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Abstract

Let f € L°(T) with [[flle < 1. If f(0) # 0, n,k € Z, and by =
fE f(x)”e’zm(”’k)xdx, E ={x €T :|f(x)] = 1}, we prove that the arithmetic
means % Z,];/[:Af,v |bn,n_k|2 decay like {log N log, N - - - log, N} las N — oo, uni-
formly in k € Z.
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1 Introduction

Let ¢ be a function holomorphic in the open unit disk of the complex plane and
satisfying the two conditions

#0) #0, o<1, (zel).

The composition operator Cy : H(U) — H(U), defined via ¢ by Cy f = f o ¢,
restricts, by Littlewood’s subordination principle, to a bounded linear operator on the
Hardy space H 2(U), and we can associate to it an infinite matrix (ca,p) defined by

dz
= o,—p .
Carp /aUd’(Z) iz

The question of convergence of the sequence {c, ,—}, and in particular, existence of
the following limit

lim cpni =0, (ke Z),
n—0oo
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has been the subject of various articles. This is because, if true, the above limit result
would imply that every composition operator Cy is weakly asymptotically Toeplitz,
or WAT. The exact definition of a WAT operator need not concern us here.

Now if E = {z € dU : |¢(z)| = 1}, and we put

d
bt = / p(o) =,
E 2wiz

then it is easy to see that ¢, ,—x — 0, if and only if b, ,_x — 0, and so the conjecture
of Nazarov and Shapiro [2], that every composition operator Cy is WAT, is equivalent
to the statement that
lim b, ,—x =0, (keZ). (1)
n—o00

A more general conjecture was proposed by Shayya [5], who formulated a higher
dimensional version of the WAT conjecture in the setting of functions defined on the
d—dimensional torus and having non-vanishing Fourier transform at 0.

At present, it is not known if (1) is true, even when k = 0. So, as might be expected,
a number of results addressed the question of convergence of the arithmetic means of
the sequence {b, ,—¢}. In [4], it was shown that

1

N

. 2

Nh—I;%ON E llbn,n—kl =0, (ke2,
n=

and in [1], it was shown that

o lennl?
§ﬂ<oo, (k > 0),
n

n=1

from which follows two results. The first, through a simple summation by parts argu-
ment, gives that the arithmetic means of |c,,,,1_k|2 tend to 0. The second gives that
liminfy oo % SN fenn k> = 0.

In [5], Shayya considered only the main diagonal elements {b, ,} and proved the
existence of a constant C, essentially dependent on ¢ (0), such that

M+N

1 C

— bonl? < . (M >1,N >2).

N 2 bl S oy (M2 1N 2D
n=M b4

This result, which is not implied by (1), is of interest in its own right as it provides
a quantitative version of previous statements about the arithmetic means. Its proof
in [5] employs a positive Borel measure p such that |bn,n|2 = f_lﬁz e~ 20 4 11(6),

. . bpnl? .
along with the convergence of the series Y - ral” However, such a measure is only

available for the main diagonal elements {b, ,},1.e. when k = 0. This left unanswered
the question of whether, for any k € Z, an analogous result holds for the arithmetic
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means of the sequence {b, ,—}. It also called for an investigation into the uniformity
in k € Z, of the resulting estimates of those means.

The main contribution of the present paper is to obtain decay estimates for the
arithmetic means of all sequences {b,, ,_} uniformly in k € Z. Our method may be of
interest because it is short, novel, and completely elementary. We are able to sharpen
Shayya’s result, but more importantly, we show that the decay of those arithmetic
means is much faster than has been obtained so far. In addition, the special case where
¢ is an inner function, may be of independent interest.

Our method extends immediately to the case of functions defined on the torus 7¢,
as considered in [5]. But, for the sake of simplicity, we shall restrict ourselves to
functions defined on the unit circle 7.

2 Preliminaries and statement of results

Let ¢ be a function holomorphic in the open unit disk of the complex plane and
satisfying the two conditions

$0) #0, ¢ <1, (zeU).

We can extend ¢ to be defined almost everywhere on dU by defining ¢ (e>7¥) =
lim,_, 1— ¢ (re*™?), and then we will have that |¢(e?"?)| < 1. Now if r € (0, 1),
then the function log [r¢ (0)¢ (w)| is subharmonic on the open unit disk, while the
function log |z — r¢ (z)¢(w)| is subharmonic in each variable separately on the
open bi-disk. Take p; so that r < p; < 1. It then follows by two applications of the
mean-value inequality for subharmonic functions that, for p; < p < 1,

1/2

log[r¢ (0)p(pe™™)|dw
/2

log rl(0) 2 5/

-1

1/2 1/2 . o .
S / / log |p2€2m(0—w) _ r¢(p€2ﬂ19)¢(p62ﬂlw)|d9dw-
—12J-1,2

Since log(p1 — r) < log|p?e*™ =) — r¢ (pe*™®)p(pe*™ )| < log(1 +r), we
may let p — 1—, and apply Dominated Convergence, to obtain the key inequality of
this paper, namely

/2 p1/2 . o .
log r|¢ (0)|* < f f log [>T 02 1 (¥ (¥ )| dOdw.
—1/2J-1/2

In particular, for a fixed r € (0, 1), if E is any measurable subset of (—1/2, 1/2], and
we put F (0, w) = e*™ 070 — r¢(e2™%)p(e*™'), then

12 172
//|10g|F(0,w)||d9da)§/ / Ilog |F(6, w)||d6dw
EJE — —

12J-1)2

12 172
= 2/ / log™ |F(8, w)|dédw
—1/2J-172
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12 172
—f / log |F (0, w)|dOdw

1/2J-1)2
< 2log(1 +r) —logr|$(0)|?

4
§1ogW, O<r<l). )

This inequality will be used in the course of proof of our main result.

Theorem 1 Let ¢ be a function holomorphic in the open unit disk of the complex plane
and satisfying the two conditions

¢0) #0,1¢(2)| <1, (zeU).

Forn, k € Z, define
by g = / 7 (210211 (=k)0 g
’ E

where E = {0 € (—1/2,1/2] : |¢(e¥?)| = 1}. Put C = log W. Then, for each
pEZ,

o 2
b m— 16
P s ) )
R B O]
m#p

Proof 1t will be convenient to use the notation f(x) = ¢(e****). The definition of
by n—k gives us that

|bn,n7k|2=‘/. / (f(x)f(y)e—ZHi(X—y)>n ezn'l'k(x—y)dxdy7
EJE

and, for p, k € Z, we have, since | f(x)| = 1 forx € E,

2 2
|bn+p,n+p—k| + |b—n+p,—n+p—k|

_ Zf / (f(x)me—%ti(x—y))peZﬂik(x—y)Re (f(x)me—zni(x—y)>” dxdy.
EJE

Multiplying by ", 0 < r < 1, dividing by » and summing over n > 1, we obtain

0 2 2
Z |bn+p,n+p—k| + |b—n+p,—n+p—k| o

n
n=1

. P o 1
=2 / / () f(y)e T ) 2k 1og ———dxdy,
o J 1070 ) T
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where F(x,y) = >0~ —rf(x)f(y) . In view of the estimate (2) on the integral
of [log |F(x, y)|| we get that

i |bn—&-p,n+p—k|2 + |b—n+p,—n+p—k|2rn < IOg 16
n BRSOl

n=1

and letting r — 1—, we obtain independently of k and p,

o 2 2
b k| + b ndp—
Zl n+p,n+p k| | n+p,—n+p k| <C.

n
n=1

Reindexing we arrive at

OO 2
bu.m—
Y Dl ke,
00 lm — p|
and this completes the proof of (3). O

Corollary 2 If b, ,—i is the sequence defined in Theorem 1, M > 1, and N > 1, then

1 M+N C
_— b _2<—, keZ). 4
N+1m§4|m,m k| = e ED (k € 7) 4

Proof If M > 1, N > 1, then, for a given p, the partial sums in (3) for M < m <
M + N, m # p, being also bounded by the same constant C uniformly in k, p € Z,
we may sum them over p from M to M + N to get, after an interchange in the order
of summation

M+N M+N

> oy

m=M m#p=M

M+N

mm k|
C=CN+1), (keZ). 5
T pl _pE_M ( ), (keZ) Q)

M+N L >y 1L

On the left-hand side of (5) we use the inequality Zm Lp=M Tri—p] = 2oj=1

M+N M+N 1
( Z |bmvm—k |2) Z
m=M

e |m — pl

M+N N 1 M+N
> (Z [ |2> Z; zlog(N+1><Z [ |2),

m=M m=mM
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so that
M+N
1 2
ogN +1) Y bwmi P SCIN+1), (keD),
m=M
and the inequality (4) follows. O

Remark 3 For k = 0, the inequality in (4), is the result of Shayya already mentioned
in the introduction, but with a more precise constant.

The corollary tells us that the arithmetic means in (4) decay like log™! N. But in

fact they can be shown to decay like (log Nlog, N - - -log, N)_1 , where log, N is
the g-iterated logarithm. To avoid technical details, we shall limit ourselves to a proof
of the following special case.

Theorem 4 Under the conditions of Theorem 1, we have

sy C/(1—1/1og3)

b L keD). 6
N+3 Z b m—+1* = Tog(N + 3)lloglog(N + 4) —logloga]” K €% (©

Proof We proceed exactly as in the proof of the Corollary, except that we start by
dividing both sides of (3) by log(p — M + 3) and then sum over p from M to M + N.
In the resulting inequality the left-hand side is

M+N M+N 1
Bansm—t |*
(mg""’""'> 2 pllosr M+

m#p=M

M+N .
(Z 1D sm—k | )Zm

M+N

) N+1 dt
E |bm ym—k | /
oy 1 tlog(t +3)

M+N
( > b |2) (loglog(N +4) — loglog4) . ™

v

v

v

while the right-hand side is

M+N N+3

1 1 1 N+3 e
G Y. U——o) oY (S | O
log(p — M + 3) logk log3 3 log ¢
p=M k=3
An application of the Cauchy mean-value theorem [3], gives a £ € (3, x) such that

X _dt
f3 Togr 1 1
= <
J e R R U
log X log3 log& log3
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This last inequality used in (8) gives

M+N
1 C N+3
CZ] (p—M+3) L) 1 (N++3)' ©)
= log(p (1 _ @) og
Now (6) follows immediately from (7) and (9). O

Remark5 For general ¢, we follow the same steps as in the proof of Theorem 4, but
in place of the logarithm log(M — p + 3), we first divide by a product L, of iterated
logarithms. Then, for well defined constants, ¢, and y,, we obtain

M+N C/(1—ay)

m, m—k|2 =< s
Lq(N + yg)llog, (N + 14 v4) —log, (14 v4)]

(k € Z).
m=M

Corollary 6 Let ¢ be an inner function and suppose that ¢ (0) # 0. Then the sequence

d
Chon—k = qﬁ”(z)zk*"z—z,, (n,k eZ),
U Tz

satisfies all conclusions of Theorems 1, Corollary 2, and Theorem 4.

3 Connection with a functional equation

In the study of the diagonal elements {c, ,}, there is a connection with a certain func-
tional equation which appears to merit closer study. If ¢ is the function of Theorem 1,
it was shown in [1] that the functional equation

$(z) = z2¢(¢(2)),

has a unique solution in the open unit disk U. The solution ¢, is connected to F(z) =
Zzo o Cn,n2",the generating function of the diagonal elements, by the equation F(z) =

7'(2)
258 @ "

£'(0) = ¢(0), so that W;(z) is in the class S of normalized univalent functions in
U. Also ¢ omits all the zeros of ¢, which (zeros) may very well be infinite in number.
The inverse function ¢! is well-defined and analytic on the open simply connected
set £(U), and ¢~ 1(z) = ( , there. Thus log |¢(Z)| is the Green’s function of ¢(U)
with pole at 0. In some spec1a1 cases, the functlon g“ can be used to compute explicitly

the diagonal coefficients. For example, if ¢ (z) = 2 -, then an nt+1 =0, Chpint1 =
2
(n!;ZZZ)n-H

bttt = Catlpt = 25— DI () (")

This function ¢ has some interesting properties: ¢ is one-to-one, £(0) = 0,

\Cf as n — oo. If on the other hand ¢(z)
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