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1. Introduction

Magnetic plasma confinement is one of the most promising ways in future energy production. The Hasegawa-Mima (HM)
model is a simplified two-dimensions turbulent system model which describes the time evolution of drift waves caused
during plasma confinement. To understand the phenomena, several mathematical models can be found in literature [2-5],
of which the simplest and powerful two dimensions turbulent system model is the HM equation that describes the time
evolution of drift waves in a magnetically-confined plasma. It was derived by Akira Hasegawa and Kunioki Mima during late
70s [3,4]. When normalized, it can [6,7] be put as the following PDE that is third order in space and first order in time:

—Au; +ur = {u, Au} + {p, u} (1)

where {u, v} = u,vy — uyvy is the Poisson bracket, u(x, y, t) describes the electrostatic potential, p = In w—o is a function de-

Cl
pending on the background particle density ny and the ion cyclotron frequency wg, which in turn depends on the initial
magnetic field. In this context, p =0 refers to homogeneous plasma, and p # 0 refers to non-homogeneous plasma. As a
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cultural note, Eq. (1) is also referred as the Charney-Hasegawa-Mima equation in geophysical context that models the time-
evolution of Rossby waves in the atmosphere [6].

In this paper, we deal with the numerical solution to Hasegawa-Mima equation on a rectangular domain with the so-
lution u, satisfying periodic boundary conditions (PBCs). For that purpose, we consider Q = (0,L) x (0,L) c R? and use the
frame of periodic Sobolev spaces which are closed subspace of H™(£2), and therefore itself a Hilbert space. Specifically:
HY(Q2) =L2(R)

HY Q) ={ue H' () |u(x,0) =u(x,L),x € (0,L) ae., u(0,y) =u(L,y), y € (0,L) ae. }
H2(Q) = {u e H(Q)|u. uy. uy € HL(RQ)} (2)
H3 () = {u € H3(Q)|u, Uy, Uy, iy, Uy, Uy, Uyx € HE(R) ]

Given an initial data ug :  — R, we seek u: Q x [0, T] - R such that:

—Aue +ur = {u, Au} + pxuy — pyux  on 2 x (0, T] (1)
PBCs on u, uy, and uy on 02 x (0, T] (2) 3)
u(x,y,0) =uo(x.y) on £ (3

As in [1], and without loss of generality for the proof of existence, we assume that the background particle density ng is a
function of x only, such that pyx = k is a constant and py =0, i.e. ng = e™*B for A, B e R. When dealing with (3.1), the major
difficulty to circumvent, both theoretically and computationally, is the Poisson bracket {u, Au}. To overcome this issue, we
have formulated it in [1], as a coupled system of linear hyperbolic-elliptic PDEs that will be naturally amenable to provide
a Finite Element scheme for obtaining a numerical approximation/simulation. For this purpose, a new variable w = —Au+u
is introduced, leading to the identity

{u, Au} = {u, u —w} = {u, u} + {u, —w} = —{u, w} = {w, u} = wyty — wyty = -V (u) - Vw

where V(u) = —uyf+ uyj is a divergence-free vector field (div(\7 (u)) = 0). Then system (3) with py = k and py = 0, becomes
equivalent to the coupled hyperbolic-elliptic PDE system,

Wit V u)-Vw = lAcuy on Qx(0,T] (1)
—-Au+u=w on Qx(0,T] (2) (4)
PBC's on u, uy, uy, w on 9Q x [0, T]  (3)
u(0) =up and w(0) = wy on Q. 4)
Through Green’s formula and the imposition of periodic boundary conditions, we obtain
V)  vu,w), =-(Vw-Vw,v), (5)

which allows us to put system (4) in the following strong (in time) semi-variational form ( in space ), for which one seeks
a pair

{u,w} € C([0, T], H*(R) N Hp () x [C([0, T], L*(2)) nC'((0, T), *(2))]
such that

(We, V)2 = (\7 W) - Vo, w), + (I?uy, Vg, (1)
(Ll, U)H1 = (W, U)Lz, 2) (6)
Vv e HY(Q)nWhe(Q), Vte (0,T]

with u(0) =ug € HI% (), w(0) = wy = ug — Aug € L2(R2). A similar formulation to (6) has been handled in [1] where using
Fourier series, we prove the existence of a solution

(u,w) € C([0, T], H3 (R2)) N L*(0, T; H?) x [C([0, T], L*(£2)) N C' ((0, T), L*(2))].

Note that the restriction v € W1->°(Q) ensures that V(u) - Vv € L2(2), which justifies this formulation. More importantly,
the use of equation (5) allows us to reduce the naturally expected spacial regularity on the initial condition (ug, wp) from
H3(Q) x HL(2) in (4) to (6) H3(Q) x L>(R2) in (4). Existence to both formulations (6) and (6), along with temporal reg-
ularities, have been handled in [1] using a Fourier basis for L?(2) composed of eigenvectors of (I — A)~!. However an
implementation of FEM using such Fourier basis leads to systems of dense matrices. For computational efficiency, we use
instead a IP; finite elements basis. Also, we avoid dealing with the time-derivative w;. For that purpose, we use the following
time integral semi-variational formulation.

Time integral formulation
By integrating (6.1) over the temporal interval [t,t + 7], with 0 <t < T — 7, one reaches the following L? Integral Formu-
lation:

(Wt + 1) —w(t), V) = [TV (U(s)) - Vo, w(s))pz + (Ruy(s), v)ds (1)
(u(s), V) = (W(s). V). () (7)
Yve W (Q)NHN(Q), Vi, 7,0<t<t+t<T, Vse[tt+T]
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Fig. 1. A two-dimension meshing of Q.

Seek u € L2(0,T; H2(2) NH}(R2)), and wel?(0,T;1%(R2)), such that with u(0) =uge H2nHL, and w(0) =wp =
ug — Aug.

Such formulation is well-suited for semi and full discretization of the original system (3) and (4).

For semi-discretization, we start defining the finite element spaces as follows.

Finite-element space semi-discretization

Systems (6) and (7) lead to equivalent P; Finite-element space semi-discretization constructed as follows:
Let Py ={x;li=1,..., n} be a partition of (0,L): 0 =x; <X, <... <Xp =L in the x direction and similarly in the y direc-
tion, Py = {y;lj=1,...,n}, with h = x;,1 —x; =yj1 — ¥}, Vi, j. Let now:

N =Py =1,2,....,N=n?} =Py x P,

be a structured set of nodes covering €2. Based on N, and as indicated in Fig. 1, one obtains a conforming (Delaunay)
structured triangulation 7 of €, i.e, T = {Ej|J =1.2,.... M}, © =UjE;. The P; finite element subspace Xy of H'(Q) is given
by:

Xy = {v e C(Q)|v restricted to Ej e Py, J=1,2.... M} cW!'P, 1<p<co
with Uy-1{Xy} approximating functions in H!(2). For that purpose, we let By = {¢;|I=1,2,...N} be a finite element basis
of functions with compact support in €2, i.e.,:

N
Yoy € Xyt UNXY) = ) Vigi(%, ¥), Vi = Un (X1, 1)
=1
We state now useful estimates used in this paper.

Approximation properties of Xy in H' ()

These can be found in Section 3.1 of Ciarlet [8], specifically:

N
Vv e WP we define iy (v) := > v(x.y1)@i(x.y) € Xy to be the interpolant of v in Xy (8)
I=1
One has the following estimates:
1
Yve WL, |v—nN(v)|oqp§CH|v|1,p, pe(1,00] (9)
and
Ve W2, [y (@) = C- ol (10)

Since the Hasegawa-Mima equation is set in H,l (2), we let

Xnp=XyN Hll(Q)
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To discretize (7), we start with uy(0) = mwy(ug), wn(0) = my(wg), (the interpolants of ug and wy respectively)
and wy = up — Aug, then given (uy(t), wy(t)) € Xyp x Xyp where uy(t) = Z}Vzl U©@p(x.y), U(t) = un(xp, 3. t), wy(t) =
SN WO (x, ), and Wi (t) = wy(x;,y;.t), one seeks:

UN(t + T) € Xy p, WN(I' + T) € XXN,p

(Wh(t+T) —wy (), v) = 17F (V(UN(S)) -V, WN(5)>L2 + <’A<”N,y(5)’ v)des M (1)

(un(s), V) = (Wn(s), V)2, (2)

YveXyp Vt, 7,0<t<t+71<T, Vseftt+rt}

We now rewrite equation (11.1) by dividing it by 7 giving

1 1 t+71 R R
S(W(E+T) — (0, V) = - /t (V(un(s)) - Vo, wy(s)),, + <kuN,y(s), v>L2ds

Letting t tend to O, implies that every solution uy(t) = wy(u), and wy(t) = my(w) of (11) is a solution to the semi-
discretization of the H! formulation (6) given by

(W, V)2 — <\7(uN) .V, WN>L2 = (IAcuN‘y, U>L2, YveXyp, Ve (0,T] (1)

(un(0), V) = (Wi (1), V)2, ) (12)
Yv e XN,p, Vt e [0,T]

with uy(0) = 7y (Ug), Wy (0) = TN (Wp), Wo = Up — Allg.
Defining the associated vectors W (t) = {W;(t)}; and U(t) = {U;(t)};, system (12) is equivalent in vector form to

MY + S(UW = RU, Vte (0, T] (1)
{I(U(t) = MW (t) Vte (0,T] (2) (13)
U(0) =Ug; W(0) =Wy (3)

with the coefficients of the N x N matrices M, K, R and S(U), respectively given by:
o My =(pn9))o  Ky=len9), Ry= <1A<901,y» §0]>
o SyU) =—={Vun) - Vo 1), = (Vun) - Vor, ¢p) 5.

When implementing system (13) one takes periodicity into account, reducing the degrees of freedom from N =n? to
N] = (n — ])2

12

Statement of results

Using a compactness technique, we prove in Section 2, the existence of a limit point (u, w) to the pair (uy,wy) and
accordingly, the existence of a solution to the Hasegawa-Mima coupled system which states as follows.

Theorem 1.1. Let ug € H2(Q) NHY(Q) and wg = ug — Aug € L2(Q). Then for all T >0, there exists a unique solution
(un(t),wy(t)) to (12). Furthermore the sequence {(uy(t),wy(t)), N> 0} admits a subsequence that converges to a solution
pair (u(t), w(t)) € [2(0, T; H2(Q) N HY(Q)) x L[?(0, T; L?(2)), such that:

(W(t) = wo,v)2 = J5 (V(u(s)) - Vv.w(s)),, + k(uy(s). v)ods (1)
(u@), vy = (w(t), v)p, (2) (14)
Vv e HI(Q) nW>=(Q), Vte[0,T]

In Section 3, we consider the fully implicit nonlinear discrete scheme (15), obtained as follows:
The term ftt” <\7(u(s)) -V, w(s))L2 is first discretized using an implicit right rectangular rule:

/HT (Vs) - Vo, w(s)), = t(V(u(t + 1)) - Vo, w(t + 7)), + €,

leading to the following fully implicit Computational Model. Given (uy(t), wy(t)) € Xyp x Xy,p, one seeks(uy(t + 7), wy(t +
7)) € Xyp x Xy p, Such that:

(Wt + ) =Wy (D), Ve = TV un (t + 1) - Vo wy(t + 1)), + r(/EuN,y(t +1). ”>Lz’ )
(un(5). V) = (W (). V), @) (15)
YveXyp, Vseft,t+rt}

We prove the existence of a solution in Theorem 3.4 assuming T < —.

< and uniqueness of its solution in Theorem 3.5 un-
o0

der a CFL-type restriction on the time step T = O(h?).
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In Section 4, we complete the discretization cycle by presenting the resulting algorithm and its implementation using
FreeFem++ software, generating in the sequel the system matrices M, K, S(U), R. The obtained numerical results indicate the
robustness of this new software, particularly in handling the complex discretization of the Poisson bracket and circumventing
the difficulties encountered in [7]. Concluding remarks are provided in Section 5.

2. Proof of theorem 1.1

At the core of the proof of this result, are

1. Existence and uniqueness of solutions to (12) and equivalently to (13) proven in Section 2.1 which uses a standard
existence theorem for systems of ODE’s of the form Y'(t) = F(Y), F Lipschitzian.

2. A-priori estimates on these solutions shown in Section 2.2.

3. In Section 2.3, a compactness argument would allow passing to the limit for test functions v € W2 (Q) n H},(Q) in the

formulation (14) of Theorem 1.1. Finally, a density argument of W2 () nH}(2) in H}(S2) allows us to complete the
proof.

This thread of items to be proven requires skew-symmetry results obtained in the following section.
Preliminary result: skew-symmetry on Xy p

For that purpose, we start by obtaining a skew-symmetry result, stated in the following proposition.

Theorem 2.1. For all {v,z, ¢} € Xyp x Xyp x Xy.p, One has:
<\7(v) -Vz, ¢>L2 = 7<\7(v) . V¢,Z)L2. (16)

To prove Theorem 2.1, we start by breaking (\7(1}) -Vz, ¢)L2 into a sum of integrals over each triangle E; e 7, J=1,..., M.
Specifically:

(V@) Vz.),=> (V@) Vz.9), (17)

EjeT

Lemma 2.2. Let E; € T with vertices 1j, 2;, 3. Let also n being the unit outer normal to JE;, defined piecewise on each of the
sides of the triangle E; and denoted respectively by 01, 02, 113 on [1;, 2], [2}. 3;] and [3y, 1;]. Then one has:

B . 2 3 1
V). Vz,qb)Lz(E]) =—{V()- Vqﬁ,z)Lz(Ej) + )/u/]J ¢+ 2y /2] ¢ +ysy /3] z¢.
with:
1y =10@) - v 2 — 5]
Yoy =103 ~ V@) G2 — 0] (18)

Yoy = [(w(1) —vE))) (2 — B )

DETREN X3y =X3

Proof. Using Green’s formula, where 7 is the outer normal on 9E;, we obtain:
(VW) V2. ). = [ 20 @V0) - [ V.6V @)
Z dE; E
Since V (v) is divergence free, then:
VW) V2 d)y, = [ 2n- @)= [ 290000 = [ a1 @V @) -0 V9.2, (19)
J J J

Now the triangle boundary integral can be expressed as follows:

. 2 R 3 . 1 B
/aE,Z”'(d’V(”)):/l, z¢>m~V(v)+/ z¢nz~V(v>+/ 2¢m3 -V ()

2 3

Handling as a sample one of these line integrals, one has for (example on [1},2/]), V) = M1 x-Vy — N1,y.Vx. Furthermore

as v € Py, M1 x.Vy — N1y.Vx IS a constant on (1]_2;) and given by:

v2) vy 0 v(2) —v(1))
XZ]

Mx-Vy — 771,y~vx = MN1x 1y
Yo, =¥y X2 —

= ) —va)(—x Ty
Y2

) Yy Xy Xy

5
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Hence:

2 - . M.x
[ zom V) = @) - AN G -

1 a

2 %
Ty ) [ 29 = VIJ/ 29,
X2

y — Xy Uy 1
with similar identities obtained for f;}’ z¢n, -V(v) and f;f z¢ns -V (v). Replacing these integrals by their expressions in (19),
one obtains the result of this lemma. O

The next step is to consider the sum ZE]eT (\7(1}) -Vz, ¢)) and demonstrate the identity.

12(E))
Lemma 2.3.
(VW) - Vz.0), = (V) - Vo.2), + /m V).
Proof. On the basis of (17) and of Lemma 2.2, one has:
(V) Vz.¢), = - E;(Wv) V2, + Zin / ]2’ 247 [ ]3’ 2+ ;’ 291, (20)

Given that any internal side [AB] of any triangle E; is also common to another triangle Ey, then the corresponding line
integral from E; is given by 4 jf z¢ and that coming from Eyg iS ypa f,;‘ z¢, with y4p = —ypa, leading to a zero sum for
integrals on [AB].

Consequently, one is left on the right hand side of (20) with line integrals over 0<2, i.e. the result of the lemma. O

Using the results of Lemmas 2.2 and 2.3, the we can complete the proof of Theorem 2.1 as follows.

Proof. The periodicity of v and z on 92 results in [, z¢ n.V(v) =0, because of the periodicity of z¢ on 92 and the fact
that .V (v) is given by +vy on the horizontal sides and by +v, on the vertical sides.
For example, handling the vertical sides gives

0,1

1.0) B
/ 26 n.V(v)]der/
(0,0) (1,1)

0.1)

) ~ 1,0)
[2¢p 1.V (v)]dx = / —2¢urdx + / 2¢UedX’
(0,0) (1,1

(1,0) (1,1
- / —zgundx + / 26v_xd(—x)
( 0, 1)

0.0)

(1,0 (1.1)
- / —zpuedx + / 2p1yd(x) = 0
(

0,0) (0,1)

Then using Lemma 2.3 we complete the proof of Skew-symmetry. O
This obviously leads to the following corollary.
Corollary 2.4. Y{v,z} € Xyp x Xy p, we have that
(Vw)-Vzz2),=0

2.1. Existence and uniqueness of a solution to the semi-discrete system (12) and (13)

In the rest of the paper, we will use the following norms in RN for V ¢ RN:

V13 :=VT MV (21)

[IV]|2 :=VTKV (22)
By associating the function vy (x,y) = Z’,\le Vigi(x,y) € Xyp to V e RN, then we have the isometries:

V11§ = lowl (23)

VI = lowl I3 (24)

We begin by obtaining relations between solutions to (12) and (13). For W (t), U(t) € RN with

N N
WX, Y, t) = > Wi(O)gi(x,y) € Xyp and uy(x,y) = Y Ui()@i(x,y) € Xyp
I=1 I=1

one has the following:
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Lemma 2.5. Any pair (U, W) that solves (13.2) satisfies the following:
HU®llm = IlUO [k < WO lIm

Proof. From the equation KU(t) = MW(t) << uy,V>1=<Wy,V >, YV € Xyp. Letting v=uy(t), yields |luy(t)||? =
(wy, uy) = [lwy (O]l [lun (©)]], leading to:

HunO11 < [lunOIF = (wy, un) < [[wyOI]- [Tun @] = [lun©1] < [lwa )],
which translates to the result via the isometries (23) and (24). O

The existence of a unique solution to the semi-discrete system can be obtained by reducing (12) (or (13)) to a system
of non-linear ordinary differential equations in W (t). Specifically, in (13), we eliminate the variable U(t), using the matrix
A =K~-'M and obtain the system:

{M«m/ + S(AW)W =RAW, Vt € (0,T] (1) (25)

W) =W, (2)
which is equivalent to:

W _ F(W(t)), YVt e (0,T] (1)
{\X;(O) =W 2) .

where
F(W) = M~'[RAW — S(AW)W].

Now we show that F is locally Lipschitz on the spaces
Xy ={V e RV || IV]lncqoren) < Cr}

where Gy := ellkll=T||wp|| is determined in Lemma 2.8.

Lemma 2.6. For W, W, € Xy, there exists a positive constant L independent from h such that

Ly
F(W;) — F(W; < —||W; =W,
[|[F(W;) — F( 2)||M_h\/ﬁ|| 1 21

Proof. Let Z, = F(W,,) with U, = AW, for k=1, 2.
Let i y(X. ) = Y11 Zi (D@1 (X, Y), e n(X.Y) = Y0 U (0@ (X, ), Wiy () = 1L Wi (£)@y (X, y). Then,

M(Zy - Z;) = R(Uy = U) — (S(U)W; — S(U2)Ws)
is equivalent to
(21— 2o B) = —(V Win). VWi n— V (Uzn).VWon, ) + (k(upy — uN)y @)

for all ¢ € Xy p.
Let ¢ =z y — z v then by Cauchy-Schwartz we get that

lzin —zonll? = —(V (Win).-VWin—V (Uan).VWan, 21§ — Zan) + <’A<(u1,N —UaN)ys ZIN — Z2.N)

IA

IV (). Ywin—V Wan).Vwanlllzin — zewll + lk(uin — uan), llz1w — 22wl
Simplifying by ||zq v — za || We get

121w — Zowl | < 11V (U1 0). VWi =V (Uan). Vwo || + (k@i y — uz )yl (27)
Note that

e(uiw — uz )yl < 1kl ool [ Ui = ) < [Rlool | (W1 = wa )| (28)

where we have used the fact that K(U; —Uy) = M(W; —Ws) = ||ug vy — ua nlln < [lwin —wanll-
On the other hand, using the triangle inequality

IV (i n).Vwin = V(uan). Vwa || < [IV Uy — uzn). Vwinl| + [V (Uan).V(way — win)l| (29)

Note that for any (ay, By) € Xy p x Xy p, One has

|V (an). VBl < ¢ex,?,},é\l|é||=l|<v (an)-VBn, d)| (30)
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Using skew-symmetry, (\7 (an).VBy, @) = f(\_/) (o). Vo, Bn), then (30) becomes

IV (en).VBul < o x,{r,} i KV (an).V. B}l (31)

O
We need now the following Lemma.

Lemma 2.7. For some constant C independent from h we have:

IV (). VBl < lleenlls 118wl

f

Proof.
{V (an).V, B < 1V (@) VoI BT < 1ol ollanllillBnll < ;

as using a result in Ciarlet ([8], Theorem 3.2.6), one has

911,00 < Ch7>2]0]I.
O

fllotzvlll I Bnll.

We complete the proof, by applying this lemma twice to the right-hand side of (29) thus obtaining
IV (u1.n). VWi n =V (uzn). Vwa yl|

A

< ||‘7(U1,N —uyn).Vwy || + [V (uzn).V(Way — wiy )]

C
[lurn — vanll [winll + —= vzl |1 [Wan — Wil (32)

C
< —
~ hvh hvh

Plugging this inequality and (28) in (27) leads to:

A

l1z1n = Zawl| < [V ). VWi n =V (an). Vwon!| + [kl (W1 x — o)
C C ~
< mHUl.N — Nl wa Nl + m”uZ.NH”lWZ,N —winll+ [kl ool | (W1 n —wWa )|

Using the assumption that Wy, W, € Xy, the last inequality leads to

CCr ~
lwin —wanll + —=llwan —winll + [kl Wiy — Wanll

z
2N||_hf "

+km WiN—W < w Wy 33
(h[ IL4] )II 1N — Wa N hf” 1N —Wanll (33)

Now squaring and multiplying both sides by MT from the left, and using the equivalence of the L, norm on Xy p and the M
norm on RN (23) completes the proof of Lemma 2.6.

Thus, the semi-discrete system (26) has a unique solution W (t) or a solution pair {U(t), W (t)}, for which we derive
some a priori estimates.

llzin —

2.2. A priori estimates for solutions to (12)

We may now state some a priori estimates.

Lemma 2.8. Every unique solution {uy, wy} to (12), satisfies the following estimates:

{||WN||C([0.T];L2(Q)) = maxpo.r | Wy (D] < Cr :=elM=T[{wol| (1) (34)
unlleqorimp ) = MaXeejo.ry | lun (O] < Gr = ell=T[lwol| - (2)
Proof. In (12.1), let v = wy. Then one has

(W, Wh) +(V (Un) - VW, Wy) 2 = (IA{UN.y, wn) YVt € (0,T], (35)

and letting v = uy in (12.2), one obtains also:
(un (@), un () = (Wn (), un(t)) 2, Vt € (0, T]. (36)
Using Lemma 2.2 and the fact that (wy, Wn);2 = 5 d[||wN(t)||2 then Eqgs. (35) and (36) lead to:

A lwn (©112 < 211kl ool lwn (O] lun (O], ¥t € (0, T]

uv @O = [lwn O] [un 1],
< |lwn(®)]] |lun(t)|]1, Yt € [0, T] given the initial choice of uy(0)

8
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Hence from these two inequalities, one gets Vt € [0, T]:

Hun )11 <[lwn ()], (37)

d R
aHWN(f)lI2 < [kl llwn ()11 (38)

Integration of the differential inequality (38) gives:

A

lwn ()11 < eI~ lwy(0)|2. Vi € [0.T]
e?Kl=T|wy(0) ]2, Vt [0,T]
e\\fcIIwT||WN(()) |, Vtel0,T] (39)

IA

= [lwn @)

IA

Thus inequalities (37) and (39) give the results of the lemma, where ||wy(0)|| = ||[Ty(Wo)|| < ||wpl]. O

2.3. Passing to the limit
At this point we introduce the sequence {zy}, defined by:
zZn(t) € Hp(Q) NH? () 1 —Azn(t) +zn(t) = wy(t) with [zy][2(t) < Cllwy ()] (40)

Note that in this case, the finite element approximation to z, in Xyp is uy(t). Using the well-known Cea’s estimate for
elliptic problems ([8], Theorem 3.2.2) in addition to (40), and since uy(t) = 7ty (uy)(t), one has Vt € [0, T]:

C C
llzn (&) —un@®)lh = —lzn@®)22 = lwn (O] (41)
with C a generic constant independent of N. Thus, instead of studying the convergence of the pair (uy, wy), we study that
of (zy, wy).
Following (34.1) and (41.1), one concludes that:
”ZN(t)”C([O.T];HZ) < Ce||’<H°CT/2||7TN(W0)||.
Lemma 2.9. There exists an element u € L2(0, T; Hll) and a subsequence {zy;} C {zn}, such that:

lim ||u—zy yny = 0.
Jim [l = 2yl o)

Proof. This result follows from the Rellich-Kondrachov theorem that stipulates the compact injection of HZ(Q2) in H!(R2)
([9], p.285).. O

Let us now denote (zy,. wy;) by (zy,wy) and seek first a limit point to the sequence {wy}. Specifically, we have the
following result.

Lemma 2.10. There exists w € L2(0, T; L*(Q2)) and a subsequence {wN].} of {wy} such that:

wy, (H)—=w(t) in [*(0, T; L*(2)) (42)
wy, (t)—=w(t) in [*(Q) for all t € [0,T] (43)

Furthermore |||l ;2o 1.2 () < ellkllT | wg .

Proof. Observe via (34.1) that the sequence {wy} is uniformly bounded in the reflexive space L2(0, T; L2(£2)), and so it has
a subsequence {WNj} which converges weakly, say to w € L2(0, T; L2(R2)). i.e.

T T
/ (wy (6), v)dt —>/ (w(t), vydt for all v € [2(0, T; [*(R2))
0 0
Now fix v € [2(2) and consider the sequence Fi(t) = fg (wN]. (s), v>ds of functions on [0, T]. Observe that:
1L Ft) e C1(0,T) and Fj’(t) = (wNj (1), v> for all j by the Fundamental Theorem of Calculus.

2. Fi(t) — F(t) := fé (w(s), v)ds pointwise on [0, T].
3. |Fj(t)|'s are uniformly bounded on [0, T] by (34.1).
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4. {F;(t)} are uniformly equicontinuous on [0, T] as

t
IFi(t) — Fy(s)| = ‘/ (wy, (1), v)de

< [/t . 1)de

t
Sf [ww, () | IvlidT < Crljv]||e —s|
N

so that by Arzela-Ascoli theorem, F;(t) has a subsequence F;, (®) that converges to F(t) uniformly on [0,T], and so
<WNjk ), v) = FJ’, (t) — F'(t) = (w(t),v) for every t € [0, T], which gives (43) after relabelling.
K
Finally, weakly lower-semicontinuity of norms implies that
||W||LZ(OWT;L2(Q)) =< liNrEiorolf”WN”LZ(O,T;LZ(Q)) < erHOJHWO”
O

To complete the proof of Theorem 1.1, we denote the pair (uNj, wNj) by (uy,wy) and aim at proving that the limit pair
(u, w) satisfies

(W(t) = wo, V)2 = [5 (V((s)) - Vv, w(s)),, +k(uy(5). v) pds, (1) (44)
(U V) = (W, V)2, YU € HY (), )

Yve H;(Q) NWLeo(Q), Vt e (0,T] with w(0) = ry(wg). For that purpose, we replace in (11) t by 0 and ¢+t by t and
simultaneously use the skew-symmetry property in Theorem 2.1, getting consequently:

(W (€) = Wy (0), vz — fy (V) - Vot wn (), ds = 5 (kuny (). o) ds. (1)

(Un (), UN) 1 = (W (), U)o, 2) (43)
VUN c Xva, Vt e (0, T]

with wy(0) = my(ug — Aug), which is the direct semi-discretization of (14).
To consider limit points when N — oo of each of the terms in (45.1) and (45.2), the following sequence of lemmas is

needed in which C(T) is a generic constant of the form (aT + b)ed!kll=T independent from n where a, b, d € N.
Lemma 2.11. For all v e H} () nW1-°(), and for all t € [0, T], one has:
(Wn(t), V)2 = (Wn(E), In(V))2 +€n1(E)  with ey ()] < C(T)%||W0|||U|1 (46)
where ey 1 (t) = (Wy(t), TNn(V) — V)2
Proof. Given the identity:
(Wh(8), Tn(W)) 2 = (W (), V)2 + (WN (), TN (V) — V)2,
and letting: ey 1 (t) = (Wn(t), Uy — V)2, one has using (9) and (34):

lena (O] < [lwy O] = v @), (47)

P 1 1
< elFI=TlwoIC[vly < ) liwolllvly (48)

where C(T) = CellKll=T,
Similarly, one has:

Lemma 2.12. For all v e H}(Q) nW1(Q), one has:

ty. t. 1
/ (kuN,y<s>,v> ds — / (kuN.y(s),an)) ds+ena(t)  with  Jena(0)] < C(T) = |Iwol| vl (49)
0 2 0 2 n

Proof. Given the identity:

/0 t <f<uN,y(s), U>Lz ds — /0 t <l‘<uN,y(s), nN(v)>L2 ds+ /O [ </‘<uN4y(s), v nN(v)>

10

LZ’
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and letting: ey, (t) = fot (I?uN,y(s), [ nN(v)> ,» one has using (9) and (34),:
L

t
lena (6)] < ||van<v>||.[) un(s)] |1 ds. (50)

1 i 1
<Col Tel=Tlwell < C(T)- Iwoll [v]; (51)

where C(T) = TCellkll=T
We turn now to the key term in (45) and prove the following.

Lemma 2.13. For all v e HL () NnW2>=(Q), one has:

t t

[ Van)  Vown©)ds= [ 7 () V). wy(©), ds + ena(0 (52)

0 0
where

t N t R

ens® = [ V6w = un() - Veown©)} ds+ [ Viun(s) - V0= mu0)). wa(s)),, ds,

with
1
lena ()] < C(T) — llwoll? max {|v]1 . V] . }-

Proof. Adding up the following two identities and using the definition of ey 3(t):

t t t
/0 (V(@n(s)) - Vv, wy(s)),, ds = /0 (V(@n(s) — un(s)) - Vi, wy(s)), ds + [0 (V(un(s) - Vv, wy(5)),, ds

t t t
/0 (Vun(s)) - Vi, wy(s)),, ds = /O (V(un(s)) - Viry @), wy(5)),, ds + /0 (V(un(5) - V(0 = 70 (1)), wn(5)),, ds.

yields:

| V@) Voo (o)) ds = [ 7)Y, was)), ds+ ena(o).

Thus, using (10), (34) and (41) one concludes the estimate:

A

t t
lens ()] < Iv—nN(v)h,w/O IuN|1(S).|IwN(s)||ds+Ivll,w./o [uy — zn]1(s).Ilwn(s)|| ds

A

C t t
< vl [ Ol (@) s+ 10l [y =211 5) ()] ds

211kl

IA

C P C 1
lvlz,ooETez”k”"“TIIWollz+|v|1,ooET€ "iwol? =< C(T)EHWOHZ max{[v|1,c0. [V]2,00}

where C(T) = 2T Ce2llll=T,
In a similar way to Lemma 2.11, one can prove the following lemma:

Lemma 2.14. For all v e HY(Q) nW1=(Q), and for all t € [0, T| one has:
. 1
(un (@), V) = (un(t), TN (V) + €na(t) with |ena(t)] < C(T)H||Wo|||v|1 (53)
where ey 4(t) = (un(t), TN(V) — V)2 .
Synthesis: completion of proof of existence (Theorem 1.1)

Using (46), (49), and (52) one gets:

(Wn(t) —wn(0), V). = (Wn(t) —wn(0), TN (V)2 + €n1(t) — €n1(0) (54)
t. .

- /o <kuN,y(s),v>L2ds: - /0 <kuN'y(s),nN(v)>L2ds—esz(t) (55)

[ T n(s)) - Vo, ww(s)), ds = — [ (V(un(s)) - Varn (@), w(s)), ds — ens (©) (56)
0 L 0 L

1



H. Karakazian, S. Moufawad and N. Nassif Applied Mathematics and Computation 412 (2022) 126550

Then, by summing up (54), (56), (55), and using (45.1), we get Vt € (0, T):

t R 3
(Wi (£) — i (0), 1) — /0 (V(an()) - Voow(s)), + Ry (5),v) ds = ena(0) = €n1(0) = 3 énilt) (57)

k=2
We may now let N — oo. Using the previous lemmas in this section, we have subsequently:

1. For the right hand side of (57), using Lemmas 2.11-2.13:

3
Jim ey (0) — €na(0) = ) €nge(t) =0, Vv e W2 (Q) NH(Q)
— 00 k=2

2. For the left-hand side of (57):
o limy_, o (Wy(t) — wy(0),v);2 = (w(t) —w(0), V)2, using Lemma 2.11.

o limpy_, o fot <IA<uNy(5), v> ds = fot <IA<uy(s), v> ds, using Lemma 2.12.
: 2 12

o For the term fot <\7(zN(s)) -V, wN(s)>L2 ds, note that for all s € [0, t] and for all v € W1-2(Q), V(zy(s)).Vv converges
to V(u(s)).Vv strongly in L2(0, T; [2(R2)), as

t t
[O (V(@n(s) —u(s)) Vv, p)ds < /O llzn(s) —u) 4 IVllwi~ll@llds — 0 as N — 0

Combining this with the weak convergence of wy to w in L2(0, T; L2(£2)), we obtain
lim | V() - Vo, wy (), ds = | V(s - Vv, w(s)), ds
3. By applying similar techniques with respect to

(un(t), Un) g1 = (WN(E), UN)p2, YUN € Xnp, VE € [0, T]
in (45.2), using Lemmas 2.11 and 2.14 one obtains as N — oo:

(ut), vy = (w(t), v),, Vv e HH(Q), Vt € [0, T].
Thus these last 3 consecutive points prove formulation (14) for test functions v € W2 (Q) mHIl ().
Finally, the density of W2>(Q) n H}(Q) in W1*°(Q) N H}(Q2) completes the proof of Theorem 1.1.

3. Full discretization

Using the expressions:

N N
wy(t) =Y Wi()@i(x,y), and uy(x,y.t) =Y U)X, y),
=1 J=1

where Wi(t) = wy(x, y1.t), and Uj(t) = uy(x;, ¥, t), then (15) can be rewritten in matrix notations as follows:
Given (U(t),W(t)) e RN x RN, seek (U(t +7),W(t+ 1)) € RN x RN, such that:
M+zSUE+T))W(Et+T)—TtRUCt+T)=MW({E) (1) (58)
KU(s) = MW (s),Vse {t,t+1} 2)
In Section 3.1, using a fixed point approach we start by showing the existence of solution to (58), i.e. (15). Then we prove
uniqueness of this solution in Section 3.2.

3.1. Existence of solution to the fully discrete system

To prove the existence of a solution to the Fully Discrete System (58), we start by transforming it into the fixed point
problem (64). Then, we prove the existence of a solution to (64) using the Leray-Schauder fixed point Theorem [10].

Using equation (58.2) for s =t + 7, one gets U(t + 1) = K"MW (t + 1). Substituting U(t + ) in equation (58.1), system
(58) can be rewritten as follows

[M+S(KTMW(t + 7)) — TRKIM]W (t + ) = MW (t), (59)
which is equivalent to:
[M— tRK'M]W (t + T) = MW (t) — T S(K'MW (t + T))W (t + 7), (60)

Let B=M —tRK-'M, Z=W(t) and Y = W(t + 7), then we get the first fixed point
BY = MZ — t S(K"'MY)Y, (61)
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Theorem 3.1. Define the bilinear form on Hq(€2) x Hy (R2):

ar(w,v) = (w,v); — r(lAcwy, V).

Then, for T < this bilinear form is coercive in the sense that

201l
1
jacww)| = SIwiZ,  Ywe Hi(@)

Proof. This simply results from:

~ ~ 1 1
)] = )y — (o whl = (1= TRl ) Il = 3wl for 7<
O
As a consequence, one gets the following corollary.
Corollary 3.2. The matrix B is invertible for t < 2||f|| .
K|oo
Proof.
Ba=p < (I-TtRK-H)Ma =8 < (I—tRK Ha =p (62)
where ¢ = Ma. Let a@ = K-1a®, ie. a® = Ka®@, and B = M~1B. Hence,
(K —tRa® =MBD®
In variational form, this is equivalent to
(), v)y —Tlka), v) = (BY,v) (63)

N N N
for all v € Xy p, with B = i; B g e = 1; a?¢;, and az(vz,; = i; ai(,jzl)(pi'

Since from Theorem 3.1, the bilinear form a; (w,v) = (w,v); — t(lAcwy, v) is coercive, then by applying Lax-Milgram on
(63), one completes the proof of the corollary. O

Given that B is invertible for 7 < ”;” , the fixed point format (61) becomes
2||k||so

Y =G(Y) =B"'[MZ - tS(K'MY)Y]. (64)

Using the Leray-Schauder fixed point theorem in RN, we prove the existence of a solution to the fixed point problem (64).

Theorem 3.3. (Leray-Schauder Theorem [10]) Let T be a continuous and compact mapping of a Banach space X into itself, such
that the set

{x e X :x=ATx for some 0 < A <1}

is bounded. Then x, — ATx, = 0 admits at least one solution for every A € [0, 1]. In particular, for . =1 there exists at least one
x such that Tx =x, i.e. T has a fixed point.

Theorem 3.4. Let 0 <s < 1 and consider the fixed point problem
BY; = s[MZ — T S(K™'MY;)Y;] (65)

then for T < % the fixed point problem Y = G(Y) admits a solution.

Proof. Multiplying Eq. (65) by YJ we get:
YIBY; = sYTMZ — tsY] S(K~'MY;)Y;
Using skew-symmetry of the matrix S(K~!MY;) we get:
Y BYs = sY/MZ < s[|Ys|m|Z||m (66)

Y, (M — TRK™'"M)Y; = [[Ys][3; — TV RK'MY; < s{[Ys|m|1Z]|m (67)

Yslliy < sl¥sllml1Zllm + T RK™MYs = s|[Ys Il |Z] 1w + 7Y RWs (68)

13
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N N
where KWs = MYs. Let wyy = Y- W, ;¢; and ys v = Y Y; ;9. Then,
i=1 i=1

wsnllz = [IWslly — and  [lysnllz = [[Ys]lm-
Also, from KW;s = MY;s one gets:

<Wsn. V>1=<Ysn. V> = [[Wsnll1 < lysnll2 (69)
and

YIRW; = (k(Wsn),. Ys)-

Hence, using the last two equations, (68) becomes

Vel 12 < sIIYsl ml 121wt + TYTRW: < [ [Ysl Il 121 1wt + 21 1R oo 175l 2 (70)
< 1YslIml1Z1 I+ TRl 015124 (71)
= (1= Tkl Y13 < 1Yl lml1Z]m (72)

Then for T < 2”;” we get ||Ys||ym < 2|1Z||m. Thus all solutions Ys are uniformly bounded, leading to the existence of a
oo
fixed point for all 0 <s < 1, using the Leray-Schauder fixed point theorem. O

3.2. Uniqueness of solution of the fully discrete system

Now we turn to uniqueness and consider the ball

By ={Y e RV[|[Y]Im < G = 2IZ]|m} (73)
we then prove the following theorem.
v 1. 4 R
Theorem 3.5. For Y¥) ¢ By, k=1,2 and T < < min{ ———, — {, one has:
8 [k||oo 2

1
1GOD) = GO D)y = S 1IYD =y,
and hence under such restriction on T and h, the fixed problem Y = G(Y) admits a unique solution.

Proof. For k=1, 2, let

A® = Gy ®) (74)
KX ® = My ® (75)
KA® = MA® (76)

Then by applying this equation for k = 1 and 2, followed by a subtraction, we get
M= tRK'MY(AD — A@) = T S(KTMYP)Y P — 7 S(K- MYy D)y D
TS(Z)Y@ —tS(Z)Y D
Then, by using the newly introduced variables in (75), and (76), we obtain
K =TtR(AD —AP) =7 §(ZP)YP _ 7 §(=DHyd (77)

N
Let Yy = 3 ¥V¢; and ey = ¥\ —¥,?), then [ley|[2 = [y — Y@ |2,

i=1
0 _ 5 A (1) _AQ@ 2 M @12
Let Ay’ =3 AWg;and Ay = Ay’ — A7, then [[Ay]|* = [|[GY)) = GY“ )5
i=1
In variational form, Egs. (75)-(77) lead to:

(AP ), - r(fc(AI(V")) ) = (Zy.v) — T(V ():5,">).VY,5">, ) (78)
y
(AP = AP 0), - Tk(AY - AD) 0 = —1(v (5). VY-V (5). V2. v) (79)

14
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(AP V) = (AP, v)

For all v € Xy p, where Zy = Z Zip;, E(k)
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(80)

(81)

ZE(% NG ZA(k)f/) and A(k) ZA<")<p,, for k=1,2.

Let us define 8y = A(]) A(Z) oN E(U 2(2), and. Usmg again the bilinear form ar (.,.) defined in Theorem 3.1,
ar (8. v) = =TV (00)- VY= V (57).Ven. v) (82)
Then, (79)-(81) lead to:
ar 8y, v) = =T (V (ow). VY=V (). Ven.v) (83)
(on, V)1 = (en, V) (84)
(v 1)1 = (An. V) (85)
for all v € Xy p.
Now, let v = 8y in (83), then for T < 2||f|| , we have:
Koo
] — —
SI8wlE = TV (00). VY. 8w) [+ TV (Z57)-Ven. on)] (86)

Since, Theorem 2.1 asserts that

V{U, z, ¢} € XN,p X XN_p X XN,p : <‘7(1/) . VZ, ¢>L2 =

then (86) can be rewritten as:

~(Vw)-Vé.2),.

1 — -
SI8wIE =TIV (o). Vo ) [+ 7V (Z47)-Vén. en)] (87)
< 7|V (ow)-Vnl 1YV 1] + TV (). V]l enl] (88)

Using Lemma 2.7, this last inequality leads to:

II5N||1 < h||5N||[CZ||GN||l + =P -lenll]

Therefore, given that ||8y|| < ||6n]|1, it results that:

1
§||5N||1 <*[CZ||O‘N||1+||E(2)”1 llenll]- (89)

Note that if in (8

llowll1 < Ilenll,

4), v = oy, one proves that:

and if in (80), k=2 and v = EIEIZ), we obtain:

2 2
=P < IV <G

Combining the last two inequalities with inequality (89), we conclude the inequality:

TC
||8N||1 <27 lenll. (90)
Finally, if in (85), we let v = Ay, then:
IANIZ = [(8n, An)al < ISl AN
Using a result from Ciarlet (|8], Theorem 3.2.6), one has: ||Ayn||1 < %||)LN||, then
c
lAnll < E”5N||1 (91)

When combining (90) and (91) we reach the final result:

I|G(Y1) = G(Y2)lIm = 1A

2
— AP =1l =

[« cC, cC,
pl18nlln < 4z lenll = 4T L2 1Vi = Yalln.

15
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On the other hand, considering (78), one writes:
ar (A,(\f), u) — (Zn V) — TV (E,f,“).VY,\Sk), V), k=1,2

Consequently, our Theorem is proved 0O

L 1 . 4 2 . .
Corollary 3.6. Under the conditions of Theorem 3.5, namely t < g min {HfH chT } the iteration
k||oo Lz
Y&+D = GY®) with Y© = Z in the ball By converges to the unique solution of Y = G(Y).

Proof. Starting with
1
IY® =Yllm = 1G@) - G(¥V)llm < s1Z=Yl:
then by induction we get that

1 1
IY®D =Yy = I1G(Y®) = G(¥)llm = EIIY(") =Yz = WIIY“’) =Yl

1
where 0 < lim [[Y®D —Y||y < lim —|[Y©O —Y|, =0. O
_kﬁmH ||M_kﬁm2,<+1|| 2

4. Algorithm and computer simulations

Recall from (58) that in matrix notations and using the expressions:

N N
wy(t) =Y Wi(O)@i(x,y), and uy(x,y,t) =Y Ut)g(x,y),
=1 J=1

where W;(t) = wy(x;, y;, t), and Uj(t) = un(x;,y;,t), then (15) can be rewritten as follows:
Given (U(t),W(t)) e RN x RN, seek (U(t +7),W(t+1)) € RN x RN, such that:

M+TSUEt+T))W(Et+T)—TRU(t+T)=MW({t) (1)
KU(s) = MW (s),Vse {t,t+1} (2)

To solve (58) we use in this paper a semi-linearized approach:

(W (4 7). Uz — TV () - Vo, Wiyt + 7)), = (W (0, )2 + r<i<uN.y(t), U>Lz’ 1) (©2)

(uUn(S), V1 = (WN(S), V)2, sef{t,t+T} 2)

Vv € Xy p, which in matrix form is given by:

M+TSUE)W(E+T)=MW(@)+TRUE) (1)

KU(t +7)=MW(t + 1), ) (93)

where M, K, S(U) and R are N x N matrices whose coefficients are defined in (13). However, by taking periodicity into ac-
count, the degrees of freedom are reduced from N =n? to N; = (n — 1)2. Note that M, is the well-known Mass matrix for
periodic boundary conditions and K = M + A where A is the stiffness matrices for periodic boundary conditions.

The nonlinearity of the problem originates from S(U), which is a block tridiagonal matrix with 2 additional blocks in
the upper right and lower left corner. Moreover, it is a skew-symmetric matrix (S(U)T = —S(U)) that is linear in U, with 6
nonzero entries per row, 6 nonzero entries per column, and zeros on the diagonal assuming the meshing of € is uniform.

Si1 Siz 0 ... 0 S,
S21 S22 S23 0 oo 0
soy=¢| O with S;; = Si;(U)
. . Sj,l Sj] S]l 0
0 .. 0 Siyj Sii Sik
Aq 0 .. 0 Su Sw

wherei=n—-2,j=n-3,k=n—-1,I=n-4, and the 3(n — 1) nonzero block matrices S; ; are of size (n—1) x (n — 1) with
2(n — 1) nonzero entries each, and the following sparsity patterns:

e Sj;fori=1,...,n—1 are tridiagonal matrices with zero diagonal entries, and nonzero S;;(1,n—1), and S;;(n — 1, 1).
e Sypqand S; q;fori=1,2,3,...,n—2 are lower bidiagonal matrices, with nonzero entry in first row and column n — 1.
e Sy_11and S5 fori=1,2,...,n—2 are upper bidiagonal matrices with nonzero entry in first column and row n — 1.
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Algorithm 1 Numerical Hasegawa-Mima semi-linearized finite element scheme.

Input: M: mass matrix ; K = M + A, A: stiffness matrix; S(U): algorithm for S(U) as in Appendix A of [11];
R: matrix defined above; U0, WO0: the discrete initial condition vectors; t: time step; T: end time;
1: U=U0; W =WQ;
2. fort=0:7:T-71do

3 G=M=xW,;

4 Solve for W: (M + 7 S(U))W =t RU +G;
5 Solve for U: KU = MW;

6: end for

As for the explicit expressions/values of the entries, refer to appendix A.2 of [11]. Similarly, R is a skew-symmetric matrix
(RT = —R) with the same block sparsity pattern as S(U). (refer to appendix B.2 of [11]).

Thus, to solve (93) these matrices should be generated for a given meshing. In Section 4.1, we implement Algorithm 1
using Freefem++ [12], a programming language and software focused on solving partial differential equations using the finite
element method. Using different initial conditions, we test in Section 4.2 our algorithm for the case when p =1In % is a

Cl
function of x, such that k = Px is a constant and py = 0, and for the case when p, px, and py are functions of (x,y).

4.1. Solution of the semi-linear scheme (93)

The semi linear scheme (93) can be solved at each time step as shown in Algorithm 1, where the matrices need to
be generated as described previously, based on the meshing of the space domain given in Fig. 1. For that purpose, we
implemented Algorithm 1 using FreeFem++.

We consider a square domain [xg,Xn] x [yg,¥n] with a uniform mesh in the x and y direction (for i=1,2,.,n, h=
Xi—X_q =22 =y, —y = 2230) and the finite element P1 space with periodic boundary conditions, using appropriate
Freefem++ functions.

The function p of the initial Hasegawa-Mima PDE is defined, where in most simulations it is assumed that p, =0, and
k= Dx is a constant, unless stated otherwise. The initial conditions ug is given as input. As for the initial condition wy = ug —
Aug it could be given as input if ug is a simple function. However, for any function uy, we compute the vector Wy = W (0)
by solving the linear system

M*WOZK*U()

where the vectors Uy = U(0), Wy, the mass matrix M, and the matrix K = M + A are defined in (13), with A being the stiffness
matrix. The fixed matrices A, M, and R are generated once before entering the time iteration of Algorithm 1, but S(UY) is
generated at every time iteration.

Note that the simulation is stopped once the maximum value of u(t) at one of the mesh nodes is 0.3, which corresponds
to the maximum value attained physically.

4.2. Testing

We start by testing Algorithm 1 for To _ e™tB je. p=Ax+B where k= px=A and p, =0. As explained in [7], the

ci
solution is expected to be a traveling wave in the y-direction for a nonzero A. The speed of the motion and its direction
depend on the magnitude and sign of A respectively. We consider different initial conditions for the same exponential
density profile ny. We consider the following cases:

1. Domain €2 = [0, 1] x [0, 1] with the number of intervals in the x and y direction n = 64 (h = 1/64 ~ 0.015625), A = 12, the
initial condition ug(x,y) = 102 sin(107ry) and T = 0.1. Fig. 2 shows the time evolution of the solution of the Semi-Linear
Scheme (93) at time t =0, 5, 10, 15, 20. It is clear that the sin function is moving in the y-direction as time proceeds
without any perturbation in its initial form up till t = 200. Afterwards, the solution grows with time to reach ||u||. = 0.3
at t = 260.4 when the algorithm is stopped.

1 1 . . - . . .
Note that even though 7 > m =5z does not satisfy the sufficient condition for proving the existence and unique-
o0
ness of a solution to (58), however the algorithm still converges and produces the expected behavior.
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TsoValue
m- 10405

274144006
383802606
4.9346¢-06
60311706
W7.12775e-06
W6 22433e-06
WO 3200-06
W1.04175e-05

Fig. 2. Time evolution of solution u for uy = 10-%sin(107ry), T = 0.1, and a 65 x 65 grid on 2 =[0, 1] x [0, 1].

2. Domain Q = [0, 7] x [0, r] with A = 12, the initial condition ug(x,y) = 10~>sin(3y), and 7 = 0.1.
In Fig. 3 we consider the number of intervals in the x and y direction n = 32 (h = 7 /32 ~ 0.098175), and in Fig. 4 n = 64
(h =m/63 ~ 0.049087). We notice the same behavior where the solution moves in y-direction and grows with time at a
faster rate to reach ||u|| = 0.3 at t = 9.6. The larger h value (h ~ 0.1, n = 32) does not affect the solution with respect to
that of h ~ 0.05, n = 64, apart from the smoothness of the 3D surface. From this perspective, this shows the robustness
of the algorithm for reasonable h < 1 values.

I
e

IsoValue t=2 IsoValue

770350-05

80.00107653

$e8a9es
BERRE

EE
g2

Fig. 4. Time evolution of solution u for uy = 10~ sin(3y), T = 0.1, and a 65 x 65 grid on Q2 = [0, 7] x [0, 77 ].
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t=0 IsoValue

B3 45702¢-05
m3 73535005
8401353008
4 70952005

t=36 IsoValue t=39 IsoValue t=40 IsoValue

R

Fig. 5. Time evolution of solution u for uy = 10~°sin(3x), T = 0.1, and a 33 x 33 grid on Q = [0, 7] x [0, 7 ].

3. To test the fact that the solution will always converge to a sine function moving in the y direction when 20 _ eAx+B e,

Cl
p = Ax + B, we start with ugy(x,y) = 107> sin(3x) for T = 0.1, n = 32, with A = 12. The solution remains unchanged up till
t = 26, and after the transitional time where the solution shifts from a sine function in the x direction to a sine function
in the y-direction, the same behavior is observed (Fig. 5).
4, It should be noted that even if we start with a random initial condition ug(x, y), after some time the solution converges
to the same sine function moving in the y direction. Fig. 6 shows the time evolution of the solution for ug(x,y) =
10~y (x — 2) sin(x), T = 0.1, Q = [0, ] x [0, ], n = 32 (h = /32 ~ 0.098175) with A = 12.

Even though the theoretical study was done for the case where p, =0, however the algorithm works for any input
function p. Note that if we set py =0 and py = 12, then the solution will be moving in the x-direction in a similar manner
as shown in the previous examples. We test the algorithm for the case where ny = 1020~ (*~10*/64-(~10)/64 , . — 107, and
©Q =10, 20] x [0, 20]. Since Vp = [-(x — 10)/32, —(y — 10)/32], the solution is expected to have a circular motion around the
center of the domain (10,10) as shown in Fig. 7. Note that if Vp = [(x — 10)/32, (y — 10)/32] for the same initial conditions,
then the solution will be moving in the opposite direction.
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Fig. 6. Time evolution of solution u for up = 10~y (x — 2) sin(x), T = 0.1, and a 33 x 33 grid on Q = [0, 7] x [0, 7].

t=50 IsoValue t=150 IsoValue

=250 IsoValue =390 lsovalue

Fig. 7. Time evolution of solution u for ug = —10-5(x — 10)e~0-5*x~10-0.5¢-10 '+ — 0.1, and a 65 x 65 grid on Q = [0, 20] x [0, 20].
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5. Concluding remarks

To sum up the results of this paper, we have proven an existence theorem for the Hasegawa-Mima wave equation in
C(0,T;H?n H,}) x [ (0, T; L?). Uniqueness of the solution would require more regularity on the initial conditions as proven
in [1]. On the other hand, we have also considered a full discretization scheme based on coupling the Finite-Element in
space and a non-linear discretization of the time variable. The implementation of that scheme uses a semi-linear approach
that provides a robust algorithm as revealed by early experiments. Overall, future avenues of research include the following:

1. Proof of convergence of the solution to the nonlinear (15), (58) schemes and the semi-linear (92) one as T and h go to
zero.
2. Testing other alternatives to solve (58). These include:
(a) Using the fixed point approach discussed in Section 3.1, where the system can be written as follows:
Since KU/ = MW/, and if we let Z= MW ((t), Y =W (t + 1), and Y! = W (t), then

Y = G(YH) = (M- tRK'M)Y¥! =Z — SU*YH
which leads to the following predictor-corrector scheme to move from time t to t + T

Ul=U(@), Y'=W(), Z=MW(t)error=1, k=1
While error > tol do:

(M = T RK-TM)Y*H! = 7 — 7 S(UX)Y*

Kuk-H — Myk+1

_ WA W] Uk (94)
GITOr = MaX “rery > ow]
k=k+1
end do

Ult+1)=Uand W(t+1) =Yk

Following the results obtained in Section 3.1, specifically Corollary 3.6, this algorithm is convergent. A first look at
this approach indicates the necessity to deal with dense linear systems, which matrix is (M — T RK=1 M).
However, this difficulty can be lifted since (M — T RK-'M)Y =r is equivalent to (K — tR)K-'MY =r where the
solution is Y = M~'K(K — TR)~'r can be obtained by solving two time-independent sparse systems (K — tR)Y =
r followed by MY = KY.

(b) A second approach to handle (58) would be based on Newton’s method.

3. Another interesting problem has to deal with the Modon Traveling Waves Solutions to (6). These solutions are ob-
tained by considering the pair of variables (£,7n) given by & =x n =y —ct, one looks for solutions to (4) in the
form u(x,y,t) =¢(&,n) =@,y —ct) and w(x,y,t) =¥ (€,n) =¥ (x,y —ct). By defining Vt e (0,T): Q2 =1{£,7n]0 <
§ <L, —ct <n <L—ct}, then in terms of ¢ and v, the system (4) reduces to be solved on ¢ = €. Thus, with V = V, ,,,
one seeks {¢, ¥} : @ — R2, such that:

—c¥ry +V(¢) -V =k, onQ 1)
-ANp+dp=1 on Q (2) (95)
PBC's on ¢, ¢z, ¢y, ¥ on 02 (3)

Undergoing research is also being carried out on this problem.
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