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Abstract Most karst aquifers behave as a dual-flow system composed of a highly conductive karst conduit
embedded in a low-permeability rock matrix. Simplified physically based models suitable for such a karst
system are presented herein. The physical processes consist of a pressurized flow in a conduit that is
interacting laterally with the groundwater flow in the surrounding matrix. The conduit is subject to a
concentrated recharge at its upstream end, while the groundwater aquifer is subject to a diffuse recharge
over its contributing surface area. The resulting mathematical model is a coupled system of equations that
describe one-dimensional flow processes in a two-dimensional domain. The governing differential equations
are solved using the Laplace transformmethod after an appropriate linearization of the nonlinear coefficient.
The derived spring discharge expressions are a function of three dimensionless parameters: the lumped
conduit parameter γ, the aquifer parameter η, and the recharge parameter μ. The simulation results highlight
the importance of the conduit-matrix interaction on the functioning of the karst system, and the application
of the flow models to various karst aquifers demonstrates their effectiveness in reproducing the observed
spring hydrograph with parameter values within the acceptable range of observed field data.

Plain Language Summary Karst aquifers are a major supply of potable water in many countries
around the world. They are especially vital in areas where water resources are limited during a significant
part of the year. The proper management and protection of the groundwater resources is therefore essential
to meet increasing water demands. One key tool in support of that endeavor is a mathematical model that
can replicate the observed flow processes. The derived flow models in this work are based on physical
considerations, relatively simple in form, and accurate enough to produce realistic outcomes. They are an
efficient alternative for the simulation of karst responses thanmore complex numerical models and proved to
be successful in simulating the spring outflow from real karst systems.

1. Introduction

Karst aquifers are a major supply of potable water in many countries around the world, especially in areas
where water resources are limited during a significant part of the year. In the presence of increasing water
demands, appropriate modeling of the flow processes in karst aquifers has become essential for the proper
management and protection of groundwater resources.

Karst aquifers are mainly characterized by the presence of soluble carbonate rocks such as limestone and
dolomite though karstification has been observed in other rock formations (e.g., gypsum). Karstification
results from carbonate rock dissolution that creates systems of underground conduit networks under
favorable lithological and geomorphological conditions. Modeling the response of karst aquifers has been
challenging due to the heterogeneity of the medium and the existence of different flow processes within
the aquifer due to karstification (Bakalowicz, 2005). Karst aquifers exhibit a dual-flow system composed of
a high-velocity flow in conduits that is coupled to a low-velocity flow in the porous or fractured matrix.
The conduit flow is often turbulent while laminar flow usually prevails in the surrounding porous and fissured
matrix. Depending on the recharge and geometric conditions, water in the conduit can either flow under
pressure (full-pipe flow) or at atmospheric pressure (free-surface flow). The construction of models that
describe these dual-flow components and their mutual interaction has received attention only in the past
few decades (Kovacs & Sauter, 2007; Teutsch & Sauter, 1998; White, 2002).

Karst flow models are generally of three types: (1) black box or transfer function models, (2) gray box or
reservoir models, and (3) physically based models. The black box models assume a mathematical
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relationship (transfer function) between the input (recharge) and output (spring discharge) (e.g., Dreiss, 1982).
Among black box models, the use of the convolution integral and transfer functions predominates. Other
models include time series models and artificial neural networks that transform input signals into output sig-
nals. The gray box models are based on a conceptual representation of specific processes in the karst system
using reservoirs and pipes, in series and/or in parallel, with linear or nonlinear storage-discharge relationships
that function based on some threshold criteria (e.g., Fleury et al., 2007). A karst system is divided into several
reservoirs to either represent different storage units (unsaturated and saturated zone), different flow
mechanisms (quick and slow flow), or different hydrological units. The physically based models are based
on physical laws that govern the hydraulics of flow in conduits and porous media. Furthermore, the physically
based distributed models involve a multidimensional discretization of the aquifer domain into a grid of
homogeneous subunits and therefore require extensive hydrologic and hydrogeologic data. They are further
classified into four major categories: equivalent porous media, double continuum, discrete conduit network,
and combined discrete-continuum models. A more thorough description of the various modeling
approaches can be found in several published reviews (e.g., Ghasemizadeh et al., 2012; Hartmann et al.,
2014; Kovacs & Sauter, 2007).

Among the physically basedmodels, the combined discrete-continuum approach was found to be best suited
for karst aquifers because of the enhanced physical representation of the karst flow duality. In such hybrid
models, the highly conductive karst conduits are considered as one-dimensional discrete elements embedded
in a three-dimensional low-permeabilitymatrix (e.g., de Rooij et al., 2013; Liedl et al., 2003; Reimann et al., 2011;
Shoemaker et al., 2008). Although these models are numerically tested on hypothetical scenarios and were
useful for theoretical investigations of the karst conduits’ evolution, their application to real karst systems is
rare since the level of data requirements in two- or three-dimensional domains prevents their usage.

The primary limitations of distributive models are their extensive input data requirements and the ensuing
computational burden, which partly explain the prevalence of the simpler lumped parameter models. On
the other hand, the latter models are in terms of parameters that do not necessarily represent the hydraulic
and geometric characteristics of the karst aquifer. In the present work, a simplified physically based model is
presented in which the flow domain geometry is reduced to its simplest representation while preserving the
basic flow components of the system. It is formulated using mechanistic laws and is function of physically
meaningful conduit-matrix parameters. It relies on a simple doline-conduit-matrix system that was used in
numerous studies (Birk et al., 2006; Chang et al., 2015; Luhmann et al., 2012; Reimann et al., 2011) and is built
on the concepts of hybrid discrete-continuummodels, for example, MODFLOW-CFP (Shoemaker et al., 2008),
rather than dual-porosity models as in the work by Cornaton and Perrochet (2002). The model is based on
one-dimensional flow processes in a two-dimensional flow domain. The processes consist of a pressurized
flow in a conduit that is interacting laterally with the groundwater flow in the surroundingmatrix. Steady pipe
flow conditions apply, whereby the pipe flow is either laminar or turbulent, while laminar groundwater flow
prevails in the matrix. The governing differential equations are further simplified using a suitable linear
approximation and an analytical form of the general model is developed using the Laplace transform
method. The present model features the advantage of conceptual models in being a simple and effective tool
in simulating karst system responses using physical parameters rather than empirical ones and requiring less
data than two- and three-dimensional distributed models.

The paper is organized as follows. Section 2 presents the theoretical framework that describes the various
flow processes in a karst system and develops the governing equations for the coupled conduit-matrix sys-
tem along with the initial and boundary conditions. It provides also a method to relate the nonlinear flow
coefficient to its equivalent linear approximation. Section 3 derives the discharge expressions for various flow
conditions using the Laplace transform method. Section 4 evaluates the spring response under various
recharge and boundary conditions, and section 5 applies the relevant flowmodels to three different karst sys-
tems. Section 6 concludes the study.

2. Theoretical Framework
2.1. Model Setup

This study considers a single conduit of length l* located within an aquifer spanning a width w* on each side
of the conduit. The conduit receives a concentrated recharge at its upstream endQ*b through a swallow hole,
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and the aquifer is subject to a diffuse recharge r* applied over the recharge domain w*r ≤ w*. Both recharge
mechanisms originate in the epikarst that facilitates the fast concentrated recharge and the slow diffuse
recharge into the subterranean saturated zone. The model domain is two-dimensional in space with the
conduit flow along the longitudinal x direction and the matrix flow along the lateral y direction. However,
the flow in the conduit and matrix are both considered to be one-dimensional. The conduit acts as a
source or a sink for the matrix depending on the flow condition and the flow exchange between the
conduit and the matrix occurs at their common interface y = 0. The conduit is considered to be the main
drainage passage of the karst aquifer and the spring is its principal discharge outlet. The spring is set to be
at the base level of the carbonate formation, and the connected conduit is assumed to be horizontal or
inclined at a uniform slope. The outflow of the conduit is the spring hydrograph Q that is commonly
measured. The model setup is illustrated in Figure 1.

2.2. Flow Processes

The flow processes in the conduit-matrix system are composed of pressurized full flow in the subterranean
conduit and unconfined groundwater flow in the adjoining matrix.
2.2.1. Pipe Flow
For a pressurized flow, the continuity equation in a conduit can be expressed by

dQ�
dx�

þ 2q� ¼ 0 (1)

where Q* is the flow rate [L3/T], x* is the longitudinal coordinate [L], and q* is the rate of lateral outflow (posi-
tive) or inflow (negative) per unit length of conduit on each side [L2/T]. The subscript * denotes that the vari-
ables are dimensional. Equation (1) neglects the time rate of change of the volume of water in the closed
conduit due to the high incompressibility of the water and conduit. Hence, the storage capacity of the con-
duit is assumed to be negligible and the changes in the flow are safely assumed to be instantaneous.

The turbulent flow rate in a conduit Q* is given by the Darcy-Weisbach equation expressed herein in terms of
the hydraulic radius R* to account for noncircular conduits

Q2
� ¼ �β2�

dhc�
dx�

β2� ¼
8g
f
A2�R� (2)

Here hc* is the hydraulic head in the conduit measured from a base level [L], f is the friction factor [�], A* is the
flow area [L2], and R* = A*/P* is the hydraulic radius defined as the ratio of the flow area over the wetted peri-
meter P* [L]. The parameter β* is inversely proportional to the friction factor f and can be considered as a form
of a conveyance factor [L3/T]. For turbulent flow conditions, the friction factor can be expressed in terms of

Figure 1. Model setup of the karst system: (a) Schematic representation, (b) top view, and (c) cross-sectional view of the
coupled conduit-matrix system for pressurized flow conditions.
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the hydraulic diameter dh = 4R* and the roughness ℓ using Nikuradse (1950) equation as formulated in
Jeannin (2001) and Bailly-Comte et al. (2011)

1ffiffi
f

p ¼ �2 log10
ℓ

1:85dh

� �
(3)

For laminar flow conditions, f = 64/Re, where Re is the dimensionless Reynolds number.
2.2.2. Matrix Flow
The variation of the water table in the porous matrix ha* is governed by the Boussinesq equation for uncon-
fined groundwater flow

φ
∂ha�
∂t�

¼ ∂
∂y�

ks�ha�
∂ha�
∂y�

� �
þ r� (4)

Here ha* is the height of the water table measured from the same base level as for the conduit [L], y* is the
horizontal lateral coordinate [L], t* is the time [T], φ is the effective or drainable porosity [�], ks* is the satu-
rated hydraulic conductivity [L/T], and r* is the groundwater recharge distribution over the lateral distance
w* and length of the conduit l* [L/T]. It is implicitly assumed that the water table elevation in the aquifer is
above the top of the conduit to ensure full flow conditions in the conduit.

Equation (4) is mildly nonlinear for gradual variation of the water table profile. A common approach to line-
arize it is to assume that the coefficient ha* in the diffusion term is equal to the average depth of flow in the
aquifer hm* and thereby define the product κ* = ks*hm* as the constant aquifer transmissivity.
2.2.3. Exchange Flow
The exchange flow q* at the interface of the conduit and the surrounding matrix is given by Darcy’s law

q� ¼ �ks�d�
dha�
dy�

(5)

Here d* is the height of the conduit interface [L]. Note that at the interface y* = 0, the heads in the conduit and
aquifer must be equal hc*(x, t) = ha*(0, t). The exchange flow between the conduit andmatrix is therefore eval-
uated by satisfying the continuity of the head and flux at the interface. This is in contrast to the Barenblatt
formulation (Barenblatt et al., 1960) that expresses the exchange flow in terms of the head difference
between the conduit and matrix times a factor.

2.3. Governing Equations

The governing equation for the combined conduit-matrix flow is a coupled system of differential equations.
The coupling is achieved through the boundary condition at the interface ha*(0, t) = hc*(x, t) that affects the
head distribution in the aquifer ha*, and consequently the exchange flow at the interface q* (equations (4)
and (5)). Moreover, the flow in the conduit Q* is directly related to the exchange flow term q* and the head
distribution in the conduit hc* (equations (1) and (2)).

To simplify the notation and generalize the results, the governing equations are first expressed in dimension-
less form using the following definitions

h�
h

¼ x�
x
¼ y�

y
¼ d�

d
¼ lο

t�
t
¼ tο uo ¼ lo

to
Qο ¼ uol

2
ο (6)

and

ks�
k

¼ r�
r
¼ uο q ¼ q�

uolο
Q ¼ Q�

Qο
(7)

where lο and tο are the characteristic length and time, while uο and Qo are the characteristic velocity and dis-
charge. The parameter lο can be set equal to the length l* or height of the conduit d*, and the parameter tο can
be the measured recharge period or event duration. Alternatively, one can set Qo and tο equal to some refer-
ence values, for example, 0.1 m3/s and 1 day, respectively. One should stress that for consistency one must
define only two dimensionless variables and deduce the other two using equation (6).
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The groundwater flow equation in dimensionless form becomes

φ
∂ha
∂t

¼ κ
∂2ha
∂y2

þ r (8)

where κ = κ*/(uolo) is the dimensionless transmissivity. The dimensionless form of the flow equation (2) is

Q2 ¼ �β2
dhc
dx

β2 ¼ β2�
Q2
o

(9)

The governing conduit flow equation is obtained by substituting (9) into (1). However, the resulting equation
is nonlinear due to the presence of Q in the coefficient of the derivative term dQ/dx. One linearizing approach
is to set Q = Qm whereby Qm is set equal to the representative flow in the conduit. A proper choice of Qm

would allow one to approximate the nonlinear conduit flow by its linear version. The derivation of the optimal
value of Qm is discussed below (cf. section 2.4).

The linearized flow rate equation is then

Q ¼ �βl
dhc
dx

βl ¼ βsβ
2 βs ¼

0:5
Qm

(10)

where βs is a scaling parameter. The governing conduit flow equation in dimensionless form becomes

βl
d2hc
dx2

þ 2kd
dha
dy

����
y¼0

¼ 0 (11)

2.3.1. Initial Conditions
The steady initial condition in the unconfined aquifer of width w is given by

hia x; yð Þ ¼ hic xð Þ þ ri
κ

w � yj j
2

� �
yj j (12)

Here hic is the corresponding initial head in the conduit expressed by

hic xð Þ ¼ hl þ Q0

βl
l � xð Þ þ qi

βl
l2 � x2
� �

(13)

Equations (12) and (13) are obtained from the solution of the steady version of (8) and (11), respectively,
whereby Q0 is the steady flow in the conduit that is in equilibrium with the downstream head level hl, and
qi is the steady exchange flux at the matrix-conduit interface that results from the steady groundwater
recharge ri over the recharge zone wl. Using the global mass balance principle, the relationship between
the steady exchange flux qi and the steady groundwater recharge ri on each side of the conduit is qi = νwri,
where ν is the capture coefficient defined by ν = d/hm. The total groundwater recharge captured by the con-
duit at the outlet is therefore Q = 2νlwr. One should stress that by definition ν < 1 to ensure full flow condi-
tions in the pipe conduit.
2.3.2. Boundary Conditions in the Conduit Domain
For a prescribed concentrated recharge at the inlet section of the conduit Qb, the corresponding boundary
condition is

dhc
dx

¼ �Qb

βl
x ¼ 0 (14)

The concentrated recharge Qb is expressed in a piecewise fashion over n segments in terms of the unit step
function U tð Þ where U tð Þ ¼ 0 for t ≤ 0 and U tð Þ ¼ 1 for t > 0

Qb tð Þ ¼ Q1U t � t0ð Þ þ Q2 � Q1ð ÞU t � t1ð Þ þ…þ Qn � Qn�1ð ÞU t � tn�1ð Þ (15)

For a piecewise constant variation of Qb, each term Qk (where k = 1, 2, …, n) is a constant value. For a piece-
wise linear variation, Qk is a linear function of time defined over the interval tk � 1 ≤ t ≤ tk by
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Qk ¼ ak t � tk�1ð Þ þ υk�1 ak ¼ υk � υk�1

tk � tk�1
(16)

where υk is the flow value Qk at time tk and υ0 is the initial flow Q0 at time t0. The flow Q0 can also be set equal
to the constant background flow.

For a prescribed fixed water level at the downstream end of the conduit, the boundary condition is

hc ¼ hl x ¼ l (17)

For free discharge conditions whereby the downstream boundary condition has no hindrance effect on the
outflow, the boundary condition is mathematically expressed by dhc/dx = 0 as x → ∞.
2.3.2.1. Boundary Conditions in the Matrix Domain
The boundary conditions in the unconfined aquifer are expressed by

ha ¼ hc tð Þ y ¼ 0 (18)

∂ha
∂y

¼ 0 y ¼ w (19)

Equation (18) accounts for the varying head in the conduit, and equation (19) expresses the no-flux boundary
condition at a water divide or fault section at the far end of the aquifer.
2.3.3. Recharge Variation
The present model can handle any functional representation of the spatial and temporal distribution of the
recharge r as long as it can be mathematically defined. For the sake of simplicity in the presentation, it is
herein considered to be varying in time in a stepwise constant fashion and uniformly distributed in space
over the length of the conduit l and the lateral distance w. The piecewise constant groundwater recharge r
is defined in terms of the unit step functionU tð Þ

r tð Þ ¼ r1U t � t0ð Þ þ r2 � r1ð ÞU t � t1ð Þ þ…þ rn � rn�1ð ÞU t � tn�1ð Þ½ �U l � xð ÞU w � yð Þ (20)

where each term rk is a constant value.

2.4. Optimal Coefficient

The governing equation was linearized through the introduction of an appropriate coefficient βl = βsβ
2 where

βs = 0.5/Qm is the scaling parameter that is herein evaluated in an optimum fashion by minimizing the resi-
dual. The residual E is the difference between the nonlinear governing equation and its linearized form (11).
The residual expression can be expressed in terms of Q as

E ¼ Q
Qm

� 1

� �
dQ
dx

(21)

The minimization of equation (21) over space and time can yield an expression for the linearizing parameter
Qm. Minimizing at a particular point in space, say at the exit, and point in time, say at the inflection point,
peak, or centroid, one gets Qm = Q(l, tm).

Minimizing E over the flow duration rather than a point in time ∫t0Edt ¼ 0, and assuming dQ/dx to be nearly
constant at the exit, one gets the mean flow

Qm ¼ 1
t
∫
t

0
Q dt ¼ V tð Þ

t
V tð Þ ¼ ∫

t

0
Q dt (22)

Minimizing the weighted residual over the flow duration ∫t0QEdt ¼ 0with dQ/dx set to be constant, one gets

Qm ¼ 1
2V tð Þ ∫

t

0
Q2dt (23)

The time limits of the integrals (22) and (23) should capture any large variation in the discharge. An appropri-
ate selection of the upper limit t is twice the time of rise of the spring hydrograph so that the time interval is
centered on the time to peak tp. The above expressions are also function of the outflow that might not be
available. A good first approximation of Q is to evaluate the discharge at the exit point using βl = β. Once
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the representative flow rateQm is evaluated from (22) or (23), the linearized coefficient βl = βsβ
2 is determined

from βs = 0.5/Qm and used to generate the corrected discharge. Although the two-step evaluation yields
results of acceptable accuracy, one can repeat the process of obtaining Qm in an iterative fashion until con-
vergence is achieved within three to four iterations. Equation (22) turns out to be the most useful for all flow
conditions as long as an appropriate time period is selected, while equation (23) provides overall a slightly
more accurate result.

3. Karst Flow Models

The coupled system of equations (8) and (11) is linear and analytical solutions for various flow conditions can
now be derived. The Laplace transform method is employed as it is the most powerful analytical technique
for a system of coupled differential equations. Five flow models are presented below for various conditions.
All models generate the spring response for a concentrated recharge at the upstream end of the conduit and
diffuse recharge events over a defined aquifer domain. The models HB, HU, FB, and FU are designated by the
prevailing boundary conditions on the conduit and aquifer. The first letter in an acronym stands for a fixed
head boundary condition (H) or a free discharge flow condition (F) at the downstream end of the conduit,
while the second letter stands for bounded (B) or unbounded (U) aquifer. Hence, themodels HB and HU apply
for the case of a spring discharge into a specified water depth at the downstream end. Slightly less complex
models FB and FU are obtained if one assumes free discharge conditions at the downstream end. Models HB
and FB correspond to a bounded aquifer domain while the models HU and FU assume that the aquifer on
either side of the conduit is unbounded. A generalization of the above four flowmodels for the case of partial
recharge area (lr ≤ l,wr ≤ w) is also presented.

The Laplace transforms of h is defined by

h ¼ L hð Þ ¼ ∫
∞

0
h exp �ptð Þdt (24)

where p is the Laplace parameter and Laplace transformed variables are hereafter denoted by an overbar.
The Laplace transforms of (8) and (11) are

1
ρ2

d2ha
dy2

� pha ¼ �hia � r
φ

(25)

βl
d2hc
dx2

þ σ
dha
dy

����
y¼0

¼ 0 (26)

where r ¼ L rð Þ is the Laplace transform of the recharge function and

ρ2 ¼ φ
κ

σ ¼ 2kd ¼ 2κν (27)

The parameter ρ is inversely related to the hydraulic diffusivity of the aquifer κ/φ, and the parameter σ is the
dimensionless flow exchange coefficient σ = 2ks*d*/(uolo) noting that σ < 2κ since ν < 1.

Using the Laplace transformed of the boundary conditions (18) and (19), the solution of (25) is

ha ¼ hic þ qi
σ

2y � y2

w

� �
þ r � ri

φp
þ hc � hic � r � ri

φp

� �
cosh ρ w � yð Þp1=2� 	

cosh ρwp1=2ð Þ (28)

Here hic is the Laplace transform of the initial condition (13). Equation (28) describes the water table profile in
the aquifer in terms of the Laplace parameter p.

The exchange flux on each side of the conduit is obtained from the derivative of (28) at y = 0

q ¼ � σ
2
dha
dy

����
y¼0

¼ βlϖ
2

2
hc � hic þ ri � r

φp

� �
� qi (29)

where
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ϖ2 ¼ σϕ
βl

tanh wϕð Þ ϕ ¼ ρp1=2 (30)

Substituting (29) into (26), one obtains

d2hc
dx2

�ϖ2 hc � hic
� � ¼ ϖ2

φp
ri � rð Þ � 2qi

βl
(31)

The solution of (31) using the boundary conditions (14) and (17) is

hc ¼ hic þ Qb � Q0

ϖβl

sinh ϖl �ϖxð Þ
cosh ϖlð Þ þ r � ri

φp
1� cosh ϖxð Þ

cosh ϖlð Þ

 �

(32)

Equation (32) gives the head distribution in the conduit in terms of the Laplace parameter p.

The spring outflow at x = l is obtained from (10) and (32)

Q ¼ 2qil þ Q0 þ Qb � Q0
� �

sech ϖlð Þ þ r � ri
φp

βlϖ tanh ϖlð Þ (33)

Equation (33) can also be expressed as

Q ¼ Qi þ Q0 þ Qb � Q0
� �

sech θð Þ þ Qr � Qi

ηγp
θ tanh θð Þ (34)

where

Qr ¼ μr Qi ¼ μri ¼ 2qil μ ¼ 2νlw (35)

and

θ ¼ ϖl ¼ γ1=2p1=4 tanh1=2 ηp1=2
� 


η ¼ ρw γ ¼ ρσl2=βl (36)

Equation (34) describes the pressurized outflow from a conduit embedded in a bounded aquifer over which a
uniform recharge over the whole flow domain is applied. It is expressed in terms of the concentrated

rechargeQb, the diffuse rechargeQr, and the antecedent flow conditions in the conduitQ0 and in the aquifer

Qi . Equation (34) is hereafter designated as the spring discharge model HB. One should note that the dis-
charge expression (34) is independent of the downstream hydraulic head hl. However, the head hl does influ-
ence the head distribution in the conduit and matrix (equations (28) and (32)).

For a wide aquifer with the recharge applied over a predefined semiwidthw, the resulting outflow expression
can be derived from the solution of the coupled system (25) and (26) using the boundary condition (19) at
y→ ∞ rather than at y = w to obtain slightly different expressions of (28) and (32). The final result for the dis-
charge at x = l is

Q ¼ Qi þ Q0 þ Qb � Q0
� �

sech γ1=2p1=4
� 


þ Qr � Qi

ηγp
1� exp �ηp1=2

� 
h i
γ1=2p1=4 tanh γ1=2p1=4

� 

(37)

For free discharge conditions, the resulting discharge equation at the outlet x = l can be derived from the
solution of (31) using the boundary conditions (14) and dhc/dx = 0 as x → ∞

Q ¼ Qi þ Q0 þ Qb � Q0
� �

exp �θð Þ þ θ
ηγ

Qr

p
� Qi

θ

� �
sinh θð Þ exp �θð Þ (38)

For an unbounded aquifer, the corresponding equation is

Q ¼ Qi þ Q0 þ Qb � Q0
� �

exp �γ1=2p1=4
� 


þ Qr
1� exp �ηp1=2

� �
ηp1=2

� Qi

( )
1� exp �2γ1=2p1=4

� �
2γ1=2p1=4

(39)

Equation (37) is defined as the HU model, while equations (38) and (39) are named as the FB and FU models,
respectively. Although the HB or FB model looks more compact and elegant than the HU or FU model, the
function argument γ1/2p1/4 is now in a simpler form than θ = ϖl (36), which allows for an analytical inversion
of the Laplace solution (cf. Appendix A).
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The above four flowmodels were derived using the assumption that the recharge occurs over an area delim-
ited by the length of the conduit l and the width w on each side of the conduit. For the general case of a par-
tial contributing recharge area, that is, r ¼ r tð ÞU lr � xð ÞU wr � yð Þ, where lr ≤ l and wr ≤ w are the horizontal
and lateral dimensions of the recharge zone, the discharge equation can be derived in a similar fashion using
slightly different form of the initial conditions (12) and (13) to account for the piecewise distribution of the
recharge. The discharge at any location lr ≤ x ≤ l is given by

Q ¼ μr ri þ Q0 þ Qb � Q0
� �

cosh ϖl �ϖxð Þ þ μr ri
ϖlr

sinh ϖxð Þ � sinh ϖlrð Þ cosh ϖl �ϖxð Þ½ �
�

þ βlϖ
φp

r sinh ϖlrð Þ cosh ϖl �ϖxð Þ � ri sinh ϖxð Þ½ � 1� sinh ϕw � ϕwrð Þ
sinh ϕwð Þ


 ��
sech ϖlð Þ (40)

where μr = 2νlrwr, ϕ = ρp1/2, andϖ is defined in (30). For x = l, equation (40) gives the discharge at the outlet
for a partial recharge zone. For x = lr = l and wr = w, equation (40) reduces to the spring discharge for a full
recharge zone, that is, the HB model (33) or (34). Equations (37)–(39) can also be derived from equation (40)
by taking the appropriate limits: the limitw→∞ for obtaining the expressions for a wide aquifer, and the limit
l → ∞ for obtaining the expressions for free discharge, followed by setting x = lr = l and wr = w in the end
result. One should note that the recharge area is assumed to be the same in both the antecedent and the
current conditions, and the flow exchange occurs over the whole length of the conduit.

The above flow models are all in terms of the Laplace transform of the concentrated and diffuse recharge
functions that are required in the numerical inversion of the Laplace solutions. The Laplace transform of
the piecewise constant variation in the diffuse recharge (20) is

r ¼ L r½ � ¼ 1
p
r1 exp �pt0ð Þ þ r2 � r1ð Þ exp �pt1ð Þ þ…þ rn � rn�1ð Þ exp �ptn�1ð Þ½ � (41)

The Laplace transform of the piecewise linear variation in the concentrated recharge (15) and (16) is

Qb ¼ Λ1 exp �pt0ð Þ þ Λ2 � Λ1 �ϒ1ð Þ exp �pt1ð Þ þ…þ Λn � Λn�1 �ϒn�1ð Þ exp �ptn�1ð Þ (42)

where

Λk ¼ ak
p2

þ υk�1

p
ϒk ¼ ak

p
tk � tk�1ð Þ (43)

4. Spring Response Analysis

There are five flow models (34)–(40) for simulating the pressure-driven outflow from a spring depending on
the flow condition at the downstream end, whether free or restrained, the aquifer limit, whether bounded or
unbounded, and the extent of the recharge zone, whether full or partial. The flowmodels can handle concen-
trated recharge Qb and diffuse recharge events Qr as well as the antecedent equilibrium flow conditions Qo

and Qi that are instrumental for recession analysis. They simulate the quick recharge and drainage of large
conduits and the slow recharge and drainage of the smaller fissures, fractures, and pores. The flow models
(34)–(38) are expressed in the Laplace domain. The solution in the real-time domain is obtained using the
Laplace numerical inversion algorithm based on Fourier series expansion as formulated by Crump (1976),
modified by de Hoog et al. (1982), and implemented by Hollenbeck (1998) within the MATLAB environment.

4.1. Numerical Validation

A graphical and numerical comparison of the linearized analytical models with the nonlinear numerical solu-
tion is first carried out to assess the effectiveness and accuracy of the optimal coefficient and thereby validate
the linear approximation. The numerical solution of the coupled nonlinear system of equations is obtained
using an implicit finite difference scheme for the pipe flow equation and the Crank-Nicholson scheme for
thematrix flow equation (Chapra & Canale, 2002). The resulting finite difference equations are in a tridiagonal
form that can be solved efficiently using the Thomas algorithm. The grid distribution is nonuniform in both
the conduit and the matrix flow directions. The accurate evaluation of the exchange flux necessitates the
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prescription of very fine grid spacing near the interface, Δy = 0.02, that is progressively increased to a max-
imum of 5Δy as one moves away from the interface boundary. Similarly, the accurate evaluation of the dis-
charge of the conduit necessitates the use of a finer grid near the outlet, Δx = 0.25, that is progressively
increased to a maximum of 5Δx as one moves upstream. A very small initial time step, Δt = 10�5, is also
employed to ensure convergence and it is increased by 2% at each step the solution converges in a small
number of iterations.

The coupling of the time-independent conduit flowwith the time-dependent matrix flow is numerically chal-
lenging due to the different time scales of the flow processes. To ensure the convergence of the numerical
solution of the coupled pipe-matrix problem, a fictitious time-dependent term is added to the continuity
equation (1), thereby transforming the problem into a time-dependent one. The numerical solution process
is iterative within each time step. It consists first of solving for the head distribution in the matrix to evaluate
the exchange flux at the interface, and then computing the head distribution in the conduit by marching for-
ward in time until a steady state condition is reached along the conduit. The convergence of the iterative pro-
cess is further accelerated using the successive over-relaxation technique. The two-stage solution process is
repeated at each time step using the updated boundary condition of the conduit and the updated interface
head condition of the matrix. Finally, the discharge at the spring outlet is calculated using a third-order
numerical approximation of equation (9).

Numerical models that deal with coupled pipe and matrix flow are highly sensitive to the interface discretiza-
tion and the exchange parameter as discussed by Reimann et al. (2011) and de Rooij et al. (2013). In the pre-
sent model, the exchange flow is properly defined by Darcy’s law (5) and evaluated numerically to a third
order of accuracy using the closest four nodes to the interface. This ensures a higher accuracy in the compu-
tation of the flux than the models that are based on the Barenblatt formulation, which is in effect a first-order
numerical approximation of Darcy’s law whereby the interface height, nodal spacing, and hydraulic conduc-
tivity are lumped together in a parameter defined as the exchange coefficient. In theory, Barenblatt’s equa-
tion can yield a flux that is close to the one produced by Darcy’s law when the grid spacing across the
interface becomes very small.

The output of the numerical model (FD) is shown in Figures 2–5 alongside all the curves that were generated
with the linearized analytical models. The analytical model performance is evaluated statistically using the
root-mean-square error (RMSE) and the Nash-Sutcliffe measure of goodness of fit (Nash & Sutcliffe, 1970).
The RMSE between the numerical and analytical solutions ranged from as low as 0.00925 (Model FU in
Figure 3) to as high as 0.0163 (Model HB in Figure 2), while the Nash-Sutcliff efficiency (NSE) parameter ran-
ged from 0.976 to 0.999 for the generated spring hydrographs. The largest error occurs in the estimation of
the flow exchange (NSE = 0.925), the hydraulic head in the conduit (NSE = 0.957) and in the matrix
(NSE = 0.969) when evaluated at the middle of the conduit (Figure 4b). This is expected since the analytical
model is optimized with respect to the outflow at the exit using the optimal coefficient expressions (22) or
(23). Given the close agreement between the analytical and the numerical solution, one concludes that the
linear models conserve the effect of the conduit nonlinearity and are able to simulate the response of the
nonlinear model with sufficient accuracy.

One key advantage of the analytical models is their speed and efficiency especially when the spring dis-
charge is being evaluated for hundreds of trial values of the physical parameters in the context of parameter
estimation of the karst system. The linearized analytical model produces the complete spring hydrograph in a
single evaluation sweep in a fraction of a second (0.65 s). On the other hand, the simulation time of the
numerical model for a particular run depends on the flow and boundary conditions. For a relative tolerance
level set at 10�6, it ranges from as low as 3 s for a diffuse recharge simulation (Model HB in Figure 3) to 3 min
for a concentrated recharge simulation (Model FU in Figure 2) on a standard laptop (Intel i7-4600U 2.7 GHz).
The analytical model is therefore 4 to 270 times faster than the numerical model for a single run, and the dis-
parity increases manifold in the inverse problem of parameter estimation.

4.2. Conduit-Matrix Interaction

To examine the influence of the conduit-matrix interaction and the hydraulic parameters on the spring
response, a simplified two-dimensional hypothetical karst catchment is used. The scenario setup is similar
to the one used by previous investigators (e.g., Birk et al., 2006; Reimann et al., 2011). A single conduit of
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dimensionless length equal to 40 is embedded in a karst aquifer system of
a dimensionless semiwidth equal to 4. For a dimensionless system defined
by lo = 60 m and to = 6 hr, or equivalently uo = 10 m/hr and Qo = 10 m3/s,
the corresponding conduit length and aquifer semiwidth are 2,400 and
240 m, respectively.

The model parameters consist of the lumped conduit parameter γ, the
aquifer parameter η, and the recharge parameter μ. It is important to
stress here that the model parameter γ is in terms of the scaling para-
meter βs that modifies the original hydraulic parameter γ0 such that the
linearized model produces the same output as the nonlinear one. The
relationship between the parameter of the original nonlinear model γ0

and the linearized version γ is

γ ¼ γ0=βs γ0 ¼ ρσl2=β2 (44)

The parameter γ is in effect varying with the mean flow Qm of the specific
problem even when the geometrical and physical properties are not. The
scaling factor βs ¼ 0:5=Qm can be considered to be a measure of the
error associated with the assumption of linear or laminar flow in nonlinear

or turbulent flow conditions. It relates in effect the physical parameters of the linear model with the non-
linear one.

Figure 2 compares the spring response of the four flow models to a concentrated single-pulse recharge of
dimensionless magnitude of 0.8 and spanning a dimensionless duration of 1 in the presence of a dimension-
less background flow of 0.2. For the defined dimensionless system, the magnitude of the concentrated pulse
recharge is 8 m3/s over a period of 6 hr and the background flow is equal to 2 m3/s. A rectangular pulse was
selected herein in order to accentuate the response features even though the models can handle a triangular
pulse or any piecewise linear variation of recharge. The responses are generated from equations (34)–(39)

and (42) and (43) for Qr = Qi = 0 using ak = 0 and γ
0 ¼ η ¼ 1, that is, ρ = 1/4 and β2=σ ¼ 400 (cf. (36) and

(44)). The parameter γ is obtained from (44) wherein the scaling factor βs is computed using (22) with
t = 2tp. The comparison reveals the effect of the downstream boundary condition and the aquifer width
on the spring hydrograph. One can distinguish two separate sets of responses to the pulse recharge event:
one that pertains to a fixed head boundary condition at the downstream end (HB-HU) and the other corre-
sponds to a free drainage condition (FB-FU). There is a larger damping of the inflow with the FB-FU models
than with the HB-HUmodels. This damping is caused by the higher hydraulic head distribution in the conduit
that creates a higher hydraulic gradient into the matrix and leads to a higher flow exchange at the interface.
The head distribution in the HB-HU models is dictated by the downstream boundary condition, while in the
FB-FU models the head at the spring is allowed to increase in response to a higher flow. The free discharge
condition of the FB-FUmodels thus creates a lower hydraulic gradient at the outlet that produces a lower dis-
charge rate.

The early-time response of the HB and HUmodels or FB and FUmodels is identical. There is an instantaneous
response at the spring due to the fast transmission of the pressure signal in full-pipe flows. The peak reduc-
tion of the HU response is slightly greater than the one for HB because of the unbounded storage area avail-
able in the matrix that facilitates a larger exchange volume. Moreover, the recession of the HBmodel is slower
than the corresponding one for the free drainage case. The difference in response between the HB and HU
models or FB and FU models is small due to the limited influence of the aquifer extent on the spring hydro-
graph in case of concentrated recharge. For values of η ≥ 2, the two curves are almost indistinguishable. For
increasing values of the lumped conduit parameter γ, larger damping and flow exchange occurs as expected,
and the duration of the flow recession becomes longer.

Figure 3 compares the spring response of the four flow models to a distributed diffuse recharge event. The
uniform groundwater recharge pulse has a magnitude of r = 1×10�4 over the entire recharge domain
(40 × 8) for a dimensionless duration equal to 2. This is equivalent to an actual rate of 1 mm/hr for a period
of 12 hr. The responses are generated from equations (34)–(39) and (41) for Qb = Q0 = Qi = 0 using γ

0
= η = 1

Figure 2. Evaluation of the spring dischargemodels for a concentrated pulse
recharge with γ

0 ¼ η ¼ 1. Also shown are the outputs of the nonlinear
numerical model (FD).
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and μ = 40. The parameter γ is evaluated using (44) wherein the scaling
factor βs is computed using (23) with t = 2tp. The spring outflow in
Figure 3 is normalized with respect to the maximum input recharge of
Qr = μr = 0.004. Although the model domain is different for the HB and
HU models, the recharge area is the same. The trend in the spring
responses for the distributed diffuse recharge case is different than for
the localized concentrated recharge one. The boundary condition at the
spring has a small influence on the spring hydrograph in the diffuse
recharge case as opposed to the concentrated recharge cases. This is indi-
cated by the close response of the HB and FB or HU and FU models (solid
and dashed lines in Figure 3). The HB model generates a slightly higher
response than the FB model because the fixed head boundary condition
at the spring is in effect producing a larger gradient in the conduit that
results in a larger discharge (cf. equation (9)). The HB model produces a
much larger response than the HU model since the recharge is bound
to reach the spring as the aquifer domain is limited. In the unbounded
aquifer models (HU and FU), part of the recharge is directed by the pre-
vailing gradient toward the outer boundary of the aquifer. In the distrib-
uted recharge cases, the parameter γ has a limited influence on the

hydrograph for typical recharge rates while the aquifer parameter η is dominant. Smaller aquifer widths gen-
erate a higher hydrograph peak and a faster mass recovery at the spring. As η increases, the peak in the
spring hydrograph decreases and the recession period increases.

Figure 4 portrays the flow interaction between the conduit and matrix as a flood event passes through the
conduit. Figure 4a depicts the spring response for a single concentrated triangular recharge pulse using

the HB model (34) with γ
0 ¼ η ¼ 1, while Figure 4b shows the corresponding variation of the hydraulic head

at the middle of the conduit x = l/2 using (32), the hydraulic head at the
center of the matrix domain x = l/2 and y = w/2 using (28), as well as the
flow exchange at the interface in the middle of the conduit x = l/2 using
(29). The plotted value of the exchange flow on both sides of the conduit
is scaled up by a factor of 100 to reduce the clutter in the axis labels. An
initial constant head equal to 0.2 is assumed throughout the whole
domain and the optimal coefficient βs used to generate the plotted curves
is obtained from (23) with t = 2tp. As expected, the single-peaked recharge
event generates a similarly peaked response in the spring outflow and
conduit head, and a more subdued peaked response in the matrix head.
There is a damping in the peak outflow and a slight delay in the time to
peak due to the flow interaction at the conduit-matrix interface. The con-
duit head, the exchange flow, and the spring outflow peak at around the
same time while the peak response of the matrix head occurs at a later
time, which is a measure of the travel time and travel velocity of the signal
in the matrix. The fluctuation in pressure head within the conduit system
causes an exchange of water between matrix and conduit that is also
fluctuating in time. The variation of the exchange flow is bi-directional
in concentrated recharge cases in contrast to diffuse recharge cases
whereby it is unidirectional from the matrix toward the conduit. The flow
exchange increases and decreases with the moving flood and reverses
at about the time the outflow is greater than the inflow. Thus, the
conduit-matrix flow interaction dampens the peak of a flood and
releases the stored water in the matrix as the event recedes. The flow
into the conduit peaks at the end of the recharge event and then
decreases monotonically to zero. This final phase is clearly marked out
by the inflection point in the spring outflow that indicates the beginning
of the recession period.

Figure 3. Evaluation of the spring discharge models for a diffuse pulse
recharge Qr = 0.004 with γ

0 ¼ η ¼ 1. Also shown are the outputs of the
nonlinear numerical model (FD).

Figure 4. (a) Spring response to a concentrated triangular recharge pulse at
the outlet x = l and (b) variation with time of the exchange flow, of the
hydraulic head at the midpoint of the conduit x = l/2, and of the hydraulic
head at the center of the matrix domain x = l/2 and y = w/2. Also shown are
the outputs of the nonlinear numerical model (FD).
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4.3. Damping Factor

For the case of a localized recharge with negligible distributed recharge,
the spring response is either function of the single conduit parameter γ
(HU and FU) or weakly dependent on the aquifer parameter η (HB and
FB). Hence, one can relate the conduit parameter γ to the volume
exchange at the conduit-matrix interface. To quantify the effect of γ on
the exchange flow, the ratio of the outflow volume to the inflow volume
over the inflow duration event is computed

λ ¼
∫
tr

0
Qd � Q0ð Þdt

∫
tr

0
Qb � Q0ð Þdt

(45)

Here tr is the duration of the rectangular pulse or the time of rise of the
inflow hydrograph. The volume V can be evaluated from the integral of
the outflow in case a time-explicit solution is available or computed
directly using the numerical inversion algorithm and the Laplace trans-

form of integrals property, V ¼ Q=p. It can be shown from equation (A5)
(cf. Appendix A) that the ratio λ is only function of the coalesced parameter

δ ¼ γ=t1=2r . Therefore, a plot of the volume reduction factor λ as a function
of δ allows the estimation of the parameter γ from the ratio of the outflow
volume to the inflow volume over a specific duration tr.

Figure 5 is a plot of λ as a function of δ for the FU and HBmodels using a linearly varying inflow hydrograph as
it is a more realistic representation than a rectangular pulse. The relationship between λ and δ is mostly
dependent on the downstream boundary condition so the corresponding curve for the FBmodel is very close
to FU, and similarly for the HB and HUmodels. The parameter λ is independent of the slope of the inflow func-
tion as it cancels out in the ratio. The parameter η has also a limited influence on the HB curve for η ≥ 1. For
zero exchange δ ¼ γ ¼ 0, the outflow volume is equal to the inflow volume λ = 1. As γ increases due to an
increase in the exchange coefficient σ, λ decreases implying a larger interaction with the matrix. For a given
γ or δ value, there is a larger damping of the flow with the FU model than with the HB model. This is in agree-
ment with the graphical results shown in Figure 2. Figure 5 further demonstrates that the rising limb as
opposed to the recession curve is also an important spring hydrograph feature that can contribute to the esti-
mation of the primary conduit parameter γ.

It should be reminded that the parameter δ is function of the scaling factor βs. Hence, onemust compute βs of
the particular outflow hydrograph in order to correctly estimate the parameter of the original nonlinear
model γ0 from the damping factor λ. For a particular linearly increasing flood hydrograph (Qp = 0.5 at tp = 1
with Q0 = 0.2), the variation of λ with δ obtained from the fully nonlinear solution (FD curve) compares very
well (NSE = 0.985) with the scaled solution (SC curve), which is obtained from the linearized solution (HB
curve) and subsequent scaling with βs = 0.5/Qm using (22) with t = tp.

5. Models Application

The flowmodels are tested on three real karst systemswith varying degrees of success. The first karst system is
the Santa Fe Sink/Rise system that is located in Florida, United States, and has been the subject of numerous
studies (e.g., Bailly-Comte et al., 2010, 2011; Martin et al., 2006). The second application is the Big Spring system
that is located in Missouri (Dreiss, 1983) and the third application is the Logsdon conduit located in Kentucky
(Raeisi et al., 2007). The parameters γ, η, and μ are estimated using the nonlinear least squares method that
minimizes the sum of the squared differences between the observed and simulated hydrographs. One should
note here that the actual physical parameters can be determined from the model parameters only if sufficient
information is available such as the length of the conduit l and the width of the aquifer or recharge zone w.

5.1. Santa Fe, Florida

The Santa Fe River runs approximately 60 km to the west of its headwaters at Lake Santa Fe then sinks in a
36-m-deep sinkhole known as the River Sink. The river flows underground in fully filled karst conduits,

Figure 5. Variation of the volume reduction factor λ as a function of the
scaled parameter δ ¼ γ=t1=2r for a linearly varying concentrated recharge
using the HB and FU model. Also shown is the variation computed using the
nonlinear numerical model (FD) along with the one obtained from the HB
curve after proper scaling with βs (SC).
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reappears intermittently and finally reemerges few kilometers down-
stream as a first-magnitude karst spring at the River Rise. The length of
the underground flow path that connects River Sink and River Rise is
approximately 8 km long, and the reported effective porosity of 20% for
the River Sink/Rise system is several orders of magnitude higher than other
typical karst systems.

The River Rise spring is the main outlet of the karst system. The discharge
data selected for modeling is the flood of summer 2008 that peaked in late
August and it is considered to be a simple case of concentrated recharge
event. The flow data at the River Sink and River Rise locations were
extracted from Figure 4 in Bailly-Comte et al. (2010) and represent in the
flow models the upstream flux Qb and the spring discharge Ql, respec-
tively. Of the four models, the FU model provided the best fit
(NSE = 0.977, RMSE = 4.61) as can be seen in Figure 6. The other three mod-
els (FB, HU, and HB) failed to capture the peak or replicate the recession
limb, partly because the Santa Fe system is not known to be laterally
bounded by impermeable materials (Martin et al., 2006). The FU model
assumption of a free drainage boundary condition is also in agreement

with the flow conditions of varying water levels at the River Rise. In systems where the spring discharges
freely into a natural water course, the free drainage models (FB/FU) are generally more applicable than the
restrained flow models (HB/HU). The latter models are useful in applications where a man-made structure
or a natural obstruction affect the spring discharge.

For a concentrated recharge, the FU model is in terms of a single parameter γ. Using nonlinear least squares,
the best fit of γ is γ = 0.45 for to = 1 day and Qo = 100 m3/s as the normalizing values (cf. equation (6)). A rough
estimate of γ can also be obtained from Figure 5. The damping factor λ over the 3-day rising limb in the spring

hydrograph is calculated to be around 0.5. Using the FU curve with λ = 0.5, one gets δ = 0.33. For tr = 3, γ ¼ δ

t1=2r ¼ 0:57 is obtained, which is an acceptable approximation given the hydrological uncertainties. The para-
meter γ is in terms of the hydraulic diffusivity of the aquifer ρ, the exchange coefficient σ, and the conveyance
factor β. Therefore, one needs to have an estimate of the aquifer transmissivity κ and effective porosity φ to be
able to evaluate the parameter β. Using the reported values of hydraulic conductivity of k = 10�3 m/s, a total
conduit length of 8,000 m, and an average cross-sectional area of 290 m2 (Bailly-Comte et al., 2011) that cor-
responds to a side of 17 m for a square conduit, effective porosity or specific yield φ of 20%, and a water table
height of 40 m above the conduit (Martin et al., 2006), the aquifer transmissivity κ* is equal to 0.04 m2/s, the
aquifer diffusivity is κ�=φ ¼ 0:2 m2/s (ρ* = 2.24 s1/2/m), the capture coefficient is ν = d*/hm* = 0.425, and the
exchange coefficient is σ* = 2κ*ν = 0.034 m2/s. From the fitted value of γ = 0.45, that is, γ� ¼ γ

ffiffiffiffi
to

p ¼ 132 s1/2,
one can estimate the conduit conveyance factor β* after proper scaling with βs. The correction factor βs can
be easily evaluated from (22) or (23) since the outflow discharge is readily available. The mean flow of the
observed discharge over the 6 days centered on the peak flow is Qm* = 55 m3/s and the scaling factor is then

βs = 0.5/Qm* = 0.0091. Using (44), the conveyance factor is β2� ¼ ρ�σ�l
2
�=βsγ ¼ 4:04�106 m6/s2. From (2), the

friction factor is equal to f = 6.9, which is reasonably close to the calculated value of f = 3.4 by Bailly-Comte
et al. (2011).

5.2. Big Spring, Missouri

Big Spring is located in southeastern Missouri within the Mark Twain National Forest. The area is known to
have the characteristic karst features, such as sinkholes and caves, and the inclination of the carbonate aqui-
fer is nearly flat. The spring has a mean annual discharge of 12 m3/s and an estimated maximum flow rate of
57 m3/s. The discharge data selected for modeling is the intense isolated storm of July 1972 that was
extracted from the publication of Dreiss (1983; Figure 3).

Figure 7 shows the measured and simulated spring hydrograph using the HB model as it was the only suc-
cessful model in capturing the peak as well as the recession curve. The simulation assumed a constant base-
flow equal to the observed value of 9.31 m3/s and a one-pulse concentrated recharge of uniform magnitude
of 9m3/s over a duration of 1 day on 27 July 1972. Themagnitude of the rectangular pulse was determined by

Figure 6. Observed versus simulated discharge of the Santa Fe karst system
for the summer 2008 flood using the FU model with γ = 0.45.
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equating the volume of recharge with the outflow volume after baseflow
separation. A concentrated recharge pulse was found to be a more appro-
priate recharge mechanism since the spring response of the diffuse
recharge pulse failed to replicate the curvature in the peak and in the
recession limb. For a concentrated recharge pulse, the HB model is func-
tion of the conduit parameter γ and the aquifer parameter η. The dimen-
sionless fitted parameter values are γ = 17.6 and η = 0.54 for to = 1 day
and Qo = 1 m3/s, and the calculated measures of goodness of fit are
NSE = 0.994 and RMSE = 0.041. The equivalent dimensional values can
be determined from γ� ¼ γ

ffiffiffiffi
to

p
andη� ¼ η

ffiffiffiffi
to

p
. Since no additional informa-

tion is available on the karst system, one cannot determine the hydraulic
parameters of the aquifer or the conduit. However, one can infer from
the large value of γ that the flow exchange is significant or the conveyance
of the conduit is low. One can also deduce from η < 1 that the hydraulic
diffusivity of the aquifer κ/φ is high since the aquifer is not known to be
limited by any nearby fault or impermeable zone.

5.3. Logsdon, Kentucky

The Logsdon River is located within the Mammoth Cave System in south
central Kentucky and is considered to be one of the major underground streams. The maximum and average
lengths of the contributing watershed are 10 and 5 km, respectively. During large storms, the flow enters the
Logsdon River through sinking streams. Depending on the flood magnitude and the stage height, the flow in
the conduit is either pressure driven (full-pipe flow) or gravity driven (free-surface flow). The spring hydro-
graph selected for modeling is the storm of April 1996 that falls in the first group of pipe flow and was
extracted from the publication of Raeisi et al. (2007, Figure 4).

Figure 8 shows the observed spring hydrograph and the simulated one using the FB model as it provided the
best fit (NSE = 0.997, RMSE = 0.247). The simulation assumed a constant baseflow equal to the observed value
of 2 m3/s and a one-pulse concentrated recharge of duration of 5 hr ending at the time of peak flow, that is,
the recharge duration is roughly equal to the time of rise of the conduit flow. The magnitude of the rectan-
gular pulse was not predetermined but set as one of the fitting parameters since the mass balance concept
could not be applied due to the long recession curve or short time series. The fitted dimensionless para-
meters are γ = 2.4 and η = 0.19 for to = 1 day and Qo = 1 m3/s using a pulse magnitude of 53 m3/s. The other
three models failed to replicate the recession curve for different reasons. In concentrated recharge events,
the extent of the aquifer affects mostly the tail of the recession limb. The tail of the simulated recession limb

of the FU and HUmodels were higher than the observed one while the HB
model showed a faster recession than the observed. The good fit of the FB
model imply that the aquifer is limited in extent as can be inferred from
η < 1 and that the spring outflow is unhindered in large concentrated
recharge events.

6. Conclusions

Simplified physically based flow models were developed to simulate the
hydrograph of a typical karst spring using theoretically sound concepts
and in terms of common physical parameters. The models are in an analy-
tical form that provided a computationally efficient method to evaluate
the spring discharge and proved advantageous in inverse analysis of real
karst systems, especially when the physical parameters are all merged in
just a few model parameters. In the absence of analytical expressions,
the inverse problem of estimating the parameters from observed data is
computationally very intensive when using finite difference simulation
methods since it would require the numerical solution of the coupled sys-
tem of differential equations for every set of trial values of the physical
parameters while being susceptible to the numerical truncation errors.

Figure 8. Observed versus simulated discharge at Logsdon River in April
1996 using the FB model with γ = 2.4 and η = 0.19.

Figure 7. Observed versus simulated discharge of Big Spring in July 1972
using the HB Model with γ = 17.6 and η = 0.54.
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The flow models allow for the characterization of the karst aquifer supplying a particular spring and account
for the main hydraulic processes, which include the recharge, storage, transmission, and discharge. They can
simulate the complete spring hydrograph for localized and distributed recharge mechanisms with either free
or restrained drainage conditions at the spring outlet. Furthermore, the models allow the evaluation of the
hydraulic head distribution in the conduit and of the water table along the lateral dimension. One can also
quantify the conduit-matrix interaction by evaluating the exchange flux distribution in space and in time that
is valuable in contaminant transport studies.

Themodel parameters are few and represent the characteristic flow processes occurring in a karst aquifer. For
a concentrated recharge event, the models are in effect function of a single parameter γ that combines the
hydraulic parameters of the aquifer and of the conduit. The models were successfully able to reproduce
the observed spring hydrographs on real karst systems and provided preliminary estimates of the para-
meters. Improved estimates of the hydraulic parameters can also be achieved if additional monitoring of
the hydraulic responses (discharge and hydraulic heads) is available. The simulation results of the hypothe-
tical case and the Santa Fe karst system highlighted the importance of the conduit-matrix interaction on
the functioning of the karst system. Although one cannot determine the hydraulic parameters of the conduit
or matrix unless additional information or data are separately available, one can infer from the success of a
fitting model and the fitted parameter values the dominant flow processes and flow conditions. Since the
recession curve of eachmodel is quite distinct, one can also use that information to characterize the hydraulic
behavior of a karst system.

The flow models presented herein consider the conduit as the main drainage passage and the spring as the
principal discharge outlet of the karst aquifer. The flow in the conduit is assumed to be under pressurized
conditions throughout the simulation. The pressure-driven flow can be either laminar or turbulent. Due to
the inherent nature of the analytical method of solution, the models cannot handle mixed flow regimes or
the transition from pressurized to unpressurized flow conditions. For gravity-driven flows whereby the con-
duit is partly full, different hydraulic processes (free-surface flow) and associated governing equations must
be used.

For pressure-driven flows, the present models are relatively simple in representing the details of interest and
accurate enough to produce realistic outcomes. They do not require extensive hydrologic and hydrogeologic
data and portray well the essential dynamics of the flow process. They are an efficient alternative for the
simulation of karst responses than more complex models and might therefore prove useful to the manage-
ment of groundwater resources. Potential applications of the flow models also include the benchmarking of
numerical solutions and the investigation of idealized situations. In nonideal conditions, they can be used as
input to more complicated models or linked to other flow modules (e.g., infiltration) to form a large-scale
hydrological model for long-term simulations of a spring discharge.

Appendix A: Analytical Expressions for Model FU

For free discharge conditions in a wide aquifer (Model FU), analytical inversion of equation (39) is possible
and yields discharge expressions that are explicit in time. Particular solutions for specific concentrated
recharge functions are presented herein and include the impulse and pulse response, which form the basis
of transfer functions that are widely used in black box models.

The response to an instantaneous injection of a unit volume of water Qb ¼ 1 at time t = 0 is known as the
impulse response function. It is in effect the kernel upon which all responses can be built upon using the
superposition principle and the convolution integral. The kernels in most black box models are assumed
to be linear functions. The solution derived below (equation (A3)) shows that it is a highly nonlinear
function.

The Laplace solution for an idealized sudden injection of water is from (39)

Q ¼ exp �γ1=2p1=4
� 


(A1)

The Laplace inverse of (A1) is
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f tð Þ ¼ γ
4πt3=2

∫
∞

0
exp �ζ 2 � γ2

64tζ 4

� �
dζ
ζ 2

(A2)

The function (A2) is known as the convolution kernel. Analytical integration of equation (A2) is possible and
yields an expression in terms of the generalized hypergeometric function pFq(a; b; z). A good approximation
to (A2) can also be obtained from the asymptotic expansion of exp(�γ1/2p1/4) (Ragab, 1958)

f tð Þ ¼
ffiffiffiffiffiffi
2
3π

r
ω1=3

t7=6
exp � 3ω2=3

t1=3

� �
(A3)

Equation (A3) is a single-peaked response whereby the peak value is Qp ¼ 343e�7=2
ffiffiffiffiffiffiffiffi
7=π

p
= 648ω2ð Þ and the

time to peak is at tp = 216ω2/343. The Qp relationship can provide a preliminary estimate of the parameter
ω = γ/16 from an observed spring response to a sudden and intense concentrated recharge event.

The spring response to any arbitrary concentrated recharge variation Qb(t) can be derived using (A2) or (A3)
and the convolution theorem

Q ¼ Q0 þ ∫
t

0
Qb τð Þ � Q0½ �f t � τð Þdτ (A4)

For example, the spring response to a single rectangular pulse of magnitude Q1 that extends from t1 to t2 in
the presence of a constant background flow Q0 can be obtained from (A4) using (A3)

Q� Q0

Q1 � Q0
¼

ffiffiffi
2

p
erfc

ffiffiffi
3

p
ω1=3

t � t0ð Þ1=6
" #

U t � t0ð Þ �
ffiffiffi
2

p
erfc

ffiffiffi
3

p
ω1=3

t � t1ð Þ1=6
" #

U t � t1ð Þ (A5)

Equation (A5) is function of the single parameter ω ¼ γ=16 that can be inversely used to characterize the
response of a karst aquifer by comparing the volume outflow with the volume inflow over a defined duration
(cf. section 4.3).
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