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NOWHERE-ANALYTIC SMOOTH CURVES WITH NON-TRIVIAL
ANALYTIC ISOTROPY

GIUSEPPE DELLA SALA

Abstract.  We study the smoothness properties of planar curves y C R?, 0 € y, which are invariant
under a local real-analytic diffeomorphism  fixing the origin. Under certain conditions, depending
on the first-order jet (if the eigenvalues of dv/(0) are not both of modulus one) or on a higher order
jet (if ¥ is tangent to the identity) of ¥ and y, we show that y must be real analytic as soon as it is
smooth enough — in particular, if it is of class C*°. On the other hand, when these conditions are not
verified we can construct examples of nowhere-analytic curves of class C*°, whose Taylor expansion
is divergent at 0, which are invariant under non-trivial real-analytic local diffeomorphisms (either
tangent to the identity or not).

§1. Introduction. This paper is devoted to the following basic question: let y C R? be
(the germ of) a smooth curve passing through 0, and let ¥ be a locally defined real-analytic
diffeomorphism of R? fixing 0. Suppose that y is invariant under 1. Does it follow that y, or
at least y \ {0}, is real analytic?

It is easily seen that the answer, in general, is negative. For instance, we can take as i the
reflection (x, y) — (—x, y) (respectively, the central symmetry (x, y) — (—x, —y)) and as y
the graph of any even (respectively, odd) smooth function. Examples of the same kind can be
given for any real-analytic involution : for this reason, we will consider the involution case
as the “trivial” one and we will exclude it from our considerations.

Leaving involutions aside, the answer turns out not to be so simple. Our aim is to show that
it is possible to provide sufficient, purely formal conditions (i.e. only depending on the Taylor
expansion of ¢ and y up to a certain order) which ensure that y must be C“ whenever it is
Y-invariant. Furthermore, we will show how to construct examples (in which those formal
conditions are not satisfied) of (non-involutive) ¢ and nowhere-analytic curves y of class C*°
which are ¥-invariant.

One of the motivations behind this question comes from CR geometry, that is, the study
of real submanifolds M C C". In this context, the analysis of the automorphism group
of M is a natural subject and has a long history: the automorphisms involved are (local)
biholomorphisms leaving M invariant and M is often, though not always, assumed to be a
real-analytic CR manifold. We refer, more specifically, to automorphisms which fix a point
p € M as isotropies. For areal analytic M, the isotropy group tends to be well behaved: under
suitable non-degeneracy conditions, it turns out to be a finite-dimensional Lie group (see [14]).
On the other hand, if M is only of class C*°, this group need not have such a structure, even
in the strongly pseudo-convex case (see [16]). However, also for certain classes of smooth
submanifolds, finite jet determination results (see [11, 15]) imply that the isotropy group
embeds injectively into a Lie group. It is reasonable to expect that a manifold of class C* but
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not C should admit fewer (holomorphic or real analytic) automorphisms than a real-analytic
one: this should be true regardless of the presence of a CR structure.

It seems to us worthwhile to seek to understand which phenomena only depend on
smoothness conditions and not on the presence of CR structures. To this end, we study the
action of real-analytic transformations on a smooth submanifold M C R": this is, however, an
interesting setting in its own right, and appears to contain several open questions. Among them
there is the characterization of real-analytically homogeneous submanifolds, see [18, 20]. The
study of this problem (at least within certain approaches) leads quite naturally to the question
of determining the isotropy group of nowhere-analytic smooth curves. For example, in [9] it is
shown that a curve ¥ C C which is homogeneous under local holomorphic diffeomorphisms
is necessarily of class C. The proof is based on the fact that the isotropy of a nowhere-analytic
curve contains at most involutive elements of Hol(C, 0). The constructions in Examples 3.6
and 4.8 of this paper, however, show that this approach cannot be directly generalized to
curves which are homogeneous under, more in general, local real-analytic transformations.

Another motivation comes from the theory of local, discrete dynamical systems. Although,
of course, invariant manifolds play a central role in it, the focus is typically on proving
existential results, showing that (analytic) invariant manifolds can be constructed for various
classes of analytic diffeomorphism germs. Our point of view is slightly different, in that we
either already assume that an invariant manifold exists or try to construct invariant manifolds
which are nowhere-analytic. Nevertheless, as one can expect our methods rely heavily on the
known results about dynamical systems in low dimensions.

As mentioned above, in the present paper we are principally interested in the case when M
is a smooth planar curve y C R? passing through 0, and ¥ € Diff*(R?, 0) is a real-analytic
isotropy for y. To show that the problem is indeed non-trivial, we start with the following
remark: unless y (or at least y \ {0}) is of class C, i cannot be “any” diffeomorphism germ.
For instance, it cannot be (involutions aside) a conformal germ v € Hol(C, 0), nor a linear
transformation ¢ € GL(2, R) or an “analytic shear” of the form ¥ (x, y) = (h(x),y + g(x))
(see [9, Lemmas 4.5, 4.7 and 4.10]). The proof of such results relies on the examination of
the local dynamics of the germs involved.

Our general aim is thus to find out which elements of Diff (R?, 0) can appear in the isotropy
group of a non-analytic smooth curve. It is easily seen that if a germ ¥ admits an invariant
curve y, then the tangent space Ty (y ) is an eigenspace for d/ (0), hence its eigenvalues A, A,
are both real. We always take A, to be the one associated to 7p(y ), and we distinguish two
main situations: when |A;| # 1, and when |A;| = 1.

The first case is considered in § 3. This case might be possibly well known, since it is
made easy by the existence of normal forms for v (as provided in [17]). However, we chose
to follow a somewhat more elementary approach. If |A;| £ 1, one can show that a smooth
invariant curve y for ¥ is necessarily real analytic: furthermore, the “maximal smoothness”
of a non-real-analytic ¥ -invariant curve turns out to be log |A;|/log |A{| (Theorems 3.2 and
3.3). On the other hand, in Example 3.6, we show that the “worst” possible kind of a non-
analytic smooth curve, namely one which is nowhere-analytic and whose Taylor expansion
is divergent at 0, can admit germs with A; = 1, |A;| # 1 in its isotropy group.

Wheninstead |A;| = |A2| = 1, we can always take ¥ to be tangent to the identity by squaring
it and applying a blow-up. Of course, the behavior of invariant curves y for such a ¥ is linked
to the higher order jets of both i and y: in § 4.1, we define a pair of integer invariants (d;, d5)
(with d; > 2,1 < dy < dj — 1) which depend on ¥ and on the formal ideal I of R[[x, y]]
generated by the Taylor development at 0 of a defining function for y (it is in fact sufficient to
know the jet of order d; of ¢ and I). The integer d, is simply the order to which the restriction
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of 1 to y is tangent to the identity at 0. The definition of d, is less transparent, but roughly
speaking its geometrical interpretation is linked to the behavior of ¥ in the direction transverse
to y.

Our main results are the following: assume d; < oco. If d, = d; — 1, then y \ {0} is of
class C“, and in fact y is of class C* if I admits a convergent generator (see Theorem 4.2).
On the other hand, there exist nowhere-analytic smooth curves y whose Taylor expansion is
divergent at 0 and which are invariant under a v € Diff® (R?, 0), tangent to the identity, such
that d, < d; — 1; see Example 4.8.

Like for the results in [9], the proof of Theorems 3.2 and 4.2 depends on the local dynamics
of (holomorphic) diffeomorphism germs. Our general method is analogous in both cases:
first, we lift the diffeomorphism 1 and the curve y by a certain number of blow-ups. At
every step, the center of the subsequent blow-up is the point of the exceptional divisor which
corresponds to the tangent line of the previous iterated lift of y. After sufficiently many
iterations, the dynamical properties of the lift of i allow to either apply the classical stable
manifold theorem (in Theorem 3.2) or the theory of parabolic curves developed by Hakim in
[12, 13] (for Theorem 4.2) to show that the corresponding lift of y is of class C*.

In the case of |1;| # 1, the eigenvalues of the linear part of the lifts of Y change at every
step (cf. [1]), until eventually one of them is attractive and the other repulsive, so that the
stable manifold is a one-dimensional real-analytic curve. As previously remarked, when the
eigenvalues of dyr(0) all lie inside the unit disc (i.e. ¥ belongs to the so-called Poincaré
domain) polynomial normal forms have been given by Reich [17]. Since we are interested in
two-dimensional germs (which can admit only few resonances), using these normal forms
allows a rather straightforward proof of Theorem 3.2. We chose to employ the blow-up
procedure to exemplify the method used later for germs tangent to the identity (where normal
forms are not available), so that the treatments in §§ 3 and 4 are part of a common framework.
Also note that in Theorem 3.2 we are concerned with some germs outside of the Poincaré
domain as well. For completeness, we record in Theorem 3.3 the more precise smoothness
results that can be obtained for germs in the Poincaré domain by normalizing them, and we
show in Examples 3.4 and 3.5 that these are essentially optimal.

If ¢ is tangent to the identity, the use of repeated blow-ups to simplify the dynamics at the
expense of the geometry of the space has been introduced by Abate [2] to show the existence
of parabolic curves, on the basis of the method used by Camacho and Sad [7] to prove the
existence of a separatrix for singular vector fields. The formal logarithm of v has been later
employed in [6, 8] to provide a direct link between the results for singular formal vector
fields and those for diffeomorphisms tangent to the identity. In our situation, if y satisfies the
assumption in Theorem 4.2, the tangent space of a suitable lift of y defines a non-degenerate
characteristic direction for the corresponding lift of ¢ after sufficiently many blow-ups (this
is what allows the application of the theory of parabolic curves). As a matter of fact, the
condition d, = d; — 1 is nothing else but a reformulation of this property (see Lemma 4.4).

When the assumptions in Theorems 3.2 and 4.2 are not satisfied, the use of repeated blow-
ups does not “improve” the local dynamics of the lifts of ¥ : In the first case, the eigenvalues
do not change, whereas in the second one the tangent line of any lift of y always defines a
degenerate characteristic direction. Indeed, one can check that the non-analytic smooth curve
y ={y=f(x)}with f(x) =0forx < 0and f(x) = e~ forx > 0 admits such germs in its
isotropy group (see Example 2.2). In Examples 3.6 and 4.8 we show that nowhere-analytic
curves can also admit non-trivial isotropy, either tangent or non-tangent to the identity. In each
case, the diffeomorphism ¥ involved has an open basin of attraction U around the origin, and
the construction of the invariant curve consists in joining a suitable point p € U with ¥ (p) by
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a smooth, nowhere-analytic arc contained in U and then extending this arc in a unique way
by -invariance. The properties of i allow then to prove that the curve y so obtained is of
class C* around 0, and that the Taylor development of its defining function is divergent.

§2. Notation, background, preliminaries.

2.1. Germs of analytic maps. We denote by Diff”(R”, 0) the group of germs at O of real-
analytic maps ¢ : U — R", where U is a neighborhood of 0 in R", such that ¥ (0) = 0 and
JY¥(0) # 0. We define Hol(C", 0) in a similar way in the category of holomorphic maps.

For any ¢ € Diff”(R", 0) and j € Z we denote by ¢°/ the composition of ¢ with itself
performed j-times; nevertheless we will usually write ¢! for ¢°~'. We will denote by
Id € Diff”(R", 0) the germ of the identity map, so that ¢°° = Id. If d¢(0) = Id, we say
that ¢ is tangent to the identity.

Let ¢ € Diff*(R", 0), and let (M, 0) be the germ at 0 of an embedded submanifold
M Cc U Cc R". We call M an invariant submanifold for i if there is a neighborhood V of
0 such that ¥ (p) € M for all p € M N'V. With a slight abuse of language, in the paper we
will refer to properties of the germ of M at 0 as properties of M. In particular, we will say that
M is real analytic if it is of class C* in a small enough neighborhood of 0.

In the following, we will be mostly be concerned with the case when n =2 and
M =y is a curve in R?(x,y). We will usually write y = {y = f(x)} with f of class
at least C', £(0) = f/(0) = 0. If ¥ e Diff*(R?,0), ¥ (x,y) = (g(x,y), h(x,y)), then for
any p = (x, f(x)) € y we have ¥ (p) = (g(x, f(x)), h(x, f(x))). The -invariance of y
corresponds to the requirement i (p) € y, that is,

fg(x, f(x))) = h(x, f(x))

for x close to 0; we will often refer to it as the “mapping equation.”

2.2. Analyticisotropy. If M C R"is asmooth submanifold and p € M, the set of the germs
¥ € Diff?(R", p) such that M is y-invariant is a subgroup; we will call it the analytic isotropy
group of M at p. Clearly, if M is real analytic, its isotropy group at any point is very large
and in fact isomorphic to the isotropy group of a plane of the same dimension. However, for
a generic smooth submanifold M of R" we should expect the analytic isotropy group to be
trivial at any point p € M. One of probably many ways to see this is given by the following
lemma, showing that such a situation is generic in the topological sense. We recall that a
subset of a topological space is called residual if its complement is of first category:

LEMMA 2.1. Let 2 € R" be a domain and for any f € C*(Q2) let T'(f) C Q x R be its
graph. Let C*°(Q) be equipped with the Fréchet space topology. Then the set of the f € C™(2)
such that the analytic isotropy of U (f) reduces to the identity at every point contains a residual
subset; in particular, it is dense in C*° (5).

Proof. Forafixed f € C>®(Q2) and p € I'(f), we denote by E,(f) thesetof those g € I'(f)
such that there is a local real-analytic diffeomorphism, defined in a neighborhood of pin R"+!,
sending p to g and preserving I'(f). We call this set equivalence locus of p in T'(f). In [10,
Theorem 4.1] it is shown that the set 7~ of the functions f € C*(R2) such that E »(f) = {p}
for all p € T'(f) contains a residual subset.

Let f € T (note that in particular f is nowhere-analytic): then the analytic isotropy at
any p € I'(f) is trivial. Indeed, if ¢ € Diff”(R", p) preserves I'(f), for all g € I'(f) in the
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domain of Y we have ¥ (q) € E,(f) = {q}, thatis, ¥ (gq) = g. Since the set of fixed points of
Y locally contains the nowhere-analytic hypersurface I'(f), it follows that ¢ = Id. 0

On the other hand, some non-analytic smooth hypersurfaces also have an analytic isotropy
which does not reduce to the identity. This is very easy to see by considering, for instance, non-
analytic curves that are invariant under linear transformations of the kind (x, y) — (x, —y)
or (x,y) = (—x, —y). More in general, it is easy to show that every diffeomorphism germ
of order two is C”-conjugated to its linear part (see, e.g., [9]), and thus admits many (even
nowhere-analytic) invariant curves. For our purposes, we consider the set of involutions as
the “trivial class.”

A less trivial case is given by the graph of the common textbook example of a non-analytic
smooth function:

Example 2.2. Define f € C*°(R) by f(x) =0forx <0, f(x) = e~ for x > 0 and let
y = {y = f(x)} C R2. The analytic isotropy group of y at 0 is non-trivial.

Indeed, define the one-parameter group {V,};,cr C Diff*(R?,0) by v, (x,y) =
(1=, 2¥): the mapping equation
x f(x)
(7)=2
+1x e

is clearly satisfied for —1 < x < 0, while for x > 0 we have

X __m__l_,_f(x

Taking this further, we can define {¥,(x,y)}ier by V. (x,y) = (T‘W,,ye*’xw): the
associated mapping equation

X ]

is again clearly satisfied for x < 0, and for x > 0 we have

X 14ex" 1 n—1 n—1
f(l +tx”) =e T = =1t

Though non-analytic, y possesses thus quite a large isotropy group. This is not surprising,
since the example arises naturally as an integral curve of a singular analytic vector field. Of
course such a curve is forced to be real analytic outside the origin. We will show later that
much “worse” curves of class C*° can admit a non-trivial analytic isotropy group, and that, on
the other hand, not all types of germs can appear in the isotropy group of a non-analytic curve.

2.3. Stable manifold theorem. We will now recall some well-known results about the
dynamics of germs of diffeomorphisms around a fixed point. For our purposes, it will be
sufficient to consider the two-dimensional case: let then v € Hol(C?, 0), and let A;, A, € C
be the eigenvalues of d/ (0). We will only be interested in the case where 1| # Ay:let Ey , E;,
be the associated eigenspaces. Put

ES = @ E;:

STSIESINAES|

8518017 SUOILLIOD BAIIER1D) 3(eol dde auy Aq peusenob ake saolie YO '8N J0 S|n1 104 ARIqIT BUIIUO AB|IA UO (SUORIPUOD-PUE-SWRIALIY A | 1M AeId Ul UO//SANY) SUORIPUD PUe SWB | 841 88s *[¥Z02/v0/2] uo Ariqiauliuo A8IM ‘NONVET 1-I4VNIH AQ 8202T IW/ZTTT 0T/I0p/L0d A 1M Aeiq Ul |Uo"d0sUewpUO | //:sdiy Wolj pspeojunmod '€ ‘0202 ‘Zv6.LTv0Z



654 G. DELLA SALA

the space E* is called the stable subspace of dir (0). Of course, in our situation either E* = {0},
E* = C? or it coincides with one of the eigenspaces E 5, We can define the unstable subspace
E" as the stable space associated to the inverse of .

Assume now that ¢ € Diff” (R?, 0), and let 4;, 1, € C be again the eigenvalues of dv (0).
We still denote by v, dy(0) the extension of the germ and its differential to C2, and for
any A € {A;, A2} we denote by E;, C C? the (complex) eigenspace associated to A, and put
E,;=E®E)N R?. The (real) stable space E* C R? for d/ (0) is defined as follows:

E' = &b (E,NR*) @ b E, ;.

refirhlr<1,2eR refhr, i <1,AeC\R

If the eigenvalues of di(0) are both real, the previous expression reduces to
Es = @l <1 (Ex N R?). As before, we can also define the unstable space E“ by considering
the inverse v ~'. We will need the following version of the stable manifold theorem in C?:

THEOREM 2.3. Let y € Hol(C?,0), let A1, A, be the eigenvalues of dyr (0), Ay # Ay, and
let E°® be the stable subspace defined above. Then there exists a \-invariant local embedded
complex submanifold W} ., whose tangent space at 0 is E®, and 8 > 0 such that the set of the
p € B(0, §) whose orbit is exponentially convergent to 0 coincides with W) N B(0, §). W} .
is called the stable manifold of ¥ through 0.

Analogously, there exists an unstable manifold W}/ . tangent to the unstable space E" and
behaving in the same way for the orbits of .

If dv (0) has no eigenvalue of modulus 1, then E* @ E* = C* and W . contains all the

points sufficiently close to 0 whose orbits converge to 0. In this case,  is topologically
conjugated to its linearization.

The previous result collects several particular cases of the stable-unstable-center mani-
fold theorems (as well as the Grobman—Hartman theorem) for diffeomorphism germs, as
formulated, for example, in [3, Theorems 3.1.1, 3.1.3 and subsequent remark, Theorem 5.3.5].

COROLLARY 2.4. Let € Diff”(R?, 0) and let A, A», E* be as before with L1, 1, € R.
Then the analogous statement to Theorem 2.3 holds for  in the real-analytic setting.

Indeed, the previous corollary can be proved by extending v to a map in Hol(C?, 0),
applying Theorem 2.3 and then considering the real-analytic submanifold W3 N R?. Note that
under the assumption that A;, 1, € R the tangent space E° C C* of W, C C? is generated
(over C) by vectors belonging to R?, hence we have dimg (W}, N R?) = dimc W;S...

2.4. Blow-up. Inwhatfollows we describe the very well-known construction of the blow-
up of a point in a surface; we focus on the case of (0,0) € R? although of course the
construction is coordinate-invariant and can be performed in any field. Our main purpose
here is to fix the notation we are going to use in the rest of the paper.

Consider coordinates (x, y) on R? and homogeneous coordinates [u : v] on the projective
space RP!. Define a hypersurface M C R?> x REP! in the following way:

M = {(x,y, [u:v]) e Rz X RIP’I XV =yu},

We will denote by 7 : M — RR? the restriction of the projection 7 : R? x RP! — R? on the
first factor. The hypersurface M (we will also write M = IR2) is called the blow-up of R? at
the origin, and S = 7' (0) C M is the exceptional divisor; note that § = RP'. One can check
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that the restriction of 7 to M \ § is a diffeomorphism M \ § — R? \ {0}. Moreover, there is
a natural identification between S and the projectivization P(T,(IR?)) of the tangent space of
R? at the origin, given by S 3 (0,0, [u : v]) — p(ud/dx + vd/dy) € P(TH(R?)) (here p is
the projection p : Ty (R?) — P(Ty(R?))).

We consider the two local charts on M that correspond to the charts {u # 0} and {v # 0}
of RP!. In {u # 0} (respectively, {v # 0}), the hypersurface M can be expressed as a graph
over R, x RP! (respectively, R, x RP') as {y = xV} (respectively, {x = yU}) where V =
v/u (respectively, U = u/v). Accordingly, on the chart M N {u # 0} we consider coordinates
(x',y') on M which are induced by the pull-back of the coordinates (x, V) of R, x RP! by
the projection M — R, x RP!, that is, we putx’ = x, y’ = V. We define coordinates (x”, y")
on M N {v # 0} in an analogous way.

In such coordinates, the exceptional divisor S is defined by § = {x’ = 0} (respectively, S =
{y" = 0}) and the projection 7 is expressed as 7w (x', y') = (x', x'y’) (respectively, 7 (x”, y") =
(x// // //))‘

The construction of iterated blow-ups has been employed by several authors (cf. [2, 6,
8]) to study the dynamics of germs v € Hol(C?, 0) which are tangent to the identity, based
on the method developed by Seidenberg [19] and Camacho and Sad [7] for the reduction
of singularities of vector fields. The main ingredient is the fact that, although 7 is not a
diffeomorphism around S, the lift of such germs by 7 is well defined (see, e.g., [1, 2]):

LEMMA 2.5. Let ¢ e Diff*(R?, 0) Then there exists a (umque) mapping w U — Rz
where U is a 1 neighborhood of S in RZ such that Y o =1 o w The exceptional divisor
S = RP! is w -invariant and the action of w on S is conjugated to the action of dyr(0) on
P(Ty (Rz)N) = RP'. In particular, if  is tangent to the identity, then all the points of S are
fixed by .

Suppose that 8 /dx = [1:0] is an eigenvector of dyr (0), then§ = [1 : 0] € S is a fixed point
for r and, denoting by (g, h) the components of V¥, the components (g, h) of ¥ in the chart
{u #£ 0} containing [1:0] are given by

~ 7 o Toor h(x’,x/y’) ’o
g, y) =g, xy), h(x',y)= — .~ € R{x’, y'}.
g, x'y")
The germ of 1:5 at £ defines again an element of Diff” (R?, 0).
Smooth curves defined in a neighborhood of 0 admit a smooth lift as well:

LEMMA 2.6. Lefvy be a curve of class C* (k > 1) in R?, 0 € y. Then there exists a
(unique) curve y C R? of class C*~" such that w () = y; indeed, one has ¥ = w~1(y \ {0}).
Furthermore, y intersects S at the point corresponding to Ty(y) in the identification
P(TH(R*) =S

Proof. We can assume that 75 (y) = (d/0x), hence y is locally parametrized by R 5 ¢t —
(t, £(t)) € R? with f of class C* and £ (0) = f/(0) = 0. Working in the chart {u # 0}, for any
t #0wehaver~!(t, f(t)) = (t, f(¢)/t). Since g(t) = f(t)/t extends continuously through
t = 0to a function of class C*~!, we have that 7 —!(y \ {0}) is the curve of class C*~! locally
defined by ¥ = {y’ = g(x')}. The second assertion of the lemma follows from the fact that
g(0) = f'(0) = 0. 0
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2.5. Nowhere-analytic functions. Later, in our constructions of invariant curves we will
need some standard facts about the existence of nowhere-analytic functions with prescribed
behavior. We start with the following:

LEMMA 2.7. Leta; < a; € R and let {d;}, {d,f} be arbitrary real sequences. Then there
exists € C*([a1, a»]) such that n is nowhere-analytic in the interval (a1, a») and '’ (a;) =
d}, n'V(ay) = d; forall j € N.

Proof. By the well-known Borel-Ritt Theorem, fixed any real sequence {c,},>0 there
exists a real function g, of class C*° on a neighborhood U of O and real analytic on
U \ {0}, such that g/’ (0) = ¢; for all j > 0. Define a cut-off function x € C*([—1, 1]) by

X (x) = 1—¢e =@ ;note that x is flatatx = —1, 0, 1 and it is of class C” on (—1, 1) \ {0}.
Taking g.(x) = x(x/€)g(x) for small € > 0, we again have gij) (0) =c¢; for j >0 and
gc € C®([—¢€, €]) is of class C” on (—¢, €) \ {0} and flat at x = =e.

Let now 7 be any nowhere-analytic smooth function defined in a neighborhood of [ay, a,].
Define two sequences {c,},>0, {¢;}az0 by putting ¢; =d} =7 (a1), ¢; = d} =7V (a2)
for j > 0. For € >0 small enough, associate to {c,ll}@o, {c%}”>0 two functions
gi, gﬁ € C*([—¢e, €]) as above, and define

N(x) =) + g (x — a) + g (x — az)

for x in a neighborhood of [a;, a,]. It is easy to check that 5 satisfies the conditions required
by the lemma. O

LEMMA 2.8. Fix ai <ay € R, 0 <A < 1. For any sufficiently small € >0 and
0 < 81, 62 < 1, there exists a nowhere-analytic function n € C °°([q1, az]) with the following
properties: n(a) = €, n(az) = re, n'(a2) = 8, n'(a1) =81, NV (a2) = n(ar) =0 for
Jj=22,0<nx) <1forallx € [ay,a)

Proof. Start by choosing 77 € C*°([a1, a>]), not necessarily nowhere-analytic, satisfying
the requirements of the lemma: this is easy to achieve by first choosing a piecewise-affine
function fulfilling the desired conditions and then smoothening out its corners. Note that the 77
so constructed is real analytic everywhere except for a finite set of points. Let I, . . ., I, be the
intervals where 7 is analytic, and for any j choose a function §; € C*°(I;) which is nowhere-
analytic on /; and flat atits endpoints. For small enough & > 0, the functionn =77 +¢3/_, 6,
is nowhere-analytic on (a;, @) and has the desired properties.

Remark 1. 'We note here that not only the set of nowhere-analytic functions, but also the
set of the functions whose Taylor series is divergent at every point is dense in C*°([ay, a2])
(see [5]). In the statement of Lemma 2.7, we may thus require this stronger property on 7.

2.6. Formal mappings. Out of convenience, we will now recall some well-known facts
about homomorphisms and ideals of the ring of formal power series.

Let R[[x, y]] be the ring of formal power series in the variables x, y with coefficients in R,
and let m be its maximal ideal. For any o € R[[x, y]], its order v () is the largest n € N such
that € m” (v(a) = 0 if « is invertible and v(0) = c0).

Let ¥ (x,y) = (g(x,y), h(x,y)) € (R[[x,y]])%, and suppose 1 (0,0) = (0,0): then
¥ induces a ring homomorphism v : R[[x, y]] — R[[x, y]] by composition, that is,
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V() =aoy =a(glx,y), h(x,y)) for all o € R[[x, y]]. We will always consider homo-
morphisms defined by composition in this way. We define the order of ¢ as the largestn € N
such that ¢ (R[[x, y]]) C m"; note that v(yy) = min{v(g), v(h)}.

If the Jacobian of i at 0 is non-vanishing, the induced ring homomorphism is invertible.
If dy¥(0) = Id, we also say that the induced ring homomorphism is tangent to the identity to
orderd e Nifv(y — Id) =

We call a proper ideal I C R[[x, y]] a formal curve ideal if it is of the form I = (p) with
v(p) = 1. Under this assumption the quotient R[[x, y]]/I is isomorphic to R[[#]], and for any
o € m\ [ of order 1 we have that « 4 I generates the maximal ideal n of R[[x, y]]/1.

Assuming that %(0) # 0, there exists a (uniquely determined) generator o’ of I of the
form p'(x,y) =y - fx), f € R[[x]]. An element 8 € R[[x, y]] is thus in [ if and only if
B(x, f(x)) = 0; furthermore, x + I generates n.

Given a ring homomorphism v, a formal curve ideal I = (p) is invariant by vy if Y (I) C I,
thatis, if p o ¥ € I. Thus, ¥ induces a ring homomorphism v/ on R[[x, y]]/I of composition
type; the formal conjugacy class of v/ does not depend on the identification R[[x, y]]/I =
R[[#]], that is, on the choice of @ € m \ I of order 1. In particular, the order of tangency of ¥
with the identity is well defined.

If p(x,y) =y — f(x)and ¥ (x) = g(x,y), ¥ (¥) = h(x, y), the ¥-invariance condition on
I is equivalent to the formal mapping equation f(g(x, f(x))) = h(x, f(x)), valid in R[[x]].
Taking x 4 I as the generator of n and thus identifying R[[x, y]]/I = R[[x]], we can then

write Y/ as RIIx]1 5 B(x) 5 Bg(x, £(x)) € RI]].

§3. Germs which are not tangent to the identity. In this section we are going to look at
germs ¥ e Diff” (R?, 0) such that the eigenvalues A, A, of dy(0) do not both lie on the unit
circle. Of course, |A;| = |X2| = 1 does not imply that di/ (0) = Id; however, the lift of (a
power of) i through a blow-up is tangent to the identity and can be treated as in § 4.

3.1. Thecase|ir;| # 1. Thesimplestcasetoconsiderislog|A;|/log|A;| < O;thissituation
can be treated by a direct application of the stable manifold theorem and the invariant curve
y can be assumed to be just continuous. More precisely, we have the following

LEMMA 3.1. Let ¢ € Diff*(R?, 0) and suppose that the eigenvalues \i, ., of dyr(0)
satisfy log |A;|/log |Ai| < 0. Let y > 0 be a -invariant curve of class C°, that is, it locally
admits a continuous, injective parametrization. Then y \ {0} is of class C®. If v is of class
C!, then it is also real analytic around 0.

Proof. Note that dyr(0) is represented by a matrix with real coefficients, hence its
eigenvalues are either both real or they are complex conjugates. In the second case we would
have |A|| = |A;| against our assumption that log |A;|/ log |A;| < 0, hence we have A1, A, € R.

The result follows from the stable manifold theorem, in particular from the last part of
Theorem 2.3. Indeed, let (—to, fo) > t — y (t) € R? be a continuous injective parametrization
of y with y(0) = 0. Choosing a small enough t; > 0, for any ¢ € (—1#,t;) we have that
Y (y(@)) €y (and ¥~(y(t)) € y), thus there exists a unique x (t) € (—to, ty) such that
y(x()) =¥ (y()). The map x : (—t,#) — R is continuous and (since ¥ is invertible)
injective. Moreover x (0) =0 and y (¢) # ¢ for t # 0 because 0 € R? is an isolated fixed
point for i (which follows from the fact that i is topologically conjugated to its
linear part).
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The function  is either strictly increasing or strictly decreasing: suppose the latter. Then by
considering y°? instead of 1/ we can (possibly taking a smaller ¢,) replace x by x°Z, hence we
can assume that yx is strictly increasing. Focus now on ¢t > 0 (the case of ¢ < 0 is analogous):
we either have x (¢) >t or x(¢) <t for all 0 <t < t,. Suppose that the latter is true. Then
we claim that y (') € W)’ for any 0 < ¢’ < t;, where W, _ is given by Theorem 2.3. Indeed,
since 0 < x(¢) <t we have x°"(t') — 0 as n — oo, hence ¥°"(y (t')) = y(x*"(t')) - 0
as n — o0o. By Theorem 2.3 this implies that y (t') € W . If x (t) >t forall 0 <t < t; we
replace ¥ by ¥ ~! and we repeat the same argument.

From the previous discussion follows that y ([—e¢, €] \ {0}) is contained in the set W)} . U W)
for some small € > 0: since y (t) # 0 for ¢t # 0 this means that y \ {0} is of class C*. If y is
of class C', it must coincide with either W5, or W%, and thus it must be real analytic. O

From now on we will assume that the invariant curve y for the diffeomorphism
¥ e Diff®(R?, 0) is at least of class C'. In suitable coordinates we have T (y) = (%), SO
that & is an eigenvector for di(0). This in turn implies that the eigenvalues A, A, # 0 of
the linear part of ¥ are both real. We will always take A to be the eigenvalue associated to
the eigenvector %

For any ¥ e Diff*(R?, 0) with a distinguished eigenvalue A; such that |x;| # 1, we
now define 7 = 7(y) € R as t(¥) = log|A;|/log|1;|. It is easy to check that the ratio
log |X2|/log || is constant along the group generated by v in Diff*(R?, 0), that is,
T(¥) = t(¥°") foralln € Z (aslong as the eigenvalue in the denominator is always associated
to the same eigenvector).

THEOREM 3.2. Let € Diff*(R?, 0) and let y be a y-invariant curve, 0 € y. Suppose
that |\i| # 1 and that y is of class C*, k > max{0, T (y)}. Then y is a real-analytic curve.

Proof. By the observations above we can replace ¥ by 1°> (which still admits y as an
invariant curve) without changing 7 (y), to ensure that the eigenvalues are both positive.
Furthermore, possibly taking the inverse of ¢ we can normalize XA, in such a way that 0 <
A1 < 1. Performing a linear change of coordinates, we will also assume that dyr(0) is in its
Jordan form (note that, since d (0) has real eigenvalues, we can normalize it by conjugating in
GL(2,R)).If g, h € C*(IR?, 0) are the components of v, that is, ¥ (x, y) = (g(x, y), h(x, y)),
we have h(x, y) = Ay + O(2) and either g(x, y) = Lix + O(2)org(x,y) = A x+y+ O(2)
(where in the latter case A, = A»).

If A» > 1, then the conclusion of the theorem is given by Lemma 3.1 with y of class C'.
Suppose then that 0 < A, < 1. Our aim is to reduce to a situation in which we can apply the
stable manifold theorem in a way similar to Lemma 3.1. In order to achieve this, we will
perform a suitable sequence of blow-ups. In a small neighborhood of 0, we can express y as
a graph over R,: y = {y = f(x)}, where f is of class C* around 0 and f(0) = f'(0) = 0.
Denote by

the polynomial expressing the kth order Taylor expansion of f about 0, and define a local
change of coordinates ¢ € Diff” (R?, 0) as ¢ (x,y) = (x,y — Ti(x)). We will denote again by
y = {y = f(x)} and , respectively, the image ¢ (y ) of the invariant curve and the conjugate
¢ oy o ¢! of ¥ through the diffeomorphism ¢. After this change of coordinates we have
f90)=0for0 < j <k
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The invariance of y with respect to ¥ is expressed by the mapping equation

J(glx, f(x))) = h(x, f(x)), &)

valid for all x in a neighborhood of 0 in R. We can check that the mapping equation implies

h(x,y) =y(a + Q(x,y)) + rx),

where r(x) = O(x**') and Q = O, (here and in the following, we are going to write O,
for a power series or function which is of order ¢ jointly in the variables (x, y)), by taking
the k-jet of both sides in (1). The k-jet of the left-hand side is, in fact, vanishing, and since
h(x, f(x)) = r(x) + O(**") this is only possible if r(x) is of order k + 1.

Letm (x1, y1) = (x1, x1y1) be the blow-up at 0, and let 1// (g, h) be the lift of ¢ satisfying
ToYy = 1// om (see Lemma 2.5). Furthermore, let ¥ be the lift of v through the blow-up.
The curve ¥ is the closure of ' (y \ {0}), and can be expressed as y={y= f(xl )} with
F(t) = f(t)/t (see Lemma 2.6). Hence £ is of class C*~! and f(/)(O) =0for0<j<k—1.
Observe that f is of class C* if and only if that is the case for f

Next, we perform a computation of the lift of ¢ in the coordinate chart {u# # 0} of R2
in which [1:0] =0 € S. Let g(x,y) = Mix+ P(x,y) or g(x,y) = Aix +y+ P(x,y) with
P(x,y) = O;. In either case,

g(x1, y1) = g(x1, x1y1) = Ax; + O,
For the second component we get

hxy, xiy) Aoy + 310, x1y1) r(x1)
glxr, x1y1) A1+ 0(1) Arxy + P(xy, 0) + yix S, y1)
for a suitable S(x;, y;). It follows that

h(x1,y1) =

~ A ~ -
h(xi, y1) = A—2Y1 + 3101, y1) +7r(x1),
I
where F(x;) = "/ () + £99) = 0(x}) and O(x1, 1) = Oy
In summary, we have that the linear part of IZ € Diff” ’QRZ, 0) is either diagonal or (possibly,

if k = 1) triangular. In any case its eigenvalues are (A1, 1) = (A1, A2/A;). Note that 7 () =
logh, _ logir—logh — f(w) - 1.

log A log A4

Iterating the blow-up operation k times we obtain a finite sequence (1/7/ f) j=0,...,k,
such that (¥°, ¥°) = (¥, y) and each 1///“ respectively, 7/+! is the lift of ¥/, respectlvely,
)7/ , by the blow-up at 0. Each y/is a y/- invariant curve that can be locally written as

={y; = fi(x)) }w1thf of class C¥—/ andf(lff’)—T(llf)—]

For Jj =k we have r(wk) =1(¥) —k < 0 and P is of class C°, hence by Lemma 3.1
we have that ¥ is locally contained in the union of the stable manifold W and the unstable
manifold W, for y* = (g, ) at 0. However, we have that W,a. coincides with the exceptional
divisor Sy ~{xk = 0} for the last blow-up (xx, yx) — (xx, Xy« ). Indeed, by Theorem 2.3 W5
is the only y-invariant 1-manifold which is tangent to d/9yy, and S fulfills these properties
(alternatively, one can apply Lemma 3.1 with y = S;). Since ¥ only intersects Sy at 0, it must
be completely contained in W;} ., hence it is real analytic. (]

3.2. Curves of class C*%. In order to prove Theorem 3.2, it is in most cases simpler
to conjugate ¥ in Diff”(R?, 0) to its normal form, as given by Reich [17]. Indeed, when
0 < A1, A < 1 there is at most one resonant monomial and the mapping equation for the
normalized germ is quite simple.
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However, the proof via blow-ups — which relies on relatively more “classical’ tools like the
stable manifold theorem — is suited to being generalized to situations where a normal form is
not available, or would not provide a significant simplification of the mapping equation. This
is what we are going to do in §4 for germs which are tangent to the identity. Furthermore,
in Theorem 3.2 non-hyperbolic germs can also appear since it is possible that A, = 1, so the
application of at least one blow-up or of the version of the center-stable manifold theorem for
non-hyperbolic germs seems necessary anyway.

It seems worthwhile to state a refinement of Theorem 3.2 in which the smoothness
requirement on y is weakened, at least in the case 7 () > 1, which implies 0 < A, < A
and thus that 1 belongs to the Poincaré domain. The proof can be obtained by passing to the
normal form and we shall only sketch it. We consider Holder continuity conditions on the
derivatives by taking y of class Ck k >1,0 < a < 1, where we set Ck-0 = C*.

THEOREM 3.3. Let r, y be as in Theorem 3.2 witht (1) > 1. Let y be of class cke where
weassumek > t(V)if1 < t(Y) € Nandk + o > t () otherwise. Then y is real analytic.

Proof. Applying the results in [17] to our situation, we can distinguish the following cases: if
7(¥) ¢ N, we can put ¢ in the linear normal form ¥ (x, y) = (A1x, Ayy), whereasif t () = 1
we can either put it in the form ¥ (x, y) = (Ax, Ay) or ¥ (x,y) = (Ax + y, Ay). In both cases,
the result follows by differentiating the mapping equation enough times. Whent () = k € N,
we can choose coordinates in which either ¥/ (x, y) = (Ax, A*y) or ¥/ (x, y) = (Ax, A*y 4+ xF):
in the latter case the mapping equation reads

fOx) =2 Fx) + x5,

differentiating which k times we get the relation f* (Ax) = f® (x) + (k!/A%) for the kth
derivative of f, which gives an immediate contradiction since f is assumed to be of class C
around 0. O

3.3. Nowhere-analytic invariant curves of finite smoothness. We will now give some
examples showing that the regularity assumptions in Theorem 3.3 are essentially sharp.
As a matter of fact, for k > 1, 0 <« < 1 the curve y = {y = |x|"*} is not analytic and
is invariant under (x,y) — (A1x, Aoy) for any O < A, < A; < 1 such that logA,/logi; =
k 4+ «. However, nowhere-analytic examples are also possible:

Example 3.4. Forany t > 1, T &€ N, there exist a (linear) diffeomorphism ¢ with 7 () =
7 and a v-invariant, nowhere-analytic curve y 3 0 of class C** such that k +« = T (¥).
Furthermore, y \ {0} is of class C*°.

Proof. Choose 0 < A, < A; <1 such that logi,/logi; = 7 and define ¥ (x,y) =
(A1x, A2y). Let n € C®([A1, 1]) be nowhere-analytic in (A1, 1) and n (1) = (1) =0
for all j € N (see also Lemma 2.7). We define y = {y = f(x)} by putting £(0) =0, f(x) =
An(x/A}) forallx € [A’f*l, Atl,n e Nyand f(x) = f(—x) forx € [—1, 0]. By construction it
is clear that f € C*°([—1, 1] \ {0}) is nowhere-analytic, and that y is y-invariant. Moreover,
putting M; = maxg;, 17|n"|, for any x € [—A", A7] we have f)(x) = (i—ﬁ)”’n(/) (x/A) for

some m > n, hence | £ (x)] < (%)”Mj. Since % < 1 for j < k, this estimate shows that
1 1

f is of class C* around 0. We need to verify that £ is Holder continuous with exponent
a = 1(¥) — k < 1. Since f is an even function it is sufficient to estimate | f © (x"") — £ (x')]
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for0 < x’ < x”.Let¢ < mbesuch that A7 < x' < A%, A7 < x” < A%, and letx)) = x'/A",
xj = x"/A{. One has

: )\’2 4 ) )\‘2 m—L{
IFOC" - O = (7) I () — (—k) " (xp)l. 2
M M
Suppose first that £ < m — 1, so that |x” —x'| > A{T — A = A (1 — 1) > AxS
with A =X, —A2. Using (2) we obtain [f® (") — fO )| < 2Mk(;—§)@ = 2MAt <
M /A%)|xX" — x|
If¢ =m—1,wewritex” —x' = A‘f((x(’)’ — A1) + A (1 — xp)), and using (2) together with
the flatness of n at x = A, 1 we have

Mm\M
2) 5 —x))

/7 / )\'
|f(k)(x )_f(k)(x ) < ()J‘) (M1 (x5 — A1) + (Xk A

M M
g )\4(;((7 )i\"rl // )\‘1 + )\’1(1 _xo))()( _ ;-‘rl |x// _ x/|o('
1 1

Finally, if £ = m, we have x” — x' = A{ (x{ — x}) and

IF Oy = O = (Ak) In® () — n® ()] < A My (x) — x)°

o

=M lx" = x| O
Next, we provide an example with t(¢) = 1:

Example 3.5. Fixed 0 < A < 1, let ¥ (x,y) = (Ax + y, Ay). Then there is a nowhere-
analytic curve ¥ 3 0 of class C' which is invariant for . Furthermore, y \ {0} is of class
Cc*™.

Proof. As in the previous example, we start by choosing a function n € C*°([A + €, 1]) for
acertain 0 < € < 1 — A, nowhere-analytic on (A + €, 1), satisfying the following properties
(see Lemma 2.8). We will require that (1) = €, n(A 4+ €) = Ae, and for some small § > O that
n'(1) =8, n'(A+€) =A18/(A + 8). Furthermore n) (A +¢) =1 (1) =0 for all j > 2.
Finally, [n(x)| < 1and 0 < n'(x) < 1 forall x € [A + €, 1].

We define f(x) = n(x) for A + € < x < 1; in particular A + f'(x) > 0 on [A + €, 1],
hence the map x — Ax + f(x) sends the interval [A + €, 1] = [£], &] injectively into
[A> 4 21e, A + €] = [£, & ]. Thus we can extend the function f to [&, &) by putting
fOx+ f(x)) = Af(x) for all x € [£], &), which implies |f(x)| < A for all x € [&, &)).
Differentiating the defining relation we get f'(Ax + f(x)) = Af (x)/ (A + f'(x)) for all
x € [&1,&p) and for j > 2

10 O QP(f'(x), ..., fU(x))

(h + f1(x))>!
for suitable polynomials P;,, as can be verified inductively. We deduce that lim,_, £ fx)=
Af(1) = e, lim,_ . @) =A2f/)/(x+ (1)) =A8/(+ ) and

lim £ (x) = Yl FOWPf D), fP (1)
= Gt ()5

for all j > 2. This shows that f € C*([&, &]).

FO0x A+ f)) =

=0
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Let A(x) = x/(1 + x/A) and for xo > 0 define x; = h®/ (x9). Note that for every n € N,
0<hx)<1/(n+1)if0 < x < 1/n.Since f'(Ax + f(x)) = h(f’(x)), wehave in particular
0< f/(x) < 1/2forx € [&, &1.

Suppose now that the function f has been defined on the interval [£,, &], n > 2, and that
Ev =21+ [E1), 0 <& < H ), f(E) =4"€,0 < f(x) <" and 0 < f'(x) <
1/nforx € [&,, &,_1]. Then A + f'(x) > O forx € [&,, £,_1], hence again the map Ax + f(x)
sends the interval [£,, &,_] injectively into the interval [&,, 1, &,] where &, = A&, 4+ f(&,).
We have 0 < &,.1 < A(A+ €)'+ 1'% < A(A+ €)'+ (A +€)'e = (A +€)""!. As before,
we extend f to [£,11,&,) by putting f(Ax + f(x)) = Af(x) for all x € [§,,&,-1), which
immediately implies f(£,11) = A" e and 0 < f(x) < A" forx € [£,41, &1).

Moreover, since f'(Ax+ f(x)) =h(f'(x)) we have 0 < f'(x) <1/(n+1) for
x € [&,41, &,). The smoothness of f at &, follows automatically from the smoothness of
f around &,_, since the relation f(Ax + f(x)) = Af(x) holds for all x in a neighborhood of
&,_1. Thus f € C*([&,+1, &]), which concludes the inductive step.

Since &, — 0T asn — o0, the procedure described above gives a nowhere-analytic function
f € C*((0, 1]) such that f(Ax 4+ f(x)) = Af(x) for all x € (0, 1]. Furthermore, f(x) — 0
and f'(x) — 0 as x — 0%, hence we can extend f in a C' fashion to [—1, 1] by putting
f(©0)=0and f(x) = —f(—x) forx € [—1, 0). Theresulting y = {y = f(x)}is Y-invariant:
the mapping equation is satisfied by construction for x > 0, and for x < O we have f(Ax +

f@) =—f(=rx = f(x) ==f- (=) + f(=x)) = =Af(=x) = Af (x). i

3.4. Thecaseof A1 = 1, |x;] # 1. Although the conclusion of Theorem 3.2 holds for some
germs which have the eigenvalue A, of modulus 1, the diffeomorphisms v, , in Example 2.2
show that it does not hold for all germs which are not tangent to the identity. Now we want to
show that it is possible to construct analogous examples in which the curve y is of class C*
but nowhere-analytic. To this end, we define ¢ € Diff”(R?, 0) by

X 2
Py =\1 2 ¥
—X
whose inverse ¢ ! = y € Diff“(R?, 0) is given by

Vi+aZ—1 1 +2x2+1—«/1+4x2)

yxy) = ( 2 4x?
Example 3.6. Let ¥, ¢ be as above. There exists a curve (and indeed a cardinality of
continuum of curves) y C R%,0 € y = {y = f(x)}, such that
e y isof class C* and - (and ¢-)invariant;
® f is nowhere real analytic, and the radius of convergence of the Taylor series of f at the
origin is 0.

To prove the claim in Example 3.6 we will need some preliminary results:

LEMMA 3.7. Let ¢ be as above: then there is a uniquely determined ¢-invariant formal
curve I C R[[x, y]] of the form I = (y — u(x)) with u € R[[x]] and u(0) = 0. Furthermore,
1 is purely formal, that is, u & R{x}.

Proof. Any such u = Zj% u;x’ must satisfy the mapping equation

X
u<1 —x2> = 2u(x) — x°,
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that is,

Z U, Zx2k+1 =2 Z ux! —x*. (3)

izt \k=0 >

By examining (3), one can easily check inductively that uy;,; = O for all £ > 0 and that the
sequence {uy;} must satisfy u, = 1 and

k-1

k+€—-1
= 4
Uy ;(%_1)%24 4)
for all kK > 2; in particular u € R[[x]] is uniquely determined. To see that u ¢ R{x}, we note
that (4) implies uo; > (2k — 2)ua_o for all k > 2, hence uy > 25-'(k — 1)! for all k > 1
and the radius of convergence of « is 0. ]

LEMMA 3.8. LetO < A < 1,R,C, £ > 0andb € R be fixed. Then there exists C' > 0 with
the following property. Given any two real sequences {a,}, {b,} such that |a, — x| < C/n",
|b, — b| < C/n* for all n € N, define {y,} iteratively by choosing y, € [—R, R] and putting
Votl = Apyn + b, for all n > 0: then |y, — %| < C'/nt foralln € N.

Proof. Defining y, =y, — %,
Yoe1 = any, + b, with b, = b, — b1=%, so that
la, — Al _|b|+1—-X1 C D
b | <|b,—bl+1|b < ===
1Bl < | | ||1—A 1-x nt nt
for all n € N. Thus, up to replacing {y,} by {y,} we can assume b = 0 in the statement of
the lemma.
Consider now the (non-negative) sequence {z,} defined recursively by z; = R and

C D
int1 = )"+7 Zn+7
n n

for n € N; this is a majorant sequence for {y,} since |y, | < z, = [y, ;| < laally,| + 1b,] <
(A +C/n )zn +D/n' =z, Put A = “2“\, A= l“ and choose an integer ny > max{1 +
W )'/Z} (so that (-25)" > A” and A+ £ < A’ for all n > n). Finally, define
E = max, <y, zon® and C’ = max{E, /\,, 77—} note that C" depends only on A, b, R, C and ¢

as claimed. By construction z, < E /n* < C’/n* for all n < ng. Arguing by induction, then,
we getz,11 < AMC'/n +D/n* <A'C'/n* < C'/(n+ 1) foralln > ny, which concludes the
proof. 0

the sequence {y|} satisfies the recursive relation

Put now g(x) = —”*24;2*1, r(x) = M“# 3”4)“2 so that ¥ (x,y) = (gx), %y +r(x));
observe that g(x) =x — x> 4+ O(x*) and r(x) = O(x?). For any x; € R and n e N, let
x, = g°" D (x) as long as it is defined. From the Fatou theory of one-dimensional maps
tangent to the identity we derive the following: there are €, A > 0 such that for any x; € R
with |x;| < & we have x, — 0 (monotonically) as n — oo and, furthermore, |x,| < A/+/n for
alln € N,

Letus turn to the constructionof y = {y = f(x)}. Since g(—x) = —g(x) and r(x) = r(—x),
the mapping ¥y commutes with the y-axis reflection (x, y) — (—x, y), thus we can define f (x)
for small enough x > 0 and then extend f as an even function. Fix &, > 0 with |§)| < &, and
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put &, = g”"(&). We can choose a function 7 like in Lemma 2.7, with a; = &, a = & and
the sequences {d}}, {d}} defined by d7 =0, dj = (£1)*/2,d| =&, d; =1 and d} =0 for
J = 3. We start then by putting f(x) = n(x) for all x € [&], &)].

Next, we define f inductively over any interval [€,,1, §,), n > 1, by putting

1 2
fe) = Ef(l fxz) +35 5)

for all x € [£,,1,£&,); we remark that by construction x — x/(1 — x?) maps [&,,1, &,]
into [£,, &,_1]. Finally, we put f(0) =0 and f(x) = f(—x) for =&, < x < 0. With this
definition the curve y = {y = f(x)} is invariant under ¢ as (5) corresponds precisely to the
¢-mapping equation.

It is clear that f is of class C*° on any open interval (§,,1, &,). To check that f is of class
C™® atx = &, itis sufficient to note that, because of the choice of {df} above, fisflatatx = &
(i.e. all its derivatives vanish). The defining relation (5) then implies that all the derivatives of
f(x) converge to the derivatives of x*/2 for x — &, hence from the choice of the sequence
{d }} follows that f(x) is smooth at x = &;. Using (5) recursively we see that f is of class C*
on the whole interval {0 < x < &p}. What remains to be shown is the following:

LEMMA 3.9. The function f defined above is of class C*° in a neighborhood of 0, and
FU0) = jlu; for all j € N where u(x) =Y ;- ujx’ is given by Lemma 3.7.

Proof. 1t is sufficient to show that f is smooth around 0, since in that case the Taylor
expansion T f of f at O gives a formal ¢-invariant curve of the form {y = T f (x)}, therefore
it must coincide with # by Lemma 3.7.

To prove the smoothness of f around 0, we will use the following claim: for all j > O there
exist functions r;(x), g;(x) (0 < k < j), real analytic in a neighborhood of 0 containing
[—£0, &0], such that g; ;(0) = 1/2 and

J
@) =ri(0) + Y g0 f P ) (6)

k=0

for all x # 0, where we set () (x) := f(x). Indeed, for j = 0 the ¥-invariance of y amounts
to the equation f(g(x)) = % f(x) 4+ r(x). Assuming that (6) is satisfied for a certain j € N,
by differentiating we obtain
j+l
FID () @) = @) + (), (%) + gja—1 @) P ()

k=0

(where we set g; j+1 = gj,—1 = 0), and since g'(x) =1+ O(x?) is invertible we have that
(6) holds for j + 1 with g;41,(x) = (¢, (x) + gjx—1(x))/g (x) for all 0 <k < j+ 1 and
ri1 () = 7} () /g (x). Note that g 41,41 (0) = g;,;(0)/g(0) = 1/2.

Next, we need to show the following: for any j € N there exist v; e R and C;, £; > 0
such that |fY)(x,) — v;| < C;/n" for all x; € [£, &], n € N. Arguing by induction, let us
start with j = 0. The mapping equation for y gives f(g(x)) = % f(x) 4+ r(x), from which
we deduce, given any x; € [£], &], the relation f(x,1;) = % f(x,) +r(x,) for all n € N.
Moreover, as noted above, we have x, < A/ /n for all n € N, where the constant A > 0 does
not depend on x;; since r(x) = O(x?), this implies |r(x,)| < A’/n, n € N, for some constant
A’ > 0 independent of x;. We can now apply Lemma 3.8 with A = 1/2,C =A", L =1,b=
0, R = maX,ef, ¢ | f(X)|, ay = 1/2, b, = r(x,), y, = f(x,). We obtain a constant C" > 0,
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independent of y; = f(x;) (and thus independent of x; € [£, &]) such that |f(x,)| < C'/n
for all n € N; hence the claim is proved for j = 0 with vg = 0, Cy = C’ and £y = 1.
Assume that the claim holds up to a certain j € N. Let r;(x) and g;(x), 0 < k < j, be
defined by (6), and choose A", A} > 0,1, > 1,0 < k < j,suchthat|r;(x) — r;(0)| < Alx|,
174001 < A} and [gx(x) — ¢;4(0)] < ApJx|" for all x € [, &]. Putting s(x) = r; (x) +

S G @) f9 (x)) and b = r;(0) + 3171 (g4 (0)vy), we have

j—1
Is(x) = B < 17 Cen) = 1 (O] + D 1F® () = vl - 1@ o) + 14 () — @74 (O)] - [
k=0
AAl AL AJAl A"
) Z o T vl /2 S U

forevery x; € [&1, &],n € N, where A” > 0 is large enough and ¢” > 0 small enough. With a
suitable choice of A”, £” we can ensure that |g; j(x,) — 1/2] = |g; ;(x,) — g;,;(0)] < A" /n"
as well for every x; € [£], &1, n € N. We can now evaluate (6) at x = x,, to get £ (x,41) =
q;,; (X)) fY (x,) + 5(x,), and again apply Lemma 3.8 with the b defined above, A = 1/2,
C=A",0=1",R=maxep & [V, an = q;j(x2), by = 5(x,), yo = £ (x,,) to obtain
an estimate of the kind required by the claim. ‘

Applying Lemma 3.8 with A=1/2 and b=r;(0)+ Z‘,i;(l) (qjx(0)vy) we get
v =lim, o Y (x,) = 2(r;(0) + i;é q;x(0)vi), which only depends on the previous vy
and on the functions r;, g; ; appearing in the expression (6). Using this and the fact that f is
an even function we can see that repeating the same inductive argument for x < 0 we obtain
exactly the same estimate: | (x,) — v;| < C;/n" for all x; € [—&, —&], n € N with the
same constants v;, C;, £;.

To finish the proof, fix j € N, € > 0 and let ny € N such that ny > (%)1/‘3/. For any
0 < x < &,,, thereexistsn > ng suchthatx € [£,, &, 1), thatis,x = x, = g°"~ D (x| ) for some
x1 € [€1, &). By the previous paragraphs we have |f)(x) —v;| < C;/n" < Cj/nf;" <e.
Arguing in the same way for x < 0 we get | /) (x) — v;| < € for all =&,, < x < &,,, x # 0.
It follows that /) extends continuously across 0, and since j is arbitrary we conclude that f
is of class C*°. ]

§4. Germs which are tangent to the identity.

4.1. Definition of integer invariants and statement of the result. Let Y € Diff*(R?, 0)
be tangent to the identity and admit an invariant curve y 3 0 of class C*°. Let {r = 0},
r € C*(R?,0), be any defining equation for y in a neighborhood of 0 € R?. The Taylor
expansion of r at 0 defines a formal series p € R[[x, y]]; clearly the formal curve ideal I = (p)
(see §2.6) only depends on the germ of y at 0 and not on the choice of the defining function.

Denote still by v the ring automorphism of R[[x, y]] induced by the germ . Since y is
an invariant curve for ¢ we have p o ¢y € (p), that is, { preserves the ideal / and defines a
ring automorphism ¥ of the quotient R[[x, y]]//, which is again tangent to the identity. Let
d; = v(y' — Id) be the order of tangency of this automorphism with the identity. If d; = oo,
we say that I is dynamically trivial.

Now, we define a second invariant as follows. Denote by 7 : R[[x, y]] — R[[x, y]]/I =
R[[#]] the projection onto the quotient. Let x = % — 1; note that the division is well defined
in R[[x, y]] since p o ¥ € (p). We put d, = min{v (7w (x)), d; — 1}. Note that the order of a
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formal power series is invariant under (formal) changes of coordinates, hence the same is true
for d if p is given. What we need to check is thus the following:

LEMMA 4.1. The definition of d, only depends on the formal curve ideal I and not on the
choice of the generator p.

Proof. Let m be the maximal ideal of R[[x, y]] and fix £ € m \ I of order 1. Then by
definition of d; we have £ oy = & + &%« + pB, where « is some invertible element of
R[[x, y]]. It also follows that o o ¢ = o + O(E)) 4+ O(p) for all o € R[[x, y]].

Let o’ = np with 5 an invertible element in R[[x, y]]: we can write n = ¢ + 1, for suitable
c € R\ {0} and n; € m. Putting k = v(;r (x)) we have

poy _ctmoy poy _ctn+O0E™) +0(p)

= = (1 bk 0 k+1 o)
. e o (14 bE + O(E) + 0(p))

= (1+0E™) +0(p)) - (1 +bE + 0E ™) +0(p))

forsome b € R\ {0}. Setting x’ = (p' o ¥/p') — 1,ifk < d;, we get x’ = b&F + O(EF!) +
O(p), otherwise x’ = O(E¥) + O(p). In both cases we conclude that min{v(x (x')), d; —
1} = min{k, d; — 1} = d>. 0

THEOREM 4.2. Let ¢ € Diff®(R?, 0) be tangent to the identity, and let y = {r = 0} be
an invariant curve for ¥ of class C*, 0 € y. Let dy, d, be the invariants defined above, and
assume that d, is finite and dy = d; — 1. Then y \ {0} is of class C*.

Furthermore, if the Taylor expansion of r at 0 has a positive radius of convergence, then y
is real analytic.

4.2. Chain of blow-ups. The proof of Theorem 4.2 will follow from the theory of local
two-dimensional complex discrete dynamical systems, in particular from the results by Hakim
[12, 13] on the existence of parabolic curves. We will first recall some notions from this theory.

Let ¢ € Diff”(R?, 0) be a germ of diffeomorphism tangent to the identity, v (x, y) =
(g(x,y), h(x,y)), ¥ # Id. We will write

gle,y) =x+Y Pix,y), h(x,y)=y+ ) 0Q;(x,),

j=2 j=2

where, forall j € N, P; and Q; are homogeneous polynomials of degree j. We will denote by
v =v(Y — Id) = min{v(g — x), v(h — y)} the order of tangency of ¥ with the identity. This
corresponds to the smallest integer jo > 2 such that either P;, # 0 or Q;, # 0. Since ¢ # Id,
we have v < +o0.

Let ¥, : R> — R? be the homogeneous polynomial map ¥, (x, y) = (P, (x,y), O, (x, y)).
One says that [u:v] € REP! is a characteristic direction for ¥ if v, (u,v) = (Au, Av)
for some A € R. If A =0, [u:v] is called a degenerate characteristic direction, non-
degenerate otherwise.

Let 7 : R2 — R2 be the blow- up at 0, let § = 71 (0) = RP! be the exceptional divisor,
and let w be the lift of 1 by the blow-up. Since dv/ (0) induces the identity on RP', LVls=1d.
For every direction & € RP! _we have a corresponding point pg € S, and since w(pg) = pe
we can consider the germ (w pe) induced by 1// at ps. We have the following (see also [6,
Proposition 2.2]):
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LEMMA 4.3. If& is a characteristic direction, (¥, pe) is again tangent to the identity and
its order is at least v.

_ Proof. Up to a linear change of coordinates, we can assume § = [1:0]; in the chart of
]1%2 such that p; = (0,0) we have 7 (x;,y1) = (x1, y1x1). If (g, h) are the components of
¥, an easy computation gives g(xi,y1) =x; + P, (1,0)x] + O,y = x1 + Oy, h(x1,y1) =
i+ (0,1, y1) = P,(1, O)yl))c"’1 + O, 4. Since [1:0] is a characteristic direction, we have
0,(1,0) =0, hence Q,(x,y) =yR,_1(x,y) for some homogeneous polynomial R, ; of
degree v — 1; this implies that h(x;, y;) = y; + O,. O

Let now y be an invariant curve for ¢ of class C*°. Then & = T (y) defines a characteristic
direction for v (this is valid more in general for formal invariant curves, see, for instance, [8,
Proposition 2.8]). The lift y = 7~ (y \ {0}) is again a curve of class C*°, invariant under 1Z
and passing through ps € S. Choosing coordinates in which p; = 0, we can identify (¥, p¢)
with an element of Diff” (R?, 0). We set ¥V := (¢, ps) and y V) := (¥, ps).

Iterating the process, we obtain two sequences {/“)};cn, {y} ey such that ¥ €
Diff (R?, 0) and y /) is invariant by ¥ for all j € N.

LEMMA 4.4. Let ,y,dy, dr be as in Theorem 4.2. Then the following conditions are
equivalent.
o dbh=d -1
e Forsomen € N, Tyy"™ defines a non-degenerate characteristic direction for ™.

Proof. Suppose that y isdefined as {y = f(x)}forsome f € C*°(R, 0),andletT f € R[[x]]
be the formal power series corresponding to the Taylor development of f. Furthermore, for
k € N we denote by T; f the truncation of T to the kth order, and by ¢, the local change of
coordinates defined as ¢ (x, y) = (x,y — T;.f (x)).

Since y is an invariant curve for ¥, the formal identity

h(x,y) =T f(gx,y)) =alx,y)(y =T f(x)) (7
is satisfied in R[[x, y]] for some unit & € R*[[x, y]]. Since T f (x) = T;.f (x) + O(x**1),
h(x,y) = Tef (8(x,y)) = a(x, ) (v — Ti f (%)) + O ). (3

Let ¥ = (g, hx) be the conjugate of y through the change of coordinates ¢. We have
Vi = ¢ oy oy, thatis,

ge(x,y) =g,y + T f(x)), m(x,y) =h(x,y+Tif(x)) = T f(g(x,y + Tif (x))).

Replacing y by y 4 T; f (x) in (8) we see that /i (x, y) = O(y) + O(x* ).
Now, by definition of d; we have g(x, y) = x + cx® + O(x" ) + B(x, y)(y — T f(x)) for
some ¢ € R\ {0}, B € R[[x, y]]. Replacing again y by y + T} f (x), we get

g (x,y) = glx,y + Tif (x)) = x + ex¥ + 0" + O(y)

as long as k > d;. On the other hand, the definition of d, corresponds to the following formal
identity:

h(x,y) = Tf(g(x,3) = (1 +bx" + 0" ) (y = Tf(x) + (v = T f(x))*0 (x, )
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for suitable b € R\ {0} and 6 € R[[x, y]], where £ =d, if dy <d; —1 and £ >d; — 1
otherwise. With the substitution y — y + T} f (x) we get

he(x,y) =h(x,y +Ti f(x)) = Ti f(g(x,y + T f (x)))
= (1 +bx* + 0(x* ")y + 007 + o th 9)

as long as k > £.

Furthermore, the curve y get transformed through the change of coordinates ¢ into y;, =
{y=/filx) = f(x) = T f(0)};if T fi € R[[x]] denotes the Taylor expansion of f;, clearly we
have T fi (x) = T f(x) — T f (x) = O(x**). It follows that, if {yk(])} is the sequence of lifts
of y; by iterated blow-ups defined before, the tangent line of y, (’ ) at 0 is generated by [1:0]
for all j < k. In these coordinates the corresponding point on the exceptional divisor is going
to be O for all j < k.

Let then (g ) (x, ), h (x, y)) be the components of the jth lift v/ ) of Y by the iterated
blow-ups, j < k. For the first component, we have g\ (x, y) = g/~ (x, yx) for all j < k.

It follows by induction that g(” (x,y) = x + cx¥ + O(x*1) + yO(j), hence choosing k, j

) di

large enough we get that v(g;” —x) =d; and Py (x,y) = cx“'. The second component

satisfies the following recursive equation:

h(";l)(x Xy)

)
hk (x9 ) (j ])(x xy)

(10)

forall j < k. We now rewrite the components of wk(j ) as gi’ 'y =Y, y’r(/ ) (x), h(’ '(x,y) =

> y’s(’)(x) for suitable ",(Q’ s(’k) € R{x}. Using (10), we obtain

Yoy wisy V) Ll Ve + sV @) + sn v s V)
oo Vixirs 1>(x) 1+ cex@=1 + 0(x%) 4+ yO(xi=1)

hlij) (x,y) =

L o 1 i 1
_So f )(x) + yslj (%) + E y'x lsf’k ) (x)
i>2

(I —ex® o) +yor’™h). (11)

From the previous equation we get s(/ ) x) = So X - (x) - (1 +0x%~1)). Since by (9) we have

s(()oli (x) = O(x**"), we deduce that s(()f ) (x) = O(**1=/) forall j < k. Using this fact alongside
the previous equation, we have s(j) x) = si’k 1)(x) (I —ex 1+ 0™)) + o).
Now, by (9) it follows that s“” (x) = 1+ bx! + O(x't"). Since k > d;, the previous

recursion on sij ,i shows that, for all j < k,

sH@) =1+bx" + 0™ ) when £ =d> < dy — 1,
SE’i(x) =14+ 0x?") otherwise. (12)

On the other hand, looking again at (11) one can check inductively that s(j ) (x) = O(x/~1) for
all i > 2, j < k. This fact, together with (12), shows the following: if £ = d, < d; — 1, then
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forall j < k we have v(h(j) —y) < d> + 1 and actually v(h(j) VW=dr+1,04:+1(x,y) =
bxdzy as soon as j > dp + 1. If instead d, = d; — 1, choosing k = 2d, + 1, j =d; + 1 (so
that s/} (x) = O(**+177) = 0 *1) and 5} (x) = O(/~") = O(x¥) for all i > 2) we can
achieve that v(i/ —y) > d) and Qy, (x, y) = ax®~!

In summary, if d, = d; — 1 we have that, for a suitable choice of k and j, v(xpk(" ) _Id ) =

y for some a € R (where possibly a = 0).

d; and the homogeneous map (wk(j ))dl is given by (x,y) — (cx?, ax~'y) with a, c € R,
¢ # 0. This immediately implies that [1:0] is a non-degenerate characteristic direction for
w(’) If instead d, < d; — 1, one has v = v (¥, Y _Id) < dy — 1 for any choice of k > dj,
< k. Since, as seen before, g(’)(x y) = x +cx¥ + 0t +y0()) for all j < k, we
have that the homogeneous polynomial P, (x,y) of degree m in the expansion of g(j )i
always divisible by y for all 2 < m < d; — 1, that is, P, (1,0) = 0. We see then that the
homogeneous map (wkj)),) (x,y) = (P,(x,y), Q,(x,y)) vanishes at [1:0], which is thus a

degenerate characteristic direction of wk(j ) for any choice of k > dy, j < k. OJ

Remark 2. From the proof of the previous lemma one can actually derive the following:
if d, = d; — 1, there exists jo € N such that the tangent line of /) at 0 is a non-degenerate
characteristic direction for 1) forall j > jo. This can be checked by taking k arbitrarily large
in the proof, since then v(w(] ) —1d ) = d, for all large enough j (in fact j > d| is sufficient,
independently of the choice of k).

The following lemma is a finite jet determination statement for formal curves which are
invariant by a local diffeomorphism :

LEMMA 4.5. Let € Diff“(IR?, 0) be tangent to the identity and let I C R[[x, y]] be a
formal curve ideal (of dimension 1). Assume that I is invariant by ¥ and not dynamically
trivial. Then there exists m € N such that for every formal curve ideal J which is invariant by
Y and tangent to I up to order m we have J = I.

Proof. Up to a formal change of coordinates, we can assume that / is generated by y.
The invariance and non-dynamical triviality of (y) translate, in these coordinates, into the
following expressions for the (formal) components (g, &) of 1:

g, y) =x+x" + 0" + o),

h(x,y) = y(1 + Oy).

Setting g(x,y) = Y, ; &X'y, h(x,y) = 3_, ; hi jx'y’, this means that s; o = 0 for all i € N
and g; o = 0 for 2 < i < d; — 1. Without loss of generality, suppose now that the ideal J # [
is generated by y — f(x) for some f(x) € R[[x]]. The tangency condition on / and J amounts
to f(x) = O(x™) for some large enough m. We can assume that m > d;, m # hy,_;; and
f=Xism a;x’ forsuitable a; € R: we will obtain a contradiction by showing that necessarily
an = 0.

The invariance condition by ¥ for the formal curve {y = f(x)} is expressed by the equation
f(glx, f(x))) = h(x, f(x)). Both the left- and the right-hand side of this equation are O (x™):
for any j > m, collecting the terms in x/ on both sides gives an algebraic equation involving
the coefficients of f, g, h, which we denote by [ j]. First, [m] amounts to the identity a,, = a,,.
For [m 4 1] we have a,,+1 = apu+1 + hi1ay if dy > 2, and a1 + ma,, = ayy1 + hyaay, if
d; = 2. In the latter case we conclude immediately a,, = 0 since by assumption m # h; ;. In
the first case, we either get a,, =0 or h;; = 0.
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In general, the equation [m + j] reads

-1
[m + J] L Aty = Ay + Z hjfi,lam+i

i=0
for1 < j<d;—2,and
d—2
m+di —11: anya—1 +may = apga -1+ Z R, —(i+1),1Cm+i-
i=0

Suppose now, inductively, that for some j < d; — 2 we have h; , = O for every £ < j. Then
[m + j]becomes a,,; = a4 + hj1a,, from which we either conclude that a,, = 0 (and we
are done) or that ;1 = 0. We see then that [m + d; — 1] reduces to the equation a,,+4,—1 +
May, = Qmyd,—1 + ha,—1,1a,: from the assumption m # hg, —; | follows that a,, = 0. |

Remark 3. It might be possible to prove the previous lemma by applying the reduction of
singularities of formal vector fields shown in [19], passing through the formal logarithm of
Y as considered in [6, 8]. In our case, though, the particular form of the formal ideal / allows
a more direct approach.

Remark 4. In the statement of Lemma 4.5 we can take any m > max{d,, hs _1,}. However,
depending on v and I the m-jet determination might hold for a smaller m. This is always the
case after a certain number of blow-ups, as shown in the following corollary.

COROLLARY 4.6. Let 'Y, respectively, IV, be the lift of yr, respectively, I, after a
sequence of j blow-ups (I is the formal ideal associated to the curve yY) at 0). Then there
exists jo € N such that, for all j > jo, the following holds: any /) -invariant formal curve
ideal generated by y — u(x) for some u € R[[x]] coincides with 7).

Proof. We will prove the claim by induction: assume that the conclusion of Lemma 4.5
holds for v, I for a certain my € N. We will show that the lift of i/ and I by a blow-up satisfy
the same property for the order my — 1.

Write a generator of / as y — f(x) for some f € R[[x]]; we can assume up to a linear
change of coordinates that f(x) = O(x?). A generator for the lift TofI through the blow-up
7 (x,y) = (x, xy) is then given by y — fi (x) with fi (x) = f(x)/x. Assume that there exists a
formal curve (corresponding to anideal J/ C R[[x, ¥]]), invariant for ¥, admitting the equation
{y = u(x)} for u € R[[x]], u(0) = 0: if my = 1, we do not make any further assumption on
u, otherwise we suppose u(x) = O(x'”i’l). Then J is the blow-up of the formal curve J
generated by y — xu(x). Denote by IT, W, W the ring homomorphisms R[[x, y]] — R[[x, y]]
induced by the maps 7, w and : we remark that W, ¥ are automorphisms and IT is injective.
Then we have I1(J) = J and IT o W = U o IT. Since \I!(J ) = J this implies that [T o W(J) =

oIlI(J) =W (J~) J, , which by injectivity implies W(J) = J, thatis, J is a formal invariant
curve for . Moreover, since xu(x) = O(x") we have that J is tangent to I to order my, hence
it must coincide with / by assumption. It follows that J = 1. O

4.3. Curves tangent to a non-degenerate characteristic direction. Suppose thatr, y are asin
Theorem 4.2, and that d, = d; — 1. From the lemmas of the previous section (and in particular
from Remark 2 and Corollary 4.6) it follows that, after performing a certain number of blow-
ups, we can assume that the tangent line [1:0] of y at O is a non-degenerate characteristic
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direction for ¥ and, moreover, every formal curve which is tangent to [1:0] and invariant by
Y coincides with the one induced by (the Taylor expansion of a defining function for) y.

As mentioned before, to prove the conclusion of Theorem 4.2 we are going to employ
the theory of parabolic curves developed by Hakim in [12, 13] and subsequently extended
in [2 6]. In what follows, we will refer to the account of Hakim’s work presented in [4],
where detailed proofs are also provided for the case of diffeomorphisms of order greater than
2. Let then (g, h) be the components of v € Diff”(R?, 0). Applying Proposition 4.3 and
Lemma 4.4 in [4] (cf. equation (5.2)), by performing a blow-up and a polynomial change
of coordinates we can assume that the components are (with our notation) of the following
form:

g(x, y) =X —)Cdl =+ 0(x2d171) + O(yxd‘),
hx, y) = y(1 = x4+ 2"k () + 0x™) + 0 x "™, (13)

for certain 8 € R and /; € R{x}. Note that the polynomial changes of coordinates performed
in Lemma 4.4 of [4] all have real coefficients except possibly for the last one, so actually
by changing coordinates one can only ensure that the coefficient of x¥' in g(x, y) is £1. If
needed, though, we can replace v by 1 ~! to achieve (13). We also remark that the coefficient 8
(which is related to the coefficient « in [4, Equation (5.2)] by 8 = (d; — 1)) has an invariant,
geometrical meaning, explicitly described in [4, Lemma 4.5].

The main relevant distinction to be made on S is whether it is a positive integer or not.
In the former case, ¥ might not admit any formal invariant curve of the form {y = u(x)}, or
possibly admit infinitely many ones. Since in our situation we have exactly one formal curve
which is invariant by ¢ (the one associated to y), we can show the following:

LEMMA 4.7. Let Vr, y be as above, with the components of  expressed as in (13). Then
B is not a positive integer.

Proof. As usual, we are going to write a defining equation of y of the form {y = f(x)}
with f € C*°(R, 0), and consider the corresponding formal curve {y = T f(x)}.

We will derive the conclusion of the lemma by following the proof of [4, Proposition 5.2].
In particular, we fix our attention to the inductive step used in that proof, which is obtained
through the following computation. For some j € N, let Q;,(x) be a polynomial of degree
j+1,and write Q11 (x) = g;(x) + bj+1x/'“ for some b, € R and a polynomial g;(x) of
degree j. Then one has ([4, Equation (5.5)])

h(x, Qj11(x)) = Qjy1(8(x, Qjr1(x)))
= h(x, q;(0) = q;(gx, ¢;())) + b1 (G + 1 = B + ot (14)

Suppose now that, for some u € R[[x]], the formal curve {y = u(x)} is invariant by i,
and for k € N let u; be the truncation of u to the degree k. Then u satisfies the formal
identity h(x, u(x)) = u(g(x, u(x))). Equivalently, for any n € N there exists ko such that
h(x, up (x)) — w (g(x, g (x))) = O(x1*+") for all k > ko. However, an inductive application
of (14) gives that h(x, u;(x)) — u;(g(x, ui(x))) = h(x, 1;(x)) — u;(g(x, 1;(x))) + O(x+7)
for all i, j € N, j < i. Thus we can actually take ky = n, which means that {y = u(x)} is
formally invariant under ¥ if and only if K (x, u, (x)) — u, (g(x, u,(x))) = Ox“*") for all
n e N.
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On the other hand, for some j € N, assume that there is a polynomial P;, of degree j, such
that h(x, Pj(x)) = Pj(g(x, Pj(x))) —|—x‘l‘+jhj+] (x) for some hj,; € R{x}. Suppose, further,
that B # j + 1. By (14), defining

hj+1 (O) xj+1
p—G+1D
we have that h(x, Piy1(x)) = Pj1(g(x, Piy1(x))) +x“H+ k5 (x) for some hjyy € Rix}).

Now assume by contradiction that 8 is a positive integer, 8 = k + 1 for some k € N. Then
for all j < k equation (15) allows to construct a (uniquely determined) polynomial P;(x)
satisfying h(x, Pj(x)) — Pj(g(x, Pj(x))) = x"*/h; 1 (x) = O(x"*/). We remark that since
{y =T f(x)} is an invariant formal curve, as seen above the polynomials, 7} f satisfy the same
relation and thus we must have P; = T; f for all j < k. On the other hand, using (14) with
Jj =k we get

h(x, Tee1 f (%) — Tipr f(8(x, Tig1 £ (X))
= h(x, Tif (%) — Tif (8(x, Tif (x))) + Oy = xD oy 1(0) + O,

We already know, however, that i(x, T 1 f(x)) — Ty 1 f (8(x, T 1 f(x))) = O(xIH5+1): this
is only possible if A4 (0) = 0. By (14), then, we deduce that for any » € R the polyno-
mial P?, | (x) = Ti.f (x) + bx*! satisfies the relation h(x, 7, (x)) — PP, (g(x, P!, (x))) =
0(xd1+k+l)‘

For all b e R, since g # j+ 1 for all j > k + 1, (15) allows to construct inductively a
sequence of polynomials {Pj}.’ 't1}i=k+1 and indeed a series P’ € R[[x]] such that the formal
curve {y = P”(x)} is invariant by 1. These series all differ on the coefficient of x**!, which
contradicts our assumption that the only element v € R[[x]] such that the formal curve
{y = v(x)} is invariant with respectto ¥ isv = T f. O

Pip1(x) = Pi(x) + ; s5)

Proof. (Theorem 4.2). Using the previous lemma, we will now follow the simplified
approach to Hakim’s result which is employed in [2, Section 3]. After yet another sequence of
blow-ups and coordinate changes, we can put the components of ¥ in the form (13) with § < 0
and /1, (x) = O(x?) (see [2, Equation (3.5) and the preceding discussion]). If y = {y = f(x)},
one can check (for example by using the computations in the proof of Lemma 4.7) that in
these coordinates f(x) = O(x?).

With i written in this form, we will prove that y N {x > 0} is of class C*. To prove the
same for y N {x < 0} (and thus that y \ {0} is real analytic) one can pass through the change of
coordinates (x,y) — (—x,y) and, if needed, replace ¥ by its inverse to write the components
again as in (13).

By Hakim’s result, ¥ (seen as an element of Hol(C?, 0)) admits d; — 1 parabolic curves
tangent to the direction [1:0]. The analyticity of ¥ N {x > 0} will follow from two facts. The
first one is that the intersection of one of the parabolic curves with R?> N {x > 0} is non-empty,
and gives a (real, one-sided) y-invariant curve of equation {y = u(x)} withu € C*((0, §)) N
C'([0, 8]) for some small § > 0. The second fact is that there can be at most one real -
invariant curve of class C! in a one-sided neighborhood of 0, hence y must locally coincide
with {y = u(x)}. Note that if the Taylor series T f of f has a positive radius of convergence,
then {y = T f(x)} is a y-invariant curve of class C*, and by the same uniqueness argument it
must coincide with {y = f(x)}, from which follows the last statement in Theorem 4.2.

Following [2], let r =d; — 1 and define Ds = {¢ € C: |¢" — 8| < §}. Let D be the
component of Ds that intersects the real axis, and let £(8) = {u € Hol(D}, C) : u(¢) =
22u’(¢), |u°|lo < oo}, which is a Banach space with the norm lulles) = 1u°]|oo. The
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parabolic curve P is obtained by finding, for some small § > 0, U € £(§) such that
U(g(¢,U())) =h(,U&))forall¢ € Dy, andsetting® = {(z,w) € Dy x C:w =U(2)}.
Additionally, U belongs to the set F(8) = {v € £(8) : VWW]leo < 1, |V (¢)] < [¢]} and it is
uniquely determined as the fixed point of a contraction operator acting on F(§).

To prove our first claim it is sufficient to show that the restriction of U to the real axis

is real-valued. Define V (¢) := U (¢), so that U(¢) = V(¢): then V € F(8) and we need
to show that U = V. Note that, since g, & have real coefficients, we have g(z, w) = g(z, w),
h(z,w) = h(z, w). Conjugating the mapping equation and using the definition of V, it follows
that V (g(¢,V(¢)) = h(¢, V (¢)) for all ¢ € D/, hence {w = V (z)} is a parabolic curve. By
uniqueness, U = V.

Let us turn to the second claim. For § > 0, define

E'©®) ={ueC'(0,8]) : ulx) =x"u’(x), [u’llsc < o0},
endowed with the norm |Jull¢ ) = [|4°| oo, and
F &) ={ue&®) : [t <1, @) < |x]}

with its metric as a subspace of £'(8). Note that, since f(x) = O(x*), the restriction of f to
[0, &] certainly belongs to F'(8) for some small § > 0. By construction, the same holds for
the restriction of U to the real axis. To see that f and U coincide, we will show that they are
fixed points of a contraction T acting on F’(8). Of course, with the metric we are considering
F’(8) is not a complete space; nevertheless, we only need the fact that if 7 admits a fixed
point, this is uniquely determined.

We keep following [2]: for § > 0 small enough and u € £'(8), define g* € C'([0, 8]) as
g'(x) = g(x, u(x)). More precisely, for all C > 0 there exists §o(C) > 0 such that, fixed
any 0 < § < §o(C), for all u € £'(8) with |ulles) < C we have that g* is well defined,
g((0,8)) C (0,8)and|(g)°"(x)| = O(1/n'/").Indeed, by (13) we have g"(x) = x — x'*! —
x' 22, (x), where (for some C’ > 0) ||£,]lc < C’ for all u such that |u°| < C. It follows
that x — x" 1 — C'x™? < g“(x) < x — X! 4+ C’x’*? for all such u, from which we derive
the previous claims. Observe that, defining (for 0 < ¢y < 8, u € £'(§) with |lull¢e/s) < C)
& = (g4)" (&), we have ¢, < % for some D > 0 independent of u and &j.

Putting x; = g(x,y), y1 = h(x, y) define now

B
X .
H(x,y) =y ==y = 0" y) + 0'y") + 0'™*?)
X

and

Tu(Co) = ¢ Y &, H (Gn u(zy))
n=0
(see [2, Equation (3.7)]). For any 0 < ¢y < 8, we have |,| < nll—)/ and |u(¢,)| < n’% )
that |H (&, u(&,))| < n‘1+3/ for all n € N. These estimates are uniform for all u, {;, such
that |lulle/s) < C and & € (0, dp). Since B < 0, it follows that the series defining Tu(g)
converges forall0 < ¢y < 8o,and Tu € C°((0, 8)). We will see that in fact Tu € F'(8) forall
ue F(6).
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We first check that, if {y = u(x)} is an invariant curve for v, then u is a fixed point for T
(see also [4, Corollary 6.13]). Denote by {(x,, y,)}.en the orbit of (xy, yo) under the action of
¥. If yo = u(xp), we also have y, = u(x,) for all n. Then

Tu(xo) = [ux) Y N ulx)  u(gn) u(xp)
ﬁo =Z< B ﬁH):Z( B ﬂH): ﬁo

X0 n=0 \ *n X1 n=0 \ *n Xnr1 X0

which shows that Tu(xp) = u(xp) for all 0 < xy < §p. Thus both f and the restriction of U to
(0, 8¢) are fixed points for 7.

Using (13), we can write g(x, y) = x — x’ 7! — x" ! (xs(x) + yp(x, y)) for suitable analytic
functions s and p. Thus, ¢ = g"(¢o, u(£0)) = &o — &5 — ¢5 €. (¢0), where

£,(x) = s(x) + xu’ () px, ¥*u’ (x))

is the function defined above. It follows that (as pointed out before) ||£,]|o is bounded
whenever [u°|~ is bounded. Furthermore, ||¢,| is bounded whenever | (x(u®))|lc is
bounded. In particular, ifu € F(8), we get | (u®)’ (x)] = |42 — 2190} < 1] 4 22| hence
|x(up) (x)| < 3 and ||£,,|| is uniformly bounded.
Since (1 —x)~" = 1 4 rx + x?>q(x) for an analytic function ¢, we have ([2, Equation (3.8)])
1 1 1

O gd—g -Gy 4

where 6,(£0) = £.(Z0) + & (1 + S0€u(£0))*q(—¢§ — 557 £,(20)). It follows that (|6, ]|
0, ]l are uniformly bounded whenever that is true for ||£, || and ||£] ||, in particular for
u € F'(8). Next, using only (16) and the boundedness of 6, (and not the fact that u belongs to
a space of holomorphic functions rather than to £'(8)), one can prove the following estimate:
for every s > r there exists Cs(§) = 1 such that

1
(1 +rgf + &5M0.(20)) = o + 7+ 200.(%0)  (16)
0

oo
> 1l < Gl (17)
n=0

for 0 < ¢y < 6, see [2, Equation (3.10)]. This estimate is then employed in [2] to show that,
for u € F'(8) with § small enough, one has

ITu()| < Kil¢ P,

dﬂ( )‘ < K¢ (18)
d; ; X 2;

where the constants K, K, > 0 are independent of §. Once again, only (16), (17) and the
boundedness of [0, |, 16 |lcc are needed to obtain (18). It follows in particular that Tu is
differentiable when u € F'(§). Moreover, choosing § < {1/K;, 1/K5} one has that T sends
F'(8) into itself.

The proof that T : F'(§) — F'(8) is a contraction depends on the same estimates.
Referring again to the treatment of Hakim’s result given in [4], (17) corresponds to [4,
Corollary 6.3] (with ¢ = 0) and (18) to [4, Lemma 6.9 and Lemma 6.10] (with p, = 0).
Letu,v € F'(8), and for 0 < x < § define x,, = (g")°" (x), x, = (g")°" (x). Then one can use
the previous inequalities as in [4, Lemma 6.11] to give an estimate of |x, — x,| in terms
of |x|?|IV* — 4°|| . Only the smoothness properties of u, v are important (see [4, Equation
(6.15)]) and not holomorphicity.

Finally, these ingredients can be used in the same way as [4, Proposition 6.12] to show that
T : F'(8) — F'(8) is a contraction. O
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4.4. The case of dy < d; — 1. The diffeomorphisms v, ,, n > 2, in Example 2.2 show that
when d, < d; — 1 the conclusion of Theorem 4.2 might fail to hold: indeed, in that case we
have that the invariant formal curve {y = 0} is convergent,butd; = n+ landd, =n — 1. We
will now show that, if y is an invariant curve of class C* for a germ v € Diff (R?, 0) tangent
to the identity and d» < d; — 1, then y can actually be nowhere-analytic, and additionally the
Taylor development of its defining function can be divergent at 0.

Example 4.8. There exists a family of germs v, € Diff”(R?, 0) tangent to the identity,
t € [0, 1], and a family of nowhere-analytic curves y, = {y = f;(x)} of class C*°, such that
y; is invariant under ¥, for any ¢. Moreover, the Taylor expansion of f; at O is divergent for

all# > 0 and identically vanishing for t = 0, and ¥, — ¥y, fi — fo uniformly for r — 0.

Proof. Fixed any 0 <t < 1, let ¢, € Diff® (R?, 0) be defined as
X
¢ (x,y) = 7 (1 +x%)y —

If g(x) = x — x° + O(x%) is the local inverse of x — =, we can write ¥, = ¢, ' as

Vi )—(() (G2 )—(() )y + 1 (0));
=8 1+g(x)2 1 +g)) &yt

note that g(x) = 1 — x> + O(x*) and r, (x) = tO(x*).
LEMMA 4.9. Let ¢, be as above: then there is uy € R[[x]] \ R{x}, u; (0) = O such that the
uniquely determined ¢,-invariant formal curve I, C R[[x, ¥]] of the form I, = (y — u,(x)) is

given by u, = tuy. In particular, I, is purely formal fort > 0, and uy = 0.

Proof31. Writing u, (x) =Y i>1 U, jxj , the formal mapping equation is

u,( al ):—tx4+(1+x2)u,(x). (19)

1 —x*

Note that, if we prove that u; € R[[x]] is the (as we will show, unique) formal solution of
the previous equation for ¢ = 1, then u, = tu, is the only formal solution for any #: in the
following we can then assume ¢ = 1, and rewrite (19) as

J

Zuu’ ZXWI = —x' + Z(”l,j +ur )X, (20)

izl €20 jz1

where we set u; (= =0 for £ < 0. We also write Q=0 Ky = D ajxi It is clear that

the coefficients o/ are non-negative, and that al =0 whenever i — j is odd (in fact whenever
i # j mod 4).Itis easy to compute that a = land o/ +4 = jforall j > 1. Developing the
left-hand side of (20) and looking at the coefﬁ01ent of x* we obtain the equations

¢
J —

E oyl j = Ui e+ U2

Jj=1
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for £ #4 and uj 4 =uj4a+u»—1 for £ =4, that is, u;, = 1. Using the previous
observations about the o] we can rewrite the equation above as

-8

up 2= U—Muy 4+ Zaful,j
=1

for £ > 3, £ # 4. This shows in particular that i, is uniquely determined. For £ = 3 we get
u1,; = 0, from which follows immediately that u; ;1 = O for all £ > 0. On the other hand,
from the previous recursion we obtain inductively that u; o > 0 and u; 242 = 2k(u; 21) for
all k > 1. We deduce that u; o > 27" (k — 1)! for all k > 1, hence u; # R{x} (and u, =
tu; # Rix} fort > 0). O

LEMMA 4.10. FixC,D > 1, R > 0 and m, j € N. There exists E > O with the following
property. For any sequences {c,}n>1, {dy}n>1 such that ¢, > 1/Cy/nforn = m, |c,| < C//n
forn > 1and
(1) d, =0, respectively,

(2) |du| < Dn/ e, respectively,

(3) |du < D/Vn?t,

for all n > 1, define a sequence {y,},>1 recursively by choosing y, € [—R, R] and letting
Yur1 = (1 = ¢p)yn + d, forn = 1. Then

(1) [yal < Ee™¢, respectively,

() |yl <En/ +le*%‘ﬁ, respectively,

(3) |yl < E/Vnl,

foralln > 1.

Proof. Choose N 3 ny > max{m, C?}, so that (1 —¢,) > 0 for all n > ny. We define a
positive sequence {z,} recursively by putting z; = R and

(1 + %)z,, +w, ifn < ng,
int+1 =
<1 - ﬁ)Zn + wy, ifn > no,

where w,, = 0 in case (1), w, = ane’% in case (2) and w,, = D/\/4 n?tJ in case (3). It is
clear that {z,} is a majorant sequence for {|y,|}, and its definition only depends on C, D, R, m
and j.

To prove (1) and (2) we choose E > maxngno{zn/e_\/ﬁ/c}, and also £ > D/(1 — #}TU).
Observe that for any n > 1
—Jn¥i/C
ﬂ — e(\/ﬁ*\/lH»l)/c > e*c% >1- ! ie.
e—Vn/c cyn’
1
—Jn/C —n+1/C
e l1—-——)<e ,
( Cﬁ) -
hence for n > ny we can estimate z,.; inductively as
1 1 /i NzS)
i =l1——— 1z, < |1 ——=)Ee ¢ <Ee ¢
. ( Cﬁ> b ( wﬁ> b
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in case (1) and

S

. _ . n . _ Antl .l
)EnJ+le T +Dnle”C <En'tle "¢ 4+ Enle "¢

n g 1_
Cntl < Cy/n

—Enf(n+ e & <E(m+1)te ¢

in case (2). In order to prove (3), we choose n; > ny such that n; > (jC)>. Pick
E > max, <y, {2,/ v/ni} and furthermore E > 2CD. A straightforward computation shows that

1 1 i
< Ay —
Vi Y+ DI 2ndni

for n > 1, hence we have

o (1 1 ) E n D o E 4 CD—-E . JE
nt+l X - e e X - e W
i Cyn)Jni ~ nit? Jm+1)i  CInit2 2nni
E CD—E/2 E
< =+ T < -
Jn+ 1) CV/ni+? Jn+1)i
for n > n;, which concludes the proof. O

With u, as given by Lemma 4.9, we put po;(x,y) =y — u,(x) € R[[x, y]]. Since (x,y) —
(x, p: (x,y)) is a non-singular formal change of coordinates in the ring R[[x, y]], we have that
x mod (p;) generates the maximal ideal of R[[x, y]]/(p;). The homomorphism induced by
¢: on R[[x, y]1/(p;) sends x to x o ¢, (x,y) = %5 = x +x” + O(x°), hence it is tangent to
the identity to order 5, that is, d; = 5. On the other hand, we have by (19)

prod(x,y) =0 +X2)y —txt - M1<L>

1 —x*

= (1+xD)y —tx* — (1L + D), (x) + 12t = (1L + 23D i (x, y),

thus x, = 22% — 1 = x2. By the definition given at the beginning of § 4, this implies d, = 2,
hence d» < d, — 1 for all pairs (¢, p;), t € [0, 1].

In order to construct invariant curves y; = {y = f; (x)}, we start by choosing & > 0 such
that g(x) < x for all 0 < x < &,. For n € N we put §, = g°"(§,) and we choose a nowhere-

analytic function f € C™([&1. &)) such that £, (&) = 0 and £ (&) = L5 (+£5) (&) for
all j > 0 (see Lemma 2.7). From the proof of Lemma 2.7 it is easy to see that we can choose
the family {f;} to vary continuously in C*°([&}, &]) (this can be accomplished by choosing
the function g! continuously in the proof of the lemma). As usual, we extend f; to the interval

(—&o. &) by setting recursively

X 4

fr(x)zﬁl(l_x;) tx .
+x 1+x

for x € [§,41,&,], n € N, and putting f(0) =0, f(x) = f(—x) for x < 0. The smoothness
of f; at & follows from the relation above and the choice of the derivatives of f; at &, &;
indeed, since f; is flat at &, the function f; (==)/(1 + x?) is flat at £. The smoothness of f,
on [—&p, &] \ {0} can then be proved inductively by using again the relation above.

Since the curve y;, = {y = f;(x)} is ¥, -invariant by construction, the only thing to prove is
the following:
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LEMMA 4.11. Foranyt € [0, 11we have f, € C*([—&, &), and ) (0) = jlu, | for all
Jj € Nwhere u,(x) = ZDI u,ijj is given by Lemma 4.9.

Proof. Fix an arbitrary £ € N and put k = 2¢ 4+ 2. We are going to show that f; is of
class C* for all ¢ € [0, 1]. In order to do so, it is convenient to pass through the polynomial
change of coordinates ¢, ; € Diff”(R?, 0) defined by ¢, ;(x,y) = (x,y — i<k w jx’) =
(x,y — j*u; (x)), where j* : R[[x]] — R[[x]] is the kth order truncation map. We remark
that aj*b = j*(ab) + O(x**") for all a, b € R[[x]]. From the proof of Lemma 4.9 it is easy
to see that u, = tu;, thus j*u, = t(j*u;). We claim that in the new coordinates the map
Vi = @i o Yy 0 g isexpressedas ¥, (x, y) = (g(x), go(x)y + r1,0(x)) withgo (x) = g(x) =
1/(1 4 g(x)?) and r, o(x) = tO(|x|**!). In fact, we have

rg(x)*

Ttem? ifuy (g(x)))

- 1 "
Y (x,y) = <g(x), m()"i‘] u (x)) +
= (800, g0y — ju (8(x) + i (x) + (x) j i (x)).
Note that the ;-invariance of the formal curve {y = u,(x)} translates into the equation
(validin R[[x]]) u, o g = qu, + r;, which implies j* (qu,) + j*r; — j*(u; o g) = 0. Since u, =
tuy = tjfu; +tO(|x|1) we have j*(u; o ) = (j*u,) o g + tO(|x|**1); furthermore g j*u, =
tqj*uy = tj*(qui) +tO(x*1) = j*(qu;) +tO(x|*) and r, = tr) = j*r, +1O(|x[FH1).
It follows that
reo = qjfu +r = (Gu) o g = j*(qu) + jr, = j* (w0 @) + 10" = 10

as claimed. The prev10us computation also shows that r; o = tr] .
Let now % = {y = f, (x)} be the image of y; through the change of coordinates ¢; . We
have f,(x) = f,(x) — j*u,(x), and the w, invariance equation is

£1(8() = qo(x) i () + r0(x). 21

In a way analogous to Lemma 3.9, we will prove the following claim: for all 0 < j < k there
exist functions r; ;(x) = try j(x), g;,;(x) (0 <i < j), r;:al analytic in a nelghborhood of 0,
such that ¢ ;(x) = 1 — x> + O(|x*), r ; = O(|x|**'~/) and

0 (g(x)) = 1, (x) + Z g7 (x) (22)

i=0
for all 0 < x < &), where we set £”(x) := f,(x). The case j =0 is given by (21) with
qo.0 = qo- The inductive step is obtained by differentiating (22):
. j+l
R 0Ng (1) =17 ;1) + Y (g, () + g1 ) P ()
i=0
(where we set g j+1 = gj,—1 = 0), and since ¢ (x) =1+ O(x*) is invertible we have that
(22) holds for j + 1 with g4 ;(x) = (q}'i(x) +qji-1(x))/g (x) forall 0 <i < j+1 and
rjr1(x) =7} ;(x)/¢ (x) = O(|x|*~). Furthermore

q;;(x)  1—x"+0@%)
gx)  1+00h

For x| € [£,&)] and n > 1, we put x, = g°" D (x;). We can choose B > 0 such that
1/BYn < x, < B//n for all x| € [£],&], n > 1. Keeping the analogy with Lemma 3.9,

qjs1,j+1(x) = =1-—x>4+ 0.
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our next step 1s to show that for any 0 < j < k/2 — 1 there exists C; > 0 such that the
estimates | D(x)| < C; /v k=1-2j (for t > O) and |A(/)(x,,)| <Cinle” v hold for any
x1 € [§1, 6], n > 1. Letus first suppose j = 0, and consider (21) for0 < 7 < 1 atx = x,, that
iS, fi (1) = G0 (6) fy (%) + rr.0(xa). Since 7, = tr19 = tO(|x[+!), we can find K > 0,
independent of 7, such that |r, o (x,)| < K/~/nk+! for all x; € [£], &], n > 1. Similarly, since
1 — go(x) = x> + O(x?) there exist mo, H > 0 such that 1 — go(x,) > 1/Hﬁ if n > my,
|1 — qo(x,)| < H/y/nforn > 1, forall x; € [§1, §0l. Applying Lemma 4.10 (points 1) and
3)) withC = H,D = K, R = maX,¢[g, £].1¢[0.1] If,(x)l m=my, j=k+1,¢c,=1—qo(x,),
dy =ri0(xn), yu = f,(xn) we obtain the estimates | ﬁ x| <G /v nk—1 (for0 < ¢t < 1) and
| fo(xn)| < Coe‘ﬁ Note that Cyy does not depend on ¢ € [0, 1].

Assume now that the estimates are verified for the derivatives of order less than j < k/2 — 2.
With 7; ; and ¢;; (0 < i < j) as in (22), we can choose M’ > 0 such that |g;; (x)| < M’ for
x € [0, &]. Furthermore, we can select m;, H;, K; > 0 such that 1 — ¢, ;(x,) and 7, ;(x,)
satisfy estimates analogous to the ones of 1 — go(x,) and r; o above. Putting s, (x) = r, ;(x) +
Z q] ,(x) (x), choosing M > 0 large enough, we have

M

Jj—
ik 20: nk—1-2i «/nk“ 2j

+M’Z|f/> x| <

Ise ()| < \/nk—

forO <t <1and

j—1
50 (xa)| < M/Z|f§”(xn)| MY Cin'e VT < Mpi eV
=0 i=0

for + = 0. Again, this allows to apply Lemma 4.10 (points 2) and 3)) with ¢, = g; ;(x,),
d, = s,(x,) and y, = A(/ )(x,) to obtain the desired estimates |f, £ < C /N n=1-2J for
0<t<1land |A(j)(xn)| < Cinle V.

Forallz € [0, 11,0 < j < (k/2) — 1 = ¢, the fact that £/ (x) — Oasx — 0" now follows
with a proof very similar to the one employed in Lemma 3.9. Since f, is an even function, it
follows that f,, and thus f;, is of class C*, and in fact of class C* since £ is arbitrary. The fact
that ﬁ(’ '0) = jlu;,; is a consequence of the uniqueness statement in Lemma 4.9. (]

To prove the last claim in Example 4.8, we first note that for any o > 0 the family {f}};[0.1]
is continuous with respect to ¢ on the set [—&p, &] \ (—o0, 0) by construction: this follows
immediately from the choice of f; over [£}, &] and from the continuity of {¢,} with respect to
t. On the other hand, the uniformity of the estimates in Lemma 4.11 show that for any ¢ > 0
there exists ¢ > 0 such that |f;| < ¢ on [—p, o] for all € [0, 1]: together with the previous
observation, this implies that f; — fyast — O. U
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