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ABSTRACT

Non-stationary demand is common in many industrial settings and accounting for the non-stationarity
in the demand process significantly complicates the analysis of inventory policies. This work presents
an efficient computational framework, which utilizes a Markovian representation, to model and solve for
the stochastic and non-stationary performance measures of an inventory system. The non-stationary and
stochastic characteristics of the demand process are captured by an approximate Phase-type distribution.
The differential equations corresponding to the Markovian representation are presented along with an al-
gorithmic approach to numerically solve for the non-stationary performance measures. Time-dependent
(st, St) continuous replenishment policies with a fixed ordering cost are investigated over a finite time
horizon. The trade-off between the computational complexity and cost effectiveness of the policies are
investigated numerically under different cost and demand distribution parameters. The numerical study
also investigates the accuracy of using the time-dependent Phase-type distribution to capture key de-

scriptors of the non-stationary demand process.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Accounting for the time-dependent components of a supply
chain system is motivated by the wide range of industries report-
ing time-dependency in their demand process. Neale and Willems
(2009) argue that non-stationary demand is the rule rather the ex-
ception. The authors refer to Hewlett-Packard, Microsoft, Dell, Kraft
Foods among other companies which have to account for time-
dependency and seasonality when evaluating their supply chain
policies. Although supply chain managers frequently encounter
non-stationary demand and are aware of the inefficiencies of ignor-
ing time-dependency, the added value of the existing tools which
account for non-stationarity is offset by their added level of com-
plexity (Ehrenthal, Honhon, & Van Woensel, 2014). The literature
on stochastic non-stationary demand in the context of inventory
systems is scarce in comparison to stationary demand, which is
mainly due to the complicated nature of time-dependent models
(Tunc, Kilic, Tarim, & Eksioglu, 2011). A main contribution of this
work is to present a computational framework to efficiently cap-
ture the time-dependent behavior of inventory systems.

The majority of the literature on non-stationary systems deals
with calculating the optimal expected cost or providing near op-
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timal reorder policies and provides little insight on the behavior
of the inventory system over time. The policies obtained from the
existing models involve solving a recursive or sequential cost func-
tion over multiple periods. This makes the system less transparent
and it becomes difficult for a supply chain practitioner to quantify
and predict the impact of environmental changes on the system
and conduct sensitivity analysis. Furthermore, estimating the ana-
lytical performance of inventory systems with non-stationary de-
mand are mostly intractable and scarce in the inventory literature
(Gershwin, Dallery, Papadopoulos, & Smith, 2012). In this work, we
present an approach which closely evaluates the time dependent
behavior of the performance measures of the inventory system.
This is achieved by describing a Markovian representation of the
inventory system and presenting an efficient numerical approach
to calculate the non-stationary probability distribution of the in-
ventory measures. Consequently, for any specified reorder policy,
the behavior of the performance measures is observed over all
points in time. For example, the mean and variance of the on-
hand inventory and backorders are continuously calculated for all
points in time and over any specified time interval. Another com-
monly used measure of system performance is the stockout proba-
bility. The model presented calculates the stockout probability over
time and identifies the points in time where shortages have a high
probability of occurring. Furthermore, it is possible to identify the
specific points in time where the expected inventory reaches its
peak as well as calculate the probability the inventory/backorders
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exceeds a certain threshold. Obviously, such a detailed description
of system behavior results in a more informed and time-phased
decision making process.

Although Monte-Carlo simulation appears to be a straightfor-
ward approach to investigate the continuous behavior of the sys-
tem over time, Monte-Carlo simulations can be tedious and com-
putationally prohibitive for time dependent analysis (Nasr & Taaffe,
2013). Simulation is more suitable for stationary systems where
the entire simulation run contributes to the accuracy of a single
point estimate. In the time-dependent case, every replication yields
one data point for a certain point in time. To compute the system
measures at time t, multiple independent replications of the sim-
ulation are required to obtain point estimates within acceptable
confidence intervals. Furthermore, the few available tools to sim-
ulate stochastic and time-dependent point-processes (from which
we mention Gerhardt & Nelson, 2009a; Ma & Whitt, 2016) signifi-
cantly add to the complexity of the simulation model.

In this work we utilize a time dependent Phase-type, Ph;, dis-
tribution to model the stochastic and time-dependent demand pro-
cess. Obviously, the functionality of the model is dependent on the
flexibility and accuracy of the Ph; process to capture the stochas-
tic and time-dependent behavior of the demand process. There is
an abundance of existing approaches which fit Ph distributions to
stationary point processes. The existing literature also illustrates
the flexibility and accuracy of the stationary Ph distribution when
utilized as an approximate process (see Buchholz, Kriege, & Felko,
2014; Gerhardt & Nelson, 2009b for a thorough review on fitting
point processes with Markovian distributions). The literature on
fitting time-dependent Markovian processes is scarce in compari-
son to the stationary case. Recently, Nasr and Taaffe (2013) present
an approach which fits a Ph; process to the time-dependent and
stochastic characteristics of a point process. This is achieved by fit-
ting the parameters of a balanced two-level mixture of Erlangs (2-
MECO) distribution to the rate and standard deviation of the ap-
proximated time-dependent counting process.

This work centers around describing the Markovian represen-
tation of the inventory system as well as the numerical solution
of the corresponding differential equations. Accordingly, the time-
dependent performance of the inventory system for a certain (s,
St) policy can be closely observed and evaluated. An additional
contribution of this work is calculating the expected cost for a
given policy where we investigate the computational efficiency of
the model in searching for a reorder policy to minimize expected
cost.

2. Literature review

Classical papers by Scarf (1960) and Veinott, Jr (1966) stud-
ied the optimality of the (s, S) ordering policy for single product
inventory systems with stochastic demand, periodic review, pro-
portional backlog and holding costs, and fixed ordering cost. Scarf
(1960) proved the optimality of the (s, S) policy for a finite hori-
zon stationary multi-period problem with convex holding/backlog
cost. Scarf’s (1960)) proof immediately extends to non-stationary
costs and demand distributions. This resulted in a stream of litera-
ture directed towards solving for the optimal or near optimal time
varying parameters of the reorder policy. This proved to be a com-
putationally challenging problem and we present a brief review of
the existing approaches.

2.1. Computational approaches for non-stationary (s, S) policies

The work in Morton and Pentico (1995) utilizes the simplify-
ing assumption of linear ordering costs and conducts an extensive
comparison of four heuristic approaches to compute the near op-
timal solution of the time-varying (s, S) reorder parameters. This

illustrates the computational complexity involved in calculating
the optimal time dependent parameters for the relatively simpler
model which does not account for a fixed ordering cost. A heuristic
approach to compute near optimal (s, S) parameters is presented in
Bollapragada and Morton (1999) for a single stage inventory prob-
lem facing a general non-stationary demand with a fixed order-
ing cost and proportional backordering and holding costs. The au-
thors assume no lead time and approximate the demand process
by a piecewise constant demand processes where a myopic heuris-
tic calculates a static (s, S) reorder policy for the corresponding
approximate stationary system for every period. The resulting sta-
tionary (s, S) policy for every period is used as an approximation
for the dynamic replenishment (s¢, S;) reorder policy. The efficiency
of the heuristic is compared to the optimal solution obtained by
solving the corresponding dynamic program. Tunc et al. (2011) in-
vestigate the cost of implementing stationary inventory policies
when demand is non-stationary. The authors compare the perfor-
mance of the optimal non-stationary (s, S) reorder policy with the
optimal stationary (s, S) reorder policy. The authors illustrate that
the cost of ignoring the non-stationarity of the demand process is
significant for the majority of the cases. Furthermore, the numer-
ical study in Tunc et al. (2011) shows that the magnitude of the
sub-optimality of stationary policies depends heavily on the varia-
tion of the demand pattern. Non-stationary inventory systems with
demand distribution uncertainty are considered in Qiu, Sun, and
Lim (2017). The uncertainty in demand distribution is frequently
encountered in real world systems due to limited information or
the short life cycle of products. The uncertainty in demand distri-
bution is captured by box and ellipsoid uncertainty sets. Effective
and tractable dynamic programming approaches are presented to
solve for the reordering policies.

2.2. Inventory systems with Markovian demand

In the context of Markovian demand, Song and Zipkin
(1993) present a continuous review system where the demand pro-
cess follows a Markov Modulated Poisson Process (MMPP). The
optimality of an (s, S) reorder policy which is dependent on the
state of the MMPP is illustrated for fixed and proportional order-
ing costs. The work in Sethi and Cheng (1997) further extend the
generality of the optimality of the state dependent (s, S) policy
to include cyclical and seasonal demand for both finite and infi-
nite non-stationary systems. Computing the optimal or near opti-
mal state dependent (s, S) reorder policy for stationary Markovian
systems systems also proved to be a computational complex prob-
lem (Beyer, Cheng, Sethi, & Taksar, 2010). The work in Nasr and
Maddah (2015) centers around the computational aspect of calcu-
lating the steady state performance measures of a state dependent
policy with an MMPP demand process where the main source of
computational complexity is a result of solving a system of linear
equations. Accounting for the time-dependent components signifi-
cantly adds to the computational complexity and the tools used for
stationary systems can lead to costly estimates. In contrast to the
existing approaches which assume stationary Markovian demand
and center around approximating the steady state value of a per-
formance measure, the time-dependent approach presented in this
work approximates the value of the performance measure over all
points in time.

2.3. Reordering policies for non-stationary and stochastic demand

The model in Silver (1978) assumes time-dependent demand
forecasts where the forecast errors are normally distributed.
For a fixed ordering cost and proportional carrying cost, Silver
(1978) develops a sequential optimization procedure to determine
the optimal ordering period, when to order, and the order size.
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Bookbinder and Tan (1988) extend the model presented in Silver
(1978) and assume that the demand distribution is known and
backorders are filled with the arrival of the next supply. The au-
thors compare Static and Dynamic policies for different scenar-
ios where demand forecasts can be updated with a rolling hori-
zon approach. Recently, Lim and Wang (2017) present a target-
oriented optimization approach for multi-product inventory sys-
tems with stochastic demand. The demand for each product is
characterized by an uncertainty set. The authors illustrate that
the target-oriented optimization approach significantly outper-
forms traditional optimization approaches especially under de-
mand distribution ambiguity or inaccurate demand distributions.
Tarim and Kingsman (2006) and Tarim and Smith (2008) consider
non-stationary and stochastic demand and present algorithmic ap-
proaches to analyze (R", S") and (R, S) reorder policies, respec-
tively. Inventory systems with stochastic and time-dependent de-
mand are considered in Levi, Pl, Roundy, and Shmoys (2007). The
authors introduce a new marginal accounting scheme which con-
siders the cost of over-ordering and under-ordering when a deci-
sion is made at every period. The decision is unaffected by future
decisions which simplifies the problem significantly. The work is
extended to uncapacitated systems in Levi, Roundy, Shmoys, and
Truong (2008). The authors address inventory systems with com-
plex demand structure which causes the state space of dynamic
programs (DPs) to explode. The authors state that it is unlikely that
efficient algorithms that solve the DPs to optimality are developed.
This further motivates developing computationally efficient heuris-
tics to solve for the reorder policies.

The remainder of the paper proceeds as follows. In Section 3,
we review the notation of the time-dependent Ph; process and
present a computational approach to calculate characteristics of
the counting process. The mathematical model and a computa-
tional framework to solve for the time-dependent inventory mea-
sures are presented in Section 4. Heuristics to search for the re-
order policy are considered in Section 5. Numerical examples are
presented in Section 6 to further illustrate the contribution of the
computational approaches presented in this work. A summary dis-
cussion, future recommendations and conclusions are presented in
Section 7.

3. The Ph; process

We review the notation of the time dependent Ph; process
in Section 3.1. A computational framework to obtain key charac-
teristics of the time-dependent demand process is presented in
Section 3.2.

3.1. The \boldmath Ph; demand process

The Ph distribution (as defined by Neuts, 1981) belongs to the
family of Markovian distributions which have received extensive
attention in the literature due to their flexibility in approximating
stochastic point processes. We choose the Ph distribution to model
demand processes since it has the property of being dense; i.e., the
family of Ph distributions can approximate any distribution shape
arbitrarily closely (Asmussen, 2008). Commonly used distributions
which are also special cases of the Ph distribution include the
exponential, Erlang (models low variability distributions), Hyper-
exponential (models high variability distributions), among other
probability distributions. The work in Johnson and Taaffe (1990) il-
lustrates that with the Ph distribution, it is possible to match the
first k moments of any distribution with a finite-phase Ph distribu-
tion. Johnson and Taaffe (1989) also show that the first k moments
can be represented by a finite mixture of common-ordered Erlangs.
The work in Telek and Horvath (2007) shows that fitting up to the
kth moments requires a Ph distribution with at least 2 k — 1 phases.

Obviously, accounting for a larger number of moments increases
the validity and accuracy of the model, but can significantly add
to the computational complexity involved in analyzing the model.
We refer to Buchholz et al. (2014) for more details on the Ph distri-
bution and existing fitting approaches. In addition to the moment
matching flexibility, the Markovian representation of the Ph and its
time-dependent generalization, Ph;, have the computationally at-
tractive properties of linear first-order differential equations. The
numeric solution of the differential equations allows us to capture
the time-continuous behavior of a point process.

A commonly used notation of an m-phase Ph; distribution de-
scribes a continuous-time Markov Chain with m transient states
and one absorbing state. The parameters of the time-dependent
Ph; distribution are denoted by the infinitesimal generator of the
continuous-time Markov process,

()»(t)) n(t)
Q(t) — mxm (mx1) ,
(m+1, m+1) 0 0

(1xm)

where A,y (t) is the time-dependent transition rate from tran-
sient state n to transient state v at time t for n,v=1,...,m and
n # v. The parameter wuu(t) is the time-dependent transition rate
at time t from transient state n to the absorbing state for n =

1,...,m. It follows that the diagonal entries of A(t) are calculated
m
as Anpn(t) = —( > (D) +/Ln(t)) for n=1,...,m. Let an(t)
v=1,v#n

denote the probability the Markov process starts in state n at time
tforn=1,...,m.

The non-stationary inter-demand epochs are modeled by a
time-dependent Ph; process with m transients states and one ab-
sorbing state. Let {A(t): t >0} denote the state of the Ph; process at
time t. The time-dependent probabilities of being in state n of the
Ph; process are calculated by numerically solving the correspond-
ing Kolmogorov Forward Equations (KFEs). The KFEs are presented
below where the derivative is with respect to t and P(.) denotes
Probability(.).

m

PA® =) = 3 (hn©) + n(®) 1 ©) ) PAC) = v)
v=1
forn=1,....m. (1)

3.2. The time-dependent demand count process

In this section, we investigate the Ph; counting process and we
present a numerical approach to calculate the probability distri-
bution of the non-stationary count process over any time interval
[t,t + ], for t>0 and t > 0. Specifically and for the purpose of this
work, we require the probability distribution of the count process
over any time interval with duration t =L, where L is the lead
time. Denote the demand-count over the time interval [t,t+ T)
by {Di(t): t>0, T>0}. At any point in time t, we numerically
solve for the probability distribution of the demand count over the
time interval [t —L.t) if t>L, and [0, t) if t<L; i.e, we numeri-
cally solve for P(D;_; (L) =d) if t>L, and P(Dy(t) =d) if t <L, for

The state space of the demand count process along with the
state of the Ph; process constitute a continuous-time Markov
Chain. At any point in time t where t > L, the resulting state space
probabilities of the demand-count process over the time interval
[t —L,t) and the state of Ph; process are expressed as,

Pyn(t) = P(De_r (L) =d,A(t)=n) ford=0,1,2,..., 00
andn=1,2,....,m.

Similarly for 0 <t <L,

Py,(t) =P(Do(t) =d,A(t) =n) ford=0,1,2,..., 00



W.W. Nasr, IJ. Elshar/European Journal of Operational Research 270 (2018) 198-217 201

Algorithm 1 Time-Dependent Demand-Count algorithm.

For t > 0,

Step 0.Initialization: set ts = max(t — L,0) and n =1

Step 1. (Initialize the set of HSDE in (2))

Set P(Dts <O> = OvA(ts) = n) = P(A(ts)

Step 2. Numerically solve the HSDEs in (2) from 7 = 0 to 7 = min(¢t, L).

> Note: the solution of the HSDEs for v =1,...,m and d =0, ..., dyq yields,

P(Dy, (min(t, L)) = d, A(t) = v | A(t,) = n)

Step 3.For d = 0,1, ..., dmas,

Set P(Dy, (min(t, L)) = d|A(ts) =n) = ZP(DtS (min(t, L)) = d, A(t) = v|A(ts) = n)

v=1

Step 4.1If n < m, set n =n + 1 and go to Step 1

andn=1,2,...,m.

To solve for the joint probabilities, Py ,(t) for t>0, we consider
the corresponding KFEs over the time interval [ts, ts + T) where the
derivative is with respect to t and t; = max(t — L, 0). The KFEs for
t>0,d=0,1,2,...,0cand n=1,2...,m,

P'(D,(t) = d,A(ts + T) =n)

=Y Aunlts + T) P(Dy, (7) =d, A(ts + T) = V)

v=1

+ ) an(ts + ) po(ts + T) P(Dy (7)

v=1

=d—-1,A(t: +T) =) (4.0), 2)

where the indicator function Iy = 1 if the relation in (.) is satisfied
and 0 otherwise.

For t>L, The probabilities Py ,(t) = P(D;_r (L) = d, A(t) = n) are
calculated by numerically integrating the homogeneous set of dif-
ferential equations (HSDEs) representing the KFEs (Eq. (2)) from
T =0 to 7 =L. Similarly for 0<t<L, the probabilities P ,(t) =
P(Dg(t) =d,A(t) = n) are calculated by numerically integrating the
KFEs in Eq. (2) from 7 =0 to T =t. Notice that there is no up-
per limit on the state space of the demand counts as expressed in
Eq. (2). We set an upper bound on the demand counts, dnqx, Where
the P(D¢(L) > dmax) <€ for t € [0, T — L] and € is a sufficiently small
number. The algorithm to numerically solve for the demand-count
probability distribution for a time interval [0, T] is presented below
(Algorithm 1). We refer to the algorithm by the Time-Dependent
Demand-Count (TDDC) algorithm.

Note that the TDDC algorithm at Step 3 calculates the de-
mand count probability distribution conditioned on the state of
the Phase-type process at the start of the time interval. Specifi-
cally at Step 3, the algorithm calculates P(Dy(t) = d|A(0) = n) for
O0<t<L and P(D (L) =d|A(ts) =n), for t>L. Ford=0,1..., dmax,

Table 1
Moments of the demand count process.

Period: 1 2 3 4

1st moment 20 40 10 50
2nd moment 490 1707 140 2600

the demand-count over lead time distribution is calculated as fol-
lows:

PDo(®) =d) = Y- (PDo(t) = dIA©) =) x P(AO) =)
n=1

forO<t <L, (3)

PO =d) = Y- (PO, (L) = dIAG) =) x PAE) =)
n=1

fort > L. (4)

Example 3.2: Consider a demand process with a time-
dependent rate as presented in Fig. 1. The demand rate is assumed
to be piecewise constant over four consecutive time periods of du-
ration 10 time units. The time-dependent variability exhibited by
the demand process is captured by the second moment of the
counting process and is given in Table 1. Notice that a piecewise
constant demand rate is presented in this example for illustrative
purposes. An inventory system with a continuous-time demand
rate is investigated in Section 6.

A Ph; process which matches the demand-count moments of
Table 1 is described in Fig. 2.

The parameters of the fitted Phy process are Aq,(t) = uy(t) =
4r(t)a(t) and Az4(t) =Ag5(t) = us(t) =6(1 —a(t))r(t). The
parameter «/(t) varies by period according to Table 2.
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Fig. 1. Instantaneous demand rate.
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Fig. 2. Ph; demand process - Example 3.2.

Table 2
a(t) - Example 3.2
Period 1 2 3 4
a(t) 0.9339 0.8891 0.9350 0.8583

The probability distribution of the demand count process over
any time interval [max(t —L,0),t] and t>0, is calculated by ex-
ecuting the TDDC-algorithm. The mean and standard deviation of
the resulting count process are presented in Fig. 3.

The existing algorithmic approaches to calculate the station-
ary moments of the counting process assume constant coeffi-
cients of the Markovian distribution and do not account for time-
dependency. The work in Narayana and Neuts (1992) presents
approaches to calculate the first two moments of the counting
process of Markovian distributions. The computational method is
based on the uniformization approach and assumes constant co-
efficients. Approaches to calculate the kth moment of the count-
ing process are presented in Nielsen, Nilsson, Thygesen, and Beyer
(2007). The work in Nasr, Charanek, and Maddah (2017) also
presents a compact exponential equation to calculate the moments
of the counting process of Markovian processes. We are not aware
of any existing computational techniques to compute the proba-
bility distribution of the time-dependent counting process without
resorting to numerical integration.

4. Model

In this section, we present the state space of the Markovian
representation of the inventory system and the correspond KFEs.
We also present the equations to solve for the time-dependent
moments of the inventory measures. Consider a single item, finite
horizon, and continuous review inventory system where the inter-
demand epochs follow a time-dependent Ph; process. The reorder
policy is a time-dependent (s;, S¢) policy. The model assumes a de-
terministic lead time, L > 0, where shortages are allowed and back-
ordered. We assume a fixed ordering cost (w $ per order) and pro-
portional holding (h $ per item per unit time) and shortage costs
(b $ per item per unit time).

4.1. Inventory position

Denote the state of the inventory position at time t by
{IP(t): t>0}. The lowest achievable IP(t) level for t€[0, T] is ¢ =

min (s;) +1 and the upper limit on IP(t) is u = max (5;). Aug-
te[0,T] te[0.T]

menting the states of the Ph; demand process, {A(t): t>0}, with
the state of the inventory position, {IP(t): t> 0}, at time ¢, results
in a Markovian process with state probabilities,

P, (t) =P(P(t) =i,A(t) =n)), fori=¢,...,uandn=1,....,m.
The corresponding KFEs where the derivative is with respect to

tforn=1,...,mandi>s,

P () =) Aun(t) Py(t) + an(t) ( D (t) Pi+1,v(t)) Lizu)

v=1 v=1
m se+1

+an(t)(z > Hv(t)ljjy(t))I(i:Sr)’ (5)
v=1 j=¢

where the indicator function Iy = 1 if the relation in (.) is satisfied

and O otherwise. For t>0,n=1, ..., m and i <sg,
m

Pa@® =3 dn®Pu(®). (6)
v=1

Notice that Egs. (5) and (6) assume that a replenishment order is
placed when a demand epoch is realized and the inventory posi-
tion is less than or equal to s;.! The KFEs denoted by Egs. (5) and
(6) are initialized by assigning values for the joint inventory po-
sition and the state of the Ph; process at t = 0. For example, ini-
tializing the inventory position to a value of i, can be achieved by
setting > 7' 1P, ,=1and P, =0 for i#i,, n=1,...,m. The joint
probability, P, j(t) = P(IP(t) =i,A(t) = j), is calculated by numeri-
cally integrating the set of KFEs in Eqgs. (5) and (6) over the time
interval [0, T]. The probability distribution of the time-dependent
inventory position for t< [0, T] is calculated as,

P(IP(t) = i) = ia,n(t) fori—e, ...,u (7)

n=1

The time-dependent kth moment of the inventory position for
te[O0, T],

E[IP*(t)] = zu:i"P(IP(t) =1). (8)

i=(

1 We refer to Appendix C.1 for an investigation of the behavior of the inventory
system when an order is placed as soon as the inventory position is less than s;.
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Fig. 4. Expected inventory measures over time.

The TDDC algorithm calculates the time-dependent probabil-
ity distribution of the demand count process and, similarly, the
time-dependent probability distribution of the inventory position
is calculated by numerically solving Eqgs. (5) and (6). This is illus-
trated by considering the Ph; demand process of Example 3.2 for
a given dynamic reorder policy, (5, S) where § = {8, 16, 4,20} and
S = {36, 54,24, 65} over the four time periods. Utilizing Eq. (8) for
k =1, 2, we obtain the plots for the mean and standard deviation
of the inventory position as shown in Figs. 4 and 5

4.2. Net inventory

In this section, we build on the equations of the inventory posi-
tion to solve for the probability distributions of the net inventory.
Let {NI(t): t>0} be the time-dependent net inventory. For a fixed
lead time, L, the net inventory at time t >0 is expressed in terms
of the demand counting process and the inventory position as fol-

lows:
NI(t) = IP(0) — Dqo(t)

forO<t<L, (9)

and NI(t) =IP(t —L) — D;_;(L) fort > L. (10)

By conditioning on the state of the Ph; process at time t, we
obtain the conditional probability distribution of the net inventory

forO<t<Landi=~¢—dma,...

P(NI(t) = i|A(0) = n)

U,

= 3~ (PAP©) = jIAQ) = 1) x PDs() = j ~ il A©) = m)).
j=t
(11)

= P(NI(t) =i,A(0) = n)

-y (P(IP(O) — i A(0) = n) x P(Dy(t) = j— i|A0) = n)).

j=t
(12)
Similarly for t>L and i = ¢ — dmgx. . . ., U,
P(NI(t) = i|A(t — L) = n)
-y (P(lP(t —L)=j|A(t—L) =n)
j=t
X P(D-1(L) =~ A~ L) =m)). (13)



204 W.W. Nasr, IJ. Elshar/European Journal of Operational Research 270 (2018) 198-217

20
—Stdev(I(t)) N i
---Stdev(B(t)) 5‘\ I\

- -Stdev(NI(1)), R i 3
15 fl—Stdev(IP(t)) [\' &

2 P A

= 10F —

S =

T |
/ hN \
33 P --~..._,A_N__‘_\. . RN
0 -y | B> = I}
0 10 20 30 t 40

Fig. 5. Standard deviation of inventory measures over time.

= P(NI(t) = i,A(t—L) =n)
_ zu: (P(lP(t —L)=jACt—-L)=n)
j=t
« P(Dy_y(L) = j— i|A(t — L) =n)>. (14)
Utilizing the joint probability distributions in Eqgs. (12) and (14),

the time-dependent probability distribution of the net inventory is
calculated for i = ¢ — dmax, ..., U,

P(NI(t) =i) = Y "P(NI(t) =i,A(0)=n) for 0<t=<L (15)

n=1

and P(NI(t):i):zm:P(NI(t)zi,A(t—L):n) for t>L

n=1

(16)

The time-dependent kth moment of the net inventory position
at time t >0,

E[NIK(t)] = iik P(NI(t) = i). (17)

l‘=[*dmax
4.3. Performance measures - on hand and backordered inventory

The performance measures we consider in this section are the
on-hand inventory, backordered inventory, and the shortage prob-
ability. These performance measures can be directly derived from
the distribution of the net inventory. Let {I(t): t > 0} be the on hand
inventory which is denoted by the positive component of the net
inventory. Accordingly, I(t) = NI(t)™ where NI(t)™ = max{NI(t), 0}.
The probability distribution of the net inventory for t >0,

P(NI(t) =1) fori=1,...,u,
_h-1 o
PU® =1 = > PNI(t) = j) fori=0. (18)
j=£*dmnx

Similarly, the number backordered at time t>0, {B(t): t>0},
is the negative component of the net inventory. Let B(t) = NI(t)~
where NI(t)~ = max{—NI(t), 0}. For t>0,

P(NI(t) = —i) fori=1,..., (dmax — £),
PBE®) =1) = zu:P(NI(t)zj) for i =0. (19)
j=0

The service level is another system performance measure which
is directly calculated from the probability distribution of the net

inventory. Let {S(t): t>0} be the time-dependent service level
which represents the probability that there are no shortages at
time t. The time-dependent service level is calculated as,

S(t) = P(NI(t) > 0) =1—P(B(t) =0). (20)

Consider the demand process of Example 3.2 and the reorder
policy (5,5) = ({8, 16,4, 20}, {36, 54, 24, 65}). The mean and stan-
dard deviation of the on-hand inventory levels I(t) and backorders
B(t), are shown below in Figs. 4 and 5.

4.4. Ordering count process

A performance measure that is not directly calculated from the
net inventory probability distributions is the number of orders
placed. We present the computational framework to calculate the
probability distribution of the ordering count process. The ordering
process is accounted for as a system performance measure since
the model assumes a fixed ordering cost. The ordering process is
obviously a counting process and in this section we consider the
distribution and moments of the number of orders placed over a
time interval. Define {R(t): t >0} as the number of orders by time
t; i.e., the number of orders over the time interval [0, t). For a given
reorder policy, the number of orders placed by time t is depen-
dent on the state of the demand process and the inventory posi-
tion. Accordingly, a Markovian representation of the counting pro-
cess at time t includes the state of the Ph; demand process, {A(t):
t>0}, and the state of the inventory position, {IP(t): t>0}. The
state probabilities of the resulting Markov representation is pre-
sented below,

P.in=PR(t) =1, IP(t) =i, A(t)=n), for r>0,i=¢,...,u
and n=1,...,m.

The corresponding KFEs where the derivative is with respect to t
forn=1,...,m, sf<i<u, and r>0,

P, () = Z Avn(E) Prjy(£) + ctn(t) ( Z My (t) Pr,i+l,v(t)) Liizu
v=1

v=1
m se+1
+an (t) ( Z Z Uy (t) Pr,lyj_v(t)> Lizs,) Ii~0)- (21)
v=1 j=¢
Forn=1,...,m, ¢£<i<s; and r>0,
m
Pr/,i,n(t) = Z)\y,n(t) B y(). (22)

v=1
A computationally extensive approach to obtain the prob-
abilities P, ; , for r>0, i=¢,..., u and n=1,..., m, is to
numerically solve the differential equations in (21) and (22). Such



W.W. Nasr, IJ. Elshar/European Journal of Operational Research 270 (2018) 198-217 205

NETT)

(a) Mean

—Stdev(R(t))

0 10 20 30 10

(b) Standard deviation

Fig. 6. R(t) mean and standard deviation plots.

an approach requires truncating the infinite set of differential
equations in (21) and (22) by setting an upper limit on the num-
ber of orders in a time interval. For example, an upper limit on the
number of orders is rypgx Where P(R(T) > rmgx) is sufficiently small.
A more efficient approach to capture the behavior of the ordering
count process is to derive a finite set of moment differential equa-
tions to numerically calculate the moments of R(t) for t>0. Next,
we present the finite set of moment differential equations and the
computational framework required to calculate the kth moment of
the reorder process.

For n=1,...,m, s;<i<u and k> 1, denote the joint moments
of the number of orders by time t> 0 as follows:

E[R(t); i,n] = E[R¥(t); IP(t) = i, A(t) = n] = irk Pin(t). (23)
r=0

Let E'[RK(t); i, n] be the derivative, with respect to t, of the mo-
ments presented in Eq. (23). The differential equations to calculate
the kth moment of the number of orders in a time interval are
derived from Egs. (21)-(23) forn=1,...,m and sy <i<u,

E'[R(t);i,n] = i TP, (6)
r=0

m m
= 3 R OEIR: i v+ (@) (3 (R ©): 1,01
v=1 v=1
m si+1 k k
ren(®( 22 mo( X (Z)E[Rza); 5014 Pu®)) ) zs).
v=1 j=¢ z=1
(24)
where
kY k!
z] 2V (k-2)!"
Forn=1,..., m, and £ <i<sy,
m
E'[RE(t):i,n] =) Ayn(t) E[R*(0): 1, 1], (25)
v=1
Setting k = 1, 2 in Eqgs. (24) and (25), the first and second moment
differential equations are obtained for n=1,..., m and s;<i<u.

The mean and standard deviation of the number of orders is found
by solving Egs. (24) and (25) for k=1,2. As an illustrative ex-
ample we consider the demand process of Example 3.2 and the
reorder policy (5, S) = ({8, 16, 4, 20}, {36, 54, 24, 65}). The resulting
mean and standard deviation of the ordering process over te |0,
40] are plotted in Fig. 6.

The inventory performance measures of the examples consid-
ered in this paper are calculated by numerically integrating the
corresponding HSDE. We refer to Appendix C.2 for a numerical
illustration of the computational advantages of numerically solv-
ing the HSDEs over running Monte-Carlo simulations. Another ap-

proach to solve the HSDEs is to calculate the matrix exponen-
tial solution at discrete points in time. Accordingly, the system
parameters are assumed constant within the intervals separating
the discrete points in time. To achieve accurate approximations,
the distance between the discrete points in time should be small
enough to capture the fluctuation of the time-dependent parame-
ters. We do not describe the matrix exponential approaches further
since they can require significantly more computation for time-
dependent systems. A more computationally practical alternative
is to numerically solve the HSDE. We refer to Moler and Van Loan
(2003) for approaches to solve HSDE, with constant coefficients,
using matrix exponentials.

4.5. Expected cost function

The cost parameters are the holding cost, h ($ per item per unit
time), the backordering cost, b ($ per item per unit time), and a
fixed ordering cost w, ($ per order). The expected cost by time T
for a time dependent policy (s¢, S¢) is calculated as follows:

T T
(Ds[_sr(T)zh/O E[I(t)]dt—i—b/o E[B(t)]dt + wE[R(T)].  (26)

In many real world settings, it is difficult to quantify a value for
b. In such a case, the stockout probability is commonly used as a
service level constraint. A byproduct of the computational model
presented in this work is the calculation of the time-dependent
probability distribution of the number backordered. Next, we as-
sume a time-dependent but piecewise constant reorder policy.

5. Heuristic policies

In this section, we introduce heuristics to solve to for the re-
ordering policies. We compare the performance of the heuristics in
terms of reducing the expected cost and the corresponding compu-
tational efficiency. We also note that finding the optimal solution
using dynamic programming (DP) approaches is computationally
impractical. We refer to Levi et al. (2008) for a discussion on inven-
tory systems with complex demand structures that cause the state
space of dynamic programs to explode. The authors argue that de-
veloping efficient algorithms to solve the corresponding DPs to op-
timality is unlikely unless strong assumptions on the state space
and underlying Markov process are considered. The computational
complexity extends to finding reasonable lower bounds on the op-
timal cost. This motivates developing heuristics to solve for cost-
efficient reordering policies.

We consider heuristics to minimize the expected cost over a
time interval of duration T, O :(T), as expressed in Eq. (26). No-
tice that although we solve for the reorder policy over a fixed time
interval T, the heuristics can be utilized in the context of a rolling
horizon where the reorder policy is updated at any point in time
t, 0 <t<T. This would account for an updated demand forecast as
well as the realization of the state of the inventory measures at
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time t. The heuristics assume a piecewise constant reorder policy
where the reorder levels change over specified time periods rep-
resented by consecutive and non-overlapping time intervals with
duration §. If the number of periods is N, then a reorder policy is
denoted by (5,S) where § = {s1,55,...,sy} and S = {51, S,,..., Sy}

5.1. Stationary approximation heuristic

The proposed heuristic solves for a stationary ordering policy
at the start of each time period. Solving for reorder policies of
the stationary problem for different instances of the demand pa-
rameters is considered in Bollapragada and Morton (1999). The re-
sulting stationary reordering policies are tabulated for the differ-
ent demand parameters. The non-stationary problem is solved by
looking up the stationary reorder policies from the generated table.
We utilize a similar approach where stationary reorder policies are
considered for every time period. The stationary reorder policies
for the demand instances are calculated by assuming the demand
process over the lead time follows a Normal distribution. We refer
to the heuristic by the stationary approximation (SA) heuristic.

Let (s'.8) ={s|.s).....s\}.{5}.S,.....S\} represent the sta-
tionary reorder policies for the N time periods. For 6 =1, ..., N,

Sy = E[Ds(o_1y(L)] + g Stdv(D;(9_1) (L)), (27)
where Dgg_q)(L) is the demand count over the time interval
[6(n—1),8(60 —1)+L) and z, is the solution to the equation,
o () = e

= U—2zp)——=e du, 28
StavDye_, ) \b+h) = [, U7 am (28)
where Qg is the order quantity based on the Economic Order
Quantity (EOQ) model,

%:\/2;‘) (E[D‘WL”(L)]) for 0 =1,....N.

The equality in Eq. (28) assumes stationary demand and is based
on the normality assumption of the demand counting process over
the lead time. We refer to Silver, Pyke, and Peterson (1998) for
more information on Eq. (28). The reorder up to level for 6 =

L =5y + Q. (29)
5.2. Line search heuristic

The algorithm is initiated with the reorder policy obtained from
Egs. (27) and (29) of the stationary approximation heuristic. The
heuristic proceeds with a line search on the value of s; while fix-
ing the remaining parameters. A line search is then performed on
the resulting order policy where S; is varied and the remaining
parameters remain unchanged. Similarly and for n=2,..., N, the
heuristic proceeds with a line search on s, then S,. This process
is repeated until the heuristic converges to a local optimum. A de-
tailed representation of the line search (LS) heuristic is presented
in Algorithm 2. The LS heuristic is initialized by the SA Heuristic
as described in Step 0 of Algorithm 2.

Obviously, the LS heuristic does not guarantee global optimal-
ity but converges at a local optimal. The main source of computa-
tional complexity is solving the HSDE in Egs. (5) and (6) to calcu-
late the probability distribution of inventory position at time t as
well as the HSDE in Eqgs. (24) and (25) for k =1 to calculate the
expected number of orders by time t. The number of HSDE gener-
ated by Egs. (5) and (6) is (u — ¢ + 1) m. Similarly, the number of
HSDE in Egs. (24) and (25) for k=1 is (u— ¢+ 1) m. Accordingly,
the computational complexity is a function of the number of states
in the Ph; process, m, and the range on the possible realizations of
the inventory position, u — ¢ + 1. In this work, MATLAB is utilized

to solve the HSDE where the numerical solution is based on the
Runge-Kutta formulae as described in Dormand and Prince (1980).

6. Numerical examples

In this section, we numerically examine the computational ap-
proaches and heuristics. We begin by illustrating the flexibility of
the Ph; process in matching the time-dependent characteristics of
a point process which also serves as a motivation for modeling de-
mand by a Ph; process. In Section 6.1 we utilize the approach pre-
sented in Nasr and Taaffe (2013) to fit the time dependent char-
acteristics of the demand process to a Ph; distribution. A base de-
mand process is utilized which is assumed to exhibit a continuous-
time rate, r(t). We implement the SA heuristic in Section 6.2 where
the results obtained are utilized to initialize the LS algorithm in
Section 6.3. We also summarize the solution of the heuristics for
different cost parameters and we illustrate the implementation of
the time-dependent service level constraint. In Section 6.4, we test
the effectiveness of the Ph; fitting distribution in providing accu-
rate approximations for the time-dependent demand process.

6.1. The demand process and fitted Ph; distribution

Consider a demand process exhibiting the following instanta-
neous demand rate r(t) over an interval of 40 time units (Fig. 7),

rt) =1+ % + 0.75 sin(0.2 7w t). (30)

The variability of the demand process is captured by the sec-
ond moment of the counting process over consecutive and non-
overlapping intervals of duration 10 time units denoted by periods
1, 2, 3 and 4 (Table 4).

Notice that fitting the variability in the counting process cap-
tures the variability in the duration of the inter-demand epochs as
well as the auto-correlation (see Gusella, 1991; Nelson & Gerhardt,
2011; Whitt, 1982). This serves as a motivation behind selecting
the variability in the counting process as a key characteristic to
match when calculating the parameters of the approximating Ph;
process. We generate a Ph; to match r(t) and the second moment
as given in Eq. (30) and Table 3, respectively. The fitted Ph; is a
balanced mixture of Erlangs with parameters presented below and
illustrated in Fig. 8. The parameters m; and m, denote the number
of phases in the fitted Ph; distribution and are set to m; =2 and
m, = 3. We refer to Nasr and Taaffe (2013) for more information
on the fitting process.

2a(t)r(t) my, if i =m,
wi®) =120 —a@)ritymy, ifi=my+my
0, otherwise
2a(t)r(t)my, ifl<i<m
i@ ={20 —a@®)rt)my, ifm <i<m;+m

The probability distribution of the demand count over the lead
time, Dy_; (L) for t > L and Dy(t) for t <L, is obtained by implement-
ing the TDDC Algorithm as described in Section 3.2. Accordingly,
the mean and standard deviation of the demand counting process
are plotted in Fig. 9.

6.2. Numerical example - stationary approximation heuristic

Consider a base case inventory system with the following cost
parameters. A fixed ordering cost w = $80/order, a back-ordering
cost b = $3/unit/unit time, and holding cost h = $1/unit/unit time.
The demand process is assumed to follow the fitted Ph; distribu-
tion with parameters calculated in Section 6.1. The SA heuristic
calculates the re-order policy for each time period (Eqs. (27) and
(29)) as follows for 6 =1, 2,3, 4,
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Algorithm 2 Line search heuristic.

Step 0. Initialization:
> Load the probability distribution of Dyax—r,0)(t) for ¢ > 0 - from TDDC algorithm

> Set (s/,S) = ({s],8h,...,8n, },{S1,S5,...,S%}) - Equations (27) and (29)

> Initialize (5,S) = (s/,9)
Step 1. Set =1

Step 2. Set s, = argmin ®({s1,s2,...,8,,8,, .-,y }, S)(T)

So

Step 3. Set Sp = argmin ®(8, {51, Ss,. .., 5, Spyrs- SN
So

Step 4. If 6 < N, set # = 0 + 1 and go to Step 2

Step 5. If (5,S) = (¢/,S’) thenset (5%,S*)=(5,S) and terminate

else set (s/,S') = (8,S) and go to Step 1

0 1 1 1 J
10 20 30 t 40

Fig. 7. Instantaneous demand rate.
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Fig. 8. Balanced 2-MECO - state numbers and phase transition rates.

Table 3 ' — EID L D L
Second moments of the demand count process. Sf,) ,[ 10(071)( )] + 2 Stdv( 10(9’1)( ))
S —
y =Sy +Qp
Period 1 2 3 4 -
2nd moment 240 650 1260 2070 s ={7, 11, 15, 19}
— 18 ={23, 31, 39, 46}.

Table 4
a(t).

Period 1 2 3 2 Implementing (§',8) = ({7, 11, 15, 19}, {23, 31, 39, 46}) as
a(t) 07637 0.7621 0.7614  0.7611 the reorder policy across the four time periods, we obtain the

time-dependent probability distribution of the inventory measures.
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Fig. 10. Expected inventory measures - (5',S') policy.

The time-dependent mean of I(t), B(t), NI(t) and IP(t) are calculated
from the corresponding probability distributions and plotted in
Fig. 10. A detailed plot of the mean and standard deviation of each
inventory measure is presented in Appendix A, Fig. 14.

The total cost of implementing the (s/,$') policy by time T = 40
is $960.35. A detailed plot of the evolution of the cost measures is
presented in Fig. 11. As shown in Fig. 11, the holding and ordering
costs are the main contributors to the total cost. The reordering
policy (s, §') results in a very low expected number of backorders
as can be seen from Figs. 10 and 11.

6.3. Numerical example - line search heuristic and service level
constraint

In this section, we improve on the reorder policy by running
the line search heuristic. We also perform sensitivity analysis on
the probability of encountering shortages by adjusting the reorder
levels. We consider the base case cost parameters and initialize the

LS heuristic with (s/,$). The resulting reorder policy converges to
(5*,8*) = ({2, 4, 6, 5},{18, 29, 38, 43}). The time-dependent ex-
pected costs are presented in Fig. 12 where the total cost by time
T = 40 is $806.33. The reorder policy (5*,§*) improves on the ini-
tial policy (saving of 16% in total cost) but results in an increase in
the expected number of backorders.

An output of the computational approach is the probability dis-
tribution of the number of backorders. Accordingly, we can closely
observe the probability of shortages by evaluating P(B(t)> 0). Plot
1 of Fig. 13 shows the probability of encountering backorders if the
initial policy is implemented. From a managerial perspective, Plot
1 clearly illustrates that the points in time in the neighborhood of
t =14, 24 and 34 are at the highest risk of experiencing stockouts.
Notice that the orders arriving during the time intervals [10,14),
[20,24) and [30,34) are placed in the previous time period under
a different reorder policy. This explains the increasing behavior of
the shortage probability in Plot 1 of Fig. 13 over the time intervals
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Fig. 12. Expected costs - (5*,5*) policy.

[10,14), [20,24) and [30,34). Consequently, the points in time 14, 24
and 34 represent the earliest possible arrival of an order subject to
the updated reorder policy.

The reorder policy (5*, §*) results in a lower expected total cost
but increases the stockout probabilities, Plot 2 of Fig. 13. In the
case where the value of b is not quantifiable, a time-dependent
service level constraint, as expressed in Eq. (20), can be imple-
mented. Plot 3 of Fig. 13 illustrates the implementation of the
time-dependent service level constraint for S(t)> 0.9 and t < [0, 40].
The mean and standard deviation of the inventory measures, I(t),
B(t), IP(t) and R(t), are plotted in Appendix A, Figs. 15 (without a
service level constraint) and 16 (with a service level constraint).
As expected, implementing the service level constraint significantly
increases the on-hand inventory and reduces the number backo-
rdered as illustrated in Fig. 16. Implementing the service level con-
straint and accounting for the backordering cost, b, results in an
increase of 90% in total cost (increase from $806.33 to $1532.97).
We conduct the line search heuristic for a set of cost parame-
ters where we vary w = 20, 30, 40, 60, 80, 100, b= 3,4,5,10 and
h =0.5,0.75,1, which results in a total of 72 cases. The numeri-
cal examples are performed on an Intel Core i7 Processor with a
processor speed of 3.5 giga hertz. The average time to solve the
LS heuristic over the 72 cases is 25.10 seconds with a standard
deviation of 10.66 seconds. The 72 cases of the LS heuristic re-
sults in 6051 instances of solving for the expected cost, @, 5, (T) of
Eq. (26). The average solution time over the 6051 instances is 0.37
seconds with a standard deviation of 0.06 seconds. Since the SA
heuristic involves solving a single reordering policy (Eqs. (27) and

(29)), the computational time of the SA heuristic is significantly
lower than the LS heuristic.

The results of the LS, SA and Static heuristics are reported in
detail in Table 11 of Appendix B. The average cost of implementing
the LS, SA and Static reorder policies over the 72 cases is $628.30,
$684.80 and $719.26, respectively. The average percentage differ-
ence between the SA and LS heuristic is 7.85% with a minimum of
1.63% and a maximum of 16.55%. The tabulated results show that
the percentage difference between the SA and LS heuristic is most
significant for high holding cost and low backordering cost. The av-
erage cost for h=1 and b =3 is 15.60% whereas the average cost
when h =0.5 and b = 10 is 2.25%. Determining the reorder policy
using the SA heuristic requires solving Eqs. (27) and (29) and is a
computationally convenient alternative to solving the LS heuristic.
Accordingly, the SA heuristic would be a computationally efficient
and cost effective heuristic in comparison to the LS heuristic for
low holding cost and high backordering cost. The average percent-
age difference between the Static heuristic and the LS heuristic is
13.00% with a minimum of 7.24% and a maximum of 19.89%. The
comparison shows that the incurred cost of using the Static heuris-
tic is consistently significant and is not a cost effective alternative
to the LS heuristic.

6.4. Numerical examples - fitting the demand process

In this section, we investigate the flexibility and limitation of
the 2-MECO fitting approach in capturing the characteristics of the
demand point process. This is motivated by the established re-
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Fig. 13. Shortage probabilities.

sults in queueing theory that capturing the first two order de-
scriptors of a point process can lead to different system mea-
sures, Andersen, Neuts, and Nielsen (2004). Ignoring third mo-
ments specifically can also lead to different queueing measures
(Johnson & Luhman, 1994; Maddah, Nasr, & Charanek, 2017; Sahin
& Perrakis, 1976; Whitt, 1984). Accordingly, we consider a source
demand process which is more general than the renewal 2-MECO
distribution. The demand process is represented by a Markovian
Arrival Process (MAP), which exhibits auto-correlation between de-
mand inter-arrival epochs. We consider a set of 10 cases where
we keep the first moment fixed, but vary the dependency in the
demand source process which also increases the variability in the
counting process as well as the third moment of the counting
process. The parameters of the source MAP are presented below
where decreasing the parameter y increases the dependency in
the demand process as well as the variability in the counting pro-

cess while maintaining the demand rate of r(t).

3y 3
D=y | * 2 4 |and
1 3y
2 2 3
¢y r(t) 0 0
D, = 0 cy1(t) 0 , (31)
0 0 c3r(t)

where v; = Z?:l,j;éi Do (i, j) +¢;r(t), for i = 1,2, 3. The parameters
c1, ¢ and c3 are set to 0.1, 0.7 and 2.5, respectively. We refer
to Lucantoni, Hellstern, and Neuts (1990) for more information
on the MAP representation. A measure of the auto-correlation is
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Table 5
Source cases - MAP.
Case y E[D?]  E[D3] E[D?] E[D?] Sk(D;)  Sk(D,)  Sk(D3)  Sk(Ds) lag CVC(%)
1 10 2415 654 12678 20829 02975 02621 02326 02042 00069 154
2 5 243 658 12756 20957 03233 02958 02591 02424 00194 473
3 1 2544 6889 13355 21944 05000 04381 04221 04050 0.0966  30.44
4 0.75 2589 7011 1359.3 22336 05428 04834 04621 04473 01144 3748
5 0.5 2675 7243 14046 23084 05981 05610 05376 05218 01400 4757
6 0.25 2895  785.3 15239 25055 07468  0.6988 0.6796 0.6661 01870  63.50
7 0125 3211 8732 16964 27904  0.8622 0.8248 0.8067 07971 02414  76.38
8 0.1 3322 9044 17577 28919  0.8959 08557 0.8375 0.8267 02598  79.79
9 0.05 3649  995.8 19372 31883 09510 09127 0.8949 0.8854 03131 8812
10 0.025 3893 10641 20712 3409.6 09749 09360 09189 09095 03538  93.42
Table 6
Fitting comparison.
Case 1 2 3 4 5 6 7 8 9 10
Asy (%) 159 178 263 2.69 2,61 2.14 1.97 2.05 2.4 2.72
Ag (%) 5333 5818 6847 6948 7101 7487 8204 8459 9026 9273
Table 7 Table 8 -
Inventory results for the MAP source demand. Inventory results for the Ph; approximating demand process.
Case S1 Sy S3 Sy S S, S3 S4 Costyap Case S1 Sy S3 Sy M S, S3 M Costpp
1 4 9 12 14 14 24 30 36 57213 1 4 8 12 14 14 23 30 37 56079
2 4 9 12 14 14 24 30 37 58516 2 4 8 12 14 14 24 30 37 57157
3 5 9 13 14 14 26 33 39 668.73 3 5 9 13 15 14 25 32 39 642.43
4 5 9 13 15 15 26 34 41 69598 4 5 10 14 15 14 26 33 40 66653
5 5 10 14 15 15 27 35 42 74094 5 5 10 14 16 15 27 35 41 70641
6 5 10 14 15 15 28 38 47 8278 6 6 11 16 18 15 28 37 45 78196
7 6 10 16 14 16 30 39 53 90479 7 6 13 19 21 16 30 39 48 83957
8 6 10 16 14 16 30 40 54 92429 8 6 13 19 22 16 30 40 49 85159
9 6 10 18 15 16 31 40 57 968.68 9 7 14 21 25 16 32 41 52 87051
10 6 11 20 16 16 31 41 60 993.38 10 7 15 22 26 16 33 42 54 869.75
calculated by considering the lag; auto-correlation for the MAP Table 9
.y. - ) gl_ T Comparison - source and fitted demand processes.
process exhibiting a constant rate 7 = f; r(t) dt. Another measure
of correlation is denoted by the coefficient of variability due to Case  Costuw  Costm  M(%)  Cost ~ Ao(%)
. 2% 1
correlation, CVC = =kl —E zzkii algk . The CVC accounts for the lag, for 1 57213 56079 -198 57227 0.02
) +2 2 ) lagy ) 2 58516 57157  —2.32 58539  0.04
k> 1. Decreasing y also increases the third moment of the count- 3 66873 64243 -3.93 669.04  0.05
ing process which as measured by the skewness of the counting 4 69598  666.53  -4.23 696.61  0.09
process. The Skewness parameter is calculated as the ratio of the 2 ;‘;(7’-34 ;g%‘é *;‘gi ;‘;-‘é? 8%
third moment and the standard deviation, and is commonly used 7 90479 83957 :7'21 91708 136
to test the asymmetry of the distribution of a counting process. 3 02429 85159  _787 93794 148
The Skewness measure for each interval is calculated as, Sk(D;) = 9 968.68 87051 —1013 99324 253
E[D,.3] /Stdev(D;). 10 99338  869.75 —1244 10221  2.89

We fit the rate r(t) of Eq. (30) and the second moments D; for
i=1,2,3,4 of Table 5 to a 2-MECO process. Obviously, the 2-MECO
is a renewal process and does not capture the correlation measures
of the approximating distribution, lag; and CVC. We test the per-
formance of the 2-MECO distribution in matching the second mo-
ment over any time interval of duration L = 4. In Appendix D, we
plot the second moment of the source MAP process over the lead
time, D¢(L) for 0 <t <T, and the second moment of the approximat-
ing 2-MECO process, D (L) for 0 <t<T, for Cases 1, 4, 7 and 10. The
plots illustrate that the fitting approach provides an accurate fit for
the second moment of the counting process. We calculate the av-
erage percentage difference, Agy, for all 10 cases in Table 6 where,

d: x 100.

Agy = /T w (32)

D (L)

The 2-MECO consistently provides accurate approximations for the
second moment of the counting process across the 10 cases as il-
lustrated by Table 6 and the corresponding plots in Fig. 18.

We also calculate the average percentage difference, Ag,, when
matching the Skewness parameter where,

4

Age=)

i=1

Sk(D;) — Sk(D;)

Sk(D;) x 100,

(33)

and D; is the demand count of the approximating 2-MECO process
over the ith time interval. The difference in the Skewness parame-
ter is 53.33% for Case 1 and increases to reach 92.73% in Case 10.

The results of Table 6 illustrate that even though the 2-MECO
provides accurate approximations for the first and second mo-
ments, it does not provide good approximations for the third mo-
ments (as measured by Ag).

Next, we numerically investigate the impact of increasing the
correlation and skewness on the performance of the inventory
system. The cost parameters considered are w = $25/order, b =
$5/unit/unittime, and h = $1/unit/unittime. The performance of
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Table 10

Comparison with the stationary approximation and static heuristics.

Stationary approximation heuristic

Static heuristic

Case s ) S3 S4 N Sz S3 Sa Stationary cost  Aga(%) s S Static cost  Aguic(%)
1 7 1 15 19 16 23 29 34 61313 717 10 26 693.74 21.26
2 7 1 15 19 16 23 29 34 62391 6.62 10 26 70752 20.91
3 7 1 16 21 16 23 29 36 711.67 6.42 1 27 796.9 19.17
4 7 12 16 21 16 23 30 37 73675 5.86 11 27 82644 18.74
5 7 12 17 23 17 24 31 38 783894 6.48 11 28 87495 18.09
6 8 13 19 25 17 25 33 41 88318 6.69 11 29 97041 17.23
7 9 15 21 27 18 26 34 43 98225 8.56 12 30 1060 1715
8 9 15 21 28 18 27 35 43 100044 8.24 12 30 1084.14 17.29
9 9 16 22 29 19 27 36 45 105271 8.67 12 30 1143.01 18.00
10 9 16 23 30 19 28 37 45 1081.06 8.83 12 30 1180.62 18.85

the inventory system is considered when the input demand is the
source process (MAP) as well as the 2-MECO approximating pro-
cess. The solution of the line search heuristic is considered for the
MAP demand source process as well as the approximating Ph; (2-
MECO) in Tables 7 and 8, respectively. The results illustrate that
as the dependence and skewness of the demand process increases,
the incurred cost is significant. This is illustrated in Tables 7 and
8 where the percentage cost difference between Cases 1 and 10 is
73.63% for the MAP source process and 55.09% for the Ph; process.

A comparison of the results of Tables 7 and 8 is presented in
Table 9 where A is the percentage difference between Costyap
and Costpy,

A, — COStph — COStMAP
1= COStMAP

As y decreases, the cost of the source system, Costysp, and the ap-
proximating system, Costp,, increases for 1.98% (Case 1) to 12.44%
(Case 10). Another practical measure is to evaluate the cost of im-
plementing the ordering policies obtained from the Ph; demand
process (as presented Table 8), with an inventory system exhibit-
ing the actual source demand process. Let Cost denote the cost of
implementing the ordering policies of Table 8 in the inventory sys-
tem exhibiting the actual source demand process. Let

A, — Cost —Costyap
2= COStMAp

Accordingly, the percentage difference A, measures the incurred
cost of utilizing the ordering policy obtained from the approximat-
ing system.

From a managerial perspective, the approximating policy under-
estimates the total cost (as measured by Aq) and the absolute dif-
ference increases as the dependence and skewness in the source
demand process increases. The additional cost incurred from uti-
lizing the approximating system’s reordering policy (as measured
by A,) is less sensitive to the increase in dependence and skew-
ness.

We compare the performance of the SA and Static heuristics
relative to the LS heuristic across the 10 cases in Table 9. The per-
centage difference between the SA and LS heuristic is denoted by
Asas and the percentage difference between the Static heuristic and
the LS heuristics is denoted by Ag.ic. The percentage difference
Agy is within the range 5.86% and 8.83% over the 10 cases. Simi-
larly, the percentage difference Agic is within 17.15% and 21.26%.
We observe that the LS is consistently better than both heuristics.
Although the cost increases as the variability in the counting pro-
cess increases, the percentage difference between the heuristics is
relatively stable (Table 10).

We also observe that simplifying the mathematical model by
assuming a deterministic demand process leads to inaccurate and
misleading results. This is a consequence of the stochastic com-
ponent of the demand process. For example, Table 7 shows that

x 100. (34)

% 100. (35)

the cost increases from 572.13 to 993.38 as a result of increas-
ing the variability in the counting process. Denoting the solution
of the deterministic case as a lower bound would result in a value
which is less than 572.13. Consequently, obtaining a lower bound
on the optimal cost by assuming a deterministic demand process
is not a practical approach. The resulting lower bound is not a
tight lower bound and would provide little insight on the optimal
solution. To the best of our knowledge, obtaining practical lower
bounds for the complex environment we consider in this paper
(which includes Markovian demand and non zero lead time) is
unattainable.

7. Conclusion and future work

This work presents a numerical approach to calculate the
time-dependent probability distribution of the system perfor-
mance measures which include the number of backorders, on-
hand inventory, inventory position, and the ordering count pro-
cess. An alternative to the approach presented in this work is
to run Monte-Carlo simulations where computing point estimates
within sufficiently small confidence intervals at every point in
time can be computationally extensive. The analysis assumes a
finite time-horizon, but the policy can be re-calculated or re-
observed by simply re-initializing the set of differential equations
at any future point in time. Re-initializing the differential equa-
tions at any point in time allows for a rolling time horizon anal-
ysis as well as investigating what if scenarios. Accordingly, the
model can account for updated demand forecasts as they become
available.

A main contribution of the computational approach is to pro-
vide a manager with a tool to conduct sensitivity analysis and
closely observe the performance measures across the planning
horizon for different reorder policies. Consequently, this results
in a time-phased decision making process which is not pri-
marily based on minimizing expected cost. The computational
approaches presented also allow for an efficient calculation of
the expected cost. This is illustrated by the numerical examples
where we implement a search heuristic on a wide range of cost
parameters.

Notice that the numerical examples assume piecewise constant
reorder policies. In the case where a continuous-time reorder pol-
icy is realistic, the reorder policy does not have to be restricted to
a piecewise constant policy. The model can account for any time-
dependent reorder policy, i.e., the reorder levels s; and S; can take
on any continuous-time function. Future work can include exten-
sions to the computational framework presented in this paper. For
example, the work can be extended to account for periodic review
models. In such a case, the differential equations which describe
the inventory behavior still hold but are re-initialized at the start
of every period. The initial conditions for a period are determined
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by the ending inventory from the previous period and the reorder
levels.

The majority of the literature on stochastic inventory control ac-
counts for the mean and the variance of the demand process. Al-
though possible within the computational framework presented in
this work, implementing fitting techniques to fit higher order de-
scriptors of the Ph; process would overshadow the contribution of
the mathematical model presented in this work. Future work can
consider fitting techniques to capture more descriptors of the de-
mand process. Another extension can account for the more gen-
eral time-dependent Markovian Arrival Process (MAP;) to model
the demand process. The work presented in this paper can be eas-
ily extended to the MAP; case by simply adjusting the KFEs to ac-
count for the additional parameters which generalize a Ph; to a
MAP;. Such an implementation can be considered when efficient

35 —
—E[1(1)]
30[~E[B(O)] ;
- -E[IP(t)] B R,
25 "E[R®] !

approaches to fit time-dependent MAP;s to time-dependent and
correlated point processes are available. To the best of our knowl-
edge such approaches are not available.
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Appendix B

Table 11

Computational results for different inventory cost parameters.

@ b h s$ S5 SH cost(S) s s SA cost(S) s* S+ LS cost(S) Savings (%) Static Savings(%) SA
100 10 1 11 36 1180.0 7 11 15 19 25 34 42 49 1096.2 6 9 13 13 22 35 42 52 1048.0 11.2 4.4
0.75 10 42 1009.0 7 11 15 19 28 37 46 54 9445 7 9 13 14 24 39 46 59 9122 9.6 34
05 13 46 8076 7 11 15 19 33 43 53 62 760.8 79 12 15 29 47 54 58 7389 8.5 29
5 1 7 33 10774 7 11 15 19 25 34 42 49 1073.6 2 6 10 9 20 32 39 48 9604 109 10.5
0.75 7 39 9293 7 11 15 19 28 37 46 54 9252 3 7 10 10 22 35 45 54 8479 8.8 8.4
05 9 42 7570 7 11 15 19 33 43 53 62 7503 4 7 10 12 26 45 51 55 7003 75 6.7
4 1 5 33 10413 7 11 15 19 25 34 42 49 1069.0 2 4 8 7 19 31 41 48 9305 10.6 13.0
0.75 6 38 9017 7 11 15 19 28 37 46 54 9214 26 9 8 21 35 44 52 8236 8.7 10.6
05 8 41 7397 7 11 15 19 33 43 53 62 7482 36 9 1 25 43 50 55 686.2 72 8.3
3 1 2 33 9880 7 11 15 19 25 34 42 49 10645 23 7 5 19 30 40 46 8884 10.1 16.5
0.75 4 36 8634 7 11 15 19 28 37 46 54 9175 2 4 7 6 20 35 43 49 790.7 8.4 138
05 6 39 716.0 7 11 15 19 33 43 53 62 7461 6 3 7 2 29 47 63 48 648.7 9.4 131
80 10 1 12 34 1087.0 7 11 15 19 23 31 39 46 995.2 6 9 13 14 20 33 41 46 9555 121 4.0
0.75 12 37 9354 7 11 15 19 26 35 43 50 8574 7 9 14 14 23 36 43 54 8315 111 3.0
0.5 12 44 7428 7 11 15 19 30 40 49 57 699.2 8 9 13 15 26 46 54 57 674.8 9.2 3.5
5 1 8 31 9904 7 11 15 19 23 31 39 46 9703 3 6 10 10 18 31 38 45 8734 11.8 10.0
075 9 35 8623 7 11 15 19 26 35 43 50 8358 4 7 11 10 21 33 41 51 770.0 10.7 7.9
05 9 41 6942 7 11 15 19 30 40 49 57 683.6 6 7 10 12 24 43 50 55 636.6 8.3 6.9
4 1 7 30 956.6 7 11 15 19 23 31 39 46 9653 25 9 8 18 30 37 44 8435 11.8 12.6
0.75 7 34 8359 7 11 15 19 26 35 43 50 8314 2 6 10 9 20 33 40 50 7474 10.6 101
05 8 40 6771 7 11 15 19 30 40 49 57 6805 56 10 11 23 42 48 55 6228 8.0 8.5
3 1 4 29 9101 7 11 15 19 23 31 39 46 9603 24 6 5 18 29 38 43 806.3 11.4 16.0
0.75 4 35 7976 7 11 15 19 26 35 43 50 8271 25 8 7 19 32 40 49 7168 10.1 133
05 6 39 6538 7 11 15 19 30 40 49 57 6774 35 8 9 22 40 47 52 603.1 7.8 11.0
60 10 1 12 32 9813 7 11 15 19 21 29 36 42 8798 6 10 13 15 18 30 39 43 8512 133 3.2
0.75 13 35 8423 7 11 15 19 23 31 39 46 7588 7 10 14 15 21 34 42 47 7397 12.2 2.5
05 14 39 6777 7 11 15 19 27 36 44 52 6148 8 10 15 16 25 38 45 59 603.5 11.0 1.8
5 1 9 29 8887 7 11 15 19 21 29 36 42 8533 37 10 1 16 28 37 41 7748 12.8 9.2
0.75 10 32 7739 7 11 15 19 23 31 39 46 7339 4 8 12 1 18 32 40 46 682.2 11.8 7.0
05 9 40 6292 7 11 15 19 27 36 44 52 5943 6 8 13 13 23 36 43 56 565.7 101 48
4 1 8 28 8570 7 11 15 19 21 29 36 42 8480 36 9 9 16 28 36 40 7474 12.8 11.9
075 9 31 750.2 7 11 15 19 23 31 39 46 729.0 37 11 10 18 31 39 45 6614 11.8 9.3
05 8 39 6121 7 11 15 19 27 36 44 52 590.2 57 12 11 22 36 43 54 5520 9.8 6.5
3 1 6 27 8131 7 11 15 19 21 29 36 42 8427 25 8 7 15 27 33 40 7111 125 15.6
075 7 30 7175 7 11 15 19 23 31 39 46 724.0 25 9 8 18 30 37 44 6327 11.8 12.6
05 7 38 5894 7 11 15 19 27 36 44 52 586.1 37 10 9 21 34 42 52 5328 9.6 9.1
40 10 1 13 30 863.0 7 11 15 19 19 25 32 38 7527 5 10 14 16 16 27 33 40 7251 16.0 3.7
0.75 13 32 7342 7 11 15 19 21 28 35 41 6435 6 11 14 16 17 30 39 43 6300 14.2 21
0.5 14 36 5857 7 11 15 19 24 32 40 47 5220 8 11 15 16 22 35 43 48 5135 12.3 1.6
5 1 9 27 7731 7 11 15 19 19 25 32 38 7233 4 8 11 13 15 25 31 37 6551 153 9.4
0.75 10 30 668.8 7 11 15 19 20 28 34 41 615.0 4 9 12 13 16 28 37 41 576.7 13.8 6.2
0.5 12 34 5435 7 11 15 19 23 31 39 46 4976 6 9 13 14 20 33 41 46 4778 121 4.0
4 1 9 27 74238 7 11 15 19 19 25 32 38 7175 37 10 12 14 25 31 37 6309 151 121
075 9 29 6458 7 11 15 19 20 28 34 41 609.6 4 8 11 12 16 27 36 40 5583 13.5 8.4
0.5 11 33 5286 7 11 15 19 23 31 39 46 4926 58 12 12 19 32 40 46 4652 12.0 5.6
3 1 7 25 7009 7 11 15 19 19 25 32 38 7116 26 9 10 13 25 31 36 598.6 14.6 159
0.75 8 28 615.2 7 11 15 19 20 28 34 41 6041 37 9 10 15 27 35 38 5334 133 117
05 9 31 5086 7 11 15 19 23 31 39 46 4876 4 7 11 1 19 31 39 45 4481 11.9 8.1
30 10 1 13 29 795.0 7 11 15 19 17 23 30 36 675.0 6 10 14 16 16 26 32 39 6535 17.8 3.2
0.75 14 31 6729 7 11 15 19 19 26 32 39 5761 6 11 15 17 17 28 34 41 5643 16.1 21
05 15 34 5324 8 12 16 20 22 29 37 43 4677 7 12 15 17 19 31 41 45 4593 13.7 1.8
5 1 10 26 706.9 7 11 15 19 17 23 30 35 6426 4 8 12 13 14 24 30 36 5849 17.3 9.0
0.75 11 28 6083 7 11 15 19 19 25 32 38 54938 4 9 12 14 15 26 32 38 513.6 15.6 6.6
0.5 12 32 490.7 7 11 15 19 21 29 36 42 4399 6 10 13 15 18 30 39 43 4256 133 3.2
4 1 9 25 6770 7 11 15 19 17 23 30 35 6358 37 11 12 13 23 30 35 5619 17.0 11.6
0.75 10 28 586.0 7 11 15 19 19 25 32 38 5440 4 8 12 13 15 25 32 37 4964 15.3 8.8
0.5 11 31 4763 7 11 15 19 21 29 36 42 4346 59 12 14 17 29 38 42 4137 131 4.8
3 1 7 24 6374 7 11 15 19 17 23 30 35 629.0 26 101 12 22 29 35 5316 16.6 15.5
075 9 27 5571 7 11 15 19 19 25 32 38 5381 3 7 10 12 14 25 31 37 4731 151 121
0.5 10 30 4571 7 11 15 19 21 29 36 42 4293 4 8 11 12 16 28 37 41 3978 13.0 73

(continued on next page)
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Table 11 (continued)

@ b h s $5  SH cost(S) s S SA cost(S) s* S+ LS cost(S) Savings (%) Static Savings(%) SA
20 10 1 14 27 7187 7 11 15 19 16 22 28 33 586.7 6 10 15 17 15 25 30 37 5757 19.9 19
0.75 14 29 603.2 8 12 16 20 17 23 30 36 5071 7 11 15 17 16 26 32 39 4917 18.5 3.0
05 15 32 4714 8 12 16 20 20 27 33 40 4022 7 12 16 18 18 28 35 42 3947 16.3 1.9
5 1 11 25 6334 7 11 15 19 15 21 27 32 5492 4 8 12 14 13 23 28 35 5091 19.6 73
0.75 11 27 5409 7 11 15 19 16 23 29 34 4677 59 13 15 14 24 30 38 4422 18.2 5.5
05 13 30 4315 7 11 15 19 19 25 32 38 3763 5 10 14 16 16 27 33 40 3625 16.0 3.7
4 1 10 24 6044 7 11 15 19 15 21 27 32 540.7 4 8 12 13 13 22 27 34 486.7 19.5 10.0
0.75 10 26 5193 7 11 15 19 16 23 29 34 4604 4 8 12 14 14 24 30 37 4252 18.1 7.6
05 12 29 4174 7 11 15 19 19 25 32 38 3705 59 13 15 16 26 33 39 3516 15.8 5.1
3 1 8 23 5657 7 11 15 19 15 21 27 32 5323 37 10 11 12 21 27 33 4574 191 141
0.75 9 25 490.2 7 11 15 19 16 23 29 34 4531 37 11 12 13 23 29 35 4033 17.7 11.0
0.5 10 28 398.6 7 11 15 19 19 25 32 38 364.6 4 9 12 14 15 26 32 38 3370 15.5 7.6

Table 12
Numerical comparison of Models 1 and 2.

Case s Sy S3 S4 M S, S3 Sa4 Model 1 cost Model 2 cost A (%)
1 4 8 12 14 14 23 30 37 56079 557.45 —0.60
2 4 8 12 14 14 24 30 37 57157 568.16 -0.60
3 5 9 13 15 14 25 32 39 64243 639.37 048
4 5 10 14 15 14 26 33 40 66653 663.97 -0.39
5 5 10 14 16 15 27 35 41 70641 704.14 -0.32
6 6 11 16 18 15 28 37 45 78196 783.16 0.15
7 6 13 19 21 16 30 39 48 83957 851.78 143
8 6 13 19 22 16 30 40 49 85159 868.11 1.90
9 7 14 21 25 16 32 41 52 87051 907.69 410
10 7 15 22 26 16 33 42 54 869.75 927.72 6.25

Appendix C

C.1. Investigating the continuous ordering policy

The model in Section 4 assumes that an order is placed when a demand epoch is realized at time k§ and IP(k§)<s;, for k=1,...,N —

1. Here we refer to the model of Section 4 by Model 1. We investigate altering the assumption by placing an order as soon as IP(k&) <s;
(Model 2).

The models behave differently when s,_; <s;, and s,_; <IP(kd) <s;, for k=1,...,N— 1. In the case where such a realization occurs,
the time to place an order in Model 1 is delayed until the next demand arrival. Let X be the time for the next demand epoch from time
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Fig. 17. Monte-Carlo simulation point estimates and CI.
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k8. Model 1 results in an order delay of X time units (relative to Model 2) whenever s;_; < IP(k§) < s. In the case where IP(k§) > s;, then
the ordering behavior of both models is identical (no order is placed).

Accordingly, the difference between both models depends on the duration of X. Notice that X represents the excess time of the dura-
tion of the inter-demand epoch (as defined by the Inspection Paradox, Ross, 2014). If Y is the duration of the inter-demand epoch then,
E[X] = %%YZ]] (Ross, 2014). Since E[X] is a function of the second moment of the inter-demand duration, we expect the difference in the
performance of both models to be amplified as the variability in the demand process increases. We investigate this numerically by consid-
ering the Ph; demand distributions utilized in Table 8 which exhibit an increasing trend in demand variability. We compare the results of
Models 1 and 2 in Table 12. Notice that the cases in Table 12 are listed in ascending order of variability as illustrated in Section 6.4. The
parameter A of Table 12 represents the percentage difference between the costs of Models 1 and 2. The numerical results illustrate that
the performance of both Models is similar for Cases 1-6. Higher demand variability, Cases 7-10, results in a more significant difference as
illustrated by A. The numerical results of Table 12 are consistent with our analytical analysis which indicates that behavior of Models 1
and 2 would vary as the variation in the demand process increases.

We also note that the behavior of Model 2 is captured by re-initializing the HSDE, Eqgs. (5), at time k& as follows. Re-initialize Egs.
(5) when i =5; to Ps, n(kd) = ZLPL" forn=1...,m, k=1,...,N—1 when s, > s,_; and IP(k§) <s;.

C.2. Computational performance - Monte-Carlo simulation

We consider the base case demand process of Section 6.1 and calculate the time-dependent inventory measures, IP(t), NI(t) and R(t)
(using the HSDEs of Sections 4.1, 4.2 and 4.4, respectively), and Monte-Carlo Simulation. We utilize 1000 replications to report the point
estimates of the inventory measures at the points in time 2.5 to 40 in increments of 2.5, which results in 16 points in time (2.5, 5, 7.5,
..., 37.5, 40). The point estimates as well as the 95% Confidence Intervals (CI) for the selected points in time are plotted in Fig. 17 along
with the time-continuous plot obtained from solving the HSDEs. The computational time of the HSDE for this numerical example is 0.734
seconds, compared to 99 seconds for the simulation run (not accounting for the time to sample the simulation run and generate the
output report on the point estimates). The objective of this exercise is to provide a rough comparison of the computational performance
of solving the HSDE vs Monte-Carlo simulation. It is also important to note that reporting on more systems statistics using the simulation
approach would result in an even higher computational time.

Appendix D. Second moment of the counting process
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Fig. 18. Second moment over lead time.
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