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VARIANTS OF THE MATTILA INTEGRAL,
MEASURES WITH NONNEGATIVE FOURIER TRANSFORMS,
AND THE DISTANCE SET PROBLEM

BASSAM SHAYYA

ABSTRACT. Suppose p € M(R™) is a measure with [|u|| > 0, o is surface
measure on the unit sphere S*~! C R”, and ¢ € L?(S™!) is a function
with ||¢||L2(§n71) > 0. If |g@ll L2 (gny < oo, then supp p has positive Lebesgue
measure. We ask the question, what can we say about supp p under the weaker
assumption

»/Ooo )/sn—l 1i(r0)¢(6)do (6) 27"n71dr < 007

We give an answer in the case ¢ € C*(S"~!) and relate our result to Fal-
coner’s distance set problem. Our line of investigation naturally leads us to the
study of measures with nonnegative Fourier transforms, which we also relate
to Falconer’s distance set problem in both the Euclidean setting and in vector
spaces over finite fields. As an application of our results, we give a new proof
of the Erdés-Volkmann ring conjecture.

1. INTRODUCTION

Let M(R™) be the space of all complex Borel measures on R™. The Fourier
transform of a measure p € M(R™) is defined for £ € R™ by

fle) = [ e duta).

One of the main topics of Fourier analysis is the study of how the decay properties
of fi(§) as £ — oo relate to geometric properties of the support of p. As a starting
point, we have by Plancherel’s theorem the basic result that

(1) if i € L2(R™), then dyu < da.

- m 2 n—1 o —~ 2 o
(2) /0 /Sn_1 |[2(r0)|*do(0)r" “dr = / 7(&)]2d¢ < o0,

where o is surface measure on the unit sphere S"~! C R", and ||p| > 0, then
|supp | > 0.
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Let ¢ € L*(S™™!) be a function with [|¢||12(gn—1) > 0. By the Cauchy-Schwarz
inequality,

2
[ a0)o@)in )] < 6, [ 1a0)Pdo o),

so it is natural to ask the following question.

Question 1. What can we say about supp p under the weaker assumption

®) L1 atoeeos)

2
r"ldr < 0o?

As stated, the above question is too general to answer. For example, if y is
the Dirac measure at the origin and ¢ is chosen such that [ ¢do = 0, then (@) is
satisfied, but nothing interesting can be said about the support of p. So @) needs
to be supplemented by an appropriate condition to prevent p from concentrating
too close to the origin.

In dimension n = 1, one can easily show that if p is supported on a half-line,
then |supp i| > 0 continues to be true under the weaker assumption. The argument
goes as follows. Suppose |u|((—00,0]) = 0 and j satisfies ([B]). Define the measure
v € M(R) by v(E) = 6(1)u(E) + 6(~1)u(~E). Then by @),

(4) /OOO |D(r)|2dr = /OOO lp(V)i(r) + ¢(—=1)fa(—r)|2dr < co.

If p(1) = ¢(—1), i.e. ¢ is constant, then ¥ is an even function and it follows from
@) that v € L?(R). Applying (), we conclude that dv < dz, and hence that
|supp p| > 0. If ¢(1) # ¢#(—1), however, [) does not apply, and one needs to
combine (H]) with the following stronger version of ([I]) to reach the same conclusion.

Theorem A ([12]). (i) Suppose v € M(R™) and u is a unit vector in R™. If v is
compactly supported and v € L*({¢ - u < 0}), then dv < dx.
(ii) Suppose v € M(R). If v € L*((—00,0]), then dv < du.

The proof of part (ii) of Theorem [Aldepends on the following celebrated theorem.

Theorem of F. and M. Riesz. Suppose up € M(R), ||u|| > 0, and u(§) =0 for
all £ < 0. Then du and dz have the same null sets:

/d\,u|=0 = /dx:O.
A A

For a very nice discussion on the theorem of F. and M. Riesz, we refer the reader
to [7]. The proof of part (i) of Theorem [Al which will not be used in the current
paper, depends on the generalization of the theorem of F. and M. Riesz given by
Forelli in [6].

Theorem [A] can be thought of as a substitute for () when radial symmetry is
not available. We shall come back to this point in Section 2.

The first goal of this paper is to combine part (ii) of Theorem [Al with tech-
niques from [I1], [I5], and [I3] to supplement (@) with appropriate conditions on
the measure and give an answer to Question [ in dimension n > 2 in the case

¢ € 0 (S 1),
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Theorem 1. Suppose p € M(R™) is a measure with [ |x|~“d|u|(x) < co for some
a>n/2, ¢ € C®(S"Y) is a function with [ |z|~ "= V/2¢(x/|x|)du(x) # 0, and i
satisfies @)). Then

Ay(p) = {|z] sz € supp p, © # 0, and x/|z| € supp $}

has positive Lebesque measure.

If ¢ € C°°(S"~1) vanishes on a cap C of a suitably small radius, then to every
positive integer N there is a constant Cy such that

|Gdo(€)] < %

whenever |£| > 1 and &/|¢] € C, and it follows that
oo _ 2
(5) / ‘ odo (r9) £(0)do (0)| " 1dr < o
0 sn-1
whenever f € L'(S"~!) and supp f C C. Theorem [l gives a converse to this fact,
which we present in the following corollary.
Corollary 1. If ¢ € C=(S"') and f € L*(S"1) satisfy @), then [ ¢fdo = 0.

Corollary [ follows immediately from Theorem [1l by letting dpu = fdo, writing
the inner integral in (&) as [ f1(r0)¢(8)do(6), and noticing that Ay () = {1} and

S|~ VR (x/ |x)dp(a) = [ o fdo.
The discussion related to Corollary [l shows that the hypothesis

[ lal 07260 al)dua) £ 0

is needed in Theorem [Il As to the hypothesis on [ |z|~*d|u|(x), we remark that if
1 satisfies the condition

(6) ll(B(0,r)) < Cr? (r>0)

for some positive constants 8 and C', then

(7) / d|pl () < 00

||

for all 0 < a < . On the other hand, if () holds, then (B) holds with 5 = «.
More importantly, if 0 < o < n and supp p is compact, then [ |z|~*du(x) can be
written in terms of fi. This goes in much the same way as obtaining the Fourier
representation of the a-dimensional energy of a measure. The details will be given
in Section 3.

The Fourier representation of [ |z|~*du(z) is crucial to the results of this paper
and, combined with the discussion related to Corollary [, tells us that Theorem [II
is the correct formalism in which to pose and answer Question [I1

The proof of Theorem [I and the way it connects with Mattila’s approach to
Falconer’s distance set problem will be detailed in Section 2. In particular, the
work in Section 2 will show that the integral in (B]) is a more general variant of
what is now known in the literature as the Mattila integral.
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Let K be a compact subset of R™. The difference set of K and the distance set
of K are defined, respectively, as

DIK)={z—y:z,ye K} and A(K)={|u|l:ue DK)}.

Falconer’s distance set conjecture relates the Hausdorff dimension of K to the one-
dimensional Lebesgue measure of the distance set A(K) and asserts that if the
former is greater than n/2, then the latter is positive. The Fourier representation
of the energy integral (see Corollary H) has been key to all the progress so far
achieved on this conjecture. In fact, Falconer’s conjecture would be proven as soon
as one could show that if A € M(R™) is positive, compactly supported, and has
finite a-dimensional energy, i.e.

) || s=ra@aw <.

for some o > n /2, then A(supp A\) has positive Lebesgue measure. The best known
result on Falconer’s conjecture establishes the positivity of the Lebesgue measure
of A(supp A\) under the assumption that (§) holds for some « > n/2 4+ 1/3. This
result is due to Wolff [14] in dimension n = 2 and to Erdogan [4] in dimensions
n > 3.

For A € M(R"), we define the measure A € M(R™) by A(E) = A(—E) for Borel
sets £ C R™. Then

Mo = [ ermendi@) = [ emmerdra) = Xe)

for all £ € R™. Clearly, if suppA C K and p = X * X, then suppp C D(K) and

we) = |X(f)\2 for all £ € R™. Moreover, if A is positive, then the integral in (8]

can be written as [ |z|~*du(z). In other words, if K supports a positive measure A

with finite a-dimensional energy, then the difference set D(K) supports a positive

measure p that has a nonnegative Fourier transform and satisfies [ ||~ “du(z) < co.
In view of the above discussion, we ask the following question.

Question 2. If a set £ C R™ supports a measure p € M (R™) that has a nonnega-
tive Fourier transform and satisfies

[ Gielta) <
for some o > n/2, does it follow that the distance set
{Ju| : u € E}
has positive Lebesgue measure?

Replacing FE by D(K), we see that a positive answer to Question [2] would resolve
Falconer’s conjecture. The results we have, however, fall considerably short of that.

Theorem 2. Suppose p is a measure in M(R™) with a nonnegative Fourier trans-
form and ¢ is a nonnegative function in C>°(S"~1). Then:

(1) If [ |z| "d|p|(z) < oo, then p = 0.

(ii) If p is compactly supported, [ |z|~("=V/2¢(x/|z|)du(x) # 0, and

1
/WC”M(CU) < 00,
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then the distance set

Ay(p) = {|z] sz € supp p, © # 0, and x/|z| € supp p}

has positive Lebesgue measure.
(iil) If p is positive and 0 < [ |z|~*du(x) < oo for some a > n/2 + 1/3, then
the distance set

{lz —y|: x,y € supp u}

has positive Lebesque measure.

An immediate consequence of part (i) of Theorem [2 is that a measure py €
M(R"™) that satisfies [ |z — y|~"d|u|(x)d|u|(y) < co must be zero. An immediate
consequence of part (ii) is Falconer’s original result on the distance set problem
obtained in [5]: if K C R™ is compact and of Hausdorfl dimension greater that
(n+1)/2, then the distance set of K has positive one-dimensional Lebesgue measure.

The proof of Theorem Pl as well as a further discussion of measures with non-
negative Fourier transforms, will be given in Section 4.

In Section 5, we give the finite field analog of part (ii) of Theorem [ following
the work by Iosevich and Rudnev in [9].

In Section 6, we use the methods of this paper to give a new proof of the Erdds-
Volkmann conjecture. This conjecture concerns subrings of R of positive Hausdorff
dimension and was resolved in 2003 independently by Bourgain [I] and Edgar and
Miller [3]. The proof we give is very much in the spirit of [3], but is rather Fourier
analytic and uses field extensions and leads to a slightly more general result. We
also give in Section 6 an application of our results to the distance set problem in R.

2. PROOF OF THEOREM [I] AND CONNECTIONS TO MATTILA’S WORK

Proof of Theorem [Il. Let o, be surface measure on the sphere »S™*~!, and define
the function ¢, € C*°(rS"~1) by ¢,(r0) = ¢(6). Since

— 1 ) o1
Gdo(e) = W¢( § Jem2millel=5)

€]
1 6 i 7"g1 1
+gyeoe(— e + o)
for |£] > 1, we can write
— _ ,r,nfl f I ‘_"’8_1
(deO'r(f) = W¢(E)e 2 (|f )
rnil f wi(r —"Tfl n—
+repenre®(- e (rlel=252) 4 pn-1p(g),

S if 7|f| >1
(rleHn 72 1 - 4

E(§)] <

W if r|¢| < 1.
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Then

[ i) = [ psdo
= [ Gdo,(€)dp(€)

R’n
n—1

- ST omi(riel-ngt)
/]R” g |§|) (rlgN=D7/2 dp(§)

__g ’rnil 27'r1( \§|—L1)
+/ Ut Grene-o7° ap()

+ /R B (€)dp(€)

= ,r,(nfl)/2 i 1 72ﬂi(r|§|—7)d
/]Rn ¢(‘§|) ¢[(n=1)/2 1(8)

_ - 1
4 pln 1)/2/Rn ¢(ﬁ)|§|(n—1)/2e (r1€1=54) qp(¢)
+ L (1)

with
¢ C
/Iszl/r W‘i'“'(g) * /|gg1/r Wdhll(ﬁ)

20
< / edn©

= 20 [ e

for any « € [(n —1)/2, (n + 1)/2]. Thus
—1 m 5 1 —2mi(r
r(n=1/2 /7‘Sn—1 fordoy = /]R ¢(E) g[D7z° 2= ) dpe)

__f 1 27rz(r\§|7—)
+/Rn¢(|§|)|§("1)/26 du(§)

+ E2 (’I")

[E1(R)]

IA

with
B < 200702 [ el @

for any v € [(n —1)/2,(n +1)/2].
Now define the measures vy, vo,v € M(R) by

/fd vy = / o n|x13/2¢(%|)du(a:) (f € Co(R))
and

/fd W%sb(%)du(x) (f € Co(R))
and

dv(t) = e (n=1/4q,, (t) + e_i”("_l)/‘ldug(—t),
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Then
/V\(S) — /e*Qﬂ'isteifr(nfl)/Zldyl(t)_|_/e*Qﬂ'istefifr(nfl)/élde(_t)
R R
_ /6727ri(st7(n71)/8)d1/1(t)+/62ﬂi(st7(n71)/8)dy2(t)
R R
—271 xT n— 1
_ / 2ri(sl|—( 1/8)¢(\x|)7|x\(" ()
p2mi(s|a]—(n—1)/8) -z 1 d
and it follows that
1 ~ ~
(9) W/TSWIM@dUT—V(T)‘f‘EE(T)-

Since Ey € L*([1,00)) whenever a > n/2 and [, [£]7*d|u|(§) < oo, it follows

that
1 ~ ~ 2
F(n—1)/2 /TS%1 ti¢rdoy —v(r) € L7([1,00))

&7 d|pl(€) < co. Thus

whenever there is an a € (n/2,n) with [,

o0 2
e L*([1,00)) < / ]/ @i évdo,
1 rSn—1
whenever there is an a € (n/2,n) with [5,, [£]7%d|u|(§) < oc.

Thus, by Theorem [Al (B) implies that v is absolutely continuous to Lebesgue
measure on R. Now, since Ay (1) C (0,00), we have

/ dI/Q(—t) = 0,
Ag(p)
SO

) ) 1
/ dv = e”("_l)/‘l/ dvy = e”("_l)/4/ T2 ¢(£)dﬂ($) #0,
Ag(p) Ay () re |2 |z|
and so |E| > 0. O

< 0

rn—l

The argument used in the proof of Theorem [Ilis very close to an argument used
in [I5] to prove the following theorem.

Theorem B (Mattila [I1]). Suppose X € M(]R”) is positive,

o< [ [ =
n Jrn |1’ - y|a
for some o > n/2, and

(10) /1 h ( /S - \X(r@)\Qda(ﬁ))2r”71dr < .

Then |{|x —y| : x,y € supp A}| > 0.

The integral in (I0) is now referred to in the literature as the Mattila integral.
Suppose A € M (R™) is positive and supp A is contained in some compact set K.
Then {|z —y| : 2,y € supp A} C A(K), and when one replaces u in the proof of



2630 BASSAM SHAYYA

Theorem [] by A * X and takes ¢ = 1, one sees that the measure v;, which is now
given by

L= [ [ LA @) (f € Col),

is the natural measure on A(K). Mattila showed in [II] that if A satisfies (I0),
then v is absolutely continuous to Lebesgue measure with an L? density. In order
to get a more direct link between the Mattila integral and the measure carried by
the distance set, Wolff introduced in [I5] the measure

dv(t) = ™D/ Aqy, (1) + e D/ A gy, (—t)
and obtained the following version of (d):

1 D N
r(n—=1)/2 /rS"*l |>\| doy = V(’f‘) +E2(T)7

which, in particular, shows that, up to an error, 7(r) is nonnegative for » > 0. We
refer the reader to [4], [T1], and [I5] for more information about Mattila’s theorem
and its important applications to Falconer’s distance set conjecture.

Notice that if A satisfies the dimensionality condition

N B(z,r)) < CrP (r e R",r >0)

for some positive constants S and C, then

/n/n Ix—yla
forall 0 < a < p.

Theorem [l leads to the following generalization of Mattila’s theorem.

Corollary 2. Suppose A € M(R”) is a measure with

Ll

for some oo >n/2, ¢ € C“(S”fl) s a function with

/n/n |z — |(n /2 (| |)d>\( z)dA(y) # 0

= N 2
/1 ’/S IA(r0)*p(0)do(6)| r

{lz—yl: =,y €supp A, z #y, and (z —y)/|z — y| € supp ¢}
has positive Lebesgue measure.

d\)\l( JA[Al(y) < oo

and

"Lldr < o0.

Then

Progﬁ The result follows immediately by applying Theorem [ to the measure u =
Ak A |

We shall finish this discussion by showing that in the presence of radial symmetry,
i.e. when ¢ is constant, one can prove Theorem [I] without having to appeal to
Theorem [Al The argument we use is in the same spirit of the argument used in
[T11] to prove Theorem [Bl
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Lemma 1. Let ¢ € C§°((0,00)) and w € S"~L. Define the functions ¥ : R" = C
and v : (0,00) = C by ¥(rf) = @(r) for (r,0) € [0,00) x S"~! and ¥(s) = (sw)
for s > 0. Then

o(lo]) = / Ta@i(s)ds  (veRY),

Proof. Since ¢ vanishes in a neighborhood of the origin, we have ¥ € C§°(R"),
U e S(R"™), and ¢ € C*°((0,00)). So by Fourier inversion,

p(lof) = P(-v)

/ e 2 Y (56) " L do(0)ds
s

e 20 Y (sw) ™ Ldo (6)ds

=)
—
V)
£
£
T
L
|
DN
3
3
4
0
=
3
I
QL
Q
S
a)
N—
QL
V)

where we have used the fact that the Fourier transform of a radial function is
radial. O

Theorem 3. Suppose ;i € M(R™) is such that

d|p|(x e ~ 2
0</’ %<oo and / ‘/7 u(r@)da(H)‘ r"tdr < 0.
n .T/" 1 §n—1

Then |A(w)| > 0.
Proof. For £ € R™ with [¢] = s, define

1 ~ 1 ~
G(§) = —— / Osdp = —— / ndos.
S R™ S R™

.- e 12 ds
el <ot [ [ a2 55

and it follows that there is a function F € L2(R™) with F = G. Since G is radial,
so is F', and hence there is a vector w € S"~! such that F(x) = F(|z|w) for almost
every x € R™.

Define the measure v on R by

(=)
/de—/Rnxli () (f € Co(R)).

Clearly, v € M(R) and |v|(A(p)) > 0, so the theorem will be proved as soon as we
show that v is absolutely continuous to Lebesgue measure on R. In fact, we shall
show that

Then

dv(r) = F(rw)r"=D2dr,
with the understanding that F(rw) = 0 for r < 0.
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‘We need to show that

/fdy_/ f(r (=024,

for all f € Cy(R). Since F(rw)r®=1/2 € L?(R), it is enough to prove this for all
f € C5°(R).

Let f € C§°(R), choose a nonnegative function h € C*°(R) with h = 1 on
[1,00) and h =0 on (—o0,0], set h.(r) = h(r/e), and apply Lemma [l with ¢(r) =
r= (D2 F (1) he(r) to get

/Rf(r)he(r)dy(’") = /Rw(r)r("*”/?dy(r)
— [ ellehauto)
/R,L ( /0 ) Go(0)(s)ds) dp(v)
/OOO(/ G dpt ) (s)ds
/ Usdu w(s)dsda(e)

ST
- / / G(50)T(50)s™ dsdo(6)
Sn— 1

Sn (Qn—1)

= W/ G(f)q’(f)df,

where ¥(z) —z). Since G = F, this becomes

/ o) = [ reiio
= @/n U(z)F(x)dx

= /OO U (rw) F(rw)r™ Ldr
0
w)

/OOO o (r)F(rw)r™dr

/0OO f(r)he(T)F(rw)r("fl)mdr.

Letting € — 0 finishes the proof. O

3. THE FOURIER REPRESENTATION OF [ |z|~%du(x)

For € > 0 and = € R™, define

Then
e de
* * d — e ‘E‘
J Tl e ple =co [ g el * MO = co /e &) e
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where )
[ x|~ da

J1€le=re=Ier dg’

/#Fﬁ*u(:ﬁ)dw = /ﬁ/n(w—y)du(y)dw
= //#Fg(x—y)dwdu(y)

[T T wn,

where interchanging the order of integration is justified by the fact that I'c % p is a
Schwartz functionld This leads to the following result.

Co =

and

Proposition 1. Suppose 0 < a < n and p € M(R™) is compactly supported. If
[ |z~ *d|p|(z) < oo or if p is positive, then

/ —d =cq hm/ —mele g Cfia
|| |§|

Proof. 1t is easy to see that (e.g. see the discussion of the energy integral in [I5])
1 1 1 1
Pex—r(2) S —= and lim L' * ——(z) =
B AT

~ el

Ja]
for all z € R™. So if [|z| *d|u|(z) < oo, then by the dominated convergence
theorem,

1
() = [ T @) duta)

dg
€l
On the other hand, if 4 is positive and [ |z|~*du(z) = oo, then by Fatou’s lemma,

o= [ et = [T @)

< liminf/I‘ * | 1| (x)du(z )—limiélfca/e_”62‘f\2ﬁ(£)
e—

— tim [ T (@)dp(a )flimca/e_mzlwﬁ({)
e—0

e—0 | |

dg
[

e—0

]

If 71 happens to be a nonnegative function, then the monotone convergence the-
orem tells us that

i [ )t = [ A

<=0 e €[

and we obtain the following corollary to Proposition [l

Corollary 3. Suppose 0 < a < n, u € M(R™) is compactly supported, and [i is a
nonnegative function. If [ |x|~“d|u|(xz) < co or if p is positive, then

[ ) = o [ 1O

IThe fact that T'c * p is Schwartz follows from the fact that T'c is Schwartz and u is compactly
supported. This is the only place where the compact support assumption on p is needed.
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Applying Proposition [Il to the measure p * i, we obtain the usual Fourier repre-
sentation of the energy integral:

Corollary 4. Suppose 0 < o < n and p € M(R™) is compactly supported. If
J [z —y|~*d|pl(z)d|pl(y) < oo or if p is positive, then

[ [ e i) = [l i

4. MEASURES WITH NONNEGATIVE FOURIER TRANSFORMS

As we saw in the introduction, the motivation behind studying measures with
nonnegative Fourier transforms was the need to study measures of the form p * z
which arise naturally in geometric measure theory. It is therefore natural to start
this section by asking if any measure with nonnegative Fourier transform is of the
form p * . We will show that this is not the case ]

Let f be a 1-periodic function on R with Fourier coefficients

_ 0 if k <0,
fk)=9 —1  ifk>1.
(1og(k+1))

To see that such a function exists, we will show that the partial sums of the series

[eS)
1 .
e27rzkz

2
=1 (log(k +1))
form a Cauchy sequence in L(T). In fact, letting
L]0 if k=0,
k= Z;@:1 e?frilw if k > 1

and summing by parts, we see that

N 1

; (log(k +1))°

eZTrzk;E

= UN - UM-1 —|—N 1 Uk( — ! )
(log(N + 1))2 (log(M + 1)) 2 Py’ log(k + 1)) (log(k + 2))2 ,
so that
H > 1 627rik:m
i (log(k+1))? Li(T)
< 1 1
~  log(N+1) * log(M +1)
+]§ (log(k—i—l))( ! - ! )
Panyy’ (log(k + 1))2 (log(k + 2))2

— 0 as M,N — oo,
where we have used the fact that ||vg|[z1(r) < log(k + 1).

2This may very well be a known fact, but the author has not been able to find a reference for
it in the literature.
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Let ¢ be a Schwartz function on R such that 5 is nonnegative and compactly
supported, and define the measure v € M(R) by dv = ¢fdz. Then

(11) p(&) = oE k) f (k)

kEZ
Clearly, 7(€) > 0 for all £ € R. Suppose v = p * ji for some p € M(R). Then (II)
tells us that

) =0forall < —A and lz(6)] = 5 forall{ > A

for some A > 1. Since [ vanishes on the interval (—oo, —A], the theorem of F.
and M. Riesz, as stated in Section 1, tells us that du = gdx for some function
g € LY(R). Since g vanishes on (—oo, —A4], e?™4%g ¢ H'(R) and hence satisfies

Hardy’s inequality:
|- 0% <.
0 £

This implies

/ |§<§—A>|§ < o0,

2A

which in turn implies

o 1
/2,4 Elogle — A) " =

which is not true.

Proof of Theorem Bl (i) We may assume p is compactly supported (otherwise, we
show that du = 0 for every function ¢ € C§°(R™) with a nonnegative Fourier
transform and conclude that p is zero).

Let {ay} be a sequence in (0,n) that converges to n. By Corollary Bl

LR Sey 9
[ e = e [ 560 g

and it follows by Fatou’s lemma that

[ e = [rmint 5 ae

d
< liminf [ (¢ )—§ lim inf — / =0,
k— o0 |§|n Xk k—oo Cqy ‘I|O‘k
because
f|x\7"67”‘z|2dac B
e T
and

]/le‘“kdu(a:)\ S /|x\‘"d|u|(az) < 0.

This implies that 11(§) = 0 for all £ € R™, and hence that u = 0.
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(ii) In view of Theorem [I we need to estimate [ fi(r8)¢(0)do(f). But
[ae0)0@)ir0) < swo) [ao)iote)
— (we) [ a(ra)dula)
— ()| [ Sra)du(a)]

1
/WC”M( )

1
NEESER

/ / (r0)do (6 1)/2d
= /(f)mdf

= du(x
C(n+1)/2/|$|("+1)/2 (2)

1
d\pl(z
C(n+1)/2 / |;1:|(n+1)/2 |l ()

< 00,

IN

A

A

so that

/0°° (/ﬁ(”’)cﬁ(@)da(e))zrnﬂdr

A

IA

as desired.

(iii) As in part (i), we may assume p is compactly supported (otherwise, we mul-
tiply © by a nonnegative C§° function ¢ that has a nonnegative Fourier transform,
show that Ay(idp) has positive Lebesgue measure, and conclude that Ag(u) has
positive Lebesgue measure.

We are going to show that the condition 0 < [|z|~*du(z) < oo implies that
the support of p has Hausdorff dimension greater than or equal to «. Since a >
n/2+1/3, the Wolff-Erdogan result already described in Section 1 tells us that the
set {|x — y| : ,y € supp pu} has positive one-dimensional Lebesgue measure.

Since [ |z|~*du(z) > 0, part (1) tells us that o < n. So by Corollary [I}

12 e A

Let a € R™. For Borel E C R", define pi,(E) = u(E +a). Then ji(&) = e2™ 25 (&)
and Proposition [] tells us that

/ ﬁdw) -/ @dum

_ : —7re2\5\2/\ dé-

Co lim [ e ua(é“)mn,a
_ —mﬂfﬁ’ 27if-a~ d§
= Cu EE}% e /La(ﬁ) ‘§|n—o¢

_ 2mig-a df
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where we have used () to interchange limit and integral. So
1 . d§
7d < « = Cv
/Iw—al‘* u(z) <c /u(é“) GED

w(B(a,r)) < Cr®

and so

for all @ € R™ and r > 0. This of course implies that the Hausdorff dimension of
the support of p is greater than or equal to a. O

5. FINITE FIELD ANALOG

Let F, be a finite field with ¢ elements, where ¢ is a power of an odd prime.
Also, let d > 2 and consider the d-dimensional vector space IFfl] over F,. Given a
set B C ]Fg, we define its distance set by

d

AE)={lz—yP? =) (w1—u):z=(21,...,2a),y = (1, .., ya) € E}.
=1

Tosevich and Rudnev [J] formulated a finite field version of Falconer’s conjecture
which asserts that if #E > Cq%?, where #F is the cardinality of E and C is a
sufficiently large constant, then to every € > 0 there is a constant C. such that
#A(E) > C.q'~¢. Tosevich and Rudnev also developed a finite field analog of the
machinery that Mattila had developed in [II] to study the distance problem in
the Euclidean setting, which we have already described in Section 2, and employed
Gauss and Kloosterman sum estimates to obtain the following result.

Theorem C (Iosevich and Rudnev [9]). If #FE > Cq% for a sufficiently large
constant C, then A(E) =TF,.

Of course, Theorem [C] has the following corollary.
Corollary A. If#FE > Cq% for a sufficiently large constant C, then #A(FE) 2 g.

The authors of [9] together with Hart and Koh showed in a subsequent paper
[8] that Corollary [Alis in fact sharp when d is odd, but the finite field version of
Falconer’s conjecture remains open for even d, and the best known result is still the
one given by Corollary [A] i.e. the (d + 1)/2 exponent, except in dimension d = 2,
where the best known exponent is 4/3, as was recently shown in [2].

Given a function p : IF‘g — C, we define its Fourier transform to be the function
o IFfl] — C given by

2mig-x
(e = 5 30 ¢ )

z€Fd

where we have identified ]Fg with the g-th roots of unity on the unit circle. We also
define the distance set of p by

A(p) = {Jz|* : p(x) # 0.
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We have the following strengthening of Corollary [Al

Theorem 4. Suppose p : Fg — C is such that u(z) # 0 for some x and fi(m) > 0
for all m. If

d+1

S () > Ci(0)g™

IEFg
for a sufficiently large constant C, then
(13) #A(1) 2 q.
Note that

> u(x) =Y Alw) = q* 10) = ¢" (0) > 0

z€Fd z€Fd
and, by Fourier inversion, 1(0) = 3, ga i(m) > 0. In fact, since p is nonzero, at
least one of the fi(m) is positive, so fi(0) > 0, and so 0 € A(u). Thus
(14) $AG) > 1.

Our purpose is to upgrade from ([4)) to ([I3).
To see that Theorem [ implies Corollary [Al take 1 = xg * x_g and observe that

A(p) = A(E), i =[xl
S oul@)=>" > xeWxely—z) = (#E)?,
z€Fd z€Fd yeFd

and

p(0) = > xe(y)xe(y —0) = #E.

y€Erd
On the other hand, if 7 : F¢ — [0, 00) is a general function that satisfies
d+1
g'n(0) > Cq™= Y n(m)
meFd
and p is the complex conjugate of the inverse Fourier transform of 7, i.e.

ple) = 32 e n(m),

n@EFg

then Theorem [ tells us that #A(u) > ¢, whereas Corollary [Al does not appear to
provide any information about the support of u.

The proof of Theorem Ml goes along the same lines as the proof given in [9] of
Theorem [C]

Proof of Theorem [ Let
) 1
v(j) = =— x)S;(z),
() Zﬂzdﬂ()]()
z€lyg
where =" pa pp(x) and S; is the characteristic function of the set {z € Iﬁ‘g :
q
|z|> = j}. Since the union of these sets equals F¥, we have
(15) 1<) =w(0) + Y v() < w(0) + (s w())) #A),
j€F, 70 70

where we have used the observation that A(p) = {j € F, : v(j) # 0}.
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By Fourier inversion,

v(4)
so that
v(j) <
<
<

By Lemma 2.2 in [9],

for j # 0 and m # 0, while

for m # 0. Also,

j :dz

z€Fd

for all j. So

and

) 1 d—1
v(j) < 5 +qd2

. 2miz.m —~
s 2 Hla) e S (m
Zﬂzemg R
S Y Sitmigy X e
J d
Z'umemg q =t
S S
- )i
Z'ume]Fd
d
L3 S omi
S m)ji(m
Zume]pd
gt~ y o
——15.(0)|n(0) + = S () am
Eu| (0)[a(0) ZM"%;OI (m)|f(m)
d
_ . X
S (0)] + ( sup |S;(m)]) =— =(m
S50+ (sup S501) £ 3 it
d
_ . X
|Sj(0)| + (Sup |S](m)‘)_ Hm)
" umng
1S;(0)| + (:11;%|Sj(m)‘)_uu(o)
|§;(m)‘ <q” =5
1So(m)| < ¢~ %2
d—1

for j # 0. Inserting these estimates back into (&), we obtam

1

7
gi0) 1 1¢a0) 1 1
Snoq f A A N ]

S LTt RS gt #A,

where we have used (I4). Thus

#A(1) 2 q

provided C' is sufficiently large.

2639
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6. APPLICATIONS

In this section, we give two applications of the methods and results of this paper.
The first application concerns the distance set problem in R; the second is a new
proof of the Erdos-Volkmann ring conjecture.

Theorem 5. Let p € M(R) be a positive compactly supported measure with a
nonnegative Fourier transform. Suppose there is an integer n > 2 such that

(16) 0</| |n+1 < 0.

2n

Then the set

Depoens () = {loa]? + -+ laal? r21,.. 20 € supppe
and |z;| <ej_1lxi| forj=2,...,n}
has positive Lebesgue measure for any (n — 1)-tuple (€1, ..., €,—1) of positive num-

bers.

Proof. Since fi is a nonnegative function and ||g| > 0 (by the first inequality in
(@G)), part (i) of Theorem [ tells us that x((—a,a)) > 0 for all a > 0 (otherwise,
[ 1t]7*dp(t) < 00). In particular, u((—1,1)) > 0. The second inequality in (IG) tells
us that p({0}) = 0. Also, since /i is nonnegative, we have p((—1,0)) = p((0,1)),
so 11((0,1)) > 0, and so p((a,1)) > 0 for all sufficiently small a.
Define the measure n € M(R™) by
= XX,
\ﬁ/—/
n-times
and, for @ > 0, define the tube T, C R™ by

T, = (a,1) X (—a,a) X --- x (—a,a).
Then 7 is nonnegative, n(T;) > 0, and

1 1 1
[ i) < e | - dn(z)
|lz| 7= na (Ifﬂll znl) 5
n+1 / n+1 d/’é 331 / n+1 )
|| "2n || "2n

where we have used the inequality between the arithmetic and geometric means of
n positive numbers. Also, choose a nonnegative function ¢ in C*°(S"~!) such that
#(1,0,...,0) > 1 and

<

{r e R": 2 #0and qb(‘%) #0} C{z e R": |z;| < e€j_q|zr| for j =2,...,n}.

J o) = [ o)) = nm) >0

provided a is sufficiently small. Part (ii) of Theorem [2lnow tells us that |A4(n)| > 0
and hence that |A,, ., , ()] > 0.

Then

Theorem [l leads to the following result concerning the distance set problem in R.
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Corollary 5. Suppose K is a compact subset of R with Hausdorff dimension o >
1/2. Then the distance set

{|$1_y1|2+"'+|xn_yn‘255131a-~-733my1a-~-7yn EK
and |z; —y;| < €j_1|lzr — | for j=2,...,n}

has positive Lebesque measure whenever 1/2+1/(2n) < @ and €1,...,€n—1 > 0.

Proof. Since 1/2 +1/(2n) < «, there is a positive measure A supported in K and
having finite (1/2+1/(2n))-dimensional energy. Let 1 = AxA. Then y is supported
in the difference set D(K) and satisfies the conditions of Theorem Bl and the desired
result follows. O

We are now in position to study subrings of R. We start with the following
consequence of Theorem [l (see [5] for a related result).

Corollary 6. Let F be a subring of R. Suppose there is a positive compactly
supported measure p € M(R) such that [i is a nonnegative function, supppu C F,
and

(17) 0< /#du(t) < o0

for some 1/2 < a < 1. Then F =R.

Proof. Since o > 1/2, one can find a positive integer n > 2 such that a > 1/2 +
1/(2n), and one then gets from (7)) that

1

and concludes from Theorem [ that A, . .. ,(x)| > 0. But, being a subring
of R, F contains the set A, .. (), and hence F contains an interval (by the
Steinhaus theorem) and is therefore equal to R. g

To extend the range of a in Corollary [6lto 0 < o < 1, we need to further exploit
the algebraic structure of the subring F. This is the role of the next lemma.

Lemma 2. Let F be a subring of R and n a positive integer. Suppose there is a
linear transformation T : R™ — R such that T(F™) = R. Then F =R.

Proof. There are numbers aq,...,a, € R, which are not all equal to zero, such
that

T(xlv" '7xn) =01%1 + -+ Ty
for all x = (x1,...,2,) € R™

Let z € R\ F. Since T(F™) = R, there are points

(U171,...,’U,17n), ey (un,l,...,unm)EF"
such that

a1z=T(u1 1, Utn)y -y nz2=T(Un1, - sUnn)
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so that the system of equations

(w11 —2)oq + -+ U pay, =0

Up,101 + -+ (un,n - Z)an =0

has a nonzero solution, and so the matrix of coeflicients

U1 —=2 ... Ul,n
Up 1 cee Upy — 2
has a zero determinant. Thus there are elements p1,...,p, € F such that
(18) 22— — P12 —pu = 0.

Let u be nonzero element of F. If u=! € F, then u=! € R\ F and hence satisfies

([I8), and hence
u Tt =p o+ ppou + puu Tt € FL

Thus F' is a subfield of R, and R is a vector space over F' of dimension at most
n (in fact, since T(F™) = R, any linearly independent subset of {aq,...,a,} is a
basis for R as a vector space over F'). In other words, R is a finite field extension of
F with [R : F] <n. Thus C is a finite field extension of F'. Since C is algebraically
closed, Corollary 9.3 of [10, page 299] tells us that C = F(i) with i = —1, which
implies that the dimension of C over F is two, i.e. [C : F] = 2, which in turn implies
that R=F (since [C: F]=[C:R][R: F]land [C:R] =2, we get [R: F]=1). O

Theorem 6. Let F be a subring of R. Suppose there is a positive compactly sup-
ported measure u € M(R) such that i is a nonnegative function, suppu C F,
and

1
for some 0 < a < 1. Then FF =R.

Proof. Let n be a positive integer and define n € M(R™) by n = u X -+ X .
Then 7 is a positive measure with ||n|| > 0, is compactly supported in F™, has a
nonnegative Fourier transform, and

1 1 1
/ i) € / )

1 1 1
= —— | ——d oo | ——d
n”“/2/|x1|°‘ /L(‘rl) /|$n|a /L(fﬂn)
< oo

Since 0 < na < n and 7 is nonnegative, Corollary Bl tells us that

. d§ -
/ 77(5)7|§‘n_m < 0.

Changing into polar coordinates, this becomes

e o] n—1
/ / n(ro) Zﬁna drdo(0) < oc.
sn—1J0 r
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Thus - J
r
YN
/O (rf) s <o
for o-almost all # € S'. Since 7 is positive and 7 is nonnegative, we have 7j(—760) =
7(r#) for all r and 6, so

(20) /ﬁ(r@)fii < 00
R ||t —ne

for o-almost all # € S*. Pick such a 6 and let T : R* — R be the linear transfor-
mation given by T'(z) = 6 - z. Also let v be the push-forward measure of 7 under
T. In other words, v is the measure in M (R) given by

[ v = [ () dna) (f € Co(R)).
Then
o) = [ e ravte) = [ e an(a) = iro),
and it follows from (20)) that
/Rﬁ(r)% < 00.

Choosing n large enough for 1 — na < 0, we see that

/ v(r)dr < oo,
R

which implies that v is absolutely continuous to Lebesgue measure in R. Also, since
[Inll > 0, we have ||v|| > 0, and so supp v has positive Lebesgue measure. But

suppv C T(F"™)

and T(F™) is an additive subgroup of R, so T(F™) contains an interval (by the
Steinhaus theorem) and is therefore equal to R. Lemma 2l now tells us that F =
R. O

In [I], the Erdds-Volkmann conjecture was established for Borel subrings of R.
In [3], the conjecture was established for the more general class of Souslin subrings
of R. Here, we realize the conjecture in the following form.

Corollary 7. Let F be a subring of R. Suppose F contains a Souslin set S of
positive Hausdorff dimension. Then F = R.

Proof. Since S has positive Hausdorff dimension, it follows that there is a positive
measure A which is compactly supported in S and has finite a-dimensional energy
for some a > 0. Let st = A X. Then y is supported in the difference set D(S) of S
and satisfies (I9). But since F' is a ring, D(S) C F, so F' = R by Theorem O
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