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1. Introduction

F. Black and M. Scholes offered the first satisfactory model for option pricing (Black and Scholes, 1973), followed by
R. Merton’s work (Merton, 1973) extending and clarifying the model in various ways. Pricing of European options follows
mostly the well established Black-Scholes scenario in one or the other modification. We follow the same direction making a
contribution towards modeling the volatility. We also show how Richter’s local limit theorem for multinomial distributions
can be used to derive such formulas.

The starting point is the discretized version of the model introduced by Cox, Ross and Rubinstein in 1979 (Cox et al.,
1979). This approach has been extended from the Bernoulli to the multinomial model in Kan (2005). By this we mean that the
possible jumps are multinomially distributed, not that the number of risky assets is larger than one as in other work. This can
only be done at the expense of introducing additional randomness of the model, given by the multinomial distribution. This
idea is not new and has been considered by Madan et al. (1989) before, but not in the context of the Black-Scholes formula,
which was done in Kan (2005). The work by Nagaev et al. (Nagaev and Nagaev, 2003 and subsequent extensions Nagaev et al.,
2005) comes closest to our approach. The starting point and ideas behind the model are very similar to ours. Several other
extensions of the binomial model have been considered in the literature. Rachev and Riischendorf (1994) characterized many
stock price models. These can be approximated by binomial models and a pricing formula can be derived. Rejman and Weron
(1996) used the ideas of Rachev and Riischendorf (1994) to derive the limiting model under the assumption that the stock
returns follow a hyperbolic distribution. Motoczynski and Stettner (1998) considered option pricing in the multidimensional
case with a finite number of assets which are governed by the binomial model. This has also been considered in Tessitore
and Zabczyk (1996, 1999) deriving formulas for option pricing when the financial market is incomplete.

Richter’s local limit theorem appeared in Richter (1956) as a remark. The result may also be deduced from corresponding
results on sums of i.i.d. lattice valued random vectors in R¥. We find it more convenient to apply Richter (1956) directly. It
also should be remarked at this point that Richter’s local limit theorem was already used in Kan (2005) for the same purpose.
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We next sketch the result of this paper in the language of option prices. We assume that at each time step used in the
discrete time model there are k different choices of change for the process, each choice has two versions u; or d;: increase or
decrease chosen by some i.i.d. process. Let 77; denote the probability that an event of type 1 < | < k occurs and let r denote
the return rate of the bond. Then we prove the following result for the natural scaling processes (defined in Section 3).

Theorem 1.1. The expected option prices with expiration time T* and strike price K of the scaling processes approach at time
t* < T* the limit

* K *
Cor = Spx @ (f1 (S, 7)) — 67€D(fz(5t*,t )

r(T*—t*)
where
k
log(s/K) 4+ (T* —t) (r + % > mlog(uy) log(dfl))
f] (55 t) = . =L )
\/(T* —t) Y mlog(u) log(d; ")
I=1

and where

k
fs.t) =fi(s,t) =T =t | Y mlog(u) log(d; ).

=1

The proof of this theorem relies heavily on Richter’s local limit theorem for multinomial distributions (Richter, 1956). The
binomial model is contained for the special case that k = 1.

Remark 1.2. In the Black-Scholes model
dSt = uStdt + O'SrdBt

contains a constant unknown variance o2, Reliable estimates are hardly possible to obtain in general. o2 is obtained from the
last formulas for d = 1. The present extension allows to model the variance according to different type of events influencing
the stock price, thus obtaining better variance estimates and more reliable option prices. Moreover, it is quite reasonable to
suggest that using a stochastic volatility approach as in the Heston model (Heston, 1993) (applied to each of the parameters
appearing in Theorem 1.1) even leads to more improved methods.

Remark 1.3. The validity of the multinomial model has been checked in Kan (2005) for different data of actual stock prices.
It was found that for low volatility the binomial model is best, while for medium and higher volatilities two, three and four
event models are preferable and the binomial model is definitely not appropriate. In order to motivate the present work we
cite the results from Kan (2005) for the reader’s convenience. The specific model used m; = %, u; = u“ and d; = d“ where
d < r < u are determined by the Hull-White algorithm:

u+d=2+2uAt u—d=20+At,

where At denotes the chosen time interval between observations and where x and o2 are estimated by

DO
o= E;S,SH -1
n

~ 1 - ~
52 = — Y IssTy — 0 - 7%
i=1

This is extended by the Hull-White-Kan algorithm setting

c —4(1+MN) 1 Gb=2—¢
1— u—l—d 2 — 1
8(1+4 nAt)
c3=——"77-—+-—3 cs=4—c
3 u+d 4 3

and so forth. Then the following simulations were done:

1. Low volatility (11%): SDAX Performance Index (June 22, 1999-June 6, 2001). The mean square error between simulated
data and real data is smallest for the binomial model.

2. Moderate volatility (49%): AVA ALLC Handelsges. D. Verbr. AG Inh. Aktien o.N. (April 22, 1987-April 7, 1989). The mean
square error between the simulated data using the binomial model and the real data is large, while a multinomial model
with k = 2 or k = 3 is best.
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3. High volatility (91%): DAB Bank AG Inh. Aktien o.N. (Nov. 15, 1999-Oct. 12, 2001). Here the models with k = 2, 3,4, 5
show small mean square errors between the simulated data and the real data.

4. Very high volatility (131%): DCI Datab Commerce Industry AG Inh. Aktien o.N. (March 13, 2000-February 8, 2002). The
multinomial model with k = 5 is best in this case.

In fact, the theorem holds under more general conditions than independence. It is sufficient to have processes with multi-
nomial occurrences, defined in Section 3. One of the authors (Fares, 2011) has shown that this assumption holds for certain
stationary processes.

A last remark is in order. The main theorem below (Theorem 3.2) is formulated in terms of stochastic processes not
referring to its formulation for option pricing.

2. A generalized Cox-Ross-Rubinstein model

We begin extending the classical Cox-Ross-Rubinstein model to the case of multinomial distributions. We follow here
Kan (2005). The work of Nagaev and Nagaev (2003) is also very similar to our approach, so we state only the necessary
results. These are obvious in any case from the work of Merton (1973).

Let &' and “.;‘,-d (i > 0) be two stationary sequences of random variables defined on the same probability space, and let v;
(i > 0) be a sequence of {u, d} valued random variables, also defined on the same probability space. Moreover, let Sp, T* € N
and r > 0 be constants. The generalized Cox-Ross-Rubinstein model is a pair of functions (B;, S;)o<;<r* defined by

Bi=(+nr'=7, t=0,1,..., T
the risk-free investment, and by the finite time process
St = So&g°E ..M, t=1,..., T,

the price process of the risky asset.
Recall that a self financing replicating strategy for the pay-off Cr«(Sr+) in a CRR-model is a stochastic process
(ctt, Bt)e=0.1,...Tx—1 such thatforeach1 <t <T* — 1

1St + BeoaT = St + Be = Ce(awe, Br, St)
or+_1Sr+ + Bre_1T =: Cr=(Sr+)

andforanyt =0,...,T* =1, (o, Br) are ((§)s>r, (Ssd)szf, S¢)-measurable.
Also recall the following two facts which are proved in the same way as for the classical discrete model (Cox et al., 1979,
Kan, 2005 or Nagaev and Nagaev, 2003).

Proposition 2.1 (See Kan, 2005). There is a unique self-financing replicating strategy (o, Bt)o<t<r*—1. In particular, for any
t =0,...,T* — 1 the option price is given by

Cr = oSt + Bt
Proposition 2.2 (See Kan, 2005). The option prices for the self financing replicating strategy in Proposition 2.1 is given by
Co = Ce(St, (EDszt, (E)s=0)

1 Ny*x_ nps _
= Pt Z Cr+ (STZ_ll cee Stﬂtst)pTi_]l .. -p?t (l)

npx_q...neefu,d}

-

where
é:su B /r\

S Er-gd

Tkl
Pl =Pl ED and p =PI 8D = G

3. A Black-Scholes type formula

We turn towards the proof of Theorem 1.1, the generalized Black-Scholes pricing formula when the underlying process
(&, fg‘sd) is finite valued, however, we prefer a mathematical formulation.
For two sequences of real numbers (a,)ney and (by)peny We shall write

. . Oy
a, < b, iff lim —=1.
n—oo b,

Definition 3.1. We say that a stationary, ergodic R?-valued process (& );cy has multinomial occurrences if there are finitely
many ¢y, ..., ¢ € R? such that & = &1 Std) € {c:1<1<k}as.foreveryt € Nand, denoting Z(m) = (Z;(m), ...,
Z(m)) with

Zim={1<t<m:& =qa}l,
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there are a constant A, a sequence 1, > 0 converging to 0, and a probability vector 7 = (7)1 <<k such that for (my, ..., my)

with
< [Alog(n) 2)
n

it holds (uniformly) that

m; — nm
nm

1 1
P(Z,=(mq,...,my)) X ——————————exp {—5 xtx}
k

Qrmk11]m
=1

where x = ("”7“”’) , and that
1<I<k

J/nm
[A log(n))
> < M.
n

Z(n) — nm,
p (‘ 1(1) I
Note that a process having multinomial occurrences necessarily satisfies

A/ NTT|
P& =q) =m

by ergodicity. This also implies that each £ and Etd has the same distribution.
We now state the main result.

Theorem 3.2. [et 0 < t* < T*r >0andd, <1 < u (1 <1<k)befixedand A, = T*n_t*.Forn > 1let

[\/TH dl,n = d?/fn,

Th=1+r=¢ y,=u
B, =(1+r)B"” t=t"+kA, (k=0,....,n—1)
and

L
ST, =sPEM =t 4 kA, (k=0,...,n—1)

be a stochastic process, where

o ez M = ™" g™ is a finite valued process with multinomial occurrences ¢,(n) = (uiyn, dy.n).
° (v[("))tEAnZ+ is a process with two states u and d.

If, moreover, Cr=(x) = (x — K)™ for some K > 0, then the expectations EC[(,?) of the functions Ct(f ) defined in (1) for the models
(ét(”), r,) and Cr (n > 1) converge for n — oo to

K
Cor = Spx @ (f1(Sp, t7)) — mq)(fz(sr*, t*))

where

k

log(s/K) 4+ (T* —t) (r + % > mlog(uy) log(dfl))
=1

f] (55 t) =

)

k
m\/lz 7 log(uy) log(d; )
=1

and

k
fls, ) =fi(s,t) = | (T*—1) Y mlog(up log(d; ).

=1
For proving the theorem we need some preparation.

Lemma3.3. Letn>1,te€{0,...,T*—1},andnA,, = T* —t. For M1+ - - - M, = ndefine theset E(M1, ..., My) to consist of
all points where, for | = 1, ..., k, M, variables &, . . ., £&r+_q are equal to c;(n). Then on E(My, . . ., My) the function Ct(”) in(1)is
given by

k k +
_ M; VAn Apmy
C[(") — e T4an Z 1_[ (ml> (H u; A mzdlv '"!+lst(n) _ K) Da(D™ g ()™ |

0<m<Mj;1<i<k I=1
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where myy, = M) — my,

erA,7 _ dlx/Tn «/In erAn
(D) = N and q,(I) = ﬁ
u’ " —d, d,

We shall use Richter’s local limit theorem for multinomial distributions.

Theorem 3.4 (Richter, 1956). Let A > 0and 1/3 < B < 1/2 be fixed. For a multinomial distribution with parameters n and
P1. ..., Pk € (0, 1) one has uniformly in qy, . .., q with max.—1_x |q; — pi| = 0(n~"2) and uniformly for (my, ..., m) €
{0,1,2,...,n}*withm; + --- + my = nand

max |m; — npy| < An'~#
1<I<k

n! m 1 1 < (my — ng))?
—_— . ex —— _— .
m1!...mk!ql - [(Znn)" gy ... q]V? p[ 2 Z ngq

=1

Proof. For p; = g this is just the theorem stated and proved in p. 359 in Richter (1956). The uniformity in the variables g; is
evident from the proof.

Remark 3.5. Richter’s theorem shows that a sequence of independent identically distributed random variables taking
finitely many values has multinomial occurrences. Thus specializing to processes with exactly one occurrence retrieves
the Cox-Ross-Rubinstein theorem and the Black-Scholes formula in Theorem 3.2.

Using this theorem one finds
Lemma 3.6. Let M + - - - + My = n and each M; satisfy condition (2). Then
n!

P(EMy, ..., M) = —— a7 M,
(EM, k) Ml M ! k

Proposition 3.7.

+
ECMIS™) < e 3 o (l_[“ﬁ"m’dm’"’”s(") <> [pa (D] ™ [qn (D™,
2k -

=1
Proof of Theorem 3.2. We use the notation introduced in this section. Define

k
Fai= 3Gy, ... myo : [ Juf™™dy s > 1<} .

Then
ECC?Is™) =SsPL(n) — Lb(n)
‘ Xp[rAun]
where
hm= > ]'[[pn(bu, e " | g (dy A7 At
(mq,..., mZk)anm
and
b= Y 7]'[[pr,(l)m]""[qn(l)m]'"w
(mq,...,myp)€Fy ml Zk =1
Since limy_. oo pa(l) = — log(d) (log(u) — log(d)) ™", limy—.c Ga() = log(u) (log(u) — log(d))™", limy_,o vy/™" = 1

(v =u, d)and lim,_,« € = 1, we can apply Richter’s theorem to each of the expressions I;(n) and I, (n) for large n.
We calculate I (n) first:

n! k
I = E - - | | pm™ )Mk
1(n) mil. . my! 1 pl,n() q1,n()
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with
pun() = u;/ﬂ — (wdy)VAne="4n -
’ u -y
gy = e g
Note that

pin() +qin()=m I=1,... k.
By Richter’s theorem
1
V@) 1pyy (1) .. prakgra(1) ... q1a(k)
k 2 2
S e [_ % 3o m np:li](}; 0? (m,+knqizcz;),n<l)> ] .

(my,..., mak)EFn =1

I](Tl) =

For fixed (my, ..., my) define

m; — npq (D)
X = ————

Vp1.a(D

I=1,...,k

and
m; — nqy (I — k)
X’ = —————-
vV nql,n(l - k)

A simple calculation shows that the above sum is a Riemann integral approximation to

I=k+1,...,2k—1.

2k—1

% / g(x Xok—1) €Xp | — = Z X,z dxq dXor—_1
AR ) K— ... —
Qm)*1qq (k) S xpe)eFy 215

11(n) =

with

2k—
-l k—1

X1y ooy X2k— —eXp - - E X,
g(l 2k 1) 2([1 ll)

| I
= P1n() I=1,...,k, Ak = 910 I=1,...,k—1.
q1.n(k) q1.n(k)

The set F} contains all points z = (z, . . ., Zy—1) € R*~1 such that

k k—1 2k—1
VT -t [Zzl\/p,-,na) loglu] + ) zii/a1a(D logldi] — Y iziy/q1 (k) log[dk]}
=1 =1 =1

and

K k
> log [s] — V22 Y 1 (pra(D) loglug] + q1.1(1) logldy]) .
t*

=1

Asn — oo we have that foreachl=1, ...,k

' log(dp)
Mo | D=y
o(D) nLngoan() log(u;) — log(d)) i
log(u)

k4 D% = i D= logtu) — log@) ™"
plet b= lim aun() = 1o ™

lim /AP (D log(w) + qu(D log(d) = VT~ — ¢ (r ~  log(a) 1og(d,—1>) .
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and
1
nlggo V(1D log(uy) + g1,(D) log(d) = V/T* — t* <r + 3 log(u) log(dfl)) 7.

(The third equation is used for I, (n) and explains the difference in the functions f; and f,.)
Asymptotically, the integral can be rewritten using a 2k — 1-dimensional normal random variable Y = (Y1, ..., Yor_1)
with expectation 0 and covariance matrix X' = (0j); j=1,...,2k—1 Where

on=1—pM? 1=1,...,2k—1
ow =—pDpl) 1<1#1 <2k—1.

To see this, note that the «; converge to p(l)/p(2k), so the inverse of the matrix

p(1)? p(Dp(2)  p(MpRk—1)
p(2k)? p(2k)? p(2k)?
_ p(2)p(1) ) p2?  p(pk—1)
p(2k)? p(2k)? p(2k)?
pPk—1Dp(1) pRk—1p2) p(2k — 1)
p(2k)? p(2k)? p(2k)?

is given by the matrix (o).
It follows that, in the limit, the region F; can be written as

1 k
F* = :LY > log(K /Sex) — (T* — t¥) (r +3 > mlog(w) log(d,‘l)) }

=1

where L is the linear form

k k—1
Lz, ... . z5-1) = VT* —t [Z zp() log(ui/dy) + Y zeripk+1) IOg(dl/dk)i| :

I=1 -1

LY is a (one-dimensional) normal random variable with expectation zero and variance

k
2 = E[(LY)’] = (T* — t%) ) _ m/log(uy) log(d; ).
=1

This implies that

P 1LY <l 1 5" T — t* y 1 log(d:™!
(—; )_; g | +(T* —t%) r+;mog(ul) og(d, )

= @ (fi(5, 1)).
A similar analysis leads to the asymptotic relation
lim I(n) = @ (f2(5;, t)).
n—oo

X

I (n)

Putting everything together shows the theorem. O
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