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INTRODUCTION

Tritinear coordinates:

In general four points are chosen no three of which are collinear,
These may be designated by A,(1,0,0), 45(0,1,0), 14,(0,0,1) and 1(1,1,1)
where 1 is the incenter of triangle AjAgAq which is called the triangle
of reference, Let P be a point in the plane of the triangle and let
d;(i = 1,2,3) be the directed distance of P to the sides opposite to
f;. If P and A; are on the same side of the line ApAg the distance
dy is cousidered1:=$?° 1f they are on opposite sides, d; is negative,

dp and dq are defined similarly, This becomes clear in the figure below,
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Any element of the set of ordered triples (td;, tdp, tdg) t X ©

may be regerded as a set of trilinezr coordinates for P, Since t may be
EHG%T tdj need not have the same sign as dj. For example, it may be
convenient to change coordinates (-3, -1, 5) te (3, 1, -3).

aThe equation of 2 line in this system is myx; + naxp + max3 = U,
i.e, ‘Eqnuxi = 0 where mi’s are constants and (x;, Xp, X3) are coordinates

.
of any point of the line, .Any triple [}ml, tm,, tmé], t % 0 may serve
as a set of trilinear coordinates for the line,

1f a point has trilinear coordinates (x;, Xp, 13) its distance

from A2A3 is i;;z

a;(i = 1,2,3) is the length of the side opposite A; ( Z will always

1 where A is the area of triangle A Pohg, and
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denote summation from 1 to 3 and subscripts will be emitted whenever the
meaning is clear), Since the distance is infinite when Z2ax = 0, this
equation represents the%line at infinity",

The orthogonal projection’P'frm: Plty, ts, ta) on Ay Aq has
coordinates (0O, ty + t; cos Kﬁ, ty + 1 cos®p), The length AZPI
is t, cseMy + tp cot ¥ vhere ®;(i = 1,2,3) is the angle at the
vertex Aj and t,, tp, tj are actual distances,

The distance between (s}, Sp, sg)y (ty. to. tg) is

cse '(?.‘Ftl'sl)z + (t3-53)2 + 2(t,-51) (15-55)cos Ky,

or any expression derived from this by cyclic pernutation of subscripts,
The center of the circumcircle, the orthocenter and the centroid of our
reference triangle are respectively (cos®,;, cos %oy €OS Ka),

(s:-:—.cb(], sec Ko, “cl(s) and ‘a ' g'é' ' ‘5-)

Let P be any point on the circumcircle of our reference triangle.

If 29 is defined to be ‘L(UA OP) then P(d,, dy, ds) becomes

(cse 6, csc(Kqyd), - csc(ot 8)),
where dy, dy, dg are actual distances from Pto the
sides of the triangle Alf‘\z/\a.
The equation of a conic in general is
T
a
”'Z" ijXiXj = U, with a; j1' It can be
shown that all circles intersect the line at infinity at two fixed

imaginary points, the ollipse at two imaginary points, the hyperbolae

at two real points and the parabola at a double point,
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CHAPTER 1

THE/’ ~LINE

The pedal line of a peint with respect 1o a triangle, sometimes
called the Simson line or Wallace line, is well known, A generalization
is defined as follows: From any peint P en the eircumeircle of triangle
A1A2A3, lines are drawn making equal angles (in the same sense) with the

sides of AjApA3. That is, My, Mo, and M3 are chosen respectively en lines

AgAgy Aghy and A; Ay so that angles AgM.P, AjMoP and A2H3P":re equal tofs -
We prove first that MjMplMg is a straight line: \
Proof:
In figure 1,
< 1 =<4 because PNMpA{Mq is cyclic ,
. 2 =3 becauSe PWpM,@Q.is cyclic ,
< AjPAy +<C AT AN PNy cyclic ,
therefore

< 1l=<2,

therefore

<4 =<3

and

M1M2M3 is a straight line,

‘i:c 1
This line will be called the P-—line of P, a generalization of the

pedal line, for which (b = 72,

’
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Theorem 1:

If PM; (G = 1,2,3) is produced to meet the circle again at Q4
then A;Q; is parallel to the P -line of P, It is sufficient to prove

it for the case i = 1 (See figure 1),

Proof:

P M3M1P = AﬁAlAaP
therefore

P~ ol MamlP =2 A]_O].P ]
therefore

Alol is parallel to lﬁ3ll1.
Theorem 2:
The angle formed by the P ~line of two points is measured by
half the arc between the tweo points,
Proof:
Let P and Q be the two peints and let 1’ and M’ be the points

where the respective lines from P and ( ch

making an anglef3 with ApAs meet the
circumcircle (see figure 2),

The P -lines of P and () are parallel
to AjL’ and ApM® from the previous

theorem, so the angle between them

Ry
equals << L*A;M* which is measured ' | CH
) ~ L'
by 1/2 LM = 1/2 PQ,
The equation of the B -line of any point P nt gh_z
AP? = dg cscely + dy cotoy
MiP* = dy cotf-b



ﬁerefcre

AZMI = d3 csc°<2 + dl cote<y = dy cot/)

| A3 = d2 csc«‘s + dy cotg ,

therefore

MyAg = dy csc ®q + dy coteg + dy cot[‘ .

Therefore point My is given by

Ciks

(0, sin 0(3(d2 cscol g +dy cotodgdy cotf )ysinp(dy cse gdy cot &2»-(110079))

=(0, dp + dj cos X3 + dy cot/!sini(a, dg + dj cosXg = dy cot/‘ sin,)

but
dy~vcsc @ ,  dy~scsc(ey-@) ,  dze ~csc( X, 1H0)
therefore
dp + dj cosxg +d; cot Asinxgn 1 4 cosXg . cotpsinkgy
sin(°<3-9) sin @ sin @
1 cos o cos A sin &
) + o 3

sino<3tlo§ 9—-cos-<’35in *] sin @ sinf sin @
2.43 sin 9+cos,as:in2.t3cos 0 -

sin &4 c05l(3 sin @ cos]/-’-

sin @ sin/j+ cosdg,sin/) sinX 3cos @-sing cos

sin(da— @) sin @ sin‘S

sin @ sinrsinzh(3+cos/§ cos @ sin2‘(3+cos‘3811fsindacos G—Sin'cscos'tasin Qcosf-'
' sin(tt'3 - @) sin O'Sinf

sinz.(acos(r—()) + sin u(acos a(ssin(P - @) sin "351“(“3 +P- Q)
sin(-(s— @)sin @ sinf_' sinNs- 9)sin 0 sin/‘

and

Sil‘l(‘z-l"O) sin @ sin ©

=sinf? sin@tcos¥ysinBsinspcos O-l-coszulzsiry!sin G—-cosfsin%tzcos 8-cosfsiméycos®sind
sin(lhl2 + @)sin @ sin/s
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- sinfsin (4} sinza{?l-cosp cos Osinzig-i-cos-tzsirﬁ_gsin fcos 9-005/‘ cos‘tgsinwzsin 8
sin(%y + ) sin @ sin/a

—sinzndzcos(p— 8) + sinky €o0s% sin(p~ 0)  sinxg sin(ﬂ-—- %] —‘&)
sinldp + @) sin @ sinf; sinf&(z + @)sin Qsin/ﬂ

Thereforey point My ds given by (0, a, sirf(biz + 0)sin(Xp +/3- @),

a, sin(°(3 - 8) sin((-’—- ] —%2)) Similarly we can get point My to be

(agsin(e® +°(2)sin({’- @), 0, aj; sin @ sin(e¢, + 0 -/“)) "

Therefore,the equation of the/’-‘-line is the equation of MjM, which is

alsin("‘zﬂ)sin(-(s-}-f‘ -0)sin @ sin(&, + @ -/3 )xy
+ aziin(O-!-'(g)sin(f =0)sin( 5= 9)sin(f— 0 =% 5)xo
~ agsin(e +°(2)sin((3- 0)sin('(2 + @)sin(u g +f—- @)xq = 0

ajsin @ sin(°<2 +0 --/ﬂ )sin(ely +f- 0)xy
+ aysin(@ - %)xin(e - A)sin(f - 0 ~X3)xp

+ a, sin(@ +%,)sin(0 - )sin(x, +(‘- 8)x3 = 0,

3

This is the equation of thef! -~line corresponding to point P,
Envelope:

It will be interesting to find the envelope of theﬂ-line
of a fixed point P, Differentiating the equation of theﬁ ~line

partially with respect to/3 + We obtain

a;xysin @ sin(®y =%, + 20 - 2[7) + ayxpsin(e - ¥a)sin( %y + 20 - 2/5)
+ agxq sin(@ +xp)sin(20 - 2p - a) =0

=» cos zf{alsin e siné(z-"'3+29)x1+azsin(0—'f3)sin('(2+29)x2+a3sin(9+'<z,sln(29-"3)x31
+ sin 2|3 ~a;sin @ cos(“z-.'(a-l‘ze)xl-azsin(9-—'43)cos(¥2+29)x2—-a33in(0+'&)
cos (20~ ‘<3)x3§ =0
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and the equation of the/S—line can be written as:
: : 2
aysin @ stm(otz + Q)Sin(-<3 - @)cos {3 +sin6<2+0)cos('(3-9)sin/‘ cos[i - g'xt
cos(~<2+0)sin(~<3-—9) sin(ﬁ cosf-cos(&z-lo)cos('%-o)sinzf’

sin @ cos(9+°<2)cosfi sinf - sin @ sin(Q-I’f,,_)cos2ﬁ
-I-azsin(O—-“a)h Xy
...sinz/s cos @ cos(G{-’éH cos O sin(e-f-"z)sinf 005/1

sin @ cos(-(a-e)sin{@ 005f + sin © sin(Ka-O)coszfi
tagsin(8+% ) %g %3m0
-cos O cos(°<3~9)sin2l¢- cos/3 sin/3 cos © sin(b(a-e)

aysin @ {cos 2[5 cos(¥y=%y + 20)+ sin(¥y-¥;126)sin 2{3 + cos'(l.gd(l
+ aysin(9-%3) Jcos 2 cos(20+ )+ sin(<y120)sin 2f - cos X\ %,

+ a3sin(0+"‘2) lcos 2'3 cos (20~ %3)+ sin(20-%3)sin 2[3 - cos°<3'§x3 =0

€os .?.anlsin 8 cos(¥p-%+ 29)X1+azsin(9-"3)cos(20+"‘2)X2+a351n(9-I‘<2)cos(29+'f3*3

+5in 2pJajsin @ sin(p-<t 200X + apsin(9-%y)sin(zi20)K,
+ agsin(8+%p)sin(20- *3;9(31
+ aj x; sin @ cos¥y - agkgsin(@+%p)cos K3-agx, sin(8-%)cosw, = 0

By means of the two equations we solve for sin 2f and cos 2’3 and then

substitute the values in sin® Zf + cos? Zr =1 We get:

2
[a 15in@ sin(®y-* ﬂo)xlﬂzsin(a-!':;)sin(042+29)x2+aasin(0-i¥2) sin(20- 'S)X:Az

2
+ [a 15100 cos (%p~*+ 20)x+agsin(8-"%)cos (%+20)xptagsin(@+9)cos (20-"&3))(:;\
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. 2
{- a; sind cos™ x; + agsin(@ +%,)c)n ® g + a3 sin(e —v<3)coqo<2x2'g =
2
[alsine sin!‘z-"(3+ 29)x1+azsin(9—'<3) n‘;n(“qﬂo)xﬁ'a;;sin(eﬂ)sin(29—-'(3))(3]
| ; 2
+[‘alsm9 cos (%, —“3+29)x1+3251n(9- de oz (% -I-20)x2+8351n(0+"‘z)cos(29-‘<3)‘c;ﬁ

=¥ afisng i-i-ag sin2 (@~ )x2 + a S1112(9-I"<‘,_)x3 + 2a;3,5in0sin (8-%4) cosKax Xp

+ 2a133 sin®@ sin(0-!"2)cos'(2x1x3—23233sin(0-'%)sin(9—%“2)cos-(1x2x3 =

2 .2 9 .. 2 2 2 .2 »
sin"@ cos%lxﬁ + aZSi" (e-ﬂg)cos a(zxg + a3 sin“(e+ 2)0052\(3)(3

%

- 2a,a,sin @ sin(O—P‘z)cosﬁl cos¥axxg = 2aya3 sind sin(O»“s)cos&l cosNoX X9

1

+ 232335111(9 +'(2)sin(9 -u(s)cos °(‘~ cos n(3 Xp X3

e o al sinzoxz-i-aasinz(e-"a)xz + a5 sin2(9+'( )x2 + 23% gsmesin(e—h' 3)X1%p

+ Eaiag sin © sin(9+0{2)x1x3 - Zagag sin(e~ Ka)sin(g -l"‘(z)xzxa = (

2 2 2
xl Xz x3

+ + —
a‘;ag sinz(e-"3)sin2(9-i0<2) agai sinzosinz(ﬂi-“z) aiagsinéesinz(e— K5)

224 . : . 2 2.24_. 2,
a1a2a3 s:an-sm(G—'%)sm (9-!-“2) alazazslnesin(ﬁ"2)sin (8-%4)
2x2X3

- - 0.
a%agaism(e— )sin(O—P‘ )sin2e

This is of the form

2
X? X’% Xa 2x1x2 2x2x3 2x 1X3
Y “2 Uy Uy Vg UglUs By Uy



a g -

2 X
Where ul '\‘aé a3 Sil‘l(@ "*3) Sln(g +‘2)~"‘ Tl—‘--—- _-;

g™ = a:3 aI sin(e +'§,)€1n 8 I — -
wps1n(9 3)

Un n = a‘f a'."', sin® sin(é—'xs) P L

: o % sin(e +12)

This is the equation of an inseribed conic, where the center of the
conic is given by
vy~ uylaguy + 2qus), Vo mug(aqug + ajuy), vaes usla uy + agus)

1 a a 1
vV, ™~ ~ [ 2 - — + 3_______)-1__ i i S 12
! a% sind a sin () agsin(9+12) alazaasin(e—d?))sin(wy

T e e Yo :
ay sin(@-%) a s1n(9+lt ) ;% sin & a 8589 sxn(e-!-tl.z)sln 0

|
o

1 (.,j_.."..a | ) o

a% sin(9+"-2] al sin @ agsin(e— 3) 2850 51:1(H~a( )sin 8

V3-v

— — —

vy~ - sin 8, Vo ~ sin(e - %,), Vawsin(e +e,)

This point is at infinity because it satisfies 41X) + X,y + BoXg = O.
Hence the center of the inscribed conic isgat infinity, which means that
it is a parabola,

Therefore one focus is at infinity (where it coincides with the

centre), and the second focus is givern by

1 1 1, - %
(V1 ' g ! "3) ~(-csc 8, csc(e -%,), cscle +%3)),
which is the original point P on the circumcircle,

Therefore the envelope of thef ~line of a fixed point P is a parabola

with P as a focus and tangent to each side of the triangle,



CHAPTER 11

In-chapter one we found that the equation of the /3 ~line of any

point P on the circumcircle is
ajsin@ sin(of2+ G-P)sin("'3+f'—0)x1 + 125in(9—-“(3)sin(970)sin(’5-9-*<2):c3
+ agsin(e+ t'(2)sin(9--|'5) sin( 3+(3 -0)xg = 0,

If Q is diametrically opposite to P on the circumecircle of
A1A2A3, then by a previous theorem the two fﬁ-lines corresponding to
the two peints are perpendicular, Replacing @ by @ +'1T/2, hence the

equation ef the r‘-line corresponding to Q is found to be
ajcos @ cos(x 2-19—(5 )cqs(a(3+(% -0)xytagcos (0-X 3)005(9—[3 )cosY—O— £9)xg
+ ag cos(@ +%y)cos(8 -(A)cos(f— 8 =«p)xg = 0,

Since it is known that the nine-point circle is the locus of the
intersection point of two perpendicular pedal lines ((5 -qr/2), we shall
investigate to see whether this may be generalized for all values ofﬁ .

First let us find the intersection (xj, xo, x3) of these twof ~lines,

. cos (0~ o{3)cos (O—P)cos(?—e- Wp)sin(@+5y) sin(g_/.i )sjn(u(3+P_g)
XIN 8233
~5in (8- %3)sin (B"F )sin( ‘3 "'9-'“(2)605(94-042)cos(9—[3)cos Lt ,3-0)

- §
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[1/200s (p -y} 1/ 2008 (20-Gptedy-)] [ -1/2008 0y1 )
+ 1/2c0s (20454~ {3)’1

. E—l/ 2cos (P"‘Z"'{S)H/ 2cos (20~ ‘(3+'&- f)“_l/ 2cos (%ot '<3+f)
+ 1/2c0s(20 - %4 + '(2-(3 )]

= 1/2 ajagsin (29—2(’)

GOS((‘-“ﬁ-'(a)cos(ze-'%+"2-p)-cos(29—*43%-/9)005(“2+“3+(9) z
= 1/8 aza3sin(20-2{5)

005 (} ¥y=¥3) cos (20-+330ym ) ~cos (2041 ~sgt p) cos (K24 HA) S
= 1/4 ajagsin(26~ 2cos(26- ot 0(2-[‘0 {cos(?- ®y o) cos(°<2+'¢3+{’) {

= 1/2 agag sin(20 - 2 Jeos(26 +%, -=<3-(s)sinfsin(n(2 + %)

= 1/2 ajay sin(20 - 2'3)005(29 + 8y -y -(s)sinl’s sin &y

Xy~ 3y8q ( cos(e+ mtz)cos(&--(L Jeos( K3+F,_g);;ing sin( otz.m_f, )sin(d3+{s- 9){
~sin(@+%p)sin(6-p)sin (&3+(5-9)cose cos( o104 )cos (gt (! -9)

[1/20s (201-p)+1/200s @43 ~1/2005 (20+5-p)
N+ 1/2c0s(%p-f) |

1/2 ajagsin (2¢;425-20)
~[~1/2c05 (204, +1/ 2605 yip] | 172605 (¢y120-p)
+ 1/2 cos(o<2 -fo)-\

cos (294"(2-(!)005 (%o~ (,)—005 (u’z-i-(ﬁ) cos (29+°f2-(!) T

1/2 ala3sin(213+2Q-20)
+oos (- b )005(294"‘2-?)—005("2‘*{’)008("2'*29'{3) S

1/4 ajag sin(2vy + 2(5—- 20)cos(20 +°<2-{‘~) lcos("‘z— P)-cos("(#f) g

1/2 ajag sin(2°<3+ 2? - 20) cos(20+°(2-ﬁ )sinb(z sint!



- 10 =~

- cos( "2-10-[‘ Jeos(%gt (’-9)0059 sin(0- %3) sin(9~-‘s )sin(Q-O— xs)
Xq ~ 8y8p
sin(% 510~ P )sin( g+ ?—O)Sin%os (8- sl3)cos (B—P)cos ((\-0-»(2)

ﬁ./ 2cos ("3+(*)+1/2c o0s (20~ r— '43-)“: :{gzzz gztoz 433 )\

-}{— 1/2cos (-43+f)+1/ 2cos (29-‘-— 35\\ 1/2cos (20-%4- f‘ )
+ 1/2cos (\\ -0(3)‘\

’1/2 a 1825 in (2("29-‘2“2)

= 1/4 ajay sin(z[i- 20~ 2%,) icos(‘\—'(:;)- cos((s+043) cos (20~ “3-"5)'%
= 1/2 ajay sinds sin(2p-—29 -~ 29)cos(20 -u(3-{\ )sinr .
Therefore,the intersection of the two {! ~lines is
Xy ~ 5in(20 - 2(& Jcos (20 + p- 3-(5)
" xg~ sin(2 Xgi2 f!—29)cos (20+ %y~ F)

Xg~ =sin(2 o(2+29—2ra )cos (20~ K 5~ f )

Therefore

x;~ [sin 20 cos 2|’s -cos 20 sin 2‘%“_ cos 20 cos("z-'s—f)—sin 20 sin“z-‘Lg-P)_\
xg ~ [sin(24gt2(9cos 20-cos(2xgt2p)sin26|| cos20 cosCp--sin 20 sin@p)|
xg~ - [51n20 cos(24320)+ cos 20 sin(24y- 2p)\\c0s(20 cos(Lytp)4sin20 sin(gHA|
=> X~ sin 20 cos 20 cos 2> cos(%p-y-()- sin? 20 cos ZP sin(%p-X q- R
- cos2 20 sinp cos("z-ﬂf:s—(* )+cos 20 sin 20 gin(xzuois-r )sin 2(’

Xg ~ cos? 20 eos('(z-r )sin(2 %4+ ql)—sin 20 cos 20 sin(*z-p)sin(2“3+*2[‘)
~ sin 20 cos 20 cos(X 2-Mcos(2 %5+ 20 )+sin220 sin(-lz-f)cos(z‘tf’z(')



- I &
X, ~sin 20 cos 20 cos("3+p)cos(2ﬁ2—£[l)- sin? 20 sin("3+f)cos(2ﬂ2-2f)
~cos? 20 sin(akzuav)cos(“3+r)~sin 20 cos 20 sin(¥gHp)sin(2%y- 2r)
=» X, ~ - tan® 20 cos 2r sin(“zuﬁa-r)+tan 20 cos(3r+“§~“§)-sin 2P oos@‘zd*a-r)
Xp tan? 20 sin(-cz—(*)cos(2“3+211)- tan 20 cos(3‘+20(3-'42)+c080(2—(l)sin(2'(31-2{‘]
Xg ™ ~tan? 20 sin("3+{’)cos(2"2—2(l)—- tan 20 cos(q\+-§~2¢2)—sin(2"2-2]‘)cos("3+r)
Letting t = tan 20, we can write
Xy ™ blt2 t eyt +dy
xg ~ bpt? + cpt + dp
x3 ~ bat? + cgt + dg
Therefore lel + B2x2 + BSX3 ~,¢;t2
Clxl + CoXo + Cax3~ At

Dyxy + Doxp + Dgx3 ~ A

such that
b1 cl dl
A = |by ¢y dy
by 3 d3

where By, C;» Dy are the respective cofactors of bj, c¢j, dj.

Therefore

(CyX; + CoXg + ca'xa)z = (ByX; + BgXy+BgX3) (DyX; + DgXp + DiXg)
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T 2k - ppp) +5B(GG - ByDy) + 3k - ByDy)
+ xlxﬂ(2CIC2 - ByDy - ByDy) + x1x3(2CIC’ - ByDy - 5301)

+ Xpx3(2CyCg = DyBy = ByDg) = 0
2
- sin(¢ 2—(4)cos( 043+(s)cos(2 -<3+2(l )sin(20(2-2‘\ )
2 »
C1 - Blnl
+sin('<3+f Jeos( ﬂiz-(\ )sin(2 g+ 2‘& )cos(2¥2—-2[1 )

- {cos(3(3+2 gL g)sin(2 oly=2(1 Joos(Mgtft )+00s (B8 + 52 645) 05 (5= A) (
sin(2 g2 )
{ sin(p-ft Jeos (2 gi2p Jeos (3 +x3-2 ¥g)tsin(K3H{ Joos (2 %p- 29 ‘g
cos(3(l 128 5-K )

|
= c(:vsz("<3+‘°)cosz("z-]!7 )}-ZSinz(*a-f)cos(th!-Qr) g

+ 2sin2(°¢3+/! Jeos(2% 9 2r )
+ 2005(’42—{5 Jeos( "3-}-{9) cos (3 42 45- %z)sin(ﬁ-/’ )
5-}- cos(3f +%3-2 ®g)sin( oi3+fl ) g
] sin( °<2-(9 Jeos (2ug12ft ) cos (3r+'§-2¥~2)+sin(13+‘\)cos (2"2—2})003(3}1’243-&2)1
= cosz(°(3+f’)cosz( Ky {t) { cos(2 ® o= 2f1 )= cos(2 »(3-1-2'6 )} .

#2005 (- cos (pp) igin(b@ﬂfwsin(az—mwrij +1/2 [sin(2-£3-3<2-i~4f) (
+ sin(2u@~2r)]
5 sin(ﬂz—f)cos(zdsﬂf)[cos(r+"3)cos(2p—2-<2)
- sin(‘ﬁ+"3)sin(2r—21<2)]
l+sin(‘3+r)cos (2-‘2-2r) [cos (‘-—'(z)oos (2‘.+2'<3)
- sin(?-"z)sin&r}- 2'13)‘\



- 13 =

= ci - ByDy = cosz(k’3+f )eos2( -62-[‘ ){cos(z o(z-zr )-cos(2 0(3+2{5 )§2
sin ey~ cos (gt ) cos (2412 )
+cos(l’sz-(§)cos ('<3+?)Isin(2'<3+’2?)+sin(2-¢2—?} cos(2o<3—2i3)
+sin(“2-—-ﬂ) cos (2‘3+2r)sin('§+f)
sin(a"z—'zt\)

tsin(®gt)cos (*p-plcos (2“2-2?)
cos (2N3+2(l)
-i-sin(“zns‘)sin(xs-Pr)cos (2.(2-211)
sin(2°’~3+2(‘)
= 4 cos2( -<3+P )eos2( 0(2- P Ysin2( 0(3-1- "(l)sinz( Ka_b{3- 2F )
12c0s (Mgt ) cos (%~) sin (¥g+¥% ) cos K243—2[l) I}/Z cos (2ug-2%9)+1£2c0s (2'(3-2-(2+4F)
sin el 1\
+{~1/2c0s (Ky=3-20)
+ 1/2¢0s (dyty)\ 2sinX L ©°8 “11

25102 (=44, ~2 ) 05 (8, R) €05 (KaHh)
=2 cos(w3+r)cos("2-r)sin2,(1 23 [0 "2 r) ) 3+r
+ 1/2 cos (-<g--(3-2{1) coszu(!_- 1/2cos ('(2-%3-2'1 )s in2¥|
B I/Zcos(“2-"3)—2?)0052("3-'424-2[1)
- 1/2 coséfz-'%-ZP)sinz('(3-'<2+:(\)

“°°52(“2"'<3"‘2P)°°S - °°5(“2~“3-—2[3)c052 K,
-sin? %y-%y-28) cos¥+s in2 (v K32 P) cos My-¥3-20)
= 2005("3+(|)cos('<2-(l)sin2|ll -1[2cos(-<2-“3-2[t)+1f23sz3('<2-"‘3—?1§}—
~1/2cos ("2-"3~2f)cin?' &, -"3-2(0
- cosZedg Ko 2)cose;



n ]_.r.'[ b
= 2cos(Xg#f>)cos é<2—-(‘)sin2°(1 -coq=-!1+1/‘-! cos(Vz—“a—z“')sinz(ﬂg-*s-zc)(
i-—lf‘!cos('(z—“g,&?)-!— 1/20053('(2-“‘3-- 2?)
= - 2005("‘3+(’ )coc(r’(z-(i )sinzu( 1 °os b(l

Similarly we can get Cg - BoDy = - 2 sin?‘s(zcns SO cos(“ﬁ(’)cos(“;;—(-‘)

and Cg = BaDy = =~ 2 sinzu(a cos Ko cos(b‘l-r)sas(“zl'(ﬂ

~sin§o¢ g~ fi)cos(z °<3+2Fv )sin(2% 3-2(‘ )cos(h(3+’3 )
2 C1C3"BID3"3301'2§'H’05(“2"{’ )sin(2 Kgﬂﬁ)cos (2w 2—-2{! )sin(b(3+r)

-0052(3 sin(® g™ 3—{3)oos(°<2—{1)sin(2°(342{$ ) (
i+sin2(;cos(°(2—o(3— (5)5'1.1(*2-(’)00@(20(3'}2{!)

-foos (3 42 g~ ) sin(2 p-2p)cos (gtfiyoos (§ #g-2%g)cos CpPsin (2w3+2f)2
Jeos2 p sin(y-sty ) cos (p44g-op)-sin () cos (22 cos (34 4-47) {

+[oos (s dcos (- sin(24giag)-cos (Gp2dg-p)sin zpeos («2#3-(4)"@
] sine,-proos @i cos (@ 424 Heos () 2y sin (i) cos (24y-2p) |

~1/4[5in (2gi2eg)bsin (24y-25-40)\ | sin +°'3)+;in(°<2-°(3-a!-)1
2

+1/4[sin (24420, )+s1in (2432 HIE)|| sin(4yi¥a)+sin (°<3-°f2+2@

~1/4 [sin(ZﬁHf)ﬁinHA\sin(2‘2--"3—2 %)+ sin- 0(3}
+1/4 isin(2ota+4e)+sin(—213)-ktsin(2\62— ‘(3-2(! M+ Sing(a-x {

cos (3?-}‘2"3- ﬂ) sin (2-(2-!-"3- E')-H:os (3\\+2'(3-'42) sin (2-<z~a(3-3f)
-1/4 - cos(3§+-13-2~12)sin(12+2"3+r)
cos(S‘i +%g-2 "2)sin(2a(3- -(2+3F )
lmupu,-u&) Sk ¥atp) +eosf 42%5-%) sinCar 4-3p) ’(

~es(3p sy =6) :‘m(-l‘oﬂ'(ﬂr‘) - ws(p *"3"‘) sin(d‘-b(;-'!-{l)



- 15 -

cos(3 f + %y ¥p)sin (2% 4+ ot )+cos (3‘3 +% 3= ) sin (2, -42+3rs )
+1/4

-cos(3(5 12 ol g~ Kz)sin( °<2-'< 3+(3 )-cos(er -1-20(3—"(2)sin( °<3... -(24{5(5)

cos (3‘3 + % am2 ) sin( Xp$2 gt (‘)-i-cos(ﬁf’ + 0"3-—2 ¥p)sin( ¥ -2 0(3—3/3 )
+cos(3($ +2 ¥ 3= ¥y)sin( X412 "z"{’ Ytcos(3p 42 o - v(z)sin(°(3-2-(2+3/s )

[_Zsin I‘flcos'<1--231n ('(2-‘3—%) cos (¥p- *3—2{35“_ simll-I-sin (-(2- -(3-;11 ﬂ
=1/81 .

+ -2sin'<'1t:os"1-i'2$in (043—-‘2-+?{\)cos (Mgt TS“. sini(1+sin(¢3— -<2+2[\ )-_l

i- [ 2sin(<giap)cos (g2 2sinkcoswal] sin O l
+ [Zsin ("~3+2[s)cos(-<3+2(5)—Zsiml3t:osn(é“_sin (212—‘3-2f9)+sin n(3]

+1/4 | cos (3p4245-p) sin (2 G- ()Heos (3pt-21g) sin (yt2eiyi pisin ;1
[ ~CO0S (%-i-zo%—"z)sin ('Lz-“a-!-t)-i*cos(,?:f+’<3-‘2) sin (o2 K o+ (J)—-sin oL 3'(

+1/4 i cos (SM-'%)sin(2¢3+'§+F)—cos (3f42ﬁ%—‘(2) sin(-(2-¥3+{9)+sin~’3'i
Leos (3p4#44-24) sin (%32 Hoos (3p42:4-Xp) sin (g2 -sinel §

2si'n2,(1cosu<1+2 sint(lcosnklsin(‘(2-'<3-T-2sim(lsin(Kz_ﬁ(a--z(':)cos (v(z—-<3~2f)
=1/8 -251n2(’<2-'¢3-2r)cos('42-'<3~2(1)-2sin2-(1cos'(1—251n-(lcos°(15in('63—'<2+2r)
msinﬁsin(-<3-a<2+2(s)cas(-g--kzm(smsinztv(e,-wzelsos(°<3---<2+2(1)
—2iin(dz+2(s)cos(°‘3+2[«)cos(2d2—-g~2fs)+251n(-43+2r)cos(-<3+2{1)sinu3
~2sin(%g cosw, sin(2K2—'(3—2P)+2sin2a(3cosd3+25in("<'3-i’2{s)cos6(3+2f)
sin(2¢y~ 3—2[3 )

+2sin¥, sin(¢3-l2ﬁcos (¢3+2f )-2sin¥z cos¥gsin(2x,- Ka-zr)—zsing(scosx 3



[cos (3f+’2'f3_-¢2) sin (2"2—}-"3-(\)+c os (3‘5+"3-2"2) sin (%42 "5-179)]
+1/4 i

E:os (3f+"3-"2) sin(2 '§,+'(2+r)—cos (3[!+2“3-"2)sin ('(2—"3+(151 -sin "lsin“3

=1/8sing;sin¥, I4sin ("‘3""2-1-2'1)(:0*5("'3--"‘2-!-2P)—i~4cosoL1 sin(“z-*‘s-aS)I
! --4cosdasin(2'&-":,—2?)-&43111("342‘1)603(“3-{-2C )1

[cos(SIH-Q'%-"z) sin (2 %+44- r)+cos(3r+“3-2'f2) sin (%y+2 '43+P] ‘g

+1/4 3 )
[cos(3[5-!-“3-°§)sin(2‘3+"2+r)-cos(3‘+2“3-‘§)51n(“2—-“3+ (!-)] ~sin% sindy

= 1/2sineq sineg [sin (2043~ 2,1+ r)ﬂcosﬂlsin(" -'(3-2,3)][-2005 %sin (2!(2---%--2[5)
+sin(2e3+ )
1/2 [sin (4, +3%,42 ?)+sin (3%~ -3-4‘\)45 in (3%g-%H (s)+sin (3%+ g-%a)]
+1/4
1/2 [sin(3 P Hsin (lgt2og-gpsin (- odp)tsin (2043 »3+2(5)\-s1m(1 sinky

=1/2 sin% sindS{sin(Ws—ZﬁH[‘)+Zcos¢1sin('<2-'%-2r)u—2cos '%sin(2'<2-°4_;-73)
+ein(gp) §

+1/4 ‘.sin(213-l*2'Cz)cos(-“2+"3+2F)+sin(“2+"3)cos(2'4‘,-2'<3- ﬂ\_sin"’:;cos(?%-!-flf)
+sin 2'<3cos(2"2-‘§-2/‘)
- sin ®; sin g
= 1[2sin-f1 sinﬂ’a{sin(2"~3—2‘2+1‘*)+2005“13in('(2—“3-2's)'§1-2005°(3$in(2“2-"(3-2r)
+sin(2"3-l~4r)§
+/1 sin singy (F2cosk;cos (4g- w12 oos (2 Q-z-g-zxri\{ cos (25+4p)
+2 cos %gc0s (2% 5~ @-Zfﬁu 1



w 1T =
~25in(2%g-2e45H4 r) sin (2up- "3-2(5) coselytsin (2013—2“2‘}? sin (2"'3-}4{!)

=1/2 sine, 5ined, ~4sin (“2-"3—-2{3) sin(2¢2-¢3-2‘5) cossjcosdat2ein (42~¢3~2f)

sin(zdg-M(J)cosl(‘

~2005 (g, 12 l\)cos(2d~3+4(!)cosd1—4c 0s (ul3-¥2+2(‘) cos (2% -"‘3—2(‘)

1

cos °t3 eos ™ 1

+cos (2‘2—2"3-4(5)1305(2#3-!-1 F)-I-Ecos (2652 ¢3-4r)cos(2“2-"3-2r)cosv3-l
=]/2sin “lsin wsicoszdz-i-’ac us¥%cos (bf3+2f)—-2cos o, COS (-(3+“2+2F) -:lcos'flcosdzcos'(a-lz
=1/'2sin'<ls in-¢3[-251n2e(2+2cos “ye0s (Xy12 ,A)-iﬂcos ullcos(dl-Zfi)Acostllc 0s ﬂzc os¥g (

==—'siru-lls inv, [20 os*lcoslzc 0s utancos"acos (o<3+2 ‘A)—cosbllcos («1-2(94»5 in2.(2 ( .

Hence 2CIC3 - B1D3 - 83D1 =

- §i i o - ol ol
sin “1 s1no(3Y cos o(l cos 0(2 cos X 4=C0S 3cos( 3+9_\5)‘g )
- L in2el
cos::ll cos( 1 2‘3 Msin“el g
Similarly we ecan geil 201(:2 - B]_D2 - BoD; and 2CoCg - B203 - BSDZ;.
Therefa e the equation of the locus of the intersection of the two

P—lines corresponding to two diametrically opposite points is

[2cos (°‘3+r')-:os(°‘2-|5)sin2u1cos-<;3 x%+[2r:os("1+‘3)cos (“aﬂp)sinazcos‘ﬂx%
+ [2cos(‘<2+‘\)zos_(*l-‘!)sinzo{:s cos v(.;lx%
+ sindlsinvz[2cos*lcos~!2cos¢3-cosvllcos(-¢1+2?)-cos%zcos('fz—‘zr)-!-sinz.(s.l X, Xp
+ sinsysin¥y [Zeos-flcos'lzcos*3-cos°lzcos("ﬁﬂf)-cos“’;;cos (‘3—2P)+sin241'{ XoXq
+ sin ilsintla [2cos 41cos ¥%yc0s%a-COS¥aC0s (¢3+2‘3)-cos-(1cos (< 1—2f)+s inza(a‘ X1 Xg=0
To prove that this is the equation of a circle, we take any point on the

conic:

xlw--tan?- 20 cos 2Fsin(°(2- 3ut)+tan 20 COS(3F’+"3-"2)-sin 2/1 °°s('(2"<3"f)



= 18
Xp o~ tan® 20 sin("z-ll)cos(zaf3+2(‘)~tan 20 cos (3r-l2°‘3—“a)+cos('42—[l)sin(2a(3+2r)
X3 ~-tan® 20 sin(n<3+?)cos(?,at -2r)—tan 20 cos(?r+°’3-2'(z)—sin(2°(2-2r) cos(’%-rf).

Put Zax =0 we get

tan® 20 [—cos Zl’bsin("2—'%—(!)sinﬁ-&-sin(u(z-f)cos(2“3-1-2(‘)5111&2_
sin("-3+‘l)008(2l<2—2[')sinu3
+ tan 20 [cos (3f+’%—-'§)sin-€l-cos (3/51-2“’3—"3) sinKy-cos (3P+-%-2 'ﬁ)sinu(ﬂ
- -sinzfz cos (’(2-"3-[5)sim(1+cos(°<3-r)sin(2'%42F)sin -é-sin(%z-zf)cos (-(3-+/I)
sin-q;! =0
The coefficient of tan 20 is
cos(3f+“ —ﬁ)sin*l-cos(3r+2"3-‘(2)sin°12-cos(1??+"3-2'$)sin'(3 =
1/2 sin(4#5-513[)+1/2 sin("l-l-“z-'%—tif)--l/Zsin(2“3*'71)-1/25111(2"2"2'%--3/9
- 1/2 sin(2‘<3-2-£2+3[\)— 1/2 sin(ziz-ar ) =0,
Subtract the coefficient of tan2 20 fromiindependent we gt cxpression
sin®g sin (3r+°{,-~<2)+sindzsin(-42-2~{,,~3f)+sin-gsin(2“ —-(3-3(1)
= ~]/2cos (3{1+°%-"'2+“1)+1[2005(-(1#2-‘%-11')—1/2005(2'(2-—2'{3—-3/7)+1/2qos(2°(3+:’ﬂ)
- 1/2 cos(2-(2-3(3)+ 1/2 cos(2"-3-2'<z+3{’) = 0,

Therefore tan® 20 = -1 , tan 20 = Fi

Xy ~ €0s 2{3 sin("z—%—P)'-T- i cos (?+"3— %)~ sin 2/5 pos(-dz-“3-/3)

o =5in (5= p) cos (26 428)+ i cos (3842¢=K, )4cos =) sin (266422 )
X2 b i & i2vg-% 2 s*2f
Xg ™ +sin(°(3+f3)cos (2-(2-2(1):1-_ i cos (¥+“3-—2 “2)-sin(2"2—2 rl)cos(-(3+r)
Xy ~ sin( -(2- \<3-2r ) Fi cos(3/3 +°‘3- "(2)

X o 5in(2 % - %43 (3) + i cos(3ft 42 "g-%p)
Xg o sin(® g~ 2¥2+3(1 . cos(3{i + g2 %)



w 19 =

-

Xlwl

Xp ~ [sin(zota—'(z-!ﬁli);t i cos(qﬂe"s-'(z)-l /E;in(“z-“-s-ﬂr)?i cos(qs'l"%-’(gsl
Xq ~ [sin(¥3-2'42+3”$);l_-_ i cos (3|1+"3-2‘§)]/ [sin(‘(z-ﬂa-a[&): i cos(!.’r-l--(a..xzi}

-—p
xlul

Xp ~ [sin (2'<3—=‘2+3ll);h i cos(B(HQ'fs-o‘&S“_ sin (0(2--(3—3[1)_-1-_ i cos (3"\4-'43-"2)]
xge [sin(q-24x13)t 1 cos (a2 in®y--3a)+ § cos(ar+-g--12)]

P

X~ 1y Xy -cos¥g F i sineg,  Xp~v - cos¥, + i sin¥,,

2

Singe these are the coordinates of the circular points at infinity,
the locus of points of intersection of the two ,Bw-i-lines corresponding to
two diametrically opposite points is a circle which we are going to call
the fé-;ircle. Thus we have obtained a family of circles, of which the
nine-point circle is one member, This family of circles will now be
investigated for further properties,

We want to find the centers of similitude of the F-circle and Me cirevmeirzie
it is interesting to find that the locus of these centers is a hyperbola
of eccentricity 2,

For a general point on the r# ~circle the equation of the tangent

is given by
= 2 sin(2 g2 F-20) cos (20+ ¥y~ [eos (2 ¢z gH10-3p )l )
{- 2 sin(2 W g128-23)cos (20~ 4= [})oos (2 K3~ -(2-49+3/a) !

| - 2 sin(26,120-2 )cos (20- ¥y [Icos (0t Xp- 3-3 )
+
* 2sin (20-23 Jcos(20+ Ky-¥ 5~ (3 )c0s (2 Xp- % 3} - 3r) x2



- 2 5in(20-2/2)cos(20+% ;=% a=rB)cos (2 =¥ H-4043 )
+ /3 2 B [‘ 3 8 /A l x.3 =0
-2 sin(2*3+2[3 —29)cos(2e+b(2-f)cos(49+°(2-b(3—-3/!)

let us take the point (1,0,0) on the circumcircle and try to find the
point that eorresponds to it on the /’lhircle. The equation of the
tangent l'through (1,0,0) to the circumcircle is asxp + agxg = 0
wity respest bo
which is the polar of (1,0,0) wysy®, the oircumcircle,
Since parallel lines may be regarded as

meeting at infinity;f,(’and the line at infinity
should concur,
Therefore
i sin(2¢gt2 > ~20)cos (20+ Kp= b Jcos (2 K p- o 3t40-3/2 ) }

23 |4 sin(2 -<L+29-2/l Jcos(20~ Ka-/\}cos(z ¥ K2—49+:7a)

sin(20-2 Jcos(20+ ¥ =¥ = B)cos(2 ¥ ¥ +40-33 )
¥ by 2 2~%3~f 2~ ¥gtie-3p I

~sin(2 ¢ 5126-2 8 Joos (20+ K 3~ [} )eos (40+ X 5- %3-3p)

1 sin(2¢2 F)cos(29+ Mo ¥y (l)cos(2 Mg %2—494-3[—‘ ) l
=0

+ a,a
P3| +in(2 wg2 [=20000s (204 Xz~ Joos (ot ¥z~ X 5-30)
~y. .
Bty 1/2[sin(@gh Lyt p)4sin (2 Ky-g#3 B -40)] cos (2K - K3+6-30)
3 +1/2|'_sin(2\<2— s<3—3/3 +40)+sin (2K ot K g r )] cos(2K 5~ -(2-49+3/9)

g 1/2[sin (49-3P +¥%y- '<3)+sin(-r +¥ 5 Kzﬂ cos (2 Ky~ ¥g+40-3 (5)

a,a

_ 172 §_1/2 sin (2~ '<3+40-3P )+1/2sin(2 Kot '<3-(i )]cos (4e+ 9(2—06‘5—-3{4 )
Wisly lfl[sin(lg—‘\’s—:i FH0)+sin('<3-'<2-P]cos (2'%-@-494‘3{") 1 o

+1/2 [s in (2i(3+ '<2+ r)+sin (2 Xg~ %543 {3-40)] cos ( ’(2- ¥ 3-3 /1-!-49)



- 2] -

-» (a%-—a%) isin(2¢3+u’2+ r\)cos(2:42-'53+49--3f)+sin(M3+"2)+sin(2“2+#3-r)cos(2r§j- "-_3-49+3r) ’f
+a 2 {sin(-¥)+sin (“a-“z-r)cos(’2“2—‘%+4e-?)-Sin(2"2+U¢,u-r)cos(’(2—l<3—3rﬂ!u)]
+ala:3[s:inllf;+sin(lﬁa-&g-r)cos(zota—xz~49-l-3f)+sin(2"3,+“z+r)cos("2~'(3-3r+4u)]= C
cos (2¢3-K2-49+3[\) lsinaa(zsin(2042+‘3-/!)esin2h(3sin (2"2+"3"P)+"‘i""15i""35i“(".'}"‘zbf)‘i
+005 (20y-Ko+40-3 Pisinzntzsin(21L3+lp_‘lr)-sin2.(35in(3(3+l<2-1!\)+sinKls-:inl'-zsin(lfgdtz—[l)l
+0050(9-*3-3r+49)I-sinﬁsimtgsin(2K2+":5—[I)+sinltlsinuasin(2’(3+‘2+P)l =0

=y c0S {230y~ 4&+"{\)}~ o522 51n(2K2+.‘o+r)- ——T—ﬁ sin(2x2+n%+r)+l

sin "lsm &35111(!(3-&2— r)

l—coszufz 1-cos2¥,

— n(2(3+d2+r) ke . "“"“{3"’“#/”

+sin Ky sin llzsm(if.-,-l(q-/l)

+cos(2N2-u3+4u-3/\)

+co¢;0¢m— -3 -49){ smal151mczsm(2#2+ r,)+smulsxm<asm(°d-~+l6+[) )l = 9
052x3 COS2K

- c(,g(agm_&qu'«/‘n : 2‘&sin(2.<2+l‘.‘.-:+(l)+51m(151mtgsm(n(g-#z—f)’l
+cos(3¢2-—*3+46-3r-)§{0022d3 . Cosz‘gXSin(206‘_.1+"2+P)+sim(lsint23in(l(g-l‘p_-[\)]

+cos(Ky-,-3 PMQ)[—sin ¥ sinkysin (2K2+K3-r)+si|1KlsinI(:a)s in (2&-;-\%"2+r)1 =y

-3 smwlsmdaism(i(a ‘”2 (chs("-o} 12-49+“P)+q1n(4n+*-.irt}fc':(liz-l‘ r-Mt-)]

+sxnx151nqlsm Ky -Koy- r) cos(zuz-xs+49-3r)-s1n (2§+£3-r)cos(dz-K3-Jr+46)]
Cos 2 0052¢2)

5> <y zsin(2‘2+"3+r)cos (2"3-'(2—4(-&3P)+sin (2K‘3+l(,_+r)cos (20§2~043+49—3f)‘&

=0

+(

4 Sjn("a-"z-[b [cos(zl(a-‘-,"—dé«!-:i,)sirﬁzﬂ inlfzcos(zﬁ-&uﬂe-?,,% }
+sin (20(2+"-3-P l-—cas (‘2-¢3~3r+-49) sino+sin (Ky-44,) ¢ 052134‘2—4%3(3)]
+q1n(2A3+"241‘l{sin il3cos( —OL‘)-SrMeHsm(K2~'~])cos(2‘o~in+1u—.f)]



-2 .

sin(sd o- 0‘2-—6) [ sin(3 sy= %y-40+3 > Jsin (3% - a(3+49-3f' ) {
+ sin(2 &yte(ye () | sin(-2 oyt o(3+3(3 ~40)+sin (2Ky-30¢ 30-3 3 ){
+ sin(2o 4+ -12+(A) [ sin(2e 5~ a(2+3r—49)+sin(3 M g2 o(3+~49-3f )’ =0

iy
sin (063-'(2—[’) sin@<p*g)cos (2)(3—2-5-49+3r)+s in (20(2+'§-f) sin(=sz)cos (2“2-2!(3-}49—3/\]

+ sin (2w3+°<2+(‘)sin ¥y cos(2°<2—2a<3*i~40-3/§) = 0,
Hence
005 (2 -2 K5#46-3 (8)=0 (2042 syH0-3 )= 2
Therefore the point on the F_circle becomes whenf' = +‘VT/2
X1 ~ sin(ze-Zf )cos (20+ &¢. -b‘aur)w cos (sl y= R g)tsin (ol 5~ 9(2-(‘ )
)‘2~ Sin(2°(3+°<2+r‘ )"' cos ‘(2
X3~ =cosedg-sin(2e o+ °<3~[9).
Therefore the e quation of the line D joining the two points (1,0,0)
and (xy, Xp, X3) is:

[sin (2 gt ot “)—cosu(ax;; +[§in(2 o gt ol g r)-l-cos t(:;]xz = 0,
Similarly for (0,0,1) and the point corresponding to it on ther ~circle
which is

xi ~ = cose = sin(sl g-¥o- I’)
xé ~ = coselytsin(wdpt 20(3-}-[3)
And therefore we get the equation of the line D! joining (0,0,1) and

(xi, X3 x%) to be

[—cos o(1+sin( 0(3— -12- t )] Xp= [—cos.<2+sin (213-4%2-!-? ;_\xl =0

D (\ DI is given by
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X] o [_sin(2-(’+°<2+ (‘)—coso(é“_sin( Mg - F)-cos -<1]
X2 A Lsin(za(3+°<2+f)—cos 12][005 u(2+sin(2 -<3+t<2+(4- )]
Xg & = [sin(2 oyt Kg- (!)+cos u(3][ ~cos Wotsin(2 t(3+e(2+/!)]

=
Xy ~ COS h(l - sin(i(a—t(z—?)

Xg ~ COS ¥~ sin(n(t-b(s-(l)
Xg cosa(a—sin(bfa-t(r (’:) .

Similarly we can find the seeond center of similitude to be

X] ~ €OS -<1+sin( gm0 F)

Xp~ €OS a<2+sin(°< 1~ g~ (ﬁ)
Xg v cosa<3+sin(°<2-°<1— [5)

The Center of the P~cirele and its locus:
!

The two centers of similitude are harmonic conjugates of the

centers of the two circles, We know that the center of the circumecircle

is given by (cosvil, cos 0(2, cost(3) and the centers of similitude are
(cos¥ fi:iin(u( 3-(2—-P ),cos h(a-i:sin(“l-i%— P ,cosa(3?iin(v(2-b(1-r)) .
Therefore the center of the (‘-circle is
('5il'|(‘<3- '(2"' (;), Sin( .(1"‘ ‘3"'(3), Sin( “2— \(1— (‘)) .
Let us find the loeus of this center
Kx; = sin(h(3-'<2)cos(3- cos(&a-Kz)sin’l
Kxp = sin( °<1— *g)cosr ~cos( ®-%3)sin
Kxg = sin(ﬂz-t(l)cos(l -cos(t(z-t(l)sin!‘

cos[A- Ksz cos (L g=p)- X1 cos(-(l_usi
sin 3&(3




- 24 -

K[xp sin(®g-wp)= x ) sin(Ky- t<3)]

sin(5 sin 3%
Therefore
Xg sin 3%g = sin{'(z-xl)[xz cos (g~ Kz)-xl cos(Kl-b(a)]
- c0s(X g, ) [xp sin(sg=wp)=x; sin(X -wy)|
-

Xy sin 3%y + xp sin 3Ky + x3 sin 33 = 0, is the loeus of the center

of the /!-cirale.

similitwel e
The locus of the centers of sysmatwy

Kxy = cos® +sin(sdg= vy~ [! )=cos & +sin (K g~ t(z)cos{a ~cos (¥ 3~y) sin/l
sz = cos b(2+sin(\(1- g~ f)acos u<2+sin( b(l"' '<3)cosP -cos( °<.1—- %) sinf
Kxg = cos Ks-i-sin( ¥ o= Kl- (‘)=cos b(3+sin(-<2-— Kl)cos(* ~£08 ("<2- v(l) sinﬁ

-
Xy cos Maxy sin(t\(l—l’(s)cosf Xy cos (%;~ 0(3)sinf=x2 cost

+ X9 sin(’(a-\(z)cos/)- X cos (< 3= Kz)sinf
and

Xy 808 ¥ g%y sin(edy- -<1)cos/3 ~Xa cos('(z- '(l)sinf= Xq €OS l<2

+ xq sin(°<1-b<3)cos(3-x3 cos(°<1- °<3)Si"f
=y
cosfi[xl sin(°(1-b<3)-=x2 sin(*(3—l<2)} -{-sin({xzcos(o(a-u(z)—xl eos(b(l- 5(3)]

= Xg cos Xy ~ x3 cos Ky
cosf [*s Si"“‘l“s""z““(“z““l)]“iﬂf [xacos 6-2)-x5 cos-4y)]
' = X5 c0s¥ g = X5 cos¥y
o X1 [c0s¥gsin (&) -Kg)~cosKysin (p-i; S]hcz[cos'ﬂlsm(fz b)) =cos%ysin ( 3{&)]

- r +x§[coa<2siu(.¢, xg)-cos-clsin(nq-x;,
- X3 sin 3% ~xp sin 3K2-x3 sin 3'(3
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xl[cosdacos(vll-'%)-cost%cos(bﬁz—'(l)]-bxz[cos\llcos(Q-“l)—costgcos("a-—“zﬂ
cosr - txq fos¥ocos(%q-%)-cos¥;cos (Kl-'lq)-l
= xy sin 3% =xp sin 3™y = xg sin 34

But sinZ{& + coszfl =1,

Therefore
x; [cosgsin 4, -44,)-cos¥,sin (-2 )] 4y [co88; 510 6p34 )-c0sKysin (@—-&)]Y
I+ Xg[cos ”y sin(®,=%y) = cos ¥y sin(x - a(3)]
x) [eomge0s (<) -¥)-coswye0s (g4 ] g [eosiy cos (4p-x;)-cosityeos (-] i
5 + xg[c0s 5, cos(K = ¥y)= cos Ky cos (K- s)]
= le sin 3K, + x, sin 3Ky + x5 sin 3s<312
-

x% [005%43+c052u<2+2t:osx2 cos¥y cos &(lz-}x% [coszp(1+cos%<3+2cosp(lcosn(3cos 3-(21

+ x% Icoszg(z + cos® '(1 + 2 cos & cos &2 cos 3(3]

% 3 "_cosxssin('(l-l%)—cosxzsin (Kz—-(l)][ cosxlsin(o(z—-(i)-cos%sin(3(3—'(2;_‘
X
1x2}+[cosif3005 (¥;~¥3)~coskycos ("(2"'(1)‘.“_“5’(1 cos(“g-i‘l)—cos-tacos(i(lu\ﬁ)]
[cosﬁsin(b(l—'S)-cosstin(ﬁ-ilﬂ‘_cos&zsin(i(:;—'%)-cosxlsin('(I—Kaﬂ
%xlxz
+[cos'(3cos6(1—“3)—00312005(-(2-'(1)“_00942003(l(a-'(z)-cosa(lcos(0(1-'(3)]
E:osu{lsin(l(z-'fl)ucosxssin(xs—dz)][coussin('(:i—Kz)—cos"lsin(“1—'(35)
+[cos~(1t:us(°(2-'<1)-cosdacos(-(S-lfz)][_cosi%cos(Kﬁ-bcz)ucosr(lcos(l(lulsﬁ
= x% sin23-(1+x§ sinzghlzh%sin%damlxzsin 3dlsin 3“2+2x1x3sin3'<lsin3"3
+ 2 XpXg sin 3-% sin 3w

2x5x%q

-
x% lcos‘v(sﬂosz.lz-l-zcoﬂzcosVaeosab(ﬂ-bc% [cos 1-!-0052.(3+20050(1cos'<3c.os3-62'§
+ xg ,_cosan(2 + eos? '<1 + 2 cos LS 905042 cos 3;(31
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+ 2x1x2{-eoschos«soosaofl-i-cos%(3cos3’(3-cosdlcosﬁ-cos»&cos@cos?ﬂzz
o 2x1x3{-cos-ﬂscos"20053*3-003ﬁcos¥3+cos%<20053'%-cosﬁlcos'<zcos 311
+ 2x2x3[-cosulcosﬂzcos3"2-l-coslecossﬁncosﬁcosﬁ-cosﬁcosﬁcos 3%3}
= x% sin23K1-|-x"2’sin23K2-l-x§sin23&3+2x1x2sin3'<lsin3"2+2x1x35in3'<lsin3ut3
- 2x2x3 sin 3.7(2 sin 3 *aa

For Bhe secornd center of similitude we are going to get the same

locus which is a conic whose equation is:

xg {coszga-}-coszizﬂcos ¥5c08¥ 505 38y - sin?3 0(1}

+ wcg {coszp{ l-l-coszp( 412c0s & cos ¥ gc0s 3, = sin®3 ‘(2}
+ :% [coszxz-{-cosz-( 112c0s ¢, c0s % yc0s 3% - sin2 3 gt
+ 2x1x2{-cosﬁlcosv<acos3k1+cosa<3cosaﬁ—cos'(lcos-@—cos-czcos-lscos?:b&

- sin3xlsin3.(2}
+2x1x3{-cos%cusdzcosmis-!-cosz,(zc 053045=C05%; C0SK3-COS ¥y COoC0S3 ¥ -5 in3a<lsin3~<3 }
2xpxq [-—cosxlcos*zcosaxz-i-cosa-(lcosfixl—cos(gcusis—cos-(lcos-!scostwa-

sin 3\(2 sin 3-(31 =0
when the center of similitude is at infinity then
al[cos wytsin(ed 5= oy r)]-i- azlcosblz-i-sin(il- v(3-t3-)3+a3‘.cos -(Bﬂin(-(zn<1-r51 =0

*
sin 2 a(1+sin 2 ¢ gtsin 2-<3-cos(2 °<3- F)-H:os(2 °<2+r)-cos(2 v(l-(ﬁ JHcos(2 Xat F)

‘o cos(2a<2-(4) - cos(‘25(1+ f) = 0

:in(2 Kytsin 2 gtsin 2 X p-2sin 2-&asinr ~2sin 2 i(gsin(; ~2sin 2 b(lsinf = 0
-Psin[.! = 1/2,

Hence f = /6 - 5“/6,

therefore we are having two real values for/a . hence two real

intersections with the line at infinity which implies that the conic

is a hyperbola,
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The equation of this hyperbola can be reduced to a simpler

form which is:
232 cosw. sin (=% )sin(¥ =%, )x242 2 cos sin (< -%,) sin (¥ -"4‘3) 2

1 1 3~"1 1-*)x712a, cosi, 1 2" 37%2
+ 2a§cosxssin('42-'<3)sin (Ka-'fl)xgﬂzaé(sinz(wz- 3)Hcosﬂzcosv3sin(ﬂs-‘fl)

Sin(b‘r"“a)l 3(23{3

+ alazisinz(xl-"(z)ﬂcosMlcoswzsin ('(2"‘3)51“(“3"“1)] X1
+ ayaq [sinziﬁa-“l)ﬂ cos -vilcosk‘3 sin(Kl- Kz)sin(xz-'-(s)] X)Xg = 0

Lol w r}f-'mn& now be showy “\n\' “\'ns
hyperbola passes through the centroid of triangle A1A2A3 which is given

by (-:? %-2-, ;—3). So substitute for x1, Xp, X3 1/a;, 1/ay, 1/agMe get
2cosvclsin(-fa-"l)sin("<1-°‘2J+2t:os'ésin(‘ﬁ-“z)sin('<2-"3)+Qcos-<351n("2-“3)sin("3-°‘1)
F51n2 (<p3)H005%)00s%g5in (35 ) 5in (=% s in2 (<25 Me0s¥, COsKgs in (Ky-aty)
sin(%g-%))

+ sinz(ﬁ—*l)ﬂcosﬁlcosw?,sin(Kl-'é)sin(“z-":;) =
2sin (3= )sin (%) [cos 3 +2c0s 05 K5] +25in (%)% ) sin (%3 [coswipt2cos™; cosw,]
2510 ()-%) sin (453 [coswyi2eost; coswo| +5in2 (Ky=¥g)+sin? (4 =%y s in2 (Kgesd; )=
2 sin(%3-%)) sinv(‘ﬂl-"z) [cosx;+cos (%+*9)+cos (*2-"3)] 125in (< ~%) sin (4,~%;)

[coswy + cos(wl1 50+ cos('f-1+~<3)-l
#2510 (<g-¥g) sin (43 [c0s & g+e0s (3+%,)+c0s (xy=)+s in2 (W pm )

+ sin?( Kg- %p) + sin?( Kg= ;)] =
2sin(-£3~t<1)sin(0(1-12)cos(&z-ua)-?zsin('(l—*g)sin(-(2-%3)005(0(14(3)+

2 sin(y=e¢)sin (z-% ) cos (X, ~%,)

+ sin?(op- ) + sin?(X 1= p) + sin?(Xg- ;)=

-~ cos2( 3-%g)~eo0s Kz-'ka)cps?s‘&-cosz(xl— ¥%)-cos (X 1—“3)cos3¥2-cosz(ﬂ 1—'&!)
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- cos(°(1- °<2)cos 3-<3+sin2(°<2- '<3)+sin2(°<1—'<2)+sin2('<3-°(2) =

3—2cosz(°<3—"2)-20052(‘<1-‘%)—20052(‘3-‘5)-{:05(ﬁ"ﬁ)cosaﬁ-cos(ﬁ-ﬁ)cosaa
= cos(* = %p)cos 3K, =
3-2c052(*3—"2)—20052('<1—“3)-20052("1—"2)-4/2 cos('<2-'<3+3*1)-1/2003(‘<2-'<3-3'ﬁ)
-1;’2005('<1~"3+3'12)—1/2cos(Kl—'%-:)fz)—llzcos(xlu"z+ 3%)~1f2c0s (% ~%y-3uq) =
3.2c0s? (*3—'<2)~26052 < -"3)-2cos2('<1-"2)+1/ 2¢0s (2%q~2 )+1/2c0s (2@—2&1)
+ 1/2c05(2 K5-2 %5)+1/2e05 (20 ~2% )+1/2c0s (2%9-2<3)+1/2 cos (2K ~2Kg) =
3—2c052(Ka—"z)-zcoszfﬁl-“Z)-zcosz(‘fl-"z)+cosz(‘%-ﬁ)-sinz(‘%w(l)
+ 0052 (X g K )=sinZ( K= %) + cos?(Kg=¥Gy)-sin?(Xg-¥y) = 0,
Hence the centroid is on the ;iﬁ'imla.
Now take [‘to be T 72
the center of symmetry (cos s y+sin(ely-p- [‘),eos Raotsin (o~ %= r ),
coswg + sin(® gm Ky r)

becomes

(cos (X yt Xz)tcos (K= K, ) 4c0s( V\1+ Ka)teos (K= Ka) yoos ( Kyt Kp)teos (X ~5p)
~ (005 C0s K 5,005 K (€05 Kga005 Kpc0sK 1) ~ (sec Ky, sec¥y, sec s)
wiich 18 the orthocesiter of the triangle AjApAg,
Hence the hyperbola passes through the orthocenter,

Let us try to find the center and the asymptotes of the

hyperbola, The equation of the tangent in general is

1 1 1 1
(f385-£53)%) (1105136 )x) + (£3£,~F1fp)xg = O
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where
f] = cose tsin( *au'ﬂz)cosls —cos(’ﬁa- -(z)sin(G

fs = cos °<2+sin( Sh Ka)cosﬁ -cos ( °(1~&3)sin[:\

fq = cos b<.3+sin(-<2—'<1)cosf —-cos(&z-"l)sin/‘ '
Therefore the equation of tangent becomes
{ [—sin(‘z—ﬁ)sinr-cos (=% )cosﬂE:ostfz+sin ()(1-‘(3)6071-005 (‘ﬁ—‘g)sil}ﬂ]
[—sm('f ...Ksjsur—cos( —'%)cpr“_cos"a-i‘sin(&-ﬁ)cos/’-cos("z Kl)sinﬂ X1
[-51n(‘<3-'§)s1rr-cos('<3 ‘42)005[-;“_005'(3%1!1(‘2-'ﬁ)cuf—cos(“2—(1)811}ﬂ
+
[~sin(ey-% 1)s1r7\-—cos('<2--<1)corf][cos"1+sm(°(3-"2)co:13-cos(‘3—‘(2)s173]
[=sin(x -Ka)sinr-cos (4 —vs)cosf“_cosﬁﬂm ('C3-"~2)cosf —cos(ﬁ3—"2)snﬂ
+
) [—sin('(! "2)snf—-cos(“:;-*g)cosﬂ\'_cos-£2+s1n(°(1 ﬂs)cosrl—cos(il-i;;)sm/i\
After collecting like terms we get
151n(-<2—l(1)cos(( '<3)—-cos(°<2-'<l)sfn(‘ﬁ-'%)-cos‘(zcos("(z-'ﬁ {3)
+ cos Xg cos( - '(3-{3)1
+{-—cos(°<3-'§z)sin ('<2—ﬁ)+s1n('<3-—"’2)cos(ﬁ-'&)—cos‘%cos('(a-“z—f)
+ cos ¥ cos( ‘(2- (I-F).k Xy
+ i—cos'ﬁ:os('(l-ﬁe(l)-l-cos'izcos(“3-“2-r*)—cos(°< —“3)s1n(°<3 '42)+cos( -'<2)
sin( 0(1- &3)] Xq = 0
q
{sin 3K ~cos Kycos(Kg= = {1)+cos ®gcos ( -(1--(3-/3)} X
+Isin 3 v(z-cos n(3cos( ‘(3- '(2-- r)—-cos o(lcos( K- &l-fs )1 Xo
+inin 3o<3-cos u(lcos(o(l-a(:}-(’)—cosuzcus(xs-xa-f)} xq = 0.
This is the equation of any tangent to the hyperbola; to find the

equation of the assymptotes we substitute for e T/6 and 576 ,

because these are the values for which the hyperbola meets the
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line at infinity,

For fz 76 we get the equation of one asymptote;

IZSinZ’."l— r‘:;cosxzcos(“z—"i)-cos*zsin(‘2-'j)+r§cos'<2cos(b<1—"3)
+ cos"asin('ﬁ-'(a)l Xy

+{23in3'<z-r§cosh<3cos(°<3-‘$2)—-cos'<35in(’(3-"2)+r§cosn<lcos("2-"1)
+ cos"lsin("z—"l)-( Xgo

+[231n3'<3-r§cosxlqos(“l-ﬁ)—cosﬁlsin(‘ﬁ-'%)-i-rgcosﬁzcos(/"3-‘43)
+ cos"zsin(":;-“z)l Xq =0

and for {3= 57/6 we get the equation of the second asymptote,

f251n3’1+r§eosn<zcos('42-"1)-005'425111("2—-“(1)-!'5005“3005 (%;-%)

+cos"35in(&l-“3)1 Xq

+ 2sin30<2+r§cusﬂseos(Ka-"é)—cos-%sin(u%-'sz)-rgcosxl 205 (M=)
-}-cos'ﬁsin("(z-"l)} X

+ [25in3t<3+r§cos K, €08 (% =*5) 088 sin (<)~ ) ~r3c0sKyc0s K a-X, )
+ coswysin(y) ] Xy = 0.

The intersection of these two assymptotes gives me the center of

the hyperbola which is

Yy~ [251n3!%—r§coéﬁlcos ("1-“3)-305'&51'1(‘3—“3)4-1'5005&2005('(3—“2)
+ cos ¥ysin( Ky~ '(2)]
i25in3¢2+r§cosxscos(Ka—ﬁz)-cosufssiu(*a-'(z)- 3cosn(lcos(!<2-"1)
+ cose;sin( '<2—’< 1)}
—IZS in3¥+rzcos¥ cos (K = %) =cosK, sin (¥ -¥3) ~rzcosycos (4g-%)

+ cos¥y sin( Ky- '(2)]
1251n3'¢2-r§cost<300$ K544, )~cos (&asin ('(3-‘2)+f§cosﬁcos (Ky=1)

+ 3358 sin( Ky- K‘l)}
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Yy~ drg cost%sinSKacos(&3-"2)—-4r3cos&15:in3"-3005('(2—'&)—4r3sin3#2005ﬁcos('<1-"3)

+4r33.in3"2c.os*zcos(“3—12)+2r3cos'&cos"331n{‘2“3-"2-!\'1)4*21"30052-(15in(2'<1-"3-V2)
21, cos ¥ 00s K psin (2%~ %~ '%)
Y~ 2c );"3sin3"acos(*3-‘2)-2cos-<lsin3ﬁcos("f_,_~'<1)-2005-iiin3'<zcos(-Cl—na)
ﬂsinyzcusﬂgcos(iau'ﬁz)-cus*zcos":ssin3"3—coszxisin3l(1-casﬁcos'lzsinm(z
=
yp~ 25in3gs5in2%, sin (%) ~*3)+2sin3% sin2xgsin (% =#p)=cosk, costasindsy

- 0052'41 sin 3&1-4:0,5 o(lcos Kzsin 3&2 .

Similarly we get Vo and yg to be
Yo ~ 2sin3tﬁzsin2VBSin(‘<2-'<1)+Zsin3'<‘ssin2'ﬁsin('&-i%)-—cos'(zcos % sin3%y
- eoszg,.q2 sin 3r<2-cos ’(2 cos 063 sin 3a<3
g ~ Zsin3'<3iin2t<lsin(‘%-"z)ﬂsinwisinz'fzsin (¥5-%)~cos 6<3005b<25in3K2)

2 .
-€0s 9(3 51n3¥\3-cos °<3 cos ’(1 sin 3;(1

The nature of the system of [ -circles:
I

Let Dy = ajcos 47y cosXptay cosae R(sin 2 X tsin 2 ¥ytsin 2K,) =

2R(sin & 4c0s( oy = Kg)+cos u(asin X3) = 4R sin ¥; sin¥, sin Kq

2
and

Dy = aysin( =Kt r)ﬂzsin( o R s P)%asin( &1-»(2+[4)

R[-cos (it (Y008 (4 1y-m B -c0s (=Kt Ho0s (g -4gp)
~c0s (gt K=t froos( Xgikp-ky- )

2R sin ra(sin 20gtsin 2%,ytsin 2% 3)

8 sin sintgsiney sinky
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1f Cr is the genter of the A-~circle then

e ——

! 2 B - 2
Cf 0-2Acsc-f2 [cosu’ ) Si"(§"ﬁ+t)] 4 \cos.(;; B 51"(?):'§iﬁ)]

N Dy Dy

&cos&[cosﬁ ) sin("z—-‘3+[$)11 GOEL ) sin("l-&z'l-[')]

D, D, D, D,

| eosw;-cos ¢<3-3)] sinf -sin (<-4 )cosn ] 2
- {Pcosda-cos(‘(l—‘z)] sings -sin(41-4p)cos/ 2
+ 2cosxzfl[2cosx1cos(-<2- ] s -sin(‘(g-"3)co7;]
E2cos %y-cos ;25| sinp —sin(‘l-“z)cos(?}

~c0s (< o~ X ) =-2¢0s( K2+ ¥g)= cos(Kgy=%q)

= 2AcsCK .

BRsin/s sin ﬁs imlzsim(a

But 2cos o'Cl

= ~2¢0s Ky cOsK gt2sin,sin Ks—cos ®,C08 < y~sin Kzsm t<3
= -3 e0s X cosn(3+smx’2 sink,

therefore

2Acscx, i(-3cos°f2cos%d+sin-tzsin'<3)sinfa -sin(xz-ﬁ)cOs.ﬂz
‘" BRsin/e sinw sinkysing +[(-3cosoclcos-<2+sinxlsin&z)sin/s -sin('ﬁl—-g)cosf]z
| -iﬂcostzi(-3cosi<zcosK3+sin'<zsin'C3)sirr
sin(‘z-"s)cos/sl
\ i(-—scosﬁcos-gzﬁinxlsinﬁz)sinf-sin('ﬂ.— "z)cos/a}

If- Dy = a; secacl-}-aasecncz-iﬂa sec 043

2 sin o(lcos uchos '(3+cos '(l(sin '(2005 &3+sin K 4c0s Ks)
cos &1 cos -(2 cos &3
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2R .
= sin® cos¥,cos%a+1/2c08%, | sin (% +%, ) +sin (34,-%)
COSK; COMHCOSH, I i i it 1[ 2 3 2"
+5in (4t %) +sin (4] ]
= n sin Kl cosK2 cos l<3 + cos Kl sin u<1}
COS ™) COSKX,C0SKg
2R sin oy ®y +'§-"§5 "1 +"3-'<2) 2R sin '(lsin '(Zsin Maq
- 205K, COSK,COSK. vest Jeoal 2 cos chos‘< cosb
1 2 3 _ 2 3
secd  sinptym)|? | [secy sin(i(l-“z-{*-f)] %
c{, H=2 Acsex, Dy Dy L D3 Dy
secwy sin('(2-6<3-F) seci, sin("l-"g-i-ﬁ)
ﬂcos&[ b - b, + b, - b, ‘
{Bcos"zcosda-cos (“zuﬁﬂsin(s -sin (’<2-"4.5)cosf12
2Acsc b<2

+{E4cosb<1cos '<2—cos (-(1-'42)] sinfs —sin('ﬁ—"})cosf]Z
+2c05% {[4009&(:05'%—005('%—"3)] sin/l -sin("z-"\:;)cosys]
\ [Elcos&lcos'(z—cos (¥4~ 'é)-kin/ﬂ ~sin (ﬁ—"z)cosfsz

=
B8R sinfsin"]_sin"‘:;zsin":i

C 0S80 C 05 My=5 sim¢,\sin3 ~-sin(¢,~%,) cos ¢
2AcscbﬁL {[3 PeosgTainys .(3] 1/3 i 3 /SI .
8R sin/a sin¥ sin®,siny # ﬁ:icosb(lcos'(z-sin"lsin'%]siT —sin('(l—“z)cosr}
+ 2cos% {Bcosﬂzcos'%-sinbésinﬁaxsin/a -siﬂ'%—-'%)cos/i]
\ [[3cosﬁlcosxz-sin-<lsinb‘2]siryg -sin(l(l-'lz)cos/i?
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[(—Scosxzcosvg,-l-s .'m-fp. 1 .aa(q)éiin} ﬂinz(xz_wa)cos%

-2sin (Ma_xg) (H300$°‘2005'¢J‘!'Sin9‘251n'<3) sln/) cosf
o ]
q

ﬁ

~2sin (o(l..-tz) (-3costt1cos-12+:; :inxﬁsin"l)sin/? co:yl

24A csc 9(?.

Cp 0=
f‘ B8R sin{'l sinﬁsin&,_sinxa

(4’50050&10050‘24-5in&lsinua)zsinz/; +sin (6;-%) C )

+2c0s%g (~3coskyc 0sKqt3inkgsin®s) (~3cosK cosKy
s iy 5in%,) 51 1?7
=2C05 %, (~3c05KyCOos%yts indysins) .-:';n/ﬂ cosfl
sin (< ;~5)
~2cosgsin(y—*) (3625 cosegtsink sindy)
sin/l cos/ﬂ

+2cos¥y sin (%2-- "3) sin (“1-"2)00536

and

l 3(cos-t2(:os"~3-sin-tzsinxa)zsin?g +sin2('(2-"3)cosﬁ
2Acsc 0(2

Cgq H=
/‘ 8R sin/a sinxlsin&zsin-@‘.’

~25in (4y-K3) (3009<2cosx3—sinxzsin'(3)siryt cos/
+(3cos jcos p-sin ysin 2)251n2 +sin?( i 2)0052
~2s1n (% =%,) (Scosﬁcosiz—sin’(lsinfz)cnf sinf
+2c05% (3c05%yc05¥g-sinsy sing) (3coskycosKy

~sin¥; sinky)sinZa
~2co0s VZ(Scosﬁgcos-%usinwzsinﬁ)sin("1—*2)silr ot 4
~2c0s%ysin (Xg-y) (3cosollcost<2-sim<lsin<2)sin/| COSf‘

\ .+200s*23 in(n(z-’?') sin ('(1-"2)005“";5 .

By compagring the two expressions we find that the coefficients of
sin2s and cos?a are equal and that the ¢oefficients of sin/g cos/r

differ by sign only,mor@&ever they turn out to be zero as shown below:
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6sin(Ky~ %) COSKnCOsKa-25in K p-K3) sinkysinkgtosin (%) Kp)cosK, cosky
~281n0<1-ﬂ§)sindisinﬁé+6sinO(I-Ké)cos%(zcos“§~2c0942sin*ﬁsin‘ésin(‘1—“2)
%cos%(gcostflsin&z-ﬂs)—Zcos'&sin(ﬁ—@)s;inﬁsin&z =
-4sin0‘1-“3900§x§—2sin(“1-“3)cos3“2+6cos 3xésin(dl-ﬂg)~2003¢§sinzkzsin(ui-Kﬁ)
=2sin0<1—K3)[}200s'§-cos 3¢é+60053(2—cosx§+cos§(2]
=2sin0<1—M§)[}cos%{z—Scos&Q-cos 312'1

=Zsineii—ﬂs)[?cosug+2cosx2eos 2Ky-3c0sKg~CO0S 3dé1
=2sinO(I-*h)[?eosﬂé+cosﬂé+ccs Io-BoesKy -cos Sug] =9

Hence

Cf5 0= 0/3 H

Therefore the line of centers of the/ﬂ -circles is the perpendicular

bisector of OH,

These centers a- also Mecenters of

Menea v gawe a system of coaxal circles passing through 0 and H,

Let us proceed to show that the system of/a -circles is a system of

coaxloid circles,

Let R

/L

respectively, I1f M is a center of symmetry we get

R - MC
=5l

and B be the radii of the /G-Gircle and the circumcircle

But

-

Ei“(“a"‘z'[’“ws‘ﬁ . sin(:;-'c{ !&)]2

Dy

MCP = 24csc %y . ' 2
[sin (Lo, -P)+cosKy  sin(Kp -n)
i 1 D, T TD '
4 2
sin(Xg-vg-M+cosK)  sin(¥g¥y- p)
2¢h Dy’ - T5 /

| [;intﬁ:fiifi+cos¢§ sin(“%-“ﬁjffl
L ' Dy

Dg 2
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where Dy = a, sin(-ta-u.z-[s)»rcosillmz[sir(-cl--gs_[mcos-(z],uaa[sin(-tle-rncosx_,,]
Tzcos'(lsin((l-ia-('a)m.}cosi(lsin('ﬂa-Kl-(!)-azcos(asin{'(g-'%—/’)}2
- a,cos(ssin(&d-'ﬁz-r)
+Ylcosussin(&s-a,z-{s)macos'%sin&l--g-r)-alcosxlsin(&.z--kl-[\)r
- azcosvczsin(ﬂz-&l-[\)
+2cosu2Y|2cosntlsin(ul~%-r)+a3cosilsin('(2-ﬁ-r)-agcos‘czsin(n(s-n(z—fi
- a3cosu351n(i<‘3—&2-(l)

alcosb(3sin(0(3-'(211)+82cos°‘33in (&1-‘3-{9)-

24 csc¥y
MCa = —————
f DpyDy

ay cosKlsin(u(z--Llnf)
—azcos*asin(n(z-"]-(}}_
Also
[sin(-(3-—<2—!))+coso€1 i C(_’s"l 2 Jsin(\(z—tl.'l-lp)-rcosu(a ) cos.(a 2
MO = 2Acsc¥, l_ Dy D ‘- Dg b,
+2cos¢ar5in(‘3—‘3'f)+cos’(l _ cosK Yin(oca-l(l- .t)+cos'(3
_ coskq
by

agcos-(asin(-13-5-[;)+a3cosx35in(.ca-ug-/n-azcosoclsinul--sj-/s)l ’
vo = 2825 1 - ageosk;sin6ly-ky-p)

Dy D, alcosxlsin(-Lg-l(l-r)+82cosizsin(ncz—d(l-ﬂ)-alcosKSsin(t(:;-Kz-F)l
'.{ - ap cos(ssin(l(l- “3-{3)
+2cos¢2i32cos°(25in(n(g-'(z—(l)+a3cos~<35in(-(3-'(2-/3)-agcosi(lsin(o(l--‘3-f)
- 8 cos ¥ysin(®y-o)- ,s)}

i R p-alcosasin«a-x-,o]

-2, cosKy sin( %" Kg-rx ).

2




- 37 -

Therefore “,F = h’:U? o ) cos, + ay CosKg + a, cos Ky
R N0 a sin(,- 2-(5)+azsin('(l-'<3-{s)+a3sin("2-&1_{;)

AR sin *1 sini(2 sin -(3

48K sinf sin KlTin ﬁzsin &3

- 1

2 sin{s

-y R

i e
/9 2 sin/3

In the expression for Cfu the coefficient of sin?s equals the

coefficient of cosia = sinz(&z-—"\z) + sinz(’(l— %) + 2 cos Kysin (o= %g)

sin( b(l- -(2) and we have shown that the coefficient of c05/9 sin/Q is equal

to zero,
Hence
ZAcscuz — 3 S —

Cal = sin=(%,-%,)+sin2(¥ )42c05¥s 5in (Ks-%y ) sin (6, =
f‘ QHsinfsint(lsindzsinllg ‘(2 3 l".'~2 ‘2 ‘<2 "3 1 "2
But

Rg= —

/a 2 si?/s
Therefore

Cgo Acsc ¥y
. 2ﬂzsin .llsinﬁsinu3

which is a constant,

Jsin2.<2(1 - B cos &y cos%, cos w3)

Henqe we can get the system of/ﬂ-circles from the system of
coaxal circles by multiplying the radius of the latter by a constant
and hence the system oﬁ,ﬁ?—circles is called the system of coaxaloid
circles,

The nine point circle is one of the /B—circles with f3= 492

therefore its center N is on the perpendicular bisector of UH but we
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know that N, O and N are collinear hence N is the mid-point of OH,
N is given by:
(cos(v(a-okz), cos(ed,- “3)' cos( 8y- b(l))

therefore

2 2
[cos(t(a—-(g)-zcos n(l-\ + COS(“Z""j)"gc“S‘B—l

ON = rAsI Ky +2 cos-CZ%05(@—5)-20054‘-cos(D(z--(l)-?_cosK;1
BRsiney sinKzsinxiJ

r cos2( ¥ - (2)1-40052'( ~dcos K jcos(K ,-%p)

1
W 2 cscs 2 +c052(K2-0L1)+4<:032&3-4cos &3005(0(2-041)
BRsin sin 2sin g | +2co0s Kycos( '13—\(2)005("2- LS}
~4c0s Kocos Kacos( g~ ¥,)-dcos ¥, cos i(?_cos( Ko- Kl)
V + 8 cosi; cos “2 cosi,
_ 24 csco(z

Jsinz( W °‘3)+sin2(b< 1~ ¥p)+2c0sKysin (¥y-%,) sin (¥ %)

Bi{similsinﬁz sin \(3

Therefore
ON

Cpou =
(' si n(’
Ve of cenlers
=¥

Ca
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We have
w1l MC )
% where §, N* are shown in the figure above,

SU |
But V0 sinf
therefore S0 = MU sinf

But %%F' =2 sin/?

Hence
N 1 vt

MO sin/! i 2 sin/) )

Which shows that for our hyperbola a focus is 0 a directrix is

= 1/2,

the line of cencters of the/G -circles which is the perpendicular
bisector of OH and the beautiful result is that the essentricity

of our hyperbola is 2 which is independent of e aiven \,_im:&h_ .



CHAPTER 111

Envelopes:
It will be interesting to find the envelope of the coaxaloid
system, let us take the line of centers to be the y~axis and OH to

be the x-axis such that 0 and H are at (a,0) and (-a,0) respectively,

| L NNG
The coaxal system through (+ a, 0) ¢ \\:¢?\
is given by, i \::
( - *na Aj {.qvl o)

xe + (y-t)2 =12 + a2 ,,, (1)

where C‘/,N =1,
Multiplying each radius by the constant k, we obbain & coagaloid
system:

24+ (y - )2 = 1242 - 8%) - o (2)
To find the envelope, differentintde with respect to t:

2(y - t)(-1) = 2>t

~y+t= k2t

. T
2
i - &

substitute in (2)

]
X2 + (y - L2 . kz(-—x-—r-)2 + k" at

1- k2 ] - k2
2
2, Ky Ky g
(1-k%)2 (1- k2)2
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2 .2
xz-!--k-—-—'v" = k2 a°

(R R NEEN NN NN (3)

This is an ellipse if k2 71, a hyperbola if k2<1. In our case

k? = 1, .— 4 and it follows that the envelope is an
l-ﬂcos-ﬁco%?_coara
ellipse when cosec; cos%q cosv(37 0 (i,®,; when the triangle is

acute), and a hyperbola when cos®; cos«y cOSW3 <0 (obtuseltriangle),
if k2 =1 we get 8 COS iy C€OS "2 cosKqy = U (right triangle),

and for the envelope y2 =0 or y = 0 which is CH itself,

Furthermore, the conic (3) may be written as

2 2

Y
N ~
(k)2 @ \(2)2

1f this is an ellipse, the distance from center to focus is

= ]

\/(ka)a- a2(k?-1) = a, Therefore (F a,0) are the foci, if it is a
hyperbola, the foci are still the points (+ a,0).

Therefore in every case, except in the special case when the
triangle is a right trianglej the envelope of the coaxaloid system

is a conic whose foci are the two given points,

The envelope of the /@ -line
I

The intersection point of perpendiculat/ﬁ -lines for P(8) and

P (e +1f/2) is point ¥ on t.hefl ~-g¢gincle given by,

N(-5in(28-2p) cos (26+% 24 ~A) ,sin(26-2%,-2 A) cos (20+%,-P)  sin(2e+2%-2p)c0s (26~ ))
pronCaore b sin o2y zprosaos Pensa-ns



~ 42 -

1f T, determined by ® = &y, is a point on the circumcircle at which
the tangent is parallel to the tangents of the/a-mircle at M and Ml,
we found previously that
5 - % .3 oy -
= +%3 - NI
d —P 2+—4£ 2+/4

. de _ » Oy
Therefore e 1/2 =5F

I ( b")

From the choice of the parameter &, it is
known that the angular velocity of P on
the circumcircle is 2 %%.

But M, which depends on P, must rotate at

the same rate of T, which is 2 EEH =-49
dt dt !

Therefore M rotates twice as fast:as P, but in the opposite direction,

e also know that thafﬂ-line of P turns half as rapidly as P,
but in the opposite direction, Therefore it turns at one-fourth the
rate of M, and in the same direction,

Consider a line through N on a circle, i’hen N was at A the line
was tangent to the circle, Now the point N has moved from A through an
arc of o radians, and the line has turned appositeltl;through an
angle ‘§<. Then it is easily shown that M,
the other intersectibn of the line and the

circle has moved 2§ radians away from A

in the opposite direction, Thus the circle
may be regarded as the /Q-circle and MN as the A

/g-line of P,
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Since it is known that the envelope of the lime NN, which
turns half as rapidly as N rotates on the circle but in the
opposite sense, is a deltoidcircumscribing the circle, we have
proved that the envelope of the/ﬁ-line through M is a deltoid

which circumscribesthe/a -circle,

e A Sy, L S
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