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An Abstract of the Thesis of

Najwa Wajdi El Zini for Master of Science

Major: Mathematics

Title: On The Generalization of The Riemann Mapping Theorem in The Theory

of Several Complex Variables

One of the most important results in complex analysis is The Riemann Map-
ping Theorem which states that every non-empty simply connected domain in
the complex plane C which is not the entire C is biholomorphically equivalent to
the open unit disc. However, this theorem does not hold in higher dimensions.
For instance, the open unit ball and the open polydisc are not biholomorphic
in C" for n > 1. Generalizations of the Riemann Mapping Theorem in the
theory of several complex variables rely on additional characterizations of the
complex structure of the domain. For instance, Stanton built his generalization
on specific conditions on the Carathéodory and Kobayashi metrics defined on a
complex manifold. Whereas Wong-Rosay theorem mainly relies on the group of
automorphisms of a domain. In this work, our basic aim is to study Stanton
and Wong-Rosay theorems and their proofs. We will also approach the proof of

Wong-Rosay theorem using the scaling method of Pinckuk.
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Chapter 1

Introduction

We know from the Riemann Mapping Theorem that any non-empty simply con-
nected domain in the complex plane C which is not the entire C is biholomorphi-
cally equivalent to the open unit disc. In 1907, Poincaré proved that the open
unit ball and the open polydisc in C™ are not biholomorphic to each other, leaving
the door open to questions concerning the characterization of domains in C" for
n > 1. Naturally, the geometry of domains in C" for n > 1 is much more compli-
cated than in the complex plane and requires the introduction of new invariant
objects. This essential question has been addressed extensively since then by
many authors. A remarkable result due to B. Wong [11] gives a characterization
of domains with curvature in terms of their group of automorphisms. Later on
J.-P. Rosay [8] gave a local version of Wong’s result with a complete different
proof. Another important characterization, also due to B. Wong [12], relates the

geometry of the domain with the behaviour of the curvature of two important



invariant metrics, both generalizations of the Poincaré metric. C.M. Stanton [10]
also obtained a result in that vein.

In this thesis we aim to deeply study these results and their proofs due to Rosay
in [8] and to Stanton in [10]. Finally, we will also follow [1] and [4] to present a
different and very geometric proof of Wong-Rosay theorem based on S. Pinchuk’s
scaling method .

In what follows, Chapter 2 will present a brief look at concepts and results that
will be used later in the work. In this chapter, we introduce strictly pseudoconvex
domains and describe them locally. We then define Kobayashi and Carathédory
metrics/volumes and prove some of their basic properties and we give a quick
tour on complex manifolds.

Chapter 3 will present the proof of Wong-Rosay theorem by J.-P. Rosay where
two main components of the proof will be highlighted: the characterization of
the unit ball by volumes and the localization of Kobayashi and Carathéodory
volumes near a point of strict pseudoconvexity.

Chapter 4 will then introduce Pinchuk’s scaling sequence that will be applied to
present a distinct proof of Wong-Rosay theorem.

Lastly, Chapter 5 will present Stanton’s characterization of the unit ball by its

metrics.



Chapter 2

Preliminaries

2.1 Strict Pseudoconvexity and Local Change

of Coordinates

2.1.1 Strictly Pseudoconvex Domains

Definition 2.1.1. Let D be an open set in C* and let u be a C? function on D.
The Levi Form of u at z € D is the complex Hessian L., of u at z, i.e. the

Hermaitian form:

Definition 2.1.2. Let Q be a domain in C"* with C? boundary and let p be a
real-valued C? function defined on a neighborhood Usq of the boundary of Q such
that Uga N = {z € Usq : p(z) < 0} and Vp(z) # 0 for every z € 0Q2. We say

3



that Q) is strictly pseudoconvex if and only if
L,,(w)>0

for every z € 002 and w € T,(0NY), where L, ,(w) is the Levi form of p at z and

T.00Q)={weC": > %(z)wi = 0} is the complex tangent space at z.

=1

Note that p is called a defining function of 2.

2.1.2 Local Change of Coordinates

Proposition 2.1.1. Let Q be a bounded domain of C* with C? boundary. Let
(o € 09 be a point of strict pseudoconvexity. Then there exists a neighborhood of

Co where - up to change of coordinates - Q) is defined by:
p(w) = 2Rw1 + Ley p(w) + of[|w]?)

with w = (wy, -+ ,wy).

Proof. Since 2 is bounded there exists a positive constant K such that L, ,(¢) >
K]||¢]|?, for all ¢ € C™. By rotation and translation of coordinates, we can assume
that (o = 0 and n = (1,0,---,0) is the unit outward normal to 9 at (.

4



Consider the following second-order Taylor expansion of p about (; = 0:

B " 9p 1<~ 9%
p(¢) = p(0) + 12:1: a—zj(Co)Cz’ t3 | m@o)@ﬁj

1<~ 0% S
5 zj (CO)CiCj

1,j=1
n 82
+
“— 02;0%,
2,7=1

(Go)Gic; + o(llc]?)

N K/ &
2?}%{ -~ aZj(CO)CZ+ 8 a (CO)CzC]}

#3 Ger (GGG, + o<

ij=1

Where p(0) = 0 since ¢, = 0 is a boundary point and 3 22(¢y) = (1,0,--- ,0)
i=1
by assumption.

We define next the map ¢ : ¢ = ({1, ,(n) = w = (w1, -+ ,w,) as follows:

=G+ Z a azj ()66

wp=¢p(()=¢ for2<k<n

By the Implicit Function Theorem, we see that ¢ is a well defined invertible holo-

morphic mapping on some neighborhood of (5 = 0. Then after a local change of



coordinates ¢ = ((1,+ - ,(n) = w = (w1, -+ ,w,) the defining function becomes:

p(w) = 20wy + L, p(w) + of[|w]*)

2.2 Complex Manifolds

2.2.1 Complex Manifolds, Tangent Space and Tangent Bun-

dle

Definition 2.2.1. A topological space M is called an n-dimensional complex
manifold if there exist an open cover {U;}ic; of M and a family {¢;}icr of
homeomorphisms of U; onto an open set of C* such that if U; N U; # 0, the

mapping ¢; 0 ¢ = ¢;(U; N U;) = ¢:(U; NU;) is biholomorphic.

Example 2.2.1. Complex projective spaces CP™ and complex Lie groups such as

GL(n,C) are examples of complex manifolds.

A complex valued function f defined on an open set U C M is said to be
holomorphic if for any i € I the function fog; ! is holomorphic on ¢;(UNU;) C C™.
For every point p € U;, the mapping ¢; is expressed as ¢;(p) = (z1(p),- -, za(p))
in terms of the coordinates in C™ where each z; is a holomorphic function on Uj.
We call (z;.--,z,) a holomorphic local coordinates system on U;.

6



Definition 2.2.2. Let M and N be two complex manifolds and let F': M — N

be a smooth map. The pull-back of a smooth function f € C*(N) is given by

F*(f)y=foFeC™M)

One can play a similar game for Hermitian forms. In particular the pull-back of

the Levi form i00 is given by

F*(i00f) = idd(f o F).

Definition 2.2.3. Let M and N be two n-dimensional oriented manifolds and
let f: M — N be a smooth map. If M is compact and N s connected, and if

y € N is any reqular value of f then the degree of f is defined as follows

deg [ =deg (fy)= > signd.f

z€f~1(y)

where sign df is equal to 1 if df preserves orientation and -1 if it reverses orien-

tation.

If f is a diffeomorphism then the deg f = 1 if f is an orientation preserving
map and deg f = —1 otherwise (see [6]).

We will introduce next the notion of a tangent space on a manifold.

Definition 2.2.4. Let M be a complex manifold and p € M. A tangent vector

7



v, to M at p is a deriwation on C*°(M). The space of all such vectors is called
the tangent space of M at p and it is denoted by T,M. The disjoint union of
all tangent spaces of M is called the tangent bundle of M and it is denoted by

TM.

Note that the tangent bundle is seen as TM = |J {p} x T,M = {(p,v,) :
peEM
p € M,v, € T,M}. Thus one can naturally define the canonical projection

7 : TM — M where 7(p,v,) = p.

Definition 2.2.5. A vector field X : M — T M on a complex manifold M is a
section of the tangent bundle T'M i.e. it is a right inverse of the projection map

7. The space of all vector fields on M is denoted by I'(TM).

2.2.2 Affine Connections, Geodesics and The Exponential

Map

In this section we will generalize the notion of a directional derivative by in-
troducing affine connections and covariant derivatives on a manifold. We will
introduce the notion of geodesics (with initial point and initial velocity) as well

which played a pivotal role in differential geometry.

Definition 2.2.6. An affine connection on the tangent bundle TM of a man-
ifold M is a map
V:I'(TM)xT'(TM) = T'(TM)

8



(X,Y) — VxY

such that for all XY € T(TM),
1. V is C*°(M)-linear in the first variable and C-linear in the second.

2. V satisfies Leibniz rule in the second variable i.e. if f € C®(M) then,

Vx(fY) = (df)(X)Y + fVxY

Let M be a complex manifold and ~ : [a,b] — M be a smooth parametrized

curve. Recall that a vector field along the curve v is a map

V. [a,b] — |_| T,y(t)M
]

tela,b

b= vy

where | | stands for the disjoint union. We denote the space of all such vector

fields by F(TM|7(t))-

Definition 2.2.7. Let M be a complex manifold with an affine connection V and
a smooth curve 7y : [a,b] — M. The covariant derivative DV /dt (associated
to V) of the vector field V' along the curve ~(t) in M is given by the map

D
% : F(TMH(t)) - F(TM|7(t))

9



such that for all Ve T(T'M|,w),
1. (C-linearity) DV/dt is C-linear in V.

2. (Leibniz Rule) for any f € C*[a, ]

D(fV) df DV
Yy =
dt dt +f dt
3. (Compatibility with V) if V' is induced from a vector field V' on M, in the

sense that V() =V, then

DV

— (1) = Vyu V'
Definition 2.2.8. Let M be a complex manifold with a connection V. A parametrized
curve v : I C R — M is called a geodesic if the covariant derivative of its ve-
locity vector field v/ (t) is zero i.e. 2X(t) = 0. The geodesic is said to be mazimal

dt

if I can not be extended to a larger interval.

Remark 2.2.1. Gwen any p € M and v, € T,M there exists a unique mazximal
geodesic denoted by 7, (t) such that v,,(0) = p and 7, (0) = v,. For simplicity

of the notation, we will omit p from 7,,(t) and v,.
We are now in the position to make the following definition.

Definition 2.2.9. Let M be a complex manifold with an affine connection. Let
p €M and v € T,M, if v,(1) is defined, the exponential map is set to be the

10



following

expy(v) = 7(1)

One can show that for each ¢ in the domain of v,, exp,(tv) = 7,(t).

Proposition 2.2.1. The differential of the exponential map at the origin, do(exp,)

is the identity map on T, M.

Proof. Let v € T,M. Note that the curve a,(t) = tv C T,M satisfies a,,(0) = 0

and o (0) = v. We will use this curve to compute the differential as follows

d

do(ery)(0) = do(erny) 5

o

=G|, _camlau®)

d
== t:Oe:z;pp(tv)

where 7, is the unique geodesic for v through p. O]

It follows by the inverse function theorem that the exponential map is a local

diffeomorphism at the origin of 7, M.

11



2.2.3 Hermitian Metrics on Complex Tangent Bundles

Definition 2.2.10. Let M be a C* complex manifold. A Hermitian metric
on the tangent bundle of M assigns smoothly to each p € M a complex inner
product ( , ), on T,M. A complex tangent bundle on which there is a Hermitian

metric 15 called a Hermitian bundle.

A connection on a Hermitian bundle is said to compatible with the Her-

mitian metric if for all X, Y, Z € I'(TM),

X(Y,Z) = (VxY, Z) + (Y, Vx2)

Remark 2.2.2. The notion of geodesics defined previously depends only on a
connection and does not require the manifold to be equipped with a metric. How-
ever, on a Hermitian bundle we will consider the connection that is compatible

with the Hermitian metric.

Proposition 2.2.2. Let y(t) be a geodesic on a Hermitian manifold M. Then

|17/ (V)] is constant, where ||.||= /(. , .) is the norm associated to the Hermitian
metric (if indicated, this norm might also be denoted by | .| in this work).

Proof. Let f(t) = (7/(t),'(t)). We want to show that f(t) is constant. Note that

ST = S0 0) = (A 0.7 0+ (1), 2/ (0) =0

where the second equality holds by Remark 2.2.2 and the last one holds since

12



v(t) is a geodesic. Hence, we conclude that f(t) is constant. O

Proposition 2.2.3. Let M be a Hermitian manifold and let v : [0,1] — M be

the geodesic with v(0) = p,v(1) = q and 7' (0) = v. Then, the length of 7y is
L(y) = ||v]]
Proof. By Proposition 2.2.2 we see that

L(7) :/0 17" @)t =[7' @) =]l

where the the last equality holds because v/(0) = v.

Remark 2.2.3. Geometrically, exp,(v) is the point on the geodesic vy, passing
through p and tangent to v that is obtained by going out a distance equal to ||v||
along v, starting from p.

More generally, if r > 0 is such that v,(t) = exp,(tv) is defined on [0, 7] then the

length of the geodesic arc from p to exp,(rv) is

L(vol0.) :/0 IV (Olldt = rlly (@©)ll= vl

In particular, if v is a unit vector, then L(7y|j0,) = 7.

13



2.3 Invariant Metrics

Historically, the first invariant metric under biholomorphic mappings was defined
by Poincaré on the unit disc D = {z € C: |z| < 1} C C. In higher dimensions,
there are many generalizations of the Poincaré metric; the most classical such
metrics are due to Carathéodory in 1926, Bergman in 1950 and Kobayashi in
1967. These metrics turn out to be fundamental tools in the theory of several
complex variables, providing important information on the geometry of domains

and their boundaries.

2.3.1 Poincaré, Kobayashi and Carathéodory Metrics

For a vector v tangent to the open unit disc ID at a point (, the Poincaré metric

is defined as

where [.| is the Euclidean norm.
We will introduce now the Kobayashi and Carathéodory metrics and prove that

they coincide with the Poincaré metric on .

Definition 2.3.1. Let M be a complex manifold of dimension n and let p € M.
For every v € T,M we define the Kobayashi and Carathéodory pseudomet-

14



rics of v at p respectively as follows

Kai(p,v) = inf {% S0 f e HD,M), £0)=p, dof(8/dz) = rv}

Corpo) = sup{ dyg(0)] - g € HOM,D), g(p) = o}

where H(D, M) (H(M,D) resp.) is the space of holomorphic mappings from D
to M (from M to D resp.) and d,g is the differential of the function g at the

point p.

Note that these pseudometrics may be degenerate; for instance due to Liou-
ville theorem the Carathéodory pseudometric of C is identically equal to zero; the
Kobayashi pseudometric of C is also identically equal to zero since the complex
plane C contains discs of arbitrary large size. Naturally, in the case of the unit

disc C, on has:

Theorem 2.3.1. The Kobayashi, Carathéodory and Poincaré metrics coincide

on the open unit disc.

Proof. Note that in this proof we see D as a domain in C and we will use the
usual notion of derivatives in C. We will start by proving that the Kobayashi
metric is equal to the Poincaré metric on . Let ( € D and v € T¢D. If v =0
then the result is trivial. Otherwise, for v # 0, we consider a candidate mapping
f for the Kobayashi metric at ¢ on D with f/(0) = rv for some r > 0. Note that

15



the Mobius transformation

z—=C
pc(z) = 1—Cz
: : e 1
is an automorphism of D satisfying ¢¢(¢) = 0 and ¢ (¢) = 1—|C!2

Clearly, ¢ o f € H(D,D) and ¢ o f(0) = 0. Thus, by Schwarz lemma we get

(0 ) (0)] <1

This implies that

Hence,

Now, consider the function f : D — D defined by

mz+C

W
ﬂ@_1+ﬁ&

We can see that f is a candidate mapping for the Kobayashi metric at ¢ on D

1— ¢
o]

with f/(0) = v. Therefore,

Kl

R

KD<C7U)

We will show next that the Carathéodory metric coincides with the Poincaré

16



metric on D. Let ¢ € D and v € T¢D. Let g be a candidate mapping for the

Carathéodory metric at ¢ on . By Schwarz-Pick lemma we have

, 1
()<
Hence

il

1—¢)?

l9'(Q)v] <

Since the Mobius transformation ¢¢(z) considered previously is clearly a candi-

v
date mapping for the Carathéodory metric at ¢ on D with |g0’<(C )v‘ = 1|—|’C\2
we conclude that

il

v

Given two points p and ¢ in a complex manifold M, the integrated Kobayashi

pseudodistance d); is defined as follows

dys 1nf{/KM ())dt,~ : [0,1]—>M,7(0)—p,7(1)—q}

Similarly, the integrated Carathéodory pseudodistance d,; is given by

dy mf{/CM (t))dt,~y : [0,1] = M,~v(0) = p,y(1) = q}.

17



Definition 2.3.2. We say that a manifold M is Kobayashi hyperbolic if the
Kobayashi pseudodistance is a distance. We say that M is complete hyperbolic

if it is complete for the Kobayashi distance dy;.

For instance, the unit disc D endowed with the Poincaré metric is complete

hyperbolic.

2.3.2 Properties

We will state and prove in this section some of the most important properties of

the Kobayashi and Carathéodory metrics.

Proposition 2.3.1 (Distance Decreasing Property). Let M and N be complex
manifolds, p,q € M and v € T,M. Suppose that ¢ : M — N is holomorphic,

then

Kn(o(p), dpp(v)) < Kn(p,v) and Cn(p(p), dpp(v)) < Cu(p,v)

Consequently, dn(p(p),(q)) < du(p,q) where dyr,dn are the Kobayashi or

Carathéodory pseudodistances.

Proof. We will start by the proof of the first inequality. Let f be a candidate
mapping for the Kobayashi metric at the point pon M i.e. f € H(D, M), f(0) =
p and do f(0/0x) = rv for some r > 0. Clearly, ¢ o f is a candidate mapping for
the Kobayashi metric at ¢(p) on N. Also, dy(p o f)(0/0z) = dyp(do f(0/0x)) =

18



dyp(rv) = rdyp(v). Thus

Kn(olp), dpp(0) < +

Now, taking the infimum over all the candidate mappings f we obtain

Kn(p(p), dpp(v)) < Kn(p,v)

We move now to the proof of the second inequality. Let g be a candidate map
for the Carathéodory metric at ¢(p) on N i.e. g € H(N,D) and g(¢(p)) = 0.

Then, g o ¢ is a candidate map for the Carathéodory metric at p on M. Thus
Cur(p,v) 2 1dy(g 0 ) (V)] = |dp(9(dpp(v))]
Taking the supremum over all the candidate mappings g we get
Cn(p(p), dpp(v)) < Cur(p, v)

Finally, the proof of the last inequality follows from definition of the pseudodis-

tance and the previous inequalities. O

Corollary 2.3.1 (Invariance Under Biholomorphism). Let ¢ : M — N be a

19



biholomorphic map. Then, for allp € M, v € T,M

Kn(p(p), dpp(v)) = Kun(p,v) and Cn(p(p), dpp(v)) = Cu(p,v)

Proof. Let p € M and let v € T,M. By applying Propostion 2.3.1 twice we get

Kn(p(p), dpp(v)) < Kn(p,v) = Kn(o~ ' (0(p)), dpe ™ (0(p)) < Kn(@(p), dpp(v))

Therefore, Kn(o(p),dye(v)) = Ky(p,v). The proof of Cy(¢(p),dpyp(v)) =

Cr(p,v) follows by the same procedure. ]

2.4 Kobayashi and Carathéodory Volumes

Definition 2.4.1. Let D be a bounded domain in C™ and let z € D, we define

the Kobayashi and Carathéodory volumes respectively as follows:
[} KD(Z) = inf {m . f € H(Bn,D),f(O) = Z}
e Cp(z) =sup {|det d.g|: g€ HD,B"),g(z) = O}

where B"™ 1s the Fuclidean open unit ball in C™.

Properties of the Kobayashi and Carathéodory Volumes

In what follows, we will state and prove some properties of the Kobayashi and
Carathéodory volumes.

Let D be a bounded domain in C" and let z € D, then:

20



Property 1. Cp(z) < Kp(z)

Property 2. Cp/(z) < Cp(z) and Kp/(2) < Kp(z), VD C D’

KT}?;((C’;;Z)) _ CT%D;((J;)(Z)) = |detd,T|™*, with T being an injective

Property 3.

holomorphic map.

Proof. Property 1. Let f and g be two candidate maps of the Kobayashi and
Carathéodory volumes respectively. Consider the map fog: D — D.
Clearly, this map is holomorphic and f o g (2) = f(g9(2)) = f(0) = =.

Hence, by Theorem 3.2.1 (see section 3.2), |det d.(f o g)| < 1.

Using the Chain rule we get:

|det d.(f o g)| = |det (dy(z) [ - d=9)]
= |det (dof - d.g)|

= |det dyf|.|det d.g|

1
Hence, |det d,g| < et do ]

Using the following property:

Vae A,be B, a<b) = supA<infB

21



we conclude that Cp(z) < Kp(z2).

Property 2. Let D C D’. The following inclusions hold:

{—|det1d0f| : f € HB", D), f(0) = z} C {|det1d0g| :ge HB",D'),g(0) = Z}

{|detdzf| cfe HD B, f(z) = O} C {|detdzg| :g€ H(D,B"),g(z) = 0}

The first inclusion holds by composing f with the inclusion map i : D — D’
and the second one holds by restricting the domain of f to D.

Using properties of inf and sup of a set we reach the desired conclusion.

Property 3. First note that:

Ko (1) =t { b e i T(0), 50 - 7))

Croy(T(2)) = sup {rdet drf|: f € HT(D), B, (T(:)) = o}

Now, we start by proving that %ﬁ;gz)) = |det d,T|7!.

Let f : B™ — T(D) be a holomorphic map with f(0) = T'(z). Since T is
injective then T': D — T(D) is a bijection. Hence, there exists a holomor-
phic map g : B” — D such that g(z) = T7!(f(z)) and g(0) = T-(f(0)) =
T~HT(z)) = z. Consequently, for each map f defined as above corresponds
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amap ¢g:B" — D with f =T og and g(0) = z.

Hence, the following holds:

1 1
det dof |~ m\
B 1
| det (dg(o)T.dog)'
1
" |det (dZT.dog)’
1 1
- detdzT" det dog

Therefore,

We next move to the proof of Crn(T'(2) _ \det d,T|7L.

Cp(z)
Let f : T(D) — B"™ be a holomorphic map with f(7'(z)) = 0. Apply-
ing the same logic as above, there exists a map g : D — B” such that

g=foT and g(z) = foT(z) = 0. Hence,

|det d.g| = |det d,(f oT)|

= ‘det dT(Z)f‘ . |d€t dle

Therefore, Crin)(T(2)) = |det d.T|™".
Cp(2)
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2.5 Theory of Normal Families

Definition 2.5.1. A family F of analytic functions on a domain ) C C is called
normal if every sequence of functions { f,} C F has a subsequence that converges

uniformly on compact subsets of €).

Theorem 2.5.1 (Montel’s Theorem). If F is a family of analytic functions on

a domain Q2 C C, uniformly bounded on compact subsets of 2, then F is normal.

Corollary 2.5.1. Let D be a domain in C. For p € D and v € T,(D), the
supremum in the definition of the Carathéodory metric Cp(p,v) (Carathéodory
volume Cp(z) resp.) is assumed by some function f € H(D,D) (f € H(D,B")

resp.).

Proof. Let F be the family of holomorphic functions f : D — D such that
f(p) = 0. By property of the supremum, for all n € N, there exists f,, € F such
that:

Colpv) = = < ldyful0)] < Colp,0) 2.1)

Let (fn)nen be the sequence of such functions. Since f(D) C D, F is uniformly
bounded on D. By Theorem 2.5.1 we see that - up to subsequence extraction -
(fn) converges uniformly on compact subsets of D to some function f. Clearly,
f € F and |d,f,(v)| converges to |d,f(v)| as n — co. Letting n — oo in (2.1) we
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get the desired result: Cp(p,v) = |d,f(v)|. Note that f is called an extremal
function for v. The same proof applies for the Carathéodory volume and can be

generalized to domains in C". n

A complex manifold M is said to be Montel if every sequence (f,,) C H(ID, M)
has a subsequence (f,,) which either converges uniformly on compact subsets of
D or compactly diverges (i.e. for arbitrary compact subsets k, k' of D and M
respectively there exits ko such that f, (K) N K = 0 for all & > ky). An

important class of Montel manifolds is
Theorem 2.5.2. [3] Every complete hyperbolic manifold is Montel.

In that case, we obtain an important result regarding the the Kobayashi

metric.

Corollary 2.5.2. Let M be a complete hyperbolic manifold. Then the infimum

in the definition of the Kobayashi metric Ky (p,v) is attained.

Proof. Let F be the family of candidate mappings f for the Kobayashi metric at
a point p on M such that dyf(0/0x) = rv for some r > 0. By property of the

infimum, for all n € N, there exists f,, € F with dgf,(0/0x) = r,v such that:

1 1

n

Let (fn)nen be the sequence of such functions. We aim to show that (f,,) has a
uniformly convergent subsequence (f,, ) on compact subsets of D, then the result
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follows in the same way as in the proof of Corollary 2.5.1. Since M is complete
hyperbolic, by Theorem 2.5.2, excluding the case of compact divergence of the
subsequence ( f,,,) will complete the proof. However, this can be easily done by

taking the following compact subsets

k={0}cD, K={ptcM

and noting that f,, (0) = p for all ny € N. O

We call the map that realizes this infimum an extremal for v or an extremal
disc for v; Lempert theory [5] provides an important account on the behaviour

of extremal discs for convex domains of C”.
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Chapter 3

Characterization of The Unit

Ball by Rosay

The group of automorphisms of a given strictly pseudoconvex domain in C" is an
important invariant object in complex analysis. It allows to understand dynamic
and geometric properties of the domain and its boundary. It is known that the
group of automorphisms of a bounded domain is a real Lie group. Moreover the
group of automorphisms of the unit ball in C", which can be described precisely
(see [9]), is non-compact. It seems natural to wonder whether or not the ball is
the only strictly pseudoconvex domain with a non-compact automorphism group.
In 1977, B. Wong proved in [11] that the ball is indeed the only such domain. In
this chapter, we will consider the approach of J.-P. Rosay [8] for B. Wong result.
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3.1 Main Theorem

Theorem 3.1.1 (Wong-Rosay Theorem). let 2 be a bounded domain of C* and
let (o € 02 be a point of strict pseudoconvexity. Assume that there ezists a
compact subset K C 2, a sequence (xy) of points in K and a sequence (T},) of au-
tomorphisms of Q0 such that Ty (xy) converges to (y. Then Q is biholomorphically

equivalent to the open unit ball.

Remark 3.1.1. The existence of points of strict pseudoconvexity is guaranteed
in any bounded domain of C" of class C?. For instance, points of the boundary
of maximal norm are an example of such points.

Note that 2 could also be taken to be a domain in a hyperbolic manifold and not

in C™ without changing the proof.

3.2 A First Characterization of The Unit Ball

by Volumes

In this section we will state a theorem due to H. Cartan [2], which generalizes
the classical Schwarz lemma, and prove a first result on the characterization of
the unit ball by volumes (Theorem 3.2.2) that will be useful in the proof of

Wong-Rosay Theorem.

Theorem 3.2.1 ([2]). let D be a domain of C* and let z € D. If f : D — D
is holomorphic such that f(z) = z then:
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1. |det d,f| <1 and if equality holds then f is an automorphism of D.

2. the eigenvalues of d, f are of norm < 1 and if all of them have norm 1 then

f s the identity map.

Theorem 3.2.2. Let D be a bounded domain of C". If there exists z € D such
that Kp(z) = Cp(z), then D is biholomorphically equivalent to the open unit ball

B".

Proof. Our aim in this proof is to construct a biholomorphic map from D to
B™. By Corollary 2.5.1 there exists a holomorphic map g : D — B” such that
g(z) = 0 and Cp(z) = |det d,g|. However, the existence of such extremal map is
not guaranteed for the Kobayashi volume. Hence, let (fi)ren be a sequence of

holomorphic maps from B" to D such that f,(0) = z and converges to

1
|det do(fx)]

Kp(z) when k — oo.

We start by proving that g is surjective. For this purpose, we construct the
sequence of holomorphic maps Hy = go fi : B® — B". Note that Hy(0) =
go f(0) = g(fi(0)) = g(z) = 0 and |det doHy| = |det dy0)g| x |det dofi| =
|det d.g|x|det dy fr|. By Theorem 2.5.1, we can extract a subsequence of (H}) that
converges uniformly on compact subsets of B" to a map H. Clearly, H : B" — B"”
is holomorphic and H(0) = 0. Moreover, |det dyH| = OD(Z)%(z) = 1. Where
the last equality holds by the given of the theorem.By Theorem 3.2.1, we conclude

that H is an automorphism of B".
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Remark 3.2.1. The fact that H is onto (being an automorphism) does not nec-
essarily imply that Hy is onto for all K > 0 and that g is surjective consequently.
For instance, consider the sequence of holomorphic maps ¢, : B" — B"™ such that
or(z) = (1 — %)z Clearly, ¢ is not onto B"™ for k > 0, however the sequence

converges uniformly to the identity map which is surjective.

To prove that g is surjective, we start by taking ¢ € B". For k large enough
there exists z € B" such that Hy(z) = ¢. If this was not the case, we will reach a
contradiction since H is onto. Hence, t = Hy(z) = g o fi(z) = g(fx(2)) and g is

surjective.

Next, we show that ¢ is injective. For this purpose, we define the sequence

(F))ken of holomorphic maps Fy, = fyog : D — D. Note that F(0) = fr(g(0)) =

The following claims will be useful for the proof of injectivity of g.

Claim 1: The modulus of the eigenvalues of d,(F}) converges to 1 when k& — oo.

Proof. Let Ay -+ A\ux be the eigenvalues of d,(F)). By Theorem 3.2.1:

Njgl <lforl<j<n (3.1)

30



By Schur decomposition, d,(Fy) is similar to a triangular matrix U having Ay - - - Ay g

as diagonal entries. Hence, |det d,(F})| = |det U] = |A1 k- - - Ani|- Thus,

lHm [Arg--- Akl = lim |det d.(Fy)| = lim |det do(fi)| . |detd.g| =1 (3.2)
k—ro0 k—ro0 k—ro0

The desired result follows from (3.1) and (3.2). O

Proposition 3.2.1. Let 6 € (0,27] be a fived angle. There exists a sequence of

positive integers (i )ren such that €% — 1 as k — oo,

Claim 2: There exists a subsequence (Fx)) of (Fi)ren and a sequence (fu)ken,

wr € N* such that the eigenvalues of (d,F 5 (’“k,)) converge to 1 when k — oo.

Proof. Note that for k& > 0, dZFg(’Vk) = d,(Fp) © Fyy -+ - 0 Fyry), where the
composition is applied py, times. Using the chain rule and the fact that Fi)(2) =

fo)(9(2)) = fo)(0) = 2 we get:

szsg(kk) - deﬂ)(z)(Fﬁ&Sl) X dFopr)

= dz(Fg&_)l) X d For)

= dF<p(k)(Z)(F£(kk_)2) X szgo(k:) X szgo(k)

= (dZFw(k))M

Hence, the eigenvalues of (d. [ () are N, 1<j<n.
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First, let us write the eigenvalues of d,(Fy) as A\, = rj,kei 9k for 1 < j <mn and

for some r > 0 and 6 € (0, 27]. Then, proceed as folloows:

Step 1: Consider the sequence (A1 x)gen. Since [Ay x| < 1 for & > 0, by Bolzano-

Weierstrass theorem, we can extract a subsequence (A o, () of (A1) such that:
)\1:901(16) = Tl#’l(k)ei 01,01 (k) — )\1 as k — o, for some )\1 — ,r.lei 01 cC

Note that r; = 1 by Claim 1. By Proposition 3.2.1, we can find a sequence of
positive integers (i) such that: A" = e#1#% — 1 when k — oo. Hence,

/\fls;(k) — 1 when k£ — .

Step 2: We will now consider the subsequence (Mg, () of the sequence (Agk)ken

instead of the sequence itself. Clearly, | Ao ,, ()| < 1 and consequently, |)\gl<pk1 (k)| <

1 for £ > 0.
Applying Bolzano-Weierstrass theorem and Proposition3.2.1 as in Step 1, we can
find a subsequence (A2 py00,(k)) Of (A2 (k) and a sequence of positive integers

(p2,) such that:

(H2,k . u1,k)

5 pmopi(k) T 1 when & — oo

Note that ()\5“ oo 1"&)’“)) corresponds to a subsequence of ()\’f;’i(k)) raised to the

power (o). Hence, it will also converge to 1 as k — oo.
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Proceeding in an inductive fashion, we reach:

Step n: We extract from the sequence (A, g, op, s (k) the following subse-
quence (Ao 10pn_o-e1 (k) and we find a sequence of positive integers (fi, )

such that:

(Mn,k - Hn—1,k "'Hl,k)

N,0n0Pn—10Pn—2--1(k) —1 When k — o0

Note that this construction guarantees that AWink - o1k k)

o oPm 10 oo () CONVETZES to 1

as k — oo for all 1 < j < n. Hence, taking p(k) = ¢, 0 @n_10@n_o---p1(k) and

Mk = fink - Pn—1k * - M1k finishes the proof of Claim 2. ]

We will next proceed by the proof of injectivity of g as follows: let ¢ > 0 such
that D,, the set of points in D such that their Kobayashi distant to z is less than
g, is relatively compact. By the distance decreasing property of the Kobayashi

metric, (Proposition 2.3.1) F"*

(p(k)(Dg) C D. for k > 0. Hence, up to subsequence

extraction, we can assume by Theorem 2.5.1 that the sequence (F 5 (’“k)) keN CON-
verges uniformly on compact subsets of D. to a map F : D, — D..

For £ > 0 we have that F,u)(2) = 2, then Fg(’“k)(z) = 2z and consequently
F(z) = z. By Claim 2, we see that the eigenvalues of dZF:fk) are equal to 1.
Hence, we conclude by Theorem 3.2.1 that F'is the identity map. It follows that
(F 5 (’“k)) ken converges uniformly to the identity map on compact subsets of D.
Now, let 21,2, € D such that g(21) = g(22). Since each F/{}, is of the form hzog
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for some map hy : B" — D we see that I, (21) = F[j;(z2) for all k > 0 and

consequently F'(z1) = F(z3). Thus, 23 = 25 and g is injective.

Therefore g is a biholomorphic map from D to B™. n

3.3 Localization of The Kobayashi and Carathéodory

Volumes

Proposition 3.3.1. Let Q and D be two bounded domains of C*. Lety € D
and ¢y € 052 be a point of strict pseudoconvezity. Suppose that (¢;) is a sequence
of holomorphic maps from D to Q such that v;(y) — (o when j — oo, then ¢,

converges to (o uniformly on compact subsets of D.

Proof. Since Q is bounded then by Theorem 2.5.1 every subsequence of (ip;)
has a uniformly convergent subsequence on compact subsets of D. Let ¢ be
an accumulation point of a subsequence (¢;,) of (¢;) in the topology of uniform
convergence on compact sets. We aim to show that (¢;, ) has only one such point.

For this purpose, we consider a holomorphic map P on Q defined as:

P(¢) = exp (pg,(C))
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where:

)cco%

b0 =3 1~ G,

with p being the defining function of (2.

Clearly, P((y) = 1 and |P(¢)| = exp (R(p¢, (€))). By Proposition 2.1.1 the expan-

sion of p about the boundary point (j is:

P(C) = 2R(pg () + Leo,p(¢ = Go) + olI¢ = Goll)

Since L¢, (¢ — ¢o) > 0 (because (; is a point of strict pseudoconvexity) and
p(¢) < 0in QN U, where U is a neighborhood of 09 near (p, there exists a
neighborhood V' of ¢y such that (p¢,(¢)) < 0in V N Q. Thus, |[P(¢)| < 1 for all

cevna.

Now, consider the holomorphic map P o ¢. Since ¢ is an accumulation point of
(0j.) we see that P o p(y) = P(p(y)) = P(G) = 1 and [P o p(x)] = [P(p(x))| =
|P(¢)] < 1 for all x € D close enough to y. Hence, P o ¢ has a local maximum
at y and therefore constant by the Mazximum modulus Principle. Consequently,
P, (p(C)) is constant and therefore so is ¢(¢) (precisely, ¢(¢) = (o is the only

accumulation point). We conclude then that (y¢;) converges to ¢y uniformly on
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compact subsets of D. O

Theorem 3.3.1. Let Q be a bounded domain of C" and let (y € 02 be a point
of strict pseudoconvezity. Let A > 0 and let B((y, A) be the ball of center (o and

radius A. If (zx)ken S a sequence of points in 0 converging to (g, then:

K
(i) ale)
Kanp(g.4)(2k)

(i1) If there exists x € Q such that for all k € N there exists Ty, an automor-

phism of Q, satisfying Ty(x) = 2y, then:

_ 1
CQOB(CoyA) (zk)

Proof. We will start by the proof of (7).

Let (fx)ren be a sequence of holomorphic maps from B”™ to €2 such that f(0) = 2.
Clearly, f(0) converges to (y as k — oo. Let A > 0, by Proposition 3.3.1 we
see that f, converges uniformly on compact subsets of B" to (y. Hence, for all
n > 0 there exists ky > 0 such that for all k& > ko, ||fx(t) — (ol] < A, for all ¢
satisfying ||¢]] < 1 —n (note that n here corresponds to the choice of compact
subsets of B™). Next, we define on B" the holomorphic map ¥ (t) = fi((1 —n)t).
Clearly, ||[(1 — n)t|]] < 1 —n and consequently, ¥, (B") C QN B({y, A). Also,

Ui(0) = fr((1 —n) x 0) = f1(0) = 2. We conclude that:

1
K, = Tdet dovnl
QmB(CmA)(Zk) ~ |det doty|
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To compute |det dyibx| we notice that 1y = fr o g where g : B" — B" is given by

g(t) = (1 — n)t. Therefore,

|det dyiy| = |det do(fi 0 g)|
= |det (dg(o) fr % dog)|
= |det (dofr % dog)|

= |det dy fx| x |det dyg|

Since g(t) = g(t1,ta, -+ ,tn) = (L = n)t1, (1 — n)ty, -+, (1 —n)t,) we can easily
see that dog = (1—n)I,, where I,, is the n x n identity matrix. Hence, |det dog| =

(1 —n)™ and consequently,

1 1
K <
QmB(CovA)(Zk) - ‘det dofk‘ . (1 - n)n

1

1—n)" x K = [det dofi]
( 77) X QﬁB(CovA)<Zk) - |d6t dofk|

Thus,

(1 =n)" x Konp(e,4)(2r) < Kal(2k) (3.3)

Since Q2 N B(¢p, A) C Q we conclude by Property 2 (section 2.4) that:

ka(zk) < Konp(co,a)(2k) (3.4)
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Finally, by (3.3) and (3.4) we see that:

1< <
(1 —mn)"

~ Konp(co,4) ()

(3.5)

letting 7 — 0 in (3.5) we obtain the desired result.

Next, we will prove (ii).
Let = € Q with the property of the given and let n > 0. We claim that there

exists a domain €' relatively compact in € containing  such that:

Cor () < (1+n)Ca(x) (3.6)

Assume by contradiction that there exists n > 0 such that for all relatively
compact domains €' in  containing = we have Cq (z) > (1 4+ n)Cq(x). For
k> 0, take Q) to be B(x, k)N, where B(z, k) is the ball of center x and radius
k. Clearly, z € Q) and €}, is relatively compact in 2 thus Coy (z) > (1+1)Ca(x).
Note that by Corollary 2.5.1, Co (z) = |det d,gx| for some holomorphic map
g : 2, — B™ with gx(z) = 0. Construct then the sequence (gi) of such extremal
maps. For k large enough the sequence (gx) converges to the holomorphic map
g : Q — B" such that g(z) = 0 and Cqo(x) = |det d,g|. Hence, Cq (x) converges
to Cq(x) as k — oo. However, we previously showed that for some 7 > 0,

Cay(z) > (14 n)Cq(z) for all k > 0. Thus we reached a contradiction and the
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claim is then proved.

Now, consider the following series of inequalities:

| < Gonsaa(z) _ Cnenl(an) _ Cor(2)

ST o) S Calz) - Calw) =1 (3.7)

where the first inequality holds by Property 2 (section 2.4) and the fact that
QN B((y, A) C Q, the second inequality also holds by the same property and the
fact that for k large enough, 75 (") C QN B((o, A) and the last inequality holds
by (3.6). To show the equality in (3.7), it is enough to see that by Property 3

(section 2.4) we have the following:

Crovey(z)  Cryany(Ti(z))

- = |det d,T|™"
Colr)  Culw) T
and
C T
Colzr) _ One)(Ti(2)) det d,T|"
Therefore, by letting n — 0 in (3.7) we finish the proof of (). O

3.4 Proof of The Main Theorem

In this section we will prove Theorem 3.1.1 stated in section 3.1. Hence we assume
that the assumptions of the theorem are satisfied throughout this section.

We start by proving the following modification of Proposition 3.3.1.
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Proposition 3.4.1. let x € Q, then Ty(x) converges to (y as k — oo.

Proof. Since K is compact, up to subsequence extraction, the sequence () con-
verges in K. Let y be the limit of (z) in K. We aim to show that T} (y) converges
to (p.

We know that Ty (xy) — (o as k — oo i.e. for all € > 0 there exists k; > 0 such
that for all k > ki, ||Ty(2x) — Col| < 5. Also, by continuity of each T} at y, there
exists ko > 0 such that for all & > ks, ||Ti(2x) — Ti(y)|| < § for all [ > 0.

Let € > 0, take k' = max{ky, ko} then for all £ > k' the following holds:

€

2

=€

IT3(y) = Goll < IZi(y) = Tl I+ Tklwn) = Goll < 5+

Hence, T (y) converges to (y as k — oo.
By Proposition 3.3.1, T}, converges to (, uniformly on compact subsets of €2. In

particular, fixing z € Q, Ti(z) — (o as k — oo. O
Let zx = Ty (z). By Property 3 (section 2.4), for k € N:

Ka(x) Ko (Tk(r) _ Ko(z)
Ca(z)  Cr@(Tk(z))  Calz)

Ko(2)

orem 3.2.2 we finish the proof of Theorem 3.1.1.

Remark 3.4.1. By showing that

converges to 1 and then applying The-

By Proposition 2.1.1 we see that after a change of coordinates in a neighbor-
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hood of (j, €2 is defined by a function p < 0 of the form:

p(w) = 2Rwi + L, p(w) + of[|w]*)

By the same machinery done in Section 2.1.2, we see that for all z € Q close
enough to (y, we can locally change the coordinates so that the new coordinates

of z are of the form (a,0,---,0) for some a < 0.

We introduce next the notion of ellipsoids that will be used in the proof as

local domains of comparison.

Definition 3.4.1. For every Hermitian positive definite form () we associate the

ellipsoid defined as follows:

E={weC":p=2%Rw +Qw) <0}

Let ¢ > 0. Let EX(z) and E-(zx) be the ellipsoids defined respectively by
the forms

QF =Ly, p(w) —efw|® and Q7 = L, ,(w) + &]|w]

Let A > 0 and let ; be the image of Q N B({y, A) in the w-coordinates. For

r > 0 small enough the following holds:

E-(z) N B(0,7) C Qy C Ef(21) (3.8)
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We aim next to show that:

for some a; < 0.

By Proposition 3.4.1 and Theorem 3.3.1 we see that as k — oo

Ko(z) — 1 and Ca(z)

k),
Kanp(c,a)(2k) CanB(c,4)(2k)

Hence,

. Ko(z) . Konpg,a)(2k)
lim = lim
k—oo Co(zr) k=00 Conp(c,a)(2k)

Since the change of coordinates was done locally through a biholomorphic map-

ping we have the following equality:

. Konpoay(zr) . Ko,(ax,0,---,0)
lim = lim
k—o0 CQmB(CD,A)(Zk) k—o00 CQ1 (am O, . 70)

(3.10)

for some a; < 0. Now, by (3.8) and Property 2 (section 2.4) the following holds:

K. 0.--- 0
lim 2 (@, 0, )S lim

KE;(zk)ﬁB(O,r) (akv 0,-- 70)

k—o0 th (ak7 07 e aO) k—o00 CEj(zk)(alm 07 T 0)
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Finally, applying Theorem 3.3.1 again on E_(z;) for the sequence (ag,0,--- ,0)

converging to 0, we get that:

k—o0 k—o00

Therefore, by (3.9), (3.10), (3.11) and (3.12) we get the desired result:

K, K-, (a0, ,0
lim a(z) < lim = (k)( k )
k—o0 CQ(Zk;) k—o0 CEJr(Zk)(ak’ 0’ . ,0)
Ka(zr) . . . .
Clearly, 1 < Col2t) for & > 0 (Property 1 in section 2.4). Since the ellipsoids
Q\Zk

are biholomorphically equivalent to the open unit ball B” and given the fact that

Kpn(0) = Cpn(0) = 1 we see that:

Hence,

lim =1

k—o0 Cq(2y)

By Remark 3.4.1 the proof of Theorem 3.1.1 is now complete.
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Chapter 4

Proof of Wong-Rosay Theorem

By Pinchuk’s Scaling Method

In 1991, S. Pinchuk [7] introduced a powerful technique in complex analysis known
as the scaling method. The scaling method can be seen as a standard tool in differ-
ential geometry which consists in flattening and localizing a domain €2 near a given
boundary point. In case Q = {R(zp) > |z1|*+- - -+|zn|*+ higher order terms} the
main idea of this method is to make use of the group of automorphisms of the un-
bounded ball {R(zo) > |z1|>+- - -4|2,|°}, and more precisely the set of anisotropic
dilatations (2o, 21, -+ , 2n) = (A20, VA21, -,V Az,), where A € RT\ {0}. In this
chapter, we will present Pinchuk’s scaling method and, following K.-T. Kim and
S.G. Krantz [4] and F. Berteloot [1] we discuss a new proof of Wong-Rosay the-

orern.
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We will restate Wong-Rosay theorem as follows:

Theorem 4.0.1 (Wong-Rosay Theorem). let Q be a bounded domain of C"*!
with C? boundary and let (y € O be a point of strict pseudoconvezity. Assume
that there exist a point x € Q and a sequence (Ty) of automorphisms of Q0 such
that Ty (z) converges to (o. Then S is biholomorphically equivalent to the open

unit ball.

proof by Pinchuk’s scaling method. Before proceeding by the scaling method we
shall get everything set for the implementation of the method. Hence, the proof
of the theorem is divided into four main steps: (1) preparation, (2) localization,

(3) dilatation and (4) synthesis.

Step 1. Preparation. Clearly, we may assume that (y is in the origin of
C*"™! and n = (—1,0,---,0) is the unit outward normal at (. Thus, by the
proof of Proposition 2.1.1, the Taylor expansion of the defining function p about

C():OiS

Co Gi¢; +o(IC1I?)

p(C)—2§R{ iaéﬂ (G gcj} Z

Note that the matrix A = <a o
2;0%;

(Co)) is the complex Hessian of p at (.
(2%
Consequently A is positive definite. By Cholesky decomposition, we have that

A = LL" where L is a lower triangular matrix with strictly positive diagonal
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entries. Thus

n 82p _ _ o S
5295 (GG = ¢ACT = CLI'CT = (¢L) (L)
720 z2i0Z24
Now, we perform the holomorphic coordinate change at the origin ¢ = ((o, - , () —
z = (20, ,2n) given by

20 = —%{ — G+ % Z ngj(@)@@}

4,7=0

Zk:(QL)k for1<k<n

Hence, for some r > 0 we may assume that the set Q2N B(0, 10r), where B(0, 10r)

is the open Euclidean ball of radius 10r centered at the origin, is defined by
p(z) <0

where

p(z) = =Rz + |z1|2 4+ 4 \zn|2 + R(z)

with
R(z) = O(ll(z1, -+, za)II”) + O(IS20] (21, -, 20) ) + O(IS20]*)

Note that for > 0 small enough the boundary 0f2 is strictly convex in B(0, 2r).
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For simplicity of the notation we will use the following coordinates z = (2o, 24)

in C"*! with

Step 2. Localization. Under the assumptions of the previous step we see that

there exists a function P : B(0,2r) — C such that

P(0) =1 and |P(z)| < 1 for every z € QN B(0,2r) \ {0}

Note that the existence of such a map is given in the proof of Proposition 3.3.1.

Now, since €2 is bounded, Theorem 2.5.1 guarantees that every subsequence
(Ty,) of (T}) has a uniformly convergent subsequence on compact subsets of 2. Let
T be a subsequential limit of (T},). Then T : Q — Q is holomorphic and T'(z) = 0.
Hence, there exists an open neighborhood U (relatively compact) of x such that
T(U) C B(0,2r) N Q. By uniform convergence of (7},) - up to subsequence
extraction - to 7" on compact subsets we may assume that 7, (U) C B(0,2r) N Q
for k; sufficiently large. Consider now the holomorphic map Po Ty |y : U — D
where D is the open unit disc. Clearly, P oT(z) = 1 and |[PoT(z)| < 1 for
all z € U . Hence, by the Maxzimum Modulus Principle T'(z) is constant for all
z € U, more precisely T'(z) = 0 on U. Since U contains a non-empty open set, the
Identity Theorem implies that T'= 0 on 2. Therefore, T}, converges uniformly to
T = 0 on compact subsets of €2 i.e. for every compact subset K of ) there exists
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n € N* such that

TW(K) C B(0,r) N Q (4.1)

for every k > n.

Step 3. Dilatation. Consider now the sequence Ty(x) in Q and let Ty(z) = ¢~
for each k. Choose next the boundary point p* that is the nearest to ¢* in the

normal direction of 9 i.e. p* = (pf,pk) € 9O such that

(i) g5 —ps € RT\ {0}

(i) ph = ga
for every k > 1. We set A = ¢g¥—pk > 0 (for convenience we took S(pF) = S(qh)).

Pinchuk’s scaling method consists of two main procedures: centering and
dilatation processes. The centering process is given by the sequence of maps
Ay : €1 — C™! defined in local coordinates by Ag(z) = w with w = (wp, w,)

given by

wo = (20 — pf) — (20 — PL)

wa:'za_pa

where the complex constant c* is chosen such that ¢* — 0 as k — oo and such
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that the domain €y = A (2) is represented in the neighborhood of the origin by

Rwog > Vi (S(wy), wa) (4.2)
satisfying
U, (0,0) =0 (4.3)
and
V¥ilo = (0,0) (4.4)

We see that (Ay) is a sequence of translations and complex rotations mapping p*
to the origin and ¢* to the point (\§,0) for every k. Let us examine now how the
domain €2 looks locally in the new coordinates. We aim then to compute the
new defining function pj,(w) = p(A,*(w)). Note that A, ! is given by A, (w) = 2

with

k k
Zp = Wo + C Wq + Py

k
Za :wa +pa
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Hence,

pr(w) = p(A; " (w))

_ _m{wo © hw, +pg} T Jwo + P + R(AF ()
— —R(wp) — R(Fwa) — R(pE) + |wa + PE|* + R(A; (w))

= —R(wp) — R(Fwa) — R + [wal* + [p|* + 2R(PEwa) + R(A;(w))

k

In order to determine ¢” we note that Wy in (4.2) is given here by

Wy (S(wp), we) = —R(Fwa) — R(pE) + [wa + pE[* + R(A; (w))

Therefore

(4.3) = R(pk) = [ph]” + R()

and

(4.4) = & = 2pk + ok

with ¥ — 0 as k& — oo. Substituting these results in the expression of pj(w
g

yields to the following result
pr(w) = =R(wo) + [wal” + R(B"w)
where ¥ — 1 as k — oo.
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Next, we consider the dilatation sequence given by the linear maps Lj :

Crtt — C™* defined by

o Wy  We
Li(wo, wy) = (W, Wy) = | —, ——=
) = (i, ) = 3 A,S)

for all £ > 1.
Note that for each k, Lj, stretches the coordinates and sends Ay (¢*) to the point
(1,0). We may examine now Pinchuk’s dilatation sequence Ay = Ly o Aj. For

some r > 0, the sequence of domains Ag(2 N B(0,7)) is defined by

1. . 1 _ 1Ny~
P = 3pplit o L))
1 L
— (L @)
0

1 N -
= )\—gﬂk <()\I8w0, \/ )\Iéwa)>

= —R(wo) + |Wa]> + R(ﬂ’“\/;’éw)

After dropping the ~’s and substituting p, = )\ik,ék we have the form
0

() = —R(wy) + e + R(5°/Nw)

Clearly as k — oo, Af — 0. Hence p; converges uniformly on compact subsets

to p(w) = —R(wo) + \wa]2 as k — o0o. Consequently, the sequence of domains
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Ap(Q2N B(0,7)) converges to
E={(20,21,"+ ,2n) €C"+1:R(20) > |z1]> + - - - + |2]*}
Moreover, we may assume that for k£ large enough we have
A(QNB(0,7) C E

with

1
E={(20,21, ,2) €C"+1:R(z) > §(|Z1|2 ),

Step 4. Synthesis. Consider a sequence of relatively compact subdomains Wy,
of €1 such that

WzCWzlel

and
Jwi=o
=1

Let (o) be the scaling sequence given by o = Apo Ty : Q — Ag(Q2). By (4.1) we

may assume that for k large enough

Tk(VVl) cOn B(O, 7“)
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for every [ > 1. Note that by the preceding step we see that for every [

or(W)) C A(QN B(0,7)) C E

as k — oo. Hence for every [, (o) forms a normal family for k large enough
and we may assume that o, converges uniformly on compact subsets of €2 to a
holomorphic mapping o : 2 — F.

It remains to show that o is actually a biholomorphism between 2 and V.
Let vy : Ay, — € be the inverse of o}, for each k. Since Q is bounded, Theorem
2.5.1 implies that - up to subsequence extraction - ¢, converges uniformly to the
holomorphic mapping ¥ : E — Q on compact subset. Consequently, ¢ is the
inverse of ¢ and o is a biholomorphism from €2 to V. Since E is biholomorphic

to the open unit ball, the theorem is now proved. O
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Chapter 5

Characterization of The Unit

Ball by Stanton

In this part of the thesis we care about other important invariants of domains,
namely invariant metrics. Carathéodory and Kobayashi both introduced infinites-
imal invariant metrics in order to generalize the Poincaré metric of the unit disc
in higher dimensions. Although the Carathéodory and Kobayashi metrics coin-
cide on the unit ball, this is not the case in general. Hence, one might question
whether the unit ball is the only domain with such characterization. Using a
negative curvature argument, B. Wong [12] obtained a metric characterization
of the unit ball. In 1983, C.M. Stanton [10] improved significantly the previous
result. In this chapter we will present Stanton’s characterization of the unit ball.
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5.1 Main Theorem

Theorem 5.1.1 (Stanton Theorem). Let M be a connected complete hyperbolic
complex manifold of complexr dimension n. Assume that there exists a point p
of M at which the Carathéodory and Kobayashi metrics are equal and that one
of these metrics is hermitian and of class C*. Then M is biholomorphically

equivalent to the open unit ball in C™.

5.2 Proof of The Main Theorem

Throughout this section we assume that the given of Theorem 5.1.1 holds and
we take the Kobayashi metric to be the Hermitian metric of class C* on M. We

proceed by proving some results that are useful for the proof of the theorem.

Proposition 5.2.1. Let M be a complete hyperbolic complex manifold such that
its Kobayashi and Carathéodory metrics coincide at some point p € M. Let
v e T,M and let f be an extremal disc for v (f exists by Corollary 2.5.2), then
f 1s a distance preserving isometry relative the Poincaré metric in D and the

Kobayashi/Carathéodory metric in M.

Proof. Assume that dyf(0/0z) = rv for some r > 0. Since f is an extremal disc
for v, Ky(p,v) = L. Knowing that the Kobayashi and Carathéodory metrics
coincide at p we conclude that Cys(p,v) = % Next, we define g : M — D to be
an extremal function for v (g exists by Corollary 2.5.1). Thus Cy(p,v) = |d,g(v)|
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and consequently + = |d,g(v)|. By the chain rule we get

=~ = g 0)] = Idyg(dof (0/r02))| = |d5y9(do fO/r0m)] =~ ldolg o )| (5.1)

Note that go f : D — D is a holomorphic map with (g o f)(0) = 0, then
by Schwarz lemma |do(go f)| < 1 with equality holds if g o f is an isometry.
By (5.1) we conclude that g o f is a distance preserving isometry of the open
unit disc. However, the distance decreasing property of the Kobayashi and the
Carathéodory metrics (Proposition 2.3.1) tells us that f and g can not increase
distances. Therefore, f is a distance preserving isometry relative the Poincaré

metric in D and the Kobayashi/Carathéodory metric in M. [

Remark 5.2.1. Since the kobayahsi metric defined on M in Theorem 5.1.1 is
assumed to be Hermitian, the tangent space T,M of M at p has the structure of
an n-dimensional complex inner product space. Moreover, for all v € T,M the

Kobayashi metric is given by Ky (p,v) = 0T Apv, where A, is a Hermitian matriz.

Denoting by B = {v € T,M : 7TA,v < 1} the open unit ball relative to
the Kobayashi metric in T,M, We will prove Theorem 5.1.1 for B instead of the
open unit ball B" in C" i.e. we aim to show that under the assumptions of the
theorem M is is biholomorphically equivalent to B. For this purpose we will prove

the following proposition.

Proposition 5.2.2. The open unit ball B in T, M s bitholomorphically equivalent
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to the open unit ball B"™ in C".

Proof. First recall that B and B™ are defined as follows

B"={veC":|v||* <1} and B={veT,M: 774, < 1}

where ||.|| is the Euclidean norm. Since A, is a Hermitian matrix it follows that

A, =U"'D,U, where U is a unitary matrix and

is a diagonal matrix with real diagonal entries. Furthermore d; > 0 for all 1 <
¢ < n. This can be seen by noting that the d;’s are the eigenvalues of A,, hence

for all 1 < ¢ <n we have

Apv =dv
vTAyu =0Tdv
T A = dilJol]

Ku(p.v) = dif|v||?

Thus d; > 0 (for v # 0).
Next, we define ¢ : T,M — C™ to be the holomorphic map v +— ¢; o ¢o(v)

57



where

¢ :C" = C"
¢1(U) = <\/d_lv1a \/d_2v27 ) \/avn)

T
with v = (Ul,?JQ,"' ,vn> , and

Let us show that ¢ maps bijectively B to B". For any v € B the following holds

vTApY <1
TT(UT'DU)v < 1
T (U'DU)v <1

(Uv)™D (Uv) < 1

(62(v))™D ¢o(v) < 1
ZH\/E(%(U)%HZ <1

l¢1 0 @a(v)|* < 1

le(w)]I* < 1

Thus ¢ maps B to B". Clearly, ¢; and ¢, are invertible and consequently so is
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¢. Therefore ¢ is biholomorphic. O

We start the proof of Theorem 5.1.1 by defining the following map & : B — M

tanh™" |v|

d(v) = expp[ o ’U] , veEDB

where exp, is the exponential map at p relative to the Kobayashi metric and

-l = Kul(p, ).
Note that
tanh 1|U| 1 | |2n 1 i |U|2nf2 :i |v|2k
] |v| “2n—1 ‘f=2n—-1 <£=2%k+1
tanh ™'
Hence, an|—||v| is an analytic function of |U| and consequently ® is a C'*°
v
mapping.

Clearly, showing that ® is a biholomorphic map will finish the proof of The-

orem 5.1.1. We start by showing that it is holomorphic on B.

Lemma 5.2.1. ® is holomorphic on each complex line through the origin of B.

Proof. Let u be a unit vector in T,M. We define the restriction of ® to the
complex line through the origin of B determined by u to be the map G : D — M
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such that

-1
tanh K‘C“]’ e

G(C) = ®(Cu) = exp, "

where ID is the open unit disc in C. By Remark 2.2.3 and the fact that u is a unit
vector, we see that G(() is the point on the geodesic arc through p tangent to u
such that the length of the geodesic arc from p to G(¢) is equal to tanh ™" |(|. Let
H : D — M be an extremal disc for u such that H(0) = ¢q. By Proposition 5.2.1
H is a distance preserving isometry from D into M. Thus, H maps geodesics in
D to geodesics in M and consequently H(() lies on the geodesic arc through p
tangent to Cu. Since geodesics on M are (locally) shortest paths between points,
the length of this geodesic from p to H(() is the same as the distance between
p and H(¢) which is equal to tanh™" || (since H is an isometry). Therefore,

G(¢) = H(C) for all ¢ € D, and consequently G is holomorphic. O

We will show now that ® is holomorphic on the entire unit ball in 7,,M.
Lemma 5.2.2. ® is holomorphic on B.

Proof. Let us define two maps that will be essential in the proof of the Lemma.

The first map ¢ : M — [0, +00) is given by

1
1 —tanh®dy(p, q)

©(q) ., qeM

where dy; is the Kobayashi distance, and the second map ¢ : B — [0, +00) is
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given by

1
Y(v) = 3 VEB
1 — v
Note that
1 1 1
1 —tanh®da(q, (v)) 1 — tanh? (M ]v]) - ’U’2

[v]
where the second equality holds by Remark 2.2.3.

Claim 5.2.1. v is a strictly plurisubharmonic function in B.

Proof. We showed in Proposition 5.2.2 that B is biholomorphically equivalent to
B"™ with ¢ : B — B” being the biholomorphic mapping. Thus, by invariance of
the Levi form 00 under biholomorphism, it is enough to show that v o ¢~ :
B" — [0, +00) is strictly plurisubharmonic i.e. its complex Hessian is positive
definite. By reversing the computation done in the proof of Proposition 5.2.2 one

can easily see that for all v € B" we have

1
1— vl

po¢(v)

A simple computation shows that the complex Hessian of ¢ o ¢~ ! is given by

H = o |+ 2V

where V' = TvT is the n X n matrix (7,v;);.
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Since (17”%]”2)3 > 0 for all v € B" we will omit this factor from the next compu-

tation. For all wT € C" the following holds

wH wT = @{In + QV] w’
=ww'+2wV w’
= ||w|]* + 2w oo wT
= [[wl]® + 2 (wv) (wo)T
= Jw|® + 2 Jw.|?

>0

with the last equality is strict for all w # 0. Therefore H is positive definite and

the proof of the claim is now complete. m

For each a > 0, let

B,={veB:¢) <a}

It is easy to see that for all a; < ag < ag < --- we have B,, C B,, C By, C -+ C
B. Now, let

A = sup{a : ® is holomorphic on B,}.

Showing that A = oo finishes the proof of the lemma.
We start by showing that A > 0. Let U C M be an open neighborhood of p
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with a holomorphic coordinate system (z;.--- , z,) on U. Then, there exists a > 0
such that ®(B,) C U and consequently each of the functions z;, 0 ® : B, — C
is holomorphic on complex lines through the origin of B, and of class C*°. The
following version of the classical Forelli’s theorem will allow us to conclude that

2 © ® is holomorphic on B, and consequently A > 0.

Theorem 5.2.1. [9] Let B" be the open unit ball in C™, and suppose f : B" — C

statisfies

1. feC=({0})

2. all slice functions f. are holomorphic.

Thus f € H(B").

Next, we aim to show that if ® is holomorphic on B, for some a > 0, then it
is holomorphic on B, for some ¢ > 0. Hence, assuming that ® is holomorphic

on B, (of class C*) we have that

®*(i00¢) = i00(p o ®) = i00(V)

By continuity, the above equality is true on cl(B,), the closure of B,. By Claim
5.2.1 and by invariance of the Levi form under pull-back we see that (i00y) is
positive definite on ®(cl(B,)). Again, by continuity we have that the previous
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statement is true in a neighborhood W of ®(cl(B,)). Note that

B, =1 Y (—00,a) = (po®) ' (~00,a) =P oy (~o0,a) =D (H,)

where H, = {¢ € M : ¢(q) < a}. Thus ® maps B, into the set {¢ € M :
©(q) < a}. Hence, by continuity, w = {¢ € M : ¢(q) < a + ¢} for some € > 0.
Since (i00yp) is positive definite on W, we conclude that W is a Stein manifold
and consequently W is locally endowed with a holomorphic coordinate system
(21, -+, 2zn). Now, for some € > 0, ®(B,;.) C W. Repeating the same argument
done previously to show that A > 0, we conclude that z; o ® is holomorphic on
B... and consequently so is .

The last step in the proof of the lemma is to show that A = oco. Assume
by contradiction that A < oo i.e. ® is holomorphic on B4 and A is the largest
such number. However, we showed that if ® is holomorphic on B4 then it will
be holomorphic on B4, for some € > 0. Thus A = oo and ® is holomorphic on

B. O
Lemma 5.2.3. ® is bijective.

Proof. For each a > 0 we define the level sets S, = {v € B : ¢(v) = a} C B

and M, = {qg € M : p(q) = a} C M. One can easily see that B = | | S, and

a>0
M = | | M, where | | is the disjoint union.
a>0
Since ¢ = p o &, & maps S, into M,. Hence, it is enough to show that the
restriction of ® to S,, ®|g, is bijective. We start by observing that ® - given
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by the exponential map - is a diffeomorphism from a neighborhood of the origin
of B to a neighborhood of p in M. Hence, for all a close enough to 1, ®|g,
maps S, diffeomorphically to M,. By Proposition 2.2.1 we see that differential
of ®|g, preserves orientations in a neighborhood of the origin of B. Thus, ®|g,
is an orientation preserving diffeomorphism for a near 1 and consequently it has
degree 1 for a near 1. By connectedness, the degree of ®|g, is 1 for all a. Being
also an orientation preserving map, ®|g, is a diffeomorphism for all a. The proof

of Theorem 5.1.1 is now complete. ]
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