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ABSTRACT. We give a description of complex geodesics and we study the
structure of stationary discs in some non-convex domains for which complex
geodesics are not unique.

1. INTRODUCTION AND PRELIMINARIES

The theory developed by L. Lempert in his seminal paper [4] offers a complete
understanding of the complex geometry of bounded smooth strongly convex do-
mains in C": every such domain admits a singular foliation through any point by
images of holomorphic discs centered at the point, these discs being infinitesimal
extremal for the Kobayashi metric and stationary. Moreover, these discs are com-
plex geodesics, are smooth up to the boundary, and are isolated. Some examples
of strictly pseudoconvex non-convex domains with locally non-isolated extremal
discs are presented in [5]. The aim of this article is to describe precisely (infinitesi-
mal) extremal discs, complex geodesics (Theorem[Il), and to study the structure of
stationary discs (Theorem [2]) for those domains.

For 7 > 0 we denote by A, the disc centered at the origin of radius r in C and
let A = A; be the unit disc in C. Let D C C™ be a domain. The Kobayashi
pseudometric Kp at p € D and v € T,,D is defined by

Kp (p,v) =inf{r >0 | 3 f: A — D holomorphic, f (0) = p, f'(0) =v/r},

and the Kobayashi pseudodistance dp is defined, for p,q € D, as its integrated
pseudodistance

dD<p,q>=inf{/0 KDwmu))dt|v:[o,1]w,v<o>=p,v<1>=q},

where the infimum is taken over all piecewise smooth C! curves. When dp is a
distance, the domain D is called Kobayashi hyperbolic. Recall that in the case of
the unit disc, Ko and da are respectively the Poincaré metric and the Poincaré
distance. We refer to [3] for the definitions and the main properties of the Kobayashi
pseudometric, pseudodistance and of hyperbolic spaces. Following [4,[10], we may
define complex geodesics and extremal discs as follows:

Definition 1.1. Assume that D C C™ is a Kobayashi hyperbolic domain and let
f A = D be a holomorphic map, also called a holomorphic disc.
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(i) The disc f is an infinitesimal extremal disc for the pair (p,v) € D x T, D if
f(0) = p and f/(0) = Av with A > 0, and if g : A — D is holomorphic and
such that ¢(0) = p, ¢’(0) = pv with g > 0, then p < A.

(ii) Thedisc f is an infinitesimal complex geodesicif Kp(f(C),d¢f(vo))=Ka (¢, vo)
for all ¢ € A and vy € C.

(iii) The disc f is an extremal disc for the points p,q € D if f(0) = p and f({) = ¢
for some ¢ € A, and if g : A — D is holomorphic and such that g(0) = p and
9(¢") = g, then |¢] < |¢']

(iv) The disc f is a complex geodesic if f is an isometry for the relative Kobayashi
distances, namely, dp(f({), f(¢')) = da (¢, ¢') for all ¢, € A.

Note that in case the domain D is taut, then for any pair (p,v) € D x T,D
there exists an infinitesimal extremal disc for (p,v). The question of the existence
of complex geodesics is a difficult question. It was completely solved for bounded,
smooth, strongly convex domains by L. Lempert in [4]. In case D is bounded and
convex, according to to H.L. Royden and P.M. Wong [6] (see also [I], Theorem
2.6.19), any (infinitesimal) extremal disc is a complex geodesic. Such a domain
being taut, this implies the existence of complex geodesics passing through any
point in any direction in a bounded convex domain. Moreover, in such domains f
is an infinitesimal complex geodesic if and only if f is a complex geodesic (see [6]
and also [I], Corollary 2.6.20).

We recall that a disc f : A — C”, holomorphic in A and continuous up to 0A,
is attached to a real hypersurface M = {p = 0} C C" if f(OA) C M. Following
[M], such a disc is stationary for M if there exists a continuous function ¢ : A —
R\ {0} such that ¢ — Cc(€)Op(f(C)), defined on A, extends holomorphically on
A. Equivalently, following [8], f is stationary for M if there exists a holomorphic
lift £ = (f, f) of f to the cotangent bundle T*C™, continuous up to A and such
that f(¢) e NM(Q) for all ¢ € A, where

(1.1) NMQ) ={(z,2)€C*™ | z2e M,z2€ (N:M\ {0}}.

Here NYM = spang{0p(z)} denotes the conormal fiber at z of the hypersurface
M.

Finally, a set X in a domain D C C" is a holomorphic retract if there exists a
holomorphic map r : D — D such that r(D) C X and r|x = idx.

The following domain was introduced by N. Sibony [7]. It is an example of
a domain with non-isolated extremal discs; see [5] by M.-Y. Pang. Let p be the
real-valued function defined on C? by

p(z,w) = [2]* + |w]® — Re (z'w?) — 1.
1
We fix 0 <e < 100 and we consider the domain  C C? defined by
Q:{p<0}O<A1+€ xAm).

One of the main purposes of the paper is to give a precise description of complex

geodesics and of extremal discs contained in © and close to the disc f°: A — Q
defined by f°(¢) = (¢, 0).



INVARIANT HOLOMORPHIC DISCS IN SOME NON-CONVEX DOMAINS 1199

We observe the two following points:
(i) The Levi form of p at (2,w) € C? and (Z, W) € C? is given by
Lp((z,w),(Z,W)) = |Z]*+ |W]* — 8Re (ZPwZW)

|Z — 42°wW|* + (1 — 16|2(°|w|?) (W .

For |z| < 14¢€ and |w| < 5» the function p is strictly plurisubharmonic.

1
A(1+e)

Therefore, the domain € is strongly pseudoconvex near dA x {0}.
(ii) The domain € is such that Q@ C A x C. Indeed, if (z,w) € Q with 1 < |z,

then

[w?(1 = [2]*) < |w]* — Re (z*w?) <1 - |z|?
and thus
wl*(1+]2*) > 1,
which is not possible for (z,w) € Aj1. x A_1 . Tt follows that the set

4(1+e)

A x {0} is a holomorphic retract of Q and we denote by 7 : @ — A the
holomorphic projection defined by 71 (z, w) = 2.

2. COMPLEX GEODESICS IN €

Let f: A — Q be a holomorphic disc of the form f(¢) = (€?¢, f2(¢)), for some
0 € R. We first observe that by the decreasing property of the Kobayashi distance
and metric, we have for ¢,{’ € A and v € C:

(2.1) da(C,¢") = da(m(£(€)), m(£(¢)) < da(f(C), (f(¢)) < da(C,¢)
and

(2.2) Ka(G,v) = Ka(m(f(Q), m(dcfv)) < Ka(f(C), d¢fv) < Ka(C,v).
This directly shows the following.

Lemma 2.1. Any holomorphic disc f : A — Q of the form f(¢) = (e¥¢, f2(¢)),
for some 0 € R, is an (infinitesimal) complex geodesic of .

In particular we consider, as in [5], the disc f{(¢) = (¢, t¢?) for t > 0 small
enough. Then the disc f! is an (infinitesimal) complex geodesic of Q. We also note
that, due to Lemma 2] we have

Lemma 2.2. Any holomorphic disc f : A — C? of the form
F(O) = (€7¢, e ¢(ar + a¢ +ai(?),
1
where a; € C, ag € R,0 € [0,2m) are such that 2|a1| + |az| < tep is an
(infinitesimal) complex geodesic of Q.

Proof. We only need to prove that f(A) C Q when a; € C and as € R are small
enough. For ¢ € 0A, we have

p(f(€) = [KI*+1[¢(ar 4+ ax¢ +a1¢?)> — Re (5442((11 + as( +G_1C2)2) -1

= a1+ as¢ + @¢?? — Re (CP(ar + ax€ +@i¢?)?) = 0.
By the maximum principle, f(A) C Q provided that a; and a5 are small enough. O
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Our main result is the following.
Theorem 1. Fiz zg € A\ {0} and write zo = e~ %2y € (0,1), 6 € [0,27).

. |Zo|2 .
(i) Let z; € C be such that |z1] < m Complex geodesics f of Q such that

£(0) =(0,0) and f(ro) = (20,21) for some 0 < 1o < 1 are exactly of the form
(2.3)

f¢) = (ewo(, 2o <x0 (—b + Exg) + ((1 — xé)b + j—;) ¢+ xg (—5—1— bx%) C2>>
0

1 1
for some b € A, where g1 = 5 (m - j—é ) > 0. In particular rq =
Zo.
(i) The set of complex geodesics f contained in Q such that f(0) = (0,0) and such
2
that f(zo) = (20, 21), with |z1| < AL(JZOTE)?” forms a smooth real manifold of
dimension three. ]
(iii) Let ¢ € R be such that 0 < ¢ < e Then any infinitesimal extremal
disc for the pair ((0,0), (1, czg)) is an (infinitesimal) complex geodesic.
2
(iv) Let z; € C be such that |z1| < ﬁ. Then any extremal disc for the

points (0,0) and (zo,21) is an (infinitesimal) complex geodesic.

Proof. We start with point (). First note that due to Lemma 22] any disc of the
form (23) is a complex geodesics of Q. Moreover, it is immediate that for such
discs we have f(0) = (0,0) and f(z¢) = (20,21). Conversely, let f = (f1, f2) be a
complex geodesic with f(0) = (0,0) and f(r¢) = (20, 21) for some 0 < 79 < 1. We
have

da(0,70) = da(f(0), f(ro)) = da((0,0), (20, 21)) = da(¢(0), ¢(20))

where ¢ : A — Q is any complex geodesic of the form (Z3]). Hence
da(0,70) = da(0,20) = da(0,20) = da(0, fi(ro)).

It follows that f; : A — A is a complex geodesic of the Poincaré disc given by
f1(¢) = €?¢ for some 0 € [0,27). Note that since fi(rg) = 2y, we have § = 6 and
ro = Tg. In order to determine fy, we write for { € A,

[F1PP + 1 fol? = Re (F1£3) =1 = [CP + | fo? = Re (CH(e ™" f2)?) =1 < 0.
As |¢] tends to 1, we obtain
f2(Q)1? < Re (CHe™ ™% f2(¢))?) , for every ¢ € DA,
Consider the Fourier expansion of f2({) = Z an¢™ = Ch(¢) and set h = e 20p,

n>1

We have
(24) h(O) < e (Th(0))’

for ¢ € AA. Setting g(¢) = Ch(C), equation ([24) becomes |g|? < Reg? on DA. This
implies that g(¢) is real-valued for ¢ € A and hence of the form

9(¢) = a1¢ + ay +ai¢, for every ¢ € 0A,
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with ag € R. Therefore f5 is given for every ( € A by
f2(¢) = ™% ((ar + az¢ + ar¢?).

Since

20 2
e xg(ar + asxo + a1af) = 21

a straightforward computation gives a; = xg (—b + EZC%) and ag = (1 — :vé)b + Z—;,
20

where b € C is small enough.

We now prove point (éi). Denote by Gy the set of complex geodesics of 2 centered
at the origin and by A the set of holomorphic discs in C? continuous up to OA.
Define the following set:

U., = {(zl,b) €C?| 5b|+
2

21
2
0

1 z1
= and -2+ 2 erl.
Siitep M (1= o) tz€ }

Consider the map F : C?> — A defined by

F(21,0)(¢)
_ (ewog, 0o (m (—b+Ba) + ((1 b+ j—é) ¢+ 2o (B4 bad) g2)> .
0

The map F is smooth, one-to-one, and, by point (4), the set F(U,,) is included in
Go. Note that the map H : A — C? defined by

() = (oo = (B2 e, )

is smooth and satisfies F o H(f) = f for f € F(U,,). Moreover for (z1,b) € U,,,
the differential map d., ) F of F at (21,b) is given, for every (Z1, B) € T(., yU.,,
by

diz,.0)F(Z1, B)(C)

= <O,ei2‘9°( (a:o (—B —|—§x(2)) + ((1 —23)B + %) ¢+ xg (—E—F B:v%) C2)) .

0

Note that d., ;) F is one-to-one. Therefore the map F is a smooth diffeomorphism
onto its image. It follows that the set F(U,,) is a smooth real manifold of dimension
three in Gg.

We prove point (iii). Let f = (f1, f2) : A = Q be an infinitesimal extremal disc
for the pair ((0,0), (1,czp)) and let A > 0 be such that f'(0) = A(1,czp). Consider
the disc g : A —

9(¢) = (¢, e¢(z0 — (1 + |20[*)¢ + Z0¢7)) -
Note that ¢g(0) = (0,0) and ¢’(0) = (1,czp). Since f is an infinitesimal extremal
disc, we have
1< A= f{(0).
Moreover since f; : A — A satisfies f1(0) = 0, by the Schwarz Lemma we have

|f1(0)] < 1. This proves that f1(¢) = ¢ and therefore, by Lemma 21 f is an
(infinitesimal) complex geodesic.
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Finally, we prove point (iv). Let f = (f1, f2) : A — Q be an extremal disc for
the points (0,0) and (z9,21). Let (o € A be such that f({y) = (20, 21). Consider
an arbitrary disc g : A — Q of the form 23)). Since g(0) = (0,0), g(zo) = (20,21)
and f is an extremal disc we have

1Col < o = [20] = [£1(C0)|-

The Schwarz Lemma implies that f,(¢) = ¢ for some 6 € R, and therefore f is
a complex geodesic by Lemma 211 O

Remark 2.1. Note that according to Theorem [ point (%), there are infinitely many
(ranges of) complex geodesics centered at zero and passing through any point of
|20/

the f , h € A\ {0} and < —.
e form (zo, z1) where 2 \ {0} and |z | TOESE

3. STATIONARY DISCS FOR DEFORMATIONS OF {2
Let A > 0. Following [5], we consider the domain 2, defined near A x {0} by
p* = |2 + |w* = ARe (z*w?) — 1 < 0.

Note that for every A > 0, the disc f°(¢) = (¢,0) is stationary, with lift f0 =
(¢,0,1,0) to the cotangent bundle. For A < 1, Q, is a small C? deformation of the
unit ball in a neighborhood of A x {0}, and = Q. We recall that in the case of
the unit ball, lifts of stationary discs that are close to the lift £°(¢) = (¢,0,1,0) of
fO form a smooth manifold of real dimension eight. It might be natural to expect
the same result for €2y, at least for A < 1. The following theorem gives the result
for the whole family, except at the domain (2.

Theorem 2. Assume that A # 1. The set of lifts of stationary discs for 02y close
to the lift f° forms a smooth real manifold of dimension eight.

Proof. For all ¢ € A the submanifold NIQ, () (see equation (L)) of real dimen-
sion four may be defined near f2(¢) = (¢,0,1,0) by four real defining functions
o* = (p},...,p}) given explicitly by
PO (z,w) = |22+ [w|* — ARe (zw?) — 1,

iz s
C(Z-2230%) 2z —22Fw?’

P (Q)(zw) =

) P C i) A S C b))
POz = - e - T
T L ] . = - 4—
pf}(C)(z,w) = W — ZZ(U) Az ’U}) — i ’LZ(U} Az U))

Z — 2023w 2z — 22Z%w?

It follows that a holomorphic disc f is stationary for 902 and admits a lift f = (f, f)
close to f = (¢,0,1,0) if and only if for all ( € DA,

PMO(F(Q) = 0.

In order to solve this nonlinear Riemann-Hilbert problem, we need to evaluate the
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partial indices and Maslov index of the linearized problem along the disc f° =

(¢,0,1,0), namely of the map f +— 2Re(Gf), where G(C) is the following 4 x 4
invertible matrix:

0 —C+X2 0 1

0 —i¢—ix® 0 —i

According to J. Globevnik [2], we need to prove that the partial indices of —G—1G
are greater than or equal to —1. Since permutations of rows and columns change
neither the partial indices nor the Maslov index, we work with the following matrix:

A direct computation gives

i —1 0 0
0 ¢ 0 0
GI(C)_l = 0 O Z ZZ )
2 2
1 A2 i ine?
00 5+% 375
—7 —1 0 0
0 ¢ 0 0
NGRS ¢ ic |,
0 0 5 5
2 2
1 X i iXC
00 3t% 3t
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and thus
1 2¢ 0 0
0 —¢? 0 0
—G1(()1G1(¢) =
0 O & ¢

0 0 ((1-X) =X

Let k1 > --- > k4 be the partial indices of —Gl_lGl, and let A be the diagonal
matrix with entries (**,...,(". According to [9], there exists a smooth map O :
A — GL4(C), where GL4(C) denotes the general linear group, holomorphic on A
and such that on 9A,

-0G{'G, = AB.

We denoted by I = (I,...,l4) the last row of the matrix map ©. In particular we
obtain the following system:

1 (¢) = ¢"hL(0),

2¢1(¢) = ¢%12(C) = ("a(0),

ACH3(Q) + C(L = A)la(Q) = ¢™ls(0),

Cl3(C) + A21(Q) = ("14(C).

In case I; # 0 we get k4 > 0 by holomorphy of [;. If I; = 0 the second line leads
to kg > 0 unless Io = 0. Now if [; =I5 = I3 = 0 we also get [ = 0 by the third
line, which contradicts the fact that ©(¢) is invertible. Finally, if Iy = Iy = 0, by
holomorphy of I3 and 4, the third line leads to x4 > 0. This proves that all partial
indices are non-negative.

Moreover the Maslov index « = k1 + -+ + K4 is the winding number of

det(—G1()~1G1()), that is,

2 Jya det(—G1 () 1G1(€)(C))

Finally, this proves that the set of lifts of stationary discs for 92, close to the
lift £° forms a smooth real manifold of dimension & 4 dim¢ C* = 8. (]

L (@)

Remark 3.1. The previous proof illustrates a discontinuous behaviour of (lifts of)
stationary discs at A = 1. More precisely, the previous method fails for A = 1 since,
in that case, one of the partial indices is —2. Note that M.-Y. Pang [5] already
showed a discontinuous behaviour of extremal discs at A = 1. Moreover, a direct
computation shows that geodesics of Lemma are stationary for 0€). It follows
that the set of stationary discs for A = 1 centered at the origin forms a variety of
real dimension at least four. Recall that in the case of the unit ball, and so for
A < 1, such discs form a variety of real dimension three.
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