by the school tuition level. This school was selected
since it had a good reputation (due to high percentage of success in the national brevet/
grade 9 exam) and because private schools serve 60% of Lebanese students. This
school followed the national mathematics curriculum, which was adopted by most of
the private as well as public schools. English was the instructional language in the
selected school, and the participants were multilinguals with Lebanese colloquial
Arabic as their native spoken language and English as foreign language.

The school at which this study was conducted is representative of many schools in
Beirut, and indeed the country, in the limited resources made available for teaching
mathematics, the dominant use of colloquial Arabic at home (as opposed to foreign
languages such English or French), the kind of certification and in-service training
received by its teachers and classroom size. The language policy at the school man-
dated that mathematics was taught in English, as a foreign language as soon as students
enter grade one.

All students from the two classrooms—two sections of grade seven—
participated in the study as intact classes. There were 24 students (12 years old)
including girls and boys in each class. Students sat in the classroom at desks that
seated two students each. All desks were arranged facing forwards towards the
teacher and the blackboard.
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An intervention was designed by the author that would develop their algebraic
reasoning and their ability to express their mathematical thinking in the context of
pattern generalization. Data were collected from the two classrooms over a 1-week
period, during which the activities addressed the following: differentiate between
dependent (output) and independent variable (input), connect between input values
and output values, express the amount that is changing (variable) in terms of a letter,
identify the constant and varying parts of a pattern, represent a pattern using different
forms of representation (tabular, numeric, concrete blocks, geometric, words), relate
parts of the pattern (dependent) with the figural step number (independent), extend the
pattern in near generalization tasks (ex, figural step 9), develop a direct formula that
relates the input with the output (far generalization), engage in pattern analysis, produce
different formulas for the same pattern, and transform real contexts (word problem) into
a mathematical model.

Small groups, formed of two students, carried out those tasks, and then this was
followed by CT organized by the teacher. This structure allowed the students to share
their reasoning within small groups, and then revise their strategies and reasoning
within CT. In this study, the construct CT refers to collective classroom discussion in
which the words expressed by students during their work in groups do not constitute
CT.

The patterns (Fig. 2), which were used for the intervention, were adapted from
several resources: tile pattern (Rivera, 2013), theater seats and squares patterns (Lannin,
2006), flock of birds and dots patterns (Mathematics in Context, Britannica, 2006), and
joined dinner table and squares and dots patterns (Carraher, Martinez & Schliemann,
2008).

Data analysis

Ten sessions in two classrooms (A and B) in grade 7 were videotaped such that
five sessions took place in each classroom. To get an in-depth characterization of
CT, videotapes were transcribed verbatim, and time was coded each 2 min.
Transcriptions were divided into (1) sessions, (2) pattern tasks, (3) generalization
tasks (near or far generalizations), (4) episodes, (5) utterances, (6) CT or group
work, (6) interaction type, and (7) interlocutor. I further illustrate the categories in
the section below.

A mixed quantitative-qualitative approach was adopted to analyze episodes within
sessions and teacher and students’ utterances within episodes. To convey the key
differences between episodes corresponding to different levels of generalization and
between interaction types in various levels of generalization episodes, quantitative
patterns are first presented, and then qualitative illustrations of distinctive interaction
types are excerpted and analyzed.

Episodes were analyzed qualitatively in order to identify episodes corresponding to
various levels of generalization. Frequencies and cross-tabulations were used for the
quantitative analysis. First, the frequency of generalization level episode was done to
explore the number of episodes, which corresponded to various levels of generalization.
Second, frequencies and cross-tabulations were used to investigate the extent of usage
of Arabic utterances and crucial words (e.g., deictic terms and differences in interaction
type in different generalization level episodes.
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(a) Session 1 — Classrooms A and B — Pattern task 1 — Tile pattern

B8 B B

Step 1 Step 2 Step 3
Classroom A Classroom B
(b) Session 1 — Pattern task 2 — Theater seats (c) Session 1— Pattern task 2 — Square Pattern
You go to a movie theater where the seats are Given a pattern of squares below:

arranged in a certain way. In the first row there are
four seats and each row after the first row contains
two more seats than the row before it. Below is a
diagram of the first two rows in the theater:

O (O O D O (O O O
" § N By N

(d) Sessions 2 and 3 — Pattern task 3 — Flock of birds (e) Sessions 2 and 3 — Pattern task 3 — Dots pattern
During winter, birds migrate towards countries Carefully look at the pattern of dots below:
where the weather is warmer. These birds fly in the @) @)
form of a V-shape. On the first day only three birds o0 Q@ J Q@ @
were flying. Every day, two birds join the flock @_0 ()
while maintaining the V -shape. The figure below @ @

shows the number of birds flying on the first day.

¢ | Figure 1 | | Figure 2 | | Figure 3 |

(f) Sessions 4 and 5 — Pattern task 4 — Joined dinner (g) Sessions 4 and 5 — Pattern task 4 — Squares and
table dots pattern

In a restaurant, one square table can fit 4 people. If ~ Below is a pattern of squares and dots. Carefully
more than 4 people want to be seated at the  same look at the pattern and then answer the questions

table, the restaurant joins tables together. that follow.
) [l Yy .. . e
¢ P (@ > *LI® L1l
. e o
N =T el
| 1Table | | 2Tables | Figure 1 Figure 2

Fig. 2 An overview of the growing linear patterns that were used in the teaching intervention

Analysis of generalization level episodes

The analysis divided sessions into patterns and types of generalization tasks, which
were later classified as generalization level episodes (GLE). According to EI Mouhayar
(2019), GLE are sections within sessions in which the teacher and students are working
on a pattern task to promote a particular level of generalization in a near or a far
generalization task. A near generalization task is a “question which can be solved by
step-by-step drawing or counting” (Stacey, 1989, p. 150), whereas a far generalization
task is a “question which goes beyond reasonable practical limits of such a step-by-step
approach” (Stacey, 1989, p. 150). For example, an episode would be an interaction
between the teacher and students to determine step 10 (near generalization task) or step
100 of the pattern (far generalization task). The episode ends and a new episode starts
when CT moves to a different level of generalization or when CT addresses another
generalization type (step number). A new episode may also start when CT involves a
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student to promote the same generalization type (i.c., determine the same step number)
based on a different perspective in noticing the pattern.

The qualitative analysis helped in identifying the GLE, whereas the quantitative
analysis focused on determining the frequency and sequence of GLE per session. In
particular, this analysis focused on the trends in shifts among GLE within each session
in which there was a distinction between linear and dialectical shifts among GLE. The
former is characterized as unidirectional shift between one generalization level and
another, whereas the latter involves back and forth passage between GLE. The general
findings corresponding to this level of the analysis revealed that CT during each session
was hybrid, involving various GLE. This hybrid nature of CT in both classes in grade
seven led the author to adopt the GLE as the unit of analysis instead of the session.

Analysis of interaction type within GLE

An utterance is a unit that represents a complete idea (BouJaoude and Jurdak 2010).
Each utterance was coded for the interaction function it serves by asking what each
utterance is serving and the source of the utterance (teacher, student, students). Coding
of interaction types guided the author in segmenting the transcripts into utterances
(Amin and Badreddine 2019). Different interaction types (initiation, response, feed-
back, evaluation, elaboration, and directive) based on a coding scheme developed by
Mehan (1979) were adapted for this study. Description of different types of interaction
codes is listed in Table 2.

Frequencies and cross-tabulations were used to investigate differences in interaction
type in different GLE.

Analysis of colloquial Arabic within GLE

Utterances were also coded for the language (colloquial Arabic, English) that the
teacher and students draw on as they engage in pattern generalization. Frequencies
and cross-tabulations were used to investigate differences in the extent of usage of
Arabic in different GLE. Further coding was implemented at the level of statements and
words within utterances that referred to Arabic. Coding at this level looked at the
functions of colloquial Arabic as resources for meaning-making in the context of
pattern generalization. Frequencies and percentages of key linguistic terms in colloquial

Table 2 Interaction types (adapted from Mehan (1979))

Interaction Description

type

Initiation Question that initiates an interaction

Response Response to the initiation questions

Feedback The response is rephrased or paraphrased and/or responder is asked to clarify and explain their

response
Evaluation The response is deemed correct or incorrect
Elaboration  The initiator explains the mathematical idea and/or summarizes what it involves

Directive Teacher gives instructions to students to follow
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Arabic (particularly, adverbs of generative action function and deictic function) at the
level of an utterance were conducted to reveal the types of resources that the teacher
and students deployed when drawing on colloquial Arabic during GLE.

Trustworthiness Two researchers (including the author) coded the data. Those re-
searchers had various relationships with the data. The author designed the intervention,
conducted observations, and so has spent significant amounts of time with the partic-
ipants. The other researcher had, to some extent, separate connection with the data but
has, to a large scale, in-depth experience with the teaching system in Lebanon. The
researchers met to discuss the coding scheme before they started coding. Then, the
researchers analyzed two transcripts of session one that corresponded to the two
classrooms of grade seven and discussed their choices of coding. The researchers
developed, via discussions, a shared understanding of the codes used. The researchers
then analyzed the transcript of session two—classroom A—in an independent manner.
Findings of the coding were shared, and the two researchers discussed differences in
coding until they reached an agreement. Another transcript analysis was followed
independently, which addressed the transcript of session 2—classroom B. The
interrater reliability between the two researchers during this stage was more than 80%.

Limitations Conducting research based on one case does not provide the same extent of
generalizability as further approaches do. Nevertheless, a case study may shed light on
important themes in teaching and learning environments (Stake 1995), particularly
when mathematical activities are systematically analyzed at a micro level.

Findings and discussion

The macro-level analysis revealed that CT during each session involved more than one
level of generalization. Table 3 presents the frequency and percentage of each type of
episode.

CT during GLE followed to a large extent TD discourse structure with teacher
initiation-student response-teacher feedback utterances (A cross-tabulation of interac-
tion type by GLE is presented in a table in the Electronic Supplemental Materials).
Quantitative analysis suggests that there were nuances in the discourse structure of TD
across GLE. For instance, initiation, response, and feedback were closely distributed
within abduction episodes. In contrast, response and feedback became more dominant
than initiation in arithmetic, factual, and contextual generalization episodes. Neverthe-
less, feedback became more dominant than initiation and response in symbolic

Table 3 Frequencies and percentages of GLE

Radford’s levels of generalization episodes

Abduction AG FG CG SG Total

31 38 28 21 15 133
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generalization episodes. A cross-tabulation of interaction type by GLE is presented in a
table in the Electronic Supplemental Materials.

Nuances in the discourse structure of TD were associated with shifts in GLE in each
session (Fig. 3). There were one-directional and multidirectional shifts between GLE
within sessions. For instance, Fig. 3a shows shifts between GLE within session 1,
pattern task 1, in grades A and B. The type of arrows in Fig. 3a indicates linearity,
direction, and number of shifts between GLE. One-directional arrow designates one
shift, whereas two-directional parallel arrows indicate dialectical shifts between two
GLE. For example, there are two-directional shifts between abduction and arithmetic
generalization in Fig. 3a, indicating back and forth shifts between the two levels of
episodes. The number of shifts is indicated close to the arrow. For instance, there is one
shift from arithmetic generalization to abduction episodes, whereas there are two shifts
from abduction to arithmetic generalization episode. Those shifts are not necessarily
consecutive, and there might be shifts among other episodes.

The micro-level analysis reveals that the teacher’s general teaching approach was
inductive with a tendency to dialogic teaching approach, although there were some
indicators to univocal CT. The teacher initiated episodes by asking questions, one
student selected by the teacher answered, and then the teacher provided feedback by
rephrasing or paraphrasing student’s response, at times evaluated student’s response.
Within the initiation and feedback moves, the teacher frequently played the role of
secondary knower asking for justification or clarification from the students. Teacher’s
moves and roles involved students in connecting ideas and developing meaningful
understanding in various GLE.

The analysis also show that CT observed in this study involved deployment of
colloquial Arabic to refer to linguistic means that influenced the processes of general-
ization. In particular, the teacher and students drew on colloquial Arabic during various
GLE to refer to (1) adverbs of generative action (e.g., “ <’ [each]), (2) deictics (e.g.,
“0s [here]” and “axs2” [this]), (3) interconnectivity means including copular verbs
(e.g., “ls ¥ [became]) and conjunctions (e.g., “s” [and], “ 3% [so], or “ 1 [the]), (4)
individual owning including pronouns (e.g., “@#” [she]; “figure four—ysg < [belonging
to] Maya”), and (5) mathematical operations (e.g., )52 [you added]) and calling out
numbers (e.g., “s ¢ [twenty]). The teacher also deployed colloquial Arabic during CT
for broader functions, such as (1) evaluation (“z < ” [has correctly drawn]) or
negation (e.g., “¥” [No]), (2) asking for justification or clarification (e.g., “<ég S
IS 058 su laga 5o [How did you know that this will be the shape of the] figure
four?), (3) asking for another strategy or perspective in noticing the pattern (“z! 38 (s
U’ [Is there another suggestion]?), and (4) management. Quantitative analysis shows
that percentage of colloquial Arabic utterances was more dominant than English-only
utterances in feedback interaction type. In contrast, the percentage of English-only
utterances was more dominant than colloquial Arabic utterances in response interaction
type. For initiation, English was more dominant than Arabic in pre-algebraic episodes
(abduction and arithmetic generalization episodes), whereas Arabic was more dominant
than English in algebraic episodes (factual, contextual, and symbolic generalization
episodes). A cross-tabulation of language type by GLE is presented in a table in the
Electronic Supplemental Materials.

In the following subsections, the author presents and analyzes representative ex-
cerpts of CT in various GLE in order to demonstrate the findings. The selected excerpts
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correspond to episodes that were chosen from various sessions and involved different
pattern tasks (Fig. 2). The selected excerpts are representative since they reveal
classroom interactions which conform to TD as “interaction rituals” (Salloum and
BouJaoude 2019) in regular mathematics classrooms.

Representative episodes

Representative episodes presented in the subsections below show that CT consisted of a
chain of utterances based on the contribution of each of the teacher and the student(s) in
turn. More specifically, each contribution reacted to preceding utterances and was
replied to by subsequent utterances. Dialogic interaction in the representative episodes
included several voices and facilitated mathematical meaningful understanding, which
elicited generalization at various levels. Furthermore, meaning-making developed over
time (within and across sessions) due to relations between utterances in TD that shaped
students’ perspectives in looking at the patterns.

TD as a promoter of abduction episodes

Qualitative analysis shows that the common structure of TD in abduction
episodes was as follows: The teacher initiates CT by asking conceptual ques-
tions of the form: “what is happening? What is changing? What is fixed?” to
involve students in noticing commonalities of the pattern in near generalization
tasks. Then, a chain of selected student’s response-teacher feedback is followed.
After this pattern of interaction, the teacher initiates a new question addressing
another student. The episode ends by teacher’s feedback paraphrasing what the
student(s) have noticed in terms of commonalities in the pattern. During several
episodes, the students showed more than one perspective in noticing the
commonalities of the pattern. The teacher attempted to make connections
between the various perspectives.

The excerpt below (Fig. 4) corresponds to an abduction episode during CT
(abduction-E4-S1B-P2-1G), which took place during session 1 in grade 7B, and
it involved the “square pattern” task (Fig. 2c). During this episode, CT
involved chains of TD in which the teacher and two students deployed various
resources (home language, drawings, and pointing gestures) to promote abduc-
tion level of generalization.

Episode 1 shows how chains of TD in CT involved the teacher and students
in describing what they have noticed as local commonalities observed on the
two rows of squares drawn on the board. The teacher initiated conceptual
questions: “What is not changing?” (e.g., utterances 1 and &) to involve
students in noticing commonalities of the pattern. Based on those questions,
the TD oriented the teacher and students to notice the invariant elements of the
pattern. For instance, the TD enabled the teacher to use gestures and the drawn
figure in his initiation and feedback utterances. In particular, the teacher
deployed sliding pointing gestures and drawing (utterance 6) and coloring
(utterance 10). Similarly, the students relied on pointing and sliding gestures
(lines 5 and 9) and colloquial Arabic (utterances 3 and 5) in their responses to
describe the non-varying parts of the pattern. The episode ended by teacher’s
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1. Teacher: What’s not changing?'

2. Teacher: Ali...” What's not changing?
3. Ali: Jsi [the first'] four squares.

4. Teacher: 5l e zls oy [would you like to go to the board)?
5. Ali: buis olay oo 0sa [Here they are
staying the same]

Points at the squares located in the
middle of both rows

Points at the squares
located on the right
and left of the top
oW

aolgy doly Sy es Osn o [but here they
are increasing one by onel).

Makes a sliding
gesture and uses a
chalk to draw a
rectangle around the
eight squares located
in the middle.

6. Teacher:gss» 1315 [So, those] not
changing. Ali, thank you.

Al returns to his seat
7. Teacher: st p1,31 .3 [Is there another suggestion?] [...] What’s not changing?
8. Teacher: Mohamad. Not changing
9. Mohamad:

Makes a gesture in the
form of a rectangle
around the four
squares located in the
middle of the drawing

Colors the four squares located in the
middle of the drawing

10. Teacher: i=¥l Jss wamed il [For
Mohamad, those four] not changing.

Mohamad returns to his seat

Fig. 4 Episode 1 corresponding to abduction episodes

feedback paraphrasing what Mohamad has noticed in terms of invariant parts of
the pattern.

The teacher and students used English and colloquial Arabic as a resource for
meaning-making. The teacher deployed a mixture of English and colloquial Arabic
in initiation (e.g., utterance 7) and feedback utterances (e.g., utterances 6 and 10). The
teacher also deployed English-only (e.g., utterances 1, 2, and 8) and Arabic-only
utterances (e.g., utterance 4). Similarly, the students relied on colloquial Arabic (utter-
ances 3 and 5) in their responses to describe the non-varying parts of the pattern. In
particular, Arabic was used for deictic functions to show particular structure of the
pattern. For example, the teacher and students deployed demonstratives such as “os#”
(here), “ »” (those), and “:xs4” (this) in utterances 5, 6, and 10. While using deictics
during TD, the teacher and students deployed the drawn figures and indexical gestures
to refer to objects in their perceptual field in order to discuss and show what they have
noticed as non-changing parts of the pattern. The teacher and students also deployed
colloquial Arabic to refer to conjunctions such as “ 134” (so) (utterance 6) and & (but)
(utterance 5); calling on numbers such as “)$” (one) and “4¢+ 3\ (four) (utterances 5
and 10), and operations “3 ¢ (add) (utterance 5).
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TD as a promoter of AG episodes

CT during arithmetic generalization episodes involved deployment of chains of TD in
order to generalize local commonalities observed on some figures without the ability to
come up with a rule that determines any term of the pattern. Those episodes
corresponded to near generalization tasks in which the teacher initiated questions about
particular near steps (e.g., steps 3—10) of the pattern, at times asking students about the
constant-invariant elements of the pattern. Based on the initiation question, a chain of
student’s response followed by teacher’s feedback took place.

Consider the arithmetic generalization episode below (Fig. 5) selected from a portion
of transcript from grade 7B during session 1, and it involved the “tile pattern” task (Fig.
2a) (AG-E2B-P1-NGQG). For this purpose, the teacher presented figural steps 1, 2, and 3
on the board using an overhead projector. During this episode, TD involved the teacher
and students to determine the number of squares in figural step four.

The process of objectification involved teacher’s and students’ personal voices in
which they deployed colloquial Arabic in TD. The subjective utterances made to large
extent allusions to ownership and making actions on the figural steps drawn on the
board. This is illustrated by the teacher’s feedback utterances (3, 5, and 8) such as “<y”
[you], “I&f” [1], and “Icg<" [us], as well as students’ response utterances (2, 4, and 7)
such as “we.”

This episode shows that TD enabled the teacher and students to deploy colloquial
Arabic for various functions in almost all utterances. In particular, it was used for
deictic functions to indicate specific structure of the pattern, which is needed at this
level of generalization to extend a commonality to subsequent terms of a pattern. For
example, in utterances 7, 11, and 12, Ali and the teacher used crucial words such as
“Aax” [side], “os3” [bottom], and “&s8” [top] to refer to spatial deictics to describe the
structure and relationships among parts of the figural pattern. Furthermore, in

1. Teacher: Ali... Can you explain to me o Ig=lb s [how did you come up with] figure four?

2. Ali: Js) e [we counted first] figure u=s =1l [we got] five

3. Teacher: Jsl wae [we counted first] figure us=s alb [we got] five?

4. Ali: 6 spus [then second] figure s gl [we got] nine. <o suusy [then third] figure use csib [we got]
thirteen. ws o [we are increasing] four s, [in each] step. Figure one ts; [we increased] four caib [we
got] nine.

5. Teacher: i 55 ¢s <ot [You are focusing on] how many
squares are there in figure four. Wi Jle 55; oo Ul g [but I am
Jocusing on the shape of] figure four. o550 sw lus ) Cé,e GS
Jssa [How did you know that this will be the shape of the]
figure four? . s [nof only] how many squares Is. is [all of
it].

Makes a circular move with his hand
around figural-step 4

6. Teacher: cu, 3V s 9| Gye as  [how did he know that he should draw like that] [...]?

7. Ali: 4o Js Jls 309 bsy oY [Because we increased one on each side]

8. Teacher: ys» 34-5 bs; [inaud.] [We increased one here]. su= [Then]?

9. Ali: Js 1551y [They increased in each] figure, four

10. Teacher: Js 15wy o= [They are increasing in each] figure four. y» s [how are those] four? s o5
Isss5s [Where are they located)?

11, Al cos ouls 358 o8 [Two on top and two in the bottom)

12. Teacher: scos ousls 353 ol [Two on top and two in the bottom]... Okay.

Fig. 5 Episode 2 corresponding to AG episode
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utterances 2, 3, and 4, Ali and the teacher used deictics to focus attention on specific
figures that are visually attainable such as “ § figure” [first figure] and “si figure”
[second figure]. The teacher also used in his feedback demonstratives such as “0s”
[here] and “ 4™ [those] (utterance 8).

Another function of colloquial Arabic was to refer to the adverb “ S’ [each]
(utterances 7, 9, and 10), which provided a generative action function with its repetitive
character. The teacher and Ali deployed “<” in TD to express actions that they have
noticed as being repeatedly undertaken in the consecutive steps of the pattern: “we are
increasing four in each step” (utterance 4). The teacher and students also deployed
colloquial Arabic to refer to interconnectivity means including copular verbs such as
“¢ ” [got] (utterance 2, 3, and 4); conjunctions such as “ < [but] (utterance 5), “ 5’ [and]
(utterances 11 and 12), “0:%4” [then] (utterance 4), and “0¥” [because] (utterance 7);
and “ 1 [the] (utterance 5).

TD as a promoter of factual generalization episodes

TD during factual generalization (FG) episodes helped the teacher and students to go
beyond the first several steps of the pattern to determine particular steps in near (e.g.,
figural steps 4 and 7) and far generalization tasks (e.g., figural steps 50 and 100). TD in
those episodes involved the teacher and students to use various objects at the same
concrete level (e.g., indexical gestures pointing at particular drawn figures) and to refer
to colloquial Arabic, deictics (top, bottom, this, those, here, etc.), rthythm, personal
voices (we), etc.

Episode 3 (Fig. 6) occurred during session four, classroom B, and dealt with the
“adjacent squares and dots” pattern (Fig. 2g) in a far generalization task—step 50 (FG-
E1-S4B-P6-FG). Previous episodes show that the students noticed the constant from
different perspectives. While some students noticed that the invariant dots were the two
dots located respectively on the left and right sides of the squares, other students
considered that the four dots that appear in figural step one are the invariant elements
of this pattern. This episode shows how TD promoted FG level of reasoning.

TD during this episode enabled the teacher and student to interact with each other
perceptually and aurally by following each other’s movements and speech. For in-
stance, the actions that Ali and the teacher have performed, while being involved in TD,
evolved in an ensemble in the form of “semiotic node” (Radford 2009), which
constitutes a part of the general semiotic activity “where action, gesture and word work
together to achieve knowledge objectification” (p. 474).

Colloquial Arabic and pointing gestures were used in the TD as sources of meaning-
making to elicit students’ factual level of generalization. The teacher as well as Ali
deployed colloquial Arabic to refer to (1) deictics including “spatial deictics” (Radford
2010a, p. 7) such as “@&5¥ [top] and “<s¥” [bottom] (utterances 6 and 8), which involve
“structural descriptors of the figure” (Radford 2000, p. 249) as well as demonstratives
such as “0s#” (here) (e.g., utterance 9), which were accompanied with pointing gestures
and drawings on the board; (2) interconnectivity means including copular verbs (e.g.,
“eag 7 [you got] and “lixcg ¥ [we have] (utterances 9 and 11) and conjunctions
(e.g., “5” [and] (utterances 8, 9, and 10) and “ 1’ [the] (utterances 10 and 11); (3)
personal owning such as “ | strategys ¢ <xsg < (utterance 7) and implicit pronouns
such as “you” and “we,” which are embedded in terms such as “lixg & [we have]
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1. Teacher: U Josis [we reach to] figure fifty [...] constant number of dots?
2. Students: Two

3. Teacher: Total number of dots?

4. Students: One hundred two

5. Teacher: Ali cs,s ws [how did you know] one hundred two?

6. Ali: 131 [s0] figure fifty, louwe [we put] fifty
&ss [on top], fifty cos [on bottom], ge sgmezs
Jlwies gass [we add them together and we
add the] constant two.

Ali makes two sliding gestures
moving ...

7. Teacher: Ji strategy Ji LWlb Jsis os Lo Cuns
8. Alir coss  3g3... fifty Gos, fifty cos.

figure fifty, it means there are fifty squares.

Points with his finger
indexical gesture upwards to
refer to the fifty dots located
on the top of figural-step fifty
and then another indexical
gesture downards to refer to
the hypothetical fifty dots
located on the bottom of
figural-step fifty.

9. Teacher: Figure fifty s 02y [there will
be] fifty squares, vus 3 [we havel] fifty dots
&3 [on top] and fifty dots cws [on bottom],
[...] 0sn daiis gse daiss  [and one dot here and
one dot here]

i

Draws several adjacent squares hypotheticaly assuming it
represents fifty squares, then he draws several dots on top
assuming it represents fifty dots and then he draws fifty
dots on bottom.
10. Ali: zosus [we add] fifty s [and] fifty Ji s [and the] two.
11. Teacher: ¢=s glb [you got] one hundred and two. W e [we try it for] seven, seven g5 [on top]
seven cos [on bottom], fourteen, plus two, sixteen. Figure four, 353 [on top] four cs [on bottom] four,
eight, plus two, ten...J Lle © i s b legi oS0 [So, sort of you are approaching the) general formula to
find the total number of dots.

Fig. 6 Episode 3 corresponding to FG episode

(utterance 9) and “<e« ¢ ” [you got] (utterance 11), and (4) mathematical operations
such as “¢ < [we add] (utterance 10), and calling out numbers such as “4&” [one
dot] (utterances 9). Other features that governed TD during FG episode is that the
generalization of actions was bounded to a concrete stage in the form of rhythms, which
was associated with colloquial Arabic and pointing gestures (e.g., in utterance 6, Ali
stated “I3 [so] figure fifty, >0« [we put] fifty &8 [on top], fifty <=3 [on bottom], ...”").

TD as a promoter of contextual generalization episodes

TD during contextual generalization episodes promoted nonsymbolically based type of
generalization that went beyond the realm of specific figures and dealt with generic
objects (e.g., “the figure number,” “every time,” “each figure,” “each row,” “each
side”) that cannot be perceived by our senses.

Episode 4 (Fig. 7) occurred during session one, classroom A, and dealt with the “tile
pattern” (Fig. 2a) (CG-E1-S1A-P1-NG). Episode 4 is an example of contextual gener-
alization episode in which the teacher and students were involved in chains of TD to
determine the number of squares in a near generalization task in figural step 9. The
episode shows how the teacher and students referred several times to generic terms

2 < EERNT3 9
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1. Teacher: How many squares are there in figure nine?

2. Mohamad: o oss sl [teacher, here in] figure three, Ji s & s [as I have told you the ] diagonal,
Jl ¢35 4a3,  [its number is the number of | squares Jilug W [which is in this] diagonal Ji 3, L [as the
number of the] figure. s [so in] nine Jl b o3y [we should put the] figure’s number

3. Teacher: Did you understand what Mohamad is saying? ... Mohamad i [found] a relationship
between the figure number and the number of squares JSeu Iss LW [that have the sh ape of] a diagonal
e W i buslusy gua [ This helps us to find] figure nine without drawing. . bl oo kdb 55 [We have
asked Maya to draw] figure four, which is very close to figure three. s o [But now] figure nine, ¢, e
sy [we will not d raw it]. We have to find out a certain way to find how many squares there are in
figure nine. Mohamad are coming up with a certain way. 13y [they have found] a relationship between
the figure number and the number of squares Sz ls=o LW [that have the shape of a] diagonal L _le
1s,2¢1 _[on the basis in which they considered that] the middle square does not change. It is constant.

4. Teacher: Fadel?

5. Fadel: Figure number nine times four plus one equals thirty-seven

6. Teacher: The figure number multiplied by four...

7. Fadel: Plus one equals thirty-seven gl [to get] figure nine.

8. Teacher: Could you please explain? [...]:J s Js! [first thing why] times four?

9. Fadel: Jsb yzs olas  [because this is similar to first] figure, one times four equals four, plus one.

10. Teacher: one times four. Why times four? From where did you get times four?

11. Fadel: Every time we advance, we add plus four.

12. Teacher: Okay, o) [so] we are adding plus four. Fadel Jss os (Sou o= [is talking about thos e] four
SQUAreS. o ssb J3 ol 54 us zo)l  [go back and repeat what you have previously said about] times four
13. Fadel: Ji sz [similar to the] formula. Figure number times four plus one.

14. Teacher: 3» [Now], Ji [the] times four ,u tab Jles,a  [you have explained it to me but ] plus one. L
o ca,s [1did not know why]? )
15. Fadel: The middle box

16. Teacher: The middle box... The figure number
Lyaw  [we multiply it ] by four plus one... And
figure nine? ik s [how do we apply if]?

Points with o ne-index finger
at the square located in the
middle of figural-step 1

17. Fadel: Nine times four, thirty-six, plus one, thirty-seven.
18. Teacher: Nine times four. ... [...] o Jzo 136 Points with
052 31156 uss wese  [S0 as Mohamad and Hassan his hand at
have said that here ] in figure nine the number of the four
SqUAres 3,e JS 055 ¢ [will be each time ] nine. diagonals of
s Jb,s  [for this reason | Fadel Js [said] times figural-step
four since syl gue o [[ had four] J& Job g2,
[then Fadel said), plus one. :J [Why]?
19. Students: The middle box.
20. Teacher: The middle box is plus one. Points with his one  -index finger to the square
located in the middle of figural-step 1

Fig. 7 Episode 4 corresponding to CG episode

related to nonconcrete objects. In addition, they deployed colloquial Arabic and
indexical pointing at concrete objects, by referring to drawn figures, in order to perceive
abstract objects such as figural step 9. We refer to abstract objects in this study by
adopting Radford’s perspective, in which he argues that abstract objects are “abstract
while bearing contextual and situated features that reveal their very genetic origin” (p.
54). The significant difference between specific and generic objects is that the former is
visually and physically attainable whereas the latter is detached from sensorial experi-
ence. Generic objects involve a new level of perception in which it becomes visible
only for the students who have attained the contextual generalization level, and this is
what happened in episode 4.
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The teacher in this episode engaged the students in finding the number of squares in
figural step 9 without drawing it. This type of activities help students to become
sensitive to algebraic reasoning and to develop their ability to notice terms of the
pattern in a “sensuous manner” (Radford 2013, p. 151).

TD in this episode helped to promote several features of contextual generalization
(CQG). One of the features that distinguish contextual from factual generalization is that
even though both appear “as the abstraction of concrete actions in the form of an
operational scheme” (Radford 2003, p. 52), the operational scheme in factual general-
ization operates at the concrete level (e.g., sign, drawings), whereas contextual gener-
alization operates at a more abstract level. In particular, contextual generalization
incorporates its abstraction from actions and particular figures. For instance, in order
to find the number of squares in figural step 9, rather than only referring to particular
figures, the teacher’s feedback and Fadel’s responses referred to generic expressions
such as “the figure number” (utterances 5 and 6) and “the middle box™ (utterances 15,
16, 19, and 20), which allowed the TD to reach a higher level of generality. Similarly,
Mohamad referred to the generic expression “the diagonal” in utterance 2. Referring to
those terms in TD enabled the teacher and the students to allude to objects that cannot
be bodily seen, although they were still relying on specific figures (step 3) to determine
the number of squares in figural step 9. The significant difference between specific and
generic objects is that the former is visually and physically attainable whereas the latter
is detached from sensorial experience. Generic objects involve a new level of percep-
tion in which it becomes visible only for the students who have attained the contextual
generalization level, and this is what happened in episode 4.

In this episode, the teacher, Mohamad, and Fadel deployed colloquial Arabic as a
resource for meaning-making (Barwell 2018; Planas 2018) to elicit contextual gener-
alization. In particular, they used colloquial Arabic to refer to (1) deictics demonstra-
tives such as “ds»” (those), (e.g., utterances 2, 12, and 18), which were accompanied
with pointing gestures and drawings on the board; (2) interconnectivity means includ-
ing copular verbs (e.g., “gxic S [I had], ‘v’ [to get] (utterances 7 and 18)),
conjunctions such as “cha Jw 8" [for this reason] (utterance 18) and “JV [the] (utter-
ances 2 and 14), and the adverb “<” [in] (utterance 2); (3) mathematical operations such
as “L_ai” [we multiply if] (utterances 16) and calling out numbers such as “4x: " [four]
(utterance 18).

TD as a promoter of SG episodes

TD in symbolic generalization (SG) episodes involved the teacher and students in
expressing the generalization through alphanumeric symbols and producing
nonspatially based symbolizations. As a result, semiotic means of objectification such
as deictics, personal voices, and colloquial Arabic gradually disappeared in students’
responses.

Episode 5 (Fig. 8) occurred during session three, classroom A, and dealt with the
“Flock of birds” pattern (Fig. 2d) (SG-E2-S3A-P3-FG). The teacher initiated episode 5
by asking the students to formulate an expression to find the total number of birds for
any day.

Students’ (Fadel and Maggie) responses to teacher’s questions in this episode
revealed a gradual process of desubjectification in comparison with TD in previous
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1. Teacher: Question number two. Let D be the number of days and let B be the total number of birds.

4 Isslb [come up with a] formula to find the total number of birds for any day. The formula ks o5 59
[should encompass] D » W [which is] the day number and B which is the total number of birds.

2. Teacher: Group zs [of] Fadel and Maggie.

3. Fadel: Two D plus one equal B.

4. Teacher: B equal two D plus one... [Writes B=2D+1 on the board] So, the number of birds is the day
number multiplied by two and then add by one. ibsdss 131 Gsas s [lef us see if'it is correct ]. Day five
should be eleven. Five times two is ten plus one is eleven, correct. Day seven should be fifteen. Seven
times two is fourteen plus one is fifteen, also correct.  Ji gly =l S [how did you come up with this ]
formula? 15,25 1585 SN 54 [what made you think of multiplying ] day number by two and why did you
add one?

5. Maggie: The two that’s multiplied by D is the two birds being added on the number of days.

6. Teacher: Okay. Ji lus [this] group w,a ss [thought of multiplying] day number by two oY [because]
every day two new birds join the flock. Why plus one?

7. Maggie: The one that’s added to the total of “B” is the total of three minus two.

8. Teacher: Three minus two? For what three minus two?

9. Maggie: Three is the constant number of birds and the minus two is the subtraction of the extra two
birds added on the previous day.

10. Teacher: Okay, Ji Is=lb S oS [s0 how did they come up with the ] one? ... The constant is always
three Ui o« 19ss [and they subtracted from the] constant two birds oY wils [always because] every day two
birds are joining the flock. That’s why they subtract three from two and they get one. Then they add one
to the two D. Okay, 5 su» [this was] their formula.

Fig. 8 Episode 5 corresponding to SG episode

episodes. In particular, Fadel’s response in utterance 3 “two D plus one equal B” and
Maggie’s response in utterance 5 “the two that’s multiplied by D is the two birds being
added on the number of days” provide evidence for the emergence of mathematical
discourse, which involves a desubjectification process based on impersonal voice. This
contrasts the subjectivity in teacher’s and students’ personal voices, which underpinned
their utterances in previous episodes corresponding to lower levels of generalization.
For example, Fadel’s response “Every time we advance, we add plus four” (utterance
11) and teacher’s feedback “The figure number L »=i [we multiply it] by four plus
one” (utterance 16) in episode 4 illustrate personal voices in the CG episode. Similarly,
deictics and pointing gestures to drawings, which were presented on the board, started
to fade during this episode in contrast to previous episodes in which those semiotic
means of objectification were deployed in TD.

The exclusion of linguistic terms that have spatial characteristics and personal voices
did not cause difficulties to the students. This episode shows that formulating an
algebraic expression by using symbols to find the total number of birds for any day
did not cause semiotic problems for the students. One of the reasons for students’
successful engagement in SG may be due to their interaction with the teacher and their
involvement in chains of TD, which helped them to promote various levels of
generalization.

During this episode, the teacher deployed colloquial Arabic in several utterances to
ask for justification (e.g., utterance 4) and to refer to mathematical operations (e.g.,
“ pay” [multiplying]) (utterances 4 and 6)), conjunctions (e.g., ¥ [because]), and J*”
[the] (utterances 6 and 10). In contrast, the students did not deploy colloquial Arabic in
their responses (utterances 3, 5, 7, and 9). With this, traces of colloquial Arabic started
to fade in a process where home language as a resource for meaning-making, which
underpinned students’ previous mathematical experience, moved to the background, so
that it provides space for the development of formal mathematical dialog.
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Conclusion

The focus of this study was on how TD promoted generalization at different levels
during CT in multilingual mathematics classrooms. Objectification of various levels of
generalization during CT, via TD, involved different ways in which the students and
the teacher became aware of near (figural step 9) and far generalizations (figural step
100) or figural step n. The episodes show that crucial words in home language were
associated with the manner in which objectification occurred. How does TD makes
objects apprehended with the means of home language in the context of generalizing
growing figural patterns?

TD activated a variety of ways of talking by using diverse languages (including
colloquial Arabic and English) that the students and the teacher spoke. I perceive this as
echoing what Barwell (2018) argues as a valuable and inevitable variation in the usage
of multiple languages to develop meaning-making. This influenced students’ learning
during CT in which languages themselves played a dynamic role in the meaning-
making process via the dialogic relationships between the various voices that arose
during chains of TD. Indeed, reference to colloquial Arabic and English occurred as a
natural “movement” between languages during CT. Furthermore, the diverse languages
that the students and the teacher spoke represented a variety of ways of talking.
Findings show that TD involved teacher-student(s) joint activities that enabled them
to coordinate their body gestures (indexical pointing and sliding gestures), representa-
tions (graphical representations and numbers), and utterances to promote various levels
of generalization. TD also involved dynamic moves between colloquial Arabic, as
home language, and English to involve students in learning by referring to linguistic
bridges. Those joint activities and moves created a notable aspect of TD in which an
“ensemble” of resources, including languages, representations, and gestures, was
formed that helped to promote the relational aspect of meaning-making in the context
of pattern generalization, which emerged and developed via relations within and across
utterances (Barwell 2018). Representative episodes show that TD consisted of a chain
of utterances based on the contribution of each of the teacher and the student(s) in turn.
More specifically, each contribution reacted to preceding utterances and was replied to
by subsequent utterances. For instance, at the end of episode 2, the meaning of
teacher’s feedback in utterance 16: “Scsd iy 358 028l [Two on top and two in the
bottom]” emerged from its relation to Ali’s response in utterance 15, which came from
its relation to teacher’s initiation in utterance 14: “JS 153 o= [They are increasing in
each] figure four. J» &S [how are those] four? 5% s= (s [where are they located]?”

How can this research contribute to instructional practices in a general manner?
Analysis of episodes makes available examples of how one teacher attained equilibrium
between two instructional responsibilities related to developing students’ reasoning in
pattern generalization: (1) the teacher and his students paid explicit attention to
mathematical concepts that are related to pattern generalization, and (2) students were
engaged and challenged to learn pattern-related mathematical content. The teacher
attained this equilibrium by adopting a dialogic teaching approach during CT, in which
he explicitly and in an exploratory manner discussed various students’ perspectives to
promote different levels of generalization (e.g., episode 1). Researchers in mathematics
education (Mercer and Sams 2006; Mortimer and Scott 2003; Moschkovich 2008)
argue that such instructional practices lead to the development of meaningful and
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conceptual students’” understanding. Thus, CT in the illustrative episodes in this study
shows the details of classroom interaction and provides examples of how a mathematics
teacher can ensure development of students’ understanding of important pattern-related
concepts. This study provides evidence how TD involved the use of various resources,
including different perspectives in noticing commonalities of the pattern, home lan-
guage, gestures, and drawings to promote various levels of generalization.

Finally, examination of episodes show that pointing gestures were used by the
teacher and the students as one of the semiotic resources to elicit different levels of
generalization. The author did not study the influence of gestures on pattern general-
ization, although the significance of those gestures was presented as a unique aspect of
CT. This is not perceived as a limitation in this study. Rather, this was a choice made
along with various other choices in the process of shaping the study. The emergence of
some preliminary findings in that direction talks about prospective work.
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