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ABSTRACT 
A new decomposition method for the discretization of anisotropic diffusion 
term is developed. The method is a generalization of the optimum 
decomposition practice adopted in discretizing the isotropic diffusion flux. 
The new approach is applied in conjunction with the well-known semi- 
implicit and recently developed modified implicit nonlinear diffusion 
schemes and used for discretizing the anisotropic diffusion term. The 
resulting discretization methods are used for solving several anisotropic 
diffusion problems to compare the performance of the new decomposition 
technique with the standard one. Results generated demonstrate the virtues 
of the new method, which leads to a reduction in the CPU times needed for 
convergence by percentages reaching a level as high as 70%. 
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Introduction 

In the initial development stage of the cell-centered finite volume method (FVM) [1–7], less work was 
performed on the discretization of diffusion term as compared to the work performed on the 
discretization of convection term [8–21]. This overlooking was due partly to the simplicity by which 
it can be discretized on orthogonal grids that dominated then and partly to the success of the central 
difference scheme in producing second-order accurate results without any numerical difficulty. 
Further developments in the method allowed solving problems in complex geometries but 
necessitated discretizing the diffusion term on nonorthogonal grids [22–33]. 

The discretization of diffusion flux on a body-fitted coordinate system was reported by Demirdzic 
[34]. Its discretization on unstructured grid systems using arbitrary polyhedral elements was reported 
by Muzaferija [35] and subsequently refined by Demirdzic and Muzaferija [36] and Mathur and 
Murthy [37]. This has led to the development of three different equations for the discretization of 
diffusion term [34–37]. Jasak [38] rederived these equations by decomposing the surface vector at 
an element face into two components with one always in the direction of the line connecting the 
centroids of the elements sharing the face. Depending on the magnitude of this component, or the 
direction of the second component, three equations can be retrieved. A chronological review of devel-
opments in the discretization of diffusion term was recently reported by Demirdzic [39]. Darwish and 
Moukalled [40] generalized the standard approach to deal with anisotropic diffusion by combining 
the diffusion coefficient tensor with the surface vector resulting in a modified surface vector. 

The abovementioned techniques, which are designated here by the semi-implicit (SI) approach, 
decompose the diffusive flux into two parts. The first part, which is aligned with the grid direction, 
is treated implicitly, while the second part, which represents the nonorthogonal or cross-diffusion 
contribution, is handled explicitly in a deferred correction manner [41]. This semi-implicit approach 
results in an accurate evaluation of the diffusion term but leads, on highly skewed grid systems, to an 
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increase in the number of iterations to convergence and in certain cases to oscillations or divergence 
of the solution process due to the explicit treatment of the cross-diffusion part. 

Several implicit schemes for discretizing the diffusion term in the context of the FVM have been 
developed over the years. This includes the multipoint flux approximation schemes [42, 43], the 
nonlinear diffusion schemes initially proposed by LePotier [44] and further expanded and refined 
by Lipnikov et al. [45–47], and others [48–50]. 

In a recent article, Darwish et al. [51] reported on a fully implicit scheme for the discretization of 
isotropic and anisotropic diffusion terms denoted by the modified implicit nonlinear diffusion 
(MIND) scheme applicable to a special set of variables that are not allowed to change sign. This 
requirement is not very restrictive, since many variables such as absolute temperature and pressure, 
turbulence quantities, and mass and volume fractions of species satisfy this condition. The method is 
a modification of the two-flux nonlinear diffusion method of Lipnikov [47] in combination with 
the ideas from the semi-implicit scheme. Similar to the semi-implicit method, the MIND scheme 
splits the surface or modified surface vector into two components with the possibility of 
adopting the three different approaches used with the semi-implicit scheme. While for the semi- 
implicit scheme, studies have shown that the contravariant decomposition is the most efficient 
[38], for the MIND scheme, no such studies have been conducted yet. Moreover, for the semi-implicit 
scheme, conducted studies dealt with isotropic diffusion and the conclusion drawn is based on 
that. No studies have been reported on the optimum decomposition of the more general anisotropic 
diffusion flux. 

It is the purpose of this article to perform this task for both the semi-implicit and MIND schemes 
and to present a new decomposition of the modified surface vector, which is the optimum decompo-
sition for the anisotropic diffusion flux. The new approach reduces to the same contravariant surface 
vector decomposition for isotropic diffusion. 

In what follows, the diffusion equation of interest in this work is first presented. Then, the semi- 
implicit and MIND discretization schemes are reviewed along with the different decomposition 
practices of the surface/modified surface vector paving the way for introducing the new decompo-
sition practice. Finally, several test problems are solved to assess the performance of the semi-implicit 
and MIND schemes with the newly modified surface vector decomposition option in comparison 
with the currently adopted decomposition approach. 

Nomenclature 

C main grid point at an element centroid 
dCF vector joining the two points C and F 
dCF magnitude of dCF 

eCF unit vector in the direction of dCF 
E distance vector in the direction of dCF 

E0 distance vector in the direction of dCF 
E magnitude of E 
E0 magnitude of E0

F neighbor of element C 
f face 
K diffusion coefficient tensor 
kxx, kxy diffusion coefficients 
NC location used in the calculation of the  

nonorthogonal part of the diffusion flux 
NF location used in the calculation of the  

nonorthogonal part of the diffusion flux 
Q source term in conservation equation 
S surface vector 
S0 modified surface vector 
S magnitude of S 
S0 magnitude of S0

n unit vector in the direction of S 
n0 unit vector in the direction of S0

t unit vector in the direction of T 
T vector equal to S � E 
T0 vector equal to S0 � E0

V cell volume 

Greek symbols 
ϕ general variable 
dC; dF averaging factors 
d�C; d

�
F averaging factors satisfying Eq. (11) 

θ rotation angle 
ξ, η curvilinear coordinates 

Subscripts 
C refers to main grid point 
f refers to element face 
F refers to the F grid point 

Superscripts 
T refers to the transpose of a vector 
— refers to an interpolated value   
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Governing equation 

The diffusion equation of interest in this study can be written using vector notation as: 

r � Kr/ð Þ
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
diffusion term

þ Q
|{z}

source term

¼ 0 ð1Þ

where ϕ is the dependent variable, K is the diffusion coefficient tensor, and Q is the source term. The 
FVM [1–4] is adopted to solve Eq. (1) numerically. Following this approach, the domain is subdivided 
into several nonoverlapping elements. The source term is computed by assuming the value of the 
dependent variable at the element centroid to represent the average value over the element volume. 
The discretization of the diffusion term is detailed next. 

Semi-implicit and modified implicit nonlinear diffusion schemes 

A brief review of the semi-implicit [34–40] and MIND schemes [51] used for the discretization of 
diffusion term is given here. First the anisotropic diffusion term, with coefficient tensor K, is refor-
mulated in a form more suitable for the discretization process by switching the operation order as 
follows [40] (Figure 1(a)): 

� Kfr/f � Sf ¼ � r/f � Kf
� �TSf

¼ � r/f � S0f
ð2Þ

where Sf is the surface vector and S0f is the modified surface vector. 
The derivations of the semi-implicit and MIND schemes start by decomposing the surface or the 

more general modified surface vector into two components such that 

S0f ¼ E0f þ T0f ð3Þ

The various reported options for this decomposition [34–40] along with the newly suggested one 
will be detailed in the next section. 

The discretization proceeds by linearizing the diffusion term along the component of S0f aligned 
with the CF direction, leading to 

r/f � S0f ¼
/F � /Cð Þ

dCF
E0f þr/f � T0f ð4Þ

Figure 1. (a) The surface vector Sf and the modified surface vector S0 f ; (b) the modified nonlinear diffusion stencil.  
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In the semi-implicit scheme, the first term on the right-hand side of Eq. (4) is treated implicitly, 
while the underlined term is evaluated explicitly and added as a source in a deferred correction 
manner. 

With the MIND scheme, instead of treating the underlined term in Eq. (4) explicitly, the average 
gradient appearing in that term is written as a linear combination of the gradients at the centroids of 
the elements sharing the face according to 

r/f ¼ dCr/C � dFr/F ð5Þ

where dC and dF are weight factors that sum to 1. Using Eq. (5), the cross-diffusion term is 
transformed to 

r/f � T0f ¼ dCr/C � T0f � dFr/F � T0f ð6Þ

The terms in the above equation are evaluated as: 

r/C � T0f ¼
/NC
� /C

� �

dCNC

T0f

r/F � T0f ¼
/NF
� /F

� �

dFNF

T0f

ð7Þ

where NC and NF are virtual nodes on opposite sides of the line joining C and F (Figure 1(b)) and the 
/NC 

and /NF 
values are computed using the gradients at C and F, respectively, as: 

/NC
¼ /C þr/C � dCNC

/NF
¼ /F þr/F � dFNF

ð8Þ

The vectors dCNC and dFNF are of opposite directions and parallel to T0f , with their magnitudes 
related to length scales of the elements [51]. Combining Eqs. (4), (6), and (8), the discretized diffusion 
flux becomes 

r/f � S0f ¼
E0f

dCF
þ dF

T0f
dFNF

 !

/F �
E0f

dCF
þ dC

T0f
dCNC

 !

/C þ dC
T0f

dCNC

/NC
� dF

T0f
dFNF

/NF
ð9Þ

Similar to the Lipnikov method [47], the weight factors are computed to obey the relations 

dC þ dF ¼ 1

dC
T0f

dCNC

/NC
� dF

T0f
dFNF

/NF
¼ 0

ð10Þ

yielding 

d�C ¼
/NF

dFNF

� /NC

dCNC

þ
/NF

dFNF

� �

d�F ¼
/NC

dCNC

� /NC

dCNC

þ
/NF

dFNF

� � ð11Þ

Substituting Eq. (11) into Eq. (9), the final form of the diffusion flux is obtained as: 

r/f � S0f ¼
E0f

dCF
þ

/NC
T0f

/NC
dFNF þ /NF

dCNC

 !

/F �
E0f

dCF
þ

/NF
T0f

/NC
dFNF þ /NF

dCNC

 !

/C ð12Þ
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With this treatment, a fully implicit discretization of the diffusion term is obtained. 
Finally, it should be mentioned that in order for the MIND scheme to satisfy the discrete 

maximum/minimum principle [52, 53], a limiter may be applied on the gradients used in the 
calculation of /NC 

and /NF
. 

New decomposition method of the modified surface vector 

Three practices have been adopted for decomposing the vector S0f [38, 39]: (i) by selecting the T0f 
component to be orthogonal to S0f to maximize the E0f component (Figure 2(a)), (ii) by selecting 
the T0f component to be orthogonal to E0f to minimize the T0f component (Figure 2(b)), or 
(iii) by setting the magnitude of the E0f component equal to that of the original modified surface 
vector (Figure 2(c)). Mathematically, the expressions for E0f and T0f for the three different practices 
(i)–(iii) are given by: 

E0f ;T0f
� �

¼

ið Þ E0f ¼
S0 f �S0 f
eCF �S0 f

eCF T0f ¼ S0f n0f � 1
eCF �n0 f eCF

� �

iið Þ E0f ¼ eCF � S0f
� �

eCF T0f ¼ S0f n0f � eCF � n0f
� �

eCF
� �

iiið Þ E0f ¼ S0f eCF T0f ¼ S0f n0f � eCF
� �

8
>><

>>:

ð13Þ

where n0f is a unit vector in the direction of S0f and eCF is a unit vector along CF. 
Experimentations with these decomposition practices for solving isotropic diffusion problems 

confirmed that option (i) is the most efficient. On the other hand, testing these practices with aniso-
tropic diffusion problems revealed that option (i) is not the most efficient. In fact, options (ii) and (iii) 
performed better in many of the problems solved with no clear superiority of one method over the 

Figure 2. Decomposition of the surface/modified surface vector into two components by (a) maximizing the Ef=E0 f component, 
(b) minimizing the Tf=T0 f , and (c) setting the magnitude of the Ef=E0 f component equal to that of the original surface vector; (d) the 
standard decomposition of the modified surface vector (standard method); (e) the newly suggested decomposition of the modified 
surface vector in the directions of the contravariant components (contravariant method).  
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other but failed to converge in some of the test cases for no obvious reasons. This raised questions 
regarding the best decomposition practice for discretizing the anisotropic diffusion flux. 

Referring back to the decomposition of the surface vector for the case of isotropic diffusion, the 
first approach is equivalent to decomposing the surface vector into its contravariant components 
and this approach is found to be more robust and more efficient than the other two decomposition 
techniques. As mentioned by Demirdzic [39], this is expected because it is the result of a direct dis-
cretization of the transport equations. Geometrically, this approach is equivalent to constructing the 
tangential component Tf to be normal to the surface vector to maximize the Ef component and 
thereby the implicit part of the diffusive flux. Since this tangential component is parallel to the face, 
the surface vector is actually decomposed into two components that are aligned with the grid system 
(the contravariant components). It is this property that should be satisfied in decomposing the modi-
fied surface vector, and not for the tangential component to be orthogonal to the modified surface 
vector (Figure 2(d)). Because the modified surface vector is not orthogonal to the face, the tangential 
component will be in a direction parallel to the face (Figure 2(e)). Therefore, the directions along 
which the modified surface vector should be decomposed are the same as the original surface vector 
(i.e., the contravariant components) with a unit vector in the Ef or Tf direction being also a unit vector 
in the E0f or T0f direction, respectively. 

Denoting the unit vectors in the Ef and Tf directions by e and t, respectively, their values can be 
computed by decomposing the surface vector Sf using the contravariant decomposition approach. 
Denoting by n the outward unit vector normal to the face, and by dCF the distance vector connecting 
the C and F centroids, the expressions for e and n are given by: 

e ¼
dCF

dCF
n ¼

Sf

Sf
ð14Þ

Using e and n, the values of Ef and Tf, following the contravariant decomposition approach, are 
found to be 

Ef ¼
Sf � Sf

e � Sf
e Tf ¼ Sf n �

1
e � n

e
� �

ð15Þ

from which the unit vector t is computed as: 

t ¼
Tf

Tf
ð16Þ

Knowing the unit vectors in the E0f and T0f directions, Eq. (2) is rewritten as: 

S0xiþ S0yj ¼ E0eþ T0t

¼ E0 exiþ eyj
� �

þ T0 txiþ tyj
� �

¼ E0ex þ T0txð Þiþ E0ey þ T0ty
� �

j
ð17Þ

from which the E0f and T0f vectors are calculated as: 

S0x ¼ E0ex þ T 0tx

S0y ¼ E0ey þ T0ty

)

) E0 ¼
S0xty � S0ytx

exty � eytx
) E0 ¼

S0xty � S0ytx

exty � eytx
e) T0 ¼ S0 � E0 ð18Þ

Results and discussion 

The performance of the newly suggested method for decomposing the modified surface vector arising 
in the discretization of anisotropic diffusion term in the contravariant directions (Figure 2(e)) is 
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evaluated by comparison with the standard decomposition approach shown in Figure 2(d). The 
assessment is performed for both the MIND and the semi-implicit schemes by solving a set of 
anisotropic diffusion problems on grids with quadrilateral elements of different skewnesses 
and density. Results are reported in terms of CPU time and residual reduction plots. For all 
predictions, computations are continued until the maximum absolute residual in the domain drops 
below 10� 8. 

Since structured grid systems are used, the TDMA algorithm is used to solve the algebraic systems 
of equations for all problems presented in this work. Because the purpose is to compare the perfor-
mance of the standard and newly derived decomposition methods of the modified surface vector, no 
algebraic multigrid solver is invoked during computations. Execution of the internal algebraic solver 
loop is continued until the residuals drop by two orders of magnitude. 

Test 1: Steady conduction with anisotropic coefficients 

The first problem, schematically depicted in Figure 3(a) along with the imposed boundary conditions, 
deals with anisotropic conduction in a square domain of side 1. The enclosure is filled with 
orthotropic material of nonzero and zero conductivity in the ξ- and η-directions, respectively 
(i.e., knn 6¼ 0, kgg ¼ 0). Thus, the solution is one-dimensional in the ξ direction, while it is 
two-dimensional in the (x, y) coordinate system and is given by [42, 54], 

/ ¼

x yþ x tan cð Þ � 1 < 0
1� y

1� yþ 1� xð Þ tan cð Þ

h i
� 1þ 1� xð Þ tan cð Þ

1� y x � 1� y
tan cð Þ

� �2
� �

yþ x � 1ð Þ tan cð Þ > 0

x þ y
tan cð Þ

þ y x � 1� y
tan cð Þ

� �2
� x þ y

tan cð Þ

� �� �

else where

8
>>>><

>>>>:

ð19Þ

where c ¼ p=2 � h. 
The expressions for the diffusion tensors in the g; nð Þ and (x, y) coordinate systems are written as: 

K g;nð Þ ¼
kgg 0

0 knn

� �

K x;yð Þ ¼
kxx kxy
kyx kyy

� �

ð20Þ

with the transformation relation allowing the calculation of K(x, y) from K g;nð Þ given by: 

K x;yð Þ ¼ RT hð ÞK g;nð ÞR hð Þ ð21Þ

where R hð Þ represents the rotation matrix for a transformation from the (x, y) to the g; nð Þ

coordinate system and is expressed as: 

R hð Þ ¼
eg � i eg � j
en � i en � j

� �

ð22Þ

In Eq. (22), eg and en are the unit vectors in the η and ξ directions, respectively, while i and j are 
the unit vectors in the x and y directions, respectively. Combining equations (20)–(22), and setting 
kgg ¼ 0; knn ¼ 1; and h ¼ p=6 (the values for which computations are performed), the diffusion 
tensor in the (x, y) coordinate system is obtained as: 

kxx kxy
kyx kyy

� �

¼
1=4 �

ffiffiffi
3
p

=4
�

ffiffiffi
3
p

=4 3=4

� �

ð23Þ

The domain is discretized using Shestakov-type grid systems [55] of different levels of skewness 
with its skewness coefficient α varying between 0.5 and 0.3 with the value 0.5 resulting in an orthog-
onal Cartesian grid. For each skewness level, meshes with sizes of 26, 28, 210, 212, 214, 216, and 218 
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quadrilateral elements are considered. Examples of the mesh systems used are displayed in 
Figures 3(b)–3(e) for a grid with size of 212 elements and for values of α equal to 0.45 (Figure 3(b)), 
0.4 (Figure 3(c)), 0.35 (Figure 3(d)), and 0.3 (Figure 3(e)). Further, the correctness of numerical 
results can be inferred from the comparison of ϕ-contours generated analytically and numerically 
displayed in Figures 4(a) and 4(b), respectively. 

Figure 3. (a) Physical situation and boundary conditions for anisotropic diffusion in a square domain with an orthotropic material; 
Shestakov-type grid systems using 212 elements with (b) α ¼ 0.45, (c) α ¼ 0.4, (d) α ¼ 0.35, and (e) α ¼ 0.3.  
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The maximum and RMS numerical solution errors for all cases considered are displayed in 
Figure 5. These are defined as: 

Errormax ¼ maxN

i¼1
/i;exact � /i;numerical
�
�

�
�

ErrorRMS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PN

i¼1
/i;exact � /i;numerical
� �2

N

v
u
u
u
t

ð24Þ

where N is the total number of elements used. Plots in Figures 5(a)–5(e) are for grid systems with a 
skewness factor α with value of 0.5, 0.45, 0.4, 0.35, and 0.3, respectively. For a given grid skewness, 
generated results clearly show the reduction in both maximum and RMS errors as the grid size 
increases. Further, for a given grid size, solution error increases as the grid skewness increases 
(compare plots in Figures 5(a)–5(e)). In all cases, the lowest solution error is obtained with the newly 
suggested method, i.e., when the modified surface vector is decomposed into its contravariant com-
ponents. In addition, using the contravariant decomposition approach, errors obtained with both the 
SI and MIND schemes are almost identical. For grid systems with moderate skewness, i.e., for α ≥ 0.4, 
it was possible to obtain converged solutions with both decomposition approaches and with the SI 
and MIND schemes. Numerical difficulties with the standard decomposition start to appear for values 
of α � 0.35. For a ¼ 0:35, it was not possible to get a converged solution with the SI scheme when the 
modified surface vector is decomposed following the standard approach. As α is further decreased to 
0.3, the only method that converges is the MIND scheme when the modified surface vector is decom-
posed in the contravariant directions. This clearly demonstrates the higher numerical robustness of 
both the MIND scheme and the contravariant modified surface vector decomposition approach. 

The CPU times required by the various methods for the maximum absolute residual over the 
domain to drop below 10� 8 are presented in Figures 6(a)–6(e) for meshes with a skewness factor 
α of value 0.5, 0.45, 0.4, 0.35, and 0.3, respectively. In each figure, the variations of CPU time with 
grid size are presented for the MIND and SI schemes with the modified surface vector decomposed 
following the standard and contravariant approach. As expected, the computational time increases 
with the grid size and for a given grid size it increases as the skewness of the grid increases. The com-
putational time required by the MIND scheme is higher than the one needed by the SI scheme to 

Figure 4. ϕ-Contours for the anisotropic diffusion in a square domain problem obtained (a) from the exact solution and 
(b) numerically on a Shestakov-type grid (α ¼ 0.4) with size of 218 elements.  
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reach the required level of convergence. However, the MIND scheme is numerically more robust and 
is the only one capable of producing a converged solution at the highest skewness considered, i.e., for 
a ¼ 0:3. Most importantly however, is the fact that for both discretization methods, the contravariant 
decomposition practice requires much lower computational time than the standard decomposition 
approach with the differences increasing as the grid size increases. As can be seen, the contravariant 

Figure 5. Variation of maximum and RMS errors with grid size for the anisotropic diffusion in a square domain problem using the 
SI and MIND schemes with the two modified surface decomposition methods for Shestakov-type grids with (a) α ¼ 0.5, (b) α ¼ 0.45, 
(c) α ¼ 0.4, (d) α ¼ 0.35, and (e) α ¼ 0.3. Note: MIND, modified implicit nonlinear diffusion.   
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decomposition approach requires a fraction of the time required by the standard decomposition 
technique for both the MIND and SI schemes. The reduction in CPU time varies with the grid size 
and grid skewness and reaches a value as high as 70%. The MIND scheme with the contravariant 
decomposition of the modified surface vector is the only combination that converges for all grid 
systems used. 

Figure 7 further compares the performance of the various schemes by plotting, over the densest 
grid used, the reduction in residuals with iterations for different values of the skewness factor, i.e., 
for a ¼ 0:5 (Figure 7(a)), a ¼ 0:45 (Figure 7(b)), a ¼ 0:4 (Figure 7(c)), a ¼ 0:35 (Figure 7(d)), 

Figure 6. Variation of CPU time with grid size for the anisotropic diffusion in a square domain problem using the SI and MIND 
schemes with the two modified surface decomposition methods for Shestakov-type grids with (a) α ¼ 0.5, (b) α ¼ 0.45, (c) α ¼ 0.4, 
(d) α ¼ 0.35, and (e) α ¼ 0.3. Note: MIND, modified implicit nonlinear diffusion.   
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and a ¼ 0:3 (Figure 7(e)). As shown, the lowest number of iterations is always associated with the 
contravariant decomposition approach of the modified surface vector. The divergence of computa-
tions when solving the problem using the SI scheme with the standard decomposition approach 
for a skewness factor a ¼ 0:35 is clearly shown in Figure 7(d). Further, for a ¼ 0:3 (Figure 7(e)), 
the only method that produces a converged solution is the MIND scheme with a contravariant 

Figure 7. Reduction of residuals with iterations for the anisotropic diffusion in a square domain problem using the SI and MIND 
schemes with the two modified surface decomposition methods for Shestakov-type grid systems with size of 218 quadrilateral elements 
with (a) α ¼ 0.5, (b) α ¼ 0.45, (c) α ¼ 0.4, (d) α ¼ 0.35, and (e) α ¼ 0.3. Note: MIND, modified implicit nonlinear diffusion.   
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decomposition of the modified surface vector. Further, the convergence rates of the SI and MIND 
schemes using a contravariant and a standard decomposition of S0, respectively, are very slow. The 
computations for these two cases were not completed because after a large number of iterations their 
residuals are still at least five orders of magnitude higher than the level set for convergence. In 
addition, for the same case, the SI scheme with a standard decomposition of S0, diverged after few 
iterations and is not presented in the figure. 

Test 2: Anisotropic conduction with a distributed source term 

Figure 8(a) displays a schematic of the problem along with its boundary conditions [40, 44, 46]. The 
domain consists of a square of side 0.5 over which the distribution of a property ϕ in the presence of 

Figure 8. (a) Physical situation and boundary conditions for anisotropic diffusion in a square domain with a distributed source 
term; ϕ-contours, (b) obtained from the exact solution, and (c) generated numerically on a Shestakov-type grid (α ¼ 0.4) with size 
of 218 elements.  
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a source term Q is sought. The domain is filled with anisotropic material of diffusion coefficient tensor K. 
The expressions for both K and Q are given in Figure 8(a). The value of ϕ at all boundaries is set to 

/ ¼ sin pxð Þ sin pyð Þ ð25Þ

The analytical solution for the problem is also given by Eq. (25). Moreover, grid systems similar to 
the ones used in solving the previous problem are used here, i.e., Shestakov-type grids [55] with sizes 
of 26, 28, 210, 212, 214, 216, and 218 quadrilateral elements and for each grid size five mesh systems of 

Figure 9. Variation of CPU time with grid size for anisotropic diffusion in a square domain with a distributed source term using the 
SI and MIND schemes with the two modified surface decomposition methods for Shestakov-type grids with (a) α ¼ 0.5, (b) α ¼ 0.45, 
(c) α ¼ 0.4, (d) α ¼ 0.35, and (e) α ¼ 0.3. Note: MIND, modified implicit nonlinear diffusion.   

204 F. MOUKALLED ET AL. 



different skewnesses 0:3 � a � 0:5ð Þ. Solutions are generated with ε set to 10� 7 resulting in an aniso-
tropic ratio of value 107. The accuracy of results can be inferred from the analytical and numerical 
solutions presented in the form of ϕ-contours in Figures 8(b) and 8(c), respectively. 

Figure 10. Reduction of residuals with iterations for anisotropic diffusion in a square domain with a distributed source term using 
the SI and MIND schemes with the two modified surface decomposition methods for Shestakov-type grid systems with size of 218 

quadrilateral elements with (a) α ¼ 0.5, (b) α ¼ 0.45, (c) α ¼ 0.4, (d) α ¼ 0.35, and (e) α ¼ 0.3. Note: MIND, modified implicit 
nonlinear diffusion.   
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The computational times required for convergence, i.e., for the residuals to be decreased to the set 
level, for all cases considered are depicted in Figure 9. As in Figure 6, the CPU times, for a given grid 
skewness, are plotted as a function of the grid size for the different discretization and modified surface 
vector decomposition methods. Results are reported in Figures 9(a)–(e) for meshes with a skewness 
factor α of value 0.5, 0.45, 0.4, 0.35, and 0.3, respectively. The same trend of results obtained in the 
previous problem is repeated here. The CPU time increases with increasing the grid size and/or the 
grid skewness. Using the modified surface vector decomposition method, the SI scheme requires 
lower computational time than the MIND scheme for low and moderate grid skewness. However, 
for highly skewed grid, the MIND scheme is more robust and more efficient than the SI scheme. 
As shown in Figure 9(d), the CPU time required by the MIND scheme is almost one-fifth the 
CPU time needed by the SI method. In addition, on the grid system with the highest skewness 
(i.e., a ¼ 0:3), Figure 9(e) indicates that the MIND scheme with the contravariant decomposition 
approach is the only combination that converges to a solution for all grid sizes. Again the newly 
suggested contravariant decomposition approach consistently requires a fraction of the time required 
by the standard decomposition technique for both the MIND and SI schemes. 

Figure 11. (a) Physical situation and boundary conditions for the anisotropic conduction in a hollow cylinder problem; (b) an 
illustrative grid network with quadrilateral elements used; (c) ϕ-contours generated numerically over a grid systems with size of 
218 quadrilateral elements.  
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The above findings are further confirmed by the residual history plots presented in Figures 10(a)– 
10(e). For a given grid skewness, results on the densest grid are reported for the various discretization 
methods used. For low grid skewness (Figures 10(a)–(c)), the SI scheme requires lower number of 
iterations for convergence with the lowest number always obtained when decomposing the modified 
surface vector using the contravariant approach. For higher grid skewness (Figure 10(d)), the SI 
scheme with the standard decomposition of the modified surface vector does no converge, while 
heavy underrelaxation is required to promote convergence of the SI scheme with the contravariant 
decomposition approach leading to a large increase in the required number of iterations and conse-
quently the CPU time. The best performance in this case is obtained with the MIND scheme when 
decomposing S0 in the contravariant directions. Again for the grid with the highest skewness (a ¼ 0:3, 
Figure 10(e)), the only scheme that converges is the MIND scheme with S0 decomposed using the 
contravariant approach. The other schemes diverge either directly (do not appear in the figure due 
to the low number of iterations from the start of computations to divergence) or after many itera-
tions. In all cases, the least number of iterations is obtained when the modified surface vector is 
decomposed using the contravariant approach. 

Test 3: Anisotropic conduction in a hollow cylinder 

The last problem, schematically displayed in Figure 11(a), deals with anisotropic conduction in a hol-
low cylinder of outer and inner diameters 1 and 1/15, respectively. The anisotropic conductivity ten-
sor is obtained by rotation of the diagonal diffusion tensor given by: 

K g;nð Þ ¼
1 0
0 e

� �

ð26Þ

through an angle h ¼ p=3. Setting the value of ε to 100, the anisotropic diffusion tensor in the (x, y) 
coordinate system is obtained from Eq. (21) as: 

K x;yð Þ ¼
301

4
� 99

ffiffi
3
p

4
� 99

ffiffi
3
p

4
103

4

 !

ð27Þ

Figure 12. (a) Variation of CPU time with grid size and (b) reduction of residuals over a grid system with size of 218 quadrilateral 
elements with iteration for the anisotropic conduction in a hollow cylinder problem using the SI and MIND schemes with the two 
modified surface decomposition methods. Note: MIND, modified implicit nonlinear diffusion.   
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The problem is solved over seven O-type grid systems with sizes of 26, 28, 210, 212, 214, 216, and 218 

quadrilateral elements subject to a Dirichlet condition of / ¼ 1 on the outer boundaries and / ¼ 3 
on the inner boundaries. Figure 11(b) depicts an illustrative grid network used, while Figure 11(c) 
displays the ϕ-contours numerically generated over the domain. The problem is solved using the 
various discretization techniques and a summary of the computational time required for all cases con-
sidered along with illustrative residual history plots is presented in Figure 12. Again, results reported 
in Figure 12(a) indicate that the SI scheme is more efficient for smooth grid systems, while the contra-
variant decomposition approach requires the lowest computational time for a converged solution to 
be obtained. This is further revealed in Figure 12(b), which displays the residual history plots for the 
densest grid used. Again the lowest number of iterations results when the modified surface vector is 
decomposed following the contravariant approach. 

Closing remarks 

The paper dealt with a new decomposition approach for the discretization of the anisotropic diffusion 
operator. The method is based on decomposing the modified surface vector into two components that 
are aligned with the grid system (i.e., the contravariant components). The new method was compared 
to the standard practice in which the modified surface vector S0ð Þ is split into two components; one 
aligned with the grid, while the other component was orthogonal to S0. The new and standard 
decomposition practices were embedded in a computer code in which the SI and MIND diffusion 
schemes are implemented and used to solve several anisotropic diffusion problems. Results generated 
indicated that the SI scheme is more efficient than the MIND scheme on grid systems of moderate 
skewness. The MIND scheme is more robust than the SI scheme and is more efficient on highly 
skewed grid systems. For the grid system with the highest skewness considered in this study, the 
SI scheme failed to converge. Moreover, for all cases considered, decomposing the modified surface 
vector in the contravariant directions resulted in a sizable reduction of CPU time reaching a value as 
high as 70%. 
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