
AMERICAN UNIVERSITY OF BEIRUT

REGULARIZED LOGISTIC REGRESSION
FOR FAST IMPORTANCE SAMPLING

BASED YIELD ANALYSIS METHODOLOGY

by

LAMA AHMAD SHAER

A thesis
submitted in partial fulfillment of the requirements

for the degree of Master of Engineering
to the Department of Electrical and Computer Engineering

of the Faculty of Engineering and Architecture
at the American University of Beirut

Beirut, Lebanon
July 2021



��������	
�������
�	��	����

	

�����������	��������	 ��������� 	 !��	 ����	
�"#���� ��	��"#�� �	�����	�����	� ��$���	

���%������$	

����	�&��'	 �&���	



Shaer Lama Ahmad

17/9/2021



Acknowledgements

I praise God, the Almighty, for giving me the strength to complete my PhD.

I would like to thank Him for the beautiful experiences during this journey that

has helped me grow on the personal and professional level. I would like to thank

Him for putting the right people in my way to help along the journey.

My sincere gratitude to my PhD advisor, mentor, and role model Dr. Rouwaida

Kanj. Thank you for growing my vision and courage all at once by encouraging

me and believing in my potentials. Thank you for the beautiful opportunities

that you put in my path and your inspirational patience. The lifetime values

earned throughout this journey are certainly going to be with me always. I owe

every achievement attained in this journey to you! I would like to thank Dr.Ali

Chehab for pushing me forward every second since day one. Thank you for being

so patient and always listening. I am indebted to you. Thank you for supporting

me in my endeavors and always pushing me to give my best.

I would like to thank my mom for doing the impossible to make all this

possible. Thank you for making all my achievements possible and for supporting

me in unimaginable ways. I would like to thank my dad for all the sacrifices that

you do for us. Thank you for all the efforts that you put to provide us with the

best always. I am very luck to have supporting parents like you who gave me

v



so much strength and patience during this journey. I would like to thank my

brother Imad for always being the shoulder to lean on and for supporting me and

of course his invaluable advice. I love you all so much.

I want to thank my beloved fiance Rami for his support and patience. Thank

you for encouraging me and thank you for your exemplary faith that has in turn

grown mine. Thank you for being my guide and mentor in your own ways. May

you always be my safe haven even in weakest times.

I want to thank Dr.Ghada El Hajj Fleihan at the SHARP program for encour-

aging interdiscplinary collaboration at AUB. It was a wonderful and insightful

experience for me. I particularly enjoyed Friday’s pizza and advise that has

certainly aided me through the program and in later experiences as well.

I want to thank my colleagues at BMW for teaching me a lot about large

corporations and helping me invest my skills in industrial settings. I enjoyed

everyday of this internship and certainly learned a lot. I especially thank my

mentors who believed in me and supported me during my time there. I would

like to thank my Lebanese friends in Germany who facilitated my internship

experience and supported me in every way possible.

I want to thank my friends and colleagues at AUB for making the journey

worthwhile. Thank you for the laughs and advice. I will miss this place and

cherish all the memories we had together.

I want to thank the Department of Electrical and Computer Engineering for

encouraging female representation in the field and for supporting my conference

travels. Thank you for the financial and moral aid that has significantly helped

me pave my way in my doctoral studies.

vi



An Abstract of the Thesis of

Lama Ahmad Shaer for Doctor of Philosophy

Major: Electrical and Computer Engineering

Title: Regularized Logistic Regression for Fast Importance Sampling

Based Yield Analysis Methodology

With the continuous scaling of semiconductor technologies, new challenges are

inflicted on the circuit design yield and reliability. With millions of devices on

chip, very tight fail probability requirements are necessary to guarantee reliable

designs, and traditional statistical estimation methodologies such as standard

Monte Carlo are no longer practical for the statistical estimation of such rare fail

events. This is especially true for memory designs where few SRAM cell fails lead

to the overall chip fail. Hence, it is necessary to have fast statistical methods to

be able to efficiently predict rare fail probabilities. Fast variance reduction meth-

ods, such as importance sampling, have been proposed to speed up the statistical

simulations. In this work, we propose a regularized logistic regression based fast

statistical sampling methodology to speed up the importance sampling method-

ology flow. We explore several approaches including a proposed greedy heuristic

based approach and an improved iterative reweighted least squares-based method

for regularized logistic regression. We thus propose a modified Group LARS ap-
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proach as an efficient methodology that tracks Newton’s step direction solution

evolution from one iteration of the solution to another to efficiently solve for

the underlying L1-constrained iterative least squares problem. Data balancing

is proven to be very critical and must be employed alongside with regulariza-

tion to ensure classifier generalization capability and proper separation between

classes. We employ data handling techniques in the context of a logistic regres-

sion based importance sampling methodology for accurate statistical modeling of

rare fail events in memory designs. Synthetic Minority Oversampling Technique

(SMOTE) methodology is shown to outperform other data handling methods for

purposes of memory yield analysis. Support Vector Machine (SVM) is a popu-

lar supervised machine learning methodology that is well known for its efficiency,

prediction accuracy and robustness. Typically classifiers tend to treat data points

equally, however in certain scenarios this may not be optimal and applying cer-

tain weights to the data points can improve the accuracy of the model. We

extend what we learn to propose a Best Balance Ratio Ordered Feature Selection

methodology for enhanced classifier accuracy for memory design yield modeling.

It mimics L0-norm regularization through a dual optimization framework and

compare it to other implicit data balancing approaches. We critically evaluate

the proposed methodologies and prove the efficiency of the proposed approaches

by analyzing state-of-the-art FinFET SRAM designs. We demonstrate excellent

classifier accuracy and data balancing along with regularization are proven to

result in high-fidelity models with excellent yield modeling capabilities.
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Chapter 1

Introduction

1.1 Rare Fail Events: A Major Bottleneck

While aggressive technology scaling has been a major driver behind the semi-

conductor industry, it has exacerbated the process, voltage and temperature

variations for nano-scale technologies. These variations manifest themselves as

unavoidable uncertainties in circuit performance and reliability [10]. Due to

their density requirements, memory designs use the smallest devices on the chip.

Hence, they rely on the most aggressive design rules and tend to suffer from

variability most. For SRAM designs this leads to unavoidable manufacturing

variations between neighbouring transistors of the same cell. With millions of

cells in an array, designers enforce tight constraints on cell fail probabilities with

requirements of less than one-part-per-million fails. This is particularly true for

memory designs where a few SRAM cells failing can lead to a system failure [11].

Capturing these fail probabilities with high-fidelity is an indispensable part of the

design cycle. Monte Carlo analysis is traditionally used as a statistical means to

estimate design failure probabilities. However, Monte Carlo simulation method
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is not practical for estimating such rare fail probabilities, and it would require

millions of SPICE simulations to capture a single failing point in the event of de-

signs targeting rare fail events [12]. Therefore, efficient statistical models should

be developed to capture these rare fail events.

1.2 Thesis Statement: Fast Statistical Analysis

of SRAM

It is therefore critical to develop fast and reliable statistical methods for the pur-

poses of rare event estimation. Several methodologies have been proposed to

speed up memory rare event estimation. In [13], the authors developed statisti-

cal models for the SRAM DC noise margin during the functional read and write.

The authors in [14] built models for the probability distributions of the SRAM

cell Read and Write access times. The authors in [12] proposed Statistical Block-

ade as a fast statistical methodology that filters tail samples to build models for

the tail distributions and predict fail probabilities. They rely on margining and

true circuit simulations to eliminate tail false positives. Circuit-simulation based

Importance Sampling methods [15, 16, 17, 18] are popular variance reduction

techniques that were developed to efficiently accelerate Monte Carlo simulations

for rare fail estimation of SRAM cell dynamic margins. By biasing the sam-

pling towards the critical fail region, Importance Sampling methods offer several

orders of magnitude speedup over traditional Monte Carlo [15]. Accurately esti-

mating rare memory fail probabilities is a challenging task that is closely related

to machine learning. Recently, machine learning techniques garned major in-

terest in the area of memory design to develop accurate and fast yield models

for memory design yield enhancement [19]. Often functional fails translate into

2



Figure 1.1: SRAM writability simulations. Subject to random process variations,
the SRAM cell may fail to write [1].

discontinuities in the design metric space. Figure 1 illustrates SRAM cell write-

ability sample points. While it is possible to record the delay of a successful

write, there is no change in the cell content when the cell functionally fails to

write. From a dynamic margin perspective, we simply return 0 for a fail to write.

Traditional response surface modeling approaches do not capture this repsonse,

and binary classifiers such as the logistic regression must be employed. Indeed,

machine learning has become a vital tool for yield modeling of memory designs

in the prsence of process variation effects. This area, nevertheless, faces several

challenges due to the rare fail event nature of the array yield estimation problem

[20]. A methodology that accurately models SRAM cell behavior and efficiently

captures the rare fail events is necessary to tackle this problem.

1.3 Contributions and Novelty

This dissertation presents novel methodologies that allow for fast statistical anal-

ysis of memory design. The machine learning based methodologies enable fast

analysis of memory designs, provide highly accurate yield estimation, and im-
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proves analysis runtime. Below is a list of contributions of the thesis.

1. An ordered feature selection based logistic regression methodology for a

fast statistical analysis framework using importance sampling methodol-

ogy helps avoid overfitting and enables regularization for accurate yield

modeling. We propose ordered feature selection along with cross-validation

as an approximation for the L0-norm regularization. The methodology is

demonstrated on state-of-the-art FinFET SRAM design with write boost

circuitry. Writeability analysis results demonstrate high accuracy both at

the circuit simulation and yield estimation levels. We observe less than 3%

sigma yield error compared to pure circuit simulation approaches. All this

comes at significant savings in runtime.

2. Data handling techniques in the context of a logistic regression based im-

portance sampling methodology. By relying on the SMOTE methodology,

we are able to improve the model recall and precision and reduce the data

set induced error on the final yield estimate down to a relative error of 5%

compared to 18% for the imbalanced data set-based approaches.

3. We propose a scalable and efficient L1 regularized logistic regression method-

ology with application to importance sampling based rare event estima-

tion. It relies on a quadratic approximation to the non-linear optimization

problem. At the core, lies a Group LARS-based methodology that tracks

Newton’s step direction solution evolution from one round to another, and

weighted directions to efficiently solve for the underlying L1 constrained

linearized problem. When applied to the yield analysis of a 14nm Fin-

FET SRAM design, our results show upto 14x speedup for Group LARS

iterations compared to pure LARS based approach, and we report 98.7

4



% accuracy and 0.09σ average error compared to pure circuit-simulations

approach.

4. A data balancing scheme with varying balance ratio to handle the class

imbalance problem due to the typically low proportion of minority fails

in memory design problems. This allows for identifying the Best Balance

Ratio (BBR) among a set of ratios ranging between the natural and fully

balanced dataset distribution for enhanced classifier generalization capabil-

ities, thereby not ruling out the naturally occurring class distribution in

accordance with literature.

5. Extending Ordered Feature Selection (OFS) approach [1] in the context of

SVM as an efficient classifier. We reformulate it as an approximation to

the otherwise non-convex SVM L0-norm regularization that aims to identify

the relevant SVM features for the respective imbalanced datasets with the

different adjusted balance ratios. For this, we build upon a semi-smooth

Newton coordinate descent L1-SVM solution engine [21] to iteratively iden-

tify the relevant features for a given dataset. While the L1-SVM is often

performed as a relaxation to the L0-norm in terms of augmenting the opti-

mization constraints, we demonstrate enhanced accuracy for our L0-norm

approximation.

6. We study an implicit 2-dimensional surface solution methodology (2DWSVM)

targeting imbalanced datasets classification [22] that employs adjusting

the classifier learning algorithms to better recognize the minority class.

The methodology identifies the optimal cost function weights for the SVM

classes as determined among a derived family of solutions. We rely on this

approach as our reference implicit data balancing methodology and criti-
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cally evaluate its classification and balancing capabilities compared to the

proposed explicit approach.

7. We study the yield of state of the art industrial 14nm FinFET SRAM de-

sign. We compare our proposed BBR-OFS methodology to the L1-SVM

approach, OFS on the natural distribution and the implicit 2DWSVM

approach. Our results demonstrate that BBR-OFS outperformed other

methods in terms of accuracy while maintaining significant improvement in

terms of the runtime efficiency compared to pure circuit simulation based

approach. This is manifested both at the model prediction and yield esti-

mation levels.

1.4 Overview of Results

The proposed methodologies were tested on 14nm state-of-the-art FinFet SRAM

and have demonstrated high efficiency and significant speedup compared to pure-

circuit simulations based approaches.

With respect to the ordered feature selection based logistic regression method-

ology, the framework was computationally efficient and resulted in high-fidelity

models. We observe around 4.5% false prediction rate for the importance sample

points prediction. This signifies accurate yield prediction for the rare fail events.

As well, the proposed framework achieves significant savings in runtime.

As for the Group LARS based iterative re-weighted least squares methodol-

ogy for efficient and accurate regularized logistic regression, the approach bene-

fits from GroupLARS inherent weighted least angle direction to pass the critical

feature group from one solution round to another. It enables a scalable and effi-

cient regularization framework that speeds up the search for the best model. We
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demonstrate high accuracy for the resulting classifier for the importance sample

points both in terms of the number of false predicts as well as the yield estimate.

For the experiments understudy, we demonstrate up to 14x speed up when the

model is developed using the maximum number of desired variables compared to

the iterative LARS based approach. This is expected to increase even more as

the dimensionality of the problem increases.

The Data balancing based framework was among the major game changers as

it proved the importance of the necessity of balancing datasets. We demonstrate

that the synthetic minority oversampling technique outperforms other methods.

We report more than 70% reduction in the number of False Negatives compared

to natural imbalanced data set. We also report in terms of yield estimate on

average a small relative error rate in the yield estimate for the balanced data

of 5% compared to the pure circuit simulation based approach. Wheras, an

average of 18% relative error rate obtained for the imbalanced data set-based

approaches. Last but not least, our proposed BBR-OFS SVM methodology has

proven to improve yield modeling compared to other SVM approaches. The

results demonstrate that BBR-OFS outperforms other methods and offers an

efficient estimate of the memory reliability metric with an average error of 0.19

sigma for the yield estimate and runtime improvement of 179x compared to the

pure-circuit simulation based approach.

1.5 Organization of Thesis

The dissertation is organized as follows. Chapter 2 gives an overview on Monte

Carlo and Importance Sampling. Chapter 3 provides background review on Fea-

ture Selection Methodologies. Chapter 4 provides an overview of the logistic

7



regression based method that employs feature selection. Chapter 5 presents

data balancing techniques. It details the data balancing method employed in

the framework discussed in chapter 3 for rare fail event estimation. Chapter 6

presents Group LARS based methodology. Chapter 7 presents Support Vector

Machine and Data Imbalance, highlighting the effect of data imbalance on SVM

and solutions proposed. It presents the novel best balance ratio ordered feature

selection technique employed for prediction of rare fails. Chapter 8 discusses our

implementation and experimental results. Finally, Chapter 9 concludes this work

and proposes future research related to statistical analysis of memory designs.
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Chapter 2

Monte Carlo and Variance

Reduction

The objective of this chapter is to give a general overview about Monte Carlo

method and variance reduction techniques for fast statistical analysis of memory

designs in the event of rare fails. We start by giving an overview about Monte

Carlo.

2.1 Motivation

Aggressive technology scaling approaching the sub 20-nm threshold throughout

the decades compromised the reliability of integrated circuits due to the resultant

statistical variations. These variations may be attributed to random dopant fluc-

tuations, oxide thickness variation, line edge roughness and short channel effects

among other effects. As such, circuit designers need to handle and analyze the

underlying statistical nature of these variations. Traditionally, circuit designers

relied on process corner analysis to achieve this, however this approach was infea-
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sible due to the large amount of variations that arise. Robust analytical solutions

to improve circuit performance and parametric yield have been introduced[23].

Nevertheless, in the realm of statistical methodologies, Monte Carlo was the real

winner.

The Monte Carlo method reproduces a statistical process to compute an ap-

proximation of a deterministic quantity. In circuit design and for variables with a

parametric inherent nature, Monte Carlo employs a probability distribution (uni-

form or normal) to build a model of possible outcomes[24]. Monte Carlo gained

popularity in circuit design becoming the gold standard in performing statistical

simulation of circuits and for yield estimation during the design phase [25]. In

standard Monte Carlo application, the yield estimate depends on the sample size

and not the feature space. Alas, Monte Carlo presents several advantages at an

expensive cost due to the large number of computations performed. Each Monte

Carlo run requires thousands of SPICE simulations. This only motivated mem-

bers of the EDA community to seek alternative and less costly methods to the

Monte Carlo approach. While response surface model approaches did improve

that speed yet it was at the cost of accuracy. Accuracy requirement can be as

stringent as requiring less than one fail per million. Hence, there is a significant

need to develop fast and reliable statistical analysis methodologies for rare event

estimation.

Many methodologies have been proposed to speed up memory yield estima-

tion. For example, in [15], the authors introduce probability distribution models

for the SRAM DC noise margin while performing the read and write operations.

Dynamic margins proved to be reliable resource for circuit designers that allowed

them to confidently evaluate SRAM fails [18]. Thus, circuit-simulation based

Importance Sampling methods [15, 16, 17, 18], are commonly used variance re-
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duction techniques that were introduced for fast statistical analysis of SRAM cell

dynamic margins. Importance sampling mainly focuses on regions of importance

and adjusts the estimate to account for oversampling from these areas [11].

In the rest of the chapter, we will review the standard Monte Carlo method

and variance reduction techniques that were later proposed. We also present the

Importance Sampling method for Monte Carlo estimation which is basis to our

main contributions in this thesis.

2.2 Standard Monte Carlo

Early Monte Carlo experiment was conducted by Buffon in the needle experiment

which took place in the 1700s. Monte Carlo was used to estimate pi [26]. Ulam

later utilized the Monte Carlo approach to analyse the scattering of the neutrons

[27].Monte Carlo gained widespread attention and became an famous statistical

tool in the various fields of sciences and engineering. Monte Carlo methods are

used for approximating yet obtaining accurate numerical solutions to mathemat-

ical problems such as numerical integration, statistical inference, and reliability

estimation.

Monte Carlo is used to estimate an Integral such as: Int=
∫ b
a
f (x)dx. Monte

Carlo method is the preferred method for integration in high dimensions. It

uses random sampling by sampling N points X1, X2, . . . Xn according to a certain

density function p, and then computing the estimate using:

YN =
1

N

n∑
i=1

f(Xi)

p(Xi)
(2.1)

The result of the above , YN , is a random variable and depends on the samples

N. This is referred to as the the Horvitz-Thompson estimator [28].
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If the samples are chosen randomly and uniformly, then the equation used to

compute YN reduces to:

YN =
1

N

n∑
i=1

f(Xi) (2.2)

This has a similar form to the quadrature rule but the samples are random.[29]

Monte Carlo integration is particularly useful for the field of graphic design

were there is a dire need to perform integrals in high dimentional space.It is also

simple and general. Thus, this method is very appealing to use. Monte Carlo is

also a popular tool for statistical inference. For example, it can be used to find

the inference of a mean µx =
∫
xpdf (x) dx of the variable x with a probability

density function pdf (x). When using Monte Carlo, it is important to be able

to generate random numbers easily from the distribution with the given density

[30].

In the context of Reliability Estimation, Monte Carlo is used for estimating a

probability of fail Pf =
∫
R
pdf (x) dx as determined by a region of fail R. This is of

main interest as it is directly relevant to the work throughout the thesis. Monte

Carlo has been very prevalent in the field of integrated circuits for verifying high

yield in the event of random process variations.

Although Monte Carlo offers several advantages such as being simple to use

and capable of dealing with high dimensional integrals, it does come at an expen-

sive cost. The major drawback of Monte Carlo techniques is the slow convergence.

There are several variance reduction techniques which we will talk about later,

but despite that, these methods converge slowly. Hence, they are only used when

no other viable option presents itself [31].
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2.2.1 Monte Carlo and Variance Reduction Techniques

Monte Carlo Statistical method relies on random sampling to be able to infer

information about the general population [32]. When it comes to memory designs,

the statistical inference method become particularly appealing for proportions.

A memory cell can be seen as a Bernoulli trial with a predetermined probability

of fail, Pf and the memory array size depicts the number of trials, n. The

designer relies on the estimate of Pf to approximate the overall chip yield using

the equation:

Y ield = (1− Pf )n (2.3)

Standard Monte Carlo arises as a traditional statistical methodology for es-

timating the probability of fail. Given the tight constraint of less than one part

per million fail, circuit designers must seek reliable methods to ensure very low

cell fail probability. This makes Monte Carlo very slow, and necessitates the use

of variance reduction techniques.

The accuracy of Monte Carlo is affected when utilized for rare fail estimation.

Hence, variance reduction techniques enhance the accuracy of the estimate for a

given number of sample points compared to standard Monte Carlo. Most common

variance reduction methods include [33] :

1. Control Variates method: Assuming that the standard Monte Carlo method

aims to estimate the expected value of a variable Y , according to

µy =
1

N

N∑
i=1

Yi (2.4)

The control variates method introduces a variable Z correlated to Y . It is
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based on the condition that when the variance of Y is large, the variance

of (Y − cZ) is small. The parameter c is ratio of the covariance of Y and

Z to the variance of Z.

c =
Cov(Y, Z)

V ar(z)
(2.5)

As such, this method approximates the expected value or the mean of the

variable Y − cZ, µCV as an unbiased estimate of µy.

µCV =
1

N

N∑
i=1

(Yi − c(Zi − µZ)) (2.6)

This method is a good way that can be used to reduce error and variance

by replacing approximate operations with exact ones.

2. Antithetic Variables is another variance reduction method that is quite

the opposite of the control variates method. For every sample path, this

method also samples the antithetic path, i.e., for every direction, it samples

the opposite direction.Rather than incrementing the samples by using a

positively correlated function, the estimator is merged with a negatively

correlated one. This leads to a reduction in the variance and lowers the

sample points to be generated.

An example of this method would be a Monte Carlo integration of the

function f(z) = z in the interval [0, 1] by evaluating the integrand at the

points zi and 1 − zi.

3. The technique of the stratified sampling variance reduction works on strat-

ifying the . The variable space Ω in the stratified sampling method is
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divided into several disjoint subspaces Ωl (l=1,2,. . . ,L), and Ωl satisfies the

following relationships:

D = ∪Li=1DlDi ∪Dj = φ(i 6= j, i, j = 1, 2, . . . , L) (2.7)

where L is the subspaces divided, and φ is the empty set.

Depending on how much the subspace impacts the fail probability, the

corresponding number of samples is given to the subspace.

Assuming that Pl (l=1,2,. . . , L) is the probability of Ωl, and l ΩF is the

failure probability of Ωl, then Pl can be expressed as:

Pl =

∫
Ω

f(x)dx (2.8)

The stratified sampling technique is a variance rduction method that has

lower computational cost, but requires choosing an appropriate stratified

strategy.

4. Importance Sampling: The natural distribution is distorted to place more

emphasis on sampling the critical fail regions. The estimate is unbiased by

correcting for the true to distorted probability density function ratios.

2.2.2 Yield Estimation of SRAM

SRAM arrays use the smallest devices on chip and are majorly impacted by pro-

cess variations. These variations may be due to random dopant fluctuations,

oxide thickness variation, line edge roughness and short channel effects. The

design of large arrays requires design targeting for five or more standard devia-

tions. This is especially a challenge for the design of near-minimum-sized SRAM
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cells targetting for low-power applications. If unresolved, this can affect also the

high-density criteria.

Assuming that a circuit simulation is performed under a set of process varia-

tions xp, we compute a set of performance metrics denoted as fi(xp). Also, given

the set f 0
i that represents the performance metric fail criteria, we identify the

indicator function I(x) as follows.

I(x)=

{
0 fi( ~xp) <= f 0

i

1 o.w.

The probability of fail Pf can be approximated using

Pf = E (x) =

∫
I (x) pdf (x) dx (2.9)

The final result of Monte Carlo’s is not deterministic and differs between

different random sample sets. The variance of the approximate probability of fail

Pf , σ2
Pf

is defined as follows:

σ2
Pf

=
(1− Pf ) ∗ Pf

N
(2.10)

Therefore reducing variance requires having a larger number of sample points.

In case of small probabilities, the number of sample points becomes larger and

ultimately requires a larger number of circuit simulations. (see Table 2.1 for an

example). Therefore, the variance can be lowered by increasing the number of

sample points. For small probabilities, the number of sample points and hence

the number of circuit simulations becomes extremely large (see Table 2.1 for an

example). Hence, it is infeasible to rely on traditional Monte Carlo techniques for

accurately predicting such rare fails probabilities. Statistical analysis techniques

with enhanced robustness such as variance reduction methods are essential to
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improve the accuracy of the estimate.

Table 2.1: The Number of Monte Carlo Sample points versus Pf for the ratio
σPf
Pf

=10% [2].

Probability of fail Number of Monte Carlo
points N

10−3 105

10−4 106

10−5 107

10−6 108

As such, there are many factors that promulgate the selection of the best

yield estimation approach. The candidate approach is limited by the number

of simulations that can be provided, and the The number of possible circuit

simulations depends on the computing resources available. This number in turn

is dependent on the real failure rate and desired conidence level. Monte Carlo

becomes less efficient in the episodes of estimating rare fail events. Variance

reduction methods arise as enhanced and more reliable tools for estimation given

number of sample points compared to standard Monte Carlo. Popular variance

reduction methods include [34]: Control Variates method, Antithetic Variables,

Stratified Sampling, and Importance Sampling.

2.3 Importance Sampling

Importance Sampling (IS) has been proposed based on the insight that drawing

samples in the likely-to-fail regions with a distorted sampling distribution can

improve the estimation accuracy and meanwhile accelerate the estimation con-

vergence. The choice of distorted distributions has a significant impact on the

performance of IS.
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In [32], Importance Sampling was proposed to speed up Monte Carlo analysis.

The theory is based on equation 2.11, where the fail probability can be estimated

using the natural distribution p(x) or alternatively a distorted importance sam-

pling distribution g(x).The methodology relies on two phases. The first phase

performs uniform sampling in the space to mark the center of gravity of the fail

region and determine the recommended shift for g(x). Meanwhile, the second

phase creates importance sample points according to the function g(x).

prob =

∫
f ∗ p (x) dx =

∫
(f ∗ p (x)

g (x)
) ∗ g(x)dx (2.11)

Figure 2.1 presents a case where the uniform distribution is used to generate

more sample points in the tail region compared to the natural Gaussian pdf.

There exists three main forms of Importance Sampling:

1. Integrated Importance Sampling.

2. Ratioed Importance Sampling.

3. Regression Importance Sampling.

In the case of integrated Importance Sampling, the Monte Carlo approximation

in is modified in a way such that it accounts for the distortion of the natural

sampling distribution as indicated in 2.12.

P̂f =
1

N

N∑
i=1

I(x)(46)

∫
f (x) pdf (x) dx =

∫
f(x)

pdf(x)

pdf IS(x)
dx (2.12)

Hence, when sampling from pdfIS(x), the importance sampling based proba-
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Figure 2.1: (a) The natural distribution provides a small number of sample points
in the region of Fail. (b) The importance sampling distribution pdfIS(x) provides
more sample points in the Region of Failure [2] .

bility of fail estimate, P̂fIS , and its variance, σ2
Pf :IS σ

2
pf :IS.

Y (xi) = I (xi) ∗
pdf (xi)

pdf IS (xi)
(2.13)

P̂ fIS =
1

N

N∑
i=1

Y (xi) (2.14)

σ2
pf :IS =

1

N(N − 1)

n∑
I=1

(Y (xi)− (Ȳ )) (2.15)
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Chapter 3

Feature Selection Methodologies

The objective of this section is to give a general overview about the main feature

selection methodologies that we later on build our main contributions upon.

3.1 Motivation

Machine learning problems are present in different domains such as robotics, pat-

tern recognition, and biomedical applications. Given a set of training examples

associated with a certain output, the objective of machine learning is to con-

struct a relationship between the input sample points and the outcome. The

main goal really is to find the outcome for a new test sample point. This is done

by building a model capable of generalizing to predict the outcome using certain

parameters. However, before building the model, a proper data representation

must be chosen[35].

Data is represented using a set of variables or features and data representation

is very much domain-specific. Feature construction is concerned with converting

raw data into a feature set and is defined as data preprocessing. The data prepro-
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cessing steps includes standardization, normalization, feature extraction, linear

and non-linear space embedding, and non-linear expansion. The dimensionality

is unaffected when standardization and normalization is applied. However, it

can be reduced or increased by space embedding methods (PCA) or non-linear

expansions respectively. While adding many features to the model enhances the

predictive capability of the model, it comes at the cost of having a higher dimen-

sions. Thus, arises the need for feature extraction. While the main reason for

performing feature extraction is to lower the dimensionality, it may have other

advantages. These advantages include reducing the data due to the storage limits,

saving resources for data collection and enhancing accuracy[36]. The are three

main types of feature extraction methods: Wrapper, filter, and embedded which

we will discuss next.

3.2 Filter

Feature selection encompass algorithms of different types. Filter method based

feature extraction focuses on filtering feature that can be less informative than

others. It is a computationally efficient method. This technique uses a feature

filter that computes relevance of a feature subset to the outcome. This may be

computed for individual attributes (by ranking them). A good feature should not

be redundant and should not be correlated with other features. Computing the

correlation between a feature and a class is critical [37].

Variable ranking as a filter method was proposed by Kohavi and John [38].

Fisher’s criterion can be used to rank variables for Fisher’s Linear Discriminant

classifier[39]. Variable ranking as a filter method is not only used for reducing

dimensions but also to avoid overfitting since it gives way to bias and has less
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variance [40]. Assuming that the input variable vector is x and xi is the ith

element in the vector. Furthermore, we denote y to be the output vector. Dif-

ferent ranking criterion are used for ranking. These include Mutual Information,

Pearson correlation criteria, Chi-square test, Correlation coefficients, etc.

Using correlation coefficients for filter method is the most common way. They

are also popular as they do not require discretization of continuous variables.

The contingency table is a popular statistical method to analyze the correla-

tion between two categorical variables. Given a dataset with l training sample

points, it can be split into subsets of Lij sample points which belong to class

yi, i = 1...K and have a specific feature value xj. The rows of the Lij matrix

are summed up to obtain marginal distribution Li. of samples over classes is ob-

tained. Meanwhile, the columns distribution Lj of sample points over the values

xj is obtained. The measure of how strongly the variables x, y are associated is

obtained using:

χ̃2 =
∑
ij

(Lij − lij)2

lij
where lij =

Li.L.j
l

(3.1)

lij reflects the average number of outcomes given that x and y are independent.

If the attribute and the outcome were independent then lij = Lij. On the other

hand, if the difference was big this would mean that they are dependent[41].

For continuous variables, the Pearson correlation coefficient is another popular

metric used for the ranking of variables. Given an input vector X and output

Y , the correlation coefficient is the absolute cosine value of the vectors X and Y ,

after subtracting the means from both.

r =
E(XY )− E(X)E(Y )√

σ2(X)σ2(Y )
(3.2)
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If the attribute and target are not correlated r = 0 otherwise it is a positive or

a negative number between -1 and 1. The correlation can be negative or positive.

If the relation between the input features and the output target is monotonic,

then this approach is convenient [42].

For data with binary outcomes {y+, y−}, another criterion commonly used is

the signal-to-noise ratio computed using the Separation of the means of the class

distributions [43]. It is given by the following equation:

µ(X, Y ) =
µ(y+)− µ(y−)

σ(y+) + σ(y−)
(3.3)

The square of this coefficient resembles the ratio of between-class to within-

class variances, known as the Fisher criterion [44].

For a group of k features that has already been selected, the correlation co-

efficients may be used to estimate correlation between this group and the class

which reflects the relevance of this group and the class. Also, the correlations

between the features may be computed. Relevance of a group of features grows

with the correlation between features and classes. On the other hand, the higher

inter-correlation there is between the features the lower the relevance [45].

If the type of data used is ordinal then non-parametric Spearman’s rank meth-

ods should be used[46].

Relief is another family of algorithms that was proposed for feature weighting.

This methods infers the discriminative capability of a feature and how much it

can distinguish neighboring sample points. The Relief Relevance index JR(X) for

feature x, having two nearest neighbor points xs of same class and xd of different

class, is increased by the value proportional to in |X(x)−X(xd)| and decreased

by a value proportional to |X(x)−X(xs)|. Relevance must be larger for features
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that are capable of separating vectors from different classes and vice-versa. The

ReliefF algorithm was an extension to the Relief algorithm that was introduced

to address multiclass problems. The dependence between the class and feature

may be computed using the difference between probability distributions[47] given

K classes. Kolmogrov proposed the difference metric:

DK(X, Y ) =
∑
i

K∑
j=1

|P (yj, xi)− P (yj)P (xi)| (3.4)

This measure resembles a lot the chi-square statistic mentioned previously.

Feature relevance can also be computed using information theory indices. En-

tropy is an information theory measure given below:

H(X) = −
K∑
i=1

P (yi) log2 P (yi) (3.5)

where P(yi) = mi
m

is the fraction of samples x from class yi, i = 1...K.

The importance of the feature can be measured using the mutual information

MI(Y,X) between the target and the feature distributions is larger. Decision trees

use similar metric known as Information Gain.

IG(Y,X) = H(Y )H(Y |X) (3.6)

It is the difference between information in the class distribution H(Y), and

the conditional information [48].

There is no definite answer as to which relevance index is the best. In many

applications simple methods may be chosen, such as the correlation coefficient

The filter method is independent of the algorithm and works very well in high

dimensional settings. It is fast and computationally efficient. Its disadvantage is
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that it disregards the interaction between classifiers while most proposed tech-

niques will consider each feature separately.

3.3 Wrapper

Identifying the best subset of features is very important for the model. While

filter based methods can be used as discussed previously, however it fails to take

into account the interaction between the classifiers. Therefore, if the evaluation

method used employs the predictor architecture for which the features are cho-

sen, the wrapper approach would be more suitable. Wrappers use the ”black

box” assumption to give a score to the feature subset depending on their predic-

tive capability. The wrapper method effectively uses the inductive algorithm to

perform evaluation. Cross-validation is a common wrapper based approach.

This method searches for features which are suited for the learning algorithm

and aims to improve the model performance. Feature evaluation is done using

the accuracy for classification. Moreover, the goodness of cluster is evaluated

using clustering[49]. At the heart of the wrapper methods is the search strategy

of all promising feature subsets. Subsets of features are thereof generated and

evaluated accordingly.

An exhaustive search strategy can be used to find the optimal subset. Nev-

ertheless, it is highly computationally inefficient. Hence, it is not feasible and

rarely done. The Branch and Bound search strategy is another way of searching

for subset of attributes. The strategy is based on the fact that once a subset S

consisting of more than d variables has been evaluated that no subset of it can

be better. This is due to its monotonic nature. Hence the subsets of S do not

need to be evaluated.

25



Sequential selection is suboptimal search strategy introduced as a result of

the infeasible methods discussed above. Sequential pruning was proposed by

Marill and Green [50]. This will be referred to as sequential backward selection.

It initializes the variable set with all features. Variables remaining in the set

are assumed to be pruned. The results of the ’after excluding each variable’ are

obtained and compared using the evaluation function J(·). It ends by pruning the

variable whose removal leads to having the best result. The pruning continues

taking place until a prespecified number of variables is left, or until the results

become very bad.

Sequential growing is another sub optimal search strategy and is similar to

the sequential selection but adds variables at every step. We will refer to this

as sequential forward selection. Initially each candidate feature that is not yet

part of the current set is included into the current set, and the resulting set is

evaluated. The variable whose inclusion has the best evaluation is inserted in the

current set. It continues doing the same until a pre-specified number of variables

is arrived at, or until no further improvement is shown. Typically, this method

is faster than the sequential backward selection.

Several extensions to the main sequential selection processes are proposed.

These include generalized sequential selection. The adding or removal of a set of

g variables at a time is evaluated. When there are nk candidate features left to

be included (excluded). The algorithm does not require as many steps as SFS

and SBS.

Another extension is the Backtracking during search method. The objective

of introducing this method is to counter the nesting effect. The nesting effect

occurs since the feature that was added or removed can not be added or removed

again later. Hence, the nesting effect occurs as bad decision done initially can
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not be adjusted. Every step in this approach is split into two steps. In the first

sub-step, SFS is run to include k variables while the next sub-step implements

SBS to remove or exclude r features. Thus, the steps are reduced to smaller steps

and this lowers the overall complexity.

The extensions discussed above are considered greedy as they seek the best

subsets among the candidates. There might be certain branches missed where

these branches could be useful to the overall result. The Beam search method

maintains a list of the highly important branches. If more subsets are allowed to

keep, then the beam search methods continues searching

The importance of the feature is measured by using machine learning algo-

rithm and applied to each subset feature. The wrapper takes into consideration

the interaction between feature subset search and model selection. The disad-

vantage is that it has a higher risk of overfitting and is more computationally

demanding.

3.4 Embedded

The embedded method doesn’t separate learning and attribute selection, as is

the case with filter and wrapper method. Feature selection can be interpreted

as finding the feature subset that leads to the minimum risk. A binary vector is

used to model the subset. Thus a feature that is in a subset has its indicator set

to 1, and a feature that is absent has its indicator set to 0. The aim is to find a

vector of indicator variables that minimized the expected risk or error.

Embedded methods reflect a form of regularization. They employ a constraint

on the space dimensions. The predictors are parameterized depending on how

much the output is affected by them.
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Given a set of parameter weights θ, the model for Linear classifiers is defined

by: gθ(x) = sign(θTx) or in Linear regression defined by gθ(x) = θTx.

Hence, the following equation represents the L0 norm optimization.

min
w
Loss(gθ) + λ||θ||0 (3.7)

In this equation, ||θ||0 returns the count of non-zero weights[51]. Hence, min-

imizing θ induces a sparse feature set with few non-zero θi’s and a model. The

embedded feature selection performs the selection of attributes within the in-

ducer. Due to the nature of the regularizer, the solution obtained is sparse.

The equation 3.7 has an exponential complexity and is infeasible. Therefore,

the L0 norm is in fact approximated by the L1 norm. The L1 norm is important

as it provides a sparse solution and gives way to a convex optimization problem

so a global optimum is certainly obtained. Furthermore, sparse linear models

may be proposed in the Bayesian context. This is referred to as Relevance vector

machine proposed by Tipping which can be used for classification and regression

as well. The Lasso regression method is another example that can be used as

well.
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Chapter 4

Regularized Logistic Regression

for Yield Analysis

The objective of this chapter is to propose a fast logistic regression based impor-

tance sampling methodology with ordered feature selection to avoid overfitting

and enable regularization. We rely on the importance region search simulations

to build a regularized logistic regression model that is capable of accurately pre-

dicting pass fail criteria for purposes of yield analysis stage. We also propose a

cross-validation-based regularization framework for ordered feature selection. We

later prove the efficiency of the proposed methodology by analyzing state-of-the-

art FinFET SRAM designs. The proposed methodology is comprehensive and

computationally efficient resulting in high-fidelity models. This in turn translates

into accurate yield prediction for the rare fail events. All this comes at significant

savings in runtime. First, we start by giving an overview about some important

concepts related to logistic regression.
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4.1 Motivation

The past decade witnessed extensive utilization of logistic regression. Its applica-

tions were not strictly limited to engineering problems but also business analytics,

the field of medicine, and social sciences [52, 53]. In the context of semiconduc-

tor manufacturing, logistic regression was used to model the fab measurements in

terms of the “binary response for when a chip does or does not have bit failures”

[54] as function of the recorded bit fail categories. Logistic Regression was mainly

developed as a machine learning tool used for the prediction of faults. It is used

to define a model that best represents the relationship between a categorical re-

sponse and a given set of variables [55]. The estimated response or outcome of

the logistic regression is usually binary. Regression be considered as a supervised

learning approach having a discrete or continuous output. In fact, many statisti-

cal modeling techniques are regression based such as ordinary least squares (OLS)

regression and ridge. Logistic regression utilizes the logistic function to map the

outcome of a linear regression into a class label. The model built estimates the

class probability while aiming at maximizing the probability of correct classifi-

cation. In the context of memory yield analyis, we rely on logistic regression to

capture the binary nature of SRAM fails and speed the circuit simulations of the

importance sampling phase as will be explained later in this chapter.

4.2 Logistic Regression Overview

4.2.1 Linear Regression

The past decade witnessed intense interest in the utilization of regression. When

the data is continuous, linear regression is typically selected to model the outcome.
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In regular linear regression, a function f(x) is modelled as a linear combination

of the independent variables vector X [17] according to equation 4.1.

f (X) =
D∑
i=1

θi ∗ xi + θ0 (4.1)

where {θi, i=1,2,3,. . . .,D} are the model coefficients, {X = xi, i=1,2,3,. . .,D}

represents the D-dimensional variability vector, and θ0 represents the constant

term. Given a training set of N sample points with N D, we define:

X =



x
(1)
1 x

(2)
1
· · · x

(N)
1

x
(1)
2 x

(2)
2
· · · x

(N)
2

...
...

...

x
(1)
D x

(2)
D
· · · x

(N)
D


(4.2)

and F = [f (1)f (1) · · · f (N)] where f (j) and x(j) represent the value of f(x)

and x at the jth sample point respectively. N is usually greater than D, and

there will be an overdetermined system of equations to find the best θ using

the training data. The hypothesis function h(θ) is the resulting linear regression

approximate model to f(x) as presented in 4.3, where x0 represents the intercept

term. Ordinary Least Squares is used to find θ and minimize the error between

the obtained hypothesis function h (x) and f(x) for the training data [14].

hθ(X) =
D∑
i=1

θi ∗ xi (4.3)

Hence, the cost function becomes:

J(x, θ) =
1

2N

N∑
j=1

(hθ(x
(j))− f (j))2 (4.4)
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The least Mean Squares (LMS) update rule can be used to find a solution for θ

that minimizes the cost function. Table 4.1, presents the batch gradient decent

approach. α represents the learning rate, and θ0 represents the initial guess for

θ.

Table 4.1: Pseudo Code for batch gradient descent [2].

Line # Code
1. Initialize θ = θ0

2. θk+1
i = θki + α

∑N
j=1 (hθ(x

(j))− f (j)) x
(j)
i

The LMS method is foundational for approaches that aim at solving for the

model parameters in other types of regression including the logistic regression. It

should be also noted that for linear regression, a closed form solution of θ that

minimizes Jθ exists and can be derived according to (5).

θ = (X(T )X)−1X(T )X (4.5)

To avoid overfitting, and enhance the model’s accuracy the regularized linear

regression attempts to solve for a penalized form of the cost function (4.4) [15],

where lp = 0, 1, or 2. Thus, there are three main forms of regularization that are

usually used. These include the L0-norm, L1-norm, and L2-norm regularization.

The L0-norm ensures sparseness by realizing the optimal subset of indepen-

dent variables. On the other hand, it remains NP-hard. The L2-norm which is

simpler, minimizes the magnitude of the parameters. However, it does not ensure

sparse solution in any way.

J(x, θ) =
1

2N

N∑
j=1

(hθ(x
(j))− f (j))2 + λ||θ||lp (4.6)
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4.2.2 Likelihood and Maximum Likelihood Estimation

In this section, we provide the definition of likelihood, as it will be later considered

when studying the metrics for model selection. For a linear regression problem, we

assume that the sample points are independent and identically distributed, and

that the corresponding error vector follows a multivariate Gaussian distribution

conditional on x, then the following relations in 4.7 holds.

fY (yi|X) =
(
2πσ2

0

)−1
2 exp(−1

2

(yi − xiβ0)2

σ2
0

) (4.7)

Where yi represents one sample point, and yi−xiβ0 represents the error term

whose variance is known to be σ2
0. This relation can be generalized to multi-

dimensional linear regression. The likelihood represents how plausible is a set

of model parameter values, given the set of observed data. For the simple 1-

dimensional linear regression problem, the likelihood can be expressed according

to Equation

L
(
θ, σ2

0; y, X
)

=
(
2πσ2

0

)−N
2 exp(−1

2

∑N
i=1 (yi − xiβ0)2

σ2
0

) (4.8)

The parameters θ that maximize the Likelihood function correspond to those

that minimize the sum of squared error. Hence, they coincide with the simple

OLS solution under the assumptions above.

4.2.3 Logistic Regression

Logistic regression, being a popular machine learning algorithm borrowed from

statistics, gained widespread attention and increased utilization in the past decade.

It has been employed not only in engineering problems but also business analytics,
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the field of medicine, and social sciences [56, 57]. In the context of semiconduc-

tor manufacturing, logistic regression was used to model the fab measurements in

terms of the binary outcome representing a chip exhibiting or not exhibiting bit

failures” [58] as function of the recorded bit fail categories. Logistic Regression

was mainly developed as a statistical analytical tool used for fault prediction.

Logistic regression is mainly used to build a model that best describes the rela-

tionship between a categorical response and a given set of input variables [59].

The model is indeed is not a straightforward classifier. The output of the model

represents a probability which is in turn used to determine the outcome. The final

outcome approximated by the logistic regression based model is usually binary.

To enable this, the logistic regression hypothesis function, h(x), therefore, returns

a probability value that determines whether the output is 0 or 1 as indicated in

equations 4.9 and 4.10 [59].

hθ(x) = g(θTx) =
1

1 + e−θT x
(4.9)

y =

1 hθ(x) > 0.5

0 hθ(x) ≤ 0.5
(4.10)

g(z) is the sigmoid function which returns a probability value that is typically

between 0 and 1, x is a feature vector of size (n+1), θ is a weight vector that

has the length (n+1). The value of the weight vector is chosen such that it

maximizes the log-likelihood function as follows.

1. The probability of a given sample point given θ is represented by equations

(4.11, 4.12) below.  p (y = 1|x; θ) = hθ(x)

p (y = 0|x; θ) = 1− hθ(x)

(4.11)
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p (yi|θ) = hθ (x)yi (1− hθ(x))(1−yi) (4.12)

2. The likelihood function for all the sample points is the product of the sin-

gular sample point probabilities across all the sample points.

L (θ; y, X) =
N∏
i=1

p (yi|θ) (4.13)

3. As such, we solve for θ that maximizes the log-likelihood function derived

from (4.13) as indicated in (4.20).

l (θ) =
N∑
i=1

log(hθ(x
(i)).y(i)) + log(1− hθ(x(i))).(1− y(i)) (4.14)

This would be similar to minimizing a cost function J(x; θ) = −l(θ), which

is also defined as follows in literature.

J (θ) =
1

N

N∑
i=1

(
Cost(hθ(x), y

)
) (4.15)

Cost(hθ(x), y) =

 − log(hθ(x)) if y = 1

− log(1− hθ(x)) if y = 0
(4.16)

No closed form solution exists for θ. The solution can be obtained using

the Newton’s method or the stochastic gradient descent rule as shown in

equation 4.17 [60]. This method behaves in a similar manner to the batch

ascent rule in linear regression. The update is applied to each sample point,

the function hθ is not linear, and it is based on δ
δ(θj)

l(θ). This somehow
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resembles the LMS method.

θk+1
j = θkj + α

(
y(i) − hθ (x)(i)

)
x

(i)
j (4.17)

4.2.4 Logistic Regression Alternate Formulation and Model

Building

Logistic Regression was mainly developed as a statistical analytical tool used for

fault prediction. Logistic regression can be used to build a model that describes

the relationship between a categorical response and a given set of input variables

[58]. Thus, givenN sample points for a D-dimensional variable vector x= {xj; j ∈

[1, D]}, and a categorical response y representing pass/fail criteria for a specific

performance metric, the logistic regression hypothesis function, hθ(X), returns a

probability value that determines whether the output is 0 or 1 as indicated in

equations (4.18) and (4.19) below [58].

hθ(x) = g(θTx) =
1

1 + e−θTx
(4.18)

y =

1 hθ (x) > 0.5

0 hθ (x) ≤ 0.5
(4.19)

g(z) is the sigmoid function which returns a probability value that is typically

between 0 and 1, and θ is a D-dimensional weight vector whose value is chosen

such to maximizes the log-likelihood function.

l (θ) =
N∑
i=1

log(hθ(x
(i)).y(i)) + log(1− hθ(x(i))).(1− y(i)) (4.20)
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The function hθ is not linear, and no closed form solution exists for θ. several

optimization methods can be utilized to solve for the maximizing a-posteriori

parameter estimate. These methods typically rely on Newton’s method or the

stochastic gradient descent rule in an iterative manner.

The authors in [61] proposed a Newton based Iterative Reweighted Least

Squares (IRLS) method to efficiently solve for the logistic regression model pa-

rameters. Their formulations relies on the categorical function y ∈ [−1,+1] and

the following alternate representation of the likelihood function:

min
θ

N∑
i=1

− log p(y(i) |x(i); θ) (4.21)

where p(y(i)|x(i), θ) = g(y(i)θTx(i)) Their approach relies on three key elements:

1. The gradient, grad

grad(θ) = ∇θ(lθ) =
N∑
i=1

(1− g(y(i)θTx(i)))y(i)x(i) (4.22)

2. The diagonal matrix Λ, with diagonal elements Λii defined as function of

θ(k), where θ(k) is the solution of θ at iteration k as will be explained next.

Λii = g(θ(k)Tx(i))(1− g(θ(k)Tx(i))) (4.23)

3. The Hessian matrix H which is given by the following equation, where X is

an (NxD) matrix as illustrated below.

H(θ) = −XΛXT (4.24)

XT =
[
x(1)x(2) · · ·x(N)

]
(4.25)
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At every iteration, the approach solves for a step direction by relying on Taylor

series expansion as a quadratic approximation to the logistic regression cost func-

tion. Thus, assuming that θ(k) represents the current solution in the kth iteration,

the closed form solution for the step direction can be obtained as follows [61].

γ(k) = θ
(k)

+H−1θ(k)grad(θ(k)) (4.26)

The solution for θ(k+1) can then be obtained via Newton’s method via a line

search according to [62], where t is a step size parameter that can be found via

line search as will be explained later.

θ(k+1) = (1− t)θ(k) + t(γ(k)) (4.27)

Relying on equations, (4.22), (4.24) and (4.23), it has been shown that the

solution for the step direction, γk, is equivalent to that of solving a weighted least

squares (LSQ) problem. By substituting H(θ(k)) from (4.24) and grad(θ(k)) =

XΛ(z −XT θ(k)), where, z is defined in (4.28), Equation (4.26) becomes (4.29).

z(i) = x(i)T θ(k) +
[1− g(y(i)θ(k)Tx(i))]y(i)

Λii

(4.28)

γ(k) = (XΛXT )−1XΛz (4.29)

which in turn is the solution for the LSQ problem stated below.

γ(k) = arg min
γ
||(Λ

1
2XT ) γ − Λ

1
2 z||22 (4.30)
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4.3 Overfitting and Regularization Regression

William of Ockham, in the 14th century, first made ”the law of briefness” well

known. He wrote in Latin: “More things should not be used than are necessary”

[63]. Overfitting is when the statistical model has a large number of parameters

more than what is really needed to represent the data. A highly overfitted model,

can provide a good training error since all data points are satisfied. However,

when applied to test data, the error is typically higher for an overfitted model

since it over-interprets the data. In the example of the figure presented below, the

model simply passes through all training data points. Underfitting is when the

parameters do not completely represent the data, as is the case with the average

model presented below. Regularization is used to enhance the accuracy of the

model and address the overfitting problems. Regularized regression works out

a “penalized” cost function for the purpose of identifying the proper parameter

vector. There are three main forms of regularization: L0-norm, L1-norm, and

L2-norm regularization. In the case of the ordinary linear regression, where

ŷ =
n∑
j=1

θj ∗ xj (4.31)

Lp-norm regularization is of the form 4.32, where lp=0, 1, or 2.

min
θ

1

m

m∑
i=1

(yi − ŷ (x, θ))2 + λ| |θ| |lp (4.32)

L0-norm attempts to find the optimal subset of selected features required for

the model; it ensures sparseness, however the formulation is NP-hard [64]. The

L1-norm intends to zero out weights, i.e., induce sparseness, and can be ap-

proximated. The L2-norm optimization problem is simpler and minimizes the
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amplitude of the weights; however, it does not enforce sparseness. For logistic

regression, J (θ) becomes for lp=2:

J (θ) =
1

2m

m∑
i=1

(
Cost(hθ(x), y

)
) + λ

n∑
j=1

(θj)
2 (4.33)

Figure 4.1: : A simplified illustration of (a) overfitting: model passes through
all training points requiring a large number of parameters parameters, versus (b)
underfitting: a single parameter (the mean) is used to build the model[3]

4.4 Proposed Regularization Framework for Fast

Importance Sampling

The typical Importance Sampling flow relies on two phases. The first employs

uniform sampling to search for the center of gravity and the second generates im-

portance samples to estimate the yield. Both stages employ circuit simulations to

evaluate the performance metric for the design understudy. Those two stages can
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be summarized by the highlighted blocks of Figure 4.2. In the proposed approach

we rely on regularized logistic regression to build a model for the design metric

which can be used to predict the performance metric for the importance sample

stage and hence avoid extensive use of circuit simulations.This is summarized

in the dashed block of Figure 4.2. The figure thus presents an overview of the

flow diagram of the proposed methodology which is based on two major steps.

For the first step, we normalize the quadratic feature vector for phase 1 data,

and build the corresponding regularized logistic regression model to obtain the

corresponding model parameters θ crit. For our regularization we rely on cross-

validation and ordered selection of the feature vector as will be discussed next.

The developed model is then used to estimate the response for phase 2 sample

points eliminating the need for further circuit simulations. Note that the phase

2 data subspace is a subset of phase 1 data space as the uniform data varies all

the parameters between +/-6 standard deviations. Accordingly, the model built

using phase 1 should be applicable to phase 2 data.

4.5 Proposed Regularization Framework-Heuristics

Based Approach

Traditionally feature selection is performed via forward, backward, or subset

selection methodologies. Figure 4.3 presents the flow for a forward selection

model building approach. Others have relied on injecting non-relevant random

features to aid in the feature selection. For Linear regression L1 and L0 norm

regularization are utilized. In order to eliminate the non critical feature weights,

we relied on heuristics to solve the otherwise complex L0-norm regularizations.

In [62], the authors convert the L1-norm regularized logistic regression to an
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Figure 4.2: Methodology Flow Diagram [1]

L1-constrained iterative least square problem. We will elaborate more on these

approaches in the following sections. The authors in [65] rely on local derivatives

to identify features which lead to cost reduction that outweighs the penalty of

the feature weight.

Herein, we introduce the following two-step heuristic approach based on or-

dered feature selection for the model building in phase 1 as illustrated in Figure

4.4 and stated below.

1. Initialization and Building: In this step, we build the initial model based

on logistic regression. Order the normalized feature criticality based the
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Figure 4.3: Basic feature selection approach.

Figure 4.4: Proposed Heuristic Approach.
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resultant θ value.

2. Cross-validation based Search: In this part, for every iteration j, we use

the top j critical variables based on the ordering step 1. We build a logistic

regression model without regularization and track the test set error. We

find the best set of critical features based on iteration corresponding to the

minimum cross-validation error.

The pseudo-code for the proposed methodology is presented below. We normalize

data for model building and feature ranking. We perform cross validation over j

most critical variables to identify the best feature vector and corresponding θcrit.

Finally, we use θcrit to predict the second phase ŷMIS and compute the yield using

ŷMIS. We define three sub functions.

1. quadMap: represents the transformation as illustrated in 4.34, where pij

represents a process variation parameter, i represents the sample number,

and j represents the feature index; quadMap results in linear, quadratic and

interaction terms.

X =



p11 p21 · · · p2
11 p2

21 · · · p11∗p21
· · ·

p12 p22 · · · p2
12 p2

22 · · · p12∗p22 · · ·
...

...
...

...
...

...

p1m p2m · · · p2
1m p2

2m · · · p1m∗p2m · · ·


(4.34)

2. buildLogistic: solves for according to 4.6.

3. predictLogistic: predicts y according to 4.10
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Algorithm 1 Yield Estimation Methodology [1]

Parameters Given process variation and response vectors Puni, Funi, and
PMIS

Initialization

1: Generate Yuni, Xuni ← quadMap(Puni) using 4.7, 4.8 and 4.9
2: Generate mean µXuni and σXuni for Xuni

3: Normalize uniform feature Xnuni =
Xuni− µXuni

σxuni

4: Generate θinit = buildLogistic(Xnuni , Y, λ)
5: θsort ← sort(θinit), andIdx|{θsort,i = θinitIdx, i}

Phase 1 – Model Building: Phase1 data

6: for j = 1 : size(θsort) do
Perform Cross Validation over j first critical vars

7: Xcrit ← Xnuni (Idx(1 : j)))
8: for K = 1 : 4 do
9: Data sets:{Xcrittest , Ytest}K , {Xcrittrain, Ytrain}K
10: θK,j←buildLogistic({Xcrittrain, Ytrain}K , (λ = 0)
11: ErrorK,j ←predictLogistic(Xcrittest , Ytest, θK,j)
12: Errorj ←avg(ErrorK,j)
13: if Errorj < min then
14: min = Errorj
15: count = 0
16: numcriticalvars← j
17: Xcrit ←Xnuni(Idx(1 : j))
18: θcrit ←buildlogistic(Xcrit, Y, λ = 0)
19: else
20: count=count+1
21: if count > 4 then
22: break
23: end if
24: end if
25: end for
26: end for

Phase 2 – Importance Sampling and Yield Prediction (Phase 2 data)

27: Generate XMIS ←quadMap(PMIS) based on4.7, 4.8

28: Normalize to model XnMIS
=

XMIS−µXuni
σxuni

29: ŷMIS = predictLogistic(XnMIS
, θcrit)

30: Ŷ ield← Y ield(PMIS, ŷMIS)
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4.6 Cross Validation

Cross-validation is used as a means to estimate the model error. The average

model error can then be used to select the best model as a means to avoid

overfitting. Typically, when studying the model error; we split the data set

into a training set and test set. In K-fold cross validation the given data set

is split into K-sets. Regression is performed K-times. Each time regression is

performed, K-1 sets are used for training to build the model, and one set is used

to test the model error. The average error obtained from the K-errors is the

overall modeling error [11]. There is a trade-off in the choice of K. The authors

in [4] indicate that for real-word datasets the best method to use for model

selection is ten-fold stratified cross-validation even if computation power allows

using more folds. Typically, large K values help reduce the bias of overestimating

the model error; this however, increases the runtime compared to small K values.

On the other hand, small k values demonstrate reduced model stability due to

the increased size of the perturbation in the data set [4]. For our purposes,

we are using the estimated error to decide on the best model for purposes of

model reduction. Hence, we are comparing among different models. For the sake

of reduced runtime, we relied on 4-fold cross-validation as indicated in Fig.4.5.

Other metrics exist in literature for proper model selection that do not require

multi-fold simulations. These introduce significant savings in runtime. These

include AIC/BIC and Mallow’s Cp [66, 67, 68, 69]. Some include bias for logistic

regression, and some were adjusted to reduce this bias. Exploring these metrics

will be part of our future work as will be discussed next.

The Kull-back Liebler divergence can tell us the distance between a real dis-

tribution and a model distribution. The likelihood states the probability of a
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Figure 4.5: Example of 4-fold cross validation[4]

dataset given the model parameters. Since for most data sets we do not know

the real life distribution/model, Akaike proposed in [66] a specialized metric,

Akaike Information criterion (AIC), to extract information about how close a

given model would be to the real unknown one compared to other competing

models. In other means it is a measure of the quality of the model. Several crite-

rion have been proposed since then in order to identify the best statistical model,

such as BIC(Bayesian Information Criterion), SIC(Schwartz criterion), FIC, and

DIC. The most popular though are AIC and BIC.

4.7 AIC BIC and Corrected AIC

AIC was first introduced in [66] as a means for determining the best models

among a set of candidate models. The AIC was established by Akaike to provide

an unbiased asymptotic estimator to the expected Kullback-Liebler information
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that is used to compare two models even if they have different dimensions. His

goal was to provide an approximation of the data lost when a statistical model

is chosen to represent the model used to generate data. Akaike thus identifies an

entropy measure to capture this info. The main principle derived based on the

maximum log-likelihood expression in 4.35 [70].

E
(

log
(
f (X| θ̂

))
= E(

∫
f (X| θ) log(f (X| θ̂)) (4.35)

Where represents the set of estimate of the parameter θ with probability density

f (x|θ).

Where θ̂ represents the set of estimate of the parameter θ with probability

density f (x|θ). AIC was very appealing to statistician since the concept relies

on the maximum likelihood which is very amicable to statisticians. Enhancing

the likelihood, however, may occur by overfitting, and AIC relies on a penalty to

resolve this issue. In fact, AIC represents a form of penalized likelihood criteria

as follows. AIC is minus twice a penalized log likelihood value as in equation

: where L represents a maximum likelihood function over the parameters for a

certain model, and k represents the dimensionality or cardinality of θ.

AIC {f (.; θ)} = −2ln
(
L
(
θ̂
))

+ 2 ∗ dim (θ) = −2lmax + 2 ∗ k (4.36)

Where k is the number of parameters in the model. The best model is referred to

as the model having the lowest AIC value. In general, AIC tends to overfit; this

is based on simulations when the true model is known [71]. It is usually preferred

for complex models yet less appealing for simple ones [68]. Bayesian information

criterion, to be discussed next, puts a higher penalty, and accordingly it has

been shown that it is better when the true model is available. Furthermore, a
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corrected version of AIC, AICC , has been shown to be better than BIC in the

absence of the true model [72]. For linear regression, it has been closely related

to the leave-one-out cross-validation.

BIC: Bayesian Information Criterion or Schwartz information criterion is a model

selection criterion. It is based partly on the likelihood and very similar to the

previously discussed AIC. It can be computed as follows:

BIC = ln (n)k − 2 ln
(
L(̂θ)

)
(4.37)

The BIC criterion has two main drawbacks:

1. The approximation is valid when the number of sample points is much

larger than k which is the number of parameters in the model.

2. It has been shown by simulation that it can’t handle complex collection of

models as in variable selection. It behaves as an approximation to Bayes

Factor which in turn is similar to the likelihood ratio test yet with the

ability to account for a penalty term that represents the complexity of the

model structure. [68]

Corrected AIC: It was later observed that the AIC has a tendency to overfit

and several authors attempted to address this issue by proposing a more

reliable or new version of the original Akaike criterion. Hurvish1991 [71]

proposed bias correction. For a normal linear regression, or autoregressive,

AICc criteria can be more generally defined as follows:

AICC = 2 logL
(
θ̂
)
− 2ndim(θ)

n− dim (θ)− 1
= AIC− 2dim (θ) (dim (θ) + 1)

n− dim (θ)− 1

(4.38)

The authors in [73] propose another format of AICc that is more suitable
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for logistic regression and is defined as shown below.

CAIC = −2l
(
β̂; y
)

+ 2r +
1

n
(â1 + â2 + â3) (4.39)

Finally, it is worth noting, that all of these metrics and the Cross-validation

methods help the selection to happen among a set of suggested models.

With no guidance, one must exhaustively test all possible model options.

With more computational power on hand, it is possible to do this exhaustive

search for a large number of variables. Alternatively, the discussed metrics

can be utilized to judge onto the best models via the proposed heuristic

approach for parameter selection or guided L1-regularized solutions.
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Chapter 5

Group LARS Iterative

Reweighted Least Squares

Methodology

Classifiers are the workhorse for many machine learning applications. Iterative

reweighted least squares methods have been employed along with Least angle

regression for efficient L1-regularized logistic regression solutions. In this section,

we propose an efficient L1 regularized logistic regression methodology with ap-

plication to importance sampling based rare event estimation. At the core lies

a Group LARS-based methodology that tracks Newton’s step direction solution

evolution from one round of the solution to another and employs weighted direc-

tions to efficiently solve for the underlying L1-constrained iterative least squares

problem. It thus exploits Group LARS inherent ability to handle groups of vari-

ables to benefit from the natural evolution of the solution as it searches for the

best model and critical number of features. When applied to the yield modeling

of a 14nm FinFET SRAM design, our results demonstrate significant speedup
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for Group LARS iterations compared to pure LARS based approach very high

accuracy compared to pure circuit-simulations based methodology.

Herein, we present a Group-LARS IRLS methodology for efficiently solving

the L1-regularized Logistic regression problem presented in (5.1).

min
θ

M∑
i=1

−logp(y(i)|x(i); θ)

s.t. θ1 ≤ C

(5.1)

5.1 Least Angle Regression (LARS) Overview

Given a N -dimensional feature matrix X, and an N × 1 performance metric

response vector F , the L1-regularized least squares problem (LSQ) is:

min
θ
||XT θ − F ||

s.t. ||θ||1 < C

(5.2)

where θ is the D-dimensional model parameter vector for the LSQ regression.

Parameter C is typically unknown and finding its optimal value is expensive

[74]. k-fold cross-validation has instead been used along with LARS to solve the

L1-regularized problem and determine the best model with the minimum Cross-

Validation Error (CVE) [75]. LARS first finds the most correlated variable with

the response. It then finds the maximum step along the equiangular direction

such that another variable has as much correlation with the residual as the current

variable, and proceeds to identify the next critical variables accordingly. LARS

hence recursively finds the solution upto a maximum number of features, and can

be best described as follows:

1. Initialize residual vector r0 = F , the active set I0 = Φ, and the model
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parameters θj = 0, where j ∈ [1, D].

2. Calculate the correlation vector ci = XT
IC ∗ ri−1

3. Ii = Ii−1 ∪ xbest; add the feature with max correlation

4. Find the direction vector s.t. XT
I XIdi(I) = sign(ci(I))

5. Calculate step si in function of (ci, XI ,di) along di

6. Update θi = θi−1 + si ∗ di

7. Update ri = ri−1 −XI ∗ θi

8. Go to 2 until a max number of desired features is met

5.2 Revisiting IRLS-LARS

The authors in [62] handle the regularization by relying on LARS to solve equa-

tion an L1 constrained version of (4.30):

min
γ
||Ωγ − F ||

s.t. ||γ||1 < C

(5.3)

where Ω = Λ
1
2XT and F = Λ

1
2 z. Since Ω is a scaled version of XT , features

selected by LARS on Ω reflect respective features in X. Thus, for a desired

number of features n, they

1. Set initial parameter vector θ
(0)
n = 0

2. Iterate until convergence on θ
(k)
n

(a) Update Ω, and ∇ using (4.23) and (4.22)
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(b) At each step solve step direction γ(k) in (5.3) using LARS upto n

non-zero elements

(c) Update θ
(k+1)
n ∼ (4.27) using backtrack method [76].

Thus, for fixed n, at each nonlinear iteration, k, γ(k) is solved for through LARS

over n iterations of steps 2-8 of Section 5.1. This is repeated as we sweep n

and solve for the nonlinear optimization in the effort to find the best model and

critical number of features that minimize the CV error. As such, step 2b will be

invoked many times resulting in updating γ(k) via LARS (
∑mNF

i=1 i) times each

invoking i LARS iterations, where mNF is the the maximum number of desired

features. This results in a quadratic complexity in mNF rendering the cross-

validation expensive. We propose, herein, a Group-LARS based IRLS approach,

IRLS-GroupLARS, for enhanced efficiency for the regularized Logistic regression

problem.

5.3 Proposed Group-LARS based IRLS

Figure 5.1 presents the flow diagram for the proposed IRLS-GroupLARS. At the

core, we employ an adjusted Group-LARS methodology [77, 78] to efficiently solve

for the linearized objective function. We exploit GroupLars’s inherent ability to

handle groups of features simultaneously in order to reduce the number of required

direction vector solution iterations while solving for the nonlinear problem. First,

we provide an overview of Group LARS.

Group LARS Overview

Given a linear regression problem, Y =
∑J

j=1 Xjβj + ε, where XJ represents

an N × pj matrix corresponding to the jth factor (group of variables) and βj
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represents a parameter vector of size pj and j ∈ [1, J ]. This formulations presents

itself as a representation of the simple linear regression problem Y = Xβ+ε where

X = (X1, X2, ..., XJ), and β = (β1, β2, ..., βJ). Group LARS enables selecting

important factors or groups of variables. Similar to LARS, all parameter vectors

β are initially set equal to zero vector. When the factors have equal sizes, Group

LARS initially finds Xj having the smallest angle/largest projection with Y,

||XjY ||22. It then proceeds in the direction of the projection of the response

vector on the space defined by the factor Xj until, and determines a step along

this direction such that some other factor has ”as small angle” with the residual.

When the factors have different sizes, pj, Group LARS algorithm relies on the

weighted projection of the residual on the factor ||Xjr||2/pj for the factor selection

[77, 78]. The IRLS-GroupLARS approach proceeds as follows.

1. critGroup=[]

2. for n = 1 : maxNumDesiredFeatures

(a) Set θ
(0)
.,n = 0

(b) Iterate until converge on θ.,n solution

i. Update Ω, F and ∇ using (12)-(14)

ii. At each step solve step direction γ(k) in (5.3) using GroupLARS(Ω,

F , critGroup) and find next best variable index j∗

iii. Update θ
(k+1)
.,n relying on back track line search method that deter-

mines a step update for the Newton method based on the Logistic

regression cost function using θ
(k)
.,n , γ(k), ∇, X and Y as indicated

in Algorithm 3 at a given iteration.

(c) update critGroup = critGroup ∪ j∗

55



As such, we pass the critical group indices, critGroup, as a single factor, from

one round of solving the nonlinear problem at a specified number of features n

to another. At the end of each round, critGroup is appended with the next best

variable. For example, at the end of round n − 1, critGroup has the best n − 1

variables. Thus, at round n, the proposed algorithm invokes only two iterations

of the adjusted Group LARS in Algorithm 2 when solving for the step direction

γ(k) for a given θ(k):

• In the first iteration, the algorithm handles critGroup as one factor, whose

size is n− 1 based on the previous round and determines its corresponding

step s by determining the next factor, j∗, from the pool of factors of size one

in ’Ω-critGroup’ representing the remaining variables similar to lines 9-10 of

Algorithm 2. Note that at this stage, Ω and F represent the respective input

features and response vectors. The algorithm, then proceeds to determine

β for critGroup and updates the residual accordingly.

• In the second iteration, the algorithm finds the step, s for j∗ from the

previous iteration through identifying the next one dimensional factor in

’Ω- critGroup-j∗’ that has equal weighted correlation as j∗. It then updates

β and returns it as the solution to the main algorithm step direction γ along

with an updated factor group, Il, corresponding to the union of critGroup

and j∗.

The step direction γ is then used to solve for the linearized objective function,

and the iterations per round proceed until we converge on the solution for θ.,n.

Then, at the end of this round, critGroup is updated with the latest factor group

returned from GroupLars to include the old critGroup and j∗. For the next round

again, at each iteration when solving for θ
(k)
.,n+1, we invoke Group LARS using the
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new critGroup to solve for γ(k) as discussed above.

Initialize n-D ϴ=0 

Build LSQ Problem @ ϴk

Λii= g(θ(𝑘)x(i))[1− g(θ(𝑘)x(i)]

zi =x i 𝑇θ(𝑘)+ 
[1−g(yiθ(𝑘)x(i))]yi
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Figure 5.1: Methodology flow diagram [5].
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Algorithm 2 IRLS-GroupLARS [5]

Input X: Input Features, Y : Labels
Output Best model with lowest Cross-Validation Error

1: function modGroupLARS(X ,Y, critGroup)
2: if critGroup = [] then
3: critGroup = maxj ||XT

j Y ||22
4: end if
5: Initialize r0 = Y, l = 1, Il = critGroup, βl−1 = 0
6: Compute the least squares direction vector d with
7: dIlc = 0, and
8: dIl =(XT

Il
XIl)

−1 XT
Il
∗ rl−1

9: Find minimum step s∗ = min(sj) where s ∈ [0, 1]
s.t. normalized squared correlation due to any of the active
groups j′ ∈ XIl equals the normalized squared
correlation due to one of the groups j ∈ XIl

c

10:
||XT

j (rl−1−sjXγ)||22
pj

=
||XT

j
′ (rl−1−sjXγ)||22

p
j
′

11: Update Il+1 = IlU{j∗}
12: Update βl = βl−1 + s ∗ d
13: Update rl = rl−1 - X ∗ βl
14: if l == 1 then
15: l = l + 1
16: Go to step 6 to find the next candidate
17: else
18: return Il, βl
19: end if
20: end function

21: // Begin Cross-Validation
22: Repeat Lines 25-37 for each CV iterations
23: Return number of features corresp. to min CVE error
24: critGroup=[]
25: for n = 2 : maxNumDesiredFeatures do
26: Set θ

(1)
.,n = 0

27: for k = 1 : maxNiters do
28: Find Λ, ∇ and z ∼ (4.23), (4.28), (??) using θ

(k)
.,n

29: Set Ω = Λ1/2XT , F = Λ1/2z
30: [In, γ

(k)]=MODGroupLARS(Ω, F , critGroup)

31: θ
(k+1)
.,n =BackTrackLineSearch(θ

(k)
.,n , γ(k),∇ ,X, Y )

32: Check for convergence of θ
(k+1)
.,n to break

33: end for
34: critGroup = In, θ.,n=θ

(k+1)
.,n

35: return CV E(n,b) // b is the CV iteration
36: end for 58



Algorithm 3 Backtrack Line Search Method [5]

1: function BacktrackLineSearch(θ, γ, ∇, X, Y)
2: [N D]=size(X)

3: fk =
∑
log(1 + e−Y θ

(k)TX)
4: Define Constants c= 0.5, β =0.8 // β ∈ [0, 1]
5: Initialize t = 1
6: θ(k+1)=θ(k)(1-t)+ tγT

7: fk+1 =
∑

(log(1 + e−Y θ
(k+1)TX)

8: while ((fk + ct∇Tγ − θ(k)) < fk+1) do
9: t = β * t
10: θ(k+1)=θ(k)(1-t)+ tγT ;

11: fk+1 =
∑

(log(1 + e−Y θ
(k+1)TX)

12: end while
13: end function
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Chapter 6

Data Imbalance Handling

Approaches for Accurate

Statistical Modeling

Data imbalance can impact the fidelity of a classifier. We rely on advances in

data imbalance handling techniques for machine learning applications to propose

an enhanced fast statistical analysis methodology. Particularly, we employ data

handling techniques in the context of a logistic regression based importance sam-

pling methodology for accurate statistical modeling of rare fail events in memory

designs. We demonstrate that for purposes of achieving conservative yield es-

timates, the synthetic minority oversampling technique outperforms other data

handling methods and portrays the best model recall and precision rates. We

report significant reduction in the number of False Negatives compared to im-

balanced data set based approaches. We also report on average a low relative

error rate in the yield estimate for the balanced data set-based modeling ap-

proaches compared to the imbalanced data set-based approaches. These results
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were verified on state-of-the-art industrial FinFET SRAM designs.

The objective of this chapter is to give a general overview about data imbal-

ance and dive into some of the important techniques typically used to achieve

this. A data balancing scheme is also presented and later on evaluated in the

results section.

6.1 Motivation

Existing machine learning methodologies have achieved major successes in many

fields. However, imbalanced datasets posed a major challenge for machine learn-

ing techniques. The imbalance problem was mainly encountered in areas such

as fault diagnostics, fraud detection, and intrusion detection. An imbalanced

dataset is characterized by having the number of points in one class not almost

equal to that of another class [79]. The prediction accuracy of the model is af-

fected by the imbalance. When using imbalanced data to learn a model, three

main problems arise accordingly. These are improper evaluation metric for the

model, small number of data points belonging to the minority class, and resultant

weak classifiers [80, 81, 82] There are two main types of approaches that have

been proposed to tackle this issue and these are: algorithmic approaches and data

approaches. Algorithmic approaches rely on performing adjustments at the heart

of the algorithm. For example, improved boosting was an algorithmic approach

proposed by [83]. Data approaches, on the other hand, utilize resampling tech-

niques to pave way for balancing the classes before learning the model. These

resampling techniques can be classified to undersampling and oversampling tech-

niques. Undersampling methods aim at achieving lower sample points for the

majority class whereas the oversampling method aims at having more sample
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points in the minority class. Herein, we focus on 50/50 balanced data sets. Weiss

and Provost [84] also discuss that the ideal class distribution depends a lot on

the learning algorithm used. We will employ different ratios in our experiments

in later chapters when evaluating SVM approaches. Herein, we start out discus-

sion by discussing data based balancing techniques and its application to logistic

regression-based SRAM yield modeling.

6.2 Data Balancing Techniques: Explicit

6.2.1 OverSampling Methods

Oversampling methods create new samples by oversampling the minority class.

We discuss three main methods for oversampling.

Random OverSampling (ROS) is an oversampling approach that generates

data by generating random copies of the original minority sample points. It

implements oversampling of the minority class until there data points from the

minority class as much as there are from the majority class [85].

Synthetic Minority Over-sampling Technique (SMOTE) is another popular

oversampling method that was introduced in [86]. The method is particularly

useful for applications targeting mining for rarity such as fraud detection[86].

For each sample point in the minority class, xj, a new synthetic minority point

is generated using xj and one of its k minority nearest neighbors, xnn, based on

a predetermined oversampling rate as shown in Figure 5.

Borderline-1 SMOTE is also another important oversampling methods. It

aims at emphasizing the minority class sample points near the boundary region

[87]. Hence, the ordinary SMOTE method is implemented only to borderline mi-

nority sample points. These are the class sample points whose nearest neighbors
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Majority sample point
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Neighbor Minority point

Synthetic Minority point

Figure 6.1: Synthetic sample point generation (golden triangle) or a specific
minority sample point (bold line) using SMOTE [6].

include some majority points.

6.2.2 UnderSampling Methods

These methods aim at lowering majority class sample points. Random Under-

Sampling (RUS) method randomly removes points from the majority class until

the number of sample points is the same as that of the minority class [85].

The NearMiss-2 method is another undersampling technique that eliminates

those points from the majority class that are nearest to the minority class [88].

This is determined based on an average distance metric that is computed with

respect to the three farthest minority points. The method was shown to perform

better than other versions.

6.3 Proposed Data Balancing Logistic Regres-

sion Based Method

Given the design performance metric f(x) and f0 is the corresponding critical

value that sets the pass/fail threshold for the design, and I(x) is the indicator
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Algorithm 4 Smote Pseudo Code (adapted from [89])

1: procedure Smote(Xmin, N, k) {Returns N
100
∗ T xsyn sample points} {Xmin

is the set of the T minority sample points to be smoted}
2: if N < 100 then
3: Randomize the T sample points
4: T = (N/100) ∗ T
5: N = 100
6: end if
7: N = (int)(N/100)
8: Xsyn = {}
9: for i = 1 to T do
10: find k nearest minority neighbor points {Xnn}i for the ith sample point
11: Xsyn ← Xsyn ∪ GenerateSamplePoints(N, i, {Xnn}i)
12: end for
13: end procedure

function defined below.

I(x) =

0, pass (f(x) < f0;x ∈ Rn)

1, fail (f(x) > f0;x ∈ Rn)
(6.1)

In the event of rare fail event problems, Monte Carlo needs an infeasible large

number of sample points to capture the fail probability accurately. Importance

sampling as discussed in chapter 2 relieves this issue by distorting the natural

distribution to bias the sampling more towards the fail region [90].

Figure 6.2 presents the proposed methodology flow diagram. For Importance

Sampling, uniform sampling is employed in the initial phase to determine the

importance sampling distribution and fit the logistic regression model. The pro-

posed approach uses a regularized logistic regression model in the importance

sampling second stage to accelerate the simulations as in [1]. It exploits the uni-

form sampling stage to build this model. In the field of memory design, rare fail

events are of particular interest. It appears that the number of failing points in
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the uniform sample stage is relatively small as compared to the total number of

samples as will be illustrated in Figure 6.3 and 6.4. Importance sampling shift

center computation is unaffected by this, since it is computed as the center of

gravity (mean) of the failing points. Typically a few fail points are enough to cal-

culate the center of gravity. However, this class imbalance originally presented in

the dataset can impact the model performance and disrupt the logistic regression-

based classification. As a result, the final yield estimate will also be affected. In

fact, Figure 6.3 shows a theoretical example that is further complemented by real

circuit simulations in Figure 6.4 and together both figures show that there is clear

imbalance between the number of majority passing and minority failing sample

points created in stage 1 for rare fail events. Furthermore, Figure 6.4 shows that

the ratio of minority samples to the total number of sample points, obtained in

the first phase, can drop to few percent for designs with yield values in range of

4-6 sigma. As such, the proposed methodology employs a data balancing scheme

that can enhance the emphasis of the model on the minority class without af-

fecting the majority. Our aim is to improve the recall rate of the model, i.e., the

ability of capturing all fails correctly while maintaining good precision.
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Figure 6.2: Methodology Flow Diagram [6].

Figure 6.3: Fail Region (shaded). The ratio of the non-shaded to shaded region
reflects the ratio of the number of majority sample points (pass points) to minority
sample points (fail points) and was used to compute the theoretical ratio in Figure
6.4 [6].

66



Figure 6.4: The ratio of minority ‘failed’ sample points to the total number of
sample points, obtained in stage 1, can drop to few percent for designs with yield
values in the typical ranges of interest. The utilized SRAM cell cross-section has
a plurality of random variables [6].
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Chapter 7

Best Balance Ratio Ordered

Feature Selection Methodology

for SVM applications

Recently, machine learning yield models for Integrated Circuit (IC) have gained

widespread prominence in the EDA community, and are very promising in terms

of emulating memory design functionality and thereby speeding up circuit sim-

ulation based variance reduction methods. A main challenge that arises in this

area is class imbalance that occurs naturally due to the high targeted manufac-

turing yield. Thus, the imbalanced nature of the sampled memory datasets can

compromise the model performance.

Support vector machines lends itself as a supervised machine learning tech-

nique that is well-known for its generalization capabilities and efficiency. Several

works have targetted regularization and data imbalance in the context of SVM.

These include implicit methods that jointly address regularization and balancing.

In this work, we attain deep insights into the memory classification problem for
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modeling rare fail events in the context of importance sampling based yield anal-

ysis. We propose a comprehensive and computationally efficient method that

addresses the joint considerations of the best combination of relevant features

and class balance ratios, which are key for classifier generalization capability.

The methodology relies on synthetic minority oversampling techniques to enforce

the minority class while probing for the best data balance ratio in conjunction

with an iterative L1-SVM based approach that qualifies as an approximation to

the L0-norm regularization for the best feature subset selection. We compare

the proposed methodology against standalone L1-SVM solutions, unbalanced L0-

norm approximation as well as an algorithmic data balancing method in the

context of yield estimation methodology. The methodology is shown to result in

high fidelity classifiers as demonstrated when analyzing the yield of a 14nm Fin-

FET SRAM cross-section with a significant speedup for the importance sampling

simulations compared to pure circuit simulation based approaches and enhanced

accuracy compared to pure L1-regularized approaches with clear advantages for

probing for the best balance ratio.

7.1 Motivation

Accurately estimating rare memory fail probabilities is a challenging task that is

relevant to machine learning. Recently, machine learning and big data techniques

garned major interest in the area of memory design to develop accurate and fast

yield models for memory design yield enhancement. As discussed earlier, we

proposed a regularized logistic regression-based framework with ordered feature

selection to capture the binary nature of the SRAM fail mechanisms. Indeed,

machine learning has become an indispensable mechanism for modeling process
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variation effects and accurate yield estimation. However, this area faces many

challenges that are recognized as class imbalance problems due to the nature of

the rare fail event estimation problem in memory designs [20]. Since traditional

machine learning techniques postulate balanced distributions, their performances

may not be optimal when using imbalanced datasets [91]. Often, “real” data sets

are imbalanced and are dominated by a group of “normal” sample points existing

along with a small group of minority “abnormal” sample points [89].

In fact, class imbalance is prevalent in many real-world scenarios, such as

anomaly detection, email fraud detection, or computer intrusion detection. It

is well known that major differences between the majority and minority group

sizes can cause bias in classifiers towards the majority class thereby compromis-

ing the accuracy of the classifier [92].For the memory yield problem, the aspect

of rarity is inherent to the SRAM cell fail mechanisms. This naturally results

in data imbalance where the “Abnormal” sample points are fail sample points,

and misclassifying them as “normal” can impact the accuracy of the final yield

estimate. This is especially true for methodologies [90, 1] that rely on the classi-

fier/model outcome to compute the fail probabilities of the importance samples

which hinge on and around the fail boundary. Thus, it is crucial to address the

issue of data imbalance and properly model the failure boundary for accurate

statistical analysis of memory designs.

Support Vector Machine (SVM) is a popular supervised machine learning

methodology that is well known for its efficiency, prediction accuracy and robust-

ness [93]. While SVMs have been very effective in dealing with balanced datasets,

like other classifiers, SVM could result in ”suboptimal results” when dealing with

imbalanced datasets.

SVMs are sensitive to class imbalance as a result of different factors. Partci-
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ularly, due to the sparseness of the minority class sample.This implies that the

low existence of minority examples makes them appear further from the ideal

class boundary than the majority ones. In order to lower misclassification, and

due to class imbalance, the model may result in a separating hyperplane that is

highly skewed towards the minority class [94]. As a result this may cause to low

performance on minority sample points.

It has been experimentally demonstrated [95] that the ratio of the majority

to minority support vectors becomes also imbalanced in an imbalanced data set.

Therefore, a test sample point lying close to the boundary will be surrounded

by more majority support vectors. Hence, the model is more likely to classify

a boundary point as a majority point particularly for non-separable boundary

cases [95, 96]. On the other hand, Akbani et. al [97] stated that the coefficients

of the minority support vector may be inherently larger reducing to some extent

the effect of the data imbalance on the SVM model.

To alleviate the data imbalance problems for classifiers in general and SVMs

in particular [94], two forms of solutions were carved: 1) data handling methods,

also known as explicit methods, and 2) Algorithmic methods, also known as im-

plicit methods. Data preprocessing methods focus on balancing the ratio between

the minority and majority sample points. Thus, they encompass modifications

to the imbalanced data by utilizing resampling methods [6]. Recently, there have

been several advances in data handling schemes for machine learning applications

[89, 98, 99, 100]. These include random oversampling approaches, random under-

sampling approaches, and synthetic sample point generation such as Synthetic

Minority Oversampling Technique (SMOTE) to re-enforce the minority class. In

[101], the authors propose for enhanced accuracy to perform oversampling over

a subset of features. Ensemble learning-based explicit methods were proposed
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to solve the imbalance problem in SVMs by employing undersampling methods

[102]. This method works by sampling the original majority sample points into

multiple smaller subsets of the same size as the minory set, and a group of ensem-

ble models are developed accordingly. The different decisions are then generated

by the SVM classifiers and a verdict is computed using methods such as majority

voting. However, While some practitioners advocate for perfectly balanced class

distributions, others still believe that the natural balance should be used. In fact,

the authors in [84][103, 104] propose probing for the best class balance stating

that the classifier accuracy hinges on the underlying data.

At the algorithmic level, solutions include adjusting the misclassification costs

by penalizing the slack variables using different weights for the different classes so

as to reverse the data imbalance [105], thereby rendering the SVM more robust to

class imbalance. These include the ’different error cost method’ proposed by [106]

which is a cost sensitive approach that strengthens the soft margin by adjusting

the objective function of the SVM and assigning two misclassification costs to

avoid any boundary skewness towards the minority sample points. Other implicit

methods include, zSVM which removes bias towards majority class [107] and a

two-dimensional surface solution that efficiently solves for a family of variable

weights L2-regularized solutions for the imbalanced data set cost functions [22].

We later evaluate the effectiveness of this method in relation to the proposed

framework [105].

In general, the family of Lp-norm regularization has been shown to be criti-

cal for classification accuracy particularly in the presence of imbalanced data set

[108, 109, 110]. The authors in [108, 111] indicated that for real-world datasets

having high skew level in the class distribution, with the class of interest being

relatively rare, it is necessary to select features that lead to a higher separabil-
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ity between the two classes. Thus, in order to accurately capture the high skew

in the class distribution feature selection based methodologies need to be ap-

plied. Zheng and Srihari [112] propose feature selection framework that properly

represent the positive and negative classes by relying on modified filter method

measures. Weston et al.We demonstrate effectiveness of L1-norm and/or L2-norm

regularization for SVM accuarcy.

We propose for the first time a fast importance sampling methodology for

memory yield estimation whose simulation engine employs learning models that

probe for the best data balance ratio (BBR) in conjunction with the best subset

feature selection. The latter is implemented through a bi-level optimization for-

mulation where the outer loop employs ordered feature selection wrapped around

an inner L1-SVM loop for enhanced model capabilities.

Specifically our contributions are as follow:

1. At the core of the methodology lies a data balancing scheme with varying

balance ratio to handle the class imbalance problem due to the typically

low proportion of minority fails in memory design problems. This allows

for identifying the Best Balance Ratio (BBR) among a set of ratios ranging

between the natural and fully balanced dataset distribution for enhanced

classifier generalization capabilities, thereby not ruling out the naturally

occurring class distribution in accordance with literature.

2. We rely on Ordered Feature Selection (OFS) approach similar to [1] as

an approximation to the otherwise non-convex L0-norm regularization for

identifying the relevant SVM features for the respective imbalanced datasets

with the different adjusted balance ratios. The approach builds upon a

semi-smooth newton coordinate descent L1-SVM solution engine [21] to
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iteratively identify the relevant features for a given dataset. While the

L1-SVM is Often performed as a relaxation to the L0-norm in terms of

augmenting the optimization constraints, we demonstrate enhanced acur-

racy for our L0-norm approximation.

3. We study an algorithmic 2 dimensional surface solution methodology (2DWSVM)

targetting imbalanced data sets SVM classification [22] that works by ad-

justing the classifier learning algorithms to better recognize the minority

class. The methodology thus identifies the optimal cost function weights

for the SVM classes as determined among a derived family of solutions. We

rely on this approach as our reference implicit data balancing methodology

and critically evaluate its classification and balancing capabilities compared

to the proposed explicit approach.

4. We study the yield of state of the art industrial 14nm FinFET SRAM de-

sign. We compare our proposed BBR-OFS methodology to the L1-SVM

approach, OFS on the natural distribution and the implicit 2DWSVM

approach. Our results demonstrate that BBR-OFS outperformed other

methods in terms of accuracy while maintaining significant improvement in

terms of the runtime efficiency compared to pure circuit simulation based

approach. This is manifested both at the model prediction level and yield

estimation capabilities.

7.2 SVM Overview

Support Vector Machine (SVM) was introduced by Vapnik [113]. SVM is a de-

terministic supervised machine learning method for binary classification. The
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applications of SVM include face detection, text and hypertext categorization,

and bioinformatics [114]. It carries rigorous theoretical advantages and promis-

ing computational performance merits in terms of: the ability to be general-

ized well, and the ability to find global and nonlinear solutions by relying on

the ”kernel trick” [93]. For the purpose of understanding and explaining the

SVM classifier, we denote the training data set consisting of n sample points

{(xi, yi); i = 1, 2, 3 . . . n} where xi ∈ Rd is a d-dimensional input feature vector

and yi ∈ {−1, 1} is the corresponding output. The objective of the SVM is to

construct an optimal separating hyperplane in the input space between the two

classes such that all vectors on one side of the hyperplane belong to the same

class as illustrated in Figure 7.1 while maintaing a maximal distance to the closest

points or vectors. It is worth noting that the solution of the SVM is independent

of the number of sample points but dependent on the support vectors which are

the input vectors closest to the hyperplane [115].

If the dataset is linearly separable, the SVM solves for the discriminant func-

tion of the separating hyperplane that satisfies the inequality yi(w · xi + b) > 0,

where w is the d-dimensional vector and b is the constant representing the param-

eters of the hyperplane; yi (w · xi + b) is the functional margin of an individual

training point. A large functional margin reflects a good generalizability and is

an indicator of a correct and accurate calculation [60].

Hence the objective is to maximize the minimum margin according to (7.1);

γi is the normalized geometric margin of the ith sample point (xi, yi).

max mini γi = yi

((
w

||w||

)
· xi +

b

||w||

)
(7.1)

It follows that maximizing the margin is equivalent to minimizing the weights.
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Figure 7.1: 2-D illustration of an SVM seperating boundary. Support vectors are
sample points closest to the boundary [7].

The linear SVM can thus be reformulated as a convex objective function as

illustrated below (7.2). It is also noted that 1
‖|w|| represents the distance from the

support vectors to the hyperplane.

minimize
1

2
||w||2 (7.2)

s.t. yi (w · xi + b) ≥ 1 for i ∈ 1, 2, . . . , n (7.3)

Equation (7.2) can be solved by using traditional quadratic programming. Often,

solutions are derived more efficiently from the dual form employing Lagrange

multipliers.

When the data is linearly separable, the SVM aims at structural risk mini-

mization and attempts to solve for the optimal hyperplane that maximizes the

sum of the distances to the nearest positive and negative training sample points

[116]. In cases when data is not linearly separable either non linear SVMs are

employed or slack variables are introduced in the optimization model to allow

some data points to be within the margin and violate the constraints. Hence, the
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SVM optimization problem turns to:

min
w,ξ

1

2
||w||2 + C

n∑
i=1

ξi (7.4)

s.t. yi(w · xi + b) ≥ 1− ξi ξi ≥ 0 ∀i (7.5)

ξi is the slack variable introduced that relaxes the margin constraint. This gives

way to the 2-norm soft margin SVM classifier where C is the controlling penalty

parameter used to attain relative balance between maintaining ||w||2 small and

ensuring that most sample points satisfy a good functional margin. Hastie et al.

[117] adopted an alternative form that relies on λ ∼= 1
C

and thus (7.5) can be

rewritten as:

min
w,ξ

λ

2
||w||2 +

n∑
i=1

ξi (7.6)

where λ is a regularization parameter and (7.6) offers a balance between model

complexity and data fitting. The Lagrange primal function becomes:

Lp :
n∑
i=1

ξi +
λ

2
||w||2 +

n∑
i=1

αi(1− yif(xi))−
n∑
i=1

γiξi (7.7)

where αi ≥ 0 and γi ≥ 0 are the Lagrange multipliers. The system is solved

by setting the derivatives to zero along with the Karush–Kuhn–Tucker (KKT)

conditions:

δLp
δw

= 0,
δLp
δξ

= 0 (7.8)

αi(1− yi − ξi) = 0 (7.9)

γiξi = 0 (7.10)

SVMs can also handle nonlinear problems by mapping the original input vectors
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to a higher dimensional space in order to solve for the separating hyperplane

[113]. This can be performed by explicitly relying on feature mapping functions:

x̂i = φ(xi). Alternatively, a kernel function K(xi,xj) that satisfies the mercer

criterion, i.e., K ∈ Rd×d is symmetric positive semidefinite, is used to implicitly

perform the mapping [113].

7.3 Data Balancing Techniques: Implicit

Algorithmic modifications tackling data imbalance work at the heart of the ma-

chine learning algorithm.

In the following section, we present 2DWSVM approach as an implicit algo-

rithmic approach that efficiently handles both regularization and data balancing.

We present here an overview of other methodologies.

The Different Error Cost(DEC) method targets the SVM algorithm. The

SVM algorithm is sensitive to class imbalance since the objective function of the

soft margin gives the same misclassification cost for positive and negative class.

Hence, the hyperplane would be skewed towards the minority class points. The

DEC method comes to play by adjusting the objective function for the classifier

and adding two different classification cost one for the positive class C+and one

for the negative C− as shown in the equation below [118].

min(
1

2
wẇ + C+

l∑
i|yi=+1

εis.t.yi(w.φ(xi) + b) ≥ 1− εiεi ≥ 0, i = 1, 2 . . . l (7.11)
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The dual optimization becomes:

max
α

W (αi) =
l∑

i=1

αi −
1

2

l∑
i=1

l∑
j=1

αiαjyiyjK(xixj) (7.12)

s.t.
l∑

i=1

yiαi = 0 0 ≤ α+
i ≤ C+ 0 ≤ α−i ≤ C− i ∈ 1, 2, . . . , l. (7.13)

This method reduces the effect of imbalance and the hyperplane won’t be skewed

towards the minority class. Akbani et al. said that a better results would be

obtained if the C+ and C− were equal[119]

The zSVM is another method for implicit data balancing approach. An SVM

model is built using the full initial dataset. The bias of the hyperplane is adjusted

[120]. Then the decision function is presented as follows:

f(x) = sign(
l∑

i=1

yiαiK(xi, x)+b) = sign(

l1∑
i=1

yiα
+
i K(xi, x)+

l2∑
j=1

yiα
−
j K(xi, x)+b)

(7.14)

In the equation presented above, α+
i is the positive support vector coefficient

and l1 is the number of positive samples.On the other hand, α−i refers to the

negative support vector coefficent and l2 is the number of negative samples. When

performing this method the value is incresed by being multiplied by a small

positive value z and hence lowering the bias.

Kernel modification methods are techniques that perform implicit data bal-

ancing for SVMs by performing adjustment to the kernel method. This is done

by the kernel alignment target method. It evaluates the agreement between the

kernel and classification task which enhances the data imbalance a lot [121].
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7.4 2D WSVM

In classical SVM the data points are treated equally, however in certain scenarios

this may not be optimal and applying certain weights to the data points can

improve the accuracy of the model. Wahba et al. [105] introduced the concept of

weighted SVM (WSVM) where the cost function employs a weight parameter πi

to assign different weights to the different classes. The formulation in (7.18) can

be rewritten as (7.15), and the the Lagrange primal for the hinge loss becomes

(7.16).

min
f∈H

n∑
i=1

πiL(yi, f(xi)) + λJ(f) (7.15)

Lp =
n∑
i=1

πiξi +
λ

2
||ω||+

n∑
i=1

αi(1− yif(xi))−
n∑
i=1

γiξi (7.16)

where weight πi = π for the majority class points (yi = −1) and πi = 1 − π

for the minority class points (yi = 1). 0 ≤ αi ≤ π and γi ≥ 0 are the Lagrange

multipliers. Similar to section 7.5.1, the algorithm hinges on the Elbow partition,

the left partition and the right partition. α = 0 implies a point in the Right

disjoint set, and α = π implies a point in the Left disjoint set. For a fixed π

value, the standard λ-path algorithm [122] can be employed. A π-path algorithm

was also developed to efficiently determine π solutions for fixed λ values [123].

The authors in [22] demonstrate that the solution surface is jointly piecewise

linear in (λ,π) pair so long that no event happens. An event pertains to a non-

support vector becoming a support vector or vice versa. Thus, they propose a

two-dimensional solution surface that efficiently computes the entire solution sur-

face in the 2-D (λ, π) space. As λ and π change the sets change and the solutions

are continuous. The methodology relies on recursively identifying subregions or

polygons, Surf l defined by their respective vertices vlr = (λr, πr), r = 1, 2 . . . nv
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where nv signifies the number of vertices as determined by the constraints that

prevent an event from happening. The method [22] then exploits the piecewise

linearity of the solution to extend the solution until the whole solution surface

space is covered. The solution is finer in regions where the solution is complex

and coarser otherwise. In addition to the computational efficiency, this offers an

advantage over a uniform grid-based solution surface.

7.5 BBR-OFS Framework for Yield Estimation

Methodology

In this section, we introduce the proposed framework for efficient statistical anal-

ysis and modeling for importance sampling based rare event estimation. Figure

7.2 presents the flow diagram of the overall methodology.

The methodology relies on importance Sampling as its fast Monte Carlo yield

estimation engine [15]. To speedup the simulations, at the core of the method-

ology lies a classification approach that incorporates data balancing along with

feature selection for enhanced accuracy in the event of imbalanced data sets.

Specifically, the proposed methodology relies on scouting for the best balance

ratios in a bi-level optimization approximation to L0-norm regularization to en-

hance prediction accuracy and reduce simulation cost. First, we introduce the

L0-norm approximation where we employ ordered feature selection as a wrapper

around a fast-newton method based L1-SVM method to guide the model build-

ing phase. Then, we implement a general framework that identifies the best class

balancing ratio in the context of the SVM L0-norm approximation.
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Figure 7.2: Methodology Flow Diagram for the proposed framework.

7.5.1 Ordered Feature Selection

Feature selection is critical for ”generalization” performance, challenging the

curse of dimensionality, and even lowering the time needed to train a model

[124]. Particularly, for SVMs, irrelevant features and noise may jeopardize the

accuracy, convergence and efficiency of the classifier [109]. Hence, finding mini-

mal subset of features that gives maximal generalization capability using feature

selection is desired. Traditionally, algorithms with feature selection address two

rivalling objectives: maximizing the goodness of fit and minimizing the number

of variables [124]. The latter is very similar to regularizaton objectives espe-

cially those targeting shrinkage. Feature selection methods lie in three main

categories: the wrapper, the filter, and embedded methods [124]. The wrapper

method exhaustively calls the training model to introduce at each step the next
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best feature candidate. It typically relies on cross-validation for best candidate

selection. The filter method applies a preprocessing step to rank variables based

on a statistical score independent of the training algorithm. This presents a chal-

lenge as it fails to take into account interdependencies between the features. For

imbalanced datasets, wrapper and filter methods are the most commonly used

methods. Methods such as the wrapper method, however, can be expensive. Al-

ternatively, embedded methods where feature selection is embedded as part of the

training algorithm can be used. These methods are typically more accurate than

filter methods and are less prone to overfitting. Embedded methods that rely on

lp-norm regularization, p ∈ {1, 2} have been traditionally employed. Thus, the

SVM problem in (7.6) along with its constraints (7.4) can be reformulated in to a

”Loss + Penalty criterion” of the form (7.17) which can be generalized to (7.18)

[125, 117].

min
w0,w

n∑
i=1

[1− yi(w0 + w · xi)]+ +
λ

2
||w||p (7.17)

min
f∈H

n∑
i=1

L(yi, f(xi)) + λJ(f) (7.18)

L(yi, f(xi)) is a loss function such as the Hinge loss or the Huber loss function

[122]. f(x) is an arbitrary function in some Hilbert space HK , and J(f) is a norm

in a Reproducing Kernel Hilbert Space of functions to measure the “roughness”

of f in Hk. Works such as [126, 127] cited that L1-norm was sufficient to reduce a

decent number of variable weights to zero. In this context, Least angle regression

shrinkage (LARS)-SVM and Least Absolute Shrinkage and Selection Operator

(LASSO)-SVM solvers have been proposed [128, 21]. If the model requires a large

number of features for better performance, [128] recommend using L2 regularizers

in conjunction with L1. Others such as Weston et al., [109] and the authors in
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[129], however, proposed L0-norm approximations for improved feature selection

and enhanced modeling capability. The authors in [129] stated that L0-norm

can be enforced by adding a cardinality constraint that restricts the number of

the model coefficients, [129]. This, however, adds complexity to the optimization

problem due to the non-convexity of the constraint. Hence, they proposed to

replace it by a weaker non-convex constraint involving the L1-norm and L2-norm

as illustrated in Eqn. (7.19) that relies on the Cauchy-Schwartz inequality and

can be further be relaxed into weaker convex constraints [129].

Card(w) ≤ r ⇐⇒ ||w||1 ≤
√

(r)||w||2 (7.19)

Weston et al. [109] proposed an approximate iterative approach that is remi-

niscent of backward elimination and solves for the L1- or L2-norm solutions at

each iteration while re-scaling the variables by the weight vector. The authors

demonstrate that the blend of the L0-norm approximation with the underlying

regularization counterpart offers significant improvement for generalization capa-

bility of the classifier.

Herein, we propose to enforce the best finite set of features Ω and accordingly

the L0-norm approximation by jointly optimizing the following problem.

min
Ω∈F

min
w

n∑
i=1

L(yi, f(xi)) + λ||w||1 (7.20)

where L(y, f(x)) is the huberized hinge loss function described in Eqn. (7.23)

[130]. f(x) = wx + b, and y ∈ {−1, 1} and h(x) = sign(f(x)) is the decision

rule used to determine the classification criterion. F is the feature set, and Ω

represents a feature subset in F . Rather than exhaustively searching for the best

subset Ω, we base the outer optimization on an ordered feature selection (OFS)
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approach similar to [1] as illustrated in Algorithm 5. The methodology initially

starts by solving for an L1-SVM path, ωF (λ), over the whole feature set F [131].

Since the regularization parameter λ affects the SVM model parameters tuning

over the solution path, we pick the solution ωF (λminF ) corresponding to the low-

est cross validation error. As such, we define an ordered index set, IdxF that

represents the features in F sorted in the decreasing order based on their respec-

tive model parameters, ωF (λminF ). This ordered index qualifies as a combined

embedded filter rank metric. In fact, it has been known that although shrink-

age methods such as LARS and LASSO are not ”full-fledged” wrapper methods,

these methods are often perceived as a semi-wrapper methods with the ability

to order features based on their significance [128]. The algorithm then proceeds

to incrementally build the best feature set, ΩOFS by adding at each iteration the

next feature according to IdxF , and solving for the L1-SVM path in a forward

selection manner. At each iteration, the best solution along the path is chosen by

relying on k-fold cross-validation. The best ordered Feature subset and model for

our data is determined as the ordered subset with lowest cross-validation error

among all subsets. The ordered Feature selection flow is then applied to data set

subject to different balancing ratios as will be discussed in the following subsec-

tion to determine the best balance ratio and feature subset combination. k-fold

cross-validation offers an excellent estimate of the SVM generalization error and

thus model selection. To perform k-fold cross-validation, the data is split into

K partitions as illustrated in Figure 7.3. The model error is collected over K

iterations. For each iteration one partition is used for testing and the remaining

K − 1 partitions are used for training. The CVE error, can thus be computed

as the average Mean Squared error, MSE, of the test partitions across the K
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Figure 7.3: K-fold cross Validation [4].

iterations as follows [132]

MSEk(λ) =
1

n/K

n/K∑
i=1

(yi − xiŵ−k(λ))2 (7.21)

CV E(λ) =
1

K

K∑
i=1

MSEk(λ) (7.22)

where n represents the number of sample points in the dataset. For our purposes,

to obtain the L1-SVM solution path, we adopt a LASSO-based sparse SVM

approach that relies on a semi-smooth newton coordinate algorithm [131, 21]

to efficiently solve a huberized hinge loss based regularization. In fact, it has

been shown that the complexity relies on identifying the proper loss function

[133]. While Eqn. 7.17 can be mapped in terms of the hinge Loss function

L(yif(xi)) = [1 − yif(xi))]+, it has been shown that the Huberized Hinge loss

function in (7.23) which is almost quadratic offers differentiability that reduces

the computational cost and at the same time maintains linearity similar to the
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hinge loss for negative margins to prevent outliers from affecting the model.

LHHs (yif(xi)) =


0, yif(xi) > 1

(1− yif(xi))
2

2δ
, 1− δ < yif(xi) ≤ 1

1− yif(xi)−
δ

2
, yif(xi) ≤ 1− δ

(7.23)

The solution path w(λ) is thus piece-wise linear in λ, and the piece-wise linearity

”hinges” on the following sample point set partitions associated with LHH [134]

that stem from the definition of the loss function (7.23), i.e., sets 1, 2, and 3

below. The Elbow partition thus represents points that are on the margin (non-

bound support vectors), the left partition holds sample points that lie inside the

margin (bound support vectors) and the right partition contains the points that

lie outside the margin. The solution also hinges on the active feature set ν ∈ Ω

that is also function of λ.

1. Right : R = {i | yif(xi) > 1}

2. Elbow: E = {i | 1− δ ≤ yif(xi) ≤ 1}

3. Left: L = {i | yif(xi) ≤ 1− δ}

4. Active features set: ν|{j : wj 6= 0}

Hence, the solution path according to the KKT conditions starts by adopting a

large λ value and proceeds to decrease λ gradually until we reach an event per-

taining to a training point hitting E, set of points qualifying as support vectors,

or a feature leaving ν, the set of active features with nonzero coefficients. Such

events incur a ”kink” in the solution and the derivatives of the parameters with

respect to λ will change. In between events, the solution for ω is linear in λ.
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Algorithm 5 Ordered Feature Selection [7]

Input

X: Input Features

Y : Output Data

Output

ΩOFS: OFS Resultant ranked feature subset CV EOFS: Minimum cross validation error

1: function L1-SVM(X ,Y)

2: Find SVM solution path ω(λ) over λ ∈ [0,λlarge)

3: Find λmin | CV Emin=min(CV E(λk)) ∀ λk

4: return ω(λmin), CV Emin)

5: end function

6: function OFS((X ,Y))

Initialization

7: CV EOFS=maxNum;

8: ΩOFS ={}

9: Find Solution over all Features X

10: ωF (λminF ) = L1-SVM(X, Y )

11: Sort the {ωF (λminF ) 6= 0} model parameters

12: IdxF , | ωsort(i)= ωF (λminF , IdxF (i)) ∀ ωF 6= 0

13: while j < min(size(IdxF ,maxNumFeat) do

14: Ωj ← X(IdxF (1 : j))

15: [λminj , CV Emin
j ]= L1− SVM(Ωj, Y )

16: if CV Emin
j < CV EOFS then

17: CV EOFS= CV Emin
j

18: ΩOFS = Ωj

19: end if

20: end while

21: end function
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As discussed earlier, imbalanced classification is one of the most challenging

problems encountered in the field of machine learning and has been prevalent

in several fields. A dataset is defined as imbalanced when the two class are not

equally represented [79]. Imbalanced datasets have been shown to compromise

the predictive capabilities of the model. For SVM class prediction, it has been

demonstrated as discussed earlier that the boundary may be too skewed towards

the minority sample points in the event of imbalanced data sets and a point

close to minority may be classified as majority. Hence, the weakness of the soft

margin can be a cause for the performance loss [97]. In an extreme scenario for

imbalanced data sets, smaller C = 1
λ

values, i.e., smaller penalty on the slack

variable in (7.6), may result in increasing the margin and causing the SVM to

assign all points as majority points. This results in sacrificing the minority points

as a consequence of relaxing the margin with the only error to be accounted for

being the few minority sample points that are missed. Hence, SVM may in some

scenarios not generalize well when addressing imbalanced datasets. To handle

the imbalance, researchers have proposed to rely on resampling the data sets

(oversampling or undersampling) to reduce the rarity of minority sample points

prior to building the classifier. They also recommend to employ in conjunction

Lp-norm regularization along with appropriate evaluation metrics such as cross

validation [135, 136, 137]. In [103], the authors show that the ideal class distribu-

tion is not necessarily the fully balanced distribution and as such attempt to find

a class distribution that improves the generalization capability of the classifier.

The authors further demonstrate that the results can be enhanced should intel-

ligent resampling techniques be used. In fact, Weiss and Provost [138] showed

that the ideal class distribution depends a lot on the learning algorithm used for

enhancing the modeling capability. Synthetic minority oversampling Technique
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(SMOTE) is a popular data balancing method shown to improve the model pre-

dictive capability in SVMs [79]. In particular, it has been shown to outperform

other sampling methods and the quality improvement was measured by different

model quality indicators [6]. In this work, we employ SMOTE as the resampling

technique in our pursuit for the best data balance ratio based OFS SVM model.

We also compare our approach with an algorithmic-based balancing approach for

SVMs that is discussed in Section 7.3.

The dual optimization in (7.20) along with the search for the best data bal-

ancing ratio comprise the core circuit modeling engine for the proposed yield

estimation framework of Figure 7.2. Together, they approximate a multi-level

optimization that can best be described in (7.24).

min
βj

min
Ω∈F

min
w

n∑
i=1

L(yi, f(xi)) + λ||w||1 (7.24)

where βj represents a varying data balancing ratio as presented in pseudo code

of algorithm 6 that summarizes the flow of the proposed modeling and yield

estimation framework. The importance sampling yield estimation methodology

encompasses two phases: a first uniform sampling phase to determine the center of

gravity of fails which comprises the shift center for the distribution in the second

importance sampling phase. We leverage the circuit simulations performed in

the first phase [1] to build a model that can be employed to eliminate the need

for circuit simulations in the following phase. For Phase 1, referred to hereon

as the model building phase, the original data is preprocessed and the dataset

is analyzed to determine the level of imbalance ρ =
nf
np

, where nf is the number

of failing (minority) sample points and np is the number of passing (majority)

sample points. An assorted set of minority oversampling ratios, ρ ≤ βj ≥ 1,
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spanning the range between the natural raw ratio, ρ and the fully balanced one

is determined. We, then, rely on SMOTE to generate synthetic sample points

corresponding to these ratios. For each resulting dataset with a specific balance

ratio, OFS is employed as discussed in Section 7.4.1 resulting in multiple models

for the different balance ratios. Among these models, the model corresponding to

the lowest cross-validation error is adopted. This model thus comprises the BBR-

OFS model that employs the critical set of features and minority oversampling

ratio that enhances the model fidelity in order to enable efficient and accurate

yield estimation. In Phase 2, importance sample points generated using the center

of gravity of fails as determined in Phase 1 are evaluated and their respective

performance metric is derived using the BBR-OFS model. The yield estimate

is then derived according to (7.25). Maintaing high model fidelity is important

especially when using the framework as a comparator among several high-sigma

yield design points which can be otherwise a challenging requirement.

P̂f =
1

M

M∑
i=1

I(x)
pdf(xi)

pdfIS(xi)
(7.25)
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Algorithm 6 Yield Estimation Methodology [7]

Input
Puni: Process variation parameters for uniform sampling
Funi: Performance metric vector

Output
σIS: Importance sampling yield estimate based on evaluating

response for PMIS

Phase 1 – BBR-OFS Model Building

1: Preprocess Data: Generate polynomial and interaction terms using Hermite
functions gi [64]

2: Xn=
Xuni − µXuni

σXuni
3: Yuni = (Funi > f0) // f0 represents fail criterion
4: Xnmin = {Xn|(Yuni == 1)} // minority set

5: Let ρ =
nf
np

=
size(Xnmin)

size(Xn)− size(Xnmin)
// raw ratio

6: β ∈ [ρ : 0.1 : 1] // β=1 fully balanced ratio
7: for j=1 : size(β) do

8: Xnj = {Xn∪ SMOTE (Xnmin ,
βj
ρ
− 1, k = 5)}

9: Yunij = {Yuni∪ Ones((
βj
ρ
− 1)*nf )}

10: [ΩOFS, CV EOFS]βj= OFS(Xnj , Yunij)
11: end for
12: βbbr |CV EOFSβbbr = min(CV EOFSβj )
13: ΩBBR−OFS= ΩOFSβbbr

14: ωBBR−OFS =

{
ωOFSβbbr , ∀Xn ∈ ΩBBR−OFS

0, ∀Xn 6∈ ΩBBR−OFS

Phase 2 – Model Prediction and Yield Estimation

15: µCOG = mean(
Puni ∗ Yuni

nf
) //Center of Gravity of Fails

16: PMIS ← Generate process variation importance sample points around µCOG
17: XMIS = {gi(PMIS)}
18: XnMIS

=
XMIS − µXuni

σXuni
19: YMIS ← EvalSVM(XnMIS

, ωBBR−OFS)
20: Calculate σIS Yield according to (7.25)
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Chapter 8

Results

In this section, we provide an overview of the experimental setup of the circuits

under study which we use to test the proposed methodologies. We also report the

results obtained from the experiments and demonstrate the effectiveness of the

methodologies. We start by providing a brief introduction to FinFETs, FinFET

SRAM design and design metrics that will be utilized.

8.1 Experimental Setup

8.1.1 FinFET DEVICES

The FinFET device was structured to address technology scaling challenges that

prevail beyond the sub 20nm node in planar technology. The thin body of the

FinFET device represses a lot of the short channel effects, and this allows the

body channel to be lightly doped. This in turn helps reduce the threshold voltage

variation. It also lowers the traverse electric field and thus reduces the impurity

scattering and carrier mobility. It is also characterized by a steep sub threshold

slope, lower leakages as well as enhanced performance compared to planar devices.
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Moreover, FinFET devices enjoy lower capacitance which helps lower the memory

bit-line loading and enhance the SRAM functionality. Thus, FinFET device have

better outlook and great potential in the context of SRAM cell design. There are

two types of FinFET devices:

• Double-gate devices: the two gates are biased together to switch the Fin-

FET on/off.

• Back-gate devices: the two gates are biased independently. Front gate is

employed to switch the FinFET on/off and the back-gate is used to change

the threshold voltage of the device allowing for further tuning.

8.1.2 FinFET SOI SRAM

The FinFET design allows for enhanced scalability which makes it appealing for

memory designs. A 6-T SRAM cell is shown in Figure 8.1. The conventional 6T

SRAM cell metrics for evaluating the functionality of the SRAM cell and design

trade-offs are applicable for FinFET SRAM design as discussed below.

SRAM design requirements and functionality metrics

As mentioned earlier, the SRAM cell needs to be properly designed to meet

area/power tradeoffs. The leakage power can be improved by increasing the

threshold voltage, however this can affect the design performance. Often de-

signers target to operate at Vmin, the minimum supply voltage that meets the

functionality requirements, in order to save power. Dual supply designs, help

relax the requirements on Vmin [139].
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Figure 8.1: Schematic showing a 6-T SRAM
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SRAM Metrics

Hence, there is a need to find the minimum supply voltage for proper SRAM

cell functionality and yield. Designers study the cell yield under different stabil-

ity, writeability and readability tests. The static noise margins were first relied

upon in order to study the cell stability. However, particularly for PD/SOI tech-

nologies, device-to-device fluctuations can cause cell instability during the basic

operations read/write even if static margin is large [139]. Therefore, preferred

SRAM performance metrics are the dynamic ‘read stability’ and ‘writeabiliy’.

These criteria are more representative since they are the result of transient sim-

ulations. Not only do they show the SOI body effects, but they also take into

consideration the effect of cell placement and peripheral circuitry as will be dis-

cussed next. In the following discussion, we will assume that the SRAM cell is

storing ’0’ on node L and ‘1’ on node R.

• Read Stability:When one is reading ’0’, the access and pull down transistors,

PG and PD respectively behave as a voltage divider circuit between the

precharged bitline, BLT, and node L. This tends to cause noise at node L.

If the process variations are large, the resulting noise may be large due to

the cell being weak as a result of the process variations. In such case, it may

cause the contents of the cell to flip. This is referred to as a destructive

read. In order to have a stable cell the maximum noise at node L must

meet a certain conservative threshold around 1/3*Vdd. Typically, during

the statistical analysis simulation we count the cells that do not meet the

threshold as failing cells. If a threshold is not defined we simply count the

flipping cell as a failing cell. Statistical analysis for the read stability of

the cell require checking if the cell violates this criteria at a given set of
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sample points in the process parameters space [140]. This tends to account

for those samples that correspond to the cell flipping.

• Writeabilty: A cell is defined as writeable if its contents can be flipped. A

measure of the writeability is the time it takes a cell to write a ‘0’ to a node

that was previously ‘1’. This is done by writing a ‘0’ on node R for the cell

of Fig 10. Due to the structure of the cell having cross coupled inverters,

an adopted metric by the designer community involves measuring the write

‘0’ delay from the time the wordline, WL, gets activated to the time node

L charges up; i.e. , write ‘0’ on R is achieved only if only if node ‘L’

gets charged up. Equation 8.2 illustrates the acceptance criteria for write

functionality. When this criteria is violated we consider that the cell has

undergone a write failure, and this can happen due to write delay (Time to

Write) being more than the delay criteria or the current desired operating

clock frequency, or the cell not being capable of flipping its contents at all

independent of the frequency constraints due to severe process variations.

Larger values of k 8.2 are required to ensure that a cell is not mistakenly

stuck at its bi-stable state point for a cell that has successfully flipped.

Twrite = (t2–t1) < τ (8.1)

where τ : write delay criteria

t1 : VWL(t1) =
V DD

2
; t2 : V L(t2) = k ∗ V DD, 1

2
< k < 1 (8.2)
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8.2 Write-Assist Circuitry for FinFET SRAM

Design

In planar CMOS technology, designers rely on pulldown-to-passgate (PD/PG)

and pullup-to-passgate (PU/PG) device ratios to optimize the SRAM cell β and

γ ratios for proper functionality. This allows for robust cell designs while tackling

the central design considerations which include: compactness, functionality and

performance. Nevertheless, FinFET SRAM designs have several challenges in

terms of sustaining proper device sizing that arise as a result of quantization. A

minimum-sized FinFET SRAM cell has the PU, PD, and PG devices set to a

single fin each. Accordingly, the β and γ ratios are set to one. This negatively

affects the functionality at low voltage operation, and necessitates having robust

write-assist circuitry and selective boosting techniques for enhanced cell read

and write [9]. The authors in [9] propose selective boosting techniques along

with write assist circuitry for improved FinFET SRAM design. The circuitry

can be used to selectively boost voltages (Vddv) along a specific path or set of

paths including the write drivers, wordline and the cell as illustrated in Figure

8.2. This improves the cell yield while preserving operation at low voltage level

Vdd.

Figure 8.3 illustrates the boosting circuitry schematic which includes an nFET

and apFET device in parallel. When the gate switches, it couples the Vddv to

a value above Vdd. This boosts the virtual supply node feeding the selected

memory paths by more than 100mV. Whereas the other parts of the circuit

operate at Vdd.
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Figure 8.2: Sketch of the SRAM cell cross-section including wordline, bitline and
write drivers [8]

Figure 8.3: Capacitive Coupling between Gate and Source boosts the source
Voltage(Vddv) when Boost switches ”High” [8].
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Figure 8.4: Negative Boost Write Assist is applied to the bitlines during write
operation. Cell, write driver, and wordline receive boosted supply voltage [9].

8.2.1 Experiments

We test the effectiveness of the methodologies proposed by analyzing the 14nm

FinFET SRAM designs presented in table 8.1. For accurate analysis and for

purposes of model to hardware validation, our simulations include the periph-

eral logic along with the SRAM cell as illustrated in Figure 8.2. Thus, our

cross-section includes the write driver, bitline driver, wordline driver and local

evaluation circuitry. Since we are evaluating an SRAM write assist circuit, we

mainly focus on writeability in terms of the ability to flip the contents of the

SRAM cell. Hence, we analyze the SRAM cell operation in terms of its dynamic

write margin. In particular, regarding the cell wrietability, we define it as the

ability to write a ‘0’ or ‘1’ onto the cell internal nodes. In the event of processs

variations that can have implication on the cell functionality, It is possible due

to process variations, that the cell pullup device becomes strong (PUL), and the
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pass gate becomes weak (PGL), thereby leading to a writeability fail. This only

makes it harder to write a ‘0’ to the SRAM. In simulations, we perform process

variations to the SRAM cell transistors and critical transistors of the local eval-

uation circuitry. For every device, we lump the different sources of variablitiy

in terms of metal gate granularity, line edge roughness, fin height, and random

dopant functions into an effective σV t device threshold voltage is then subject to

independent random process variations δVt ∼ N(0, σ2
V t) result in 45 total features.

Our purpose is to ensure Vmin improvement due to write assist circuitry. Hence,

we employ the proposed methodology to analyse the yield of the Selective Boost

design (standard) for Vdd=[0.40V-0.43V] and the Selective Boost with negative

bitline Boost write assist WA (Boosted) design yield for Vdd=[0.35-0.40V].

Table 8.1: Summary of the designs used. (a) The Standard design refers to the
selective boost design with no write assist. (b) The Boosted design refers to the
presence of negative bitline boost for write assist.

Design Write Assist Referred As
Selective Boost Only None Standard

Selective Boost with Write Assist Negative Bitline Boost Boosted

We compare the results to those obtained from a pure circuit simulation based

importance sampling approach. We also compare Vmin to hardware data ob-

tained from a 72Kb SRAM arrays (Figure 8.5) that were allocated in columns

consisting of 16 cells/bitlines [9]. Hardware measurements show an operating

voltage of around 0.35V for the Boosted write assist design. These results were

also validated by the statistical yield analysis methodology [141].
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Figure 8.5: Snapshot of the 14nm FinFET SOI technology Die [9].

8.3 Ordered Feature Selection Methodology

This section illustrates the accuracy of the proposed logistic regression based

method both during the model building phase, and the importance sample points

prediction phase in comparison to SPICE circuit simulations. It also presents

the final results in terms of the ability of the methodology to estimates the yield

compared to pure simulation approaches. At the circuit simulation level we report

the results in terms of the false positives and false negatives errors assuming an

ideal logistic regression threshold 0.5.

8.3.1 Phase1: Model Building

In this section, we focus on the model building phase based on phase 1 data

results. Our objective is to demonstrate the cross-validation error trend as the
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Figure 8.6: Average number of false predictions versus number of Critical Fea-
tures for the test set [1]

number of features increases and hence the effect of overfitting becomes obvious

(which is mostly clear for the experiments labeled 0.36V in Fig. 8.6). Figure 8.6

shows example cross-validation error computed in terms of the average number

of false predictions for the negative-boost based design as function of the number

of critical features. The number of false prediction is the sum of both false

positives and false negatives combined for the test set (size between of 200-250

sample points) in the k-fold cross-validation for the various data sets. Figure

8.7 illustrates the number of critical features corresponding to minimum cross-

validation error for both standard and boosted designs.

• Experiments 1 to 6 correspond to the Boosted circuit results for Vdd=[0.35V-

0.4V], and

• Experiments 7 to 10 belong to the standard circuit results for Vdd=[0.4V-

0.43V].

The cross validation error rate for the best features set for the different exper-
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Figure 8.7: Number of critical features for minimum cross-validation error, and
corresponding test set error. Experiments 1 to 6 represent negative bitline boost
write-assist based circuit results over [0.35V-0.4V], and experiments 7 to 10 rep-
resent the standard circuit experiments over [0.4-0.43V] [1].

iments is reported to be less than 2%, and it corresponds to a number of critical

features ranging from 8 to 12 features.

8.3.2 Phase 2: Importance Samples Prediction

In this section, we report the importance sample phase prediction capability. The

model developed in phase 1 using the uniform sampled data is utilized to predict

the outcome of the samples generated in phase 2 via the importance sampling

distribution. Hence, we use the models obtained in phase 1 to predict phase 2

pass/fail criteria. Each experiment corresponds to a different Vdd value and a

number of sample points ranging between 600-1000. Figures 17 and 18 present

the results for both designs.

We compare the outcomes to a pure circuit simulation based approach; it can

be observed that the number of false predictions is very low with a maximum
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Figure 8.8: Standard Design phase 2 pass/fail prediction for the importance
sample false negatives(false pass) were reported for this set of experiments [1]

Figure 8.9: Write Assisted Boosted design phase 2pass/fail prediction for the
importance sample points [1].
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recorded value of 22 false predictions out of 600 sample points at 0.4V for the

boosted circuit, and an average false prediction rate of less than 4.5 for all the

experiments. This proves the efficacy of the proposed methodology. It is worth

noting that no false negatives were reported for the standard design experiments

8.3.3 Yield Estimation

Yield is computed using the importance sample points outcomes obtained in

phase estimation.Importance sampling weights are computed using equation 8.3

to approximate the unbiased yield estimates [141].

Pf = E (x) =

∫
I (x) pdf (x) dx (8.3)

Figure 8.10 presents fail probability log-plots for the different experiments. It

compares the probabilities obtained using full circuit simulation based approach

to those obtained using the proposed methodology. The results demonstrate

excellent matching all the way down to probabilities of the order 1e-12.This is

further emphasized in the yield plots of Figures 20 and 21 where we observe less

than 3% difference in the sigma yield numbers; sigma yield numbers are computed

using inverse Gaussian cdf function of the fail probabilities. Note that the yield

numbers span a wide range of sigma values. Finally, the same Vmin values

are reported by our methodology compared to the traditional methodology. We

also find around 50mV similar drop in Vmin between the standard and boosted

designs as was reported earlier in [9].
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Figure 8.10: normalized for max and min fail probabilities. True: represents
circuit simulation based approach. Predict: represents proposed methodology [1]

Figure 8.11: Probability Convergence comparison. Results are normalized for
max and min fail probabilities.True: represents circuit simulation based approach.
Predict: represents proposed methodology [1]
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Figure 8.12: Yield Prediction for Standarddesign. Results are normalized for
max and min yield. True: represents circuit simulation based approach. Predict:
represents proposed methodology [1]

8.4 Data Imbalance Handling Approaches

In this section, we review data balancing methods, while taking into consideration

the requirements for a conservative yield estimate. First, we introduce some

definitions [142].

8.4.1 Definitions

Confusion Matrix: A contingency table can be used to evaluate the model per-

formance as the output is binary. This is also known as the Confusion Matrix as

illustrated in figure 8.13. For the problem that we are addressing we refer a fail

sample point obtained via circuit simulations to an actual positive.The aim is to

have a model to predict the importance sampling stage sample points correctly.

The recall rate is another important metric that evaluates the completeness

of the classifier. It reflects on the number of the actual positive points that were
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Figure 8.13: Confusion Matrix [6]

correctly labelled by the model 8.4. Hence, it is important to identify a data

handling technique that enhances the recall rate in order not to mislabel any

of the actual positives. This ensures that a yield estimate reflects the true fail

region and prevents being optimistic.

Recall =
TP

TP + FN
(8.4)

On the other hand, the precision rate is a metric that evaluates the exactness

of the model. It mirrors how many of those predicted positive points where in

the orignal dataset true positives. Accuracy is reflected by a good precision rate.

In the context of yield, this means we are not being too pessimistic.

Precision =
TP

TP + FP
(8.5)

We employ the data balancing methods [143] that were discussed in Chapter 6 for

the purpose of yield analysis. For all our experiments, data balancing generated

equally sized minority and majority sample points in the data sets. Figure 8.14

shows an example of an original imbalanced data set and the dataset itself after

applying smote. The models built afterf employing data balancing had a lower

number of False Negatives by up to 80% compared to imbalanced approaches.
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Figure 8.14: Data sample points projected to a 2-D quadratic feature space for
(a) the unbalanced original data set and (b) set oversampling via SMOTE [6]

Figure 8.15: Recall rate for the different data balancing techniques [6].

This is shown in Table 8.2. This improved the recall rates. Specifically, for

SMOTE, ROS and RUS, most of the experiments had no False Negatives, and

hence can be considered conservative. SMOTE had the best recall and precision

rates. This was followed by ‘Borderline+SMOTE’, which however was unable to

remove all False Negatives because it generates new points near the endangered

boundary points rather than emphasizing the entire fail region. The NearMiss

method had low recall rates as 0.65 and was not considered for the precision

plots. This may have been the result of the border region being very wide when

data in the first phase had a small minority ratio.
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Table 8.2: The number of False Negatives decreased for most methods (except
NearMiss) compared to the imbalanced data set for stage 2 data prediction.
NearMiss systematically got worse suffered as stage 1 data imbalance increased.

Method %FN change to imbalanced data

Borderline+Smote 58↓

NearMiss >2x increase

Smote 73↓

ROS 77↓

RUS 83↓

Figure 8.16: Precision rates for the different data balancing techniques.
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Figure 8.17: Cell probability for thr different data balancing methods [6].

8.4.2 Impact of Model Error on Yield Estimation: Imbal-

anced vs. Balanced Data Sets

Figure 8.17 shows the cell Pf for the different data balancing methods by using

model prediction on stage 2 data set. The results conform with the computed

precision and recall rates obtained earlier. ROS and RUS models had good recall

rates, but bad precision. This is attributed to the fact taht they had a large

number of False Positives and resulted in a pessimistic Pf estimate.As for the

NearMiss methods, the corresponding model had a large number of False Nega-

tives and caused an optimistic estimate for the cell Pf . It is clear that SMOTE

and ‘Borderline+SMOTE’ are closest to the results obtained from circuit simu-

lation based results.

Furthermore, we compare these results to the imbalanced data set based ap-

proach. In order to perform yield analysis obtained using the model developed

using imbalanced, Smote, and ‘Borderline+SMOTE’ data sets versus true cir-

cuit simulation. Figure 8.18 shows the absolute yield difference for the 3 meth-
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Figure 8.18: Yield difference between the circuit simulation based approach and
the yield estimated using logistic regression model based approach for the different
balanced/imbalanced data sets. We clearly notice a conservative yield estimate
when SMOTE is adopted [6].

ods. ‘SMOTE’ was lowered False Negatives by emphasizing the fail region, and

reducing the modeling error that caused an optimistic yield estimates in the

imbalanced data set. This ensures accurate and conservative yield estimates.

‘SMOTE+Borderline’, on the other hand, was unable to eliminate all False Neg-

atives consistently. Hence, it provided a fluctuating error. Table 8.3. presents

the relative error for the yield estimates.

Table 8.3: Relative Yield Error (for appreciable yield 10%) Abs((Y ieldmodelBased-
Y ieldCktSim)/ Y ieldCktSim)*100

Imbalanced SMOTE SMOTE + borderline
18.20 5.70 20.28
50.29 20.09 80.04

Imbalanced datasets impose several challenges for machine learning algo-

rithms. We proposed to use data balancing methods for fast and accurate sta-

tistical analysis methodology of memory designs. Our objective was to achieve

accurate and conservative yield estimates. By relying on the SMOTE method-

ology, we were able to improve the model recall and precision and reduce the
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data set induced error on the final yield estimate down to a relative error of 5%

compared to 18% for the imbalanced data set-based approaches.

8.5 GroupLARS-IRLS

8.5.1 Experimental Setup and Yield Analysis

To study the performance of the proposed methodology, we evaluate it in ap-

plication to a state-of-the-art 14nm FinFET SRAM design with write assist cir-

cuitry [144]. As such, the model is trained and validated using a first uniform

sampling dataset, and the model is tested in the context of yield analysis on a

second importance sampling (IS) data set. The results are evaluated in terms

of runtime improvement of IRLS-GroupLARS compared to IRLS-LARS and the

classifier is validated in terms of test data accuracy (IS data set) compared to

pure circuit-simulations based approach. For purposes of our analysis, we set

V dd ∈ [0.35 − 0.45V ] for the design with and without boosted write assist cir-

cuitry for a total of 10 experiments. We apply variability to SRAM cell transistors

and the critical path devices resulting in a 45 feature vector after generating inter-

action and second order polynomial terms [64]. We study the impact of process

variations on writeability, which is the ability to flip the cell contents. Hereafter,

a positive(negative) sample point represents a simulation that has a writeabil-

ity fail(pass). We report, for the experiments, the results in terms of recall and

precision and yield estimates that span over the range of 2-7 σ for the golden

simulations.
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8.5.2 Performance Evaluation

For the IRLS-GroupLARS based yield analysis methodology, we rely on the uni-

form data sets, which comprised up to ∼ 2000 data points each, for the model

building phase, and rely on 10-fold cross-validation for finding the best model

and critical number of features. For each logistic regression θ solution round, we

employ 10 nonlinear iterations within which Group-LARS is used to solve the em-

bedded least squares problem for the step direction solution. Figure 8.19 presents

the runtime encompassed for the different nonlinear iterations as we search for the

critical number of features for an example data set. The runtime improvements

for Group LARS increase as the desired number of Features increases. Hence, we

record upto 14.7x reduction in runtime when building the model corresponding

to the maximum number of features, and upto 6.57x reduction in runtime for the

different experiments when 10-fold CV is employed to determine the critical num-

ber of features. Note that the advantage is expected scale for experiments with

larger dimensions. It is evident that IRLS-GroupLARS approach runtime is al-

most fixed and does not increase with the number of features due to the fact that

each Group LARS LSQ solution invokes two iterations: the first relying on the

critGroup factor from the previous round and the second searching for the next

critical variable based on a weighted least angle direction. Figure 8.20 presents

the best model cross-validation error on the uniform data set along with the crit-

ical number of features employed by the classifier for the different experiments.

We record a maximum CV Emin of 4.57% and average value of 1.13%. We then

test the accuracy of the classifier on the importance sample points data set. The

metrics rely on the test data false positive (FP), false negative (FN), true positive

(TP) and true negative (TN) statistics that are presented in the same Figure. A

maximum false prediction rate of ∼ 3.38% is recorded as indicated in Figure 8.21
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Figure 8.19: Runtime savings for IRLS-GroupLARS compared to IRLS-LARS
for an example Experiment. Embedded table summarizes results for the different
experiments [5].

which also reports an average accuracy of 98.7%, and very high precision and

recall rates. The latter represents the ratio of the true positives to all positive

sample points and indicates excellent classifier generalization capability. Finally,

the test data outcomes on the importance sample data points are used to predict

the unbiased yield estimate of the SRAM design [15] using IRLS-GroupLARS

based classifier. Figure 8.22(a) presents the convergence for the fail probability

log-plots for the different experiments compared to the pure circuit simulation

based approach based on the test data. The results demonstrate excellent match-

ing for the different probability estimates for values as low as 10−12. We then

estimate the yield σ values using inverse Gaussian cdf of the fail probabilities.

Figure 8.22(b) presents the corresponding σ estimate values where we report a

maximum of 0.17 σ error for the IRLS-GroupLARS based approach compared to

the golden reference, and an insignificant average error of 0.09 σ.

We propose a Group LARS based iterative re-weighted least squares method-

ology for efficient and accurate regularized logistic regression with application
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Figure 8.20: CV Emin and the critical number of features [5].

Exp # 1 2 3 4 5 6 7 8 9 10
Precision 1.000 1.000 0.990 0.981 0.994 0.964 1.000 0.999 0.998 0.963

Recall 0.988 0.998 1.000 1.000 0.980 1.000 1.000 0.998 1.000 1.000
Accuracy 0.988 0.998 0.990 0.982 0.977 0.972 1.000 0.997 0.998 0.966

Figure 8.21: Prediction accuracy for IRLS-GroupLARS.

to memory yield analysis. The approach benefits from Group LARS inherent

weighted least angle direction to pass and update the critical feature group from

one solution round to another thereby speeding up the IRLS solution. For the

experiments understudy, we demonstrate up to 14x speed up for the model de-

velopment using the maximum number of desired Features. This is expected to

increase even more for very high-dimensional problems. We demonstrate high ac-

curacy for the resulting classifier for the importance sample points both in terms

of the number of false predicts as well as the yield estimate.
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(a)

Avg. Max
Group-LARS 0.09 0.17

LARS 0.22 0.65

Yield error

(b)

Figure 8.22: (a) Probability Convergence results for IRLSGroupLARS estimate P̂f .
Golden (Pf ) represents circuit simulation based approach. b) Yield estimate [5]

8.6 Best Balance Ratio Ordered Feature Selec-

tion

8.6.1 Performance Evaluation: Robustness and Compact-

ness

We compare the performance of the proposed BBR-OFS methodology to tradi-

tional L1-regularized SVM solutions, ordered feature selection using the unbal-

anced datasets, as well as implicitly balanced two dimensional solution surface

weighted SVM methodology. Our golden reference is the pure circuit simulation

based approach. For all our experiments, different data balancing ratios were

employed, and the BBR-OFS model is used to estimate the yield. The first set

of results aims at evaluating the performance of the model. The second set of

results aims at evaluating the overall performance of the proposed methodology

in the context of yield analysis. Finally, we report on the run-time savings for

the proposed methodology. Hereon, we will use the following terminology.
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1. L1-SVMρ: refers to the best solution along the LASSO regularized SVM

solution path [21]. The subscript refers to employing the natural distribu-

tion ratio, ρ, of the minority to majority sample points for a given dataset.

The original set of features is employed, and sparsity is solely enforced via

LASSO regularization.

2. OFSρ: This approach employs ordered feature selection that iteratively calls

L1-SVM solutions to identify the best feature set on the natural datasets;

i.e., no data balancing is employed.

3. BBR-OFS: refers to the proposed best balance ratio ordered feature selec-

tion methodology. OFS is employed with different data balancing ratios,

ρ ≤ β ≤ 1 for the minority to majority sample points. Data balancing is

performed using SMOTE.

4. 2DWSVM: The algorithmic approach proposed in [145] is employed to man-

age data balancing implicitly through a 2D (λ, π) solution surface, where

the π value is used to help emphasize the effect of the minority sample

points in the cost function.

Due to the nature of the importance sampling methodology, each experiment

is associated with preprocessed data sets corresponding to the two phases of

importance sampling: a uniform sampling data set, Puni and an importance sam-

pling data PMIS set. The model building phase employs the uniform dataset, and

the yield estimation Phase 2 employs the importance sampling dataset. As such,

we rely on the uniform data set for model building. We employ 5-fold cross vali-

dation and rely on cross-validation error as holistic metric to provide an unbiased

evaluation of different classifier models and balancing ratios during this phase.
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Figure 8.23: Cross Validation error versus λ for an example L1-SVM path [7].

We evaluate the performance of the model in terms of the yield estimation using

the importance sampling dataset which counts as the test data for our purposes.

Figure 8.23 presents the CVE error as function of λ for an example L1-SVM

solution path demonstrating the pair (λmin, CVmin) for one of the experiment.

For purposes of our analysis, BBR-OFS relies on the L1-SVM path in the search

for best ordered feature sets and balance ratios βj.

Figure 8.24 presents example CV Emin values for the fully balanced and natu-

ral uniform sampling datasets for the different experiments when their respective

ordered features sets are employed near the optimal ΩBBR−OFS solutions.

The impact of SMOTE on the regularization parameter and hence CV Emin is

evident with lowest cve dropping close to 2. Our results, as will be demonstrated

later, show that ordered feature selection along balancing improve the results sig-

nificantly thereby addressing model robustness and compactness considerations

and improving the prediction accuracy rate both at the model building and yield

estimation phases. Figure 8.25 compares the reduction in the number of fea-

tures (independent variables) for the proposed BBR-OFS methodology versus

L1-SVMρ, applied to the natural distribution, and L1-SVMβj , is applied without
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Figure 8.24: CV Emin for the different experiments for the fully balanced and raw
ratios for the uniform sampling datasets [7].

Figure 8.25: Variable reduction for the proposed BBR-OFS models versus is
higher than that of L1-SVMρ, i.e., L1-SVM on raw data and L1-SVMβ, i.e.,
L1-SVM on the different balanced datasets.

121



ordered feature selection to the different balancing ratios, βij where ρi ≤ βij ≤ 1,

and i ∈ [1, 10] represents the experiment number. We note 32.5% average vari-

able reduction for the L1-SVMρ, compared to 46.7% for the L1-SVMβj solutions.

The proposed BBR-OFS method results in 71.5% reduction in the number of

variable. This clearly shows that SMOTE together with ordered feature selec-

tion help remove insignificant features thereby enabling a sparse solution and

minimizing overfitting.

8.6.2 Performance Evaluation: BBR-OFS AUC and ROC

To demonstrate the efficacy of our BBR-OFS solutions, in what follows, we eval-

uate their respective Receiver Operating Characteristic Curve (ROC) curves In

addition to CVE, ROC analysis has also been used as a metric for imbalanced

data sets [146], where the area under the ROC curve (AUC) is used to assess

the classifier performance. It fact, it is well established that AUC does not favor

one class over the other, and hence it is not biased to the majority class and

can be used to compare the performance of the different classification methods

for imbalanced datasets. For any classifier, there are four possible prediction

outcomes:

1. True positive (TP): correctly predicted minority point.

2. False positive (FP): incorrectly predicted minority point.

3. True negative (TN): correctly predicted majority.

4. False negative (FN): incorrectly predicted majority

The ROC curve depicts the trade-off between the true positive rate (TPR) and

the false positive rate (FPR) to evaluate the performance of the binary classifier
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[147]. TPR is referred to as sensitivity and represents the fraction of correctly

predicted minority sample points from all the minority sample points as defined in

Eqn. (8.6). FPR is referred to as specificity and reflects the fraction of minority

sample points that are mispredicted as presented in Eqn. (8.7).

TPR =
TP

TP + FN
(8.6)

FPR =
FP

FP + TN
(8.7)

It has been shown, that for a given classifier, AUC can be viewed as the prob-

ability of correctly ranking the class “positive”-“negative” sample point pairs.

AUC averages the score of a minority (positive) sample point having a higher

probability than a majority (negative) sample point for all between-class pairs.

Hence, AUC can be computed as the proportion of all random pairs which are

ranked correctly by the classifier. It is thus viewed as a rank statistic that can

be computed according to Mann-Whitney Wilcoxen test in Eqn. (8.8) without

the need for building the ROC curve.

AUC =
1

nfnp

np∑
i=1

nf∑
j=1

I(f(x+
i ) > f(x−j )) (8.8)

where I(f(x+
i ) > f(x−j )) is the indicator function that evaluates to one when the

embedded inequality holds. For our purposes, TPR corresponds to detecting fail

sample points accurately, and a high TPR is critical for the yield estimate not

being too optimistic. A high FPR is not desired as it results in a pessimistic yield

estimate, especially that FP’s can be close to the fail boundary. Thus, the higher

the AUC the better are the results, and the ideal AUC value is 100%. A 50%

AUC value indicates that the classifier has bad predictability that is equivalent
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Figure 8.26: ROC curves for an example raw data set indicate improved AUC
value for the OFSρ solution compared to L1-SVM. AUC values for the ordered
feature selection iterations are also presented [7].

to that of tossing a coin.

Figure 8.26 presents the ROC curves for OFS applied to the raw data for one

experiment. It is clear that the AUC for the OFSρ solution is better than that for

the L1-SVMρ solution. Its TPR ratio is close to 90% compared to 75% for L1-

SVMρ, with 89% and 73% AUC values for the OFSρ and L1-SVMρ respectively.

The figure also depicts the ROCs for several solutions obtained from the iterations

of OFS. It is clear, that with the same underlying dataset, OFS achieved better

performance than the standard L1-SVM method. Figure 8.27 presents the AUC

values for the BBR-OFS solution when OFS is applied to the different balancing

ratios. The figure thus presents the AUC values for OFS iterations for two groups

which overlap in some cases: 1) Best solution group: OFS solutions where each

data set is balanced by its respective best balance ratio as obtained from the

BBR-OFS solution, and 2) the raw data set OFS solutions including L1-SVMρ.
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Figure 8.27: The AUC value for the BBR-OFS solution is among the best com-
pared to the raw data set solutions and the other solutions employing the same
data balancing ratio with varying feature sets [7].

Note for our BBR-OFS solutions, only one experiment favored a fully balanced

solution, five favored an intermediate balancing ratio and four sets favored the raw

distribution OFS solution. For the raw datasets, we observe AUC values fluctuate

in some cases lower than 70% for the L1-SVMρ solution. Clearly, OFS along with

optimal balancing ratio help shrink this uncertainty and attain better predictive

accuracy based. BBR-OFS solution often ranked highest among its group with

the balanced datasets demonstrating tighter AUC ranges. As discussed earlier, we

view AUC as the probability of the ability of a model to correctly rank the classes.

Thus, the figure clearly illustrates the advantage of BBR-OFS in enhancing the

AUC values and hence the generalization capability of the classifier.

8.6.3 Implicit versus Explicit data Balance Ratios: ’2D

WSVM’

For the SMOTE data balancing, we varied βj ∈ [ρ, 1]. The 2DWSVM approach

explores the [λ, π] two dimensional solution surface to address the data imbalance
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and enable efficient exploration of the piecweise linear parameter solutions in

the [λ, π] space. We ran the same datasets through the ’2DWSVM’ approach

and identified the best solution pair [λ, π]. Figure 8.28 presents the raw ratio

ρ compared to the best solution π-adjusted ratio as presented in Eqn. (8.9)

where the majority are weighted by π and the minority by (1 − π). We notice

that the best solution adjusted ratio was always close to one, with best solution

π in solution surface space taking a value close to the raw distribution. The

best solution CVE ranged between 6% and 25% with an average of 18% for the

different experiments, and the CVE error was highest for the datasets with very

low
nf
np

ratios.

(
nf
np

)
πadj

=
(1− π) ∗ nf
π ∗ np

(8.9)
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Figure 8.28: 2DWSVM π-Adjusted ratio for the best solution in 2D solution
surface space [7].
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8.6.4 Yield Estimation and Runtime

We estimate the yield using the importance sample points. For each dataset,

we computed the rare event failure probability Pf for the specific failure criteria

using the Phase 2 performance metric values. We represented Pf by its equivalent

σ value on the standard normal distribution:

σ = φ−1(1− Pf ) (8.10)

where φ is the standard normal cumulative density function. Herein, we compare

the accuracy and the efficiency of the proposed BBR-OFS methodology for rare

fail event estimation. Our reference is the pure circuit simulation based approach.

The BBR-OFS based yield estimate outperformed the other model-based estima-

tions as emphasized in Figures 8.29 and 8.30 below. Figure 8.29 presents the

absolute value of yield error |σerr| which is the difference of the yield sigma value

between that obtained from the pure circuit simulation based approach, σref ,

and that obtained by relying on the different models for predicting the circuit

performance, σhat. The implicit 2DWSVM demonstrated the highest error as

was expected based on what was reported earlier in terms of CVE values. OFSρ

outperformed L1-SVMρ for the yield estimate inline to what has been demon-

strated in terms of the AUC-ROC analysis for the model prediction capability.

Finally, BBR-OFS also demonstrated both improved average and worst case er-

ror yield sigma errors compared to OFSρ. Figure 8.30 presents the BBR-OFS

solution based yield estimate compared to the golden reference citing on average

an error in the yield sigma estimate of around 0.19 with maximum error below

0.5 σ. This is compared to an average sigma error of 0.36 and 0.49 for the OFSρ

and L1-SVMρ with a maximum error of 1.5 σ for both. This clearly highlights
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Figure 8.29: Yield error, |σerr| = |σhat − σref |, where σref is the yield for the
pure-circuit simulation based approach. σhat is the yield corresponding to the
model based importance sample points evaluation for the different approaches
[7].

the advantages of data balancing together with ordered feature selection. From

the perspective of runtime complexity, the explicit methods offered clear speedup

advantages as compared to the pure circuit simulation based approach as they

help reduce the required runtime by completely eliminating the need for circuit

simulations in the importance sampling phase. For our experiments the model

building was performed on the uniform dataset which comprised upto ∼ 2000

data points for the balanced datasets depending on the raw balance ratio, and

the yield estimation was performed on close to 1000 importance sample points

on a large memory cross-section. Model building in R and SPICE simulations

were performed on a 4GHz IBM Power7 core processor machine. The BBR-

OFS methodology demonstrated ∼ 179x speedup for phase 2 simulations thereby

enabling significant speedup which is much needed when simulating large cross-
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                                   Avg. Err.
                                  _______
    2D WSVM                1.58
    L1-SVM                    0.49
    Prop. OFS                0.36
    Prop. BBR-OFS       0.19

Figure 8.30: Scatter yield plot for pure circuit simulation based approach
(golden), versus BBR-OFS (proposed). BBR-OFS demonstrates an average yield
sigma error of 0.19 sigma [7].

sections. Speedup for L1-SVM and OFSρ is also presented and is demonstrated

to be higher due to the fact that BBR-OFS involves searching for the best balance

ratios and that SMOTE enlarges the training datasets. For L1-SVM we report

0.65 seconds of runtime for the model building (fitting) using R, and similar val-

ues for the importance sample points model evaluation. The implicit 2DWSVM

based approach lagged from a runtime perspective due to the cost of the model

building phase which seemed to suffer in terms of the number of sample points

and due to the 2D space explorations. In conclusion, we observe that our pro-

posed BBR-OFS approach presents clear benefits both in terms of yield accuracy

and runtime efficiency compared to the pure-circuit simulation based approach

as well as other approaches.

We proposed a best balance ratio ordered feature selection methodology that

aims at boosting classifier performance in the context of data imbalance aware

rare fail event estimation. We tackle the ordered feature selection problem as a

two-level optimization framework approximation to the L0-norm regularization

129



Table 8.4: Phase II Speedup and Runtime in seconds.

Phase Ckt Sim 2D WSVM L1-SVM OFS BBR-OFS
Uniform Sampling 18000 18000 18000 18000 18000

Model Fitting N/A Several hrs 0.65 19.39 150.43
Importance Sampling 27000 0.22 0.45 0.4 0.32

Phase II Speedup 1 0.5x 24421x 1364x 179x

and we rely on synthetic minority oversampling technique as a popular data

balancing method in the ML paradigm for probing for the best balance ratio. We

investigate the accuracy and performance trade-offs of the proposed methodology

when estimating the yield of an industrial 14nm FinFET SRAM design. Our

results demonstrate that BBR-OFS outperforms other methods and offers an

efficient estimate of the memory reliability metric with an average error of 0.19

sigma for the yield estimate and runtime improvement of 179x compared to the

pure-circuit simulation based approach.
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Chapter 9

Discussion and Future Work

This thesis work introduces novel machine learning methodologies spanning re-

gression and classification. It introduces rigorous merits that are bound to signify

the strength of the proposed models. It (1) presents a regularized logistic regres-

sion based methodology (2) proposes data balancing methods for imbalanced

datasets (3) introduces a Group-LARS based iterative reweighted least squares

method and (4) compares various data balancing ratios and (5) introduces best

balance ratio technique along with ordered feature selection to improve model

generalization capability. The thesis proves the efficiency of the proposed meth-

ods by achieving high accuracy for the models and excellent yield estimation.

The proposed methods differ from existing methods in that they are based on

importance sampling as an estimation phase and that they target algorithmic im-

provements for enhanced runtime, accuracy and efficiency for imbalance datasets

encountered for memory design yield modeling problems.
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[143] G. Lemâıtre, F. Nogueira, and C. K. Aridas, “Imbalanced-learn: A python

toolbox to tackle the curse of imbalanced datasets in machine learning,”

The Journal of Machine Learning Research, vol. 18, no. 1, pp. 559–563,

2017.

150



[144] R. V. Joshi and M. M. Ziegler, “Programmable supply boosting techniques

for near threshold and wide operating voltage sram,” in 2017 IEEE Custom

Integrated Circuits Conference, pp. 1–4, IEEE, 2017.

[145] S. J. Shin, wsvmsurf: Two-dimensional Solution Surface of the Weighted

Support Vector Machine algorithm, 2010. R package version 1.0.

[146] N. Rout, D. Mishra, and M. K. Mallick, “Handling imbalanced data: a

survey,” in International Proceedings on Advances in Soft Computing, In-

telligent Systems and Applications, pp. 431–443, Springer, 2018.

[147] Y. Chen, Y. Lin, T. Gai, Y. Su, Y. Wei, and D. Z. Pan, “Semisupervised

hotspot detection with self-paced multitask learning,” IEEE Transactions

on Computer-Aided Design of Integrated Circuits and Systems, vol. 39,

no. 7, pp. 1511–1523, 2019.

151


