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Reduced Complexity Soft-Output MIMO Sphere
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Abstract—Optimum soft-output (SO) multiple-input multiple-
output (MIMO) tree-search detection algorithms pose significant
implementation challenges due to their nondeterministic pro-
cessing throughput and high computational complexity. In this
two-part work, we present extensive algorithmic and architec-
tural optimizations of the sphere-decoding algorithm targeted at
achieving practical tradeoffs between desired link performance
and affordable computational complexity. The algorithmic opti-
mizations in this part span the tree-search traversal scheme, leaf
processing step, internal node-pruning and skipping step, child
enumeration based on a state-machine, adaptive radius scaling for
LLR clipping, QR-decomposition based on minimum cumulative
residuals, and multitree configurations. The optimizations demon-
strate that a 64-QAM SO MIMO detector for LTE is capable
of attaining almost ML performance with an SNR loss of only
0.85 dB at 1% BLER by visiting at most 200 tree nodes.

Index Terms—Multiple-input multiple-output (MIMO) commu-
nication systems, soft-output sphere decoding, VLSI implementa-
tion, MIMO detection.

I. INTRODUCTION

VER the past decade, multiple-input multiple-output

(MIMO) antenna systems have made their way from
theory to practice. Today we are witnessing a prolific use of
MIMO technology in a multitude of wireless devices. This
transition has been driven primarily by two important factors:
first is the innovation in the semiconductor technology for the
past 40 years at a pace predicted by “Moore’s Law”, and second
is the high-volume demand for broadband wireless access to
the internet by multimedia-rich mobile devices.

MIMO may be classified into three main categories;
beamforming, transmit diversity, and spatial multiplexing.
Beamforming uses knowledge of the channel at the transmitter
to maximize the signal-to-interference plus noise ratio at the
receiver. Transmit diversity is an open-loop transmission where
the symbols are mapped linearly to the transmit antennas.
Spatial multiplexing relies on the richness of the multipath
fading channel scattering to simultaneously transmit multiple
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data streams on the spatial antennas [1], thus increasing the
peak spectral efficiency with the number of spatial streams.
The receiver structure for MIMO spatial multiplexing is far
more complex than beamforming or transmit diversity since it
needs to separate the data streams that have been intermingled
through the fading matrix channel [2]-[5].

The detection of spatially multiplexed MIMO transmission
may be divided into two broad research areas. The first area ad-
dresses hard-decision detectors that aim to achieve maximum
likelihood (ML), or near-ML, performance with polynomial ex-
pected complexity [6]-[14]. The second addresses the imple-
mentation aspects of reduced-complexity soft-output detectors
used in conjunction with forward error-correction (typical of
modern communication systems) [15]-[27].

MIMO detectors that have appeared in the literature offer
various performance-complexity tradeoffs. Suboptimal linear
detectors, such as the zero-forcing and MMSE structures [2],
[15], as well as nonlinear parallel and successive interference
cancellation schemes and their variations (for example, see
[6], [7]), require relatively low complexity but sacrifice per-
formance. Optimal ML detectors in the form of closest-point
search decoders in lattices (e.g., [8]-[14], [16], [17], [28]),
require substantially higher complexity. MIMO detectors that
are required to generate soft-outputs translate into a multiple
closest-points search problem. The computational complexity
of such MIMO detection algorithms is primarily determined
by the modulation constellation size, the number of spatially
multiplexed data streams, the instantaneous MIMO channel
realization, and the signal-to-noise ratio (SNR). On the other
hand, from a modem perspective, the overall detection effort
is typically constrained by hard limits on latency and power
consumption requirements, and the need to keep the modem
chip footprint as compact as possible.

In this paper, we focus on low-complexity algorithms and
corresponding high-throughput architectures for optimal soft-
output MIMO detectors based on the sphere decoder algorithm.
These detectors are suitable for efficient VLSI implementation
in practical baseband receivers. Tree-search schemes have been
adopted as detectors of choice due to their ability to implement
ML or near-ML detection with reasonable complexity when the
number of spatially multiplexed data streams is low and the con-
stellation size is small. A soft-output sphere detector was de-
veloped in [18], where it was shown that for a 4-layer MIMO
system, ML detection can only be achieved for up to 16-QAM.
Similarly, implementations for a 4 x 4 MIMO with orthogonal
frequency division multiplexing (OFDM) detectors in [20] and
[21] are limited to 16-QAM and low bandwidth (number of
OFDM tones is 64). In general, these tree-search schemes can be
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classified as depth-first, breadth-first, and best-first. The depth-
first scheme such as the sphere decoding algorithm and its vari-
ants (e.g., see [12]-[14] for algorithm discussion and [ 18]-[20]
for implementation) result in a reduced search space but at the
expense of a widely varying SNR-dependent throughput. On
the other hand, breadth-first search, such as the K -best algo-
rithm [22], [24]-[26] lends itself to more constrained throughput
but at the cost of visiting more nodes. Best-first tree-search
[27], [29] combines depth-first and breadth-first to decide on
the traversing direction to reach the shortest path with a reduced
search space, but is memory-constrained (e.g., see [30]).

The fourth-generation long-term evolution (LTE) standard
implements OFDM and MIMO. The target information bit rate
is 300 Mbps using four spatial layers or close to 1 Gbps using
eight spatial layers. Each layer consumes 20 MHz of bandwidth
when using a 2048-point FFT. Current implementations are un-
able to meet these target information bit rates with near-ML
performance.

A. Contributions and Outline

In this work, we propose optimizations for a SO tree-search
MIMO detector targeted at reducing its computational com-
plexity and chip area, while meeting desired link error-rate per-
formance. A tutorial review of state-of-the-art on SO MIMO de-
tection and its formulation as a multipoint tree-search problem
is presented in Section II. We propose in Section III efficient
schemes to reduce the node count by 1) eliminating all further
visits to the siblings of any visited leaf, 2) tightening the pruning
condition at internal nodes for enhanced node pruning, and 3)
modifying the Schnorr-Euchner child-enumeration scheme to
perform node skipping. We describe an optimized architecture
in Section ITI-C that jointly performs symbol enumeration, dis-
tance computation, node pruning, and node skipping. A novel
adaptive-radius scaling mechanism for LLR clipping that attains
a significant reduction in node count is proposed in Section I'V.
In Section V, a new layer-ordering scheme, based on the min-
imum cumulative residual criterion is presented. Finally a hy-
brid tree-traversal strategy that combines depth-first and best-
first traversal is proposed in Section VI. The efficiency of all
proposed optimizations are evaluated through case studies and
simulation experiments in the sequel to this paper based on a
4 x 4 MIMO system with 2048-point FFT as specified in the
LTE Release 8 standard [31]. The pseudo-codes of all algo-
rithms are provided in the Appendices.

II. ML MIMO DETECTION AS A TREE-SEARCH PROBLEM

In MIMO systems with M transmit antennas and N > M
receive antennas employing soft-input channel decoders,
soft-output MIMO detection in the form of log-likelihood ra-
tios (LLRs) is required. For optimum performance, ML MIMO
detection algorithms are employed. One such popular algorithm
is the well-known sphere decoding algorithm, which formu-
lates the detection problem as a closest-point search problem
within a sphere using a tree [8], [12], [13], [32]. Assuming
the equivalent complex baseband input-output relation of the
MIMO system with perfect channel knowledge at the receiver
is given by y = Hs + n, the objective is to find the closest
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lattice point to the received symbol vector in a lattice under the
Euclidean distance metric

d(s) 2 |ly — Hs||* = ||ly - Rs|’, (1)

where H = QR is an NV x M complex channel matrix decom-
posed into an V x M unitary matrix QQ and an M x M upper
triangular matrix R = [r; ;] withr,; € RT, r; ;2; € C, and
ri.i<i = 0;y is the received /V-dimensional complex symbol
vectorandy £ Qfy = Rs+ Q¥ n is a transformed M -dimen-
sional vector from y; s = [s1 89+ - sM]T is the M x 1 trans-
mitted signal vector, wherein the m'" symbol s, belongs to a
complex constellation S,,, of size 2%~ m =1,2,..., M;andn
isan N x 1 zero-mean circularly-symmetric complex Gaussian
noise vector with covariance matrix £ [nn ]
The symbol vectors s belong to an M -dimensional lattice S =
Sy x So x --- x Sy of size S| = 2K, K = Z%Zl K,,. Note
that since Q is unitary, it preserves 1) Euclidean norm, from
which the second equality in (1) follows, and 2) noise statistics
such that the modified noise vector Q¥ n and n are statistically
identical.

For equiprobable symbols, a “hard-output” (HO) ML MIMO
detector finds the lattice point s™* € 8 such that HsM" is
closest to y in the V-dimensional complex vector space C¥ (or
equivalently Rs* is closest to y in C*¥). This is essentially an
integer least-squares problem of the form

_ 2
= o Inxn.

dML ML

=min|y — Rs||?>, s =argmin|ly — Rs|® (2)
ses s€S

To generate LLR values, a “soft-output” (SO) ML detector addi-
tionally needs to search for other “closest” lattice points to ¥ but
further away from sM! as follows. Let x = Y _, [, 1] be
the K -bit binary vector associated with symbol vector s, where
Ty e € 10,1} is the k™ bit in the m™ symbol. The (unscaled)
LLR associated with x,, x is defined to be

LLR (#,4) = min |3 Rs|” — min [|y - Rs|®>, (3)
m.k m,k

where Sgg)k = {s €8S :am. =0}, Sg?k

{s€8:®m =1} are the subsets of symbol vectors

in S that have their corresponding A" bit in the m'"

transmitted symbol 0 and 1, respectively. The sets S(O)k and

m,
S are of size 251 Observe that for each bit, one of the two

minima in (3) must correspond to the distance d™ associated
with the hard ML solution in (2). Let xMI' = [zML] denote

the binary vector associated with the ML solution s™%, and let

LLI,\,{L,C denote the binary complement of the bit 2L (Llr\,ka is

m,k*
referred to as the counter-ML (ML) hypothesis of :L%Pk). Then
the other minimum in (3) can be written as

AL 2 min_ |y - Rs|® 4)
’ LML
s€Sﬂ17?’k

For example, if the k™ bit 25 of the " symbol in s** is

0, then the minimization in (4) is over the ML subset S and

m, k>

Authorized licensed use limited to: American University of Beirut. Downloaded on March 20,2024 at 10:19:10 UTC from IEEE Xplore. Restrictions apply.



MANSOUR et al.: REDUCED COMPLEXITY SOFT-OUTPUT MIMO SPHERE DETECTORS—PART I

if the bit is 1, then the minimization is over SES? & - Hence, using
(2) and (4), the LLRs in (3) can simply be written as

P AT i
LI T k) = un m (5)
R VR

Therefore, from (5) the soft-output MIMO detection problem
requires identifying K counter-ML distances d%lLk, for m =
,Mandk = 1,.... K,,, beyond the quantities d™" and

ML identified by the hard- output ML MIMO detector.

By exploiting the upper triangular structure of R in (1), the

distance d (s) = ||y — Rs]||” of some's = [sy sp---s37]" from
¥ =[§1 32 - im]” can be expanded as
M M 2
d (S) = Z gm - Z Tm, i85 » (6)
m=1 Jj=m

Equation (6) can be efficiently expressed in a recursive fashion
as

d'm, (5m|3m,+1 : 5’\[) d7n+1 (5m+1|bm+2 SJ\LT)
+ Em (577z|3m+1 8 M) (7)
€m (Sm|3m+1 ] U ym - Z Tm,jSj — "m.mSm
J=m-+1
- 2
= |ym - /"mmzsm El (8)
form = M. M — 1,...,1, starting with initial condition

dps+1 = 0, where d,, £ d ([$m|$m+1 -+ - sas]) is the partial
Euclidean distance (PED) corresponding to the partial symbol
vector (PSV) [Sm S+t - ~~3M]T, and e, is a non-negative
distance increment (DI) that reflects the added “distance cost”
of appending symbol s, at level m to the PSV [s,41 -+ - $as]
The distance d; = d(s) accumulated at the final step (level
m = 1) is the distance of one full symbol s = [s1 5 - - - sM]T
Note that in (8), the symbols s,,+1, ..., 53 can be viewed as
a common “interference” term to be canceled from 7, when
computing e, for all s,,, € S,,. Hence while %, in (8) remains
constant at level m, 3, varies depending on its parent symbols
above m.

To compute d (s) for all s € S, recursion (7) can be mapped
in a straightforward manner onto a tree with M levels of nodes
and a dummy root node at level M + 1. A node at level m has
weight d,,, form = M + 1, M, ..., 1. A parent node at level
m has 28 children, m = M,M — 1,...,1, and branches
to its children nodes have associated weights ¢,,,, one for each
of the 2% possible values of the constellation symbols s,,,. A
leaf node reached from the root by traversing the path of sym-
bols spy — --- — s3 — s1 corresponds to the lattice point
s = [s182- -5 M]T. Finding the ML solution corresponds to
searching for the leaf with the smallest weight in the tree.

Instead of enumerating all symbols at level m, the key step
in using (8) to efficiently find the ML solution is to traverse the
branches/symbols in ascending order of PEDs [9] and compute

inz A (il71+l) (lw)
an ) _.> s {Gm (5m|5m,+1 CSar (9)

dlim) = @limts) y olim) (10)

‘m m

min
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Alg. 1. Standard Leaf Update Steps
if d{"") < dML then  # new Babai point found; update ML pt
1 forall m, k do: if :r(“*;c) ML then dML +— dML end;
2 dML<_d§11) sML ¢« [s (m)} <ML 71[ Sﬁc)}k k&
else  #update all affected ML pomts only
forall m, k& do
3 ‘ if mff;’z) = acML then dML %mln(d%rjc,d(lﬂ)
end
end
for iy, = 1,...,2%» andm = M, M — , 1, where the

operator mm(“"){ -} returns the Lth’ minimum in the set, and
is the symbol with the i! smallest weight d(z’") The pseu-
docode of a hard-output tree-based ML detector is shown in Alg.
6 in the Appendix. Line 1 corresponds to the distance compar-
ison done to prune an intermediate node if its weight is not less
than the best weight found so far (node pruning). Lines 2—4 cor-
respond to the distance updates done when a leaf is reached.
The first leaf node reached during the search process is called
the (first) Babai point [13], [33]. Whenever a new leaf whose
distance is less than the current ML distance is reached, we say
a new Babai point has been found. Hence the final Babai point
found corresponds to the ML point.

Similarly, finding the counter-ML solution for the bit z,,
corresponds to searching for the leaf with the smallest weight
among all leaves that can be reached through paths in the tree
whose k! bit of the m™ symbol in the associated binary vector
has the binary complement of what the ML vector x™* has in
the same bit position. Finding all K such ML points by an SO
detector can be done using K + 1 trees, in which one tree finds
the ML point as described above, and then K trees indepen-
dently find the K ML points. Alternatively, a single tree can
be used to find all K + 1 points simultaneously. This requires
proper distance updates at the leaves in Alg. 6 to ensure that the
appropriate lattice points with up-to-date minimum ML and ML
distances are properly maintained, and no lattice points with a
closer distance to ¥ are unintentionally skipped. Assuming the
current ML and ML distances are d™* and d)i5; with symbol
and binary vectors sMb MU = [ML], then whenever a

Zm

and x* =

leaf node associated with symbol vectors s = [bm’“ | (whose

E (l’”)]) and distance d(s) = d{" has
ML ML gME

binary vector is x =

been reached, the updates to d™%, s
Alg. 1 take place.

If a new leaf with a lower distance is found, then the current
ML point becomes a ML point at all bit positions where glim) =

m.k
a#ML as shown in line 1, while the new leaf becomes the new

ML point, as shown in line 2. Otherwise, as shown in line 3,
only the ML distances need update since the ML point itself
does not change. The pseudocode of the SO single-tree-based
ML detector is shown in Alg. 7 in the Appendix.

Several important observations related to the hard- and soft-

output tree-based detectors are worth highlighting:

1) Since the interest is in computing the minimum distance
across all possible lattice points and not just in one dis-
tance, there is a significant reduction in the number of re-
dundant computations compared to an exhaustive-search
approach, since PEDs accumulated down to level m are

% shown in
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reused instead of recomputed when exploring lower tree
levels.

2) The order in which symbols are enumerated at each level
(or equivalently the order in which branches are traversed),
impacts the overall computational complexity and time of a
tree-based detector. The optimal ordering, due to Schnorr-
Euchner (SE) [9], is one that enumerates the symbols at
each tree level in ascending order of their DIs.

3) The concept of radius reduction or node pruning can be
employed to effectively limit the search space to within
a sphere centered at y and whose (squared) radius is the
minimum running distance of any leaf reached during the
search process. If a leaf whose distance is less than the cur-
rent radius is found, the radius is reduced to that new min-
imum. If the PED of an internal (nonleaf) node on the tree
exceeds that radius, then that node and its subtree can be
pruned because PEDs can only increase while exploring
lower levels on the tree. If such a node has no further sib-
lings or unexplored grandparents, then the current radius of
the sphere is the ML solution. This is essentially the idea
behind the sphere decoding algorithm [10]-[13], [17].

4) A SO detector visits significantly more nodes on the tree
than an HO detector for two main reasons. First, in an HO
detector, only one leaf is visited per node at level 2, while
in a SO detector all leaves might potentially be visited per
node at level 2 to update the K ML distances (compare
lines 2—4 in Alg. 6 and lines 8-13 in Alg. 7). Second, an
internal node in an HO detector is immediately pruned if
its weight equals or exceeds the current ML distance, while
an internal node can only be pruned in an SO detector if it
cannot update any of the ML distances not just the ML
distance (compare line 1 in Alg. 6 and line 7 in Alg. 7).

5) The number of nodes visited on the tree is highly nondeter-
ministic and depends on several factors including channel
SNR, strength of the received spatial streams, degree of or-
thogonality of H, order in which the streams are mapped
to tree levels, size of the constellations on each tree level,
and number of transmit antennas (number of tree levels).

III. OPTIMIZED SOFT-OUTPUT SPHERE DETECTOR

This section presents novel algorithmic optimizations that re-
duce the complexity of a SO sphere decoder. They feature 1) an
efficient scheme for distance updates at the leaves, 2) a tightened
pruning criterion for internal nodes, and 3) a novel 2D pointer
scheme for joint symbol enumeration, distance computations,
and node pruning.

A. Efficient Distance Updates at the Leaves

In an HO detector, the only required leaf update step is to find
the leaf with minimum weight s§1> and compute its weight d §1> ,
then update d™L if d{" < d™L. In a SO detector, the siblings
of s §1) must be traversed afterwards as well, to check if further
updates to the ML distances are possible. This would increase
the overall node count and hence degrade throughput. A desired
optimization is one that allows updating the ML and ML dis-
tances in one leaf-node visit, similar to the HO case, by using
the symbol with minimum weight 95” Observe that after vis-
iting 5,51) ML Mg

no further updates can result to nor to the
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at levels M down to 2 by visiting the siblings of 95 ) So we

focus on the further potential updates to (]}%, k=1,... Ky,
generated by the siblings of s{"). Let E2h (R #) o, denote the bi-
( ) We call a symbol having the

binary complement of what [ 512

nary vector associated with s

], has at bit position k, a

k' counter-symbol of s( ) We identify the k*" counter-symbol
of s( ) that is closest to i1 for each bit position %. Denote these

symbols as a( ) and their weights dgl,)g
§2 = argmin {6’1 (é |5( = S(&w))} k=1,..., K.
(, <1>)
4:165
an
Because ,s( ) is the closest symbol to g, those ,s( ) i Symbols

closest to f; are in turn the closest lattice points to sg ) having
Tgllz in position %, and can be easily identified from the lattice
(see Fig. 1) We distinguish between two cases depending on
whether s{" leads to an update to the ML point or not:

1) Ifd 1% < d™M¥ | then all ML points having Tgn ,’3 = TlT\nILk are
updated to the current d™%. The ML point is updated and
dM s setto d; (1) This ensures that all ML points are up-to-

date with respect to the current ML point. Furthermore, for
level 1, all new distances d}T}- need to be updated to dglz

1fr]§ % < dML because 9(11,1 will be the closest ML point to
the new ML pointfork =1,..., Kj.
2) If d(l) > d™MY, then all ML points with L( "’) = anh

are updated to d; (D i¢ d(l)

those distances d}lk such that z;

ZML For level l also, only

(1) _ ML
= T

Lgl,l = #}'F) need to be updated to d(l) if d(l)

because ,sg ,)C is the closest ML point to ,s( )

.7/1 for k = 1 /Kl
The update steps are summarized in Alg. 2. Fig. 1 shows an
example assuming the current ML point is 000100 and the leaf
with minimum weight is 110011 using 64-QAM in LTE [31].
For case 1, the 6 ML distances at level 1 are compared to the
distances of the 6 points in green. For case 2, since the ML and
the leaf nodes are equal only in the 3rd bit position from the left,

(and hence
ML
< dyiy,

and hence to

only dll\l3 needs to be compared with the distance d\') of the

point 111001. The siblings 95,2 can be easily identified from the
lattice structure. For example, in LTE with 64-QAM, the binary

(1) ( )

vectors of s; 7 and its closest symbols s ; are related as shown

in (12):
(1), . . " oy
S 7% r11 T12 T13 L1.4 15 16
(1) . i ” ” i " —
: 1,1 P12 L1y L14 L1s5 T1e
(1) .
515 11 T12 T13 Ti14 L15  T1s
,,(1) . . . . _
: 11 ZTi2 %13 ZTia x5 O (12)
(1) . — .
851 3 T1.1 T1,2 1.3 T1.4 0 1.6
[ —
851 2t T1.1 T1,2 1.3 0 T1,5 1
1 __
s . x 0 1w
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o
110110

Fig. 1. Lattice points involved in distance updates at a leaf in 64-QAM.

Alg. 2. Optimized Leaf Update Steps

case d{!) < gML
forall m, k do:

# update all affected ML points, then update ML pt
if r(z’“) = mML then dTMnI;c + dML end;

. (@) My (ij)1K; .
dML—dy™; sMb ¢ [s; ]J 1’XML<—] >N Ag P
for k=1,--- ,K; do: de — mln(dlidllé’dgll)c)’

case dgl) > ML
forall m, k do
’ if mf,:l’") = :c%%c then d%{“k < min (d%{“k,dgl)»

# update all affected ML points only

k
end
for k =1 to K4 do

if 9551,)C :mML then dML<—m1n<d11V[,I;, d(l))

# leaf-level updates

end
end

In fact, the result in (12) can be generalized to any constel-
lation labeled with a 2D Binary Reflected Gray Code (BRGC)
[34]. The 2D Gray property of these codes ensures that adjacent
labels, horizontally as well as vertically, differ in only one bit. It
was shown in [35] that the only way of assigning a labeling with
the Gray property to a (2! x 2"2) — point rectangular constel-
lation is via the direct product of a 2™ — point Gray code with
a 2™ —point Gray code. This means that all labels on the same
column have identical labels on 7.3 bit positions defined by some
index set I, and all labels on the same row have identical labels
on n bit positions defined by some index set 5. The exact bit
positions depend on the choice of /1 and /5. If the constituent
codes have in addition the “Binary Reflected” property, which
is the typical case, then we show below that there exists a direct
relationship between the binary vector of any symbol and the
binary vector of its closest k" counter-symbol at any bit posi-
tion k.

Lemma 1: In a 2"-PAM constellation labeled with a
1D 2"—point BRGC, if the binary vector of a symbol

5509

is x = [z;]7,, then the binary vector of its closest k"
counter- symbol is [u;]?_; where

vy, ifj=1,...,k—1;

Ty, ifj=k;

(13)

uj =

b, ifj=k+1;
b, ifj=k+2,....n

whereh =1 fora) — 1 BRGCandb = (0 fora1l — 0 BRGC.
Proof: A bit at position k is flipped every 2" steps,
at which point the rightmost bits from & + 1 to n of all the
upper codewords are reflected. Hence the closest symbol to =
having T}, at bit position & is the first symbol after this reflec-
tion boundary. By hierarchical construction, the rightmost bits
k + 1 to n must satisfy the BRGC property, and if they start
from the binary vector bb - - - bb, then they must end in bb - - - bb,
where b = 1 for0 — 1 BRGC,and b =0 foral — 0 BRGC.
]
Lemma 2: Considera (2™ x 2"2)—point rectangular constel-
lation labeled using the direct product of a 2! —point Gray code
on bit positions I; and a 2™ —point Gray code on bit positions /5.
Ifthe binary vector of a symbol s is ([#:],c, . [1j];¢7, ), then the
closest &t counter-symbols to s for all £ € I7 lie on the same
dimension and have binary vectors ([u;], [y;]), and the closest
k™™ counter-symbols to s for all k& € I lie on the same dimen-
sion and have binary vectors ([x;], [v;]), where [u;], [v;] are the
k'™ counter-symbol to [x;] and [y;], respectively. If the codes
are binary reflected, then the binary vectors are related using
Lemma 1.
Proof: The closest k£™ counter-symbol to s on the same
dimension is closer to s than any other k" counter-symbol. W

B. Tightened Pruning of Internal Nodes

The objective here is to tighten the pruning condition at the
internal nodes to eliminate spurious node visits that do not lead
to useful updates, and avoid visiting a node more than once to
determine which child in depth-first (DF) order to traverse next.
For an HO detector operating on a node at level m, the required
steps are to find the child node s,sn ) with it! minimum weight
and compute its weight d(i’”). If d,(;,m) dML then DF tra-
versal proceeds along s"); if d{i™) > dMT then DF traversal
is aborted and the node is pruned because no other child can lead
to an update.

For a SO detector, the situation is more complicated.
Traversing along the child node q(““) with it minimum
weight can potentially lead to an update not only to @™ but
also to one or more ML distances. Specifically, all distances
et [dJMkL] ., associated with symbols from level m — 1
down to the leaves might be affected. In addition, distances

/ K;
Mol %}] 1, associated with symbols from the root down

tm
to S }I,CL, where
M

j=m

at level m might be affected if x;; =

[z, k]f 1 1is the bit vector associated with the path of

symbols from the root down to symbol .95,[”) at level m. A con-

servative condition to prune the node would be to check whether
') equals or exceeds the maximum of {dML :j < m} and

dML (i;) _ ML

tj > mand L } as shown in line 7 in Alg.

k
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7. This condition however is not tight with respect to the ML
distances at level m. .

On the other hand, checking only if dgf,) is > the maximum
of {diiF : j < m} and {d}} : j > m and JLEI,L) = )
is insufficient to prune the node. It only implies that traversing
along 9%) cannot update any distance. The node cannot be
pruned as in the HO case. The question is which sibling of .5»52,"1)
should be traversed next if ss}i{") does not lead to an update to
any of these quantities. Observe that no update to the ML point

can occur in this case (since dM < d}i

-, forall j, k and hence

dS) > dMLy, and all what is left to check are the remaining
siblings of ss,‘{") at level m with z,,, ;. = #M%  If none of these

siblings can update [d);] ", the node can then be pruned.

Otherwise, the sibling with the smallest weight having %, 1 =
aML is the one to be chosen next.

To skip edges that do not lead to updates and jump directly
to the sibling in question, we partition S,, into appropri-
ately defined subsets depending on the binary labeling of
the symbols in its constellation. Typically, 2D BRGCs are
employed to label the symbols in a rectangular constella-
tion to minimize the bit error probability [34]. For example,
in 64-QAM LTE, the direct product of an 8-point Gray
code {111,110,100,101,001,000,010,011} at bit positions
{1,3,5} and the same code at positions {2, 4,6} is employed.
Using this property, we divide the bit index set {1,..., K}
into two disjoint column and row index sets I; and I such that
LUI, = {1,...,K,,}, and define column and row subsets of
symbols associated with each index set:

CBY) = (s € S, s mpp = By (k) forall k € I} (14)

‘o, Iy

R = {s € Syt wpp = Ba (k) for allk € L} (15)
where 31 and B are binary vectors of length of length |7 | and
|I2| representing the column and row number, respectively. The
sizes of these subsets are

C',,(f}l) — 9o/l and |R7(5_2 — olla| (16)
We then have
B B.
Sm,: U 0757,}1) = U Rgn,zlz (17)

all By all By

For example, for a 64-QAM LTE constellation, we have I; =
{1,3,5}, I = {2,4,6}, and

Sm = G,(i,l{ll)‘,g,s} U Or(i,l{ol),sj} U Gr(i,o{ol),:a,s} u C,(i,o{lf,s,s}
00 Ras U Cias U0t O O tas

= RSI{12)46} U R’EIIL}{O2)747G} U RS?{O;A,G} U 'S?{QA,G}
ORL S 06 9 Paey O RG Bag U R ae)

To define the required pruning condition, we keep track of the
minimum PED in each column and row subset:

(lﬁf}z =dy41+ min {e,}, allB (18)
’ s eCtPL)
m. iy
(Z(BQ) =d + min {() } all B- (19)
m, Iy m+1 e[y 2.
’ smER(BZ)

m, 1y
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Alg. 3. Optimized Internal Node Pruning with Branch Skipping
forall columns B; do # loop over column subsets
if d;ﬁ(};z)max{dyMnﬁf : By(k) = MU for all k € I } then
Oty 05
end

# disable column subset

end

orall rows B> do # loop row column subsets

i dgf’(%z)max{d%% : By(k) = a}T for all k € I} then
| R <0

end

Yy

# disable row subset

end
if all Cr(f}i = and Rgﬁ?; = () then prune;
else dm%min{{d(Bl) . cBD 75(0} U{d(BZ) . R(B2) 75@}}

m,Iy m,Iq m,Io m,Io

Since the symbols in each of these subsets lie in the same di-
mension, they can be enumerated in ascending order of PEDs
using the SE criterion [9] without the need to actually com-
pute all the distances. The subset of symbols at column B can
update the ML distances pertaining to bit positions % in /; at
which By (k) = T%H}C, while the subset at row By can update
the ML distances pertaining to bit positions & in I; at which
Bi(k) = ML If the minimum PED of a subset equals or ex-
ceeds the maximum of the ML distances it can update, the whole
subset can be pruned. If no subset minima lead to updates, the
node and its subtree can be pruned. Otherwise, the symbol with
minimum PED from among the remaining valid subsets is the
one chosen next. The pruning logic is summarized in Alg. 3.
The pseudocode of the overall optimized SO detector is shown
in Alg. 8 in the Appendix.

In our LTE example, if the ML point at level m is zML =
010101, then the ML distances that the column and row subsets
can update are given as follows:

col 111 : dm,d%—}gd% row 111 : none

col 110+ dy s dys row 110+ dpls

col 100 : (JﬂT\HIL1 row 100 : di\nli, d}\nﬂ@

col 101 : i, d)% row 101 : d}5

col 001 : d% row 001 : dg,dg o
col 000 : none row 000 : db5, aML  aML
col 010 : (l% row 010 : d%, (l%

col 011 : dML | dML row 011 : dMT

: : ’ (20)

C. Joint Symbol Enumeration, Distance Computation, Node
Pruning and Skipping

We discuss next an optimized scheme that generates the re-
quired distances at a tree level, including distance updates at the
leaves and comparisons for pruning at internal nodes. This is
achieved without actually computing all 25~ distances, sorting
them, choosing the next minimum, and then performing the re-
quired leaf updates or distance comparisons for pruning and
skipping.

The scheme is based on a state machine that tracks the
symbols with minimum PEDs in valid columns and rows in
the symbol constellation S,,, in order to identify the next valid
symbol with minimum PED that can potentially update d™

and the d>% s (see Fig. 2). Pointers to symbols with minimum
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col ML col row ML row

(level m) dlstances ML bns dlstances ML bits develm)

;i G Masked Masked
(from current state) (from current state)

MAX MAX
col ptrs |—>| col PEDs H comparators comparators H row PEDs Hrow ptrs|
valid cols [ valid rows

(o next state) (o next state)

prune logic

comparator

prune

I

all ML
distangces

ML bi

min PED
(to next state)
Leaf updated
5 Zat —> ML& ML
e distances

ML & ML — ]
distances

Fig. 2. Block diagram of optimized scheme for joint symbol enumeration, dis-
tance computation, node pruning and skipping.

PEDs in valid columns and rows for level m are loaded from
memory. For these symbols only, the PEDs from g, are com-
puted (col PEDs, row PEDs), and the minimum is selected
(min PED). Next, three distinct comparisons involving the
col PEDs, row PEDs, and min PED with the appropriate
ML distances are performed concurrently to test the pruning
condition and skip directly to the next valid node to traverse.
Each valid col PED is compared with the maximum among
the relevant ML distances at level m it can update using the
Masked MAX using similar logic to (20). Similarly for the
row PEDs. On the other hand, min PED is compared with the
relevant ML distances at all levels depending on the ML bits.
If min PED can result in an update, then no pruning occurs
and the symbol with min PED is chosen in a manner similar to
standard SE enumeration. This symbol is eliminated from the
valid symbols and the state is updated. Otherwise, the symbol
with the minimum col or row PED is selected (if one exists) as
the next symbol. In this case, columns or rows of symbols that
do not produce updates are skipped by invalidating them and
updating the state. Otherwise, if no valid symbols can produce
updates, the node is pruned and the state is reset.

IV. ADAPTIVE SCALING OF SPHERE RADIUS

The prohibitive number of nodes visited by an optimal single
tree-search detector results in very low processing throughput,
which makes it an impractical option to utilize in LTE where
around 14 x 2048 = 28672 OFDM tones need to be detected
in 1 ms [31]. The idea of LLR clipping using a fixed radius to
limit the search space beyond the ML point to within some ra-
dius was proposed in [20]. It is based on the fact that practical
systems need to constrain the magnitude of the LLR values to
some Ly, to enable fixed-point implementation. Using (5), we
know that the LLR of a bit z,, ; is proportional to the differ-
ence in (squared) distance between the ML point and the corre-
sponding counter-ML point of that bit. Therefore

|LLR (.’I'm k)‘ == dm - dML < Lma‘x
dly\, < dML + Lmax

€2y
(22)
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O

ML
dy,

Fig. 3. Bounds on LLR values.

Equation (21) effectively means that clipping the LLRS to Ly,
is equivalent to limiting the search space of the ML points to a
sphere of squared radius d™ + L., around the received point
y. Furthermore, it was shown in [20] that this clipping opera-
tion can be easily incorporated into the tree search by simply
applying the update

daz [ min {dML dML + Lmax} ’ V’H’L, ka (23)

whenever a new leaf is reached (i.e., after completing the steps
in Alg. 1 or Alg. 2). While this idea results in significant re-
duction in node count by the detector, it suffers from a number
of shortcomings: 1) The node count depends on several factors,
including the channel H, SNR, layer ordering and constellation
size. There is no known way of determining what radius value
to use in (21), especially with varying channel conditions. Re-
lying on tabulated values per SNR alone does not always yield
effective results; 2) The node count is very sensitive to L ax.
Simulations demonstrate that even a small fractional change in
Limax results in orders of magnitude change in node count; and
3) The quality of the LLRs generated is also very sensitive to
L1.x. In many cases, if it is not set properly, these magnitudes
are too small to be of any use by an iterative soft-input channel
decoder.

Fig. 3 shows the constellation of the leaf layer (m = 1)
scaled by the channel gain 1 ; to match the received point 4,
having minimum distance cr; ; between constellation points.
The symbol s}1¥ closest to the received points 9 constitutes the
current ML symbol. If 2D BRGC labeling is employed, then it
is obvious that each of the four closest neighbors of s} differs
by exactly one bit from 571~ and hence is a valid counter-ML
symbol. For these symbols, the maximum difference between
dy"y and d™" is given by

dl\IL

dM <o’} + 20V dME 24)

and the sum of distances of the 4 neighboring ML points is

ST = 4dM 4 40P, (25)
neighk
From (24), it is obvious that L, depends on dAM and 711,

and cannot be arbitrarily approximated by a constant to cover
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Fig. 4. Adaptive LLR scaling with (a) a single, and (b) multiple spheres.
(a) Single sphere. (b) M spheres.

all channel conditions if close to optimal performance is desired
while keeping the node count minimal.

To overcome these limitations, we propose the notion of
adaptive radius scaling to dynamically adapt the radius by the
detector depending on the instantaneous channel conditions and
the ML distance itself. During the search process, an anchor
point is marked every time a new Babai point with distance
dBP is found. Relative to that anchor point, we limit the search
space of the ML points to one or more spheres whose radii are
defined as follows:

(i) One sphere covering all ML points: In this configuration,
the radius is defined by the first leaf reached after the
anchor point that can result in a change in distance in any
of the ML points (see Fig. 4(a)). We call this point the
counter-Babai point and denote its distance by d5?P:

(Zm)

ML
m.k =,,

i allm, k:})
(26)
This approach guarantees that at least one of the LLR
values generated is optimal, while the remaining (K — 1)
LLR values are not guaranteed to be optimal.

(ii) M spheres, each covering the subset of ML points
pertaining to one layer: This configuration employs M
spheres instead of one, where the 7" sphere constrains
the distances of the K,,, ML points corresponding to layer
m, (Fig. 4(b)). The radius of the m*® sphere is defined by
the first leaf reached after the anchor point that results in
a change in distance in any of the ML points of layer m
only:

Bab __ . leaf
d°"" = min (d max{dm %

Bab
lm

(im)

\IL
mk - k _1

= min (dloaf IIldX{ L. k | z Ty o

- Kn})

27

This approach guarantees that at least M of the X' LLR
values generated are optimal.

(i) 2M spheres, with a pair of spheres covering the subset of
ML points pertaining to one layer: Here two spheres are
used to constrain the ML points of a layer instead of one
as in the previous case. A pair of spheres for layer m
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(layer m)

cBabai
q

~Babai

(a) (b
cBabai (layer m)

(layer m)

Fig. 5. (a) 1st Babai point; (b) 1st counter-Babai point; (c) new Babai point
found; old Babai point becomes new counter-Babai point; (d) new Babai point
found; old counter-Babai point does not change.

independently constrain the ML points corresponding to
column bit positions /; and row bit positions [5:

(i) _ T ML
rn k ‘Lm k» ke IT})

(28)
for< = 1, 2. This approach guarantees that at least 2 of
the A LLR values generated are optimal.

dBa dleaf

‘7, = min ( HldX{ e k | «

A. Scheduling Schemes for Radius Updates

We next present two scheduling schemes to scale the clipping
radius based on the successive events of finding new Babai and
counter-Babai points during the search process. We assume that
the quantities d™" and dML  are initialized to oc.

In the first scheme, after determining the first Babai point
(Fig. 5(a)), the first counter-Babai point for the bits of layer m

is determined to set the radius to d=" and clip the &% dis-

m m,k
tances to d?ﬁb (Fig. 5(b)). Further updates to the radius take
place only when new Babai points, which result in an update to
layer m distances d)1 1, are found. In this case, the old Babai
point automatically becomes the counter-Babai point of layer
m and the radius is updated accordingly (Fig. 5(c)-(d)). Inter-
mediate counter-Babai points found are not considered in this
case. The scheme is illustrated in Fig. 6(a).

In the second scheme (Fig. 6(b)), the radius is updated when-
ever the first valid counter-Babai point for layer m relative to
the current Babai point is found. This event can either be a
new Babai point, in which case the old Babai point becomes
the counter-Babai point like in the first scheme, or it can be the
first leaf node reached after finding the current Babai point that
updates any of the (l,\,{Lk ’s but not dME.

Both schemes guarantee that the LLR value of at least one
bit per sphere used is optimal. Scheme 1 results in a greater
savings in node count, while scheme 2 produces superior LLR
values. The pseudo code for scheme 1 is shown in Alg. 4. For
scheme 2, the same pseudocode applies after adding the state-
ment Bah,,, < 0 at the end of line (x) to catch the intermediate
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Fig. 6. Scheduling schemes for radius updates based on consecutive Babai
points. (a) Intermediate Counter-Babai Points Excluded. (b) Intermediate
Counter-Babai Points Included.

Alg. 4. Adaptive Radius Scaling Included at Leaf Update Steps.
Bab, + 0 for all m; # ﬁags for counter Babai points
forall m, k do: msk, r < a:(“") @m end # set up masks
if d{') < dML then  # new Babai pomtfound

forall m do
forall k do: if msk,, r = 1 then dﬁ +— dML; end
" it i mSkm,k #0 then dBaP  gML; # set new radius
dML‘_dEil); sME s (lm)] b B e 1[9”5:;'12)Jk v
end
else
forall m do
forall £ do
‘ if msk,, 1 =1 then dM T emln(d%%, d(”))
end
if Bab,, = 0 and Zk t msk,, ;70 then
dBab<—max{ g k | xff:i) %Lk,k 1,- Km};
Babm « 1; # set flag
end
end
end
forall m, k do: dML <—m1n(d%Lk,dBab), #clip with new radius

counter-Babai points. For the 2M spheres case, minor modifi-
cations are required so that the code runs over the appropriate
index sets /; and /5 to compute the distances d},*7 and d}*} .
Radius scaling can similarly be merged into the optimized leaf
update scheme in Alg. 2. The pseudocode is omitted due to
lack of space. The performance of these schemes was analyzed
through simulations. A significant reduction in node count is
achieved (down to 186 nodes at 23 dB) with a loss of only 0.8
dB as demonstrated in Part II.

V. IMPROVED LAYER ORDERING USING MINIMUM
CUMULATIVE RESIDUAL QR-DECOMPOSITION

The ordering of the columns of H plays an important role
in reducing the tree-search complexity without compromising
performance. The detection order of the spatial streams can be
matched to the instantaneous channel realization by performing
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Fig. 7. Cumulative distribution function of node count for various QRD
schemes at SNR. = 20 dB for hard- and soft-output detection. (Best: QRD
with best ordering in terms of node count. MRQRDns: Same as MRQRD but
“no slicing” of symbols when propagating values in the recursion. MXxRQRD
orders the layers based on “maximum” forward residuals.).

QR-decomposition (QRD) on a permuted H (i.e., on H-P rather
than on H), where P = [p; p» --- pas] is a suitably chosen
M x M permutation matrix (p; is the decimal value of a unit
vector having 1 in the it position). Let HP = QR, where
R = [ry r2- - rpz). The system model then becomes

y =Hz+n=(HP) (P!
Q"y =y =Rs+Q"n

z) +n=QRs+n (29)
(30)

More efficient pruning of the search tree is obtained if
“stronger streams” (in terms of effective SNR) are mapped to
tree levels closer to the root [20], [36], [37], i.e., if P is chosen
such that the main diagonal entries of R in HP = QR are
sorted in ascending order. Solving this problem exactly would
result in prohibitive complexity.

A popular heuristic algorithm in the literature that results in
a good complexity/performance trade-off is the so-called sorted
QRD (SQRD) [36] (see variations in [30]). While this scheme is
effective in reducing the node count fora HO MIMO detector at
high SNR, its performance is far from optimal when applied to
a SO MIMO detector at low SNR conditions as shown in Fig. 7.
Other schemes based on orthogonal projections such as [38] are
more effective at low SNR, but are substantially more complex.

We propose a more effective scheme that reorders the layers
while taking into account the effect of the received vectory. The
scheme generates an ordering of the layers such that the cor-
responding Babai solution has Minimum cumulative Residual
(MR) among all possible orderings. The resulting ordered QRD
is referred to as MRQRD. We first start with the least-squares
(LS) solution of the unconstrained system [39]:

z"% = argmin ||y — Hz|”
zeCM
:P-arg,‘miHHS’—RS||2 =P.st (€28)
cM
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If H has full column rank, then the LS solution is unique and its

residual is minimal and independent of the column order:
Ros™S = ||y — HZS||” = |y - RsS||”  (32)

The smaller the residual is, the better we can “predict” y with
the columns of H [39]. However, for any subset of £ columns

ofH, {h,, ..., h, }, the residual of the partial LS solution is
not unique but depends on the chosen subset:
Res™® h,,,....hy,] £ min lly = [y, ..., hy,] sz
zcCh
#Rest® [hy,. .., hy] (33)

When solving the constrained system, in which minimization
is done over a lattice, the Babai solution and its residual both
depend on P. In order to adapt the order of the spatial streams
to the tree, we choose P such that the cumulative residual of the
corresponding partial Babai solutions, when derived from layer
M back to layer 1, is minimal:

CRes®*" [hy,,, ...

(34)
The Babai solution and its residual are defined using the QRD:
2
M
sEab = arg min|y; — Z Tk jS;—TkkS
s€S .
j=k+1
(35)
a A a <112
RCSBﬁb [I'Pw T rpzu] = H [rpk’ Tt I.PM] SEﬁb - YH (36)
fork=M, M —1,...,1, where sE‘lb = [sEal)7 ey sﬁfb]T

A permutation P satisfying (34) can be efficiently deter-
mined when the number of layers is small. For example, Fig. 8
shows an optimized dataflow architecture that simultaneously
performs QRD and finds the Babai solution and its residual
for 4 layers. The elements of R are derived row-wise from
top to bottom, then the Babai solution and the residuals are
computed simultaneously from bottom to top and right to
left, respectively. To compute the residuals for all 4! = 24
permutations and identify the minimum, the block repeats the
computations according to the schedule shown in Fig. 8 to
eliminate redundant computations. For example, if the first two
layers are swapped, the block only recomputes the first two
rows of R and then finds the Babai solution and residual.

Reordering according to the MR criterion in (34) can be
viewed as a predetection stage that results in significant reduc-
tion in node count, as demonstrated in Part II, at the expense
of a moderate increase in the number of computations (e.g.,
over [40]) to determine the MR. However, note that these
computations are parallelizable and are not on the critical path.

VI. TREE TRAVERSAL AND MULTIPLE SEARCH-TREES

The number of nodes visited by a tree-search detector is also
a strong function of the traversal strategy and tree configuration
(i.e., whether a single or multiple trees are used). Several tra-
versal strategies are investigated and compared in this section,
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Fig. 8. Optimized dataflow graph for performing MRQRD for M = 4 laycers.

and a hybrid traversal scheme is presented. In addition, serial
and parallel multitree configurations that generate partial LLRs
are investigated.

A. Tree Traversal Strategies

In the depth-first (DF) strategy, the children of a node are vis-
ited before visiting its siblings. Here the SE enumeration policy
is applied to pick the best child, while the next best sibling is
saved on a stack. A stack of depth M (or M — 1 for an HO or
optimized SO detector) entries is all the memory needed to visit
the nodes in DF order. The stack is popped and DF traversal is
aborted whenever the last level is reached, or whenever a cer-
tain pruning condition is satisfied. The computational workload
is not constant and varies depending on the input and layer or-
dering as discussed earlier.

In the breadth-first (BRF) strategy, the siblings of a node are
visited before visiting its children. One such popular scheme
is the so-called K -best algorithm [22] in which only the best
K nodes with smallest accumulated PEDs are kept at each tree
level. For each of these K survivors, the PEDs of their chil-
dren are computed. The K sets of PEDs of all these children
are sorted and the best K nodes are chosen. The process is re-
peated until the leaf level is reached, at which point the solution
is the symbol vector with the smallest PED among the K sur-
vivors. This method requires a memory buffer of X entries to
keep track of the survivors. Also, the computational workload is
uniform across all layers. However, this scheme does not benefit
effectively from pruning because the PED of a full path down
to the leaf level is not computed until the final level itself is
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reached. Furthermore, when adapted for SO detection to search
for the counter-ML points, significant reduction in LLR quality
results when K is small because many of the intermediate nodes
leading to the optimal counter-ML points will be dropped along
the way. At the leaf level, whenever the K children of a survivor
path are computed, the ML distances d}.5, are updated, as with
the DF algorithm. '

In the best-first (BSF) strategy [27], [29], the best child of the
current node (expanded subtree from current node) is compared
with the best grand siblings in all previously expanded subtrees.
The node with the smallest PED is the one chosen next for tra-
versal. Here a buffer is needed to store a pointer to the next-best
sibling to visit in each of the expanded subtrees that are still
alive. The buffer is updated every time a new selection is made
by inserting the next-best sibling from the subtree of the chosen
node. In addition, if the best child of the current node is not
chosen, this child is inserted into the buffer as well. If the chosen
node has no further siblings in its subtree, then the subtree is
dead and its entry is deleted from the buffer. The buffer entries
must be kept in sorted order to simplify the selection logic. The
buffer is also updated whenever a leaf with a new minimum
weight dy,;y, 1s reached, by deleting all entries of subtrees in the
buffer whose next-best sibling has a PED > d ;. If the buffer
is empty, then an ML solution has been found. Otherwise, the
process is repeated until the buffer becomes empty.

A simple optimization can be employed that limits the buffer
size by running only in DF mode at startup until the Babai point
is found. This way, intermediate nodes that exceed the weight of
the Babai point are not inserted in the buffer. The BSF strategy
can be easily adapted to handle the SO case and find the ML
points as well, but at the expense of a significant increase in node
count. When inserting/deleting entries into/from the buffer, a
pruning scheme can be employed that is similar to the one dis-
cussed in Section III-B. Specifically, a node is inserted into the
buffer if it can lead to an update to any of the ML or ML dis-
tances. An entry is deleted from the buffer upon reaching a new
leaf if it cannot update any of these quantities. The main disad-
vantage of the BSF strategy is the buffer size, which grows ex-

ponentially with the number of subtrees (or internal nodes in the
LM
tree Z;iz H 2%, A suboptimal solution can be found by em-

ploying a ﬁniie buffer. Whenever the buffer fills up, the detector
switches to DF mode to start emptying the buffer by finding new
leaf nodes with smaller weights. Once there is room in the buffer
again, the detector switches back to BSF mode.

To overcome the limitations of the K -Best and BSF algo-
rithms, we propose a hybrid (HYB) traversal algorithm that per-
forms a combination of either K -Best or BSF traversal on the
upper L — T', and DF traversal on the lower layers from each
of the best nodes found on the upper layers. If K -Best is em-
ployed on the upper L — T layers, then DF traversal is performed
using the K -Best nodes in ascending order of PEDs from layer
T down to the leaves. If BSF traversal with a finite buffer of K’
entries is used on the upper L — T layers, then BSF traversal
proceeds as usual by saving pointers to siblings in expanded
subtrees in the buffer until either a best node at level 7' is found
or the buffer fills up. DF traversal then commences down to the
leaves either from the best node at level 7' (if one is found) or
from the best node in the buffer if it fills up with nodes from
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(layer 4) | —»6 ML pts
| 1Tree |~ ML pt
1 Tree >ML pt (layer 1) |—»6 ML pts
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1 Tree > ML pt (layer 4) (layer 2) > 6 ML pts
(layer2) | wgMLpts v
L 1Tree [ >~MLpt
1 Tree >ML pt (layer 3) |6 ML pts
(layer 3) =6 ML pts
(@) (b)
Fig. 9. 4-tree configuration. (a) Parallel. (b) Series.
1Tre§4 =ML pt ML pt
(layers 3,4).—»12 ML pts
P 1 Tree | 1Tree =ML pt
(layers 3,4) (layers 1,2){ »12 ML pts
1 Tree >ML pt 1
(layers 1,2) 12 ML pts 12 ML pts

(a) (b)

Fig. 10. 2-tree configuration. (a) Parallel. (b) Series.

Alg. 5. Pseudo-Code for Synchronization in the HYB Algorithm

forall m, k& do: dm <+ o0; end;
(¢*, ML) < min{dML[1],. .. , dML[P]};
sML 3= SML[t*]; XML — xML[t*];
forall m,k,t do
if x%ﬁt] = Z%,Lk[t*] then
| dME « min{a%, dMT []};
else
| ML+ min{d}T, dML[t]};
end
end

# tree t* w/ min dML
# ML vectors

TABLE 1
FOUR-TREE SCENARIO FOR 4 x 4 MIMO WITH 64-QAM

| Tree ‘ Ordering ‘ Layer | ML points
1 1234 4 dﬁ,m ,d%
2 2341 1 dﬁ,m ,d%
3 3412 2 dﬁ,m ,d%
4 4123 a3y, dyl
TABLE II

TWO-TREE SCENARIO FOR 4 X 4 MIMO WITH 64-QAM

| Tree ‘ Ordering | Layers | ML points
} ML ML. JML ML
1 1234 34 a5y, ,d3gsdyy dig
} ML ML. JML ML
2 3412 1,2 dyys,dygday o dsg

layers above 1. After reaching the leaf level, the buffer is up-
dated based on the leaf weight by deleting entries whose weight
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Flowcharts of (a) standard soft-output ML MIMO detector in Alg. 7, and (b) proposed algorithm with optimizations in Alg. 8. (a) Standard. (b) Proposed.

Fig. 11.

TABLE III
SUMMARY OF NOTATION

s: symbol vector [s1s2 - sM]T

distance of symbol vector s

distance of partial symbol vector d ([Sm|Sm+1 -+ Sam))
x:  binary vector representation of symbol vector s

k™-bit of the m™-symbol in binary vector x

ML distance

sV symbol vector associated with ML solution
ML

xML:  binary vector corresponding to s

amb: k™Mbt of the m!"-symbol in xM

«ML: binary complement of the bit 2},

dM: distance of counter-ML hypothesis of )1

5,2’””: it —smallest distance d ([sm|Sm1-- - sar]) at tree level m
si,i;”: symbol associated with i%-smallest distance d(,fb’")
x(;L ). kWbt of the m™M-symbol associated with d{i™

(1)

]l: Eh counter-symbol of s; " closest to g1 at bit position k

: distance associated with symbol s<11£

I1: column index set of constellation symbols
I2:  row index set of constellation symbols
Bj:  binary representation of column index
B>:  binary representation of row index

CT(”B}): column subset of symbols whose bits at positions defined in /1 match the bits of By
R:f?i: row subset of symbols whose bits at positions defined in I> match the bits of By
dfflls minimum PED in each column subset Cff})

i) . ) (By)
(15”5}9 minimum PED in each row subset R "7

is > the weight of the best leaf found so far. BSF traversal re-
sumes by finding the next best node at level T" or until the buffer
fills up, after which DF traversal takes place from the best node
as before. The process repeats until the buffer is empty. The
advantage of the HYB algorithm compared to the K -Best algo-
rithm is that it generates improved LLR values as shown in Part
II. Compared to the BSF algorithm, it generates better LLRs for
the same buffer size. Compared to the DF algorithm, the HYB
algorithm only does DF traversal from the best node on level
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initialize

reached
root node?,

more

branches
at current

goto upper
tree level

A

level?

find next
branch in SE
order

no
update ML &
‘leaf level? counter-ML [—
distances
no

goto lower
tree level

(b)

Alg. 6. Pseudo-Code of Hard-Output ML MIMO Detector

dML  00; dSP | = 0; im < 0 all m; m « M; #initialization
while m < M do  #loop over tree levels m
while i, < 2Km do # loop over children nodes
im < im + 1; # branch index
3572’“ < arg min(im>{em}; # SE enumeration
smE€Sm,

dg;'{") — di;’_’;'l*'l) +em (553;")); # PED computation
1 if d%”” > dML then i, + 0;m < m + 1; break;
2 else if m = 1 then # leaf update
dML dg“); sML [s;lj)]jv[:l, # new ML point
4 i <= 0; m <~ m + 1; break; # go to upper level
else

| m < m — 1; #depth-first traversal to lower level
end

end
if m<M and iy, =2Km then iy, < 0;m<+m+1 ;

end

T down to the leaves, while the DF algorithm has to traverse
all siblings in the current expanded tree before moving to an-
other subtree in DF order. Compared to [30], the HYB algo-
rithm does DF traversal only starting from the best node in the
buffer from layer 7' downwards until a leaf is reached without
updating or adding nodes to buffer along the way. In [30], the
buffer is constantly updated with the children of a visited node
that fall within a sphere. The pseudocode is omitted due to lack
of space.

B. Multiple Tree Configurations

Due to the nature of the traversal algorithms discussed above,
it is very difficult to directly parallelize the tree search process

Authorized licensed use limited to: American University of Beirut. Downloaded on March 20,2024 at 10:19:10 UTC from IEEE Xplore. Restrictions apply.



MANSOUR et al.: REDUCED COMPLEXITY SOFT-OUTPUT MIMO SPHERE DETECTORS—PART I

5517

Alg. 7. Pseudo-Code of Soft-Output ML MIMO Detector
dML<—oo; dm <00 all m,k; dg\g)ﬂ <0; im <0 all m; m<— M ; #initialization

1 while m < M do # loop over tree levels m

2 while i,, < 2Km do # loop over children nodes

3 Gm —1im+1; # branch index

4 sEm) +—argmin(®m){e,,}; #symbol associated with ith, smallest distance increment
SmESm

5 x%’") +BINg,, (s%’")); # its binary representation

6 dg,’{") — dﬁ:’_ﬂl) + em(sgf{")) ; #next branch in SE order

7 if dg]’ﬁ > max {d;v,[_,i‘ :(j <m)or (j > m and x:i) = ac%&)} then i, < 0; m < m + 1; break; # check pruning criterion

8 else if m = 1 then # perform leaf update

9 if ") < dML then  # update all affected ML, points, then update the ML point

10 forall j, & do : if xﬁ) = x?’% then d;v% + dML end;
ML (i1). ML (M | ML My (i) ;

1 dML  g*V; 5 <—[5_j1 }j=1’x <_j=1[wj,i}k=1’

12 else # update all affected ML points only

1 [ forall j,k do: if 27 =2 then dMC « min (d?’%, d§7«1)) end;

14 end

15 else

16 | m < m — 1 ; #continue depth-first traversal to lower level

17 end

18 end

19 if m<M and i, = 2Km then im —0; me—m-+1; # last sibling reached on current level; reset branch counter and go to upper level

20 end

to improve processing throughput [41] (barring the K -Best al-
gorithm). We focus in the following on parallelizing the DF and
HYB algorithms. Instead of employing a single tree (serial) or
K +1 trees (fully parallel) for detection using DF traversal, we
propose a midway solution that employs a small number of trees
that each searches for a subset of the ML points. We describe
next two such configurations in the context of a 4 x 4 MIMO
system using 64-QAM.

(i) 4T Configuration: Four trees are employed, each of
which searches for one fourth of the ML points, in addi-
tion to the ML point. To this end, the layers are first sorted
in four different ways, such that each differs in the layer
closest to the root. Each tree searches for the ML point
and six ML points corresponding to the layer closest to
the root. For example, Table I illustrates how the ML
points are mapped to the four trees when the layers are
ordered as 1234, 2341, 3412, and 4123. Note that under
this configuration, the four trees can operate in parallel,
each searching for the ML point and six ML points (see
Fig. 9(a)). Alternatively, they can operate in series, such
that one tree first finds the ML point and its six ML
points, and then the other three trees are initialized with
the ML point found (after reordering) by the first tree,
and then run in parallel to search for their corresponding
six ML points only (see Fig. 9(b)).

(i) 2T Configuration: Use two trees, each of which searches
for one half of the ML points, in addition to the ML point
(see Fig. 10). The layers are sorted in two different ways,
such that each differs in the uppermost two layers, and
each tree searches for the ML and 12 ML points corre-
sponding to these two layers. Table IT shows how the ML
points are mapped to the two trees when the layers are or-
dered as 1234 and 3412. Similar to the 4T case, the two
trees can either operate in parallel (each searching for the
ML and 12 ML points), or in series such that one tree first
finds the ML and its 12 ML points, and then the other tree
is initialized with the ML point found (after reordering)

by the first tree and then searches for its corresponding 12
ML points.
The performance and complexity of the various configurations
were studied and analyzed. The multiple-tree configurations re-
sult in a significant reduction in node count compared to the
single-tree configuration, as demonstrated in Part II.

Similarly, the HYB algorithm can be parallelized by em-
ploying P trees of depth T' to perform DF traversal on the
lower T’ layers in parallel. When K -Best traversal is used on
the upper layers, multiple DF trees can be dispatched in parallel
to search for the ML and ML points. The outputs of the P
trees, {dMU[t], dML ]}, + = 1,..., P, are then synchronized
to find the overall ML and its corresponding ML distances as
shown in Alg. 5. Similarly, when BSF traversal is used on the
upper layers, then whenever a best node at level 7' is found, DF
traversal is initiated if there is a tree available. The tree outputs
are finally synchronized as well using Alg. 5.

VII. CONCLUSIONS

The key aspects for practical and efficient realizations of
SO tree-search MIMO detectors have been treated. Namely,
optimizations that address reduction in node-count complexity
by targeting leaf-node processing, internal node pruning,
child enumeration with skipping, distance computations,
LLR clipping via adaptive-radius scaling, tree layer ordering,
tree-traversal schemes, and multitree configurations have been
presented. These optimizations allow for a trade-off between
complexity versus error-rate performance, as to be demon-
strated through simulations in Part II. By appropriately tuning
these features one can meet a target BLER link performance
at affordable MIMO-detection complexity and certain desired
processing throughput.
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Alg. 8. Pseudo-Code of Proposed Soft-Output M. MIMO Detector with Full Optimizations (refer to block diagram in Fig. 2)

2
3
4

5

10
1
12

13
14
15
16

17

18

19
20
21
22
23
24

dML

1 while m S M do

oo; dME oo all m, k; dfy)

im 1im—+1; #branch index

if min {em} < min {em} then T < C,, else T <— R,,; # choose the set T that contains the minimum distance increment

0"‘) < arg mm@m){em} zlim) <—BINKm(s£,ilm)); dlm) df:;";‘fﬂ + em(s%;n)) ;  #find the i, smallest valid branch

sm €T

if m =1 then # perform optimized leaf updates

if di”) < dML then # update all affected ML points, then update ML point
Gs) _ M then dML +— dML end;

( S} ML
5

forall j, k do : if x]
dML e d(il),

N

end

Cm < Sm; Rm < Sm;
break;

M1 105 im0 all m; m<« M; Cp, < Sm, Rm < Sm; #initialization
# loop over tree levels m
while i,, < 2Km do # loop over children nodes

fork=1,--- ,Kj: dll\/I,I; — rmn{d1 ) d(l)} # additional level 1 updates
else # update all affected m points only
forall j, k do : if 3:<Z’) = mML then dML — mim(dML d(”)) end;

fork=1,--- K : if :cgll)c =2y 2ML then dML — mm{dML dgl)}; # additional level 1 updates

im < 0; m<m+1; break; # visit only one leaf node (one with minimum DI); go to upper level after leaf-node processing
else # internal node: check pruning condition

if dﬁf{”) < max {d;{% :(j <m)or (j > m and mgffc) = :c%&)} then  #no pruning can be done in this case

if sﬁf{’1> € Cp, then C,,, <~ Cp, — {sq(;‘{”)}; # remove chosen symbol from col set

if sgf{“) € Ry, then R,, + R,, — {sgfb’”)}; # remove chosen symbol from row set
m < m — 1; #continue depth-first traversal to lower level

else # check if siblings at current level can be pruned
forall B1 do # update col sets

(35)

X <_]':1[”3 k}k 1’

j=1°

1,k?

# reset col and row sets at level m to include all constellation symbols Sy,

25 Cr(f}i — =) c G (z’”) = Bi(k) forall k € I1}; # set up updated subset of col symbols
26 1(7]13111 «— d%’_’ﬁl) + min {em} # min PED in col subset
smECm Il
27 if dﬁf}i >max{dML cx g‘;’}c) =Bi(k) for all kel 1} then # case when col does not lead to updates
28 Cim+—Chny —C’ ) # remove all its symbol from col set
29 end
30 end
31 forall B2 do # update row sets
32 Rfﬁ"}; — {s(l’”) € Rm (2’”) By(k) for all k € Io};  #set up updated subset of row symbols
33 dir}izli — d%ﬁ{l) + mu(q {em} # min PED in row subset
sm€ER,
34 if d(BZ) >rnax{dML : ii,k) =Ba(k) for all ke 1'2} then # case row does not lead to updates
35 Rm <~ Rm —Rsn 212 # remove all its symbol from row set
36 end
37 end
38 if C,, =0 and R, = 0 then i,, < 0; m < m + 1; break ; # pruning condition satisfied: go to upper level
39 end
40 end
41 end
42 if m <M and i,, =2Km then i,,<0; m<m-+1; #Ilastsibling reached; go to upper level
43 end
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