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ABSTRACT

Detecting vertical transversely isotropic (VTI) formations and quantifying the magnitude
of anisotropy are fundamental for describing organic mudrocks. Methods used to estimate
stiffness coefficients of VTI formations often provide discontinuous or spatially averaged results
over depth intervals where formation layers are thinner than the receiver aperture of acoustic
tools. We introduce an inversion-based method to estimate stiffness coefficients of VTI
formations that are continuous over the examined depth interval and that are mitigated for spatial
averaging effects. To estimate the coefficients, we use logs of frequency-dependent
compressional, Stoneley, and quadrupole/flexural modes measured with wireline or logging-
while-drilling (LWD) instruments in vertical wells penetrating horizontal layers. First, we
calculate the axial sensitivity functions of borehole sonic modes to stiffness coefficients; next,
we use the sensitivity functions to estimate the stiffness coefficients of VTI layers sequentially
from frequency-dependent borehole sonic logs. Because sonic logs exhibit spatial averaging
effects, we de-average the logs by calculating layer-by-layer slownesses of formations prior to
estimating stiffness coefficients. The method is verified with synthetic models of homogeneous
and thinly-bedded formations constructed from field examples of organic mudrocks. Results
consist of layer-by-layer estimates of ¢;1, €13, C33, C44, and cg. We observe three sources of
error in the estimated coefficients: (a) bias error originating from de-averaging the sonic logs
prior to the sequential inversion, (b) error propagated during the sequential inversion, and (c)
error associated with noisy slowness logs. We found that the relative bias and uncertainty of the
estimated coefficients are largest for c;; and c;3 because borehole modes exhibit low sensitivity

to these two coefficients. The main advantage of our method is that it mitigates spatial averaging
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effects of sonic logs while at the same time detects the presence of anisotropic layers and yields

continuous estimations of stiffness coefficients along the depth interval of interest.

INTRODUCTION

Detecting whether a rock formation is isotropic or vertical transversely isotropic (VTI)
and estimating the associated stiffness coefficients of layers is important to quantify formation

strength for drilling applications and production optimization.

Current borehole-based methods identify anisotropic formations by comparing shear
slownesses measured with orthogonal dipole sources (fast and slow shear slownesses). However,
these methods are not applicable to VTI formations penetrated with vertical wells because shear
slownesses measured with orthogonal dipole sources are equal. Instead, anisotropic layers are
typically identified by comparing the frequency-dependent flexural mode to the flexural
slownesses calculated assuming an equivalent homogeneous and isotropic model described by
density, compressional slowness, and shear slowness obtained from density, compressional, and
low-frequency flexural logs, respectively. Differences in the frequency-dependent slownesses
indicate that the formation is anisotropic; large differences indicate a high degree of anisotropy.
However, this method does not consider the presence of heterogeneities in the formation, i.e., the
effect of thin layers on the slownesses measured with acoustic tools (Peyret and Torres-Verdin,
2006). Furthermore, quantifying the degree of anisotropy requires the estimation of the stiffness

coefficients of layers.

Walsh et al. (2006; 2007) introduced a procedure to determine stiffness coefficients of
transversely isotropic (TI) formations using compressional, fast-shear, slow-shear, and Stoneley

logs acquired in vertical and horizontal wells. Another method was introduced by Sinha et al.

© 2018 Society of Exploration Geophysicists.
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(2014; 2016) where multi-frequency flexural slownesses measured with wireline tools were used
to extract stiffness coefficients of VTI formations. They calculated the sensitivity (derived from
first-order perturbation) of the flexural velocity to stiffness coefficients and used the sensitivities
at different frequencies to calculate stiffness coefficients. However, because sonic tools
introduce spatial averaging effects on logs (Peyret and Torres-Verdin, 2006), the calculated
coefficients with this method are averaged vertically over the length of the receiver array of
wireline tools, which typically varies between 0.914 m (3 ft) and 1.828 m (6 ft) in length.
Furthermore, it is expected that the flexural mode does not yield accurate estimates of the
stiffness coefficients in formations logged with logging-while-drilling (LWD) instruments
because flexural logs are affected by tool modes (Sinha et al., 2009), which bias the estimation of

stiffhess coefficients.

Assuming a vertical well penetrating horizontal layers, we develop an inversion-based
algorithm to estimate stiffness coefficients of VTI formations using compressional,
flexural/quadrupole, and Stoneley logs measured with wireline or LWD instruments. Because the
formations are VTI, the elastic properties of each horizontal layer are entirely described by five
independent stiffness coefficients, namely, ¢;1, €13, C33, C44, and cgg (and density). The inversion
algorithm is performed in two steps: (1) reduction of spatial averaging effects on compressional,
flexural/quadrupole, and Stoneley logs and calculation of layer-by-layer slownesses, and (2)
estimation of the five stiffness coefficients from the calculated layer-by-layer slownesses. In the
first step of the algorithm, we reduce the spatial averaging effects on logs within a few seconds
of central processing unit (CPU) time using spatial sensitivity functions (Huang and Torres-
Verdin, 2016). Hsu and Chang (1987) proposed an alternative method to reduce the spatial

averaging effects on sonic logs using selective processing of receivers along the tool mandrel.

© 2018 Society of Exploration Geophysicists.
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However, the latter procedure requires a minimum number of receivers to improve the
processing resolution and signal-to-noise ratio (SNR). In the second step of the algorithm, we
take advantage of the different sensitivities of borehole modes to stiffness coefficients and
improve the robustness of the inversion by estimating the stiffness coefficients sequentially: first,
we invert the compressional-wave log and the low-frequency Stoneley-wave log to calculate ¢33
and cgg, respectively. Then, we invert the quadrupole/flexural log at low frequencies to calculate

Ca4, and finally we invert the quadrupole/flexural logs at higher frequencies to calculate c;4 and

C13-

We implement the method on synthetic examples to assess its reliability and accuracy
under controlled conditions. Field data are not considered in the analysis and verification because
multi-frequency dispersion curves (or waveforms) were not available for VTI formations.
Furthermore, post-processed data and the geometries and elastic properties of the acoustic tool

are needed to accurately implement the method.

To construct the synthetic cases, we only consider homogeneous and horizontally layered
formations penetrated by vertical wells, where the layers are thinner than the length of the
receiver array (i.e., below 1.1 m). Each layer is intrinsically VTI, which means that each layer is
described with five independent stiffness coefficients (or with Thomsen’s parameters).
Thomsen’s parameters (Thomsen, 1986) vary within the range of values observed in Bakken and
Barnett shales, i.e., 0.1<¢<0.3, 0.09<y<0.29, and 0.04< §<0.11 (Murphy et al., 2015; Tutuncu,
2010; Vernik and Liu, 1997). The layer-by-layer stiffness coefficients obtained with the
inversion method agree with the original coefficients with a relative bias below 7% for the

estimated ¢33, C44, and cgg, and can be as high as 17% for the estimated c;; and c;3. It is found

© 2018 Society of Exploration Geophysicists.
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that when the layers are thinner than the length of the receiver array, the bias in the calculated
coefficients increases because of spatial averaging effects. We calculate the standard deviation of
the error of the estimated coefficients by adding zero-mean Gaussian noise to the slowness logs
and find that the relative error in estimating c;; and c;3 is the largest because borehole modes
exhibit low sensitivity to these two coefficients. Therefore, in the presence of noisy

measurements, alternative methods can be used to improve the estimations of ¢;; and ¢y 5.

The inversion-based method is an efficient way (1) to reduce spatial averaging effects on
sonic logs by quantifying the effect of beds thinner than the tool’s receiver aperture on borehole
acoustic logs, (2) to detect anisotropy and its magnitude, and (3) to calculate layer-by-layer
values of ¢33, C44, and cgg of VTI formations penetrated by vertical wells. Additionally, the
method yields reliable estimates of ¢;4 and c¢;3 provided that the high-frequency components of

flexural and quadrupole logs exhibit adequate SNR.

METHOD

First, we calculate the first-order sensitivity of borehole sonic modes to the five stiffness
coefficients ¢4, C13, C33, C44, and cg6. Next, we calculate the axial averaging function introduced
by acoustic instruments on borehole sonic logs. Finally, we describe the inversion-based
algorithm used to mitigate spatial averaging effects on borehole sonic logs and to estimate the

stiffness coefficients of layers.

Sensitivity function and forward model in a homogeneous formation

© 2018 Society of Exploration Geophysicists.
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In a homogeneous formation with a vector of elastic properties
Po = [C11,C13, C33, C44, and cgg], the sensitivity, S,El}, of a sonic borehole mode {l} to the elastic
property poy is given by

95 (py /)

SEwo ==
0k

’ (D

where st is the slowness of mode {I} at frequency f of a homogeneous formation whose
stiffness coefficients are given by the vector py and pyy is the k-th stiffness coefficient. Figures
1 and 2 show the normalized sensitivity of the quadrupole and flexural modes calculated in slow
and fast homogenous formations penetrated by LWD and wireline tools, respectively. The
normalization factor is poy /s (pg, f). Formation and borehole properties are given in Table 1,
while the assumed tool properties are given in Table 2. The spatial sensitivities shown in Figures
1 and 2 are calculated with an extended receiver array to avoid spatial aliasing and improve
spatial sampling (Foti et al., 2002). In subsequent sections, {l} is equal to {q} for quadrupole,

{f 1} for flexural, {c} for compressional, and {st} for Stoneley modes.

As a first-order approximation, the slowness st8(p, f) of a VTI homogeneous formation

of elastic property p, is expressed as
sB(p, ) = s (po, f) + z S,El}(po,f)(pk ~ Pok) » )
K
where (pr — Por)/Pox K 1.
Sensitivity function and forward model in a layered (heterogeneous) formation

In a layered rock formation (rock formation with horizontal thin beds penetrated by a

vertical borehole), the slowness of a sonic mode {I} measured by an acoustic tool is spatially

© 2018 Society of Exploration Geophysicists.
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averaged along the borehole axis (Peyret and Torres-Verdin, 2006). The spatially averaged
slowness 513 (d, f) of a sonic mode {I} at frequency f measured by the tool at depth d is given

by

N
S0, ) = ) Fzi—d)sB (), )+ 0(s?), G)
i=1

where s(3(p(z;), f) is the slowness of the homogeneous formation of elastic properties p at
depth z;, that is midway between receivers i and i +1 (see Figure 3), and F is a spatial averaging
function that depends on the tool geometrical properties. We assume that higher-order terms
contributing to the spatially averaged slowness are negligible; therefore, substitution of equation

2 into equation 3 yields

N
SO, f) = ) F(zi - d) [S{’}(po(zi),f) + 50D, Pez) ~ porz)|, @
i=1 k

N
s8d, f) = Z F(z; — d)sB(po(z:), f)
i=1

N &)
£ Pl = 5P (020, )Pz — P (20)),
and o
N
S0, 1) = 5@+ ) D F— DSPWol). NPz — o) ©
i=1 k

where {l} denotes the sonic mode, §({,l}(d, f) is the average slowness of the reference
homogeneous background between the first and N-th receivers of the acoustic tool, z; = d +
L/2— (i—1/2)L/(N — 1) (see Figure 3), L is the length of the receiver array, and p; (z;) is the

value of rock property p; at depth z;. The forward model is expressed as a function of the

© 2018 Society of Exploration Geophysicists.
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product of F and S. Therefore, the effects of spatial averaging on logs (given by F) and of the
sensitivity of a borehole mode to the stiffness coefficients (given by S) can be decoupled to

calculate sonic logs.

Equation 6 is similar to the forward model proposed by Huang et al. (2015) to calculate

sonic logs in horizontally layered formations given by

Pk (2) — por(d)
pok(d)

SO, ) = sUPo,d, )+ ) 6Oz s Pod ) (1)
z k

where G (pgy, z, ) is the normalized axial sensitivity function of the sonic mode {I} to elastic

property po (a detailed explanation on the method used to calculate G is given in the Appendix).

By comparing equations 6 and 7, we find that

{©3
0 S (pO' f) _ {1}
G ! (pOk’ Z, f) pok(Z) - F(Z)Sk (pO(Z)l f) (8)

Furthermore, S depends on the borehole fluid, tool’s elastic properties, sonic mode,
frequency, and rock elastic properties, and is given by equation 1, while F is an analytical
expression that depends on the tool’s geometrical properties and can be calculated using ray

theory. Maalouf and Torres-Verdin (2017) showed that

F(z) = : )

s(z) — sy

p — Sr

where s, is the slowness of a reference homogeneous formation and s(z;) is the slowness

measured by the sonic tool when a layer (layer Y) of slowness s, and thickness Az, is inserted

© 2018 Society of Exploration Geophysicists.



Jeamsof Use at http:/library.seg a9/ on v & w 1o —
CONOUNDWN = O

0

8

t

/

043

GEOPHYSICS Page 10 of 66

Geophysics Interpretation of VTI Formations 10

and centered at depth z; between two consecutive receivers i and i + 1 of the sonic tool. The
measured slowness, s(z), at the N receivers of the tool is given by
T
s(z) =—, 10
(2) =5 (10)
where Dy is the total distance traveled by the wave and T 1is total travel time. Total travel time is

calculated by adding the travel time it takes the borehole wave to propagate from one receiver to

another, for all possible combinations of receiver pairs, which yields

1 s,N(N* = 1) + (s, — 5, )i(N — ©)

s(z) =5 - (11
3 N(N%?-1)
Substitution of equation 11 into equation 9 gives
1\?21(\,1\,2—_11)) for z; between receivers i and i+1,
0 for z; outside the receiver array,

where i = 1,2 ..., (N — 1). Figure 3 shows the geometry and the position of the receivers while

Figure 4 describes F for the LWD and wireline tools given in Table 2.

We show in the Appendix that the relative difference between G (equation 7) normalized

b s (po.f)

) and the product of F (equation 12) by S (equation 1) is within 1%, which confirms
ok

that the second-order terms in equation 3 are negligible. By substituting equation 12 into

equation 3, we obtain the forward model of sonic logs in a layered formation, given by

N

SO, ) = ) s (). ) 13)

This paper presented here as accepted for publication in Geophysics prior to copyediting and composition.
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where st8(p(z)), f) is the slowness of mode {I} at frequency f of the homogeneous formation
with elastic properties p at depth z; =d +L/2—(i—1/2) L/(N — 1), N is total number of
receivers, and st is calculated using one-dimensional (1D) simulations of borehole modes

(Tang and Cheng, 2004).
Inversion algorithm

We perform inversion-based interpretation of borehole sonic logs in two steps: in the first
step, we mitigate spatial averaging effects on the borehole sonic logs to obtain layer-by-layer
slownesses of formations, while in the second step we estimate stiffness coefficients from the

calculated layer-by-layer slownesses.
Inversion Step 1

In Step 1 of the inversion method, we mitigate spatial averaging effects on frequency-
dependent (dispersive) and non-dispersive (compressional) sonic logs introduced by acoustic
instruments when layers are thinner than the tool’s receiver aperture. To mitigate spatial
averaging effects, we calculate layer-by-layer slownesses by minimizing the quadratic cost

function given by

el(m(fl)) = ”Fm(fl) - dlog(fi)”z + 0l2||an(fl)||% ’ (14)

at each frequency f;, where m(f;) is the model vector whose components my(f;) are the
slownesses at depth z, and frequency f;; djog(f;) is the data vector whose components
(diog(fi))j is the slowness log at frequency f; and measured depth d; (z denotes any position in

the formation, d denotes depth of the log), and Fj;, = F(z, — d;) is the value of the spatial

© 2018 Society of Exploration Geophysicists.
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averaging function at position z; when the receiver array is centered at depth d;. The second
additive term of the cost function (equation 14) is a Tikhonov regularization (stabilization) term,
where « is the regularization parameter and W,, is a regularization weighting matrix; when layers
are thicker than the full width at half maximum of the function F we do not implement

regularization, i.e., we set « = 0. The full width at half maximum is the length of the interval

max(F)
2

that verifies F < , where max(F) is the maximum value of the function F; max(F) is

reached at the center of the receiver array (see Figure 4).

Bed boundaries and the initial guess of model properties are input to the inversion as

follows:

- In synthetic cases, the locations of bed boundaries are known while for field data they
are estimated from other well logs (e.g., gamma ray, density, or resistivity).
- The initial guess of the model properties for each layer is chosen as the mean value of

the corresponding well log (e.g., density, slowness) across that layer.

To minimize the quadratic cost function (equation 14), we use the Levenberg-Marquardt
method (Aster et al., 2005). In the examples considered in this paper we do not use

regularization; thus, @ = 0 and the gradient of the cost function becomes

2
de;(m(f,)) 9 ”F(Zj —domy(f,) — (dIOg(fq))iHZ (15)

amk amk

where f; is frequency, (d;,g4); is the slowness data at measured depth d;, and m; is the slowness

of the layer at depth z;. Simplifying equation 15 yields

© 2018 Society of Exploration Geophysicists.
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de,(m(f))
qu =2 (Fijmj(fq) - (dlog(fq))i) Fi, (16)

whereby the entries of the Jacobian matrix J are given by J;; = F;;= F(z; — d;).

Inversion Step 2

In Step 2 of the inversion method, we calculate stiffness coefficients of layers from the
layer-by-layer, frequency-dependent slownesses obtained in Step I. This is accomplished by

minimizing the quadratic cost function given by

e2(py) = llg(p,) — sll; (17)

separately for each layer k, where p,, is the model vector of layer k whose entries are the five

stiffness coefficients, s; is the slowness vector at all frequencies f q in a given layer k; i.e.,

(s¢)x = mg(fy), (m is defined in equation 14) and g(py) is the modeled slowness vector

calculated using 1D simulations. To minimize the quadratic cost function (equation 17), we use
the Levenberg-Marquardt method (Aster et al., 2005) and calculate the entries of the

corresponding Jacobian matrix using 1D simulations.

To improve the efficiency of the inversion, we implement equation 17 in the following
way: First, we use the compressional mode to estimate ¢33 from c33 = vpvzp, where v, is the
vertical compressional velocity obtained from the compressional log and p is rock density
(known or obtained from the density log). Next, we use the Stoneley mode at low frequencies to
calculate ¢4 given that S,ESt}(pO, f< fst_cutoff) ~ 0 for all po, except cgg Where for curors 18

the Stoneley cut-off frequency (Tang and Cheng, 2004). Next, we use the low-frequency

component of the flexural/quadrupole modes to estimate c,4 given that S,{(f l}(po, f <

© 2018 Society of Exploration Geophysicists.
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fﬂ_cutoff) ~ 0 and S,Eq}(po, f< fq_cuwff) ~ 0 for all py, except ¢4 (see Figures 1 and 2)
where ff1 cutorr and fy cutory are the flexural and quadrupole cut-off frequencies, respectively.

Finally, we invert the flexural/quadrupole log at higher discrete frequencies to estimate ¢;; and

) 1 1
c13 because the ratios S££4}(p0, f)/Sc{']3C3}orcl3(p0' f) and Séﬂ(po, f)/Ségéorclg(Po’ f)

decrease when frequency increases. For the Stoneley mode the cut-off frequency is defined as
the frequency below which the slowness becomes relatively constant, while for the flexural and
quadrupole mode the cut-off frequency is reached when the slowness is equal to the formation

shear slowness.

In all the examples, the sequential inversion is initialized assuming that each layer in the
formation earth model is isotropic, i.e., completely described using density, c44, and c33. During
inversion, we update the earth model to account for the effects of anisotropy (VTI) on the
measured slowness whereby each layer is described by ¢;4, €13, €33, C44, and cgg. The description
of the inversion procedure (Step 2) is given in Table 3. We use a total of 14 well logs to perform

the sequential inversion, as follows:

- One compressional log (to estimate c33).

- One Stoneley log (to estimate cgg). The frequency is determined from the Stoneley
dispersion curve at the lowest frequency with constant slowness, usually between 1
kHz and 2 kHz.

- One flexural/quadrupole log at low frequency (to estimate c,4). For the flexural
mode, the frequency is chosen at the point where the dispersion curve asymptotes to a
constant value, usually between 2 kHz and 3 kHz. For the quadrupole mode, the low

frequency is chosen around the cut-off frequency at approximately 3.5 kHz for

© 2018 Society of Exploration Geophysicists.
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slow/intermediate formations and 4.5 kHz for fast formations (Su et al., 2013;
Matuszyk and Torres-Verdin, 2014).

- Eleven discrete frequencies from 4.5 kHz to 7 kHz (to estimate c;; and c;3).

Although we use discrete frequencies for the inversion, continuous frequencies can be
used if the measurement is noisy to increase the SNR. The sampling depth interval of well logs is

0.1524 m (0.5 ft).

RESULTS

We apply the inversion method to three synthetic examples logged with LWD
instruments. Synthetic quadrupole, Stoneley, and P-wave slownesses are generated using two-
dimensional finite-element (2DFE) (Matuszyk et al., 2014) and finite-difference (2DFD) (Peyret
and Torres-Verdin, 2006; Xu et al., 2005) numerical simulations. In Example 1, we use
sequential inversion to estimate the stiffness coefficients of a homogeneous formation. Example
2 includes a thin layer within the homogeneous formation with the intent of showing how the
spatial averaging effects intrinsic to sonic logs can bias the estimated coefficients. Example 3
applies the method to a fast formation that includes high degree of anisotropy, thin layers, and
large contrast of elastic properties between adjacent layers with the intent of examining the
effects of spatial averaging of sonic logs and formation type on the estimated coefficients. In all
the examples, Thomsen’s parameters of the layers are chosen within the ranges: 0.1 < € < 0.3,
0.09<y<0.29, and 0.04 <5 <0.11. Table 4 describes the synthetic examples and
summarizes the parameters used for inversion (i.e., frequency, number of logging points, type of

tool, and type of formation).

Example 1 — Homogeneous formation

© 2018 Society of Exploration Geophysicists.



Jeamsof Use at http:/library.seg a9/ on v & w 1o —
CONOUNDWN = O

0

8

t

/

043

GEOPHYSICS

Geophysics Interpretation of VTI Formations 16

First, we consider the simple case of a homogeneous VTI formation logged with an LWD
instrument to validate the inversion workflow followed in the estimation of stiffness coefficients
(Step 2, Table 3). Figure 5 shows the frequency-dependent slowness and the stiffness coefficients
of the formation in black, of the initial guess in blue, and of the estimations in red. The
difference between actual and inverted coefficients, e, varies between 0.03 GPa and 1.14 GPa
(equivalent to 0.3% and 9% relative error, respectively); e is largest for c;3 because the

quadrupole mode exhibits low sensitivity to this coefficient (see Figure 1).

We conclude that the proposed method accurately estimates c;;, €33, C44,and cgq in a
homogeneous formation with noise-free measurements which are also devoid of spatial
averaging effects, and that the estimation of c;3 is biased because of the low measurement

sensitivity.

Example 2 — Layered formation

The objective of this example is (1) to validate the inversion workflow to mitigate spatial
averaging effects on well logs (Step 1) and (2) to show the effect of spatial averaging and
measurement noise on the estimated coefficients. Therefore, we include a thin layer within the
homogeneous formation of Example 1. The total log interval is 3 m, corresponding to 21 logging
points. Figure 6 shows the frequency-dependent, synthetic borehole sonic logs in black and the
true layer-by-layer slownesses with black dashed lines. Spatial averaging effects on the synthetic
borehole logs are mitigated by applying Step [ of the inversion method and calculating layer-by-
layer slownesses (blue dashed lines). Error bars superimposing the logs were calculated by
adding zero-mean Gaussian noise with 0.4 ps/ft standard deviation to the input logs (blue circles)

and applying the inversion method 50 times with the same initial guess but different instances of

© 2018 Society of Exploration Geophysicists.
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noise. Error bars indicate the 95% confidence interval of inverted slownesses (Figure 6). Each
inversion (Step 1) converges in less than 5 iterations and is completed within a few seconds of

CPU time.

We use the value of the inverted frequency-dependent quadrupole, Stoneley, and
compressional slownesses (blue dashed lines) of each layer, individually, to calculate stiffness
coefficients using the method described in Table 3. Figure 7 shows the estimated ¢4, €13, C33,
C44, and cgg With blue dashed lines while Table 4 summarizes the parameters used for inversion.
The distribution of the error of the estimated stiffness coefficients shows a bias, caused by both
the de-averaging process and the propagation of error on the stiffness coefficients during
sequential inversion. The standard deviation of the error distribution of the stiffness
coefficients, o, , depends on the standard deviation of the measured slowness, g, where k=1, 2,
..., 5 and cy, is the k-th stiffness coefficient of the vector [cy1, C13,C33, C44, Cog). As a first-order
approximation, we can quantify the error, Acy, in estimating stiffness coefficient ¢, in terms of

the errors, As(f;), of the estimated slowness s at frequency f; using equation 2:

As(fy) = Z Sk(f)Acy, (18)
k

where Sy, is the sensitivity of mode slowness to ¢, and is given by equation 1. Writing equation

18 in matrix form, we obtain

As = SAc. (19)

© 2018 Society of Exploration Geophysicists.
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An error in As can be propagated to an error in Ac using the covariance matrix cov(Ac). The
standard deviations of the stiffness coefficients are approximated from the diagonal elements of

cov(Ac), which is given by (Aster et al., 2005):

cov(Ac) = (St229)71, (20)

where S;; = S;(f;), Zij = diag(1/0s(s,)), 0s(r,) is the standard deviation of the error of the
inverted slowness at frequency f; (obtained from Step 1), and the superscript t denotes matrix

transpose. The standard deviation, a;, , of the error of the estimated coefficient ¢, is given by

o, = (S'E2S);i. 1)

The columns ‘Data’ and ‘Coefficient to Estimate’ of Table 3 define s and c, respectively, for
every step of the sequential inversion. In Figure 7, errors bars indicate the 95% confidence
interval of the estimated coefficients (equal to 3.920, ). Table 5 describes the relative bias and
the maximum standard deviation of the error for the estimated coefficients. Larger error bars and
misfits are observed for the estimations of ¢;; and ¢;3 compared to ¢4, because the sensitivity of

the quadrupole mode to ¢;; and c;3 is low (Figure 1).
Example 3 — Fast heterogeneous formation

In this example, we show that in general (1) spatial averaging biases the estimated
coefficients, (2) sequential inversion provides better estimates of stiffness coefficients than
simultaneous inversion, and (3) de-averaging the well logs prior to inversion improves the

estimation of coefficients.

© 2018 Society of Exploration Geophysicists.
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We construct a synthetic model with a degree of slowness anisotropy varying between
0.05% and 17%. Layer thicknesses are smaller than the length of the receiver array while the
difference between the shear slowness of adjacent layers is on average 22 ps/ft. The sampling
interval is 0.1524 m (0.5 ft), and the depth interval is 11 m (69 logging points). Because the
layers are thin and the slowness contrast between consecutive layers is large, sonic logs suffer
from spatial averaging. We mitigate spatial averaging by applying Step I of the inversion-based
method. Figure 8 shows the inverted frequency-dependent slownesses in blue, while the error
bars superimposing the logs are calculated by adding zero-mean Gaussian noise with 0.4 ps/ft
standard deviation to the modeled logs and applying the inversion method 50 times with the
same initial guess but different instances of noise. Results confirm that de-averaging the well

logs improves the estimation of slownesses in the vicinity of layer boundaries.

We estimate the stiffness coefficients using sequential and simultaneous inversion and
calculate the ratio of relative errors. Figure 9 shows the estimated stiffness coefficients (blue
dashed lines) from the sequential inversion (Step 2), where error bars indicate the 95%
confidence interval of the estimations. Table 5 summarizes the maximum relative bias and the
standard deviation of the estimated coefficients. Figure 10 compares the estimated coefficients
from the sequential inversion (blue dashed lines) and the simultaneous (green dashed lines)
inversion obtained using 11 quadrupole logs at discrete frequencies between 4.5 kHz and 7 kHz
while Table 6 summarizes the ratio of the relative errors. The average ratio is larger than 1 for
the estimated c;; and c;5. Therefore, in general, the sequential inversion procedure improves the
estimation of c¢;; and c¢;3 compared to simultaneous inversion because the sensitivity of the
quadrupole mode to ¢y, at f > 4.5 kHz is 2 to 4 times larger than the sensitivity to c;; and ¢;3

(Figure 1).

© 2018 Society of Exploration Geophysicists.
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To show the impact of de-averaging well logs prior to inversion, we estimate the stiffness
coefficients with and without de-averaging and calculate the ratio of relative errors. Figure 10
shows the estimated coefficients (red dots) obtained when we invert the slowness of the input
well logs at the center of each layer. Table 7 summarizes the ratio of the relative errors and
shows that the average value of the ratio is > 1. Therefore, de-averaging well logs prior to
inversion improves the estimation of coefficients to more accurately reproduce the actual elastic
properties of the formations. However, in this example, the average ratio remains smaller than 1

for the estimation of ¢;; because of biasing introduced by the sequential inversion.

DISCUSSION

Detecting anisotropy in vertical wells

A conventional method used to detect anisotropy in rock formations logged with acoustic
wireline tools is to compare the flexural slownesses measured with orthogonal dipoles;
differences between the flexural slownesses measured with orthogonal dipoles can indicate the
presence of elastic anisotropy. However, flexural slownesses measured at low frequencies with
orthogonal dipoles are equal in VTI formations penetrated by vertical wells; fast shear
slownesses equal slow shear slownesses (Sinha et al., 1994) even if the layers are VTL
Therefore, a formation drilled with a vertical well and exhibiting equal fast and slow shear

slownesses is either isotropic or VTL

We propose an alternative workflow to detect VTI anisotropy in layers penetrated by
vertical wells. First, we calculate flexural logs assuming that the formation is isotropic; the
parameters needed for that are rock density, c44, and ¢33 that we obtain from the density log, the

low-frequency flexural log, and the compressional log, respectively. Next, we analyze the data

© 2018 Society of Exploration Geophysicists.
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residuals between the calculated and measured flexural slownesses. A bias in data residuals will

indicate that the formation is anisotropic.

We apply the above workflow to the formation described in Example 2 logged with a
wireline tool. A dipole source is used to acquire the flexural logs while a monopole source is
used to acquire the compressional, and Stoneley logs. Figure 11 shows the input frequency-
dependent sonic logs and the inverted layer-by-layer slownesses obtained from Step [ of the
inversion method. First, we assume that the formation is isotropic and estimate c,4, and ¢33 from
the low-frequency flexural and compressional slownesses, respectively; next, we forward model
the flexural logs. Figure 12a compares the input flexural logs (synthetic logs) to the modeled
flexural logs while Figure 12b shows the histogram of data residuals between input and modeled
flexural logs. The histogram shows a biased distribution of data residuals, thereby indicating that
the formation is not isotropic. Therefore, to reduce biases in data residuals, we perform the
inversion assuming that the formation is VTI. We estimate the five stiffness coefficients using
Step 2 of the inversion-based method. Figure 13a compares the input flexural logs to the flexural
logs calculated from the inversion while Figure 13b shows the histogram of data residuals. The
histogram approximates a Gaussian distribution centered at zero and has a 95% confidence
interval of 1.46 ps/ft; it is therefore concluded that the formation is better described with VTI

layers.

Figure 14 shows the estimated stiffness coefficients obtained from Step 2 of the inversion
method while Table 5 describes the maximum relative bias and the standard deviation of the

error in the estimated coefficients (Example 4 in Table 5).

© 2018 Society of Exploration Geophysicists.
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We conclude that the analysis of data residuals can be used to detect anisotropy in
formations. However, it is remarked that in practice a biased distribution of data residuals could
also indicate the presence of features not accounted for in the model such as orthorhombic

anisotropy, dipping layers, washout, breakouts, or fractures, among others.

Limitations and uncertainty of inverted coefficients

In the synthetic examples described above, we showed that the error in estimating ¢;; and
c13 1s larger than the error in estimating ¢33, C44, and cgg, for two main reasons: first, the
sensitivity of the quadrupole/flexural modes to c;4 and c;3 is low (Figures 1 and 2); therefore,
small errors in the slowness (data) yield large errors in the estimated c;; and c¢;3 (we quantified
this type of error by calculating the 95% confidence interval shown in Figures 7, 9, and 14);
second, because we use sequential inversion to estimate the stiffness coefficients, the errors in
the estimation of ¢4y, C46, and c33 will propagate to and reduce the accuracy of the estimated c;4
and c;3 (we quantified this type of error by calculating the relative bias between actual and

inverted coefficients in Table 5).

We use sequential and not simultaneous inversion to estimate stiffness coefficients
because flexural/quadrupole slownesses exhibit low sensitivity to c¢;; and c;3 at low frequencies.
Using simultaneous inversion would introduce larger uncertainties on ¢;; and c;3, especially in
the presence of noisy slowness measurements. In the presence of noisy slowness measurements,
rock-physics constraints can be included in the estimation of stiffness coefficients, e.g., ¥y > 0,
eE=80>0, 6 <(2/(c33/caa — 1)), and 6§ = —1/2(1 — c44/c33) Where €, y, and § are

Thomsen’s parameters (Yan et al., 2016; Berryman et al., 1999; Thomsen, 1986; Spikes, 2014).

© 2018 Society of Exploration Geophysicists.
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The method assumes that bed-boundary locations are known. Errors in the location of bed
boundaries can induce errors in Step I of the inversion method. If the locations of bed boundaries
are not known, beds can be positioned to coincide with log-sampling points. Because layer
thicknesses (dictated by the log-sampling points) are smaller than the full width at half maximum
of the axial sensitivity function, stabilization is required for the inversion (i.e., « > 0) . However,
inverted logs will approach the measured (data) logs (Maalouf and Torres-Verdin, 2018);
therefore, applying Step 2 with bed boundaries aligned with log-sampling point is equivalent to
applying the method on the measurements slowness, as we showed in Example 3 (see red dots in

Figure 10).

Additional sources of errors unaccounted for in this paper are the presence of near-
wellbore damage or washouts that impact the flexural and quadrupole modes at high frequencies.
Furthermore, the method assumes that the density and velocity of the borehole fluid are known
beforehand. Uncertainties in the velocity of the borehole fluid induce errors in the estimated cgq

from the Stoneley log.

Finally, the proposed inversion method is only applicable to slowness measurements
acquired in vertical wells penetrating horizontal layers; it remains to be examined whether small
layer dips could have a measurable impact on the estimated coefficients. The method can be
applied to horizontal transversely isotropic formations provided that the formation is drilled with

a horizontal well that is perpendicular to the formation’s isotropy plane.

Calculating shear slownesses from quadrupole logs

Calculating shear slownesses (or c,4) from quadrupole logs is challenging because the

low-frequency components of the quadrupole mode are smaller than the true formation shear

© 2018 Society of Exploration Geophysicists.
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slowness (Scheibner et al., 2010). Figure 15 shows the synthetic quadrupole logs of Examples 2
and 3 where we superimpose the true layer shear slownesses in black. The low-frequency

quadrupole slowness does not asymptote to shear slowness, hence cannot be used to reliably

estimate c,4. Therefore, we calculate the shear slowness (ss,,) from ss, = \/m, where ¢4 18
estimated from Step 2 of the inversion method (see estimated ¢4, in Figures 7 and 9). Figure 15
shows the values of ss,, in red where the relative estimation error is within 3%. Therefore, the
inversion-based method can be used to estimate layer-by-layer shear slownesses from the low-

frequency quadrupole slowness.
CONCLUSIONS

We showed that forward modeling and inversion of frequency-dependent borehole sonic
logs measured with wireline and logging-while-drilling (LWD) tools could be used to detect
formation anisotropy and calculate the stiffness coefficients of vertical transversely isotropic
(VTI) layers. It was verified that the inversion-based interpretation method yields accurate
estimations of ¢33, C44, and cge in VTI formations while reducing the spatial averaging effects on
slowness logs. Inversion results exhibit larger uncertainties when estimating c;; and c;3 because
the sensitivity of the sonic modes to these two coefficients is low. However, when the
measurements are noise-free and mitigated for spatial averaging effects, the inversion method

yields reliable estimates for ¢;; and c;3.

To mitigate spatial averaging effects on sonic logs, we use an analytical spatial averaging
function (F) to forward model sonic logs in a few seconds of CPU time. Additionally, the
method estimates layer-by-layer shear slownesses from quadrupole logs whereby the estimated

stiffness coefficients are available across the entire depth interval of study.

© 2018 Society of Exploration Geophysicists.
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The method assumes VTI horizontally layered formations penetrated by vertical wells,
neglecting radial heterogeneities (e.g., invasion and drilling damage). Presence of noise or radial
heterogeneities will impact the estimation of stiffness coefficients because dispersive modes are

sensitive to near-borehole properties.
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APPENDIX

CALCULATION OF SONIC AXITAL SENSITIVITY FUNCTIONS

We first describe how to calculate the axial sensitivity GtY used by Huang et al. (2015); next
we compare G @ to the normalized product of F and S w (equations 1 and 12) in a VTI formation
penetrated by LWD and wireline tools. Finally, we show that the sensitivities calculated using

both equations agree within a relative difference of 1%.

Huang et al. (2015) showed that the normalized frequency-domain axial sensitivity function
of a sonic mode {l} at frequency f of a homogeneous formation of elastic properties pq to

perturbations of elastic property poy is given by

© 2018 Society of Exploration Geophysicists.
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(sB(z, ) = s (po, £))/sB (o, ) (A-1)

¢ ow 2, f) = (Pr = Pok)/Pok

where s (py, f) is the slowness of a homogeneous reference background of elastic properties
Po. In equation A-1, si¥(z, f) is the slowness measured by the sonic tool when a horizontal
layer (layer Y) of elastic property py # por and thickness Az; is inserted at depth z between two
consecutive receivers of the sonic tool in the presence of a reference homogeneous formation. To
calculate G0 at every position z, layer Y is shifted in the vertical direction across the receiver
array of the tool. For every position of layer Y, we calculate the spectrum of the wave mode {l}
registered by the receivers of the tool and process the spectrum to obtain the slowness st8(z, f).
In what follows, we show how to calculate the spectrum analytically in a 1D medium using

boundary conditions of displacement and stress at the boundaries of layer Y.

Assume a homogeneous formation of elastic property pp where a layer (layer Y) of
thickness Az; and elastic property p such that p = po + Ap is inserted. This assumption divides
the medium in three regions: region / has elastic property po and contains an incident and
reflected wave with complex amplitudes A and B, respectively; region /I has thickness Az; with
elastic property p and a transmitted and reflected waves with complex amplitudes C and D,
respectively; and region /I has elastic property po and contains only a transmitted wave with
complex amplitude E ; s, = s®8(py, f) and Sy = sB(p,f) are the slownesses of the
homogeneous formations with elastic properties po and p, respectively. The upper and lower

location of the boundaries of layer Y are z,, and z;, respectively, as shown in Figure A-1.

© 2018 Society of Exploration Geophysicists.
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Using Lamé’s theorem (Aki and Richards, 2002), we express the displacement field u as

a . . . . .
u= f, where ¢ is the scalar wave potential. Because u satisfies the wave equation, ¢ satisfies

the Helmholtz equation whose solution in regions /, I/, and /I is given by

d)l(z) — Ae—ik]Z + Beik[Z' (A-2)
¢1(z) = Ce™™ku? 4 pethnz, (A-3)
¢ (z) = Ee~ iz, (A-4)

where k; is the wavenumber of layer i. In this example k; = k;;; = k, and k;; = k,,.We assume
that A (the incident amplitude) is known and calculate the four unknowns B, C, D, and E by

applying continuity of the displacement u and stress o at z; and z,;; u and o are given by

a9
== A-5
u(z) 3 (A-5)
o(z) = /1—31;, (A-6)

where A = pc?, with p and ¢ being the density and velocity of the wave mode of the layer,

respectively. We solve the system of equations

k.eikrzt kepe~tHr7t —kpetr® 0 B Ak..e—ikrzi
r . 2 ,—ikyz; 2 ,iky,z; r .
A k2eikrzi Apkpe p Apkpe p 0 C AL k2e~ikrzi
| ritr . . —ikyzy | = reT > (A-7)
| 0 —kpe ikpzy kpelkpzu ke . D 0
0 2 ,—ikyz 2 ikyz lrkfe_‘krzu E 0
| —ApkZe~Hvmu ) k2eikpzu |
to obtain
Ae_Zierl(eZikpzl _ eZikpZu)(kz _ k127)
B = — - .
eZLkPZl(kT — kp)z — eZlkpzu(kT + kp)z (A-S)
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ide~{(rzipz) e (Je + k)

C = . 2 2 . ) (A-9)
2ik kpcos[ky(z; — z,)] + (ki + kp)sin[k, (2, — 2,,) ]
24e~r=kp)age (e, — k
_ . he ") N (A-10)
eZlkle(kr _ kp)z _ eZLkpZu(kr + kp)z
2ide” @zl k),
and (A-11)

E = .
2ik kycos[k,(z; — z,)] + (k7 + k3)sin[k, (2, — z,)]

Therefore, when layer Y is between receivers j and j + 1, the spectrum X; at each

receiver i can be written as

[X:(F)s e, X; (), X (), Xje2(F), oo, Xn ()] = [A,AZ + BZ*, ..., AZU™D +
(A-12)
BZ*(j_l), Ce—ikijZL + DeikijZL,EZ(j+1) ...,EZ(N_l)],
where Z = e~%*rb%L and Z* is the complex conjugate of Z.
Huang et al. (2015) ignore the reflections given by B and D because in the limits of
perturbation theory |k, — ky|/k, < 1, therefore [B| « |C|and [D| < |E].

Another method to remove the interference caused by the reflections without imposing

|B| = 0 1is to calculate the axial sensitivity functions using an anti-reflective layer by taking

Az, = Z—n , where n is a positive integer (see equation A-8).
p

In Figures A-2 and A-3, we compare G} /Az, to the product FS™} /Az, normalized by
sB(po, f)/Po calculated for LWD and wireline tools, respectively, where Az; is the thickness of
the layer used to construct the axial sensitivity functions. We observe that the sensitivities
calculated using both methods agree within a relative difference of 1%. The advantages of

calculating the axial sensitivity using the product FS are: (1) it is more efficient because it does

This paper presented here as accepted for publication in Geophysics prior to copyediting and composition.
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not require processing the spectrum (equation A-12) for every position z, and (2) it decouples the
effects of tool geometry and intrinsic elastic properties of formations on the measured acoustic

logs.
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NOMENCLATURE

List of symbols

{c}: compressional mode

{f1}: flexural mode

{q}: quadrupole mode

{st}: Stoneley mode

|Al|, |B|, |C|,|D], |E|: amplitudes of transmitted and reflected waves
a: regularization parameter

C11, €13 €33, Ca4, Coq,. Stiffness coefficients

g, 6, y: Thomsen’s parameters

¢: wave potential

p: density

c: velocity

d: depth (of the log)

s(z): slowness at depth z

sy: slowness of the reference homogeneous formation
Sp: slowness of the perturbed homogeneous formation
vp,,: vertical compressional velocity

ss,: vertical shear slowness

f: frequency

g(p): forward model of slownesses of a homogeneous formation with elastic property p

30
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e, : cost function of inversion Step 1
e,: cost function of inversion Step 2
F: averaging function

k;: wavenumber of layer i

L: length of receiver array

N': total number of receivers

T total travel time

Dr: total distance

{1}: borehole mode

G8: normalized axial sensitivity function of wave mode {I}
J: Jacobian matrix

m: vector of model parameters
S ,{cl}: sensitivity of mode {l} to stiffness coefficient cj,

stB: slowness of mode {1}

Si: slowness vector of layer k at all frequencies

sW8(d, f): average slowness of mode {1} at depth d and frequency f

o: 1D-stress

Po: vector of the elastic properties of the reference formation
p: vector of the elastic properties of a homogeneous formation
dyog: data vector (slowness log)

W,,: regularization weighing matrix

X;: spectrum at receiver i

Az; : vertical thickness of perturbed layer

31
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Azg: vertical distance between two consecutive receivers

As(f;): uncertainty in the estimated slowness s at frequency f;

Acy,: uncertainty in the estimated stiffness coefficient ¢

X: diagonal matrix whose component are X;; = 1/05s;)

Os(r): standard deviation of the error of the estimated slowness at frequency f
o, - standard deviation of the error of the estimated stiffness coefficient ¢y

z;: lower boundary of layer Y
z,,: upper boundary of layer ¥

u: 1D-displacement
List of acronyms

1D: one dimensional

2DFD: two-dimensional finite difference
2DFE: two-dimensional finite element
CPU: central processing unit

LWD: logging while drilling

SNR: signal-to-noise ratio

TI: transverse isotropy

VTI: vertical transverse isotropy
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Table 1: Summary of the assumed elastic properties for borehole fluid and rock formations.

GEOPHYSICS

Borehole SIOW. Fast.
Formation Formation

p (kg/m®) 1000 2500 2500
c11 (GPa) 2.25 23.04 43.56
c13 (GPa) 2.25 5.95 9.76
¢33 (GPa) 2.25 14.40 27.22
c44 (GPa) 0 4.90 10.0
Ce6 (GPa) 0 6.86 14.0
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Table 2: Geometric properties assumed for the LWD and wireline instruments.

LWD Wireline
Number of receivers 12 8
Inter-receiver spacing (m) 0.1017 0.1524
Inner/outer radius (m) 0.0254/0.0857 NA/0.046

This paper presented here as accepted for publication in Geophysics prior to copyediting and composition.
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Coefficient .. . Estimated
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Estimate ijinitial Cijfinal
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Table 4: Parameters used during inversion in the synthetic examples examined in this paper.

Frequency Frequencies of Number
. of Stoneley Frequency of
Formation quadrupole/flexural of
Tool type log used to quadrupole/flexural .
type . . logs used logging
estimate log used to estimate ¢, . :
c to estimate ¢4, and cq3 points
66
Example 1 LWD Intermediate 1 kHz 3.5 kHz 4.5 kHz to 7 kHz N/A
Example 2 LWD Intermediate 1 kHz 3.5 kHz 4.5 kHz to 7 kHz 21
Example 3 LWD Fast 1.5 kHz 4.5 kHz 4.5 kHz to 7 kHz 69
Example 4 Wireline | Intermediate 1 kHz 3 kHz 4.5 kHz to 7 kHz 21
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Table 5: Relative bias and standard deviation of the error for the estimated stiffness coefficients

GEOPHYSICS

in the synthetic examples examined in this paper.

Maximum relative

Maximum relative

Maximum standard

bias for the bias for the deviation of the error of
estimated ¢33, Cy44, estimated ¢y and estimated stiffness
and cgq Ci3 coefficients: g,
Example | 1.6% 15.9% 1.43GPa
2
Example | 6.75% 17.3% 3.86 GPa
3
Example | 1.0% 16.2% 4.11 GPa
4

This paper presented here as accepted for publication in Geophysics prior to copyediting and composition.
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Table 6: Ratio of relative error (norm). Stiffness coefficients are estimated with simultaneous

GEOPHYSICS

and sequential inversions when calculating the ratio of relative error.

Ratio of relative error of

estimated c{4 and cq3
‘11 €13
Layer 1 0.96 1.11
Layer 2 3.87 2.87
Layer 3 1.25 0.70
Layer 4 1.86 2.60

Layer 5 3.00 > 100
Layer 6 1.29 1.83
Layer 7 1.82 1.32
Layer 8 0.95 1.06
Layer 9 2.55 4.75
Layer 10 1.42 2.74
Layer 11 0.10 0.25
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Table 7: Ratio of relative error (norm). Stiffness coefficients are estimated without and with de-

GEOPHYSICS

averaging of well logs when calculating the ratio of relative error.

Ratio of relative error of estimated c;;
C11 €13 €33 Caq Ce6
Layer 1 0.04 1.54 1.29 1.06 7.39
Layer 2 0.96 1.90 11.45 3.20 0.59
Layer 3 0.47 1.12 9.37 3.73 2.74
Layer 4 0.74 1.12 43.27 1.51 30.19
Layer 5 0.31 > 100 9.91 2.64 14.21
Layer 6 0.47 1.53 8.22 0.63 66.08
Layer 7 0.09 0.95 4.88 4.39 0.57
Layer 8 2.94 1.46 9.15 2.04 7.82
Layer 9 2.29 0.77 2.73 0.97 1.03
Layer 10 0.34 2.35 38.53 0.70 22.29
Layer 11 0.69 0.56 10.97 1.98 0.77
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