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Sensitivity-Based Discrete Coordinate-Descent for
Volt/VAr Control in Distribution Networks

Rabih A. Jabr, Fellow, IEEE, and Izudin Džafić, Senior Member, IEEE

Abstract—The discrete coordinate-descent algorithm is a prac-
tical approach that is currently used in centralized Volt/VAr Con-
trol (VVC) implementations, mainly due to its good performance
and speed for real-time applications. Its viability is however chal-
lenged by the increasing number of distributed generation that
contribute to the VVC solution, in addition to the conventional
transformer taps and switched capacitors. This paper presents the
exact computation of sensitivity factors that speed up the discrete
coordinate-descent implementation, by significantly reducing the
number of forward/backward substitutions in the current injec-
tion power flowmethod; the speed up is achieved without affecting
the control setting quality of the original implementation. The op-
timality of the discrete coordinate-descent solutions is investigated
by computing the gaps relative to mixed-integer linear program-
ming set-points, derived from a polyhedral reformulation of the
VVC problem. The sensitivity-based discrete coordinate-descent
algorithm is tested starting from two initial points, the default one
given by the current control set-points, and a continuous solution
obtained from a linear approximation of the VVC problem. Nu-
merical results on networks with up to 3145 nodes show that the
sensitivity-based approach significantly improves the runtime of
the discrete coordinate-descent algorithm, and that the linear pro-
gramming initialization leads to VVC solutions with gaps relative
to the mixed-integer set-points that are less than 0.5%.

Index Terms—Centralized control, distributed power genera-
tion, load flow control, power system simulation, reactive power
control, voltage control.

NOMENCLATURE

A complex-valued quantity, indicated by an
underline.
Real and imaginary parts of .
Magnitude of .
Angle of .

BR Set of all branches.
CAP Set of nodes having switched capacitors

connected to them.
Penalty coefficient for branch current magnitude
violations.
Penalty coefficient for voltage magnitude
violations.
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DG Set of nodes having distributed generation
connected to them.
Complex compensation current at node .
Current magnitude in branch .
Number of nodes.
Number of capacitor bank settings and
transformer tap positions.
Real and reactive power demand at node .
Real and reactive power generation at node .
Real and reactive power injection at node .
Nominal Reactive power generation (at 1 pu
voltage) by the switched capacitor at node ,
chosen from the set .
Reactive power generation by the switched
capacitor at node .
Tap of the transformer in branch , chosen from
the set .

TR Set of tap-changing transformer branches.
Nodal voltage and injection current complex
vectors.
Nodal voltage and injection current complex
values at node .
Voltage magnitude at the slack node.
Series admittance of branch .
Nodal equations coefficient matrix.
Element of the bus admittance matrix.
Minimum and maximum values of a real-valued
quantity .

I. INTRODUCTION

V OLT/VAR control (VVC) is one of the main functions
in the distribution management systems of smart grids;

it is integrated into supervisory control and data acquisition
(SCADA), which provides real-time input in terms of network
configuration and measurements, and real-time output in terms
of control actions [1]. Traditional VVC operates on the trans-
former tap positions and the switchable shunt capacitors with
the main goal of removing voltage violations; other secondary
objectives include power loss reduction and energy conserva-
tion. The increasing levels of distributed generation (DG) in
modern distribution networks is known to create voltage viola-
tions and thus presents additional challenge to traditional VVC
implementations [2], [3]. This paper studies the integration of
DG VAr control in centralized VVC, based on the practically
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accepted discrete coordinate-descent algorithm [1], [4]; it in-
vestigates the optimality of the discrete coordinate-descent so-
lutions and proposes exact sensitivity coefficients that serve to
speed up the VVC algorithm with DG VAr control.
Practical VVC algorithms are either rule-based or net-

work-based [1]. As their name suggests, rule-based algorithms
operate using a predefined set of rules, which are derived based
on experience, in addition to limited real-time measurements
[5] or dynamically changing system conditions [6]. Although
rule-based algorithms are simple to implement, they cannot
guarantee good solutions under various operating conditions.
Network-based methods make use of a mathematical repre-
sentation of the distribution network; such a representation
requires an estimation of loads [7], which is carried out using
real-time measurements together with load curves and auto-
mated meter readings. The network-based methods employ
mathematical optimization techniques to compute the optimal
control set-points of transformer taps, switched capacitors, and
DG VAr output in a centralized manner. From a mathematical
optimization perspective, network-based VVC is an NP-hard
problem involving discrete and continuous variables together
with nonlinear constraints [8]. Recently applied methods
consider mixed-integer linear programming (MILP) [9] and
mixed-integer conic programming [10], [11] formulations;
although such techniques are capable of yielding globally
optimal solutions for radial network configurations, their nu-
merical performance does not scale well on large networks.
Other optimization techniques consider meta-heuristics such as
genetic algorithms [12], or hybridizations combining gradient
search and meta-heuristics [13]. In practice, the computational
performance of mixed-integer optimization and meta-heuristics
is not commensurate with the real-time computing require-
ments on large-scale networks; such techniques have been
primarily proposed to solve the off-line setting control problem
[2], [10]–[13].
For real-time centralized VVC, the Siemens Energy and Au-

tomation research team was the first to propose the discrete co-
ordinate-descent (DCD) algorithm as a viable network-based
method [4]; practical experience with this method has shown
that it yields good enough solutions with adequate speed for
real-time applications. Although the algorithm description in
[4] does not explicitly account for DG VAr output, this can be
straightforwardly accounted for in the DCD algorithm by dis-
cretizing its VAr output range; such a discretization however
has an adverse impact on the performance of the algorithm as it
necessitates a large increase in the number of power flow solu-
tions. This paper proposes a sensitivity-based technique that sig-
nificantly improves the runtime of the DCD algorithm, without
compromising the quality of the original solution described in
[4]. In addition, it presents the first study that characterizes the
quality of the DCD-VVC solution through a gap that is com-
puted relative to MILP set-points; the MILP solution is based
on mixed-integer conic programming and polyhedral reformu-
lations [10]. In fact, the results show that when DCD is initi-
ated from a rounded linear programming solution, it yields con-
trol settings with a gap less than 0.5%. Related research on ex-
pert systems for reactive power optimization/voltage control in

transmission networks was reported in [14]–[16]; in particular,
[15] describes a practically applied scheme that distinguishes
between corrective rescheduling and loss minimization. Unlike
[14]–[16], the current approach builds on the DCD method that
operates on an objective function combining both corrective
rescheduling and loss minimization. The proposed sensitivity-
based technique requires computing the sensitivity of the real/
imaginary voltage components to each of the control variables;
these are calculated using a new exact model in Section V,
which is different than the linearized decoupled reactive power
model used in [14]–[16]. The linearized reactivemodel is funda-
mentally based on the fast-decoupled load flow formulation, and
it is typically not applicable in distribution networks due to high
R/X ratio. The proposed voltage sensitivity coefficients are also
more accurate than the ones proposed in [17] specifically for co-
ordinating local voltage controllers in the load flow problem. In
particular, the equations in [17] involve approximations on the
effect of local controllers on bus voltages that are not directly
targeted by the controllers through set-point specifications.
The rest of this paper is organized as follows. Section II gives

a mathematical optimization statement of the VVC problem;
the network component models are the same as those recently
used to solve the distribution power flow problem with local
controllers [17]. The original DCD algorithm and the proposed
sensitivity-based variant are described in Sections III and IV,
respectively. Section V presents the derivations for the voltage
sensitivity, that are central to implementing the proposed ap-
proach. Numerical simulations are given in Section VI and the
paper is concluded in Section VII. The Appendix presents the
mixed-integer polyhedral reformulation of the network-based
VVC problem. To simplify the presentation, the application of
the approach is detailed using the positive sequence representa-
tion of the network; this makes it more suited to European distri-
bution networks. However, the methodology is also applicable
to the three-phase unsymmetrical representation of a network
with unbalanced loading; such a representation is typical of US
distribution networks.

II. VOLT/VAR CONTROL

Consider a distribution network having nodes, with the first
one being the slack power injection node. The network nodal ad-
mittance matrix accounts for transformers with off-nominal
tap positions (1) (see Fig. 1) and switched capacitor banks (2).
The injection currents are related to the node voltages by the
nodal equations in (3), in which the first row of the matrix
fixes the voltage at node 1 to the slack voltage magnitude. The
nodal current injections (6) account for the real/reactive load de-
mand together with any contribution from DG (7).

(1)

(2)
(3)
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Fig. 1. Tap-changing transformer.

...
...

...

...
...

...

(4)

...

...

...

...

(5)

(6)

(7)

The main aim of VVC is to remove voltage violations, with
a secondary objective such as loss minimization. Mathemati-
cally, it can be written as an optimization problem whose objec-
tive is to minimize the network losses (8) while keeping voltage
magnitudes (9) and branch current magnitudes (10) within their
prescribed limits. The control variables in the VVC problem are
the transformer taps, the capacitor bank settings, and the reac-
tive power contribution from DG. The transformer taps vary in
discrete steps (11), with . The reactive power injec-
tion by capacitor banks is proportional to the square of the nodal
voltage, and its nominal value at 1 per-unit voltage also varies in
discrete quantities (12), with . The DG reactive
power (13) varies as a continuous variable between its upper
and lower limits. The formal statement of the VVC problem is
given by (8)–(13), with the nodal voltages and current injections
implicitly related by (3)–(7):

(8)

subject to:

(9)
(10)

(11)

(12)

(13)

where:

(14)

(15)

III. DISCRETE COORDINATE-DESCENT ALGORITHM

The DCD algorithm is an industry standard for practical VVC
implementations [1]. The approach operates on an objective
function (16) that penalizes any operational constraint viola-
tions, such as voltage and branch current magnitude limits. The
algorithm is referred to as a coordinate-descent algorithm be-
cause only one variable is updated at each iteration, and it is
called discrete because any control variable update is taken in
a discrete step. In essence, each iteration requires computing
the objective function for all search directions of the control
variables; for instance the search directions for a transformer
tap which is strictly within limits are: one step up and one step
down. Search directions are similarly defined for capacitor bank
settings and reactive power from DG, whose operating range is
discretized. Rules for choosing the set of search directions in
radial distribution networks and for specific objective functions
and load representations have been discussed in [4]. The search
direction that gives the greatest decrease in objective function
is chosen, and the corresponding control variable is then moved
in this direction. The iterations of the DCD algorithm continue
until there is no search direction that gives an improvement in
the objective function value.

(16)

Reference [4] argues that in order not to add terms of different
nature (power loss, voltage violations, current violations) in the
same objective function (16), the different terms can be nor-
malized to the same units using the concept of violated power.
This is achieved by multiplying the voltage violation by the
rated current flowing through the bus in addition to a penalty
factor, and the current violation by the rated bus voltage in addi-
tion to a penalty factor. The result is that the objective function
would minimize the violated power. In practice, the operator
can choose different penalty coefficients to reflect different pri-
orities in violations.
The computation of the objective function for each setting

of the control variables requires the solution of a power flow
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problem. The current injection method [17] is used to solve the
power flow; in this method, the injection currents (6) are itera-
tively updated to correspond to themost recent estimate of nodal
voltages, and the nodal voltages are then recomputed using (3).
The solution for voltages is obtained using sparse triangular fac-
torization and forward/backward substitution. The power flow
problem is solved when the voltages and currents in (3) also sat-
isfy (17):

(17)

To have an efficient DCD implementation, the matrix is
factorized only once, and any changes in the tap positions or
control settings of the switched capacitor banks are handled
using the compensation technique [18]. Specifically, if the
matrix has been formed with the transformer between nodes
and having the tap , and the tap position is moved to a new
value , then the injection currents at nodes and become:

(18)

(19)

Similarly, if the matrix has been initially formed with the
capacitor at node fixed at the set-point , and this set-point
is moved to the new value , then the injection current at node
includes a compensation term and becomes:

(20)

For DG connected at node , the compensation current at this
node is simply:

(21)

The discrete coordinate-descent algorithm is summarized in
the following steps:
Step 1: Initialize the setting of transformer taps, switched ca-

pacitor banks, and reactive power from distributed
generation. Set the coordinate-descent iteration
counter to 1.

Step 2: Form the nodal equations matrix that accounts for
the initial settings of transformer taps and switched
capacitor banks. Factorize using LU decomposi-
tion: . The columns of are ordered
for factorization sparsity.

Step 3: Compute the base-case power flow using the current
injection method [17], and calculate the Initial Ob-
jective Function (IOF).

Step 4: Determine the Initial Search Directions, with indices:
. For each control variable which

is neither at the lower limit nor at the upper limit of
its control range, its search directions are one step
up and one step down. For each control variable
at the lower limit of its control range, the search
direction is one step up; for each control variable
at its upper limit, the search direction is one step
down. Initialize , and set the index of the
Best Search Direction to zero: .

Step 5: Move the control variable in the direction given by
SD. Use the compensation technique [18] to com-
pute the power flow solution and calculate the Cur-
rent Objective Function (COF). Restore the control
variable to its initial value.

Step 6: If , then set and
, else keep them at their current values.

Step 7: If , increment SD by 1 and go to Step 5,
else continue to Step-8.

Step 8: If , end the search (the optimization is com-
plete), else move the control variable in the direction
given by BSD, increase the coordinate-descent iter-
ation counter by 1, and go to Step-4.

IV. SENSITIVITY-BASED DISCRETE
COORDINATE-DESCENT ALGORITHM

The discrete coordinate-descent algorithm can be made more
efficient by computing the sensitivity of the objective function
(16) to each of the control variables , and then de-
ciding on the search direction for the variable. For example, if a
transformer tap is strictly within limits and its ,
then the search direction for this variable is one step down; this
translates into solving one power flow solution instead of two
that correspond to one step up and one step down. The sensi-
tivity based discrete coordinate-descent algorithm has the po-
tential to reduce the number of power flow solutions and con-
sequently speed up the solution process; it requires simply re-
placing Step-4 in the above algorithm by the following:

Step-4: Determine the Initial Search Directions, with in-
dices: . Compute the sensitivity of the
objective function to each of the control vari-
ables. For each control variable with a positive sensitivity
factor, its search direction is one step down provided the
variable itself is not at the lower control limit. Similarly,
for each control variable with a negative sensitivity factor,
it search direction is one step up provided the variable itself
is not at the upper control limit. Initialize , and set
the index of the Best Search Direction to zero: .

The sensitivity of the objective function with respect to a control
variable (22) is computed by applying the chain-rule for deriva-
tives to (16); and are indicator functions given
by (23) and (24), is the transformer tap only for branches
that do contain a transformer (25), and is non-zero only
when the control variable is a transformer tap (26). The compu-
tation of the sensitivity coefficient (22) requires the values for

and at all nodes; these values are
computed in the next section.

Authorized licensed use limited to: American University of Beirut. Downloaded on August 28,2024 at 12:25:10 UTC from IEEE Xplore.  Restrictions apply. 



4674 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 31, NO. 6, NOVEMBER 2016

(22)

(23)

(24)

(25)

(26)

V. VOLTAGE SENSITIVITY COMPUTATION

To compute and for
, write the nodal equations in terms of the real and

imaginary components of nodal voltages, injection currents,
and bus admittance values:

(27)

...
...

...

...
...

...

(28)

...
...

...

...
...

...

(29)

...

...

...

...

(30)

...

...

...

...

(31)

(32)

Taking the derivative of each of the nodal equations in (27)
with respect to an arbitrary control variable gives the system
of sensitivity equations in (33). The sub-matrices in (33)
are diagonal matrices; their elements (34)–(37) are computed
from the expressions for the real/imaginary injection currents
(32) and the chain-rule for derivatives . The coef-
ficient matrix in (33) is constant at a given iteration; it is ordered
for sparsity and factored so that forward/backward substitution
can be utilized to efficiently compute the voltage sensitivity with
respect to any control variable. The right-hand-side vector in
(33) contains the sensitivity of the real/imaginary compensation
currents to this control variable. The real/imaginary voltage sen-
sitivity and the corresponding compensation current sensitivity
vectors are presented in Subsection V.A for transformer taps,
in Subsection V.B for switched capacitor bank settings, and in
Subsection V.C for DG reactive power output.

(33)

(34)

(35)

(36)

(37)

A. Transformer Tap

For a control variable , which is the tap of a trans-
former between nodes and , the real/imaginary voltage sen-
sitivity is given by (38) and the right-hand-side in (33) is given
by the vectors in (39); note that all the elements in (39) are zero
except for four values. To obtain these nonzero values, express
the compensation currents in (18) and (19) in terms of their real
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and imaginary components and then take the derivative with re-
spect to ; the resulting expressions are given by (40)–(43).

...

...

...

...

(38)

...

...

...

...

...

...

(39)

(40)

(41)

(42)

(43)

B. Switched Capacitor Bank Setting

For a control variable , which designates the reactive
power injection at 1 per-unit voltage, the real/imaginary voltage
sensitivity vectors are given by (44) and the right-hand-side vec-
tors (45) contain only two nonzero elements, with their expres-
sions given by (46). These expressions are obtained by writing
the compensation current in (20) in terms of its real and imagi-
nary components and then taking the derivative with respect to

.

...

...

...

...

(44)

...

...

...

...

(45)

(46)

C. Generator Reactive Power Injection
For a control variable equal to the DGVAr generation at node

, i.e., , the voltage sensitivity and right-hand-side vec-
tors are similar to the above case, except for the compensation
current in (21) that gives rise to the current injection sensitivity
elements given by (49).

...

...

...

...

(47)

...

...

...

...

(48)

(49)

VI. NUMERICAL RESULTS
The VVC algorithms were programmed in Matlab running

on an iMAC having a 2.7 GHz quad-core Intel Core i5 pro-
cessor with 4 MB L3 cache and 8 GB of RAM. The test in-
stances consist of a modified version of a realistic Brazilian
distribution system [19] in addition to two test networks with
1463 and 3145 nodes; the complete data sets of the test net-
works, including their single-line diagrams, can be downloaded
from [20]. The main characteristics of the test networks are
summarized in Table I, which shows the network configura-
tion (radial/meshed), the loading level expressed in terms of
the load multiplying factor (LMF), together with the number of
nodes, distributed generation (DG), tap-changing transformers
(TR), and switched capacitors (CAP). The networks include
tap-changing transformers at the substation and in the middle of
some feeders. The number of taps per transformer is normally
33 , the number of settings per switched capacitor is
chosen to be 5 , and the resolution for DG VAr output
is pu. A scaling penalty factor of 100 is used for all con-
straint violations. Three methods are compared:
• The mixed-integer conic model described in the
Appendix and based on [10]; this model is solved via the
CPLEX mixed-integer linear programming (MILP) solver
after all conic constraints are replaced by tight polyhedral
approximations. The default MILP relative optimality gap
tolerance is 0.01%.

• The discrete coordinate-descent (DCD) method described
in Section III; this method is basically an implementation
of Roytelman's algorithm [4] for the formulation (8)–(13)
and is indicated in the results by the letters RO.
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TABLE I
SUMMARY OF TEST NETWORKS

• The sensitivity-based discrete coordinate-descent method
described in Section IV; this method is indicated in the
results by the letters SB.

The two variants of DCD, Roytelman's (RO) and the sensitivity-
based (SB) method, were tested starting from two initial points:
• The default initial point given by the original control set-
tings in the test files [20].

• The initial point given by first solving the linear program-
ming (LP) relaxation in the Appendix and then rounding
the control set-points to their nearest discrete values; with
this initial point, the method is referred to as LP DCD.

Table II shows the percentage loss reduction (LR) due to the
VVC solutions from MILP, the DCD with the default initial
point, and the LP DCD. Because the MILP solution ignores
cycle constraints, the obtained control set-points were used to
run a power flow and obtain the losses; this led to solutions
where some of the voltage constraints in meshed networks are
slightly violated (total violation pu)—they are marked
by an asterisk sign in Table II. All the solutions from DCD and
LP DCD do not have any constraint violations. Columns 3 and
5 in Table II show the loss reduction for DCD and LP DCD,
respectively, and columns 4 and 6 show the corresponding
gap relative to the objective function computed from the
MILP control settings (GAP); it is clear that LP DCD gives
a better solution with a maximum GAP %. The results in
Table II do not distinguish between Roytelman's DCD and the
sensitivity-based one because both methods give exactly the
same solution. The advantage of the sensitivity-based approach
appears in Table III, which shows the number of forward/back-
ward (FB) substitutions in the current injection method; the
sensitivity-based FB substitutions translate into a reduction rel-
ative to Roytelman's method (FB-RO-FB-SB)/FB-RO)
ranging between 46% and 60%; the main coordinate-descent
(CD) iterations are however the same for both RO and SB,
further ascertaining that the use of sensitivity information to
speed up the classical RO-DCD does not alter the adjustments
to the control variables. Table IV shows that the reduction in FB
substitutions leads to significantly less computation time for the
SB approach, and to a speed up factor (SUF=(RO-[s]/SB-[s]))
ranging between 1.45 and 2.08. The MILP execution time
reaches the set limit of 48 h for the largest test instances, with a
maximum relative optimality gap of 0.16%.
It is well known that the behavior of local optimization

methods, such as [14]–[16] and the DCD, is dependent on the
starting point; the proposal to initiate the DCD search from a
near-feasible point, which is obtained from a linear program

TABLE II
PERCENTAGE LOSS REDUCTION AND GAP RELATIVE TO MILP (VALUES

MARKED WITH DENOTE SLIGHT VOLTAGE VIOLATIONS)

TABLE III
NUMBER OF COORDINATE-DESCENT ITERATIONS AND FORWARD/BACKWARD
SUBSTITUTIONS WITH ROYTELMAN'S AND THE SENSITIVITY-BASED APPROACH

TABLE IV
EXECUTION TIME OF MILP AND THE DISCRETE

COORDINATE-DESCENT ALGORITHMS

(DCD LP), promises to solve any voltage problems that are
not alleviated by DCD that starts from the current operating
point. In the numerical tests, the DCD LP solution gives
lower losses as compared to DCD starting from the current
operating point, while both approaches produce solutions that
strictly satisfy operational limits under low, medium, and heavy
loading.

VII. CONCLUSION

This paper presented a sensitivity-based discrete coordinate-
descent algorithm for solving the VVC problem in modern dis-
tribution networks; the sensitivity-based approach speeds up the
traditional DCD algorithm particularly with DG sources that
contribute to reactive power support. An MILP formulation is
proposed to validate the quality of the DCD solutions. The nu-
merical results show that the DCD results on distribution net-
works with up to 3145 nodes have a gap (relative to the MILP
set-point objective) within 0.5% when the starting solution is
computed from an LP, and a gap within 5% with the default
starting solution at the current controller set-points. The DCD
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solutions in all test instances are feasible with no voltage viola-
tions, thus conforming to the primary objective of VVC.

APPENDIX

The power flow problem in radial networks can be solved
using conic programming; it has been recently shown in [10]
that this conic formulation can be extended into a mixed-in-
teger formulation that coordinates the control of line switches,
switched capacitor banks, and DG reactive power over different
time scales. A relaxation of the VVC problem in radial net-
works can be directly cast as a mixed-integer conic program,
by first defining the following variables: for
all nodes, for all branches, and

for all branches. The VVC relaxation problem
can be therefore formulated as ( denotes the set of nodes
connected to node by a branch):

(50)

subject to:
• Power injection constraints at all nodes

(51)

(52)

• Conic constraints for all branches

(53)

• Voltage constraints for all nodes

(54)

• Current magnitude constraints for all branches

(55)

• Constraints for each transformer branch ( is an inter-
mediate node, introducing branch —see Fig. 1; nodes
and form a super-node in the power injection constraints
[21])

(56)

(57)

• Constraints for each capacitor bank at node

(58)

(59)

• Reactive power generation by DG at node

(60)

The solution to the relaxation (50)–(60) is valid for the orig-
inal VVC problem in radial networks provided that the conic
constraints in (53) are binding at the optimal solution, a condi-
tion which is likely to hold under normal operation. However,
even if the conic constraints are binding at optimality, the so-
lution to (50)–(60) will not be generally valid for meshed dis-
tribution networks because cycle constraints are not accounted
for [21]; if the solution satisfies the cycle constraints then it is
indeed a global optimum for the meshed VVC problem, other-
wise it serves as a lower bound. In general, even if the conic
constraints are not binding or the cycle constraints (in meshed
networks) are not satisfied, the mixed-integer objective function
value gives a tight lower bound which can be used to gauge the
quality of the discrete coordinate-descent solution. The conic
constraints in (53) can be tightly approximated by a set of poly-
hedral constraints [10]; this allows obtaining the solution of the
VVC relaxation via MILP, whose solver technology is more
developed as compared to mixed-integer conic programming.
Additionally if the binary variables in (57) and (59) are treated
as continuous, the VVC relaxation can be solved efficiently via
linear programming to give a continuous solution of the discrete
control variables; these variables can be rounded to their nearest
discrete set-points to give a starting point for the discrete coor-
dinate-descent algorithm—c.f. Step-1 in Section III.
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