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Abstract—New expressions for the soft decision bit log-likelihood
ratio (LLR) of a MIMO system using quadrature amplitude modu-
lation (QAM) taking into account channel estimation error (CEE).
The bit LLR for the maximum likelihood (ML) and the linear min-
imum mean-squared error (MMSE) receivers are derived, showing
in both receivers explicit scaling of the LLR that is a function of the
QAM symbol and the CEE variance. These new expressions for the
LLRs are used to show that only modest improvements in the link
performance are achieved relative to the LLRs that do not take
into account the CEE. This indicates that separating the detector
design from channel estimation does not significantly impact the
system performance, which leads to simplifications in the overall
receiver implementation.

Index Terms—Channel estimation error, log-likelihood ratio,
maximum likelihood, MIMO, MMSE, QAM.

I. INTRODUCTION

ONSIDER a bit-interleaved coded modulation system that

uses multi-level QAM and spatial multiplexing to transmit
parallel data streams from multiple antennas that are received by
multiple antennas [1]. Soft-decision decoding requires the bit
LLR as input to a soft-input channel decoder. Using the Max-
log-MAP approximation, it was shown in [2] that the LLR can
be approximated by the so-called dual-minima metric. The bit
LLR was computed in [3] for a single-input single-output (SISO)
coded OFDM system and multi-level QAM with the assumption
the receiver has full knowledge of the channel state informa-
tion (CSI). This assumption is typically not valid in a mobile
radio multi-path fading channel, especially when the number
of pilot symbols is scarce and the signal-to-noise ratio (SNR)
may be low. Thus, not accounting for imperfect CSI at the re-
ceiver leads to sub-optimal LLR generation. The LLR metric
for a SISO system with QAM modulation taking into account
CEE was derived in [6], [7]. An inter-symbol interference (ISI)
channel was considered in [8] using a posteriori detection prob-
ability and MMSE receivers with channel estimation error in the
context of iterative equalization and decoding. The bit LLR was
derived for MIMO systems in [9]-[11] with the assumption of
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ideal CSI. A MIMO system was studied in [12] that considered
the effect of channel estimation, however only constant modulus
Q-ary phase shift keying modulation was considered.

Contributions: The contributions in this letter are the new soft
bit LLR metrics for the ML and linear MMSE receivers in a
MIMO system that uses multi-level QAM, taking into account
the CEE. This model was considered in [13], [14] with a single
stage MMSE and [15] for a two-stage parallel interference can-
celling receiver. However, the weight vector derivation for the
MMSE in [13]-[15] is conditioned only on the channel esti-
mate. In our ML and MMSE receiver developments, we condi-
tion on both the channel estimate and the received QAM symbol,
leading to the improved LLR metrics.

The rest of the letter is organized as follows. Section II de-
scribes the system model. The LLR generation in a MIMO
system with imperfect CSI is described in Section III for the
ML receiver and Section IV for the linear MMSE receiver with
simulation results in Section V. The effect of colored noise is
treated in Section VI. Finally, concluding remarks are provided
in Section VII.

Notation: Lower case and upper case bold letters denote
column vectors and matrices, respectively; In denotes the
identity matrix of size N; |- | and || - || denote the absolute value
and I;-norm, respectively; (-)* denotes the complex conjugate
transpose operation and tr{A) denotes the trace of the matrix
A; and E[Z] is the expectation of the random variable Z.

II. SYSTEM MODEL

For each code word, the input information bits are channel
encoded, bit interleaved, mapped into QAM symbols and then
transmitted on N MIMO spatial layers. The input-output rela-
tionship is described as

y =Hx +v, (1)
where y is a complex-valued M x 1 vector, M denotes the
number of receive antennas, H = [hihy---hy]isa M x N

matrix which denotes the complex channel frequency response
with the assumption that A/ > N. The transmitted symbol
X = [z122---2x|T is a complex-valued N x 1 vector, where
z; € X and X is the Q-ary QAM constellation of size Q= 27.
Each symbol z; is formed from a set of ¢ coded bit-interleaved
sequence (b;,1,b;,2,+--,b;5,4) over GF(2), and normalized such
that E[|;;|*] = 1. The noise is modeled as a zero-mean complex
Gaussian circularly symmetric (ZMCGCS) random vector v
with covariance E[vv™] ¢21p;. This system model applies
to single-carrier systems over flat fading channels (ISI-free)
as well as OFDM systems over frequency-selective channels
where (1) applies to each subcarrier.
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The channel estimate H is performed using pilot tones, which
are orthogonal to the data tones, and is modeled as!

H-H+U, 2

where U = [ui---up] is the channel estimation error matrix
that is independent from v, and the elements of U are modeled
as ZMCGCS with E[u,u}] = 021a.

III. LLR FOR MAXIMUM LIKELIHOOD RECEIVER

For a maximum a posteriori (MAP) receiver, the LLR of the
kth bit of the QAM symbol x on the nth layer is given by [2]

P (bk,n = +l\y,I/-\I)
p (b,m - fl\y,I?I)

A(byn) = log , 3)

where P(-) denotes probability. Assuming that the symbols x are
equiprobable (i.e., no a priori information about the symbols
from the channel decoder), and applying Bayes’s theorem, the
LLR expression in (3) reduces to that of an ML receiver,

A (b, n) =log

by

(+1)
xEXk,n

p (y \x,ﬁ) —log | >

xex(
“4)

where 10 = {x by, = +1}, XY = {x: b0 = —1} and

p(y[x, H) is the conditional probability density of y given x
and H. Since v and U are independent zero-mean complex
Gaussian, then

p (¥ 1%, H) ~ CN (uy, Cov(y)), )
where CA denotes complex Gaussian distribution, and
ny 2E [y % 8],
Cov(y) £ E [yy* [ %, ﬁ]

denote the mean and covariance of y conditioned on x and H,
respectively. Note that (2) may be re-written as H = H-U, and
when substituted into (1), yields that y = Hx — Ux + v. Thus,
1y = Hx. The covariance of y given x and H is

Cov(y) =E[(-Ux + v) (-Ux + v)*]
=F[Uxx"U" —vx"U" — Uxv" + vv'].

Since v has zero mean, then Cov(y) = E[Uxx*U*] + 521a.
Denote G = [¢;;] = xx*, then E[Uxx*U*] = E[UGU"]. Now,

E [(UGU*)i]‘] =k |:XN: (UG)iku;k:|

1=
0, otherwise.

Thus, Cov(y) = o2tr(xx") I + 021y = (o2]|x[]* + o).

IThis model is extensively used [6], [8], [13], [14]).

p(y \x,ﬁ) ,
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Using the Max-log-MAP approximation [2], and substituting
(5) into (4), the bit LLR becomes (6),

|y Bx|
T+ A[x]*

1 ‘ -
Abr ,)=— | min _
(be.n) o7 | xex(tD 1"")‘HXH2 xex("1)
k,n PRY

(6)
where A = ¢2/02. Setting A = 0 reduces (6) to the traditional
LLR expression with no CEE.

IV. LLR FOR THE LINEAR MMSE RECEIVER

A linear MMSE receiver separates the received vector y into

N parallel layers. Using the channel estimate H-= [hih; - ‘h ~l,
the received vector y can be re-written as

y= flnxn +a 7

= —UpZn + Z hezy, — Z Upy + Vv ®

The MMSE weight vector for the nth layer is given as [1]

k#n

MMSE —1
Wn = R R“’ny ’

where Ryy = E[yy*|zn, H] and R,,, = E[z}y|2,, H]. On the
other hand, a linear receiver employing a pre-whitening filter has
an associated weight vector for the nth layer as [1]

pre—whiten __ -1
Wn - Raa Rﬂfn)’: (9)

where Ra. = E[aa”|za, ﬁ], and a is defined in (8). We prove in
Appendix A that the linear and pre-whitening receivers remain
equivalent when channel estimation error is considered, i.e.

MMSE

pre— whlten
W, X W,

(10)
The resultant LLRs from the MMSE and prewhitening receivers
are identical since the proportionality constant cancels out in the
LLR expression. We refer in what follows to the two receivers
interchangeably. The pre-whitening receiver output on the nth
layer is given by

(11)

which is approximated by a complex Gaussian distributed
random variable with mean p,, and variance v2 :

5
Zn = WnYy,

p (50 |20 Bn ) ~ CA (42, 2,) (12)

Taking expectations according to (9), yields

Wy, = RpaE [ zny \lmﬁ]
= Rl (Joal*Bo  foa%E [, 2, H])

= (1 - a)|za|*Rth, (13)

2
where o = TT is given by [13]. The covariance matrix Raa

(as shown in Appendix B) is given by

Raa = (Q|In|2 + Ct(]\‘T — 1) + 0'12,) I]\/[ =+ 0[2 ‘,]jn‘z i’\lnﬂ;

+(1-— ) H.H;. (14)
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Using (7) and (11), we have:
e, =E {zn \mn,ﬁ] —wiE [y |xn,ﬁ]
= w2 (Bt — 20 [ [, ]
=w (ﬁnxn - aﬂnxn) = (1 - a)zawihn.
For the variance v2, = Var|z,|z,, H],
Zn — Pz, = W, (a + aﬁnxn)
v, = E |(n = pn) (52 = 2,) |2, H]
=wiE [(a+abua, ) (a” +abal) o, B] we.

Next, we compute the conditional mean of the quantity =, ah?:

E {x;aﬁz |xn,ﬁ} = —|xn\2|E {un |xn,ﬁ] fl;
= fa\mn\zﬁnﬁfl
Therefore,

1/;:) —w* (Raa - a2|ﬂ:n‘2flnfl*

2 2f1 ﬂ* 2 21 o
n n n T & |$71| n n+a ‘1,1' hnhn Wi

* 2 27 s
=w) (Raa — oz, hnhn> W

The LLR of the kth bit of the QAM symbol on the nth layer for
the pre-whitening (or MMSE) receiver is given by

A (b)) =log Z p (zn \xn,fln)
a:nEX;::tll)
—log Z p <zn Ixn,fln) (15)
mnekéfl)
Substituting (12) into (15) results in
1 Zn — (1 — oa)w;flnxn
A(bgn)= min = 5
XEX’S;LI) n 1 + E|ln|
~ 2
1 zn — (1 — a)wrhy,z,
B - 2 (16)
xGXéjnl) 1 1 + §|ln|
n=wi((@(N ~1) +03) + T
(- e w, (17)

and§ = &fjwx II?. H., denotes the submatrix obtained by striking
the column h,, out of the matrix H.

Note that the impact of the CEE on the improved LLR ex-
pression in (16) appears through the scaling parameters r and &.
Several special cases of (16) can be derived as follows:

* Case I: No LLR Scaling The LLRs are derived without

knowledge of the CEE. Setting o = 0 in &, LLR expression
(16) simplifies to
)

Aben) = 1 min
' T} xEX]i+1)
2
)] (18)

(19)

Note that in this case, w,, and 7 are independent of z,,.

Zn — Wp* hnmn

Zn — Woxhpa,

— min (
xEX]ifl)
n

W, = (a,%IM + f{nﬁn) h,,

N
r ¥ooN
i N \\
m N\ 5
RIS
§ AR ,
1070 — 4+~ - ML: With LLR scaling Eq. (6)
— ¥ - ML: No LLR scaling \7\
—&— MMSE: Proposed scheme Eq. (16) 5
MMSE: MMSE Based compens. Ref. [13] \\\
—+— MMSE: With LLR scaling Eq. (20) N \
. —%— MMSE: No LLR scaling Eq. (18) N \
10” 7
13 135 14 14.5 15

SNR (per-tone per-antenna) in dB

Fig. 1. BER versus SNR 2 x 2 MIMO, 408 bits, 16-QAM, rate 1/2.

» Case II: With LLR Scaling The LLRs are scaled based
on knowledge of the CEE, but the MMSE weight vector is
computed under the assumption of no channel estimation
error, i.e. the weight vector as given in (19). The LLR is
therefore given by

~ 2
Zpn — Wp* hnxn

Abyn) = —
( k, ) n xéxérinl) 1+£‘$n‘2
- 2
Zn — WnrhnZn
20)
xex( D 1+ &)zn|? (

* Case III: LLR with MMSE-Based Compensation This
case reduces to the method used in [13], where the LLR is
given in (16) with ¢ = 0, 5 is given in (17), but now the
MMSE weight vector is assumed independent of z, and
is computed from (13) and (14) by taking the expectation
over &y, i.e. E[|z,|’] = 1.

V. SIMULATION RESULTS

Coded BER performance of the ML and MMSE detectors was
simulated using the derived expressions for a MIMO-OFDM
system configuration with numerology according to the LTE
physical layer [17]. The simulations assume N = 2 transmit
layers and M = 2 receive antennas, and the LTE turbo encoder
was used [18] with code rate 1/2 and 16 and 64-QAM modu-
lation with block size of 408 bits. The channel is independent
across the tones in a coded block, and is modeled per tone as H =
[h:;], where h;; is a zero-mean complex Gaussian random vari-
able with unit variance. The turbo decoder uses Max-log-MAP
approximation with 16 half iterations. The channel estimation
error is modelled with A = &2 /62 = 0.5.
Figs. 1 and 2 show the performance using the proposed LLR
scheme versus the schemes described in Case I, Case II and
Case III for 16 and 64-QAM, respectively. The following ob-
servations can be seen from Fig. 1 at BER of 10 3 for 16-QAM:
*+ MMSE detector with the new proposed method of LLR
generation has a 0.3 dB gain relative to no LLR scaling and
less than 0.1 dB performance gain is observed with respect
to the MMSE-based compensation of [13].

* ML detector with the new proposed method of LLR gen-
eration has a 0.2 dB gain relative to method with no LLR
scaling.
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i — 4= - ML: With LLR scaling Eq. (6) N
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—©— MMSE: Proposed scheme Eq. (16) N
MMSE: MMSE Based compens. Ref. [13] N

—+— MMSE: With LLR scaling Eq. (20) \

—%— MMSE: No LLR scaling Eq. (18)
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SNR (per-tone per-antenna) in dB

Fig. 2. BER versus SNR 2 x 2 MIMO, 408 bits, 64-QAM, rate 1/2.

¥~ No LLR scaling Eq. (18)
—+— With LLR scaling Eq. (20)
—H&— With MMSE-based compensation Ref. [13]
—©— Proposed scheme Eq. (16)

8 85 9 95 10
SNR (dB)

10.5 11

Fig. 3. BER versus SNR 1 x 2 SIMO, 408 bits, 64 — QAM, rate 1/2, and
colored noise correlation p = 0.9.

Similar trends are seen for 64-QAM as shown in Fig. 2.

VI. COLORED NOISE ANALYSIS
For more insight into the gains from the proposed LLR
scheme, consider the system model of (1) with the special case
of a single stream, i.e. y = hyz; + v, and the noise is colored
with covariance matrix for M = 2 given by
1
Ry, =E[vv'] = { N p} ,
po1
where p is the noise correlation between the two receive an-
tennas. Using the weight vector given in (13), the covariance
matrix is now given by

Raa = |-§Cl|2 (aIZ + Oézﬁlflt) + Ry

The LLR is given in (16) with n = wiR.,w;. Note that for
Case 1, i.e. with no scaling, the weight vector simply becomes
w1 = R;‘}fll .

Fig. 3 shows the performance of the proposed scheme for a
single stream scenario with highly correlated noise (p = 0.9). It
can be seen that using the LLRs from proposed MMSE detector
shows an improvement of around 1.25 dB relative to the case of
no LLR scaling and an 0.3 dB with respect to the scheme in [13].

VII. CONCLUSION

Improved soft bit LLR expressions for both ML and MMSE
MIMO detectors employing QAM constellation and taking into

IEEE SIGNAL PROCESSING LETTERS, VOL. 22, NO. 7, JULY 2015

account channel estimation error have been derived. In this con-
text, the channel estimation block provides a channel estimate
as well as other side information about its quality measured
in terms of the variance of the channel estimate relative to the
thermal noise variance. This side information is used by the de-
tector to obtain the improved LLR metric. It is shown that the
side information provided by the channel estimation block to
the detector to derive the improved LLR metric yields limited
improvements in the link performance relative to the schemes
without any side information for both the ML and MMSE de-
tectors. Thus, with just modest degradation to the system per-
formance, separating the detector design from the channel esti-
mation leads to simplifications in receiver implementation.

APPENDIX A
EQUIVALENCE OF MMSE AND PRE-WHITENING

Proof: We show that Ry} h,, & Ralh,. Now,

Ryy = Raa + (1 — 20) |2.|*h,hi. 1)

Applying the matrix inversion lemma [19] to (21), we have that
»Raaho by Ron by
1+ h;Radhn,
PPN
MnRaaln ) 59y
1+ hiRath,

where the second equality follows since ﬂ’;R;alﬂn is a scalar,
i.e. the entire term in the parenthesis in (22) is a constant. Thus,
the multiplicative constant in the prewhitening vector relative to
the MMSE vector will cancel out in the final LLR expression. m

Ry h, = Roh, — (1 — 20) |2,

=R hn (1 — (1= 2a) |zn|?

APPENDIX B
PROOF OF (14)

Proof: Substituting (8) for a in Raq = E[aa*|z,, H],

Ran = |mn\2[E [unu:z \zn,ﬁ] +E [vv* |xnﬁ]

+E Zﬂkﬂ};\xk|2 \zn, H| +E Zukummklz |a:n,1?1}
k#n k#n
- E Zﬂku,:\mk|2 xn,ﬁ] -E [Z uihj |z, |? xn,ﬁ}
k#n kZn
£E +Ey+Es+ Ey— Es — Es (23)
We simplify the individual expectations to obtain:
E = |mn\2 (OL’IM + Ll'?flnﬁ;)
EQ = UgIM
k#n k#n
E, = Z E {uku,’; |£n,ﬁ] = Z aluys +a2flkf1;)
=a(N — DIy + a2ﬁﬁﬁ%
E; = Z flk[E [UZ |$mﬁ] = Z flk (ale) = aﬁﬁﬁ%
Eg = Z E {uk |;cn,ITI} i’\lz = Z (aﬂk) flz = ozI/-\IﬁI/-\I;
k#n k#n
Substituting back in (23), the result follows. ]
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