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Distributionally Robust CVaR Constraints
for Power Flow Optimization
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Abstract—Recent research on optimal power flow (OPF) in net-
works with renewable power involves optimizing both first and
second stage variables that adjust the decision once the uncertainty
is revealed. In general, only partial information on the underlying
probability distribution of renewable power production is avail-
able. This paper considers a distributionally robust framework for
solving the OPF problem. The formulation stipulates a probability
mass function of wind power production, whose probabilities and
scenario locations vary in a box of ambiguity with bounds that can
be tuned based on historical data. Distributionally robust optimiza-
tion (DRO) is used to derive new conditional value-at-risk (CVaR)
constraints that limit the frequency and severity of branch flow
limit violations whenever the renewable power generation deviates
from its forecast. Numerical results are reported on networks with
up to 2736 nodes and contrasted with classical robust optimization
(RO) and stochastic optimization (SO) solutions. The results show
an advantage to adopting the proposed DRO for load flow control.
In particular, the solution benefits from the observed correlation
amongst the uncertain parameters to mitigate branch flow limit
violations, and yet maintain an acceptable worst-case expected
operational cost as compared to RO and SO solutions.

control,
system

Index Terms—Forecast uncertainty, load flow
optimization methods, optimal scheduling, power
management, renewable energy sources, risk analysis.

I. INTRODUCTION

ECISION making under uncertainty is a growing research
D area in power system optimization, partly attributed to the
variability of renewable power generation and its increasing
integration in networks. Renewable power generation, such
as from wind turbines, reflects into the optimal power flow
(OPF) solution as uncertain parameters that vary according to a
probability distribution which itself is partially known. Robust
optimization (RO) has emerged as a computationally viable
solution for dealing with parameter uncertainty by replacing
probability distributions with uncertainty sets [1], [2]. RO allows
computing single-stage solutions that immunize the decision to
all realizations of the uncertain parameters in the uncertainty set.
Additionally, RO can handle two-stage solutions that better adapt
to uncertainty by partitioning the decision variables into two
groups, one that represents decisions before the uncertain pa-
rameters have been observed and the other after the unknown pa-
rameters become known. The two-stage RO optimization, when
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implemented within an affine policy framework, is particularly
suited to model the adjustments of the OPF dispatch solution via
the participation factors of automatic generation control [3], [4].
However, RO methods do not exploit the available information
in the probability distribution, and which may be leveraged to
give less conservative decisions. This work aims to use the
distribution information in two-stage robust optimization while
considering the ambiguity of the probability distribution.

The difference between the actual and forecasted values of
renewable power follows a probability distribution that could be
inferred from historical patterns. If the distribution is perfectly
known, for instance, a Gaussian curve with its parameters, then
the two-stage dispatch solution could be computed via stochastic
optimization (SO) with chance constraints [S]; the obtained
solution, in this case, is less conservative than two-stage RO.
Howeyver, if the assumed distribution is not the true one, the
chance-constrained solution would underperform when faced
with realistic power variations. SO-type approaches, in the con-
text of portfolio management, are prone to the “error maximiza-
tion effect” of optimization, which is reminiscent of overfitting
in statistics [6]-[8]. This effect has been frequently reported in
the literature [6]-[8], where optimizing over a single distribution
leads to biased optimization results when the solution is used in
an uncertain environment. A workaround is to formulate the
solution by considering that the actual but unknown distribution
belongs to an ambiguity set; this is the basis of distributionally
robust optimization (DRO). The “error maximization effect” in
SO is often cited as empirical evidence in favor of employing
DRO approaches [7]. DRO models are distinguished by the type
of the ambiguity set; there are three main types of such sets:
moment ambiguity sets [9], metric-based ambiguity sets [8],
and sets based on non-parametric statistics [10].

In DRO power flow applications, the moment ambiguity sets
are most commonly employed and constitute arbitrary distri-
butions with first- and second-order moments that are known
within given bounds. The corresponding two-stage DRO prob-
lem generally reduces to a semidefinite program [11]-[13],
or to a second-order cone program under some simplifying
assumptions that allow using a variant of the Chebyshev inequal-
ity; the assumptions include having the first- and second-order
moments being precisely known [13], [14], or maintaining these
moments within bounds yet postulating that the distribution is
Gaussian [15]. Additional information on the family of distri-
butions in the ambiguity set, such as being log-concave [16]
or unimodal [17], can be exploited to reduce the conserva-
tiveness of the solution further. With ample historical data,
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probabilistic characteristics that are more descriptive than the
first- and second-order moments are captured by metric-based
ambiguity sets; in this respect, the Wasserstein metric has been
successfully applied to power system optimization under un-
certainty with emphasis on power flow studies [18]-[22]. The
Wasserstein metric-based methods consider all probability dis-
tributions that are close in terms of the Wasserserstein distance
to the nominal distribution.The Wasserstein distance is a notion
of proximity between ambiguity sets; however, its use involves
transformations that may not be intuitive in power system prac-
tice. The Wasserstein metric approach [21] also considers a lim-
ited amount of branches whose power flows are enforced within
their limits using DRO, apparently to reduce computational ef-
fort. Non-parametric statistics provide an approach to construct
ambiguity sets using the confidence bands of the cumulative
distribution [23], [24]; the algorithm is scalable, but this comes
at the expense of avoiding the consideration of high-dimensional
statistics thus bringing additional conservatism to the chance
constraints of the branch power flow.

This paper proposes a new distributionally robust formulation
for optimal power flow with renewable power. It considers a
multiparameter probability mass function that is derived from
the forecast values and historical data patterns. The risk of having
branch power flows exceed their limits is bounded through
conditional value-at-risk (CVaR) constraints that limit both the
frequency and extent of branch flow limit violations [25]-[27].
The data-driven formulation considers the ambiguity of the
multiparameter discrete probability distribution by having the
unknown probabilities and power generation scenarios vary in an
ambiguity box. By combining the branch flow CVaR constraints
and the ambiguity set of the probability mass function, a new
formulation of the CVaR branch flow constraints is presented
to hedge against the exposure to uncertain renewable power
scenarios (risk) and the uncertainty in the probability distribu-
tion itself (ambiguity). CVaR constraints have been previously
proposed to handle branch flow restrictions, but through mo-
ment based formulations and the sample average approximation
method [17], [28], [29]. The proposed methodology is similar to
computing the worst-case CVaR objective function value [30],
[31]. However, [30] and [31] consider only the uncertainty
in the probability values of a cost function, while the work
herein captures both the uncertainty in the probability values and
renewable scenario locations associated with multiple branch
flow constraints. By including the multiparameter scenarios of
the probability mass function in the overall problem statement,
the program accounts for the correlation in uncertain renew-
able power productions at the different network nodes; this
explicit representation of the scenarios is bound to be more
expressive as compared to data affected by transformation in
metric-based ambiguity sets [18]-[22], or aggregation when us-
ing non-parametric statistics [23], [24]. The correlation structure
can be also accounted for using more complex uncertainty sets
that are designed to capture prior information [32]. The effect
of renewable power injections on the branch flows is formulated
via sparse constraints, thus resulting in a linear programming
based constraint generation algorithm [33] whose performance
scales well with problem size.
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The rest of this paper is organized as follows. Section II
presents the OPF problem with participation factors, including
sparse constraints that link branch flows to power injection devi-
ations. Section III shows the effect of the multiparameter discrete
probability distribution on the OPF model and the corresponding
formulation of the CVaR branch flow restrictions. Section IV
presents the ambiguity set of the renewable power probability
mass function and the newly formulated distributionally robust
counterpart of the CVaR constraints in Section III. Numerical
results are given in Section V on networks with up to 2736
nodes [34], and a comparative analysis with the RO and SO
methods is provided. The paper is concluded in Section VI.

II. OPF WITH PARTICIPATION FACTORS

Consider a network having n nodes. Let G' denote the set
of nodes with conventional generation connected to them, and
R the set of nodes with renewable wind power generator con-
nections. The cost functions of the traditional generators are
represented by convex piecewise linear functions each having
N; segments; the slope and width of segment k are denoted
by cir and AP}, respectively, and c;o is the cost value at
the minimum generation level P;i‘in. At the node k having
renewable power generation (k € R), the forecasted power value
is given by P,, and the corresponding deviation from the
forecast value is €; in this preliminary deterministic exposition
of the OPF problem, a single error vector is considered. The
conventional generation at node ¢ € G has a base-point value of
ﬁgi that balances the network when considered with the forecast
renewable power, and a participation factor «; that dictates how
the conventional generation changes with the errors €;, from all
renewable generation, i.e.:

Py =Py —0; Y €, i €CG 1)
kER
The sum of the participation factors is constrained so that the

conventional generators absorb the total change in renewable
power production:

Y ai=10,20i€G )
icG
The objective of the deterministic OPF with renewables is,
therefore:

N;
min Y (cio+ > caxAPy 3)
ic€G k=1
subject to:
N;
PR+ AP >Pgi—o; Y e, i€G (4

k=1
0 < APy, < AP,

kER
ieG, k=1,....,N; (5

and the generation limits are:

Pt <Py < PR i€l (6)
Pt <Pgi—a; » e <Pi™,ieG (7
kER
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The variables in the problem (2)—(7) are the generation base-
point values P4;, the generation participation factors o;, and the
generation increments A P;;, over the different cost segments.

A. Branch Flow Limits

Let B denote the network DC power flow matrix, and 6 an
n x 1 vector of nodal angles; the slack node is chosen as the first
one, and its angle 6 is set to 0. The branch flow constraints are
given by:

bij (91 — 9]) < P;;lax, = 1, e, n, j S Q(Z) (8)

where b;; is the (positive) susceptance of the branch connecting
nodes ¢ and j, P;7** is the branch real power capacity, and Q1)
denotes the set of nodes connected to node ¢ by a branch. Due
to the linearity of the network model [4], [5], the vector of nodal
angles 6 can be computed as the sum of three components:

0=0+60 +6 )

¢ 0 is the solution of the first partial network representation
comprised of the demand that is balanced by the generation
at its base-point value and the forecasted renewable power.
Define three n x 1 vectors of demand P, base-point val-
ues of conventional generation Pq, and renewable power
generation forecast P, with the understanding that nodes
without conventional/renewable generation connections
are assigned a corresponding value of zero in the P,/P,
vectors, i.e., Pg; =0 fori ¢ G and P, =0 for k ¢ R.
Therefore:

PQ—F?T—Pd:B?; 51:0 (10)

e ¢ is the solution of the second partial network representa-
tion having injections representing errors in the renewable
power forecast. Let € denote an n x 1 vector of renewable
power forecast errors with €, set to zero whenever k ¢ R.
Define B as the sub-matrix obtained from B by removing
the first row and column, therefore:

11

where the notation e(5.,,y denotes a column vector formed

€(2:n) = Be,(Q:n); 0’1 =0

from elements 2 to n. The solution for ¢ is:

0 = Be

- 0
B =
O(n—l)xl

e ¢’ is the solution of the third partial network representation
with injections that represent the change in conventional
generation dispatch due to errors in power forecast. Let «
denote an n x 1 vector of participation factors with «; set
to zero whenever ¢ ¢ G. Therefore:

(12)
where

01><(n—1)

P (13)

Qfam) = Boamy; 01 =0 (14)

0 =5 e

keER

s)
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Substituting (9), (12), and (15) in (8) gives:

bij [01 —gj + Z (sz - Bjk - 51 + 5]) 93 S Pir]r_lax

keR

1=1,...,n,

Jj Qi) (16)

Therefore, the sparse matrix OPF formulation that optimizes
the generation base-point values and participation factors, albeit
for one realization of renewable power forecast errors, is given
by the objective (3) subject to the constraints (2), (4)—(7), (10),
(14), and (16). The decomposition of the vector of nodal angles
into three components allows maintaining a sparse formulation
of the power flow constraints. Without the use of this decom-
position, the formulation would involve dense constraints that
result from inverting the reduced DC power flow matrix B.The
sparse formulation is known to be more efficient in OPF-type
studies as compared to dense formulations, especially for large
scale systems [4]. The next section generalizes the formulation
to a renewable power forecast whose deviations are governed by
a multiparameter probability mass function.

III. CVAR CONSTRAINED FORMULATION

The difference between the vector of actual and forecasted
renewable power generation levels is assumed to follow the
historically observed pattern, giving rise to a multiparameter
probability mass function whose sample space consists of the
vectors E?R’l), 6(()1272)7 . ,e?R}L) with probabilities:

Pr{e‘gw)}:p‘,?, (=1,...,L 17)

such that:

L

d =1 (18)
=1

Each vector e((’R’ 0 has a size equal to the number of renewable
sources in the set R; the power levels from the sources are the
multiple parameters (random variables) in the above probability
mass function. Starting from (3)—(5), minimizing the expected
cost due to the uncertain realizations of renewable power is
written as:

L
min Z e (19)
=1

subject to:

N;
Ve > Z <Ci0 + CikAP(ik,€)> ) l= 17 .- 'aL (20)

e k=1
N;
P;;”n + APy > Pgi — Z E?kvg)
k=1 keR
ieG, £=1,...,L 21
0< Ap(ik’,f) < A.Pinklax, 1 €@,
k=1,...,N;, (=1,...,L (22)

where APy, () is the value that A Py, takes for the realization—/
of renewable power production. The generator limits reduce to
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(6) in addition to:

Pyt < Pyi — a [Z €(k.0)

max
., ieG  (23)
keR

Pyi —a Ze‘gw] <SPRYieG (24)

keER

where the [#]™#*/ ™% gperator denotes the maximum/minimum
values observed over the sample space ({ = 1,...,L).
A. CVaR Power Flow Constraints

Consider the branch power flow constraint (16) written equiv-
alently as:

> Qenbii (Bm — Bji — 6 + (5j> N U
keR

0;)
, JEQ@) (29

where it is understood that eok’ o) takes the values in the sample
space of the probability mass function. The left-hand side (LHS)
of (25) therefore also follows a discrete probability distribution.
Now consider the top 100(1 — )% of the sample space values;
for instance, if there are 100 values in the sample space with
equal probability and 8 = 0.95, then the top 5% would constitute
the highest five values in the sample space. By using the CVaR
concept, it is possible to limit the average of these five values to
anumber less than or equal to the right-hand side (RHS) of (25).
In general, the 3-CVaR of the LHS of (25) can be obtained from
solving the following optimization problem fori = 1,...,nand
j € Qi) [251-[27]:

i1=1,...,n

L
. 1
min  a;; + ﬂ ; pgﬁ(ijyl) (26)
subject to:
Dijey = Z G?k}g)bij (Bm — Bji — 0 + 5]‘) —az;  (27)
keR
Dijy >0, L=1,...,L (28)

where a;; is a variable that typically turns out to be the value-at-
risk (VaR), i.e., it is the lowest value such that, with probability
3, the LHS of (25) will not exceed a;; = 3-VaR. With the
definition of 5-VaR, the 5-CVaR can be equivalently formalized
as the conditional expectation of the LHS of (25) above (3-VaR.
Therefore the 3-CVaR effectively limits both the frequency and
severity of exceeding the power flow limit due to renewable
power fluctuations. Because the 5-CVaR value is the outcome
of a minimization problem, requiring it to be less than or equal
the RHS of (25) can be replaced by stating that there exists a
value of the objective function that is less than or equal to the
RHS of (25), i.e.:

L
1 max n
“tI5 > 0000 < PR = by (0, - 6))
=1
i=1,...

n, j€ Q) (29)

Therefore, the CVaR constrained OPF formulation requires
minimizing the objective function in (19) subject to the

)
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constraints (2), (6), (10), (14), (20)—(24), and (27)—(29).
Refs. [35], [36] discuss the use of an AC feasibility check, that is
iterated with a DC OPF model, adjusted to account for losses or
constraint violations. The same type of adjustments applies to the
DC power flow optimization with CVaR constraints. The above
formulation postulates that the discrete probability distribution
is precisely known, which is unlikely to be accurate as it is syn-
thesized from empirical data. The next section overcomes this
shortcoming by introducing an ambiguity set for the probability
mass function.

IV. DISTRIBUTIONALLY ROBUST FORMULATION

The exact specification of the probability distribution in Sec-
tion III is not available in practice. There are several ways
to relax this assumption [2]. One way is to consider that the
probability values p; (¢ = 1,..., L) are unknown but belong to
a box ambiguity set [30]:

p:{p:p:pO+n’eTTI:O,nminSngnmax} (30)

where pis an L x 1 vector containing the probabilities py and e
is a vector of ones of appropriate size, in this case L X 1. Another
way is to assume that the scenario locations € ) (k € R, { =
1,..., L) are also unknown but varying in a box ambiguity set:

=e= {€<Rve> e R0 =E(ro) T ERD SRt < Sro < 55“1%}

(=1,...,L (31)

With the above ambiguity sets, a feasible solution to the dis-
tributionally robust OPF is such that its constraints remain
satisfied for any realization of probabilities and scenarios from
(30) and (31). The proposed ambiguity sets, as described in
Subsection IV-C and the Appendix, are straightforward in cap-
turing the deviation from the nominal distribution using histori-
cal data. The resulting solution is, therefore, simpler to relate to
in practical power systems applications, and it is more likely to
be adopted in comparison to more complex solutions.

Subsection IV-A presents the distributionally robust coun-
terpart of the CVaR constraints (27)—(29), derived using linear
programming duality theory. Subsection IV-B extends the same
concepts to other restrictions, in addition to the objective func-
tion, and insight into defining the ambiguity sets is given in
Subsection IV-C.

A. Distributionally Robust CVaR Constraints
1) Imprecise Probabilities: Consider the summation on the
LHS of (29) expressed using the uncertain probabilities:
L
szﬁ(ij,e) =pTdi; = (PO)T?%' +07 0
(=1

(32)

where ©J;; is an L x 1 vector containing the elements of ¥;; ¢
for¢ =1,..., L. The distributionally robust counterpart of (29)
can now be written as (i = 1,...,n,j € Q1))
0\ T T
(p ) ﬂij + Ul ﬂij max n n
- < P™ = by (0: - 0;)

V(ip=p"+n)ep

aij +

(33)
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Eq. (33) needs to hold V(p = p° + 1) € g; it is referred to as a
semi-infinite constraint as it involves infinitely many constraints
but finitely many decision variables. Eq. (33) is satisfied if and
only if:

1 max ) 0
Q5 + 71 — ﬂrggngﬁij < Pija - bij (9z - 9j) 34)
Note that for a fixed ¥;;, p”¥;; is a linear function and:
T *
maxpTﬁij = (po) Vi + [nTﬁij] (35)

pEP
where [n7;;]* is the solution to the following linear program:

max ¥, (36)

subject to:

€T7’] _ O7 nmin S n S nmax (37)

Because the feasible region (37) is nonempty by construction,
strong duality holds and [n”¥;;]* is equal to the optimal objec-
tive function of the dual linear program:

min (nmax)T,y;j + (nmin)T,}/;’j (38)

subject to:

ezij + % + v = Vijs 7 20, ;<0 (39)
where z;; is the dual variable for the equality constraint in (37).
Finally, the minimization term in (38) can be omitted when
replacing nTﬁZ—j in (33) with (38), because it is sufficient that

the constraint is satisfied for at least one value of the vectors 7 j

and ’y;/j:
T max ! min !
(0°)" Dij + (™) Ty + (™) Ty
aij -+ 1= 6
< PR — by (0; — 0;) (40)

The distributionally robust branch flow CVaR constraint with
imprecise probabilities is therefore given by (27), (28), (39),
and (40).

2) Imprecise Scenario Locations: Consider the summation
on the RHS of (27) evaluated using the uncertain values of the
scenario locations:

D €kobis (Bik — Bjr — 0 + 5j) = €(r.0)Pis
keR

T
= (6?R,e)> ij + &R0 Pii (41
where ¢;; is a column vector containing the elements of
[bij(éik - Bjk —0; + ;)] as k runs over the indices in the
set . When €(p g is allowed to take values in the ambiguity
set =¢, the distributionally robust counterpart of (27) becomes
t=1,...,n,7€03),¢=1,...,L):

T
Vi) 2 (6(()1%1)) $ij + f&,z)%j — Qyj

v <€(R,£) = E?R»Z) + f(Rﬁz)) = 42)

IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 35, NO. 5, SEPTEMBER 2020

Applying the same procedure in Subsection IV-A1 for dealing
with semi-infinite constraints, (42) is replaced by:

Viije) 2 (G?R,é))T wij + [f(TR,e)%jr —ay  (43)

where [f(TR e)apij]* is a solution to the linear program
max

max ¢ &(r,e) subject to E{‘}éfz) <&r0 < &Re)
dual is:

and whose

min (gfn};)g))T)‘,(ij,Z) + (5%%&))”‘%@,@) (44)

subject to:

Migoy T g = Pis A 200 A S0 (45)
A tractable reformulation of (42) is then obtained by substituting
(44) for f(TR 0Pij in (42) after dropping the minimization term:

T
Dijey = (6(()12,5)) Pij

+(EE) T ha + (€l e —aiy (46)
The distributionally robust branch flow CVaR constraint with
imprecise scenario locations is therefore given by (28), (29),
(45), and (46).

3) Imprecise Probabilities and Scenario Locations: The for-
mulations in Subsection IV-A1l and IV-A2 can combined to-
gether to obtain the distributionally robust CVaR branch flow
constraints under both imprecise probabilities and scenario lo-
cations:

e (39)and (40) fori =1,...,n, j € Q(i).

e (28), (45), and (46) for i=1,...,n, j€Q@i), L=

1,..., L.

The limiting behaviour of the 3-CVaR constraints with 5 — 1
is discussed in the Electronic Companion [37], together with the
relation to branch flow constraints in RO [4].

B. Distributionally Robust OPF

To complete the distributionally robust OPF formulation, the
same methodology above can be applied to the objective function
((19)-(22)) and generator limits ((6), (23), (24)). The objective
function (19) becomes (yisan L x 1 vector whose elements are
Ve):

3 T max min
min (p°)" v+ (™) + ()T 47
subject to (20), (22), and:
ez+9 +7"=v 720, 4" <0 (48)

N;
Py 3 APy = Py — a [Z (e?k-,e) + 5?131,?))]
k=1

= keR

ieG, L=1,...., (49
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The generator limits are (6) and:

pmin <P, —a [Z (e?w + gg‘,;?g‘)) , i€G (50)
keR
Poi—ai |y (G?k,@ + 5?15,145) < Py, i€ G (S
keR

The distributionally robust OPF formulation is therefore
given by (2), (6), (10), (14), (20), (22), the above equations
(47)—(51), together with the CVaR power flow constraints in
Subsection IV-A3. Note that in the implementation, (49) and
(22) make (51) redundant.

C. Specification of the Ambiguity Sets

It is assumed that the difference between the actual and
forecasted wind power generation values follows the historical
pattern of wind power [26], [38], [39]. The sample space e?R’ 0
of the nominal (most likely) probability mass function can be
therefore obtained by (i) taking the differences between several
instances of the most recent historical actual values for the
renewable generation and the historical forecasted values, and
(ii) adding these differences to the current forecasted values to
simulate the distribution. For example, if 100 past samples are
considered, the distribution will constitute 100 possible vectors
with equal probability pY of 0.01. Two methods for specifying
the ambiguity sets are described below.

1) Method of Historical Distributions: Refs. [30], [31] con-
jecture the knowledge of the nominal probability mass function
in addition to a set of other possible distributions obtained from
historical observations (for the same month/weather conditions
and time of day). The bounds of the ambiguity sets can be then
computed by looking at several older distributions; denote these
distributions with (61(' R.0) p}), where i runs from 1 to the number
of past observations given by h. The bounds of the ambiguity
boxes in (30), (31) can be therefore specified as [30], [31]:

min

" = _min {p; 47,0} (52)
= e {pb— 0,0} (53)
ffrzl:i,IZ) = ie{rﬂ_i_f_{h} {EfR,z) - E?R,é)v 0} (54)
§ra) = ieg?‘_’_fh} {EéR,Z) - E?R,Z)a O} (55)

A demonstration of the method of historical distributions is
given in the Appendix—Section A.

2) Bootstrap Method: Alternatively, assume that a single his-
torical distribution for power forecast errors is available, giving
rise to a probability mass function with a total of m, scenarios
having equal probability values. By using known guidelines for
constructing class intervals and frequency distributions [40], it
is straightforward to construct the nominal distribution having
class marks 62 and frequencies fg #=1,...,L). In this
setting, statistical techniques, such as the bootstrap method,
can be used to compute the bounds of the ambiguity boxes in
(30) and (31) [41], [42]. The Appendix—Section B includes an
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explanation of how the bounds of the box ambiguity sets could
be obtained using the bootstrap method.

V. NUMERICAL RESULTS

The distributionally robust OPF was programmed in Matlab,
and the linear programs were solved using CPLEX [43]. The nu-
merical tests were carried out on a MacBook Pro having 2.9 GHz
dual-core Intel Core i5 processor with a memory of 8 GB
2133 MHz. Three networks were employed in the simulations
with the wind power generation installed according to [3], [34].
The first is the IEEE 14-bus network and has two wind farms
at bus-2 and bus-3 with a power forecast of 40 MW for each.
The second is the IEEE 118-bus network with five wind farms at
buses 16, 37, 48, 75, and 83 each producing a forecast power of
200 MW in the considered system snapshot. The third is the pol-
ish 2736-bus system having four wind farms producing 110 MW
each at bus-16, bus-157, bus-975, and bus-1675. The remaining
data for each network, including the transmission line capacities,
is described in [34]. For each system, two nominal probability
mass functions of wind prediction errors are considered; the first
distribution includes 100 profiles of wind prediction errors that
are equally probable and bounded in the interval of +/—30% of
the forecast value (r = 30%) and the second distribution also has
100 profiles but bounded in the larger interval of +/—60% (r =
60%). The 100 profiles were generated to reflect a predefined
correlation matrix of wind power forecast errors [3]; each of the
100 patterns has a number of power deviations that is equal to
the number of wind farms in the system. Three error levels e,. of
20%, 40%, and 80% are considered in the probability values and
scenario locations to simulate the ambiguity of the distributions;
for instance, if e,, = 20%, then the probability limits in (30) are
+/—20% of the nominal probability values, and the scenario
location limits in (31) are also at +/—20% of the theoretical
forecast values. Therefore for each system, a total of six cases
were considered involving different values for the support of the
nominal distribution (given by r) and the ambiguity associated
with the probability mass function itself (provided by e,); in
the format (r, e,.), the scenarios are: (30%, 20%), (30%, 40%),
(30%, 80%), (60%, 20%), (60%, 40%), and (60, 80%). The
proposed distributionally robust OPF, namely the formulation
in Subsection IV-B, was contrasted with two approaches:

e Standard Robust Optimization (SRO): this is the imple-
mentation in [3] with the uncertainty interval for each wind
farm given by +/—r around the forecast value.

e Standard Stochastic Optimization (SSO): this is a linear
programming solution to the formulation in Section III
which includes an expectation for the cost and CVaR
branch flow constraints, but does not model the ambiguity
surrounding the distribution.

The above two approaches are termed as standard because
they do not exploit the additional information about ambigu-
ity as in DRO. Two modified versions that include additional
information about ambiguity are therefore also considered:

® Modified Robust Optimization (MRO): this is the same as
the SRO implementation, but with the uncertainty interval
enlarged to account for ambiguity, i.e., the upper/lower
limits given by +/—r(1 + e,./100).
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TABLE I
COMPARISON OF DRO WITH STANDARD RO AND SO

cost [%]

n 1% er[%  DRO SRO SSO
30 20 1.6878  2.0819  1.5781
30 40 34781  3.5588  3.1249

- 30 80 71742 64608  6.1494

~ 60 20 37475 52047  3.2148
60 40 75683  8.6503  6.3774
60 80 15.5334 | 154313  12.6151
30 20 1.1003 13789  1.1045
30 40 22212 25038  2.2438

® 30 80 45023 49186  4.6380

— 60 20 2.1928 INF 2.2299
60 40 4.4256 INF 4.5300
60 80 11.3420 INF INF
30 20 0.0864  0.0878 INF
30 40 0.1737  0.1740 INF

2 30 80 0.3525 | 0.3507 INF

& 60 20 0.1727  0.1759 INF
60 40 03472 0.3481 INF
60 80 0.7356 | 0.7013 INF

® Modified Stochastic Optimization (MSO): this is the same
as the SSO implementation, but including additional sam-
ples with wind generation being set at the upper or lower
limit of the ambiguity set (31). The number of considered
scenarios in MSO is, therefore, three times the number of
samples in SSO.

Table I shows a summary of results for DRO and each of the
above standard methods: SRO and SSO. For DRO and SSO,
was set to 0.98 in the branch flow CVaR constraints. Columns 4
to 6 include the worst-case value of the expected cost, observed
over the ambiguity set of the distributions; this cost is reported
in normalized form, as a percentage of the expected cost with a
perfectly-known distribution (e,, = 0%). The comparison shows
that the worst-case expected cost for DRO is less than that of
SRO and SSO, except for the shaded values in Table I, where
the relatively higher DRO cost is due to having some of the
0.98-CVaR constraints violated by the SRO or SSO solution.
Also, some of the cost values in Table I are reported as ‘INF’
to indicate that the participation factors lead to violating the
dispatch limits under some realizations of the distribution in the
ambiguity set, thus leading to an infeasible operation associated
with the worst-case cost; such a scenario was naturally never
encountered with DRO solutions.

Table II includes the results of simulations that are similar
to those in Table I but employing the modified methods that
account for ambiguity: MRO and MSO. In this case, the MRO
does not result in any 0.98-CVaR constraint violation, but this
comes at the expense of having a consistently higher cost value
as compared to the DRO solution. When considering the highest
level of simulated ambiguity in the 118- and 2736-bus networks,
the robust counterpart of the MRO problem has no solution (NS);
this is unlike the observation in Table I where a solution for the
participation factors exists, but it leads to infeasibility under
some test scenarios. For MSO, it is found that the cost value
is higher than that of DRO whenever there is no 0.98-CVaR
branch flow violation. However, when there is a violation in
the 0.98-CVaR branch flow constraints, the cost value for MSO
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TABLE II
COMPARISON OF DRO WITH MODIFIED RO AND SO

cost [%]
n r[% er[%] DRO MRO MSO
30 20 1.6878 2.6122 1.6063
30 40 3.4781 4.6953 3.1923
-« 30 80 7.1742 8.8993 6.4619
- 60 20 3.7475 6.0486 3.3312
60 40 7.5683 10.3746 6.7403
60 80 15.5334  19.7202  13.5591
30 20 1.1003 1.3162 1.1045
30 40 2.2212 2.4228 2.2463
® 30 80 4.5023 4.8441 4.6535
— 60 20 2.1928 2.5957 2.2249
60 40 4.4256 4.9410 4.5098
60 80 11.3420 NS 9.3051
30 20 0.0864 0.0890 0.0857
30 40 0.1737 0.1764 0.1724
2 30 80 0.3525 0.3555 0.3500
N 60 20 0.1727 0.1789 0.1714
60 40 0.3472 0.3568 0.3446
60 80 0.7356 NS 0.6996
TABLE III

MODIFIED SO 0.98-CVaR BRANCH FLOW VIOLATION

0.98-CVaR branch flow viol.

n r[% er[%] nb av. [%] max [%] total [%]
30 20 2 0.39 0.54 0.78
30 40 3 1.38 2.54 4.14
- 30 80 3 3.53 7.59 10.58
- 60 20 3 2.09 4.32 6.28
60 40 3 3.78 7.85 11.33
60 80 4 6.28 14.75 25.10
30 20 0 0.00 0.00 0.00
30 40 0 0.00 0.00 0.00
® 30 80 0 0.00 0.00 0.00
- 60 20 0 0.00 0.00 0.00
60 40 0 0.00 0.00 0.00
60 80 3 5.59 10.40 16.78
30 20 2 0.19 0.20 0.39
30 40 2 0.31 0.39 0.62
= 30 80 2 0.49 0.79 0.98
& 60 20 2 0.29 0.39 0.59
60 40 2 0.50 0.78 1.00
60 80 3 0.81 1.58 2.44

turned out to be less than that of DRO; the corresponding
values appear shaded in grey in Table II. Table III reports the
worst-case 0.98-CVaR power flows that exceed the branch limits
using the MSO solution; the worst-case is searched for (using
linear programming) amongst the probability distributions in
the ambiguity set. Specifically, the table includes the number of
branch flow limit violations (nb.), the average violation value
in percentage of the branch flow limit (av. [%]), the maximum
violation value (max [%]), and the total (nb. x av.) violations.
MSO sometimes violates the 0.98-CVaR branch flow constraints
for the worst-case distribution within the ambiguity set because
MSO does not guard against all possible distributions as de-
scribed by the ambiguity sets (30) and (31).

Table IV shows the effect that the number of samples L has
on the solution, in terms of cost and the 0.98-CVaR branch flow
violation cases that are indicated by the grey colored cells. This
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TABLE IV
COMPARISON OF METHODS FOR 7 = 60% AND €,, = 40%
WITH DIFFERENT NUMBERS OF SCENARIOS

cost [%]
n L DRO MRO MSO
100 7.5683  10.3746  6.7403
3 500 7.0490  10.0367  6.3798
1000  7.0337 10.0425 = 6.3376
© 100 44256 49410  4.5098
= 500 44308 49814 4.5324
1000  4.3855 49179 4.4883
e 100 0.3472 0.3568 0.3446
2 500 0.3588 0.3683 0.3567
1000 03579 0.3679 0.3557
TABLE V

COMPUTATIONAL PERFORMANCE FOR 1 = 60% AND €, = 40%
WITH DIFFERENT NUMBERS OF SCENARIOS

time [s] time [s] iter. ineq. ineq. [%]
n L woCG CG CG CG
100 0.7 0.3 3 4650 64.11
= 500 7.5 14 3 23050 64.09
1000  22.5 4.5 4 46050 64.07
o 100 444 4.5 4 43180 67.08
= 500 288.0 15.7 3 213980 67.55
1000 1271.6  46.2 3 427480 67.51
e 100 TL 64.0 4 735448 71.62
2 500 TL 19249 6 3647048 71.72
1000 TL 3646.7 5 7286548  71.65

exercise is carried out withr = 60%, e,, =40% (so that MRO has
feasible linear programming solutions), and L = 100, 500, and
1000. The results with 500 and 1000 samples do not show much
change in the cost values as compared to those in Table II, but
they confirm the general observation between the relative cost
values of DRO, MRO, and MSO, and the effect that constraint
violation has on the order of values.

A. Computational Performance

An adaptation of the constraint generation (CG) approach was
used for solving the linear programs of the DRO approach [33].
In this approach, a relaxation of the linear program is first
solved without any inequality constraints, and then the violated
inequality constraints in addition to those that are within a
tolerance distance of being violated are successively added to
the relaxation; the iterations continue until the solution to the re-
laxation is feasible to the complete problem. For the simulations
in Table IV, Table V shows the number of CG iterations (iter.),
the total CPLEX solution time, the total number of inequality
constraints (ineq.), and the percentage of these constraints that
the CG approach includes in the relaxation (CG ineq.). The major
contributor to the inequality constraints that are included in the
relaxation is (46), and the inequality constraints in (20) and (49)
are all binding at the optimal solution. Table V also includes in its
third column, the CPLEX solution time for the problem solved in
one shot, i.e., without the CG approach. For the 14- and 118-bus
networks, the CG approach shows significant improvement in
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performance, giving a speedup factor ((time w/o CG)/(time
with CG)) that is near to 27 for the 118-bus network with
1000 scenarios. However, for the 2736-bus network, a solution
without CG could not be obtained within a time limit (TL) of
three hours, even for the case with 100 scenarios. The numerical
results suggest that the CG framework gives rise to problems
that are easily exploited by the CPLEX preprocessor/solver;
however, considering all constraints together appears to give
rise to ill-conditioning that taxes the computing time.

VI. CONCLUSION

This paper presented new distributionally robust constraints
for limiting the CVaR value of branch power flow in networks
with uncertain renewable power production. The proposed
CVaR restrictions postulate the existence of a multivariable
discrete probability distribution with imprecise probabilities
and scenario locations; they are demonstrated in the context
of OPF dispatching with generation participation factors. The
main ideas are, however, extendable to scheduling the regula-
tion reserve availability offer in a market environment, along
the lines discussed in [44]. A comparison is carried out with
classical robust optimization, and CVaR constrained stochas-
tic programming and their modifications that account for data
ambiguity. The results show that the proposed distributionally
robust formulation maintains an acceptable increase in the op-
erational cost even under worst-case conditions, and this cost is
consistently less than that from the modified robust optimization;
additionally, the distributionally robust formulation always has a
solution, unlike the modified robust formulation whose solution
is infeasible under high ambiguity levels. The modified stochas-
tic optimization furnishes lower worst-case cost as compared
to distributionally robust optimization only when the modified
SO gives rise to CVaR constraint violations, and consistently
provides higher cost whenever there are no constraint violations.
Because distributionally robust optimization considers ambigu-
ity around nominal scenarios, it yields practically acceptable
solutions even with a relatively low number of scenarios.

APPENDIX

A. Method of Historical Distributions (Demonstration)

Consider power generation from a wind farm having a fore-
casted value of 20 MW for the time of the system study. From the
most recent ten historical observations, assume that the variation
of the power from its prediction takes the values —10, —5,
0, +5, and +10 MW with respective frequencies of 1, 1, 2,
4, and 2; the difference values are obtained from (historical
actual values — historical forecasted values). The corresponding
sample space values of power generation corresponding the
current 20 MW forecast are therefore 10, 15, 20, 25, and 30 MW,
as shown in the second row of Table VI, with the respective
frequencies in the third row; this represents the nominal fre-
quency distribution, where it is understood that the probability
value is the frequency value divided by the total number of
observations (=10). The remaining rows of Table VI include
four older frequency distributions (for the same month/weather
conditions and time of day). Refs. [30], [31] postulate that such
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TABLE VI
NOMINAL AND OLDER FREQUENCY DISTRIBUTIONS OF WIND
POWER GENERATION (DEMONSTRATION EXAMPLE)

¢ 1 2 3 4 5

€igp 10 15 20 25 30
P 1 1 2 4 2

€ 8 13 19 27 32
fi 11 3 3 2

2
€
10
4
€ 13 14 22 26 33
3 1 2 2 3 2

9 11 18 24 29
1

€he 1216 23 27 31
B2 1 3 2 2

TABLE VII
NOMINAL AND OLDER PROBABILITY MASS FUNCTIONS OF WIND
POWER GENERATION WITH GROUPING INTO FIVE CLASSES

class-¢  class-1  class-2  class-3  class-4  class-5
10 10 15 20 25 30
0% 0.1 0.1 0.2 0.4 0.2
€(1,0) 8 13 19 27 32
I 0.1 0.1 0.3 03 0.2
€ 911 - 18 24 29
p? 0.2 - 0.1 0.4 0.3
€t - 13, 14 22 26 33
P2 - 0.3 0.2 03 0.2
€t 12 16 - 23,27 31
ol 0.2 0.1 - 0.5 0.2
npin 0.0 0.0 -0.1 -0.1 0.0
NP 401 +02 401 +0.1 +0.1
) -2 -2 -2 -2 -1
gg% +2 +1 +2 +2 +3

type of information could be used to characterize the ambiguity
in the nominal distribution, as demonstrated in Table VII. In
Table VII, the sample space of the nominal probability mass
function is used to form five classes or bins [40]. For the four
older frequency distributions, each value in the sample space is
moved to its nearest class, and the resulting probability value
is updated. For example, consider the frequency distribution
given by 6?M) and f7 in Table VL. The value 11 is closer (in
terms of distance) to the class mark of the first class interval
(=10) than it is to the second (=15), and therefore it is placed
in the first class, and the corresponding probability value for
this class becomes (1 + 1)/10 = 0.2. Once regrouping is carried
out for all the historical frequency distributions, the minimum
and maximum variations relative to the nominal distribution are
straightforwardly computed using (52)—(55); the result is shown
in the last four rows of Table VII. Note that the sample space
of the nominal distribution is sorted in ascending order to easily
place the older sample space values in their nearest classes, by
comparing these values with the class mark. However, during the
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TABLE VIII
BOOTSTRAP SAMPLES

sample  class-1  class-2 class-L
1 1 1
1 R 2k
fi f2 o fr
2 2 2
2 5 2k
i B - fi
s S S
S €1 €o s €1,
S S S
1 [z L
TABLE IX
BOOTSTRAP DIFFERENCES
sample  class-1  class-2 class-L
| (56%1 56%1 561L1
of1 6fs ofL
) 66%2 66%2 562%
o fi 6fs ofL
g 56”12 56255 66%
6fi 6fs Ofr

optimization, the sample space values are brought back to their
original positions to capture the correlation between different
wind power generation outputs.

B. Bootstrap Method

The bootstrap method for computing the ambiguity set bounds
is summarized below, where the renewable generation subscript
has been dropped to simplify notation [41], [42]:

Step 1: The data is formed of m; scenario locations: &1,
€9,...,Em,, having equal probability mass = 1/m;.

Step 2: Compute the class marks and frequencies of the nom-
inal distribution using the guidelines in [40], p.7: €1, €2, ..., €,
and f1, fa,..., fr. Sort the L scenario locations in ascending
order.

Step 3: Take S vector samples from the data in Step 1, where
each vector has m; elements; the m, elements of each vector are
sampled from the distribution in Step 1 with replacement, so the
same data point can appear multiple times when resampling.
Place each element in its nearest class as measured by the
least distance to the nominal distribution class mark. Report in
Table VIII the corresponding class mark €; and frequency f7,
where / =1,...,L,ands=1,...,5.

Step 4: Compute the bootstrap differences, as reported in
Table IX: §¢; = €§ — € and 6 f; = f; — f7. Sort the S values
of de; and 6 f; in ascending order and compute the 95th and
5th percentile values. The 95th percentile values are denoted by
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562(0.05) and 5f,§‘(0_05) , and the 5th percentile values are 562(0.95)

and ‘51?(0,95)'

Step 5: According to the bootstrap principle, the 90% boot-
strap confidence intervals are: [e) — 0€;(0.95) €) — 0€;(0.05) and
[f9 — 5fe*(o.95)v I - 5f2‘(0_05)]. Therefore, the ambiguity box
limits in (30) and (31) can be directly obtained by comparison.

The same procedure above could be used to calculate the
confidence intervals of the lower and upper class boundaries;
these estimates could be employed instead for the ambiguity set
limits in (31).
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