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VARIANTS OF THE MATTILA INTEGRAL,

MEASURES WITH NONNEGATIVE FOURIER TRANSFORMS,

AND THE DISTANCE SET PROBLEM

BASSAM SHAYYA

Abstract. Suppose μ ∈ M(Rn) is a measure with ‖μ‖ > 0, σ is surface
measure on the unit sphere Sn−1 ⊂ Rn, and φ ∈ L2(Sn−1) is a function
with ‖φ‖L2(Sn−1) > 0. If ‖μ̂‖L2(Rn) < ∞, then suppμ has positive Lebesgue

measure. We ask the question, what can we say about suppμ under the weaker
assumption ∫ ∞

0

∣∣∣ ∫
Sn−1

μ̂(rθ)φ(θ)dσ(θ)
∣∣∣2rn−1dr < ∞?

We give an answer in the case φ ∈ C∞(Sn−1) and relate our result to Fal-
coner’s distance set problem. Our line of investigation naturally leads us to the
study of measures with nonnegative Fourier transforms, which we also relate
to Falconer’s distance set problem in both the Euclidean setting and in vector
spaces over finite fields. As an application of our results, we give a new proof
of the Erdös-Volkmann ring conjecture.

1. Introduction

Let M(Rn) be the space of all complex Borel measures on Rn. The Fourier
transform of a measure μ ∈ M(Rn) is defined for ξ ∈ Rn by

μ̂(ξ) =

∫
e−2πiξ·xdμ(x).

One of the main topics of Fourier analysis is the study of how the decay properties
of μ̂(ξ) as ξ → ∞ relate to geometric properties of the support of μ. As a starting
point, we have by Plancherel’s theorem the basic result that

(1) if μ̂ ∈ L2(Rn), then dμ � dx.

So, if

(2)

∫ ∞

0

∫
Sn−1

|μ̂(rθ)|2dσ(θ)rn−1dr =

∫
Rn

|μ̂(ξ)|2dξ < ∞,

where σ is surface measure on the unit sphere Sn−1 ⊂ Rn, and ‖μ‖ > 0, then
|suppμ| > 0.
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Let φ ∈ L2(Sn−1) be a function with ‖φ‖L2(Sn−1) > 0. By the Cauchy-Schwarz
inequality, ∣∣∣ ∫

Sn−1

μ̂(rθ)φ(θ)dσ(θ)
∣∣∣2 ≤ ‖φ‖2L2(Sn−1)

∫
Sn−1

|μ̂(rθ)|2dσ(θ),

so it is natural to ask the following question.

Question 1. What can we say about suppμ under the weaker assumption

(3)

∫ ∞

0

∣∣∣ ∫
Sn−1

μ̂(rθ)φ(θ)dσ(θ)
∣∣∣2rn−1dr < ∞?

As stated, the above question is too general to answer. For example, if μ is
the Dirac measure at the origin and φ is chosen such that

∫
φ dσ = 0, then (3) is

satisfied, but nothing interesting can be said about the support of μ. So (3) needs
to be supplemented by an appropriate condition to prevent μ from concentrating
too close to the origin.

In dimension n = 1, one can easily show that if μ is supported on a half-line,
then |suppμ| > 0 continues to be true under the weaker assumption. The argument
goes as follows. Suppose |μ|((−∞, 0]) = 0 and μ̂ satisfies (3). Define the measure
ν ∈ M(R) by ν(E) = φ(1)μ(E) + φ(−1)μ(−E). Then by (3),

(4)

∫ ∞

0

|ν̂(r)|2dr =

∫ ∞

0

|φ(1)μ̂(r) + φ(−1)μ̂(−r)|2dr < ∞.

If φ(1) = φ(−1), i.e. φ is constant, then ν̂ is an even function and it follows from
(4) that ν̂ ∈ L2(R). Applying (1), we conclude that dν � dx, and hence that
|suppμ| > 0. If φ(1) 	= φ(−1), however, (1) does not apply, and one needs to
combine (4) with the following stronger version of (1) to reach the same conclusion.

Theorem A ([12]). (i) Suppose ν ∈ M(Rn) and u is a unit vector in Rn. If ν is
compactly supported and ν̂ ∈ L2({ξ · u ≤ 0}), then dν � dx.

(ii) Suppose ν ∈ M(R). If ν̂ ∈ L2((−∞, 0]), then dν � dx.

The proof of part (ii) of Theorem A depends on the following celebrated theorem.

Theorem of F. and M. Riesz. Suppose μ ∈ M(R), ‖μ‖ > 0, and μ̂(ξ) = 0 for
all ξ < 0. Then dμ and dx have the same null sets:∫

A

d|μ| = 0 ⇐⇒
∫
A

dx = 0.

For a very nice discussion on the theorem of F. and M. Riesz, we refer the reader
to [7]. The proof of part (i) of Theorem A, which will not be used in the current
paper, depends on the generalization of the theorem of F. and M. Riesz given by
Forelli in [6].

Theorem A can be thought of as a substitute for (1) when radial symmetry is
not available. We shall come back to this point in Section 2.

The first goal of this paper is to combine part (ii) of Theorem A with tech-
niques from [11], [15], and [13] to supplement (3) with appropriate conditions on
the measure and give an answer to Question 1 in dimension n ≥ 2 in the case
φ ∈ C∞(Sn−1).
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Theorem 1. Suppose μ ∈ M(Rn) is a measure with
∫
|x|−αd|μ|(x) < ∞ for some

α > n/2, φ ∈ C∞(Sn−1) is a function with
∫
|x|−(n−1)/2φ(x/|x|)dμ(x) 	= 0, and μ̂

satisfies (3). Then

Δφ(μ) = {|x| : x ∈ suppμ, x 	= 0, and x/|x| ∈ suppφ}

has positive Lebesgue measure.

If φ ∈ C∞(Sn−1) vanishes on a cap C of a suitably small radius, then to every
positive integer N there is a constant CN such that

|φ̂dσ(ξ)| ≤ CN

|ξ|N

whenever |ξ| ≥ 1 and ξ/|ξ| ∈ C, and it follows that

(5)

∫ ∞

0

∣∣∣ ∫
Sn−1

φ̂dσ(rθ)f(θ)dσ(θ)
∣∣∣2rn−1dr < ∞

whenever f ∈ L1(Sn−1) and supp f ⊂ C. Theorem 1 gives a converse to this fact,
which we present in the following corollary.

Corollary 1. If φ ∈ C∞(Sn−1) and f ∈ L1(Sn−1) satisfy (5), then
∫
φfdσ = 0.

Corollary 1 follows immediately from Theorem 1 by letting dμ = fdσ, writing
the inner integral in (5) as

∫
μ̂(rθ)φ(θ)dσ(θ), and noticing that Δφ(μ) = {1} and∫

|x|−(n−1)/2φ(x/|x|)dμ(x) =
∫
φfdσ.

The discussion related to Corollary 1 shows that the hypothesis∫
|x|−(n−1)/2φ(x/|x|)dμ(x) 	= 0

is needed in Theorem 1. As to the hypothesis on
∫
|x|−αd|μ|(x), we remark that if

μ satisfies the condition

(6) |μ|(B(0, r)) ≤ Crβ (r > 0)

for some positive constants β and C, then

(7)

∫
Rn

d|μ|(x)
|x|α < ∞

for all 0 < α < β. On the other hand, if (7) holds, then (6) holds with β = α.
More importantly, if 0 < α < n and suppμ is compact, then

∫
|x|−αdμ(x) can be

written in terms of μ̂. This goes in much the same way as obtaining the Fourier
representation of the α-dimensional energy of a measure. The details will be given
in Section 3.

The Fourier representation of
∫
|x|−αdμ(x) is crucial to the results of this paper

and, combined with the discussion related to Corollary 1, tells us that Theorem 1
is the correct formalism in which to pose and answer Question 1.

The proof of Theorem 1 and the way it connects with Mattila’s approach to
Falconer’s distance set problem will be detailed in Section 2. In particular, the
work in Section 2 will show that the integral in (3) is a more general variant of
what is now known in the literature as the Mattila integral.
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Let K be a compact subset of Rn. The difference set of K and the distance set
of K are defined, respectively, as

D(K) = {x− y : x, y ∈ K} and Δ(K) = {|u| : u ∈ D(K)}.
Falconer’s distance set conjecture relates the Hausdorff dimension of K to the one-
dimensional Lebesgue measure of the distance set Δ(K) and asserts that if the
former is greater than n/2, then the latter is positive. The Fourier representation
of the energy integral (see Corollary 4) has been key to all the progress so far
achieved on this conjecture. In fact, Falconer’s conjecture would be proven as soon
as one could show that if λ ∈ M(Rn) is positive, compactly supported, and has
finite α-dimensional energy, i.e.

(8)

∫ ∫
1

|x− y|α dλ(x) dλ(y) < ∞,

for some α > n/2, then Δ(suppλ) has positive Lebesgue measure. The best known
result on Falconer’s conjecture establishes the positivity of the Lebesgue measure
of Δ(suppλ) under the assumption that (8) holds for some α > n/2 + 1/3. This
result is due to Wolff [14] in dimension n = 2 and to Erdoǧan [4] in dimensions
n ≥ 3.

For λ ∈ M(Rn), we define the measure λ̃ ∈ M(Rn) by λ̃(E) = λ(−E) for Borel
sets E ⊂ Rn. Then̂̃

λ (ξ) =

∫
e−2πiξ·xdλ̃(x) =

∫
e−2πiξ·xdλ(x) = λ̂(ξ)

for all ξ ∈ Rn. Clearly, if suppλ ⊂ K and μ = λ ∗ λ̃, then suppμ ⊂ D(K) and

μ̂(ξ) = |λ̂(ξ)|2 for all ξ ∈ Rn. Moreover, if λ is positive, then the integral in (8)
can be written as

∫
|x|−αdμ(x). In other words, if K supports a positive measure λ

with finite α-dimensional energy, then the difference set D(K) supports a positive
measure μ that has a nonnegative Fourier transform and satisfies

∫
|x|−αdμ(x) < ∞.

In view of the above discussion, we ask the following question.

Question 2. If a set E ⊂ Rn supports a measure μ ∈ M(Rn) that has a nonnega-
tive Fourier transform and satisfies∫

1

|x|α d|μ|(x) < ∞

for some α > n/2, does it follow that the distance set

{|u| : u ∈ E}
has positive Lebesgue measure?

Replacing E by D(K), we see that a positive answer to Question 2 would resolve
Falconer’s conjecture. The results we have, however, fall considerably short of that.

Theorem 2. Suppose μ is a measure in M(Rn) with a nonnegative Fourier trans-
form and φ is a nonnegative function in C∞(Sn−1). Then:

(i) If
∫
|x|−nd|μ|(x) < ∞, then μ = 0.

(ii) If μ is compactly supported,
∫
|x|−(n−1)/2φ(x/|x|)dμ(x) 	= 0, and∫

1

|x|(n+1)/2
d|μ|(x) < ∞,
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then the distance set

Δφ(μ) = {|x| : x ∈ suppμ, x 	= 0, and x/|x| ∈ suppφ}

has positive Lebesgue measure.
(iii) If μ is positive and 0 <

∫
|x|−αdμ(x) < ∞ for some α > n/2 + 1/3, then

the distance set

{|x− y| : x, y ∈ suppμ}

has positive Lebesgue measure.

An immediate consequence of part (i) of Theorem 2 is that a measure μ ∈
M(Rn) that satisfies

∫
|x − y|−nd|μ|(x)d|μ|(y) < ∞ must be zero. An immediate

consequence of part (ii) is Falconer’s original result on the distance set problem
obtained in [5]: if K ⊂ Rn is compact and of Hausdorff dimension greater that
(n+1)/2, then the distance set ofK has positive one-dimensional Lebesgue measure.

The proof of Theorem 2, as well as a further discussion of measures with non-
negative Fourier transforms, will be given in Section 4.

In Section 5, we give the finite field analog of part (ii) of Theorem 2 following
the work by Iosevich and Rudnev in [9].

In Section 6, we use the methods of this paper to give a new proof of the Erdös-
Volkmann conjecture. This conjecture concerns subrings of R of positive Hausdorff
dimension and was resolved in 2003 independently by Bourgain [1] and Edgar and
Miller [3]. The proof we give is very much in the spirit of [3], but is rather Fourier
analytic and uses field extensions and leads to a slightly more general result. We
also give in Section 6 an application of our results to the distance set problem in R.

2. Proof of Theorem 1 and connections to Mattila’s work

Proof of Theorem 1. Let σr be surface measure on the sphere rSn−1, and define
the function φr ∈ C∞(rSn−1) by φr(rθ) = φ(θ). Since

φ̂dσ(ξ) =
1

|ξ|(n−1)/2
φ
( ξ

|ξ|
)
e−2πi(|ξ|−n−1

8 )

+
1

(|ξ|)(n−1)/2
φ
(
− ξ

|ξ|
)
e2πi(|ξ|−

n−1
8 ) +O

( 1

|ξ|(n+1)/2

)
for |ξ| ≥ 1, we can write

φ̂rdσr(ξ) =
rn−1

(r|ξ|)(n−1)/2
φ
( ξ

|ξ|
)
e−2πi(r|ξ|−n−1

8 )

+
rn−1

(r|ξ|)(n−1)/2
φ
(
− ξ

|ξ|
)
e2πi(r|ξ|−

n−1
8 ) + rn−1E(ξ),

with

|E(ξ)| ≤

⎧⎪⎨⎪⎩
C

(r|ξ|)(n+1)/2 if r|ξ| ≥ 1,

C
(r|ξ|)(n−1)/2 if r|ξ| ≤ 1.
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Then∫
Sn−1

μ̂(rθ)φ(θ)dσ(θ) =

∫
rSn−1

μ̂ φrdσr

=

∫
Rn

φ̂rdσr(ξ)dμ(ξ)

=

∫
Rn

φ
( ξ

|ξ|
) rn−1

(r|ξ|)(n−1)/2
e−2πi(r|ξ|−n−1

8 )dμ(ξ)

+

∫
Rn

φ
(−ξ

|ξ|
) rn−1

(r|ξ|)(n−1)/2
e2πi(r|ξ|−

n−1
8 )dμ(ξ)

+

∫
Rn

rn−1E(ξ)dμ(ξ)

= r(n−1)/2

∫
Rn

φ
( ξ

|ξ|
) 1

|ξ|(n−1)/2
e−2πi(r|ξ|−n−1

8 )dμ(ξ)

+ r(n−1)/2

∫
Rn

φ
(−ξ

|ξ|
) 1

|ξ|(n−1)/2
e2πi(r|ξ|−

n−1
8 )dμ(ξ)

+ rn−1E1(r)

with

|E1(R)| ≤
∫
|ξ|≥1/r

C

(r|ξ|)(n+1)/2
d|μ|(ξ) +

∫
|ξ|≤1/r

C

(r|ξ|)(n−1)/2
d|μ|(ξ)

≤
∫
Rn

2C

(r|ξ|)αd|μ|(ξ)

= 2Cr−α

∫
Rn

1

|ξ|α d|μ|(ξ)

for any α ∈ [(n− 1)/2, (n+ 1)/2]. Thus

1

r(n−1)/2

∫
rSn−1

μ̂ φrdσr =

∫
Rn

φ
( ξ

|ξ|
) 1

|ξ|(n−1)/2
e−2πi(r|ξ|−n−1

8 )dμ(ξ)

+

∫
Rn

φ
(−ξ

|ξ|
) 1

|ξ|(n−1)/2
e2πi(r|ξ|−

n−1
8 )dμ(ξ)

+ E2(r)

with

|E2(r)| ≤ 2Cr(n−1)/2−α

∫
Rn

|ξ|−αd|μ|(ξ)

for any α ∈ [(n− 1)/2, (n+ 1)/2].
Now define the measures ν1, ν2, ν ∈ M(R) by∫

R

fdν1 =

∫
Rn

f(|x|)
|x|(n−1)/2

φ
( x

|x|
)
dμ(x)

(
f ∈ C0(R)

)
and ∫

R

fdν2 =

∫
Rn

f(|x|)
|x|(n−1)/2

φ
(−x

|x|
)
dμ(x)

(
f ∈ C0(R)

)
and

dν(t) = eiπ(n−1)/4dν1(t) + e−iπ(n−1)/4dν2(−t).
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Then

ν̂(s) =

∫
R

e−2πisteiπ(n−1)/4dν1(t) +

∫
R

e−2πiste−iπ(n−1)/4dν2(−t)

=

∫
R

e−2πi(st−(n−1)/8)dν1(t) +

∫
R

e2πi(st−(n−1)/8)dν2(t)

=

∫
Rn

e−2πi(s|x|−(n−1)/8)φ
( x

|x|
) 1

|x|(n−1)/2
dμ(x)

+

∫
Rn

e2πi(s|x|−(n−1)/8)φ
(−x

|x|
) 1

|x|(n−1)/2
dμ(x),

and it follows that

(9)
1

r(n−1)/2

∫
rSn−1

μ̂ φrdσr = ν̂(r) + E2(r).

Since E2 ∈ L2([1,∞)) whenever α > n/2 and
∫
Rn |ξ|−αd|μ|(ξ) < ∞, it follows

that
1

r(n−1)/2

∫
rSn−1

μ̂ φrdσr − ν̂(r) ∈ L2([1,∞))

whenever there is an α ∈ (n/2, n) with
∫
Rn |ξ|−αd|μ|(ξ) < ∞. Thus

ν̂ ∈ L2([1,∞)) ⇐⇒
∫ ∞

1

∣∣∣ ∫
rSn−1

μ̂ φrdσr

∣∣∣2 dr

rn−1
< ∞

whenever there is an α ∈ (n/2, n) with
∫
Rn |ξ|−αd|μ|(ξ) < ∞.

Thus, by Theorem A, (3) implies that ν is absolutely continuous to Lebesgue
measure on R. Now, since Δφ(μ) ⊂ (0,∞), we have∫

Δφ(μ)

dν2(−t) = 0,

so ∫
Δφ(μ)

dν = eiπ(n−1)/4

∫
Δφ(μ)

dν1 = eiπ(n−1)/4

∫
Rn

1

|x|(n−1)/2
φ
( x

|x|
)
dμ(x) 	= 0,

and so |E| > 0. �

The argument used in the proof of Theorem 1 is very close to an argument used
in [15] to prove the following theorem.

Theorem B (Mattila [11]). Suppose λ ∈ M(Rn) is positive,

0 <

∫
Rn

∫
Rn

dλ(x)dλ(y)

|x− y|α < ∞

for some α > n/2, and

(10)

∫ ∞

1

(∫
Sn−1

|λ̂(rθ)|2dσ(θ)
)2

rn−1dr < ∞.

Then |{|x− y| : x, y ∈ suppλ}| > 0.

The integral in (10) is now referred to in the literature as the Mattila integral.
Suppose λ ∈ M(Rn) is positive and suppλ is contained in some compact set K.

Then {|x − y| : x, y ∈ suppλ} ⊂ Δ(K), and when one replaces μ in the proof of
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Theorem 1 by λ ∗ λ̃ and takes φ = 1, one sees that the measure ν1, which is now
given by∫

R

fdν1 =

∫
Rn

∫
Rn

f(|x− y|)
|x− y|(n−1)/2

dλ(x)dλ(y) (f ∈ C0(R)),

is the natural measure on Δ(K). Mattila showed in [11] that if λ satisfies (10),
then ν1 is absolutely continuous to Lebesgue measure with an L2 density. In order
to get a more direct link between the Mattila integral and the measure carried by
the distance set, Wolff introduced in [15] the measure

dν(t) = eiπ(n−1)/4dν1(t) + e−iπ(n−1)/4dν1(−t)

and obtained the following version of (9):

1

r(n−1)/2

∫
rSn−1

|λ̂|2dσr = ν̂(r) + E2(r),

which, in particular, shows that, up to an error, ν̂(r) is nonnegative for r > 0. We
refer the reader to [4], [11], and [15] for more information about Mattila’s theorem
and its important applications to Falconer’s distance set conjecture.

Notice that if λ satisfies the dimensionality condition

λ(B(x, r)) ≤ Crβ (x ∈ Rn, r > 0)

for some positive constants β and C, then∫
Rn

∫
Rn

dλ(x)dλ(y)

|x− y|α < ∞

for all 0 < α < β.
Theorem 1 leads to the following generalization of Mattila’s theorem.

Corollary 2. Suppose λ ∈ M(Rn) is a measure with∫
Rn

∫
Rn

1

|x− y|α d|λ|(x)d|λ|(y) < ∞

for some α > n/2, φ ∈ C∞(Sn−1) is a function with∫
Rn

∫
Rn

1

|x− y|(n−1)/2
φ
( x− y

|x− y|
)
dλ(x)dλ(y) 	= 0,

and ∫ ∞

1

∣∣∣ ∫
Sn−1

|λ̂(rθ)|2φ(θ)dσ(θ)
∣∣∣2rn−1dr < ∞.

Then

{|x− y| : x, y ∈ suppλ, x 	= y, and (x− y)/|x− y| ∈ suppφ}
has positive Lebesgue measure.

Proof. The result follows immediately by applying Theorem 1 to the measure μ =

λ ∗ λ̃. �

We shall finish this discussion by showing that in the presence of radial symmetry,
i.e. when φ is constant, one can prove Theorem 1 without having to appeal to
Theorem A. The argument we use is in the same spirit of the argument used in
[11] to prove Theorem B.
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Lemma 1. Let ϕ ∈ C∞
0 ((0,∞)) and ω ∈ Sn−1. Define the functions Ψ : Rn → C

and ψ : (0,∞) → C by Ψ(rθ) = ϕ(r) for (r, θ) ∈ [0,∞) × Sn−1 and ψ(s) = Ψ̂(sω)
for s > 0. Then

ϕ(|v|) =
∫ ∞

0

σ̂s(v)ψ(s)ds (v ∈ Rn).

Proof. Since ϕ vanishes in a neighborhood of the origin, we have Ψ ∈ C∞
0 (Rn),

Ψ̂ ∈ S(Rn), and ψ ∈ C∞((0,∞)). So by Fourier inversion,

ϕ(|v|) = Ψ(−v)

=

∫
Rn

e−2πiv·uΨ̂(u)du

=

∫ ∞

0

∫
Sn−1

e−2πiv·(sθ)Ψ̂(sθ)sn−1dσ(θ)ds

=

∫ ∞

0

∫
Sn−1

e−2πiv·(sθ)Ψ̂(sω)sn−1dσ(θ)ds

=

∫ ∞

0

Ψ̂(sω)

∫
Sn−1

e−2πiv·(sθ)sn−1dσ(θ)ds

=

∫ ∞

0

σ̂s(v)ψ(s)ds,

where we have used the fact that the Fourier transform of a radial function is
radial. �

Theorem 3. Suppose μ ∈ M(Rn) is such that

0 <

∫
Rn

d|μ|(x)
|x|(n−1)/2

< ∞ and

∫ ∞

1

∣∣∣ ∫
Sn−1

μ̂(rθ)dσ(θ)
∣∣∣2rn−1dr < ∞.

Then |Δ(μ)| > 0.

Proof. For ξ ∈ Rn with |ξ| = s, define

G(ξ) =
1

sn−1

∫
Rn

σ̂s dμ =
1

sn−1

∫
Rn

μ̂ dσs.

Then

‖G‖2L2(Rn) = σ(Sn−1)

∫ ∞

0

∣∣∣ ∫
Rn

σ̂s dμ
∣∣∣2 ds

sn−1
< ∞,

and it follows that there is a function F ∈ L2(Rn) with F̂ = G. Since G is radial,
so is F , and hence there is a vector ω ∈ Sn−1 such that F (x) = F (|x|ω) for almost
every x ∈ Rn.

Define the measure ν on R by∫
R

fdν =

∫
Rn

f(|x|)
|x|(n−1)/2

dμ(x) (f ∈ C0(R)).

Clearly, ν ∈ M(R) and |ν|(Δ(μ)) > 0, so the theorem will be proved as soon as we
show that ν is absolutely continuous to Lebesgue measure on R. In fact, we shall
show that

dν(r) = F (rω)r(n−1)/2dr,

with the understanding that F (rω) = 0 for r < 0.
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We need to show that∫
R

fdν =

∫ ∞

0

f(r)F (rω)r(n−1)/2dr

for all f ∈ C0(R). Since F (rω)r(n−1)/2 ∈ L2(R), it is enough to prove this for all
f ∈ C∞

0 (R).
Let f ∈ C∞

0 (R), choose a nonnegative function h ∈ C∞(R) with h = 1 on
[1,∞) and h = 0 on (−∞, 0], set hε(r) = h(r/ε), and apply Lemma 1 with ϕ(r) =
r−(n−1)/2f(r)hε(r) to get∫

R

f(r)hε(r)dν(r) =

∫
R

ϕ(r)r(n−1)/2dν(r)

=

∫
Rn

ϕ(|v|)dμ(v)

=

∫
Rn

(∫ ∞

0

σ̂s(v)ψ(s)ds
)
dμ(v)

=

∫ ∞

0

(∫
Rn

σ̂s dμ
)
ψ(s)ds

=
1

σ(Sn−1)

∫
Sn−1

∫ ∞

0

(∫
Rn

σ̂s dμ
)
ψ(s)dsdσ(θ)

=
1

σ(Sn−1)

∫
Sn−1

∫ ∞

0

G(sθ) ̂̃Ψ(sθ)sn−1dsdσ(θ)

=
1

σ(Sn−1)

∫
Rn

G(ξ) ̂̃Ψ(ξ)dξ,

where Ψ̃(x) = Ψ(−x). Since G = F̂ , this becomes∫
R

f(r)hε(r)dν(r) =
1

σ(Sn−1)

∫
Rn

F (x)
̂̃̂
Ψ(x)dx

=
1

σ(Sn−1)

∫
Rn

Ψ(x)F (x)dx

=

∫ ∞

0

Ψ(rω)F (rω)rn−1dr

=

∫ ∞

0

ϕ(r)F (rω)rn−1dr

=

∫ ∞

0

f(r)hε(r)F (rω)r(n−1)/2dr.

Letting ε → 0 finishes the proof. �

3. The Fourier representation of

∫
|x|−αdμ(x)

For ε > 0 and x ∈ Rn, define

Γε(x) =
1

εn
e−πε−2|x|2 .

Then∫
1

|x|αΓε ∗ μ(x)dx = cα

∫
1

|ξ|n−α
Γ̂ε ∗ μ(ξ)dξ = cα

∫
e−πε2|ξ|2 μ̂(ξ)

dξ

|ξ|n−α
,
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where

cα =

∫
|x|−αe−π|x|2dx∫
|ξ|α−ne−π|ξ|2dξ

,

and ∫
1

|x|αΓε ∗ μ(x)dx =

∫
1

|x|α
∫

Γε(x− y)dμ(y)dx

=

∫ ∫
1

|x|αΓε(x− y)dxdμ(y)

=

∫
Γε ∗

1

| · |α (y)dμ(y),

where interchanging the order of integration is justified by the fact that Γε ∗ μ is a
Schwartz function.1 This leads to the following result.

Proposition 1. Suppose 0 < α < n and μ ∈ M(Rn) is compactly supported. If∫
|x|−αd|μ|(x) < ∞ or if μ is positive, then∫

1

|x|α dμ(x) = cα lim
ε→0

∫
e−πε2|ξ|2 μ̂(ξ)

dξ

|ξ|n−α
.

Proof. It is easy to see that (e.g. see the discussion of the energy integral in [15])

Γε ∗
1

| · |α (x)
<∼

1

|x|α and lim
ε→0

Γε ∗
1

| · |α (x) =
1

|x|α

for all x ∈ Rn. So if
∫
|x|−αd|μ|(x) < ∞, then by the dominated convergence

theorem, ∫
1

|x|α dμ(x) =
∫

lim
ε→0

Γε ∗
1

| · |α (x)dμ(x)

= lim
ε→0

∫
Γε ∗

1

| · |α (x)dμ(x) = lim
ε→0

cα

∫
e−πε2|ξ|2 μ̂(ξ)

dξ

|ξ|n−α
.

On the other hand, if μ is positive and
∫
|x|−αdμ(x) = ∞, then by Fatou’s lemma,

∞ =

∫
1

|x|α dμ(x) =
∫

lim
ε→0

Γε ∗
1

| · |α (x)dμ(x)

≤ lim inf
ε→0

∫
Γε ∗

1

| · |α (x)dμ(x) = lim inf
ε→0

cα

∫
e−πε2|ξ|2 μ̂(ξ)

dξ

|ξ|n−α
.

�
If μ̂ happens to be a nonnegative function, then the monotone convergence the-

orem tells us that

lim
ε→0

∫
e−πε2|ξ|2 μ̂(ξ)

dξ

|ξ|n−α
=

∫
μ̂(ξ)

dξ

|ξ|n−α
,

and we obtain the following corollary to Proposition 1.

Corollary 3. Suppose 0 < α < n, μ ∈ M(Rn) is compactly supported, and μ̂ is a
nonnegative function. If

∫
|x|−αd|μ|(x) < ∞ or if μ is positive, then∫
1

|x|α dμ(x) = cα

∫
μ̂(ξ)

dξ

|ξ|n−α
.

1The fact that Γε ∗ μ is Schwartz follows from the fact that Γε is Schwartz and μ is compactly
supported. This is the only place where the compact support assumption on μ is needed.
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Applying Proposition 1 to the measure μ ∗ μ̃, we obtain the usual Fourier repre-
sentation of the energy integral:

Corollary 4. Suppose 0 < α < n and μ ∈ M(Rn) is compactly supported. If∫ ∫
|x− y|−αd|μ|(x)d|μ|(y) < ∞ or if μ is positive, then∫ ∫

1

|x− y|α dμ(x) dμ(y) = cα

∫
|μ̂(ξ)|2 dξ

|ξ|n−α
.

4. Measures with nonnegative Fourier transforms

As we saw in the introduction, the motivation behind studying measures with
nonnegative Fourier transforms was the need to study measures of the form μ ∗ μ̃
which arise naturally in geometric measure theory. It is therefore natural to start
this section by asking if any measure with nonnegative Fourier transform is of the
form μ ∗ μ̃. We will show that this is not the case.2

Let f be a 1-periodic function on R with Fourier coefficients

f̂(k) =

{
0 if k ≤ 0,

1(
log(k+1)

)2 if k ≥ 1.

To see that such a function exists, we will show that the partial sums of the series
∞∑
k=1

1(
log(k + 1)

)2 e2πikx
form a Cauchy sequence in L1(T). In fact, letting

vk =

{
0 if k = 0,∑k

l=1 e
2πilx if k ≥ 1

and summing by parts, we see that

N∑
k=M

1(
log(k + 1)

)2 e2πikx

=
vN(

log(N + 1)
)2 − vM−1(

log(M + 1)
)2 +

N−1∑
k=M

vk

( 1(
log(k + 1)

)2 − 1(
log(k + 2)

)2),
so that ∥∥∥ N∑

k=M

1(
log(k + 1)

)2 e2πikx
∥∥∥
L1(T)

<∼
1

log(N + 1)
+

1

log(M + 1)

+
N−1∑
k=M

(
log(k + 1)

)( 1(
log(k + 1)

)2 − 1(
log(k + 2)

)2)
→ 0 as M,N → ∞,

where we have used the fact that ‖vk‖L1(T) <∼ log(k + 1).

2This may very well be a known fact, but the author has not been able to find a reference for
it in the literature.
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Let φ be a Schwartz function on R such that φ̂ is nonnegative and compactly
supported, and define the measure ν ∈ M(R) by dν = φfdx. Then

(11) ν̂(ξ) =
∑
k∈Z

φ̂(ξ − k)f̂(k).

Clearly, ν̂(ξ) ≥ 0 for all ξ ∈ R. Suppose ν = μ ∗ μ̃ for some μ ∈ M(R). Then (11)
tells us that

μ̂(ξ) = 0 for all ξ ≤ −A and |μ̂(ξ)| >∼
1

log ξ
for all ξ ≥ A

for some A > 1. Since μ̂ vanishes on the interval (−∞,−A], the theorem of F.
and M. Riesz, as stated in Section 1, tells us that dμ = gdx for some function
g ∈ L1(R). Since ĝ vanishes on (−∞,−A], e2πiAxg ∈ H1(R) and hence satisfies
Hardy’s inequality: ∫ ∞

0

|ĝ(ξ −A)|dξ
ξ

< ∞.

This implies ∫ ∞

2A

|ĝ(ξ −A)|dξ
ξ

< ∞,

which in turn implies ∫ ∞

2A

1

ξ log(ξ −A)
dξ < ∞,

which is not true.

Proof of Theorem 2. (i) We may assume μ is compactly supported (otherwise, we
show that ψdμ = 0 for every function ψ ∈ C∞

0 (Rn) with a nonnegative Fourier
transform and conclude that μ is zero).

Let {αk} be a sequence in (0, n) that converges to n. By Corollary 3,∫
1

|x|αk
dμ(x) = cαk

∫
μ̂(ξ)

dξ

|ξ|n−αk
,

and it follows by Fatou’s lemma that∫
μ̂(ξ)dξ =

∫
lim inf
k→∞

μ̂(ξ)

|ξ|n−αk
dξ

≤ lim inf
k→∞

∫
μ̂(ξ)

dξ

|ξ|n−αk
= lim inf

k→∞

1

cαk

∫
1

|x|αk
dμ(x) = 0,

because

lim
k→∞

cαk
=

∫
|x|−ne−π|x|2dx∫

e−π|ξ|2dξ
= ∞

and ∣∣∣ ∫ |x|−αkdμ(x)
∣∣∣ <∼ ∫

|x|−nd|μ|(x) < ∞.

This implies that μ̂(ξ) = 0 for all ξ ∈ Rn, and hence that μ = 0.
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(ii) In view of Theorem 1, we need to estimate
∫
μ̂(rθ)φ(θ)dσ(θ). But∫

μ̂(rθ)φ(θ)dσ(θ) ≤ (supφ)

∫
μ̂(rθ)dσ(θ)

= (supφ)

∫
σ̂(rx)dμ(x)

= (supφ)
∣∣∣ ∫ σ̂(rx)dμ(x)

∣∣∣
<∼

∫
1

|rx|(n−1)/2
d|μ|(x)

<∼
1

r(n−1)/2
,

so that∫ ∞

0

(∫
μ̂(rθ)φ(θ)dσ(θ)

)2

rn−1dr <∼
∫ ∞

0

∫
μ̂(rθ)dσ(θ)

rn−1

r(n−1)/2
dr

=

∫
μ̂(ξ)

1

|ξ|(n−1)/2
dξ

=
1

c(n+1)/2

∫
1

|x|(n+1)/2
dμ(x)

≤ 1

c(n+1)/2

∫
1

|x|(n+1)/2
d|μ|(x)

< ∞,

as desired.
(iii) As in part (i), we may assume μ is compactly supported (otherwise, we mul-

tiply μ by a nonnegative C∞
0 function ψ that has a nonnegative Fourier transform,

show that Δφ(ψdμ) has positive Lebesgue measure, and conclude that Δφ(μ) has
positive Lebesgue measure.

We are going to show that the condition 0 <
∫
|x|−αdμ(x) < ∞ implies that

the support of μ has Hausdorff dimension greater than or equal to α. Since α >
n/2+1/3, the Wolff-Erdoǧan result already described in Section 1 tells us that the
set {|x− y| : x, y ∈ suppμ} has positive one-dimensional Lebesgue measure.

Since
∫
|x|−αdμ(x) > 0, part (i) tells us that α < n. So by Corollary 1,

(12)

∫
μ̂(ξ)

dξ

|ξ|n−α
=

1

cα

∫
1

|x|α dμ(x) < ∞.

Let a ∈ Rn. For Borel E ⊂ Rn, define μa(E) = μ(E+a). Then μ̂a(ξ) = e2πiξ·aμ̂(ξ)
and Proposition 1 tells us that∫

1

|x− a|α dμ(x) =

∫
1

|x|α dμa(x)

= cα lim
ε→0

∫
e−πε2|ξ|2 μ̂a(ξ)

dξ

|ξ|n−α

= cα lim
ε→0

∫
e−πε2|ξ|2e2πiξ·aμ̂a(ξ)

dξ

|ξ|n−α

= cα

∫
e2πiξ·aμ̂(ξ)

dξ

|ξ|n−α
,
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where we have used (1) to interchange limit and integral. So∫
1

|x− a|α dμ(x) ≤ cα

∫
μ̂(ξ)

dξ

|ξ|n−α
= C,

and so

μ(B(a, r)) ≤ Crα

for all a ∈ Rn and r ≥ 0. This of course implies that the Hausdorff dimension of
the support of μ is greater than or equal to α. �

5. Finite field analog

Let Fq be a finite field with q elements, where q is a power of an odd prime.
Also, let d ≥ 2 and consider the d-dimensional vector space Fd

q over Fq. Given a

set E ⊂ Fd
q , we define its distance set by

Δ(E) = {|x− y|2 =
d∑

l=1

(xl − yl)
2 : x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ E}.

Iosevich and Rudnev [9] formulated a finite field version of Falconer’s conjecture
which asserts that if #E ≥ Cqd/2, where #E is the cardinality of E and C is a
sufficiently large constant, then to every ε > 0 there is a constant Cε such that
#Δ(E) ≥ Cεq

1−ε. Iosevich and Rudnev also developed a finite field analog of the
machinery that Mattila had developed in [11] to study the distance problem in
the Euclidean setting, which we have already described in Section 2, and employed
Gauss and Kloosterman sum estimates to obtain the following result.

Theorem C (Iosevich and Rudnev [9]). If #E ≥ Cq
d+1
2 for a sufficiently large

constant C, then Δ(E) = Fq.

Of course, Theorem C has the following corollary.

Corollary A. If #E ≥ Cq
d+1
2 for a sufficiently large constant C, then #Δ(E) >∼ q.

The authors of [9] together with Hart and Koh showed in a subsequent paper
[8] that Corollary A is in fact sharp when d is odd, but the finite field version of
Falconer’s conjecture remains open for even d, and the best known result is still the
one given by Corollary A, i.e. the (d+ 1)/2 exponent, except in dimension d = 2,
where the best known exponent is 4/3, as was recently shown in [2].

Given a function μ : Fd
q → C, we define its Fourier transform to be the function

μ̂ : Fd
q → C given by

μ̂(ξ) =
1

qd

∑
x∈Fd

q

e−
2πiξ·x

q μ(x),

where we have identified Fd
q with the q-th roots of unity on the unit circle. We also

define the distance set of μ by

Δ(μ) = {|x|2 : μ(x) 	= 0}.
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We have the following strengthening of Corollary A.

Theorem 4. Suppose μ : Fd
q → C is such that μ(x) 	= 0 for some x and ̂̄μ(m) ≥ 0

for all m. If ∑
x∈Fd

q

μ(x) ≥ Cμ̄(0)q
d+1
2

for a sufficiently large constant C, then

(13) #Δ(μ) >∼ q.

Note that ∑
x∈Fd

q

μ(x) =
∑
x∈Fd

q

μ̄(x) = qd ̂̄μ(0) = qd ̂̄μ(0) ≥ 0

and, by Fourier inversion, μ̄(0) =
∑

m∈Fd
q

̂̄μ(m) ≥ 0. In fact, since μ is nonzero, at

least one of the ̂̄μ(m) is positive, so μ̄(0) > 0, and so 0 ∈ Δ(μ). Thus

(14) #Δ(μ) ≥ 1.

Our purpose is to upgrade from (14) to (13).
To see that Theorem 4 implies Corollary A, take μ = χE ∗χ−E and observe that

Δ(μ) = Δ(E), μ̂ = |χ̂E |2,∑
x∈Fd

q

μ(x) =
∑
x∈Fd

q

∑
y∈Fd

q

χE(y)χE(y − x) = (#E)2,

and
μ(0) =

∑
y∈Fd

q

χE(y)χE(y − 0) = #E.

On the other hand, if η : Fd
q → [0,∞) is a general function that satisfies

qdη(0) ≥ Cq
d+1
2

∑
m∈Fd

q

η(m)

and μ is the complex conjugate of the inverse Fourier transform of η, i.e.

μ̄(x) =
∑
m∈Fd

q

e
2πim·x

q η(m),

then Theorem 4 tells us that #Δ(μ) >∼ q, whereas Corollary A does not appear to
provide any information about the support of μ.

The proof of Theorem 4 goes along the same lines as the proof given in [9] of
Theorem C.

Proof of Theorem 4. Let

ν(j) =
1∑
μ

∑
x∈Fd

q

μ(x)Sj(x),

where
∑

μ =
∑

x∈Fd
q
μ(x) and Sj is the characteristic function of the set {x ∈ Fd

q :

|x|2 = j}. Since the union of these sets equals Fd
q , we have

(15) 1 ≤
∑
j∈Fq

ν(j) = ν(0) +
∑
j �=0

ν(j) ≤ ν(0) +
(
sup
j �=0

ν(j)
)
#Δ(μ),

where we have used the observation that Δ(μ) = {j ∈ Fq : ν(j) 	= 0}.
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By Fourier inversion,

ν(j) =
1∑
μ

∑
x∈Fd

q

μ(x)
∑
m∈Fd

q

e
2πix·m

q Ŝj(m)

=
qd∑
μ

∑
m∈Fd

q

Ŝj(m)
1

qd

∑
x∈Fd

q

μ̄(x)e−
2πix·m

q

=
qd∑
μ

∑
m∈Fd

q

Ŝj(m)̂̄μ(m)

=
qd∑
μ

∑
m∈Fd

q

Ŝj(m)̂̄μ(m),

so that

ν(j) ≤ qd∑
μ
|Ŝj(0)|̂̄μ(0) + qd∑

μ

∑
m �=0

|Ŝj(m)|̂̄μ(m)

≤ |Ŝj(0)|+
(
sup
m �=0

|Ŝj(m)|
) qd∑

μ

∑
m �=0

̂̄μ(m)

≤ |Ŝj(0)|+
(
sup
m �=0

|Ŝj(m)|
) qd∑

μ

∑
m∈Fd

q

̂̄μ(m)

= |Ŝj(0)|+
(
sup
m �=0

|Ŝj(m)|
) qd∑

μ
μ̄(0).

By Lemma 2.2 in [9],

|Ŝj(m)| <∼ q−
d+1
2

for j 	= 0 and m 	= 0, while

|Ŝ0(m)| <∼ q−d/2

for m 	= 0. Also,

Ŝj(0) =
1

qd

∑
x∈Fd

q

Sj(x) =
1

qd
#{x ∈ Fd

q : |x|2 = j} <∼
qd−1

qd
=

1

q

for all j. So

ν(0) <∼
1

q
+ q

d
2
μ̄(0)∑

μ
=

1

q
+

1
√
q

q
d+1
2 μ̄(0)∑

μ
≤ 1

q
+

1

C
√
q

and

ν(j) <∼
1

q
+ q

d−1
2

μ̄(0)∑
μ

=
1

q
+

1

q

q
d+1
2 μ̄(0)∑

μ
≤ 1

q
+

1

Cq
<∼

1

q

for j 	= 0. Inserting these estimates back into (15), we obtain

1 <∼
1

q
+

1

C
√
q
+

1

q
#Δ(μ) ≤ 1

C
√
q
+

1

q
#Δ(μ),

where we have used (14). Thus

#Δ(μ) >∼ q

provided C is sufficiently large. �



2640 BASSAM SHAYYA

6. Applications

In this section, we give two applications of the methods and results of this paper.
The first application concerns the distance set problem in R; the second is a new
proof of the Erdös-Volkmann ring conjecture.

Theorem 5. Let μ ∈ M(R) be a positive compactly supported measure with a
nonnegative Fourier transform. Suppose there is an integer n ≥ 2 such that

(16) 0 <

∫
1

|t|n+1
2n

dμ(t) < ∞.

Then the set

Δε1,...,εn−1
(μ) = {|x1|2 + · · ·+ |xn|2 : x1, . . . , xn ∈ suppμ

and |xj | ≤ εj−1|x1| for j = 2, . . . , n}
has positive Lebesgue measure for any (n− 1)-tuple (ε1, . . . , εn−1) of positive num-
bers.

Proof. Since μ̂ is a nonnegative function and ‖μ‖ > 0 (by the first inequality in
(16)), part (i) of Theorem 2 tells us that μ

(
(−a, a)

)
> 0 for all a > 0 (otherwise,∫

|t|−1dμ(t) < ∞). In particular, μ
(
(−1, 1)

)
> 0. The second inequality in (16) tells

us that μ({0}) = 0. Also, since μ̂ is nonnegative, we have μ
(
(−1, 0)

)
= μ

(
(0, 1)

)
,

so μ
(
(0, 1)

)
> 0, and so μ

(
(a, 1)

)
> 0 for all sufficiently small a.

Define the measure η ∈ M(Rn) by

η = μ× · · · × μ︸ ︷︷ ︸
n-times

,

and, for a > 0, define the tube Ta ⊂ Rn by

Ta = (a, 1)× (−a, a)× · · · × (−a, a).

Then η̂ is nonnegative, η(Ta) > 0, and∫
1

|x|n+1
2

dη(x) ≤ 1

n
n+1
4

∫
1

(|x1| . . . |xn|)
n+1
2n

dη(x)

=
1

n
n+1
4

∫
1

|x1|
n+1
2n

dμ(x1) . . .

∫
1

|xn|
n+1
2n

dμ(xn)

< ∞,

where we have used the inequality between the arithmetic and geometric means of
n positive numbers. Also, choose a nonnegative function φ in C∞(Sn−1) such that
φ(1, 0, . . . , 0) > 1 and

{x ∈ Rn : x 	= 0 and φ
( x

|x|
)
	= 0} ⊂ {x ∈ Rn : |xj | ≤ εj−1|x1| for j = 2, . . . , n}.

Then ∫
φ
( x

|x|
)
dη(x) ≥

∫
Ta

φ
( x

|x|
)
dη(x) ≥ η(Ta) > 0

provided a is sufficiently small. Part (ii) of Theorem 2 now tells us that |Δφ(η)| > 0
and hence that |Δε1,...,εn−1

(μ)| > 0. �

Theorem 5 leads to the following result concerning the distance set problem in R.
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Corollary 5. Suppose K is a compact subset of R with Hausdorff dimension α >
1/2. Then the distance set

{|x1 − y1|2 + · · ·+ |xn − yn|2 : x1, . . . , xn, y1, . . . , yn ∈ K

and |xj − yj | ≤ εj−1|x1 − y1| for j = 2, . . . , n}

has positive Lebesgue measure whenever 1/2 + 1/(2n) < α and ε1, . . . , εn−1 > 0.

Proof. Since 1/2 + 1/(2n) < α, there is a positive measure λ supported in K and

having finite
(
1/2+1/(2n)

)
-dimensional energy. Let μ = λ∗λ̃. Then μ is supported

in the difference set D(K) and satisfies the conditions of Theorem 5, and the desired
result follows. �

We are now in position to study subrings of R. We start with the following
consequence of Theorem 5 (see [5] for a related result).

Corollary 6. Let F be a subring of R. Suppose there is a positive compactly
supported measure μ ∈ M(R) such that μ̂ is a nonnegative function, suppμ ⊂ F ,
and

(17) 0 <

∫
1

|t|α dμ(t) < ∞

for some 1/2 < α < 1. Then F = R.

Proof. Since α > 1/2, one can find a positive integer n ≥ 2 such that α > 1/2 +
1/(2n), and one then gets from (17) that

0 <

∫
1

|t|n+1
2n

dμ(t) < ∞

and concludes from Theorem 5 that |Δε1,...,εn−1
(μ)| > 0. But, being a subring

of R, F contains the set Δε1,...,εn−1
(μ), and hence F contains an interval (by the

Steinhaus theorem) and is therefore equal to R. �

To extend the range of α in Corollary 6 to 0 < α < 1, we need to further exploit
the algebraic structure of the subring F . This is the role of the next lemma.

Lemma 2. Let F be a subring of R and n a positive integer. Suppose there is a
linear transformation T : Rn → R such that T (Fn) = R. Then F = R.

Proof. There are numbers α1, . . . , αn ∈ R, which are not all equal to zero, such
that

T (x1, . . . , xn) = α1x1 + · · ·+ αnxn

for all x = (x1, . . . , xn) ∈ Rn.
Let z ∈ R \ F . Since T (Fn) = R, there are points

(u1,1, . . . , u1,n), . . . , (un,1, . . . , un,n) ∈ Fn

such that

α1z = T (u1,1, . . . , u1,n), . . . , αnz = T (un,1, . . . , un,n)
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so that the system of equations⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(u1,1 − z)α1 + · · ·+ u1,nαn = 0

...

un,1α1 + · · ·+ (un,n − z)αn = 0

has a nonzero solution, and so the matrix of coefficients⎛⎜⎝u1,1 − z . . . u1,n

...
...

un,1 . . . un,n − z

⎞⎟⎠
has a zero determinant. Thus there are elements p1, . . . , pn ∈ F such that

(18) zn − p1z
n−1 − · · · − pn−1z − pn = 0.

Let u be nonzero element of F . If u−1 	∈ F , then u−1 ∈ R \F and hence satisfies
(18), and hence

u−1 = p1 + · · ·+ pn−1u
n−2 + pnu

n−1 ∈ F.

Thus F is a subfield of R, and R is a vector space over F of dimension at most
n (in fact, since T (Fn) = R, any linearly independent subset of {α1, . . . , αn} is a
basis for R as a vector space over F ). In other words, R is a finite field extension of
F with [R : F ] ≤ n. Thus C is a finite field extension of F . Since C is algebraically
closed, Corollary 9.3 of [10, page 299] tells us that C = F (i) with i2 = −1, which
implies that the dimension of C over F is two, i.e. [C : F ] = 2, which in turn implies
that R = F (since [C : F ] = [C : R][R : F ] and [C : R] = 2, we get [R : F ] = 1). �

Theorem 6. Let F be a subring of R. Suppose there is a positive compactly sup-
ported measure μ ∈ M(R) such that μ̂ is a nonnegative function, suppμ ⊂ F ,
and

(19) 0 <

∫
1

|t|α dμ(t) < ∞

for some 0 < α < 1. Then F = R.

Proof. Let n be a positive integer and define η ∈ M(Rn) by η = μ × · · · × μ.
Then η is a positive measure with ‖η‖ > 0, is compactly supported in Fn, has a
nonnegative Fourier transform, and∫

1

|x|nα dη(x) ≤ 1

nnα/2

∫
1

(|x1| . . . |xn|)α
dη(x)

=
1

nnα/2

∫
1

|x1|α
dμ(x1) . . .

∫
1

|xn|α
dμ(xn)

< ∞.

Since 0 < nα < n and η̂ is nonnegative, Corollary 3 tells us that∫
Rn

η̂(ξ)
dξ

|ξ|n−nα
< ∞.

Changing into polar coordinates, this becomes∫
Sn−1

∫ ∞

0

η̂(rθ)
rn−1

rn−nα
drdσ(θ) < ∞.
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Thus ∫ ∞

0

η̂(rθ)
dr

r1−nα
< ∞

for σ-almost all θ ∈ S1. Since η is positive and η̂ is nonnegative, we have η̂(−rθ) =
η̂(rθ) for all r and θ, so

(20)

∫
R

η̂(rθ)
dr

|r|1−nα
< ∞

for σ-almost all θ ∈ S1. Pick such a θ and let T : Rn → R be the linear transfor-
mation given by T (x) = θ · x. Also let ν be the push-forward measure of η under
T . In other words, ν is the measure in M(R) given by∫

fdν =

∫
f
(
T (x)

)
dη(x)

(
f ∈ C0(R)

)
.

Then

ν̂(r) =

∫
e−2πirtdν(t) =

∫
e−2πirθ·xdη(x) = η̂(rθ),

and it follows from (20) that ∫
R

ν̂(r)
dr

|r|1−nα
< ∞.

Choosing n large enough for 1− nα < 0, we see that∫
R

ν̂(r)dr < ∞,

which implies that ν is absolutely continuous to Lebesgue measure in R. Also, since
‖η‖ > 0, we have ‖ν‖ > 0, and so supp ν has positive Lebesgue measure. But

supp ν ⊂ T (Fn)

and T (Fn) is an additive subgroup of R, so T (Fn) contains an interval (by the
Steinhaus theorem) and is therefore equal to R. Lemma 2 now tells us that F =
R. �

In [1], the Erdös-Volkmann conjecture was established for Borel subrings of R.
In [3], the conjecture was established for the more general class of Souslin subrings
of R. Here, we realize the conjecture in the following form.

Corollary 7. Let F be a subring of R. Suppose F contains a Souslin set S of
positive Hausdorff dimension. Then F = R.

Proof. Since S has positive Hausdorff dimension, it follows that there is a positive
measure λ which is compactly supported in S and has finite α-dimensional energy

for some α > 0. Let μ = λ ∗ λ̃. Then μ is supported in the difference set D(S) of S
and satisfies (19). But since F is a ring, D(S) ⊂ F , so F = R by Theorem 6. �
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