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Abstract In this paper, the effect of wheel skidding
on the steering motion of a simple vertical rolling disk
is investigated. By modifying the nonholonomic con-
straints, two novel dynamic models are proposed. The
first model rotates the constraints and enforces them
along a plane correlated to the skid angle. It then relates
the skidding in a wheel to the Lagrange multipliers
associated with the kinematic constraints of that wheel.
The second model relaxes the no-skidding constraint,
allowing its transgression and relates the skidding to the
generalized velocities of the actuated degrees of free-
dom of the system. To validate our model, we compare
it to one in the literature and we analyze the motion
of the disk on icy and snowy road conditions, where
skidding can be significant.
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1 Introduction

Rarely can a model of a real system account for all
forces and resulting behaviors of that system. Many
simplifications and assumptions that are valid in an
idealized or lab setting fall apart when a system is
deployed in a real environment. Wheel skidding and
slipping is a difficult problem to model but nevertheless
exists in most wheeled mobile platforms. Recall that
skidding occurs when the wheel slips sideways, while
slipping occurs when the wheel slips along its direc-
tion of motion. Many approaches erroneously ignore
this occurrence and model it as one of the sources of
noise. In reality, however, because of tire deformation
and surface conditions effects due to skidding and slip-
ping could be considerable. In other words, the non-
holonomic constraints imposed on a wheeled mobile
platform are violated and ideal conditions no longer
hold. Wheel skidding and slipping therefore give rise
to a system with nonideal constraints and developing
the equations of motion for such systems is a problem
of continued interest [1,2].

The issue of wheel skidding and slipping has been
addressed by many researchers and different models
have been proposed to model them. In [3], skidding was
represented as an unknown state-vanishing bounded
perturbation. This model was later used in [4] and [5]
to design controllers that solve the tracking and stabi-
lization problems of a mobile robot subject to skidding
effects. One drawback of this model is the fact that
the perturbations are treated as unknown parameters
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and this is a complication for efficient control design
strategies. In [6], a different approach was used to study
both slipping and skidding effects based on the singular
perturbation theory. This approach was used in [7] to
devise a slow manifold controller. However, the perfor-
mance of this controller strongly relies on being able to
determine the stiffness of the wheel, which is difficult
to do.

New insights were provided in [8], where the per-
turbations are categorically classified as input-additive,
input multiplicative and/or matched/unmatched. A
kinematic model is presented whereby the perturba-
tions are geometrically related to vehicle skidding
and slipping. The limitation of this approach was
the assumption that the perturbations are measurable
through the use of real-time kinematic (RTK) GPS
and other sensors [9–11]; therefore, this model is
restricted to sensor-equipped mobile platforms and out-
door applications.

In Sidek and Sarkar [12] (hereafter referred to as
Sidek’s model), the skidding effects are included in the
dynamic model of the wheeled mobile robot, thereby
eliminating the need for sensors that measure the
amount of skidding. This was done by relaxing the non-
holonomic constraints, adding an additional variable to
the vector of generalized coordinates and incorporat-
ing dissipative traction forces in the Euler–Lagrange
equations, which arise due to the relaxation of the con-
straints. One of the disadvantages of this model lies in
the fact that the vector of generalized coordinates is no
longer minimal. Furthermore, the presence of dissipa-
tive forces is not favorable when it comes to reducing
the equations.

In this paper, we propose a new approach to the prob-
lem of including the skidding effects in the kinematic
model of a vertical rolling disk. In addition to devising
models that eliminate the need to use sensors to mea-
sure the wheel skidding of a vehicle, we relate skid-
ding to the Lagrange multipliers of the kinematic con-
straints and the generalized velocities of the actuated
degrees of freedom using two different friction models.
The contributions of this paper are twofold. First, con-
trary to Sidek’s model, our model preserves the friction-
less/workless property of the constraints, thereby dis-
carding the dissipative forces from the Euler–Lagrange
equations. In other words, we represent an acatastatic
system as a catastatic one. Second, we keep the vec-
tor of generalized coordinates in its minimalized form
and no additional variables are added. These contribu-

tions have desirable outcomes in geometric mechanics
since the reduction of the equations of motion becomes
attainable.

The remainder of this paper is organized as fol-
lows. In Sect. 2, we present some background infor-
mation about wheel skidding and slipping and fric-
tionless/workless constraints. Section 3 is dedicated to
the development of the kinematic model, the deriva-
tion of the nonholonomic constraints, and the equa-
tions of motion of the disk for the “ideal” case. The
following section presents our novel models for the
“skidding” case and focuses on developing the corre-
sponding equations of motion. In Sect. 5, we present the
two friction models upon which the system is based. In
Sect. 6, simulations and experiments are performed,
the results are analyzed and comparisons are made
with Sidek’s model. Section 7 concludes the paper and
explores the direction of future work.

2 Background material

This section provides background information about
some key concepts that we will refer to throughout
this paper. We explain the source of wheel skidding
and slipping in wheeled mobile robots. In addition to
that, we explore the definition of frictionless/workless
constraints, since classifying a constraint as friction-
less/workless simplifies the development of the equa-
tions of motion.

2.1 Wheel skidding and slipping

It is important to distinguish between wheel slipping
and wheel skidding. Skidding occurs when the tire
deforms due to the lateral, cornering force, generated
when negotiating a turn [13]. It also arises as a result
of the motion of the point of contact between the wheel
and the ground, whereas in the ideal model the point
of contact has a zero instantaneous velocity. When a
wheel skids, it traverses a path along a direction differ-
ent than the direction towards which it is pointing. This
is illustrated in Fig. 1. The angle between the wheel’s
plane and its direction of travel is referred to as the
skid angle, δ. A skidding wheel violates the nonholo-
nomic constraint which restricts motion in any plane
other than the plane of the wheel (i.e., δ = 0).
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Slipping, on the other hand, is related to the rolling of
the wheel. When we assume that a wheel rolls without
slipping, we impose a nonholonomic constraint, which
equates its linear velocity to the product of the wheel’s
radius and its angular velocity (V = r φ̇). If a wheel
slips, its linear velocity becomes less than r φ̇. Once
again, wheel slippage is related to tire deformation and
the motion of the point of contact between the wheel
and the ground.

2.2 Frictionless/workless constraints

A frictionless/workless constraint is any scleronomic
constraint that produces zero virtual work for any
reversible virtual displacement consistent with the con-
straints [14]. Scleronomic constraints are defined as
constraints that do not depend explicitly on time.
Throughout this paper, frictionless/workless constraints
will be simply referred to as frictionless constraints.
To simplify, a frictionless constraint is an ideal con-
straint that does no work on the system and results in a
catastatic system [15]. On the other hand, nonideal con-
straints may do work on the system and they give rise
to an acatastatic system [15]. Therefore, recognizing
whether or not a constraint is frictionless is impera-
tive since it determines the inclusion or exclusion of
dissipative forces in the equations in the Lagrangian
equations of motion.

3 Vertical rolling disk ideal model

The system that will be analyzed throughout this paper
is the simplest wheeled mobile platform comprised of
only one wheel; the vertical rolling disk. The set of
generalized coordinates for this system is expressed
as q = (x, y, θ, φ), where (x,y) denote the position
of the disk’s center of mass, θ denotes its orientation
and φ denotes the rotation of the wheel, all relative to
the global coordinate frame X, Y as depicted in Fig. 1.
The skid angle δ is also demonstrated in the figure. The
rolling disk has a mass M, a moment of inertia about
the vertical axis, Jθ , a rolling moment of inertia, Jφ

and a wheel radius r. For the ideal model, such as on
dry asphalt or tarmac, wheel skidding and slipping are
absent or negligible. The nonholonomic constraints are
as follows

Fig. 1 Vertical rolling disk configuration variables, skid angle,
and cornering force

ẋ cos θ + ẏ sin θ = r φ̇, (1)

−ẋ sin θ + ẏ cos θ = 0. (2)

Equation (1) is the no-slipping condition and (2) is
the no skidding condition. The rest of the equations of
motion will be developed using the Lagrangian formu-
lation. Since the rolling disk always lies on a horizontal
plane, the potential energy is ignored throughout the
development of the equations. Realizing that the non-
holonomic constraints presented above are frictionless,
the Euler–Lagrange equations therefore reduce to

d

dt

∂T

∂ q̇i
− ∂T

∂qi
= Fi + Ci , (3)

where q is an n-dimensional vector of generalized coor-
dinates, T is the kinetic energy, F is the vector of gen-
eralized forces and C is the vector of generalized fric-
tionless constraint forces. As such, Ci is the projection
of the constraint forces onto the generalized coordinate
qi . For the disk that is analyzed in this paper, the kinetic
energy is given by

T = 1

2
M(ẋ2 + ẏ2) + 1

2
Jθ θ̇2 + 1

2
Jφφ̇2. (4)

The vector of generalized forces F = (0, 0, τ3, τ4)
contains the torque inputs to the system. Notice that θ

and φ are the only actuated degrees of freedom in the
system. The vector of generalized constraint forces C
is obtained from the matrix multiplication

C = AT (q)λ, (5)

where A is an m × n matrix, m being the number of
nonholonomic constraints, and n is the number of gen-
eralized coordinates, obtained by writing them in the
Pfaffian form
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A(q)q̇ = 0, (6)

and λ is an m-dimensional vector of Lagrange mul-
tipliers representing the magnitudes of the constraint
forces. In this model, using (1) and (2),

A =
(

cos θ sin θ 0 −r
− sin θ cos θ 0 0

)
, (7)

and

λ =
(

λ1

λ2

)
. (8)

Using Euler–Lagrange’s equation we can find four
equations of motion, one for each degree of freedom,
and since we have two constraints this leads to a system
of six equations of motion, as shown below.

Mẍ = λ1 cos θ − λ2 sin θ (9)

M ÿ = λ1 sin θ + λ2 cos θ (10)

Jθ θ̈ = τ3 (11)

Jφφ̈ = τ4 − rλ1 (12)

−ẋ sin θ + ẏ cos θ = 0 (13)

ẋ cos θ + ẏ sin θ − r φ̇ = 0. (14)

4 Vertical rolling disk skidding models

Practically, under certain surface conditions, for exam-
ple wet asphalt, ice or snow, wheels undergo consid-
erable amounts of skidding and slipping and the non-
holonomic constraints derived for the ideal model are
violated. O’Reilly showed in [16] that neglecting the
slipping of the point of contact of the disk means that
some physical mechanisms are ignored, and this will
result in the absence of certain motions in the analysis.
Therefore, to make the kinematic model more realis-
tic, skidding, and slipping effects must be considered.
For the scope of this paper, we are only concerned with
skidding effects. As mentioned earlier, skidding occurs
when the wheel slips lateral to the direction towards
which it is pointing. This is illustrated in Fig. 2, where
the skidding velocity vector has been referred to as
η̇. In the following subsections we present two novel
dynamic models, each with its own friction model,
which capture the behavior of the rolling disk on skiddy
road conditions and, contrary to Sidek’s model, elim-
inate the need to add η to the vector of generalized
coordinates.

Fig. 2 Vertical rolling disk skidding models

4.1 Sidek model

Before introducing our proposed skidding models, it is
important to give a brief description of Sidek’s model.
In his model, Sidek uses an additional parameter in
the generalized coordinates, η, which is a measure
of the skidding displacement, bringing the total num-
ber of coordinates to 5. In addition to that, the model
also includes dissipative traction forces in the Euler–
Lagrange equations because it relaxes the no-skidding
constraint. The modified form of the Euler–Lagrange
equations has the following general expression

d

dt

∂T

∂ q̇i
− ∂T

∂qi
= Fi + Ci − Ti , (15)

where Ti is the traction force for the corresponding
generalized coordinate. For this system, the vector of
traction forces is T = (0, 0, 0, 0, Fy), where Fy is the
lateral traction force for the lateral slipping displace-
ment (skidding), η. Due to the aggregation of η, the
kinetic energy becomes

T = 1

2
M(ẋ2 + ẏ2 + η̇2) + 1

2
Jθ θ̇2 + 1

2
Jφφ̇2. (16)

As mentioned previously, this model relaxes the no-
skidding constraint. The resulting nonholonomic con-
straints are

ẋ cos θ + ẏ sin θ = r φ̇, (17)

−ẋ sin θ + ẏ cos θ = η̇, (18)

and the matrix A is expressed as

A =
(

cos θ sin θ 0 −r 0
− sin θ cos θ 0 0 −1

)
. (19)
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With 5 generalized coordinates and 2 nonholonomic
constraints, a system of 7 equations of motion emerges
as follows

Mẍ = λ1 cos θ − λ2 sin θ (20)

M ÿ = λ1 sin θ + λ2 cos θ (21)

Jθ θ̈ = τ3 (22)

Jφφ̈ = τ4 − rλ1 (23)

M η̈ = −λ2 − Fy (24)

−ẋ sin θ + ẏ cos θ − η̇ = 0 (25)

ẋ cos θ + ẏ sin θ − r φ̇ = 0. (26)

As can be seen from above, there are 7 equations and
8 unknowns. The additional unknown is Fy and this is
related to the skid angle, δ, through a traction model,
which will be described in the next section. The skid
angle is calculated through the following equation

δ = arctan(
η̇

r φ̇
), (27)

which is evident from Fig. 2.
Since we will compare our model to Sidek’s later on

in this paper, it is noteworthy to mention that Sidek’s
model has been validated with experimental results and
therefore, by association, comparing our model to it is
equivalent to validating it to experimental data.

4.2 Model 1: “Rotating the constraints” model

The first model that we are proposing has two distinct
characteristics.

1. The nonholonomic constraints maintain their fric-
tionless property.

2. To account for skidding, the constraints are rotated
by δ.

The first condition ensures that skidding effects are
included in the model without the need to add dissipa-
tive traction forces to the generalized constraint forces
in the Euler–Lagrange equations. The frictionless prop-
erty of the constraints is preserved by enforcing them
in a plane different than the plane of the wheel. The
angle between the plane of the wheel and the plane
along which the nonholonomic constraints are enforced
is equal to the skid angle δ, which is evident in the sec-
ond condition. In other words, if we examine Fig. 2,
we replace a motion composed of r φ̇ at an angle of
θ followed by a lateral motion of η̇, by a “resultant

velocity vector” at an angle of θ + δ. We equate the
magnitude of this resultant vector to r φ̇ to preserve the
frictionless property of the constraint. Along the plane
perpendicular to the resultant vector, we enforce a no-
skidding constraint thereby maintaining, once again,
the frictionless property.

From the above proposed changes to the model,
the resulting frictionless nonholonomic constraints
become

ẋ cos (θ + δ) + ẏ sin (θ + δ) = r φ̇, (28)

−ẋ sin (θ + δ) + ẏ cos (θ + δ) = 0. (29)

The modified matrix A in this model is

A =
(

cos (θ + δ) sin (θ + δ) 0 −r
− sin (θ + δ) cos (θ + δ) 0 0

)
. (30)

Since the preceding nonholonomic constraints are fric-
tionless, we can still apply the same Euler–Lagrange
equations used for the ideal model. The resulting sys-
tem of six equations is

Mẍ = λ1 cos (θ + δ) − λ2 sin (θ + δ) (31)

M ÿ = λ1 sin (θ + δ) + λ2 cos (θ + δ) (32)

Jθ θ̈ = τ3 (33)

Jφφ̈ = τ4 − rλ1 (34)

−ẋ sin (θ + δ) + ẏ cos (θ + δ) = 0 (35)

ẋ cos (θ + δ) + ẏ sin (θ + δ) − r φ̇ = 0. (36)

It is noteworthy to mention that there is a high resem-
blance between Eqs. (9)–(14) and (31)–(36). In fact, the
importance of presenting such a model lies in this sim-
ilarity between the equations. This agreement between
the equations allows us to make a critical statement:
“The motion of a vertical rolling disk on a skiddy sur-
face can be captured by using the simple equations of
motion of an ideal model, the constraints of which have
been rotated by an angle equal to the skid angle.”

4.3 Model 2: “Relaxing the no-skidding constraint”
model

Another approach to including skidding effects in the
dynamic model of the rolling disk is to relax the no-
skidding constraint (Eq. 2). The constraint equation
becomes

− ẋ sin θ + ẏ cos θ = η̇, (37)

where η̇ is the skidding velocity as can be seen from
Fig. 2. This approach was used in Sidek’s model and
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η was appended to the vector of generalized coordi-
nates. However, we will demonstrate shortly that there
is no need to make this addition to the vector of gen-
eralized coordinates. We argue that η̇ can be expressed
as a linear combination of the generalized velocities of
the actuated degrees of freedom, namely η̇ and φ̇. The
expression for η̇ becomes

η̇ = g1(q)θ̇ + g2(q)φ̇, (38)

where g1(q) and g2(q) are functions of the vector of
generalized coordinates q. The resulting matrix A is

A =
(

cos θ sin θ 0 −r
− sin θ cos θ −g1(q) −g2(q)

)
. (39)

5 Friction models

In the previous section, we derived six equations of
motion for both skidding models, however there are
seven unknowns in the first model and eight unknowns
in the second. The additional unknowns are δ for the
first model and g1(q) and g2(q) for the second one. In
this section, we present two friction models, one for
each skidding model, that relate δ, g1(q), and g2(q)

to the existing unknowns, without introducing any new
unknowns. An immediate result is that we now have the
same number of equations as unknowns in both models
and the systems of equations becomes solvable. More
importantly, these friction models eliminate the need
to use sensors that measure the wheel skidding, and
instead allow one to calculate it.

5.1 Pacejka’s magic formula

Before introducing our proposed friction models, it is
important to refer to the friction model used by Sidek.
As mentioned earlier, previous works have dealt with
the problem of wheel skidding by adding dissipative
traction forces to the Lagrange equations. By means of
experimental methods, approximate expressions that
relate the lateral traction force (cornering force) to the
skid angle have been developed and numerous models
are available in references. One of the most widely used
models is Pacejka’s Magic Formula [17], which was
employed by Sidek as a model for the traction force.
The general form of this formula is

Fy = A3 sin(A2 arctan(A1(1 − A4)δ

+A4 arctan(A1δ))), (40)

(a) (b)

Fig. 3 Constraint forces in the a ideal model b “rotating the
constraints” skidding model

where Fy is the lateral traction force, δ is the skid angle
and A1, A2, A3, and A4 are curve-fitting constants that
depend on the type of surface in contact with the wheel.
Typical values of these Magic Formula coefficients for
common road conditions are provided in [18], where
B, C, D, and E represent A1, A2, A3, and A4 respec-
tively.

5.2 Lagrange multipliers friction model

The first friction model is concerned with the “rotating
the constraints” skidding model. A main contribution
of this paper is the fact that we relate the skid angle to
the relevant Lagrange multiplier, that is the skid angle
is a function of λ2, where λ2 is the Lagrange multiplier
as mentioned earlier. This is a reasonable suggestion
because λ2 is the constraint force that ensures no skid-
ding occurs. Figure 3 illustrates the constraint forces
for the ideal model and the “rotating the constraints”
skidding model.

5.2.1 Linear model

Our first hypothesis for this friction model was a simple
linear relation between δ and the constraint force λ2.
This model is particularly applicable for rigid wheels
that do not undergo deformation and instead, they slip
due to the motion of the contact point between the wheel
and the ground. It is also coherent with the Point Con-
tact Theory for a “rigid body model without deforma-
tion component” [19], which proposes a linear relation
between the lateral cornering force and the skid angle.
Even though tire deformation is not considered, this
theory proposes that skidding is unavoidable.
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Table 1 Summary of skidding models

Nonholonomic constraints Friction model Formula

Ideal model
ẋ cos θ + ẏ sin θ = r φ̇

−ẋ sin θ + ẏ cos θ = 0
N/A N/A

Sidek model
ẋ cos θ + ẏ sin θ = r φ̇

−ẋ sin θ + ẏ cos θ = η̇
Magic formula

Fy = A3 sin(A2 arctan(A1(1 − A4)δ

+A4 arctan(A1δ))), where δ = arctan
(

η̇

r φ̇

)

Model 1
ẋ cos (θ + δ) + ẏ sin (θ + δ) = r φ̇

−ẋ sin (θ + δ) + ẏ cos (θ + δ) = 0
Linear Lagrange multipliers
Integral Lagrange multipliers

δ(t) = bλ2(t)

δ(t) = arctan
(−B1

∫
λ2(t)dt+B2 θ̇ (t)+B3

r φ̇(t)

)

Model 2
ẋ cos θ + ẏ sin θ = r φ̇

−ẋ sin θ + ẏ cos θ = η̇
Actuated generalized velocities η̇(t) = (C1φ + C2)θ̇(t) + C3θφ̇(t) + C4

Mathematically this model is equivalent to

δ(t) = bλ2(t), (41)

where b is a constant that depends on the road con-
ditions. After simulating this model and comparing it
with that of Sidek, it was abandoned due to the inac-
curate results it produced, as will be shown in the next
section. The relation between δ and λ2 was then further
developed to construct a more accurate friction model.

5.2.2 Integral model

After the Linear friction model proved its inaccuracy,
a new friction model was devised.

Proposition 1 The relation between the skid angle, δ,
and the constraint force, λ2, written as

δ(t) = arctan

(
−B1

∫
λ2(t)dt + B2θ̇ (t) + B3

r φ̇(t)

)
,

(42)

where B1, B2, and B3 are constants that depend on the
road conditions and the gait, allows the skidding model
to accurately predict the motion of the disk on skiddy
road conditions. The validity of this proposition will be
proven by means of comparison with Sidek’s model in
the next section.

5.3 Actuated generalized velocities friction model

This friction model is for the “relaxing the no-skidding
constraint” model. Another major contribution of this
paper is the fact that we express the skidding velocity as
a function of the generalized velocities of the actuated
degrees of freedom, meaning that we relate η̇ to θ̇ and

φ̇. This eliminates the need to append η to the vector of
generalized coordinates, as was the case with Sidek’s
model.

Proposition 2 The relation between the skidding veloc-
ity, η̇, and the actuated generalized velocities, θ̇ and φ̇,
is written as

η̇(t) = (C1φ + C2)θ̇(t) + C3θφ̇(t) + C4, (43)

where C1, C2, C3, and C4 are constants that depend
on the road conditions and the gait, allows the skidding
model to accurately predict the motion of the disk on
skiddy road conditions. In other words, the unknowns
g1(q) and g2(q) can now be expressed as

g1(q) = (C1φ + C2); g2(q) = C3θ.

Once again, as with Proposition 1, the validity of this
proposition will be proven in the following section.

Table 1 layouts the models presented in this paper
thus far and their corresponding nonholonomic con-
straints and friction models.

6 Simulations and results

In order to analyze the kinematic model presented for
the skidding case, we will simulate its response under
certain inputs and compare it with that of the model
presented by Sidek and Sarkar in [12]. Using the results
published in [20] and [21–23], three gaits are used:

1. A gait that causes no net change in the position of
the disk under ideal conditions, i.e., in the absence
of skidding effects.

2. A gait that steers the disk in the y-direction under
ideal conditions.
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3. A gait that steers the disk in the x-direction under
ideal conditions.

Table 2 displays the inputs used for each gait.
While numerically solving the equations of motion,

the torques for the actuated degrees of freedom are
equated to the following inverse dynamics controller.

τ3 = θ̈d + K P (θd − θ) + KD(θ̇d − θ̇ ), (44)

τ4 = φ̈d + K P (φd − φ) + KD(φ̇d − φ̇), (45)

where τ is the generalized torque input, θ and φ are the
actuated degrees of freedom to be controlled, θd and
φd are the desired trajectories for the controlled vari-
ables and KP and KD are the proportional and derivative
gains, respectively [24]. This controller is robust and
can be tuned so that the actuated degrees of freedom can
follow a prescribed, desired trajectory. The following
parameters were kept constant throughout the simula-
tion

M = 1; Jθ = 1

8
; Jφ = 1

4
; r = 0.5;

KP = 100; KD = 20,

where we assume the wheel is a uniform rolling ring
with Jθ = Mr2 and Jφ = 1

2 Mr2.
In order for the skidding effects to be significant, the

simulations will consider two skiddy road conditions;
icy and snowy. For icy road conditions, the Magic For-
mula coefficients for Sidek’s model took the following
values

A1 = 4; A2 = 2; A3 = 0.1; A4 = 1,

which were found in [18], whereas for snowy road con-
ditions the coefficients were found in [25] to be

A1 = 0.15; A2 = 2; A3 = 0.2; A4 = 0.95.

As for our proposed friction models, Table 3 displays
the values of the constants that were used for the simu-
lations. For all simulations the disk was initially at rest
and the simulation time was for three periods of input
i.e., 6π .

Table 2 Table of inputs used for each gait

θ(t) φ(t)

Gait 1 sin (2t) sin (t)

Gait 2 sin (t) − cos (t)

Gait 3 sin (t) sin (2t)

Table 3 Coefficient values for the proposed friction models

Coefficient Gait 1 Gait 2 Gait 3

Icy road conditions

B1 −0.47 −0.70 −0.15

B2 −0.024 0.07 −0.015

B3 −0.056 −0.00 −0.023

C1 −0.075 −0.03 −0.40

C2 −0.019 −0.03 −0.038

C3 −0.30 −0.12 −0.075

C4 −0.035 −0.06 −0.00

Snowy road conditions

B1 −0.47 −0.70 −0.15

B2 −0.024 −0.11 −0.015

B3 −0.099 −0.00 −0.015

C1 −0.075 −0.06 −0.40

C2 −0.019 −0.03 −0.075

C3 −0.30 −0.12 −0.075

C4 −0.07 −0.09 −0.00

6.1 Analysis of the simulation results

The results of the simulations are illustrated in the fig-
ures. Figure 4 displays the motion of the rolling disk
under ideal conditions, where skidding is absent. Fig-
ure 5 compares the “rotating the constraints” model
with the linear friction model to Sidek’s model. For
this model only icy road conditions will be considered
and then the model will be abandoned since the results
prove its invalidity. Figures 6 and 7 compare the pro-
posed skidding models to Sidek’s model for icy and
snowy road conditions respectively. Table 4 presents
a numerical comparison of the magnitude of the dis-
placement between the various models.

6.1.1 “Rotating the constraints” versus Sidek

An inspection of Fig. 5 reveals why the Linear friction
model was disregarded. Even though it correctly pre-
dicts the direction of motion for each gait, the paths
traversed for Gaits 1 and 3 are inconsistent with those
generated in Sidek’s model and thus this friction model
had to be discarded.

After observing Figs. 6 and 7 one can conclude that
the Integral friction model correctly predicted the direc-
tion of the motion and the shape of the path traversed.
For Gait 1, however, the model generated a narrower
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(a) (b) (c)

Fig. 4 Ideal model simulation results for a Gait 1, b Gait 2, and c Gait 3

(a) (b) (c)

Fig. 5 “Rotating the constraints” with linear friction model versus Sidek simulation results under icy conditions for a Gait 1, b Gait 2,
and c Gait 3
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(a) (b) (c)

Fig. 6 Proposed skidding models versus Sidek simulation results under icy conditions for a Gait 1, b Gait 2, and c Gait 3

(a) (b) (c)

Fig. 7 Proposed skidding models versus Sidek simulation results under snowy conditions for a Gait 1, b Gait 2, and c Gait 3
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Table 4 Numerical comparison between proposed skidding
models and Sidek’s model

Moel Gait 1 Gait 2 Gait 3

Icy road conditions

Sidek 0.52 4.09 4.27

Rotating the constraints 0.51 4.07 4.28

Relaxing the constraint 0.51 3.98 4.35

Snowy road conditions

Sidek 1.02 4.16 4.30

Rotating the constraints 1.04 4.18 4.26

Relaxing the constraint 1.02 4.17 4.35

path than that of Sidek’s. In addition to that the magni-
tudes of the displacements are almost identical to those
generated by Sidek’s model.

6.1.2 “Relaxing the no-skidding constraint” versus
Sidek

Examining Figs. 6 and 7 once again, we notice that this
model is in very close agreement with that of Sidek’s.
This model also successfully predicted the direction of
motion and the shape of the path traversed for all gaits.
As opposed to the first friction model, the path of Gait
1 is now wider and closer to that of Sidek’s. The curves
are almost above each other and the magnitudes of the
displacements are very similar.

It is evident from the results of the simulations that
the skidding models proposed successfully capture the
behavior of the disk on icy and snowy road conditions.
Nevertheless, there are minor differences between them
and the Sidek model and we speculate that this is due
to the Magic Formula employed in his model. This for-
mula is commonly used for modeling race track condi-
tions, where the masses and velocities of the vehicles
are by many orders of magnitude larger than those con-
sidered in this paper.

The importance of the constants Bi and Ci in the pro-
posed friction models cannot be overlooked. The mod-
els proposed are particularly sensitive to these para-
meters, and therefore these constants are a decisive
element with regards to the accuracy of the model. A
slight change in the values of the constants used can
cause large deviations in the magnitude of displace-
ment observed, however, the overall shape of the tra-
versed path remains essentially unchanged. In other
words, the constants have a relatively larger effect on

the net change in position rather than the path fol-
lowed to achieve this motion. For the scope of the
simulations presented in this paper, these coefficients
were obtained through trial and error. Numerous curve-
fitting attempts were made before arriving at the con-
stants that produced the best-fit with Sidek’s model.
This is still an outstanding issue that will be addressed
in future work by developing a general expression for
all constants.

7 Conclusions and future work

In this paper, we analyzed the effects of skidding on the
motion of a vertical rolling disk. We used an approach
that preserves the frictionless property of the nonholo-
nomic constraints and presented two “skidding” mod-
els that eliminate the need for on-board sensors to
measure skidding. These models neither require the
inclusion of dissipative traction forces in the Euler–
Lagrange equations of motion nor extending the dimen-
sion of the vector of generalized coordinates. Two novel
friction models were proposed; one for each skidding
model. One model relates the skid angle to the Lagrange
multipliers while the other relates the skidding veloc-
ity to the actuated generalized velocities. The proposed
skidding models were validated by comparing them to
another model from the literature. The models proposed
proved to be in very close agreement with that from the
literature.

For future work, we will develop general expres-
sions for the coefficients of the proposed friction mod-
els. Although these coefficients required ad-hoc tun-
ing, we hypothesize that further study may reveal that
the coefficients are directly related to the road condi-
tions through the Magic Formula constants, and to the
gait through the amplitudes and frequencies of θ and φ.
Furthermore, we are interested in applying the methods
developed in this paper to analyze the motion of more
complex systems on skiddy road conditions, including
the Snakeboard.
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