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AN ABSTRACT OF THE THESIS OF 

 
 
 
Reem Ali Yassine     for Master of Engineering 
  Major: Mechanical Engineering 
 
 
 
Title: Dynamic Assessment and FEM Modeling of the Modal Frequencies and Shapes 
of Bovine Tibia Bone 
 
Frequency response function (FRF) and Complex Mode Indicator Function (CMIF) 
techniques were used to experimentally measure the modal frequencies for several long 
(bovine) tibia bones. CMIF has an advantage of detecting closely spaced modes by 
excluding misinterpreted peaks. It was found that the difference between the two 
methods did not exceed 2.98 %. CMIF data was more consistent when varying impact 
location. Effect of bone’s geometrical attributes on modal frequencies was statistically 
scrutinized and highly correlated parameters were identified. Bone length exhibited high 
correspondence to frequencies (p< 0.05) for practically all modes. Also, four simple 
equations were developed, relating modes 1 and 2 in the cranial-caudal (C-C) and 
medial-lateral (M-L) planes to the characteristic length of the bone.  
Starting from anatomically accurate computed tomography (CT) scans, the finite 
elements method (FEM) using ANSYS was employed to numerically estimate the 
modal frequencies of the same experimentally-characterized long (bovine) tibia bones. 
Accurate results require the proper selection of stiffness versus density (E-ρ) formulae 
for both cortical and cancellous bone constituents. This work uncovered and tested 22 
literature-reported formulae to assign elemental stiffness relative to stiffness–density 
relations. Bones are segmented into their cortical and cancellous constituents according 
to found suitable values of three variables: 1) critical cut-off Hounsfield (HU), 2) cut-off 
density, and 3) utilized number of materials. These variables were found by replicating 
the bone actual mass. Numerically estimated modal frequencies are compared to those 
measured from our dynamic experiments. Out of the 22 literature-reported formulae 
considered, the most accurate formulae yielded numerical estimates with errors 
(percentage difference between experimental data and FEM solution) of 0.95% and 
10.65% for 1st and 2nd cranial-caudal (C-C) frequencies, respectively.  
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CHAPTER I 

INTRODUCTION 
 

              Biomedical engineering has become a leading field in the development of new 

technologies that play a major role in body health assessment such as the MRI 

(Magnetic Resonance Imaging) and CT scan (Computerized Tomography). Over the 

past decade, Biomedical Engineering has been continuously providing the medical field 

with solutions to rigorous health issues that have become very prominent in the 

population, some of these health issues include CVD (Cardiovascular Disease) [1], lung 

failure, and bone-related diseases such as Osteopenia and Osteoporosis. The non-

invasive assessment of bone biomechanical competence remains a challenge, despite the 

ever-growing number of physical and imaging tools available. The assessment of the 

effect of bone metabolic diseases on the mechanical properties of long bones, such as 

tibia, is associated with several challenges related to the limitations of the current 

methods in use [2]. In relation to Osteoporosis, the variation in the flexural and torsional 

stiffness of long bones, highly depends on the geometrical nature of the bones and the 

encasing tissues around it. Modal parameter identification is a practical tool that has 

long been employed in characterizing the dynamic behavior of complex structures. 

Determining physical properties of long bones by determining resonant frequencies is 

not new [3, 4], and was later proposed for long bones [5]. Many research work has been 

done in the field of bone characterization to serve the purpose of relating dynamic 

properties of a bone to the modes of vibration.  

              A greater interest was developed for predicting the mechanical properties of 

bones using 3D finite element method (FEM) from quantitative computed tomography 
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(CT) [6, 7] or micro-CT (µCT) [8, 9] or X-rays [10] and the computations of natural 

frequencies. CT scans (Computerized Topography) is a biomedical technology utilized 

in diagnosing and locating severe bone diseases and fractures. The key for accurate 

numerical (FEM) results of biomedical studies, lies in developing an accurate 3D 

anatomical model and assigning proper material properties. Different human/animal 

anatomical structures were examined in that context, as human tibia [11, 12], human 

femur [13, 14] and human mandible or teeth [15, 16].  

              For cancellous and cortical constituents of long bone, there exists in the 

literature a large number of stiffness vs. apparent density (E-ρ) formulations of various 

forms. We wish to establish a methodology for disambiguating the salient features of 

such equations so that their use in clinical applications would have merit. To this end, 

Yassine et al. [17] compared three cases of different E-ρ relations for the purpose of 

comparing the heterogeneous material considerations to homogenous for obtaining 

accurate and efficient estimates of modal frequencies in long bones. It was found that 

heterogeneous material considerations of bone yielded more accurate modal frequency 

estimates when compared to experimental vibrational measurements. The work is 

extended here by using heterogeneous material for a large number of combinations for 

E-ρ equations. For this purpose, this work surveys and critically assesses such formulae 

in the context of being able to predict the bone’ frequency values. Included in the 

surveyed formulae are only those relevant to bone characterization via computerized 

tomography (CT) scans (e.g., Hounsfield units (HU) as variable), experimentally and 

analytically. Said values are later compared against experimentally measured frequency 

values in separate dynamic assessment work performed by Hamade and coauthors.  
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              This work employs the Complex Mode Indicator function (CMIF) on 

Experimental Modal Analysis (EMA) data, as it is capable of capturing real and 

imaginary modes [18] and detecting closely spaced modes unlike other MIFs [19]. 

Furthermore, EMA is examined utilizing a Fast Fourier Transform (FFT) analyzer in 

order to determine the frequency response function (FRF) used to study the dynamic 

properties of bovine tibia. The authors first examine the applicability of CMIF in 

determining the vibrational characteristics of a large number (13) of long bones (bovine 

tibia) assessed in vitro by impact testing. Impact testing has an advantage in going 

across frequencies more efficiently [20] than other techniques. The bones were 

instrumented with single axis accelerometers distributed uniformly over the length of 

the bone, and then were impacted at different locations in the Cranial-Caudal and 

Medial-Lateral planes, to identify the modal frequencies. FRF data and CMIF were used 

to identify the modal frequencies. Comparisons were made of the extracted modal 

frequencies based on the two approaches.  

              Second, we survey and list much of the literature-reported stiffness vs. density 

formulae for both cancellous and cortical constituents of long bones with critical 

assessment of their biological and material collection methods and conditions. The 

study is employed to compute the 1st and 2nd modal frequency values in both the 

cranial-caudal and medial-lateral planes of bovine tibia bone. After the bone is CT-

scanned, Mimics software [21] is used to transform the data to a 3D model. Apparent 

density values are linearly related to the CT number (Hounsfield Unit, HU). In 22 

different what-if-cases based on the surveyed equations, meshed elements’ stiffness is 

computed as function of density. All cases were run as linearly elastic, isotropic and 

heterogeneous materials. Elements are assigned as being either cortical or cancellous 
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based on cutoff–HU value converged upon by digitally replicating the bone mass. The 

study proceeds to identify those literature-reported formulae that come closest to 

predicting the modal frequencies and shapes of bovine tibia bone as compared to 

experimental measurements (made by Hamade and coworkers [22, 23] where the first 

and second natural frequencies were identified by the frequency response function 

(FRF). 

              Third, the study develop simple equations that estimate modal frequencies as 

function of bone lengths as the lone required variable. For this purpose, the effects of 

several geometrical parameters on the modal frequencies were scrutinized, and the 

highly correlated parameters were identified and retained. On this basis, geometrical 

models were developed for modal frequency estimation.  For bone mode shapes, six of 

the long tibias were dynamically characterized using the frequency response function 

(FRF) data extracted using ProSig© software.  
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CHAPTER II 

LITERATURE 
 

              Characterizing the mechanical properties of long bones, such as tibia, is 

associated with several challenges related to the limitations of the methods employed 

including those by vibration and ultrasonic techniques [2]. Dynamic response in the 

assessment of mechanical properties of long bones was early proposed by Doherty [3]. 

Numerous research has been conducted in the field of bone characterization to serve the 

purpose of relating dynamic properties of a bone to vibration modes [5, 24]. Various 

analysis techniques were developed to extract dynamic data (modal frequencies, 

damping ratio, and mode shapes) and simulate physical models. Some of such 

techniques are Experimental Modal Analysis (EMA), Operational Modal Analysis 

(OMA), and Finite Element Analysis (FEA).  

              Sonstegard and Matthews [5] employed vibrational studies evaluated the 

correspondence of fracture healing to (in situ) modal frequencies of long bones. 

Cornelissen et al. [25] conducted vibration experiments to determine the modal 

frequencies and their relative mode shapes. Van der Perre et al. [24] experimentally 

determined the modal parameters of human tibia in different cases. The cases include 

excised tibias (dry and fresh), in-vivo tibia and a sample extracted from an amputated 

leg. Lowet and coworkers [2, 26] utilized vibration- and ultrasound-based methods for 

their study on bone characterization. In their experiments, they used dog femora for in 

vitro experiments and human tibia for in vivo experiments. They concluded that both 

methods of analysis permit the discrimination amid geometrical changes and material 

property changes, in which the evaluation of the ultrasound attenuation provides 
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significant information on the structure of trabecular bone. Whilst the vibration analysis 

creates the relationship between long bone mechanical properties and the factors 

affecting these properties. Further, the work of Christensen et al. [27] and Nakatsuchi et 

al. [28] focused on clarifying the use of the impulse response method in the assessment 

of fracture healing. It was found [28] that the consolidation process of a material in a 

fracture gap can be assessed by the overall change of resonant frequency of the bone, 

thus, a quantitative assessment of fracture healing can be achieved. Alizad et al. [29] 

determined the vibrational characteristics of small long bones (for a rat) by observing 

the variation in resonant frequencies remotely and noninvasively. The study was done 

by exerting a vibrating force using a certain amplitude-modulated ultrasound. The 

change indicates the health condition of the bone, whether it is healing or fractured. 

Similar work by Nokes et al. [30] was carried to develop a quantitative method that can 

assess fracture healing. Their experimental setup was based on intact human tibia, a 28-

g steel ball that was dropped onto the tibial tubercle through a tube as means of 

excitation, and an accelerometer that measured the response at two different positions 

on the bone (one distal to the tibial tubercle and the other proximal to the medial 

malleolus). Hight et al. [31] focused on modeling human tibia. Their work compared 

analytical and experimental solutions to that acquired from a beam type finite element 

numerical model that predicts natural frequency response of a human tibia with varying 

properties. It was found that the values of natural frequencies are highly influenced by 

boundary conditions. Work by Collier et al. [32] focused on validating a simple beam 

model for predicting torsional stiffness from resonant frequencies with the aid of 

vibrational experiments and impact torsion tests. Their setup comprised of monkey 

radii, sheep femurs, dog tibiae, and dog femurs, an impact hammer for excitation, a 
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microphone for signal reception, and a spectrum analyzer for data analysis. A 

relationship was established between torsional stiffness and resonant frequencies of 

single bending modes, mass and bone length, based on a simple uniform slender beam 

model. Nevertheless, it was noted that using this model to predict resonant frequencies 

in bones is valid only for the first vibration modes. A study by Thomsen [12] used 

human tibia to extract seven tibial frequencies between 0-3000 Hz. Those frequencies 

correspond to six flexural mode shapes and one torsional mode. This tibial bone was 

modeled with Timoshenko beam type capable of predicting more natural frequencies. 

Wang and Williams [33] classified the vibrational modes into pure and non-pure radial 

modes considering the effect of varying both radial and axial dimensions on modal 

frequencies. 

              Regarding modal frequencies extraction, the direct use of modal parameters 

based on Fast Fourier Transform (FFT) may be challenging given that the modal data 

are not broadband data (cover only a limited number of FRF data around the resonant 

frequencies). Modal data may lack accuracy due to modal extraction processing. On the 

other hand, FRF data are less error prone because they are directly extracted from the 

responses. Furthermore, they include abundant information in a wide range of 

frequencies [34, 35]. Liu et al. [36] proposed a method to predict and control vibrations 

on a specific location of a building structure due to impact loading. The loading was 

examined for cases done by a hammer or a blast, and are simplified as an impulse train. 

The authors described it as a simpler non-linear method for nonlinear systems, modeled 

by Volterra functional series. In situ experiments were done and compared to the 

calculated results, and were in a good agreement. Malekian et al. [20] aimed to study 

the mechanical behavior of bovine spine by EMA. Natural frequencies of the 
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intervertebral disk were extracted using impact testing technique. The intervertebral 

substructures (joints) were mathematically coupled using the receptance coupling 

method at the extracted frequency values. Alternatively, Mode Indicator Functions 

(MIFs) are real-valued frequency-dependent scalars that exhibit local minima or 

maxima at system’s modal frequencies [37]. There exist many types of MIFs, and their 

relevance to the experimental work depends on the nature and complexity of the system 

under consideration. Some MIFs include: Multivariate Mode Indicator Function 

(MMIF), Complex Mode Indicator Function (CMIF), U-Mode Indicator Function 

(UMIF), Component wise Mode Indicator Function (CoMIF), and Q-Vector Component 

wise Mode Indicator Function (QCoMIF) [37]. Phillips et al. [38] discussed different 

modal parameters estimation algorithms some of which are Complex Exponential 

Algorithm, Eigensystem Realization Algorithm, Multi-Reference Frequency Domain, 

and the Complex Mode Indicator Function. It was stated that the CMIF (zeroth-order 

algorithm) provides direct estimates of the eigenvectors and is commonly used to 

process obtained data at a single or variable temporal conditions. The peak in the CMIF 

plot signifies the location on the frequency axis that is closest to the pole. The closer the 

modal frequency is to the discrete frequency, the higher the singular value will be [38]. 

Hence, it can detect closely spaced modes [39] and of capturing real and imaginary 

modes [18]. 

              Early numerical and analytical studies have been conducted to compute the 

natural frequencies of human tibia. Thomsen [12] approximated long bones as beam 

finite model and estimated frequency values of 431 Hz and 520 Hz for the first modes 

and 1220 Hz and 1489 Hz for the second modes associated with anterior-posterior and 

medial-lateral planes, respectively. Hobatho et al. [11] obtained a 3% difference 
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between the two outcomes upon considering inhomogeneous material. The first natural 

frequencies were around 421.25 Hz and 505.5 Hz, and the second natural frequencies 

were approximately 1096.5 Hz and 1272 Hz. It was found that the difference is due to 

the assigned mechanical properties and mass distribution. Lowet [26] studied the first 

modal frequency for various animal species (sheep, dogs and monkeys) by which 

specimens were modeled as a uniform slender beam model.  

              To relate bone stiffness to behavior, a large number of stiffness vs. density 

equations can be found in the biomechanics literature developed using a variety of 

methods. Employing three-point bending tests, Snyder and Schneider [40] proposed 

formulation for the mid-diaphysis region of human tibia bones being of 29-73 years old, 

by examining 45 flat rectangular (slices) specimens. Based on the theory of thin plates, 

a study of human long bones by Lotz et al. [41] included both metaphyseal and 

diaphyseal regions with 123 and 36 tested specimens, respectively. While employing 38 

specimens, a stiffness-density linear relation was formulated by Keaveny et al. [42] for 

cancellous tibia bone in the proximal region.  Gupta and Dan [43] established relations 

for human scapula bone using a relatively large number (25) of data points with only 2 

points used for cortical bone extracted from the subchondral region. Wirtz et al. [44] 

formulated E-ρ relations by computing the mean regression line of earlier works by 

Abendschein and Hyatt [45] and Lotz et al. [41]. Austman et al. [46] compared 

customized equations against experimental (using 12 uniaxial strain gauges) outcomes 

describing 8 long ulna bones harvested from distal regions.  Austman et al. [47] 

examined six various literature-reported relations based on human ulnae. Contrasting to 

previous experimental work on strain and perhaps due to high estimates of cortical 

stiffness, only 2 equations were selected with one [48] under-estimating and the other 
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[49] over-estimating strain target values. Other [47, 50] used extrapolations of the same 

equation to cover density ranges of cortical and cancellous constituents. Reported 

formulations of cortical and cancellous bovine bone include those by Huang et al. [51] 

and Keaveny et al. [42]. Using 10 bovine femur diaphyseal cortical bone, Huang et al. 

[51] related the stiffness modulus to CT number (Gray values (GV)) by matching 

experimental and numerical results of compressive tests.  
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CHAPTER III 

EXPERIMENTAL WORK 
 

A. Setup 

              Thirteen fresh bovine tibia bones were collected from different calves 

approximately 2 years of age collected fresh from butcher. The cleaning process 

employed Bio-powder that contained enzymes to help remove extra surface tissues. The 

bones were tested in a free-free setup scenario (Figure 1) where they rested on rubber 

supports that were attached at one end to the surface of a damping table (Newport Lab 

Legs™ RL- 2000 series) by means of bolts, and at the other end to the bone extremities. 

The case of a free-free system best describes the actual anatomical boundary conditions 

of the bone, despite eliminating preloading [52]. By hanging the bones as such during 

the experiments, external loads other than the tension acting on the supports were 

eliminated, and the free-free boundary condition was ensured [53]. The experimental 

setup comprises of an impact hammer (Dynapulse™ Impulse Hammer) with a hard 

plastic tip and six accelerometers mounted using wax (Figure 1). Accelerometers on 

locations 1, 3, 4 and 6 (PCB Piezoelectronics 352C34 SN) that are equally spaced, were 

employed in the modal frequency study. Three distinct impact locations were chosen for 

excitation such that the first is located between accelerometers 1 and 3, the second is 

between accelerometers 3 and 4, and the third is between accelerometers 4 and 6 as 

indicated in Figure 1.  
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Figure 1.  Experimental set-up for mode shape (medial-lateral plane shown). 

 

For the mode shapes study, a variant of this procedure using additional accelerometers 

was used. Accelerometers 3 and 4 (PCB Piezoelectronics 352C22 SN) have low 

sensitivity (~10 mV/g) and are very lightweight (0.5 grams). Accelerometers 1, 2, 5 and 

6 (PCB Piezoelectronics 352C34 SN) have higher sensitivity (~100 mV/g) and are 5.8 

grams each. Vibrations were excited by an impact hammer (Dynapulse™ Impulse 

Hammer) at a single point located at mid-span. This study is employed on Bones 6, 8, 

10, 11, 12, and 13.  

              Bone’s geometric parameters were measured in the Cranial-Caudal and 

Medial-Lateral planes for two sectioned regions (Figure 2a and 2b). Table 1 lists the 

measured geometrical attributes. The bone was assumed to have an elliptical cross-

sectional area [54] to ease the calculation of geometrical parameters such as mid-section 

area and perimeter. The Cranial-Caudal distance (CC) and Medial-Lateral distance 
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(ML) are the primary distances of section BB, and  and are the primary diameters 

of section AA.  

 
Figure 2a.  Two respective cross sections B-B and A-A used for dimensional 

measurements. 

 
 

Figure 2b. Sections BB and AA respectively from left to right. 

 
Table 1. Dimensional measurements of tibia bones. 

Bone 
# 

Length 
 (mm) 

Mass 
(g) 

CC 
proximal 
(mm) 

ML 

proximal  
(mm) 

CC 
 distal 

(mm) 

ML 
 distal 

(mm) 

 
 

(mm) 
 

(mm) 
Area 

 (mm2) 
Perimeter 

(mm) 

1 365 1038 111 81 81 53 44 32 1101 243 
2 345 1054 108 77 83 48 48 34 1206 261 
3 316 894 102 78 74 47 43 28 965 228 
4 368 1610 122 92 97 54 57 42 1777 315 
5 400 1504 117 87 88 55 55 36 1605 292 
6 405 1408 113 80 79 50 47 33 1298 255 
7 410 1676 118 82 86 58 54 37 1555 291 
8 357 1200 109 84 78 45 41 36 1152 242 

9 370 1300 105 72 69 47 44 31 1080 240 

10 387 1380 120 102 83 62 47 33 1203 254 
11 372 1217 117 97 82 58 47 32 1174 252 
12 410 1380 114 106 71 51 50 33 1293 266 
13 415 1697 127 104 86 61 54 37 1569 290 
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              The data acquisition module NI PXIe-4492 was mounted on NI PXIe-1082 

chassis. Data were collected at sampling rate of 8 kHz for duration of 300 milliseconds 

to ensure that the response is completely damped. 

 

B.      Methodology 

1.     Frequency Response Function (FRF) 

              The response in the FRF can be represented as a displacement, velocity, or 

acceleration. The FRF  (Equation 1) is defined as the Fourier transform of an 

output response  to the Fourier transform of the input force  [55]. 

 

(1) 

The analysis of the frequency response function   with random noise and distortion 

summing up to the output, consists of three main stages. The first stage of the analysis 

requires the calculation of the cross spectral density of the input and the output which is 

given by the symbol . This calculation is implemented by using the response as 

the first input and the excitation as the second input. The second stage involves 

determining the auto spectral density of the input . Last, the frequency response 

function (FRF) is obtained (Equation 2), which is the ratio of the cross-spectral 

density ) to the auto spectral density )) [55]. 

 

(2) 

where, 

 

: Auto spectral density of the output and input 
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: Cross spectral density of the input 

  

Similarly, if random noise and distortion are summed up to the input, the frequency 

response function  becomes defined by: 

 

(3) 

Where, 

: Auto spectral density of the output 

: Cross spectral density of the output and input 

              Measured responses in time domain were transformed to frequency domain 

using Fast Fourier Transform (FFT) algorithm. The FRF was then found using the 

noise-free FRF formulation given by Equation 1, considering that the damping table and 

excised bone reduced random noise to some extent. Later, the resonant frequencies were 

determined by manual peak picking. A representative FRF spectrum (for Bone 6) based 

on the four accelerometers response and impact at location 2 is shown in Figure 3. 
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Figure 3. Sample frequency response plots for Bone 6 generated using the data from the 

four accelerometers – lateral direction; acc: accelerometer. 
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2.     Complex Mode Indicator Function (CMIF) 

              CMIF is a practical procedure that necessitates minimal user intervention to 

produce modal frequencies. It is characterized by the eigenvalues and solved from the 

normal FRF matrix at each spectral line. The normal matrix can be obtained by post-

multiplying the FRF matrix by its Hermitian Matrix  [56]. 

 

(4) 

 

(5) 

A more precise representation of the above equations is given by: 

 

(6) 

 

(7) 

Where,  

 : FRF matrix 

 : Hermitian (conjugate transpose) of a matrix 

 : Left singular matrix, corresponding to matrix of the mode shape vectors 

 : Diagonal singular value matrix 

: Right singular matrix, corresponding to the matrix of modal participation vector 

: Diagonal eigenvalue matrix 

 :   CMIF at frequency  

 :   Eigenvalue of the normal matrix at frequency  

 :   Singular value of the FRF matrix at frequency  

 : Number of inputs 

 : Number of outputs 
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              The procedure to obtain CMIF plots is illustrated in Figure 4. Eigenvalues are 

solved using the preceding equations and later plotted as magnitude (or log magnitude) 

scale against frequency. Local maxima or minima are observed indicating the presence 

of physical modes. Frequency values of observed peaks are the natural damped 

frequencies of each mode. The formulation was implemented in custom MATLAB code 

to compute and plot the CMIF spectrum. EMA data that includes hammer impact 

(input) and response from 4 accelerometers (output) were loaded into the code and 

numerical calculations were implemented. The code accepts the input and data from 

each accelerometer simultaneously, builds and solves the matrix systems to find the 

eigenvalues, and plots values with respect to frequency. 
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Figure 4. Schematic of the analysis procedure based on the CMIF. 
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CHAPTER IV 

NUMERICAL WORK 
 

A. FEM Model Preparation 
 

1. Bone Segmentation from CT Scans 

              For model preprocessing to ANSYS, CT scans (Philips Brilliance iCT scanner) 

were obtained for tibia bones collected from the hind legs of a 2-year-old cow (dubbed 

Bone A): slice thickness of 0.67 mm and spacing of 0.33 mm and resulting in voxel size 

of 0.32 mm. Total number of 1255 slices were passed to Mimics in DICOM format 

where segmentation was performed using threshold values chosen for compact or 

cancellous bone tissue. Figure 5 displays CT scans where top left, top right, and bottom 

left images depict the medial-lateral, axial, and cranial-caudal planes, respectively.  

 

Figure 5. CT scans in different planes; top left: medial-lateral plane (x-z axis), top 

right: axial plane, bottom left: cranial-caudal plane (y-z axis); bottom right: 3D model. 
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2. FEM Model 

              Following segmentation and in preparation for element meshing, the 3D bone 

model is processed using 3matic (also from Materialize) for surface and volume 

meshing (for more details see [57]). A free-free boundary condition is considered in 

ANSYS to mimic the boundary conditions imposed in the experimental dynamic 

assessment conducted by Hamade and coworkers [23]. In addition to bone tissue, the 

CT scans also captured the mounting hardware needed to attach the piezoelectric 

sensors needed in the experiments. The meshed 3D model for Bone A consisted of 

473704 linear tetrahedral (Tet 4) elements and 83890 nodes.  

 

B. Material Assignment 

1. Stiffness-Density Formulae 

              In relating stiffness to apparent density of cortical and cancellous bone tissue, 

both power and linear form relations are reported in the literature. A summary of the 

literature-surveyed equations along with relevant attributes is listed in Table 2. Co-listed 

are equations suggested by Mimics [21]. Table 2 lists various anatomical attributes 

studied as well as testing protocol details that help put the considered formulae in 

context.  

              Table 2 also lists apparent density ranges and corresponding ranges of the 

modulus of elasticity. Listed are seven cortical (compact) formulae, four cancellous 

formulae, and three formulae applicable to both constituents (that of [43]). Employing 

25 cancellous and 2 cortical data points for a scapula (flat bone having less cortical 

tissues than long bones), Gupta and Dan [43] proposed the only formulae applicable to 
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both cortical and cancellous bone constituents. The maximum modulus value (starting 

from zero modulus) calculated was  (at . They specified two 

ranges of stiffness for cancellous cell structures: one for open (  

for ) and another for closed ( ).  

Snyder and Schneider [40] considered modulus range ( ) for cortical 

tibia bone with axial stiffness of  (for  with examined density 

range of . Linear and power relations were studied in the corresponding 

reference.  

              Lotz et al. [41] developed cortical equation for femur long bone obtained from 

specimens collected mainly from metaphyseal region (relatively thin cortex shell). 

Formulae yield relatively low stiffness values in the range  GPa for 

density range  with one sample calculation yielding  

at .  

              Wirtz et al. [44] developed a cortical equation by considering two 

experimentally based literature studies [41, 45]. Formula estimates stiffness value for 

 (at ) and  (at ) and modulus range of 

 (for ) and (for ), 

respectively.  

              The cortical investigation by Austman et al. [46] was based on ulna (long bone) 

with 8 extracted specimens from the distal region that may have contained more 

trabecular bone (cancellous bone with high material properties) than cortical given that 

it came from the lower metaphyseal part of the bone. In the longitudinal direction, 
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average compressive modulus for human cortical bone is estimated at about  [9, 

58-60]. Note that the MIMICS recommended  relation for cancellous bone does not 

cite basis for their recommendation. Relating to cancellous bovine bone with relatively 

low densities ( ), a formula proposed by Keaveny et al. [42] yielded 

stiffness modulus values in the range . While, for cortical bovine bone 

Huang et al. [51] estimated stiffness values of  at . For bovine 

cortical bone at mid diaphysis of long bones, values of about  have been reported 

[57, 61-64]. 

Table 2. Description of formulae considered in this work. 

Refs Type of bone 

Regio
n 

studie
d 

Sample 
tested 

Age 
(year

s) 

# of 
samp

les 

Orient
ation 

Geom
etrical 
dimen
sions 
b x w 

x t 
or d x 

l 
(mm) 

Range of 
tested apparent 
density ( )  

 
modulus of 
elasticity 

(  

[40] 
Hu
ma
n 

Long 
bone - 
tibia 

Cortic
al 

Mid-
diaphy

sis 

Flat 
rectangul
ar plate 

29-
73 

45 
speci
mens 

longitu
dinal 

2x2x4
0 

 

 

[41] 
 

Hu
ma
n 

Long 
bone - 
femur 

Cortic
al Metap

hyseal 
Flat 

rectangul
ar 

prismatic 
plate 

28-
90 

123 
speci
mens longitu

dinal 
7x5x0

.4 

 

Diaph
yseal 

36 
speci
mens 

 

[42] 
Bo
vin
e 

Long 
bone - 
tibia 

Cancel
lous Proxi

mal 

Flat 
rectangul
ar plate 

NA 
38 

speci
mens 

longitu
dinal 3x3x1 

 

 

[43] 
Hu
ma
n 

Flat 
bone - 

Scapula 
(glenoi

d) 

Cortic
al  

Subch
ondral 

Flat 
rectangul
ar plate 

NA 

25 
canc
ellou

s 
point

s 

longitu
dinal 

6.5x8 

 

2 
corti
cal 
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point
s 

[43] 
Hu
ma
n 

Flat 
bone - 

Scapula 
(glenoi

d) 

Cancel
lous 

Subch
ondral 

Flat 
rectangul
ar plate 

NA 

25 
canc
ellou

s 
point

s 

longitu
dinal 6.5x8 

  &  
 

  
& 

 
[44] [41] + [45] 

[45] 
Hu
ma
n 

Long 
bone - 
tibia 

Cortic
al Diaph

yseal 

Flat 
rectangul
ar plate 

16-
55 

51 
speci
mens 

longitu
dinal NA 

 

 

[46] 
Hu
ma
n 

Long 
bone - 
ulna 

Cortic
al Distal 

Flat 
rectangul
ar plate 

60-
76 

8 
speci
mens 

longitu
dinal NR 

 

 

[51] 
Bo
vin
e 

Long 
bone - 
femur 

Cortic
al Diaph

yseal 
Cubic 

specimen NA 
10 

speci
mens 

longitu
dinal 

10x10
x10 

NA 
NA 

[21] NA 
Long 
bone - 
tibia 

Cortic
al, 

Cancel
lous 

Proxi
mal NA NA NA 

longitu
dinal NA 

NA 
NA 

 

              For potentially accurate material assignment for cortical and cancellous 

constituents, Table 3 lists 22 cases of stiffness vs. density literature-reported formulae. 

All E-density relations were modified to fit units of E: MPa and density: . These 

cases constitute single formula or combinations of the formulae listed in Table 2. 

Apparent is the immense variety of formulation between linear and power yielding, for 

same bone density, great differences were seen in estimated weighted average E values 

(Section Weighted average modulus of elasticity below). 
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Table 3. Twenty two different cases considered (cancellous-1, -2, and -3 refer to 
different formulae in Table 1). Units:  E: MPa and density:  

Case # Formulae 
Refer
ences 

Weighted 
average 

modulus of 
Elasticity 

(MPa) 
Case 1  (compact & cancellous-1)  [43] 13888.88 
Case 2  (compact & cancellous-2) [43] 14655.61 
Case 3 (compact & cancellous-3) [43] 14482.69 

Case 4 
(compact) 

  (cancellous: ) 
  (cancellous: ) 

[21] 
[43] 
[43] 

14947.71 

Case 5 
 (compact) 

  (cancellous: ) 
  (cancellous: ) 

[46] 
[43] 
[43] 

15356.47 

Case 6 
 (compact) 

  (cancellous: ) 
  (cancellous: ) 

[41] 
[43] 
[43] 

10924.28 

Case 7 
(compact) 

 (cancellous-1) 
[21] 
[21] 12462.06 

Case 8 
 (compact) 

  (cancellous-2) 
[46] 
[21] 13521.35 

Case 9 
 

  (cancellous: ) 
  (cancellous: ) 

[40] 
[43] 
[43] 

13251.91 

Case 
10 

(compact) 
  (cancellous-2) 

[21] 
[21] 13027.97 

Case 
11 

 (compact) 
 (cancellous-1) 

[41] 
[21] 8523.24 

Case 
12 

 
 (cancellous-1) 

[40] 
[21] 10850.87 

Case 
13 

 (compact) 
3.  (cancellous-1) 

[46] 
[21] 12955.43 

Case 
14 

 (compact) 
4.   (cancellous-2) 

[41] 
[21] 9089.143 

Case 
15 

 
  (cancellous-2) 

[40] 
[21] 11416.78 

Case 
16 

 (compact) 
  (cancellous: ) 

  (cancellous: ) 

[44] 
[43] 
[43] 

11555.33 

Case 
17 

 
 (cancellous-1) 

[44] 
[21] 9154.309 

Case 
18  

[44] 
[21] 

9720.212 
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  (cancellous-2) 

Case 
19 

 (compact) 
  (cancellous) 

[51] 
[42] 10541.75 

Case 
20 

 
  (cancellous-2) 

[40] 
[21] 11383.29 

Case 
21 

 
 (cancellous-1) 

[40] 
[21] 10817.6308 

Case 
22 

 
  (cancellous: ) 

  (cancellous: ) 

[40] 
[43] 
[43] 

13216.94 

 

2. Method of Material Assignment 

              The tibia bone is transferred from 3-matic back to Mimics for material 

assignment according to gray value whereby cancellous and cortical constituents are 

demarcated according to HU values that define material apparent density. The cut-off 

value to demarcate these two types of materials is arrived at by developing a method to 

accurately estimate the measured bone mass of Bone A. Cut-off HU and density values 

were reached at by developing their varying response to the change of weighted average 

density (i.e. bone mass). Two linear relations are formulated with respect to the mass, 

and then the cut-off HU and the cut-off density values were set for values that satisfy 

the measured mass for Bone A. The study was done on a range of HU and density 

values. A range of density between 1.6 and 1.8 , displayed an increasing effect of the 

cut-off density on the bone mass (Figure 6(a)). For a mass of 1.408 kg, the cut-off 

density was approximated to 1.7455 . Figure 6(b) shows that the bone mass decreases 

as the cut-off HU value increase, since the number of cortical bone elements will 

decrease. For a mass of 1.408 kg the cut-off HU value was equal to 500. The total 

number of materials used was examined for their effect on the bone mass. The bone 
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mass varies as increasing the number of materials (Figure 6(c)), until it reaches a 

steady-state where the number of assigned materials will no longer be influential (for 

number of materials >156). 
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(c) 
Figure 6. (a) Bone mass (kg) versus cut-off density ( ), (b) bone mass versus cut-off 

HU, (c) average density versus number of materials. 
 
 
              The values of the variables used are 426 as the number of materials, 500 as the 

cut-off HU value and 1.7455  as the cut-off density value. To differentiate regions of 

very low density from those of higher densities, cancellous bone was split into two sub-

constituents over 2 HU intervals. The range of the least dense cancellous bone [13] 

extends from the lowest value of -1024 HU (density near  ) to HU = -710 (density 

of ). This is illustrated in Figure 7(a) which is a histogram plot of number of 

elements assigned for each material with respect to HU where the elements on the very 

left represent bone of very low density and stiffness with negative CT numbers. The 
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next denser cancellous material in Figure 3(a) has HU extending over the range of HU = 

-710 to 499 HU  density). Further to the right are cortical bone elements with 

up to maximum cortical density of  [62]. Literature works related material 

properties by power laws while maintaining one parameter as constant (e.g. Poisson’s 

ratio) [65]. The Poisson’s ratio was considered as homogeneous and equal to  

[44]. The elements on the extreme right (HU >2896) represent materials of foreign 

nature (ceramic piezoelectric sensors) on bone surface ( ).  

Elemental distribution of bone materials is shown pictorially in Figure 7(b). Note the 

additional ceramic hardware are needed for dynamic testing (highest HU values). The 

variation of colors from blue to red represent the range of HU values per Figure 7(a) 

from the lowest HU value to the highest. The cortical shell in mid-diaphysis region has 

the highest stiffness value (in turns it has the highest HU value), however it does not 

show “dark red” region, since the color variation is varied along the bone marrow (very 

low stiffness value) and the ceramic plates (E=200 GPa). Hence, according to this 

interval ~21GPa which is the cortical stiffness is not the highest.  

 

(a) 

27 
 
 



 

 

(b) 

Figure 7. (a) Number of elements vs. HU range, (b) bone with materials’ properties 
assigned for the meshed elements. 

 

3. Weighted Average Modulus of Elasticity 

              Based on the HU cutoff values above for Bone A, the FEM model yielded 

weighted average density value of  and total mass of  (0.42 % 

difference from the measured mass). The weighted average modulus of elasticity for 

each case in Table 4 (last column) differ depending on the equations used (last column 

in Table 3) calculated relative to total number of elements according to Equations (8) 

and (9).  

Weighted average value of density:  

 

(8) 

Weighted average value of modulus of elasticity:  

 

(9) 

Where, N: Number of elements 
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   : Apparent density  

   : Modulus of elasticity 

   : Total number of elements 

4. Distinctions of Current Work with Other Work Reported in the Literature 

              This work is compared to studies reported by Taylor et al. [7] and Scholz et al. 

[9]. Table 4 lists differences between this work and previous works. Taylor et al. [7] 

estimated modal frequencies of a cadaveric femur using CT scans and finite element 

analysis for numerical approach. Material constants as bone mass, elastic constants were 

estimated by fitting the orthotropic numerical data to the measured values. Their 

objective was to investigate if modal analysis would predict the bone’s material 

constant. The material properties were varied so that the first computed natural 

frequencies (numerically and experimentally) are equal. All bone materials had the 

same density-HU quadratic relation, and only 42 different material groups were created 

for bone constituents. Scholz et al. [7] examined the suitability of three literature 

density-elasticity relations [8, 9, 11] for human pelvic bone that were formulated from 

long bones in previous works. The bones were CT scanned, and then segmented and 

processed in MIMICS. The model mass was adjusted to approach the measured mass 

value of the referenced work using a series that should have the least value upon getting 

the difference between masses. 
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Table 4. Comparison of this work and previous works Taylor et al [7] and Scholz et al. 
[9]. 

References 
Differences Taylor et al [7] Scholz et al. [9] This work 

Test type Modal analysis Modal analysis Modal analysis 
Specimen type Human femur Human pelvic Bovine tibia 

Scope 

The study focuses on 
matching numerical 

and experimental 
results for the first 
natural frequency 

solely, by modifying 
the material 
constants. 

The study examined the 
suitability of three 
literature density-

elasticity relations for 
human pelvic bone that 
were formulated from 
long bones in previous 

works. 

The study focuses on 
assessing the most suitable 

stiffness-density 
combination among all 

what was found from the 
literature using the apparent 

density. 

Model mass 

Model mass is 
modified to match the 

measured value, by 
varying the moduli 

values. 

Model mass was adjusted 
to approach the measured 

mass value. 

Model mass was reached 
for upon varying the cut-off 

point and the number of 
materials. The cut-off point 
is the point separating bone 

constituents. 

Material 
assignment 

All bone materials 
had the same density-

HU quadratic 
relation. 

The stiffness-density 
relationships were 
assumed valid for 

cancellous and cortical 
bone constituents. 

Different bone constituents 
were assigned different 

stiffness-density 
relationships, depending on 

the formulating process. 
Material 

Properties Bone is orthotropic. Bone is isotropic. Bone is isotropic 

Stiffness relation 
Stiffness values did 

not vary with the 
apparent density. 

Stiffness depends on the 
apparent and ash density 

Stiffness depends on the 
apparent density 

Number of 
materials 

Small number of 
materials were set for 
the cancellous bone 

HU region. 

_ 

The number of materials of 
cancellous and cortical 

bones were close and high 
with a total of 426 for both. 

Density-stiffness 
relationships _ 

Three different literature 
density-stiffness 

relationships were 
examined; three: cortical 

+ cancellous. 

13 different literature 
density-stiffness 

relationships were 
examined; six: cortical, 

four: cancellous and three: 
cortical + cancellous. 

Case combination _ No cases were examined 

19 cases were created from 
these eight relationships for 

cancellous and cortical 
bones. 

Test examination _ No retesting was done Retested on a new bone 
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CHAPTER V 

RESULTS AND DISCUSSION 
 

A. FRF vs. CMIF 

1.    Modal Frequencies 

a. Cranial-Caudal Modal Frequencies: FRF and CMIF Methods 

              Based on FRF data resulting from an average of 10 impacts at the same 

location, the first and second modes are captured. Sample FRF reconstructed CMIF 

plots of magnitude vs. frequency are plotted in Figure 8 (A). Also plotted frequency 

plots at 3 locations are shown in Figure 8 (B-D). The frequencies of each of the modes 

were reported from each accelerometer and for every impact location but only average 

values and standard deviation values are listed in Table 5. The first modal frequency 

captured for each of the bones was consistent across the four accelerometers used and 

for the same impact location. For instance, based on the four accelerometer readings the 

first bending mode of Bone 6 was determined to be 516.5 Hz. This slightly differed 

between individual accelerometers with a maximum difference of 1 Hz. The percentage 

difference was larger when the second mode was considered (reaching 23 Hz). Some 

variations were observed in frequency values reaching 1.63% when changing impact 

location. The second bending mode frequency (e.g. 1458.5 Hz for Bone 6) values varied 

depending on the measurement location, as well as the impact location, resulting in 

variation of 12.44%.     
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Figure 8. Sample CMIF plots vs. FRF at different impact locations for Bone 6 
generated using the data from each accelerometer – Cranial-Caudal Direction; 

Reconstructed CMIF (A); Frequency response function- (B) Location 1; (C) Location 2; 
(D) Location 3. 

 
              Raw data were processed using the CMIF to extract the first and second 

bending mode. The first bending mode for Bone 6 was determined to be 520.5 Hz, 

while the second mode was found to be 1465 Hz (example is shown in Figure 8 (A)). 

The influence of the impact location on the measured frequency was less significant 

with the CMIF technique, with a maximum variation of 1.63% and 6.27%, for the first 

and second mode respectively. Variation in the geometrical differences and mass 

variations amongst all bones gave rise to difference in the modal frequencies calculated. 
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Table 5. Average (and Std dev) values of resonant frequencies (Hz) obtained from FRF 
method and CMIF – Cranial-Caudal plane. 

   
Location 1 Location 2 Location 3 average values 

   

Mode 
1 

Mode 
2 

Mode 
1 

Mode 
2 

Mode 
1 

Mode 
2 Mode 1 Mode 2 

Bone 1 FRF Average 
(stdev) 

597 
(0) 

1605 
(29) 596 (2) * 596 

(2) 
1590 
(0) 596 1598 

CMIF 601 1586 601 1582 601 1582 601 1583 

Bone 2 FRF Average 
(stdev) 

661 
(0) 

2352 
(15) 665 (0) 2458 

(13) 
654 
(10) 

2467 
(12) 660 2426 

CMIF 665 2358 665 * 672 2342 667 2350 

Bone 3 FRF Average 
(stdev) 

697 
(6) 

1797 
(24) 

696 
(10) 

1771 
(12) 

704 
(6) 

1991 
(80) 699 1853 

CMIF 705 1822 701 1802 705 1854 703 1826 

Bone 4 FRF Average 
(stdev) 

742 
(2) 

1465 
(28) 743 (2) 1502 

(0) 
744 
(6) 

1445 
(0) 743 1471 

CMIF 741 1481 749 1502 753 1574 747 1519 

Bone 5 FRF Average 
(stdev) 

628 
(2) 

1686 
(18) 628 (2) 1681 

(20) 
625 
(3) 

1669 
(23) 627 1679 

 CMIF 629 1686 629 1686 633 1682 630 1685 

Bone 6 FRF Average 
(stdev) 

514 
(1) 

1456 
(15) 521 (0) * 517 

(0) 
1461 
(0) 517 1459 

 CMIF 521 1465 521 1465 521 1465 521 1465 

Bone 7 FRF Average 
(stdev) 

627 
(2) 

1248 
(13) 629 (0) 1251 

(2) 
629 
(0) 

1251 
(2) 628 1250 

CMIF 625 1249 625 1249 625 1249 625 1249 

Bone 8 FRF Average 
(stdev) 

765 
(3) 

2183 
(12) 765 (3) 2186 

(10) 
765 
(3) 

2185 
(8) 765 2185 

CMIF 773 2178 773 2178 773 2178 773 2178 

Bone 9 FRF Average 
(stdev) 

588 
(2) 

2148 
(34) 588 (2) 2146 

(22) 
589 
(0) 

2149 
(33) 588 2148 

CMIF 585 2130 585 2130 585 2130 585 2130 

Bone 10 
FRF Average 

(stdev) 
530 
(2) 

1640 
(70) 526 (2) 1686 

(97) 
527 
(4) 

1529 
(43) 527 1618 

CMIF 529 1658 529 1686 529 1682 529 1675 

Bone 11 FRF Average 
(stdev) 

564 
(6) 

1515 
(104) 557 (0) * 559 

(2) 
1490 
(28) 1502 2008 

CMIF 557 1461 566 1461 557 1465 1462 2038 

Bone 12 FRF Average 
(stdev) 

595 
(4) 

1595 
(15) 594 (2) * 594 

(2) 
1608 
(66) 594 1602 

CMIF 593 1598 593 1594 593 1598 593 1597 

Bone 13 FRF Average 
(stdev) 

584 
(6) 

1612 
(26) 582 (2) * 582 

(2) 
1608 
(40) 582 1610 

CMIF 581 1618 581 1622 581 1626 581 1622 
 

* Frequency mode was not captured 
 

 

b. Medial-Lateral Modal Frequencies: FRF and CMIF Methods 

              Based on FRF data resulting from an average of 10 impacts at the same 

location (Figure 9 (B-D), the first and the second modes were captured in the Medial-
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Lateral direction. The frequencies of each of the modes were recorded from each 

accelerometer and for every impact location. The first modal frequency captured for 

each of the bones was more consistent than the second modal frequency captured across 

the four accelerometers used and for the same impact location. For example, the first 

bending mode of Bone 6 at location 1 was determined to be 714 Hz on average (based 

on four accelerometer readings) where the maximum difference between the average 

value and a reported value from the accelerometers was determined to be 9 Hz. On the 

other hand, for the second modal frequency captured at location 1 for Bone 6, the 

maximum difference between the average value of the second modal frequency (1859 

Hz) and a reported value from the accelerometers was 13 Hz. Some variation was 

observed in the first modal frequency value (e.g. 714 Hz for Bone 6) reaching 2.32% 

when shifting the impact location. The second bending mode frequency (e.g. 1859 Hz 

for Bone 6) varied within 9.87% depending on the measurement and impact location. 

Raw data were processed using CMIF to extract the first and second bending modes. 

The first bending mode for Bone 6 was determined to be 721 Hz, while the second 

mode was found to be 1865 Hz (an example is shown in Figure 9 (A)). The influence of 

the impact location on the measured frequency was less significant with the CMIF 

technique, with a maximum variation of 1.88% and 5.07%, for the first and second 

modes, respectively.  
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Figure 9. Sample CMIF plots vs. FRF at different impact locations for Bone 6 
generated using the data from each accelerometer – Medial-Lateral Direction; 

Reconstructed CMIF (A); Frequency response function- (B) Location 1; (C) Location 2; 
(D) Location 3. 

 
Table 6. Average (and Std dev) values of resonant frequencies (Hz) obtained from FRF 

method and CMIF – Medial-Lateral Direction. 

   
Location 1 Location 2 Location 3 average values 

   

Mode 
1 

Mode 
2 

Mod
e 1 Mode 2 Mode 1 Mod

e 2 
Mode 

1 
Mode 

2 

Bone 1 FRF Average 
 (stdev) 

811  
(4) 

2041 
(7) 

810 
(5) 

2045 
(21) 

807  
(7) 

2035 
(17) 809 2040 

CMIF 813 2042 809 2050 813 2042 811 2045 

Bone 2 
FRF Average 

 (stdev) 
949  
(3) 

2201 
(6) 

951  
(2) 2190 (0) 953  

(0) 
2245 
(42) 951 2212 

CMIF 953 2198 949 2186 953 2198 952 2194 

Bone 3 
FRF Average 

 (stdev) 
1017 
(0) 

2186 
(0) 

1012 
(18) * 1016 

(10) 
2359 
(11) 1015 2273 

CMIF 1021 2350 1021 * 1021 2366 1021 2358 

Bone 4 FRF Average 1054 2222 1050 * 1049  2178 1051 2200 
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(stdev) (2) (8) (2) (3) (56) 

CMIF 1053 2222 1053 * 1053 2230 1053 2226 

Bone 5 FRF Average 
(stdev) 

865  
(8) 

2042 
(14) 

860  
(6) 

2027  
(30) 

865  
(17) 

2030 
(22) 863 2033 

CMIF 865 2038 857 2018 861 2038 861 2031 

Bone 6 
FRF Average 

(stdev) 
714  
(6) 

1859 
(9) 

717  
(3) 

1856  
(16) 

717  
(3) 

1862 
(7) 716 1859 

CMIF 721 1866 721 1862 721 1866 721 1865 

Bone 7 
FRF Average 

(stdev) 
797  
(0) 

1969 
(20) 

797  
(0) 

1999  
(30) 

799  
(2) 

1979 
(31) 798 1982 

CMIF 801 1994 801 1994 801 1994 801 1994 

Bone 8 FRF Average 
(stdev) 

941  
(6) 

2460 
(310) 

939  
(7) 

2361  
(48) 

942  
(9) 

2310 
(20) 941 2377 

CMIF 945 2286 941 2402 945 2314 944 2334 

Bone 9 
FRF Average 

(stdev) 
824  
(2) 

2174 
(30) 

826  
(4) 

2223  
(14) 

830  
(17) * 826 2199 

CMIF 825 2166 825 2218 833 2266 827 2217 

Bone 
10 

FRF Average 
(stdev) 

649  
(9) 

2026 
(90) 

648 
(17) 

2226 
(176) 

650  
(23) 

2174 
(0) 649 2142 

CMIF 649 2114 637 2194 641 * 642 2154 

Bone 
11 

FRF Average 
(stdev) 

753 
(20) 

2070 
(163) 

739 
(12) 

1960 
(150) 

736  
(8) 

1995 
(119) 742 2008 

CMIF 741 2030 733 * 729 2046 734 2038 

Bone 
12 

FRF Average 
(stdev) 

809 
(29) 

1772 
(54) 

793 
(0) 

1762  
(62) 

794  
(2) 

1772 
(62) 799 1769 

CMIF 797 1786 793 * 793 1774 794 1780 

Bone 
13 

FRF Average 
(stdev) 

747  
(4) 

2020 
(47) 

746 
(2) * 746  

(2) 
2051 
(58) 746  2036 

CMIF 749 2034 745 2042 749 2046 747 2041 
* Frequency mode was not captured 
 
 
              There were few discrepancies in FRF data between the measurement points 

considered in this study requiring user expertise to identify faulty modal frequencies. 

CMIF represents a robust data analysis approach due to its capability of dealing with 

data contaminated with noise and distortion. CMIF can identify the number of modes of 

a system and the existence of close and repeated roots. Data over several spectral lines 

can be encountered in the Singular Value Decomposition which decouples orthogonal 

vectors, yielding into reducing the influence of errors such as data leakage [19]. 
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2.  Mode Shapes 

              After the experimental data was acquired, it was processed in ProSig© to 

compute the FRF data. To generate the corresponding mode shapes, the inverse of the 

displaced mass at each node (accelerometer) were exported in excel tables and plotted. 

The mode number is determined by the number of half sine waves that the system 

admits. The first modes displayed one half wave with a plateau. Two-half sine waves 

appeared for the second modes. In Figure 10, representative (Bone 6) first and second 

modes were normalized with respect to the maximum deformation and bone length. The 

figure shows the actual mode shapes in the (a) Cranial-Caudal and (b) Medial-Lateral 

planes.   
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(a)                                                                                   (b) 

Figure 10. Experimentally found mode 1 and 2 of tibia Bone 6 in the Cranial-Caudal 
(a) and Medial-Lateral (b) planes. 

 
B. FEM Results 
              In this section, FEM modal frequencies estimates will be compared against the 

results of a dynamic assessment experimental study performed on the same bones by 

Hamade and co-workers [23]. Experimental measurements for Bone A yielded first and 

second modal frequencies of 521 Hz and 1465 Hz in the cranial-caudal direction and 

721 Hz and 1865 Hz in the medial-lateral plane, respectively. 
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1. FEM-Estimated Modal Frequencies 

              A free-free system will have the first 6 modes as trivial representing whole 

body degrees of freedom in the x, y, z, Rx, Ry and Rz directions, so, the first 12 modes 

had to be computed to reveal the useful first (mode number 7) and second (mode 

number 10 for cranial-caudal and 11 for medial-lateral) modes.  

              According to Table 7, the resulting modal frequencies vary greatly throughout 

the 22 cases due to the equations-combinations listed in Table 3. In case 1, Gupta and 

Dan [43] equations yielded low frequency values (  and 

). Cases 6, 11 and 14 [41] also computed low frequency values. Cases 

16, 17 and 18 based on experimental studies [44] slightly underestimated frequency 

values. Case 19 based on bovine equations [42, 51] also returned relatively low modal 

frequencies. This may be since the cancellous equation of Keaveny et al. [42] studied 

the proximal region (trabecular bones) with low cortical stiffness modulus. The 

estimates for cases 5, 8 and 13 based on cortical investigation by Austman et al. [43] 

from an ulna (long bone) came on the high side. Cases 9, 12 and 15 estimated modal 

frequencies closest to the experimental measurements. These cases employed the 

cortical equation by Snyder and Schneider [40] but used 3 different cancellous formulae 

(cancellous -1, -2, and -3). The good estimation power may be due perhaps to the fact 

that the cortical equation by Snyder and Schneider [40] was attained via employing 

large number (45) of tibia specimens. However, a power relation from the same 

literature resulted with low modal frequencies (cases 20, 21 and 22). Both linear and 

power relations were formulated based on a high correlated data. The affectivity of 

linear relation is due to a direct linear relation in bone material properties (density and 
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stiffness), a power relation exaggerates the effect of density on stiffness values for long 

bones.  The age of the examined specimen may also have been consequential, since 

younger bones are denser and stronger than old ones, thus, having higher stiffness 

values [64]. In formulating  relations, specimen geometrical variables play a role as 

well. Measured stiffness was found to increase with increasing size and aspect ratio of 

utilized testing specimen [68].  Lotz et al. [41] and Gupta and Dan [43] used low aspect 

ratio specimens, while Snyder and Schneider [40] used specimens with high aspect 

ratio.   

Table 7. FEM-calculated natural frequencies (Hz) for Bone A. 

Case # 
Cranial-Caudal Direction Medial-Lateral Direction 

1st Mode 2nd Mode 1st Mode 2nd Mode 
Case 1 89.54 115.25 99.158 123.78 

Case 2 549.46 1731.6 688.92 2018.6 

Case 3 153.62 197.01 168.83 213.22 

Case 4 563.49 1762.5 704.13 2049.4 

Case 5 577.44 1803 722.14 2097.4 

Case 6 464.97 1466.3 581.87 1708.6 

Case 7 552.18 1689.4 687.89 1952.9 

Case 8 570.25 1753.1 711.68 2033.5 

Case 9 531.77 1664 666.01 1938.5 

Case 10 556.29 1712.9 693.71 1986 

Case 11 453.14 1388.7 564.98 1609.9 

Case 12 520.17 1586 649.3 1839.4 

Case 13 566.15 1726.1 705.84 2000.2 

Case 14 457.48 1416 571.09 1643.6 

Case 15 524.4 1613.5 655.32 1873.4 

Case 16 489.95 1537.5 614.73 1794.1 

Case 17 478.08 1458.6 597.65 1693.4 

Case 18 482.43 1486.3 603.83 1727.9 

Case 19 453.88 1441.1 568.63 1680.9 

Case 20 449.22 1425.2 564.02 1656.3 

Case 21 435.6 1378.3 546.4 1598.9 

Case 22 487.48 1553.3 613.07 1811.6 

39 
 
 



 

2. FEM-Estimated Modal Values and Shapes for Case 12 

              FEM-determined mode shapes of first and second natural frequencies in the 

cranial-caudal and medial-lateral planes employing case 12 are displayed in Figure 11. 

Larger bone cross-sectional dimensions in the medial-lateral plane will result in higher 

modal frequency values in that plane compared to that for cranial-caudal plane. First 

mode is charcterized by two nodes intersecting the deformed and underfomed structure 

while second mode has 3 nodes as shown in Figures 11(a) (cranial-caudal plane) and 

11(b) (medial-lateral plane). 

 

1st  Mode 

 

2nd  Mode 

(a) 
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1st  Mode 2nd  Mode 

(b) 

Figure 11. Mode shapes 1 and 2 for case 12 (Bone A): (a) cranial-caudal and (b) 

medial-lateral plane. 

 

3. Histogram plots: Stiffness vs number of elements 

              To illustrate the consequence of modulus-density formula applicable ranges 

based on the cut-off HU values, we examine the resulting number of elements and their 

assigned stiffness. Figure 12 shows histograms of stiffness vs. number of elements for 

cases obtained most-accurate and least-accurate frequency value estimates. Figure 12(a) 

shows cases 6, 11 and 14 to have cortical bone constituent of lowest stiffness (~11200-

15200 MPa) and computed lowest set of modal frequencies. Specifically, case 11 

produced very large number of elements of low stiffness (65000 elements having 

E=1600 MPa) and yielded the least mode values ( ). Over-estimated mode 

frequencies were obtained for cases 5, 8 and 13 and for which Figure 12(b) shows 

elemental-modulus to have shifted to the largest stiffness values (~19200 - 23000 MPa). 

Most accurate estimates resulted from cases of balanced mix of stiffness ranges. Figure 

6(c) shows that cases 9, 12 and 15 fit this criterion with cortical modulus in the range of 

~14500-20000 MPa.  Figure 12(d) illustrates the likely reason being gross imbalance of 

properties in contrasting case 19 that computed low frequencies ( Hz) with 

case 12 being one of the best cases. Figure 12(e) presents the cases with power cortical 

equation referenced to the same literature as that of cases 9, 12 and 15 but with a linear 

relation. However, cases 9, 12 and 15 have higher number of elements for cortical 

stiffness for approximate 19000 MPa.  This results with lower modal frequencies.  
41 
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(c) 

 

(d) 

 

(e) 

Figure 12. Histograms showing modulus properties with respect to their relative 
assigned number of elements: (a) cases 6, 11 and 14, (b) cases 5, 8 and 13, (c) cases 9, 

12 and 15, (d) cases 12 and 19, and (d) cases 20, 21 and 22. 
 

C. Numerical vs. Experimental Results (Modal Frequencies and Shapes) 

              The percentage differences between numerical and experimental data are listed 

in Table 8. For cases that computed most satisfactory outcomes, comparing results 

yielded a norm percentage difference of 0.95 % for mode 1 and 10.65 % for mode 2, 
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and 8.89 % for mode 1 and 1.92 % for mode 2, in the cranial-caudal and medial-lateral 

planes, respectively.  

 

Table 8. Values and percentage difference between numerical and experimental 

outcomes for the best three cases found (bone A). 

Case # 
Cranial-Caudal Plane Medial-Lateral Plane 

1st Mode 
(Hz) 

2nd Mode 
(Hz) 

1st Mode 
(Hz) 

2nd Mode 
(Hz) 

Case 9 531.77 1664 666.01 1938.5 

Case 12 520.17 1586 649.3 1839.4 

Case 15 524.4 1613.5 655.32 1873.4 

Experimental 521 1465 721 1865 

Total average 
percentage 

difference (%) 
0.95 10.65 8.89 1.92 
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Figure 13. Numerical and experimental shapes mode 1 (left) and mode 2 (right) of tibia 
Bone A in (a) cranial-caudal and (b) medial-lateral planes (in mm). (x and z-axis refer to 

Figure 1) 

 
              Mode shapes are experimentally revealed as measured by FRF. ProSig© 

revealed the modal frequencies where the circle fit method is used for extracting modal 

shapes. Experimental and numerical (FEM) mode shapes revealed similar profiles and 

are shown superimposed in Figure 13 (a) and (b) for modes 1 and 2. 

 

D. Test Case Verification: Uncharacterized Bone B 

              For further corroboration, the same technique used for the analysis of the long 

bone above (Bone A) was repeated in this section on a different long bone, Bone B. The 

 

1st Mode 

 

2nd Mode 

(a) 

 

1st Mode 

 

2nd Mode 

(b) 
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FEM model is composed of 317107 linear tetrahedral (Tet 4) elements and 54124 

nodes. Given the efficacy of the methodology outlined above, the measured and FEM-

estimated mass for Bone B are 916 and 913.56 kg, respectively (only 0.26 % 

difference). Numerical results for Bone B are listed in Table 9 for the three best cases: 

9, 12, and 15. (Although FEM-produced modal shapes and frequency values like Figure 

3 are available, they are not shown for space limitations). Good agreement is found 

between numerical results and experimental measurements (also not shown) with 

(average) difference values of 4.75 % and 1.83 % for modes 1 and 1.88 % and 2.48 % 

for modes 2, for cranial-caudal and medial-lateral planes, respectively.  

Table 9. Frequency value results for Bone B 

Case # 

Weighted 
average 

modulus of 
Elasticity 

(MPa) 

Cranial-Caudal Plane Medial-Lateral Plane 

1st Mode 
(Hz) 

2nd Mode 
(Hz) 

1st Mode 
(Hz) 

2nd Mode 
(Hz) 

Case 9 10460.65 615.33 1833.6 820.59 2298.5 
Case 
12 8879.52 608.04 1762.8 806.65 2194.6 

Case 
15 9376.74 611.79 1798.9 813.71 2245.9 

Experimental 584 1770 828.80 2192.0 
Total average percentage 

difference (%) 
4.75 1.88 1.83 2.48 

 

E.  Modeling of Modal Frequency Values  

              In this section, models are developed in order to produce equations capable of 

estimating modal frequency values of the long bones (within the range of experimental 

considerations in this study). A statistical diagnosis is run employing IBM SPSS 

Statistics to identify the most salient variables affecting the bone dynamic 

characteristics. Table 10 is the correlation matrix listing collinearity values amongst all 
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10 variables identified in Table 1. Some parameter combinations were found to be 

highly correlated including: mass / CC proximal, mass / , mass / area, CCproximal / 

MLdistal, and CCdistal / . For example, given that area and perimeter are function of 

 and , Pearson coefficient of 0.9896 is found to correlate area with perimeter, and 

a 0.8754 and 0.945 was found between perimeter,  and , respectively. Variables 

found to be statistically redundant were subsequently eliminated.  

 

Table 10. Correlation matrix using the Pearson correlation coefficient. 
Variable Length Mass CC 

proximal 
ML 

proximal 

CC 
distal 

ML 
distal 

  

Area 

Mass 0.8345        
 

CC 
proximal 

0.7271 0.8232       
 

ML 
proximal 

0.5571 0.4647 0.7537      
 

CC 
distal 

0.2071 0.5324 0.7042 0.2375     
 

ML 
distal 

0.5932 0.5852 0.8508 0.6546 0.56    
 

 

0.6002 0.8055 0.7697 0.4187 0.7441 0.5539   
 

 

0.4226 0.7573 0.6868 0.2709 0.8021 0.3196 0.7694  
 

Area 0.5631 0.8402 0.757 0.3649 0.7924 0.4107 0.8754 0.945  

Perimeter 0.526 0.8129 0.7423 0.3758 0.7913 0.3959 0.8806 0.9606 0.9896 

              Only variable combinations having the least Pearson correlations 

(Length, , , , and perimeter (or  or area)) were retained to 

model the 1st and 2nd bending frequencies in both planes (Table 11). 

Table 11. Variables considered and p-values representing statistical significance. 
Variable Mode 1 in CC Mode 2 in CC Mode 1 in ML Mode 2 in ML 

Length 0.002 0.357 0.001 0.007 

 

0.937 0.973 0.637 0.293 

 

0.148 0.649 0.368 0.209 

 

0.739 0.692 0.283 0.170 
perimeter 0.005 0.672 0.008 0.106 
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              Given the non-statistically significant p-values, Table 11 shows the , 

 and variables to contribute the least to discerning modal frequency values. 

The “Perimeter” variable showed correspondence to 1st modes only in both normal 

planes. To the contrary, Length was found to have high correspondence to frequencies 

(p-value < 0.05) for all modes (except for the 2nd mode in the C-C plane). It was 

deduced that the length parameter is the most influential parameter on frequency in both 

planes with all other being eliminated from further consideration.  

              An increase in the structure’s length and mass or a decrease in the structure’s 

material stiffness and cross-sectional dimensions result in a drop in frequency values. 

Analytical solution [67] for uniform beam held free-free is  

 

           (Hz) (10) 

where  

 :  Modal frequency 

 :  Constant identifying mode number 

E:  Young’s modulus of elasticity 

I:  Area moment of inertia 

M:  Mass per unit length 

L:  Bone length 

              Based on Equation (11), a linear regression analysis was performed to fit the 

CMIF-obtained frequency values as function of ). The results are illustrated in 

Figure 14 and listed in Table 12. The modelling fits for modes 1 and 2 in both Cranial-

Caudal and Medial-Lateral planes were statistically significant as indicated by high 
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Pearson correlation factor (R) values and low p-value signifying that the found 

equations mimic the experimental frequency data. The first and second modes in the 

Cranial-Caudal plane were best fitted as  (p=0.045) and 

 (p=0.05) in relation to  , respectively. The first and second 

modes in the Medial-Lateral plane were best fitted as  

(p=0.01) and  (p=0.001) in relation to , respectively. The results in 

Table 12 are an enhanced version of fits previously reported to similar bones by 

Hamade and co-workers [22]. 
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(b) 
Figure 14. Fit representations of (a) mode 1 in the Cranial-Caudal and Medial-Lateral  

planes, (b) mode 2 in the Cranial-Caudal  plane and Medial-Lateral  plane. 
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Table 12. Model equations and statistical significance values for Modes 1 and 2 in 
the Cranial-Caudal and Medial-Lateral planes. 

Mode #/Plane R p-value Equation 

mode 1(CC) 0.562 0.045 
 

mode 2(CC) 0.548 0.05 
 

mode 1(ML) 0.673 0.01 
 

 

mode 2(ML) 0.778 0.001 
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CHAPTER VI 

CONCLUSION 
 

              The modal frequencies in the Cranial-Caudal and Medial-Lateral planes of a 

large set of 13 long bovine tibias were characterized using Frequency Response 

Function (FRF) and Complex Mode Indicator Function (CMIF). The bones utilized 

were acquired from different calves approximately 2 years of age.  The impact hammer 

is a good excitation source to determine the resonant frequencies for small structures, 

but in case of bones there are some limitations. FRF can result in undependable 

estimations even if the structure is isolated from external vibrations. The absence of 

interference in the structure’s vibration is typically an arduous duty. For a free-free 

excited system, the first mode maximally deformed in one location (mid) and the 

second mode had two maximum deformed positions.  

              The typical method of analysis uses FRF that may result in varying estimates 

even if the structure is isolated from external vibrations. CMIF was employed as an 

alternative method that effectively deals with data subject to noise and distortion. 

Modes captured using CMIF were fairly close to those measured by FRF. Modes 1 and 

2 computed 0.56 % and 2.98 % percentage difference between the two methods in both 

planes. Upon changing the impact locations, CMIF recorded lower variations in the 

frequencies than the FRF. The percentage difference was a max of 1.755 % for mode 1 

and 5.7 % for mode 2. FRF recorded higher percentages of 1.975 % for mode 1 and 

10.905 % for mode 2, in the C-C and M-L planes.  

              A comprehensive survey of the mechanics’ literature revealed twenty two (22) 

different relationships that estimate the stiffness of cortical and cancellous bone as 
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function of density. We assess in this work the ability of these formulae to yield 

accurate FEM predictions of the modal frequencies of long bovine tibia bone in the 

cranial-caudal and medial-lateral directions. A long tibia bovine bone (Bone A) is 

dynamically characterized in a free-free boundary experimental setup and the frequency 

values for which were used as a reference case. Segmentation of CT scans into cortical 

and cancellous constituents required developing a method for setting a suitable cut-off 

HU value to demarcate said regions. The study revealed that the 22 assessed formulae 

yielded greatly varying modal frequencies values with only three  formulae 

yielding relatively accurate frequency estimates. On average, these 3 formulae returned 

frequency values with difference of 0.95 % for 1st mode and 10.65 % for the 2nd mode 

in the cranial-caudal plane. For verification, procedure was repeated on another test 

bone (dubbed Bone B) and returned differences of 4.75 % and 1.88 % for the 1st and 2nd 

cranial-caudal modes, respectively. Stiffness-density formulae that returned the most 

accurate frequency estimates appear to have produced a balanced distribution of finite 

elements with stiffness properties congruent with their cancellous or cortical 

demarcations. 

              In modelling modal frequencies, the diagnostic study found that the length 

parameter is the most statistically significant effect by which a change in the bone 

length mostly influences a change in modal frequencies (p-value < 0.05 for 3 modes). 

This was deduced, after testing for collinearity and correspondence among all 

geometrical dimensions. The geometrical model was found to be statistically significant 

for modal estimation in relating modal frequencies to the reciprocal of the length 

squared for different modes and planes. For all 4 cases, the p-value was found to be 

significant (0.001 < p ≤ 0.05) with high correlation factors (~ 55 < R < 78%).  
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